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ON STABILIZATION PROBLEM FOR A LOADED HEAT EQUATION:
THE TWO-DIMENSIONAL CASE

One of the important properties that characterize the behavior of solutions of boundary
value problems for differential equations is stabilization, which has a direct relationship with
the problems of controllability. The problems of solvability of stabilization problems of two-
dimensional loaded equations of parabolic type with the help of feedback control given on the
boundary of the region are investigated in the article. These equations have numerous applications
in the study of inverse problems for differential equations. The problem consists in the choice
of boundary conditions (controls), so that the solution of the boundary value problem tends
to a given stationary solution at a certain speed at t → ∞. This requires that the control is
feedback, i.e. that it responds to unintended fluctuations in the system, suppressing the results
of their impact on the stabilized solution. The spectral properties of the loaded two-dimensional
Laplace operator, which are used to solve the initial stabilization problem, are also studied. The
paper presents an algorithm for solving the stabilization problem, which consists of constructively
implemented stages. The idea of reducing the stabilization problem for a parabolic equation
by means of boundary controls to the solution of an auxiliary boundary value problem in the
extended domain of independent variables belongs to A.V. Fursikov. At the same time, recently,
the so-called loaded differential equations are actively used in problems of mathematical modeling
and control of nonlocal dynamical systems.

Key words: boundary stabilization, heat equation, spectrum, eigenfunction, loaded Laplace
operator.
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Жүктелген жылуөткiзгiштiк теңдеуi үшiн стабилизациялау есебi: екi өлшемдi жағдай

Дифференциалдық теңдеулер үшiн шекаралық есептер шешiмдерiнiң табиғатын сипаттай-
тын маңызды қасиеттердiң бiрi – стабилизация, бұл басқарылатын есептермен тiкелей бай-
ланысты. Мақалада екi өлшемдi жүктелген параболалық теңдеулер үшiн стабилизация есеп-
терiнiң шешiмдiлiгi мәселесi облыс шекарасында орнатылған керi байланысты басқаруды
қолдана отырып зерттелген. Бұл теңдеулердiң дифференциалдық теңдеулерге арналған керi
есептердi зерттеуде көптеген қосымшалары бар. Шектiк есептердi белгiлi жылдамдықпен
шешу берiлген стационар шешiмге t → ∞ кезiнде жуықтайтындай етiп, шекаралық шар-
ттарды (басқаруларды) таңдау болып табылады. Бұл басқарудың керi байланысты болуын,
яғни жүйенiң күтпеген өзгерiстерiне жауап беруi мен олардың стабилизацияланған шешiмге
әсерiнiң нәтижелерiн болдырмауын талап етедi. Жүктелген екi өлшемдi Лаплас операторы-
ның спектрлiк қасиеттерi де зерттелген, олар бастапқы стабилизация мәселесiн шешу үшiн
қолданылады. Мақалада конструктивтi түрде iске асырылған кезеңдерден тұратын стабили-
зация есебiн шешудiң алгоритмi келтiрiлген.

c© 2021 Al-Farabi Kazakh National University
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Параболалық теңдеу үшiн стабилизация есебiн тәуелсiз айнымалылардың кеңейтiлген
облысында көмекшi шекаралық есептi шешуге шекаралық басқаруды қолдану арқылы шешу
идеясы А.В. Фурсиковке тиесiлi. Сонымен қатар, кейiнгi кездерде жүктелген дифференци-
алдық теңдеулер математикалық модельдеу және локальды емес динамикалық жүйелердi
басқару есептерiнде белсендi қолданылады.

Түйiн сөздер: шекаралық стабилизация, жылуөткiзгiштiк теңдеуi, спектр, меншiктi функ-
циялар, жүктелген Лаплас операторы.
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Задача стабилизации для нагруженного уравнения теплопроводности: двумерный случай

Одним из важных свойств, характеризующих поведение решений краевых задач для
дифференциальных уравнений, является стабилизация, имеющая прямое отношение к
задачам управляемости. В статье исследуются вопросы разрешимости задач стабилизации
двумерных нагруженных уравнений параболического типа с помощью управления с
обратной связью, заданного на границе области. Эти уравнения имеют многочисленные
приложения при исследовании обратных задач для дифференциальных уравнений. Задача
состоит в выборе граничных условий (управлений) так, чтобы решение краевой задачи с
определенной скоростью приближалось к заданному стационарному решению при t → ∞.
Для этого требуется, чтобы управление было обратной связью, то есть чтобы оно реаги-
ровало на непредвиденные возмущения в системе, подавляя результаты их воздействия
на стабилизированное решение. Также исследуются спектральные свойства нагруженного
двумерного оператора Лапласа, которые используются для решения начальной задачи
стабилизации. В статье представлен алгоритм решения задачи стабилизации, состоящий из
конструктивно реализованных этапов. Идея сведения задачи стабилизации параболического
уравнения с помощью граничных управлений к решению вспомогательной краевой задачи в
расширенной области независимых переменных принадлежит А.В. Фурсикову. Кроме того,
в последнее время так называемые нагруженные дифференциальные уравнения активно
используются в задачах математического моделирования и управления нелокальными
динамическими системами.

Ключевые слова: граничная стабилизация, уравнение теплопроводности, спектр, собствен-
ные функций, нагруженный оператор Лапласа.

1 Introduction

The idea of reducing the stabilization problem for a parabolic equation by means of boundary
controls to the solution of an auxiliary boundary value problem in the extended domain of
independent variables belongs to A.V. Fursikov [1]. In [1] the stabilization problem from the
boundary ∂Ω for a parabolic equation given in a bounded domain Ω ⊂ Rn, consists in choosing
a boundary condition (a control) such that the solution of the resulting mixed boundary value
problem tends as t→ ∞ to a given steady-state solution at a prescribed rate exp(−σt). It was
proposed in his work [1] and developed further in the works [2–4]. Note that in the works [1–4]
stabilization problems for differential equations without load were considered, i.e. there was no
phenomenon of nonlocality. Last thing complicates the implementation of the idea proposed
by A.V. Fursikov, especially in parts of constructing eigenfunctions and associated functions
for loaded differential operators. At the same time, recently, the so-called loaded differential
equations [5–10] are actively used in problems of mathematical modelling and control of
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nonlocal dynamical systems. We have previously studied stabilization problems for a loaded
one-dimensional heat equation [11], [12]. In this paper, we investigate stabilization problems
for the loaded two-dimensional thermal conductivity equation.

Our work consists of eight sections. Section 1 is an introduction. Section 2 discusses the
statement on the problem. In Section 3, an auxiliary boundary value problem is introduced.
In Section 4, the spectral problem for the loaded two-dimensional Laplace operator is
investigated. In Section 5 gives main results. In Sections 6 and 7, a biorthogonal system of
functions is constructed on the base of eigenfunctions and associated functions. In Section 8,
the algorithm for solving the above stabilization problem is described. Finally, Section 9 gives
conclusions and discusses possible applications of the results.

2 Statement of the problem

Let Ω = {x, y : −π/2 < x, y < π/2} be a domain with a boundary ∂Ω. In the cylinder
Q = Ω × {t > 0} with lateral surface Σ = ∂Ω × {t > 0} we consider the boundary value
problem for the loaded heat equation

ut −Δu+ αu(0, y, t) + βu(x, 0, t) = 0, {x, y, t} ∈ Q, (1)

u(x, y, 0) = u0(x, y), {x, y} ∈ Ω, (2)

u(x, y, t) = p(x, y, t), {x, y, t} ∈ Σ, (3)

where α, β ∈ C are given (in general case are complex) bounded constants, u0(x, y) is given
function. The aim is to find a function p(x, y, t) such that a solution of the boundary value
problem (1)–(3) satisfies the inequality

‖u(x, y, t)‖L2(Ω) ≤ C0e
−σt, σ > 0, t > 0. (4)

Note that here σ is a given constant and C0 is an arbitrary bounded constant.

Remark 1. In section 8 it will be shown that the solution of the stabilization problem
(1)–(4) significantly depends on the values of the coefficients α and β, including the sign of
their real parts.

Equation (1) is called a loaded equation [5,6]. We note that problem (1)–(4) with a single
load point was studied in [12].

3 Auxiliary boundary value problem (BVP)

Let Ω1 = {x, y : −π < x, y < π} and Q1 = Ω1 × {t > 0}.
zt −Δz + αz(0, y, t) + βz(x, 0, t) = 0, {x, y, t} ∈ Q1, (5)

z(x, y, 0) = z0(x, y), {x, y} ∈ Ω1, (6)

∂jz(−π, y, t)
∂xj

=
∂jz(π, y, t)

∂xj
, {y, t} ∈ (−π, π)× {t > 0},

∂jz(x,−π, t)
∂yj

=
∂jz(x, π, t)

∂yj
, {x, t} ∈ (−π, π)× {t > 0}, j = 0, 1. (7)
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The problem is to find an initial function z0(x, y) such that a solution of the BVP (5)–(7)
satisfies the inequality

‖z(x, y, t)‖L2(Ω1)
≤ C0e

−σt, σ > 0, t > 0. (8)

We recall, as we indicated above, that here σ is a given constant and C0 is an arbitrary
bounded constant.

We will define the function z0(x, y) as a continuation of the function u0(x, y), which
was given in the original domain Ω. Thus in the auxiliary boundary value problem (5)–(7)
it is needed to find the function z0(x, y) on the square Ω1, so that the requirement (8) is
satisfied for a solution z(x, y, t) of the problem (5)–(7). In this case the condition (4) holds
for restriction u(x, y, t) of z(x, y, t) too and a required boundary control p(x, y, t), {x, y} ∈ Σ
is defined as trace of function z(x, y, t) for {x, y, t} ∈ Σ.

4 Spectral problem for the loaded twodimensional Laplace operator

Let us search a solution of the problem (5)–(7) in the form

z(x, y, t) =
∑
k,l∈Z

Zkl(t)ψkl(x, y), (9)

where {ψkl(x, y), k, l ∈ Z} is a biorthogonal basis of the space L2(Ω1) and Z = {0,±1,±2, ...}.
The following two spectral problems are considered for the construction of the biorthogonal
basis {ψkl(x, y), k, l ∈ Z} in the domain Ω1 = {x, y : −π < x < π,−π < y < π}:⎧⎪⎪⎨⎪⎪⎩

−Δϕ(x, y) + αϕ(0, y) = λϕ(x, y),

∂jϕ(−π, y)
∂xj

=
∂jϕ(π, y)

∂xj
,
∂jϕ(x,−π)

∂yj
=
∂jϕ(x, π)

∂yj
,

(10)

⎧⎪⎪⎨⎪⎪⎩
−Δϕ(x, y) + αϕ(0, y) + βϕ(x, 0) = λϕ(x, y),

∂jϕ(−π, y)
∂xj

=
∂jϕ(π, y)

∂xj
,
∂jϕ(x,−π)

∂yj
=
∂jϕ(x, π)

∂yj
,

(11)

where j = 0, 1, Δ is the Laplace operator, α, β ∈ C are given complex numbers, λ ∈ C is
a spectral parameter. A one-dimensional analogue of the problems (10) and (11) is studied

in [12].

5 Main results

Let Z = {0,±1,±2, . . . }. The following propositions are valid [13].
Theorem 1. (a). Let ∀ l ∈ Z : α 	= l2. Then a system of eigenfunctions and eigenvalues

of the problem (10) is defined in the form:{
ϕkl(x, y) =

(
eilx +

α

l2 − α

)
eiky, λkl = l2 + k2, l ∈ Z

′ ≡ Z\{0};
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ϕk0(x, y) = eiky, λk0 = α + k2 (l = 0), k ∈ Z

}
. (12)

(b). Let ∃ l0 ∈ Z : α = l20. Then a system of eigenfunctions, associated functions (marked
with ∼) and eigenvalues of the problem (10) is defined in the form:{

ϕkl(x, y) =

(
eilx +

α

l2 − α

)
eiky, λkl = l2 + k2, l ∈ Z

′
1 ≡ Z

′\{±l0};

ϕkl0(x, y) = eiky, ϕ̃±
kl0
(x, y) = e±il0x+iky, λkl0 = α + k2 (α = l20), k ∈ Z

}
. (13)

Theorem 2. (a). Let ∀ k, l ∈ Z : β 	= k2, α 	= l2. Then a system of eigenfunctions and
eigenvalues for the problem (11) is defined in the form:{

ϕkl(x, y) =

(
eilx +

α

l2 − α

)(
eiky +

β

k2 − β

)
, λkl = k2 + l2, k, l ∈ Z

′;

ϕ0l(x, y) = eilx +
α

l2 − α
, λ0l = β + l2, l ∈ Z

′;

ϕk0(x, y) = eiky +
β

k2 − β
, λk0 = k2 + α, k ∈ Z

′; ϕ00(x, y) = 1, λ00 = α + β

}
. (14)

(b). Let ∀ k ∈ Z : β 	= k2 and ∃ l0 ∈ Z : α = l20. Then a system of eigenfunctions,
associated functions (marked with ∼) and eigenvalues for the problem (11) is defined in the
form (where Z

′
1 = Z

′\{±l0}):{
ϕkl(x, y) =

(
eilx +

α

l2 − α

)(
eiky +

β

k2 − β

)
, λkl = k2 + l2, k ∈ Z

′, l ∈ Z
′
1;

ϕkl0(x, y) = eiky +
β

k2 − β
, ϕ̃±

kl0
(x, y) = e±il0x

(
eiky +

β

k2 − β

)
,

λkl0 = k2 + α, α = l20, k ∈ Z
′; ϕ0l0(x, y) = 1, ϕ̃±

0l0
(x, y) = e±il0x, λ0l0 = α + β

}
. (15)

(c). Let ∀ l ∈ Z : α 	= l2 and ∃ k0 ∈ Z : β = k20. Then a system of eigenfunctions,
associated (marked with ∼) functions and eigenvalues for the problem (11) is defined in the
form (where Z

′
2 = Z

′\{±k0}):{
ϕkl(x, y) =

(
eilx +

α

l2 − α

)(
eiky +

β

k2 − β

)
, λkl = k2 + l2, k ∈ Z

′
2, l ∈ Z

′;

ϕk0l(x, y) = eilx +
α

l2 − α
, ϕ̃±

k0l
(x, y) = e±ik0y

(
eilx +

α

l2 − α

)
,
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λk0l = β + l2, β = k20, l ∈ Z
′; ϕk00(x, y) = 1, ϕ̃k00(x, y) = e±ik0y, λk00 = α + β

}
. (16)

(d). Let ∃ k0, l0 ∈ Z : β = k20, α = l20. Then a system of eigenfunctions, associated
functions (marked with ∼) and eigenvalues for the problem (11) is defined in the form:{

ϕkl(x, y) =

(
eilx +

α

l2 − α

)(
eiky +

β

k2 − β

)
,

λkl = k2 + l2, k ∈ Z
′
2, l ∈ Z

′
1; ϕk0l(x, y) = eilx +

α

l2 − α
,

ϕ̃±
k0l
(x, y) = e±ik0y

(
eilx +

α

l2 − α

)
, λk0l = β + l2, β = k20, l ∈ Z

′
1;

ϕkl0(x, y) = eiky +
β

k2 − β
, α + k2, k ∈ Z

′
2;

ϕk0l0(x, y) = 1, ϕ̃k0l0(x, y) = e±ik0y, λk0l0 = α + β;

ϕ̃kl0(x, y) = e±il0x

(
eiky +

β

k2 − β

)
, α + k2, k ∈ Z

′
2;

ϕ̃k0l0(x, y) = e±il0x, ϕ̃k0l0(x, y) = e±il0x±ik0y, λk0l0 = α + β

}
. (17)

6 Construction of biorthogonal system of functions for the cases of Theorem 1

Let us find a biorthogonal sequences for (12) (case (a) from Theorem 1) and for (13) (case
(b) of Theorem 1) [13].

Theorem 3. (a). Let ∀ l ∈ Z : α 	= l2. Then a biorthogonal sequence for the basis (12)
(case (a) of Theorem 1) is

{ψkl(x, y), k, l ∈ Z} =

{
ei(lx+ky), − 1

2π

∑
n∈Z

α

n2 − α
· ei(nx+ky), l ∈ Z

′, k ∈ Z

}
, (18)

which defines an biorthogonal basis in L2(Ω1).
(b). Let ∃ l0 ∈ Z : α = l20. Then a biorthogonal sequence for the basis (13) (case (b) of

Theorem 1) is

{ψkl(x), k, l ∈ Z} =

⎧⎨⎩ei(lx+ky), − 1

2π

∑
n∈Z\{±l0}

α

n2 − α
· ei(nx+ky), k ∈ Z, l ∈ Z

′

⎫⎬⎭ , (19)

which defines an biorthogonal basis in L2(Ω1).
Where we applying the Paley-Wieners theorem ( [14], p.206–207).
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7 Construction of biorthogonal systems for the cases of Theorem 2

Let us find a biorthogonal sequences for (14), (15), (16) and (17) (cases (a), (b), (c) and (d)
from Theorem 2, respectively) [13].

Theorem 4. (a). Let ∀ k, l ∈ Z : β 	= k2, α 	= l2. Then a biorthogonal sequence for the
basis (14) (case (a) from Theorem 2) is

{ψkl(x, y), k, l ∈ Z} =

{
ei(lx+ky), − 1

2π

∑
n∈Z

β

n2 − β
· ei(ny+lx),

− 1

2π

∑
n∈Z

α

n2 − α
· ei(nx+ky), k, l ∈ Z

′,

1

4π2

∑
m,n∈Z

αβ

(n2 − α)(m2 − β)
· ei(nx+my)

}
, (20)

which defines a biorthogonal basis in L2(Ω1).
(b). Let ∀ k ∈ Z : β 	= k2 and ∃ l0 ∈ Z : α = l20. Then a biorthogonal sequence for the

basis (15) (case (b) from Theorem 2) is

{ψkl(x, y), k, l ∈ Z} =

{
ei(lx+ky), − 1

2π

∑
n∈Z

β

n2 − β
· ei(ny+lx),

− 1

2π

∑
n∈Z\{±l0}

α

n2 − α
· ei(nx+ky), k, l ∈ Z

′,

1

4π2

∑
n∈Z,m∈Z\{±l0}

αβ

(m2 − α)(n2 − β)
· ei(mx+ny)

⎫⎬⎭ , (21)

which defines a biorthogonal basis in L2(Ω1).
(c). Let ∀ l ∈ Z : α 	= l2 and ∃ k0 ∈ Z : β = k20. Then a biorthogonal sequence for the

basis (16) (case (c) from Theorem 2) is

{ψkl(x, y), k, l ∈ Z} =

⎧⎨⎩ei(lx+ky), − 1

2π

∑
n∈Z\{±k0}

β

n2 − β
· ei(ny+lx),

− 1

2π

∑
n∈Z

α

n2 − α
· ei(nx+ky), k, l ∈ Z

′,

1

4π2

∑
n∈Z\{±k0},m∈Z

αβ

(m2 − α)(n2 − β)
· ei(mx+ny)

⎫⎬⎭ , (22)

which defines a biorthogonal basis in L2(Ω1).
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(d). Let ∃ k0, l0 ∈ Z : β = k20, α = l20. Then a biorthogonal sequence for the basis (17)
(case (d) from Theorem 2) is

{ψkl(x, y), k, l ∈ Z} =

⎧⎨⎩ei(lx+ky), − 1

2π

∑
n∈Z\{±k0}

β

n2 − β
· ei(ny+lx),

− 1

2π

∑
n∈Z\{±l0}

α

n2 − α
· ei(nx+ky), k, l ∈ Z

′,

1

4π2

∑
n∈Z\{±k0},m∈Z\{±l0}

αβ

(m2 − α)(n2 − β)
· ei(mx+ny)

⎫⎬⎭ , (23)

which defines a biorthogonal basis in L2(Ω1).

8 Algorithm for solving stabilization problem

We propose the following algorithm for solving the stabilization problem for the heat equation
with a loaded two-dimensional Laplace operator. It consists of the following constructively
implemented steps.

Step 1. We define the function z0(x, y) as a continuation of the given function u0(x, y).
Thus in the auxiliary boundary value problem (5)–(7) it is needed to continue the function
z0(x, y) on the square Ω1, so that the requirement (8) is satisfied for a solution z(x, y, t) of
the problem (5)–(7). In this case the condition (4) holds as well for its restriction u(x, y, t)
and a required boundary control p(x, y, t), {x, y} ∈ Σ is defined as trace of function z(x, y, t)
for {x, y, t} ∈ Σ.

Step 2. We construct complete biorthogonal system of functions on the square Ω1 by
solving appropriate spectral problems.

Step 3. Find the coefficients of the decomposition for the desired function z0(x, y) on the
square Ω1 from constructed at the previous step complete biorthogonal system so that the
condition (8) holds.

We will show estimates of values C0 and σ from inequality (8) for the case (a) of Theorem 1.
And for case (b) of Theorem 1 and for cases (a)–(d) of Theorem 2 required estimates of values
C0 and σ can be obtained similarly. For this purpose the solution of initial-boundary value
problem (5)–(7) can be written in form (9):

z(x, y, t) =
∑
k∈Z′

z0k0e
−(α+k2)tψk0(x, y) +

∑
l∈Z′

z00le
−l2tψ0l(x, y)+

+z000e
−α tψ00(x, y) +

∑
k,l∈Z′

z0kle
−(k2+l2)tψkl(x, y), (24)

where

z0kl =

∫
Ω1

ϕkl(x, y)z0(x, y)dx dy, k, l ∈ Z,
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are Fourier coefficients z0(x, y), where {ϕkl(x, y), k, l ∈ Z} and {ψkl(x, y), k, l ∈ Z} are
defined respectively by the formulas (12) and (18).

We introduce the following sets of indices

W = Z× Z = Wk ∪Wl ∪W
′, W′ = Z

′ × Z
′, W0 =

3∪
j=1

W0j ∪W04, (25)

W01 = Wk \W01, W02 = Wl \W02, W03 = W
′ \W03. (26)

where

Wk = Z
′ × {0}, Wl = {0} × Z

′, Z′ = Z \ {0},
W01 =

{{k, 0} : Re{α}+ k2 ≥ σ
} ⊂ Wk,

W02 =
{{0, l} : l2 ≥ σ

} ⊂ Wl,

W03 =
{{k, l} : k2 + l2 ≥ σ

} ⊂ W
′,

W04 = {{0, 0} : Re{α} ≥ σ}.
Remark 2. Sets W01, W02, W03 (25) and W0 (26) are finite.

Thus, let the conditions of case (a) of Theorem 1 hold. Then the following assertion is
true.

Theorem 5. Let conditions

z0kl = 0 at {k, l} ∈ W0, (27)

be satisfied for solution (24), then the stabilized solution zstab(x, y, t) of problem (5)–(7) takes
the form

zstab(x, y, t) =
∑

{k,0}∈W01

z0k0e
−(α+k2)tψk0(x, y) +

∑
{0,l}∈W02

z00le
−l2tψ0l(x, y)+

+A(α)e−α tψ00(x, y) +
∑

{k,l}∈W03

z0kle
−(k2+l2)tψkl(x, y), (28)

which will satisfy the inequality (8), where in conformity with (25)–(27):

A(α) =

{
z000, if W04 	= Ø,
0, if W04 = Ø.

Remark 3. If Reα ≥ σ, then z000 	= 0. In addition, we note that additional restrictions
on the constant α, which were indicated in Remark 1 (section 2), are contained in conditions
(27). Similar restrictions also takes place for the constant β too in cases (a)–(d) of Theorem 2.

The proof of Theorem 5 directly follows from our further reasoning. Thus, each of the
setsW01, W02,W03 contains a set of indices {k, l} that not satisfy conditions (27). From (28)
we obtain that for constant C0 the following equality is true:

C2
0 =

∫
Ω1

|z0(x, y)|2 dx dy =

∫
Ω1

|
∑

{k,0}∈W01

{0,l}∈W02

{k,l}∈W03

z0klψkl(x, y) + A(α)ψ00(x, y)|2 dx dy <∞, (29)
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where

z0(x, y) =

{
u0(x, y), at {x, y} ∈ Ω,

z1(x, y), at {x, y} ∈ Ω1 \ Ω,
(30)

and here the function z1(x, y) and its Fourier coefficients {z0kl, {k, l} ∈ W0} are unknown,
and there is a need to find them. And for this we will use equalities (27), from which we
obtain:∫

Ω1\Ω

ϕkl(x, y)z1(x, y) d x d y = −û0(k, l), {k, l} ∈ W0, (31)

where

û0(k, l) =

∫
Ω

ϕkl(x, y)u0(x, y) d x d y.

Now we will look for the unknown function z1(x, y) in the form of next linear combination:

z1(x, y) =
∑

{m,n}∈W0

ẑ1(m,n)ϕmn(x, y). (32)

As a result, substituting z1(x, y) (32) into the relation (31), we obtain a system of algebraic
equations relatively unknown constant matrix {ẑ1(m,n), {m,n} ∈ W0} :∑

{m,n}∈W0

aklmnẑ1(m,n) = −û0(k, l), {k, l} ∈ W0, (33)

where

aklmn =

∫
Ω1\Ω

ϕkl(x, y)ϕmn(x, y) d x d y, {k, l}, {m,n} ∈ W0. (34)

We fix the indices k0 and m0. Then the system of equations (33) with a known matrix
(34) we will represent as next family of independent systems of linear equations∑

{m0,n}∈W0

ak0lm0nẑ1(m0, n) = −û0(k0, l), {k0, l} ∈ W0, (35)

with an unknown vector ẑ1(m0, n), and with known vector right parts of −û0(k0, l), and with
well-known matrix

ak0lm0n =

∫
Ω1\Ω

ϕk0l(x, y)ϕm0n(x, y) d x d y, {k0, l}, {m0, n} ∈ W0. (36)

Since matrices (36) are built on elements {ϕk, l(x, y), {k, l} ∈ W0}, which are the finite
subsystems of the basis {ϕkl(x, y), k, l ∈ Z} (12), then for each fixed pair of indices k0 and
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m0 they are Gram matrices. As it is known, the determinants of Gram matrices are different
from zero ( [15], p.219). Therefore, we will have the unique solvability for the equation (35),
and as corollary of it and for the equation (33) too.

Next, by finding the unknown matrix {ẑ1(m,n), {m,n} ∈ W0} according to the formula
(32) we find the function {z1(x, y), {x, y} ∈ Ω1\Ω}, and together with it, according to (30) we
find the function {z0(x, y), {x, y} ∈ Ω1} as a continuation of the function {u0(x, y), {x, y} ∈
Ω}.

Further, analyzing the formula (24) and taking into account the definitions of setsW0j, j =
1, 3 in (26), we obtain the estimate real constant σr, which determines the decay order in the
exponent of (8):

σr � min

{
min

{k,0}∈W01

{Re{α}+ k2}; min
{0,l}∈W02

{l2}; B(α); min
{k,l}∈W03

{k2 + l2}
}

≥ σ,

where in conformity with (25)–(27) and Remark 1:

B(α) =

{
Re{α}, if W04 	= Ø,
0, if W04 = Ø.

Now, according to formulas (28)–(30), we can find the value of the bounded constant C0

from (8).
Step 4. By the solution found z(x, y, t) of the auxiliary boundary value problem (5)–(7)

as restriction of it to the cylinder Q we find a solution u(x, y, t) to the given boundary
value problem (1)–(3), satisfying the required condition (4). A boundary control p(x, y, t),
{x, y} ∈ Σ is found as trace of the solution z(x, y, t), i.e.

p(x, y, t) = z(x, y, t)|{x,y,t}∈Σ.

9 Conclusion

The results of the work can be useful in solving stabilization problems for a loaded parabolic
equation with the help of boundary control actions that can be used in problems of
mathematical modeling by controlled loaded differential equations.
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THE METHOD OF VARIATION OF ARBITRARY CONSTANTS IN THE
CASE OF A SYSTEM OF LINEAR DIFFERENTIAL EQUATIONS OF

DIFFERENT ORDERS

The paper considers structures consisting of rods connected in one node.Longitudinal and
transverse vibrations of such a structure are described by systems of linear differential equations
on star graphs.The noted system of equations consists of three linear differential equations of
different orders.Two equations correspond to two transverse vibrations, and the third equation
describes the longitudinal vibrations of the bar.Moreover, the system of three linear differential
equations in the general case does not decompose. In this work, a fundamental system of solutions
of a homogeneous system is constructed when the conjugation conditions are satisfied at the point
of connection of the rods. Also, by the method of variation of arbitrary constants, a particular
solution of an inhomogeneous system is constructed, which is subject to the conjugation conditions
at the point of connection of the rods. In subsequent works, the authors intend to investigate the
natural frequencies of longitudinal and transverse vibrations of a structure consisting of many
rods.
Key words: boundary conditions, boundary value problems, canonical problems, star graph,
fundamental system of solutions of a homogeneous system, boundary problem, private solution,
public solution, wronskian determinant.

Б.Е. Қанғожин1, Г.С. Аузерхан1∗, М.Г. Тастанов2
1Әл-Фараби атындағы Қазақ ұлттық университетi, Қазақстан, Алматы қ.
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Әр түрлi реттi сызықтық дифференциалдық теңдеулер жүйесi жағдайында еркiн
тұрақтыларды вариациялау әдiсi

Бұл мақалада стерженнiң бiр түйiнге қосылған конструкциясы көрсетiлген.Жұлдызды граф-
та бойлық және бүйiрлiк тербелiстер сызықты дифференциалдық теңдеулер жүйесiмен берiл-
ген. Жүйеде әр түрлi реттегi үш өлшемдi сызықтық дифференциалдық теңдеу берiлген.
Жүйедегi бастапқы екеуi екi көлденең тербелiске сәйкес келедi, ал үшiншi теңдеу жолақтың
бойлық тербелiстерiн сипаттайды. Сонымен қатар, жалпы жағдайда үш сызықтық диффе-
ренциалдық теңдеулер жүйесi жiктелмейдi. Бұл жұмыста стержендердiң бiр нүктеде байла-
нысқанда бiртектi жүйенiң фундаменталдық шешiмi құрылған. Сондай-ақ, еркiн тұрақты-
ларды вариациялау әдiсiмен стерженьдердiң қосылу нүктесiндегi конъюгация шарттарына
бағынатын бiртектi емес жүйенiң белгiлi бiр шешiмi құрылды. Кейiнгi жұмыстарда автор-
лар көптеген стержендердiң жиынтық құрылымның бойлық және көлденең тербелiстердiң
меншiктi жиiлiктерiн зерттеуге ниеттi.
Түйiн сөздер: шекаралық шарттар, шекаралық есептер, канондық мәселелер, жұлдызды
граф, сызықты дифференциалдық теңдеудiң iргелi шешiмi, шекаралық есеп, нақты шешiм,
вронскиян анықтауышы.
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Метод вариации произвольных постоянных в случае системы линейных
дифференциальных уравнений разных порядков

В работе рассмотрены конструкции, состоящие из стержней соединенные в одном узле. Про-
дольные и поперечные колебания подобных конструкции описываются системами линейных
дифференциальных уравнений на звездных графах. Отмеченная система уравнений состоит
из трех линейных дифференциальных уравнений, имеющих разные порядки. Два уравнения
соответствуют двум поперечным колебаниям, а третье уравнение описывает продольные
колебания стержня. Причем система трех линейных дифференциальных уравнений в общем
случае не распадается. В работе построена фундаментальная система решений однородной
системы при выполнении условий сопряжений в точке соединения стержней. Также методом
вариации произвольных постоянных построено частное решение неоднородной системы,
которое подчинено условиям сопряжения в точке соединения стержней. В последующих
работах авторы намерены исследовать собственные частоты продольных и поперечных
колебаний конструкции, состоящих из множества стержней.

Ключевые слова: граничные условия, краевые задачи, канонические проблемы, звездный
граф, фундаментальная система решений однородной системы, граничная задача, частное
решение, определитель Вронскиана.

1 Introduction

Under natural simplifying assumptions, the equation of transverse vibrations of the rod [1]
has the form

ρ(x)A(x)
∂2w(x, t)

∂t2
+

∂2

∂x2

(
E(x)f(x)

∂2w(x, t)

∂x2

)
= f(x, t), − l

2
< x <

l

2
(1)

The parameters included in equation (1) have a physical meaning:
ρ(x) – material density;
A(x) – cross-sectional area;
w(x, t) – transverse movement;
E(x) – Young’s modulus;
I(x) – moment of inertial of the cross-sectional area about the neutral axis;
f(x, t) – lateral load.
In what follows, the conditions w(x, t) for fixing the ends of the bar are set to the equation

with respect to the transverse displacement, and the initial shape of the axis of the bar is
considered known.

At the same time, the differential equation of free longitudinal vibrations of the rod [2]
has the form

ρ
∂2u

∂t2
= E

∂2u

∂x2
(2)
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In many engineering calculations, it is assumed that the motions are separated: lateral
vibrations do not affect longitudinal vibrations and vice versa.However, such a separation of
the rod movements is not always justified.In the work of S.A. Nazarov. [3] shows a system of
three differential equations

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

l1(Y ) =
d2

dx2

(
μ(x)a(x)

d2y1(x)

dx2

)
+

d2

dx2

(
μ(x)b(x)

d2y2(x)

dx2

)
− d2

dx2

(
μ(x)d(x)

dy3(x)

dx

)
l2(Y ) =

d2

dx2

(
μ(x)b(x)

d2y1(x)

dx2

)
+

d2

dx2

(
μ(x)c(x)

d2y2(x)

dx2

)
− d2

dx2

(
μ(x)f(x)

dy3(x)

dx

)
,

l3(Y ) =
d

dx

(
μ(x)d(x)

d2y1(x)

dx2

)
+

d

dx

(
μ(x)f(x)

d2y2(x)

dx2

)
− d

dx

(
μ(x)

dy3(x)

dx

)
(3)

which describes the joint transverse, longitudinal vibrations of the bar. Since the reduced
system does not disintegrate, the longitudinal vibrations affect the lateral ones and vice
versa.In this way, in the general case, system (3) does not always split into equations of the
type (1) and (2).

System (3) of linear differential equations consists of three differential equations of
different orders.In standard textbooks on the theory of differential equations [4], such
systems have not been studied in detail. In particular, when the system consists of linear
differential equations of different orders, the method of variations of arbitrary constants
requires substantiation.In this paper, we have developed a method of variations of arbitrary
constants for system (3) on star graphs.

2 Statement of the problem

Consider a star graph Γ (Figure 1)consisting of many vertices and many bows.We number
the vertices of the graph with natural numbers starting from 0 up to m+1. The bows of the
graph are numbered through e1, . . . , em+1, moreover ej – bow, directed towards the vertex j.
On every bow ej the vector function.

Yj(xj) =
[
y1j(xj) y2j(xj) y3j(xj)

]T
, xj ∈ ej,

Which satisfies the following system of linear differential equations

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

d2

dx2
j

(
μj(xj)aj(xj)

d2y1j(xj)

dx2
j

)
+ d2

dx2
j

(
μj(xj)bj(xj)

d2y2j(xj)

dx2
j

)
− d2

dx2
j

(
μj(xj)dj(xj)

dy3j(xj)

dxj

)
=g1j(xj),

d2

dx2
j

(
μj(xj)bj(xj)

d2y1j(xj)

dx2
j

)
+ d2

dx2
j

(
μj(xj)cj(xj)

d2y2j(xj)

dx2
j

)
− d2

dx2
j

(
μj(xj)fj(xj)

dy3j(xj)

dxj

)
=g2j(xj),

d
dxj

(
μj(xj)dj(xj)

d2y1j(xj)

dx2
j

)
+ d

dxj

(
μj(xj)fj(xj)

d2y2j(xj)

dx2
j

)
d

dxj

(
μj(xj)

dy3j(xj)

dxj

)
=g3j(xj).

(4)
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Figure 1: Star graph

In what follows, we assume that the coefficients μj(xj), aj(xj), bj(xj), cj(xj), dj(xj), fj(xj)
represent given real continuous functions. The indicated coefficients have a physical meaning.
For example, μj(xj) – Young’s modulus, other coefficients aj(xj), bj(xj), cj(xj), dj(xj), fj(xj)
– static moments of the cross-sectional area of the bar j. The bow length ej is assumed to be
equal lj for j = 1, . . . ,m+ 1. It is convenient to introduce the notation for j = 1, . . . ,m+ 1.

V
(1)
1j (Yj; ξ) =

[
d

dxj

(
μjaj

d2y1j
dx2j

)
+

d

dxj

(
μjbj

d2y2j
dx2j

)
− d

dxj

(
μjdj

dy3j
dxj

)]∣∣∣∣∣
xj=ξ

V
(1)
2j (Yj; ξ) =

[
μjaj

d2y1j
dx2j

+ μjbj
d2y2j
dx2j

− μjdj
dy3j
dxj

]∣∣∣∣∣
xj=ξ

V
(2)
1j (Yj; ξ) =

[
d

dxj

(
μjbj

d2y1j
dx2j

)
+

d

dxj

(
μjcj

d2y2j
dx2j

)
− d

dxj

(
μjfj

dy3j
dxj

)]∣∣∣∣∣
xj=ξ

V
(2)
2j (Yj; ξ) =

[
μjbj

d2y1j
dx2j

+ μjcj
d2y2j
dx2j

− μjfj
dy3j
dxj

]∣∣∣∣∣
xj=ξ
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At the inner top (m+ 1) add the following conjugation conditions to system (4):

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

y11(0) = y12(0) = . . . = y1m(0) = y1,m+1(lm+1),

y21(0) = y22(0) = . . . = y2m(0) = y2,m+1(lm+1),

y31(0) = y32(0) = . . . = y3m(0) = y3,m+1(lm+1),

d

dx1
y11(0) =

d

dx2
y12(0) = . . . =

d

dxm
y1,m(0) =

d

dxm+1

y1,m+1(lm+1),

d

dx1
y21(0) =

d

dx2
y22(0) = . . . =

d

dxm
y2,m(0) =

d

dxm+1

y2,m+1(lm+1),

d

dxm+1

y3,m+1(lm+1) =
d

dx1
y3,1(0) + . . .+

d

dxm
y3m(0)

V
(1)
1,m+1(Ym+1; lm+1) = V

(1)
1,1 (Y1; 0) + . . .+ V

(1)
1,m(Ym; 0),

V
(1)
2,m+1(Ym+1; lm+1) = V

(1)
2,1 (Y1; 0) + . . .+ V

(1)
2,m(Ym; 0),

V
(2)
1,m+1(Ym+1; lm+1) = V

(2)
1,1 (Y1; 0) + . . .+ V

(2)
1,m(Ym; 0),

V
(2)
2,m+1(Ym+1; lm+1) = V

(2)
1,1 (Y1; 0) + . . .+ V

(2)
1,m(Ym; 0).

(5)

The total number of conjugation conditions of the form (5) is equal to 5m + 5. For the
correct statement of the problem, to system (4) with conjugation conditions (5), we must add
one more 5m + 5 boundary conditions at the boundary vertices 0, 1, . . . ,m. The boundary
conditions at the boundary vertices correspond to the conditions for fixing the rods at their
ends.

Usually, when solving boundary value problems for systems of linear differential equations,
you need to know:

1. a fundamental system of solutions to a homogeneous system;

2. a particular solution to an inhomogeneous system.

The further goal of the article is to first prove the existence of a fundamental system of
solutions to the homogeneous system (4) for g1j = g2j = g3j = 0, j = 1, . . . ,m + 1. After
that, using the constructed fundamental system of solutions, by the method of variations of
arbitrary constants, construct a particular solution of systems (4) and (5).

3 Construction of a fundamental system of solutions

Let j− a fixed number from the set {1, 2, . . . ,m+ 1} . In the system (4) we put g1j = g2j =
g3j = 0. Then, with respect to the homogeneous system (4), the following statement is
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true: for arbitrary constants θ1, θ2, . . . , θ10 solution Yj(xj) =
[
y1j(xj) y2j(xj) y3j(xj)

]T
,

xj ∈ ej, of the system of three homogeneous equations (4) with the Cauchy conditions at the
point xj = ξj.

ykj(ξj) = θk,
dykj(ξj)

dxj
= θk+3, k = 1, 2, 3,

d2yij(ξj)

dx2j
= θi+6,

d3yij(ξj)

dx3j
= θi+8, i = 1, 2

(6)

exists and is unique. This statement follows from the general theorem on the existence of
a solution to the Cauchy problem for systems of linear differential equations [4]. We choose
the point ξj as follows: ξj = 0 for j = 1, . . . ,m and j = m + 1 at point ξj = lj. Let for
i ∈ {1, 2, . . . , 10} a fixed value θi = 1, and the rest θk = 0, ∀k 	= i. Let us denote the solution
to problem (4), (6) by Y (i)

j (xj). The general solution of the homogeneous system (4) has the
form

Yj(xj) =
10∑
i=1

θijY
(i)
j (xj), (7)

where are θij – arbitrary constants.
Let us choose the numbers {θi j} so that the right-hand side of relation (7) satisfies the

conjugation conditions (5). We substitute relation (7) into conjugation conditions (5). As a
result, we get equalities:

θi 1 = θi 2 = . . . = θim = θim+1, i = 1, 2, 3, 4, 5

So, θi j it is convenient to denote by θi at i = 1, 2, 3, 4, 5. Similarly, we obtain

Aτ = h, (8)

where

α
(1)
9j =

[
μj

(
aj − d2j

)]
xj=ξj

, α
(2)
9j =

[
μj

(
bj − f 2

j

)]
xj=ξj

,

α
(1)
7j =

d

dxj

[
μj

(
aj − d2j

)]
xj=ξj

, α
(2)
7j =

d

dxj

[
μj

(
bj − f 2

j

)]
xj=ξj

,

α
(1)
10j = [μj (bj − djfj)]xj=ξj

, α
(2)
10j =

[
μj

(
cj − f 2

j

)]
xj=ξj

,

α
(1)
8j =

d

dxj
[μj (bj − djfj)]xj=ξj

, α
(2)
8 j =

d

dxj

[
μj

(
cj − f 2

j

)]
xj=ξj

,
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α
(1)
6j =

d

dxj
[μj (dj + 1)]xj=ξj

, α
(2)
6j =

d

dxj
[μj (fj + 1)]xj=ξj

,

α
(3)
7j = μjaj

∣∣∣∣∣
xj=ξj

, α
(4)
7j = μjbj

∣∣∣∣∣
xj=ξj

, α
(3)
9j = α

(3)
10j = 0,

α
(3)
8j = μjbj

∣∣∣∣∣
xj=ξj

, α
(4)
8j = μjcj

∣∣∣∣∣
xj=ξj

, α
(4)
9j = α

(4)
10j = 0,

α
(3)
6j = μjdj

∣∣∣∣∣
xj=ξj

, α
(4)
6j = μjfj

∣∣∣∣∣
xj=ξj

, h1 =
m∑
j=1

θ6j,

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0

α
(1)
6m+1 α

(1)
7m+1 α

(1)
8m+1 α

(1)
9m+1 α

(1)
10m+1

α
(2)
6m+1 α

(2)
7m+1 α

(2)
8m+1 α

(2)
9m+1 α

(2)
10m+1

α
(3)
6m+1 α

(3)
7m+1 α

(3)
8m+1 α

(3)
9m+1 α

(3)
10m+1

α
(4)
6m+1 α

(4)
7m+1 α

(4)
8m+1 α

(4)
9m+1 α

(4)
10m+1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

hs+1 =
m∑
j=1

10∑
k=6

α
(s)
k jθkj, s = 1, 2, 3, 4,

τ = [θ6m+1 θ7m+1 θ8m+1 θ9m+1 θ10m+1]
T , h = [h1 h2 h3 h4 h5]

T

It follows from the system of linear algebraic equations (8) that

τ = A−1h, (9)

if detA 	= 0. Let us introduce the notation

Ŷm+1(xm+1) =
[
Y

(6)
m+1(xm+1) Y

(7)
m+1(xm+1) Y

(8)
m+1(xm+1) Y

(9)
m+1(xm+1) Y

(10)
m+1(xm+1)

]
,

βkj =
[
δ6k α

(1)
kj α

(2)
kj α

(3)
kj α

(4)
kj

]T
,
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where δ6k = 1, if k = 6; δ6k = 0 if k > 6. Then it follows from equality (9) that

τ =
m∑
j=1

10∑
k=6

A−1βkjθkj. (10)

In this way, the general solution of the homogeneous system (4) with conjugation
conditions (5), taking into account relations (7), (10), takes the form

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
Yj(xj) =

5∑
i=1

θiY
(i)
j (xj) +

10∑
i=6

θijY
(i)
j (xj), j = 1, . . . ,m,

Ym+1(xm+1) =
5∑

i=1

θiY
(i)
m+1(xm+1) +

10∑
k=6

m∑
j=1

θkjŶm+1(xm+1)A
−1βkj

(11)

where θkj, k = 6, 7, 8, 9, 10, j = 1, . . . ,m, θ1, θ2, θ3, θ4, θ5 – arbitrary constants.

Theorem 1 Let be g1j = g2j = g3j = 0 at j = 1, . . . ,m + 1. Let’s pretend that detA 	= 0.
Then the general solution of homogeneous system (4) with conjugation conditions (5) has the
form (11) for arbitrary constants θkj, k = 6, 7, 8, 9, 10, j = 1, . . . ,m, θ1, θ2, θ3, θ4, θ5. The
number of arbitrary constants is 5m+ 5.

In this way, theorem 1 implies that the homogeneous differential system of solutions to
system (4) with conjugation conditions (5) has the form

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Y
(1)
j (xj), Y

(2)
j (xj), Y

(3)
j (xj), Y

(4)
j (xj), Y

(5)
j (xj); Y

(k)
j (xj),

k = 6, 7, 8, 9, 10; j = 1, . . . ,m;

Y
(1)
m+1(xm+1), Y

(2)
m+1(xm+1), Y

(3)
m+1(xm+1), Y

(4)
m+1(xm+1), Y

(5)
m+1(xm+1);

Ŷm+1(xm+1)A
−1βkj, k = 6, 7, 8, 9, 10; j = 1, . . . ,m.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
4 Method of variation of arbitrary constants

In standard textbooks on the theory of differential equations [4], the method of variation of
arbitrary constants is adapted for systems of linear differential equations of the first order.
In this subsection, this method is modified for the case of systems containing equations of
different orders. Second, the application of this method to systems of differential equations
on star graphs is shown.

Let be j – a fixed number from the set {1, . . . ,m+ 1} . In accordance with representation
(11) of the general solution of the homogeneous system (4), we seek a particular solution in
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the form

Yj(xj) =
10∑
i=1

θij(xj)Y
(i)
j (xj), (12)

Here is {θij(xj)} – an unknown set of functions to be defined. Let’s pretend that

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

10∑
i=1

dθij(xj)

dxj
Y

(i)
j (xj) = 0,

10∑
i=1

dθij(xj)

dxj

dy
(i)
1j (xj)

dxj
= 0,

10∑
i=1

dθij(xj)

dxj

dy
(i)
2j (xj)

dxj
= 0,

10∑
i=1

dθij(xj)

dxj

d2y
(i)
1j (xj)

dx2j
= 0,

10∑
i=1

dθij(xj)

dxj

d2y
(i)
2j (xj)

dx2j
= 0,

10∑
i=1

Cij
dθij(xj)

dxj
= g1j(xj),

10∑
i=1

Dij
dθij(xj)

dxj
= g2j(xj),

10∑
i=1

Eij
dθij(xj)

dxj
= g3j(xj).

(13)

We introduce the Wronskian Wj(x) by the formula
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Wj(x) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

y
(1)
1j (xj) y

(2)
1j (xj) . . . y

(10)
1j (xj)

y
(1)
2j (xj) y

(2)
2j (xj) . . . y

(10)
2j (xj)

y
(1)
3j (xj) y

(2)
3j (xj) . . . y

(10)
3j (xj)

dy
(1)
1j (xj)

dxj

dy
(2)
1j (xj)

dxj
. . .

dy
(10)
1j (xj)

dxj

dy
(1)
2j (xj)

dxj

dy
(2)
2j (xj)

dxj
. . .

dy
(10)
2j (xj)

dxj

d2y
(1)
1j (xj)

dx2
j

d2y
(2)
1j (xj)

dx2
j

. . .
d2y

(10)
1j (xj)

dx2
j

d2y
(1)
2j (xj)

dx2
j

d2y
(2)
2j (xj)

dx2
j

. . .
d2y

(10)
2j (xj)

dx2
j

C1j C2j . . . C10j

D1j D2j . . . D10j

E1j E2j . . . E10j

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Cij, Dij, Eij – here are some given constants. For example,

Cij =
d

dxj

(
μjaj

d2y(i)
1j
(xj)

dx2j

)
+

d

dxj

(
μjbj

d2y(i)
2j
(xj)

dx2j

)
− d

dxj

(
μjdj

d2y(i)
3j
(xj)

dxj

)∣∣∣∣∣
xj=ξj

,

Dij =
d

dxj

(
μjbj

d2y(i)
1j
(xj)

dx2j

)
+

d

dxj

(
μjcj

d2y(i)
2j
(xj)

dx2j

)
− d

dxj

(
μjfj

dy(i)
3j
(xj)

dxj

)∣∣∣∣∣
xj=ξj

,

Eij = μjd
2
j

d2y(i)
1j
(xj)

dx2j
+ μjfj

d2y(i)
2j
(xj)

dx2j
− μj

dy(i)
3j
(xj)

dxj

∣∣∣∣∣
xj=ξj

.

(14)

Along with the Wronskian Wj(x), we introduce for s = 1, 2, 3 the following
determinants:W (s)

kj (xj, tj) – the determinant, which is obtained from the determinant by
replacing that k− string with a string [y

(1)
sj (xj) y

(2)
sj (xj) . . . y

(10)
sj (xj)]. From relations (12)
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and (13) s = 1, 2, 3 we have in the representation

ysj(xj) =

xj∫
0

W
(s)
8j (xjtj)

Wj(tj)
g1j(tj)dtj +

xj∫
0

W
(s)
9j (xjtj)

Wj(tj)
g2j(tj)dtj+

+

xj∫
0

W
(s)
10j(xjtj)

Wj(tj)
g3j(tj)dtj, j = 1, . . . ,m.

(15)

For j = m+ 1 and s = 1, 2, 3, we have a different representation of the solution

ysm+1(xm+1) =

lm+1∫
xm+1

W
(s)
8j (xjtj)

Wj(tj)
g1j(tj)dtj +

lm+1∫
xm+1

W
(s)
9j (xjtj)

Wj(tj)
g2j(tj)dtj+

+

lm+1∫
xm+1

W
(s)
10j(xjtj)

Wj(tj)
g3j(tj)dtj, j = 1, . . . ,m.

(16)

Theorem 2 Let be j = 1, . . . ,m+1. For g1j(xj), g2j(xj), g3j(xj) any of the class L2(ej), the
inhomogeneous system of linear differential equations (4) on a star graph Γ has a particular
solution given by formulas (15) and (16).Moreover, for the indicated particular solution at
the inner vertex m+ 1 of the graph, relations (5) are valid.

5 Conclusion

In engineering calculations, it is usually assumed that the longitudinal vibrations of the
rods do not affect their lateral vibrations.However, this assumption is not always fulfilled.
Therefore, in recent years, some authors have proposed models in which transverse and
longitudinal vibrations interact with each other.It turns out that such models are described
by systems of linear differential equations of different orders.Standard textbooks on the
theory of differential equations study systems of differential equations consisting of first-
order equations.Therefore, it seems relevant to adapt the standard methods of the theory of
differential equations to systems consisting of equations of different orders. In this paper, the
method of variation of arbitrary constants is modified for the indicated systems.
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AN INVERSE PROBLEM OF RECOVERING THE RIGHT HAND SIDE OF
1D PSEUDOPARABOLIC EQUATION

Inverse problems of finding the right-hand side of a partial differential equations arise when
an external source is unknown or impossible to measurement, for example, the source is in
a high-temperature environment or underground. The partial differential equations with mixed
derivatives by time and space variables are usually called pseudo-parabolic equations or Sobolev
type equations. Pseudo-parabolic equations occur in mathematical modeling of many physical
phenomena such as the motion of non-Newtonian fluids, thermodynamic processes, filtration in a
porous medium, unsteady flow of second-order fluids, etc. This paper is devoted to investigate the
unique solvability of two inverse problems for a linear one dimensional pseudoparabolic equation.
The inverse problems consist of recovering the right hand side of the equation depending on
the space variable. An additional information for the first inverse problem is given by an final
overdetermination condition and for the second is given by an integral overdetermination condition.
Under the suitable conditions on the initial data of the problem, the existence and uniqueness of
a classical solution to these inverse problems are established. By using the Fourier method, the
explicit formulas of a solutions are presented in the form of a series, which make it possible to
perform the necessary numerical calculations with a given accuracy.
Key words: inverse problem, pseudoparabolic equations, overdetermination condition, existence,
uniqueness, classical solution.
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Бiр өлшемдi псевдопараболалық теңдеудiң оң жағын құру керi есебi

Дербес туындылы дифференциалдық теңдеулердiң оң жағын табу керi есептерi әдетте
сыртқы жылу көзi белгiсiз болғанда немесе өлшеу мүмкiн болмаған кезде туындайды,
мысалы, жылу көзi өте жоғары температуралы ортада немесе жер астында орналасса.
Уақыт және кеңiстiктiк айнымалылар бойынша аралас туындылары бар дербес туынды-
лы дифференциалдық теңдеулер көбiнде псевдопараболалық теңдеулер немесе Соболев
типiндегi теңдеулер деп аталады. Псевдо-параболалық теңдеулер көптеген физикалық
құбылыстарды математикалық модельдеу кезiнде кездеседi, мысалға, ньютондық емес сұй-
ықтықтардың қозғалысында, термодинамикалық процесстерде, кеуектi ортадағы сүзгiлеуде,
екiншi реттi сұйықтықтардың тұрақсыз ағыны және т.б. Бұл мақала сызықты бiр өлшемдi
псевдопараболалық теңдеу үшiн қойылған екi керi есептiң бiрмәндi шешiмдiлiгiн зерттеуге
арналған. Керi есептер болуы кеңiстiктiк айнымалыдан ғана тәуелдi теңдеудiң оң жағын
қалпына келтiруiмен сипатталады. Бiрiншi керi есеп үшiн қосымша ақпарат финальдық
қосымша шартпен берiлсе, екiншi есеп үшiн - интегралдық қосымша шартпен берiледi.
Берiлген есептiң берiлгендерi қандай да бiр шарттарды қанағаттандырған кезде, осы керi
есептердiң классикалық шешiмiнiң бар болуы мен жалғыздығы көрсетiледi. Фурье әдiсi
көмегiмен сандық есептеулердi берiлген дәлдiкпен жүргiзуге мүмкiндiктер беретiн iзделiндi
шешiмнiң қатар түрiндегi айқын формулалары алынды.

Түйiн сөздер: Керi есеп, псевдопараболалық теңдеу, қосымша шарт, шешiмнiң бар және
жалғыз болуы, классикалық шешiм.

c© 2021 Al-Farabi Kazakh National University
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Обратная задача восстановления правой части одномерного псевдопараболического

уравнения

Обратные задачи нахождения правой части дифференциального уравнения в частных про-
изводных возникают когда внешний источник неизвестен или невозможен для измерения,
например, источник находится в высокотемпературной среде или под землей. Уравнения
в частных производных с смешанным производными по времени и по пространственным
переменным обычно называются псевдо-параболическим уравнениям или уравнениям
типа Соболева. Псевдо-параболические уравнения встречаются при математическом
моделировании многих физических явлений как движения неньютоновских жидкостей,
термодинамические процессы, фильтрация в пористой среде, нестационарный поток жид-
костей второго порядка и т. д. Настоящая работа посвящена исследованию однозначной
разрешимости двух обратных задач для линейного одномерного псевдопараболического
уравнения. Обратные задачи состоят из восстановления правой части, зависящего от
пространственной переменной. Дополнительная информация для первой обратной задачи
задается финальным условием переопределения, а для второй задачи - интегральным
условием переопределения. При подходящих условиях на данные первоначальной задачи,
устанавливаются существования и единственности классического решения этих обратных
задач. С помощью методом Фурье, представлены в виде ряда явные формулы искомых функ-
ции, которые позволяют производить необходимые численные расчеты с заданной точностью.

Ключевые слова: Обратная задача, псевдопараболические уравнения, условие переопреде-
ление, существования и единственность решения, классическое решение.

1 Introduction

The partial differential equations like (1) with a mixed derivative by time and space variables
are called pseudo-parabolic or Sobolev type equations [1], [2], and arise in many areas of
mathematics and physics. For instance, they have been used, to model thermodynamics
processes [3], filtration in porous media [4], and nonsteady flow of second order fluids [5], the
motion of non-Newtonian fluids [2], [6], and many other physical phenomena.

The present paper is devoted to study two inverse problems of determining the right
hand side of an one dimensional pseudoparabolic equation with an additional information,
which given by a final overdetermination condition for first, and an integral overdetermination
condition for second. The inverse problems of recovering the right-hand side of a differential
equation arise in the mathematical modeling of many physical phenomena, when an external
source is unknown or unacceptable for measurement, for example, the source is in a
high-temperature environment or underground, etc. [7–10] To our knowledge, the inverse
problems for pseudoparabolic equations have not been studied a lot. The inverse problem
for pseudoparabolic equation (1) with periodic boundary condition have been studied by
Khompysh and Shakir in [11] by same method as we have used here and in [12]. The
inverse problems of finding the right hand side for pseudoparabolic equation with fractional
derivatives by time have been studied by Ruzhanksy and et. in [13]. We refer the readers
to see [14], [15], [16], [17], [18], [19], [20, 21] for other some inverse problems for classical
pseudoparabolic equations and [22], [23], [24,25], [26] for modified pseudoparabolic equations
with p-Laplacian and other related equations.
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2 Material and methods

2.1 The formulation of the problem

Let QT := {0 < x < l <∞, 0 < t < T <∞} be a rectangle domain. In this present paper,
we consider the following inverse problems of determining a pair of functions (u(x, t), f(x)),
which satisfy the linear 1D pseudoparabolic equation

ut − uxxt − uxx = f(x), in QT := {0 < x < l, 0 < t < T} , (1)

the initial condition

u(x, 0) = ϕ(x), 0 ≤ x ≤ l, (2)

the Dirichlet boundary condition

u(0, t) = u(l, t) = 0, 0 < t < T, (3)

and the final overdetermination condition

u(x, T ) = h(x), 0 ≤ x ≤ l (4)

or the integral overdetermination condition∫ T

0

u(x, t)dt = e(x), 0 ≤ x ≤ l. (5)

We study the following two inverse problems:
Inverse problem I: Given the initial data ϕ(x) and h(x), to find the pair of functions
(u(x, t), f(x)), satisfying to (1)-(4).
Inverse problem II: Given the initial data ϕ(x) and e(x), to find the pair of functions
(u(x, t), f(x)), satisfying to (1)-(3), (5).

Definition 1 The pair of the functions (u(x, t), f(x)) is called a classical solution to the
inverse problem I (inverse problem II), if

u(x, t) ∈ C2,1
x,t (QT ) , f(x) ∈ C (0, l)

and satisfies the every relation of the system (1)-(4) ( (1)-(3), (5) for inverse problem II) at
every point of the corresponding their domain.

3 Results and discussion

For these possed inverse problems the following theorems are valid.

Theorem 1 Assume that the conditions

ϕ(x), h(x) ∈ C3[0, l] and

ϕ(0) = ϕ(l) = 0, h(0) = h(l) = 0 ϕ′′(0) = ϕ′′(l) = 0, h′′(0) = h′′(l) = 0

hold. Then the inverse problem I has a unique classical solution.
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The analogical statement is hold for the inverse problem II.

Theorem 2 Assume that the conditions

ϕ(x), e(x) ∈ C3[0, l] and

ϕ(0) = ϕ(l) = 0, e(0) = e(l) = 0 ϕ′′(0) = ϕ′′(l) = 0, e′′(0) = e′′(l) = 0

hold. Then the inverse problem II has a unique classical solution.

Let us start to prove the Theorem 1. The proof of the Theorem 2 is analogical as first.
Look for a solution to the inverse problem 1 in the following form

u(x, t) =
∞∑
k=1

uk(t) · sin πk
l
x, (6)

f(x) =
∞∑
k=1

fk · sin πk
l
x (7)

where the system
{
sin πk

l
x
}

is the eigenfunctions of the Sturm-Liouville problem
corresponding to the boundary condition (3)

X ′′(x)− λ2X(x) = 0, X(0) = X(l) = 0,

and uk(t) and fk are unknowns.
Substituting (6) and (7) into the equation (1) - (2), we obtain the following Cauchy

problem for ordinary differential equation respect to uk(t) with an unknown parameter fk

u′k(t) +
λk

1 + λk
uk(t) =

1

1 + λk
fk, λk =

(
πk

l

)2

, k = 1, 2, 3... (8)

uk(0) = ϕk, k = 1, 2, 3... (9)

where

ϕk =
2

l

∫ l

0

ϕ(x) sin
πk

l
xdx, and ϕ(x) =

∞∑
k=1

ϕk · sin πk
l
x. (10)

Solving the Cauchy problem (8)-(9), we find the solution

uk(t) = e
− λk

1+λk
t ·
(
ϕk − fk

λk

)
+
fk
λk

(11)

and plugging it into (6), we obtain the solution u(x, t)

u(x, t) =
∞∑
k=1

(
e
− λk

1+λk
t ·
(
ϕk − fk

λk

)
+
fk
λk

)
sin

πk

l
x (12)
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where fk is an unknown number. It will be defined by using the final overdetermination
condition (4), i.e. substituting (12) into (4) we have

e
− λk

1+λk
T ·
(
ϕk − fk

λk

)
+
fk
λk

= hk, k = 1, 2, 3, ..., (13)

where

hk =
2

l

∫ l

0

h(x) sin
πk

l
xdx, and h(x) =

∞∑
k=1

hk · sin πk
l
x. (14)

It follows from (13) that

fk =

λk

(
hk − ϕke

− λk
1+λk

T

)
1− e

− λk
1+λk

T
, k = 1, 2, 3, . . . . (15)

Substituting these defined coefficients uk(t) and fk into (6) and (7), we obtain the explicit
formulas of the solution (u, f) to the inverse problem 1:

u(x, t) =
∞∑
k=1

(
1− e

− λk
1+λk

t

1− e
− λk

1+λk
T
hk +

1− e
− λk

1+λk
(T−t)

1− e
− λk

1+λk
T

e
− λk

1+λk
t
ϕk

)
sin

πk

l
x, (16)

f(x) =
∞∑
k=1

λk

(
hk − ϕke

− λk
1+λk

T

)
1− e

− λk
1+λk

T
sin

πk

l
x. (17)

Now, in order to complete the proof of existence of a classical solution, we investigate these
formal series (16) and (17) of u(x, t) and f(x), and their derivatives ut(x, t), ux(x, t), uxx(x, t),
uxxt(x, t) involving in the equation (1) for the uniformly convergence.

Let us consider the series (16). It can be majorated by the following number series

|u(x, t)| =
∣∣∣∣∣

∞∑
k=1

(
1− e

− λk
1+λk

t

1− e
− λk

1+λk
T
hk +

1− e
− λk

1+λk
(T−t)

1− e
− λk

1+λk
T

e
− λk

1+λk
t
ϕk

)
sin

πk

l
x

∣∣∣∣∣ ≤
∞∑
k=1

(
e

λk
1+λk

T

e
λk

1+λk
T − 1

(|hk|+ |ϕk|)
)

≤ eT
∞∑
k=1

(|hk|+ |ϕk|) . (18)

This series converges if the conditions

ϕ(x), h(x) ∈ C1[0, l] and ϕ(0) = ϕ(l) = 0, h(0) = h(l) = 0 (19)

hold. In fact, integrating by parts the integrals in (10) and (14), we replace the Fourier
coefficients ϕk and hk of the functions ϕ(x) and h(x), by the Fourier coefficients of their
derivatives ϕ′(x) and h′(x), respectively

ϕk =
l

πk
ϕ′
k, hk =

l

πk
h′k (20)
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where

ϕ′
k =

2

l
·
∫ l

0

ϕ′(x) · cos πk
l
xdx, h′k =

2

l
·
∫ l

0

h′(x) · cos πk
l
xdx.

Plugging (20) into (18) then by using the Cauchy inequality, we have

|u(x, t)| ≤ πeT

l

∞∑
k=1

1

k
(|h′k|+ |ϕ′

k|) ≤ C

∞∑
k=1

(
1

k2
+ |h′k|2 + |ϕ′

k|2
)

These series converge since the first is a harmonic series, the second and third series due
to Bessel inequality

∞∑
k=1

|ϕ′
k|2 ≤ ‖ϕ′(x)‖L2[0,l] <∞,

∞∑
k=1

|h′k|2 ≤ ‖h′(x)‖L2[0,l] <∞.

Let us now consider the series (17). It can be majorated by the number series

|f(x)| ≤ C
∞∑
k=1

k (|hk|+ |ϕk|) . (21)

In order to show the convergence of the series (21), we assume that

ϕ(x), h(x) ∈ C2[0, l] and ϕ(0) = ϕ(l) = 0, h(0) = h(l) = 0 (22)

and replace the coefficients ϕk and hk by the Fourier coefficients of their second order
derivatives ϕ′′(x) and h′′(x), respectively

ϕk = − l2

π2k2
ϕ′′
k, hk = − l2

π2k2
h′′k (23)

where

ϕ′′
k =

2

l
·
∫ l

0

ϕ′′(x) · cos πk
l
xdx, h′′k =

2

l
·
∫ l

0

h′′(x) · cos πk
l
xdx.

Plugging (23) into (21) then by using the Cauchy and Bessel inequalities, we obtain

|f(x)| ≤ C

∞∑
k=1

k (|hk|+ |ϕk|) ≤ C

∞∑
k=1

1

k
(|h′′k|+ |ϕ′′

k|) ≤ C

∞∑
k=1

(
1

k2
+ |h′′k|2 + |ϕ′′

k|2
)

The last series are converge, therefore, by the Veiershtrass theorem, the series (16) and
(17) are uniformly converge.

Analogical way, we see that the series of derivatives ut(x, t), ux(x, t), uxx(x, t), uxxt(x, t)
can be majorated by the series

|ut, ux| ≤ C

∞∑
k=1

k(|ϕk|+ |ek|) ≤ C

∞∑
k=1

(
1

k2
+ |ϕ′′

k|+ |e′′k|
)

(24)

|uxx(x, t)| ≤ C
∞∑
k=1

k2(|ϕk|+ |ek|) ≤ C
∞∑
k=1

(
1

k2
+ |ϕ′′′

k |+ |e′′′k |
)

(25)
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|uxxt(x, t)| ≤ C

∞∑
k=1

k2(|ϕk|+ |ek|) ≤ C

∞∑
k=1

(
1

k2
+ |ϕ′′′

k |+ |e′′′k |
)

(26)

where ϕ′′′
k and e′′′k are the Fourier coefficients of the functions ϕ′′′(x) and e′′′(x), respectively.

The series in (24) are converge due to the conditions (19), (22) and the series (25) and
(26) are converge due to the conditions (19), (22) and

ϕ(x), h(x) ∈ C3[0, l] and ϕ′′(0) = ϕ′′(l) = 0, h′′(0) = h′′(l) = 0,

The uniqueness of the solution inverse problem I can be proved by standard method
as [11], [12], i.e. assuming that the problem (1)-(4) has two different solutions (u1, f1) and
(u2, f2) we obtain for U = u1−u2, F = f1− f2 the following inverse problem with zero data

Ut − Uxxt − Uxx = F (x), in QT := {0 < x < l, 0 < t < T} ,
U(x, 0) = 0, 0 ≤ x ≤ l,

U(0, t) = U(l, t) = 0, 0 < t < T,

U(x, T ) = 0, 0 ≤ x ≤ l.

Next, repeating above arguments, we get that the Fourier coefficients of U and F are zero
Uk = Fk = 0, therefore, U = F = 0.

4 Conclusion

In this paper, the unique solvability of two inverse problems of recovering the right hand side of
the a linear one dimensional pseudoparabolic equation is studied. An additional information
for the first inverse problem is given by an final overdetermination condition and for the
second is given by an integral overdetermination condition. Under the suitable conditions
on the initial data of the problem, the existence and uniqueness of a classical solution to
these inverse problems are established. By using the Fourier method, the explicit formulas
of a solutions are presented in the form of a series, which make it possible to perform the
necessary numerical calculations with a given accuracy.
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EQUIVALENCE OF THE FREDHOLM SOLVABILITY CONDITION FOR
THE NEUMANN PROBLEM TO THE COMPLEMENTARITY CONDITION

The methods of complex analysis constitute the classical direction in the study of elliptic equations
and mixed-type equations on the plane and fundamental results have now been obtained. In the
early 60s of the last century, a new theoretical-functional approach was developed for elliptic
equations and systems based on the use of functions analytic by Douglis. In the works of A.P.
Soldatov and Yeh, it turned out that in the theory of elliptic equations and systems, Douglis
analytic functions play an important role. These functions are solutions of a first-order elliptic
system generalizing the classical Cauchy-Riemann system. In this paper, the Fredholm solvability
of the generalized Neumann problem for a high-order elliptic equation on a plane is investigated.
The equivalence of the solvability condition of the generalized Neumann problem with the
complementarity condition (Shapiro-Lopatinsky condition) is proved. The formula for the index
of the specified problem in the class of functions under study is calculated.

Key words: higher order elliptic equations, generalized Neumann problem, Fredholm solvability
of the problem, normal derivatives on the boundary.
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Нейман есебiнiң фредгольмдi шешiмдiлiк шартының толықтыру шартымен

пара-парлығы

Кешендi талдау iстерi жазықтықтағы эллипстiк теңдеулер мен аралас типтегi теңдеулердi
зерттеуде классикалық бағытты құрайды же қазiргi уақытта iргелi нижелер алынды. өткен
ғасырдың 60-жылдарының басында эллипстiк теңдеулер мен жүйелер үшiн Дуглистiң
аналитикалық функцияларын қолдануға негiзделген жаңа теориялық же функционалды
тiл пайда болды. А. П. Солдатовтың же Yeh еңбектерiнде эллипстiк теңдеулер мен жүйелер
теориясында Дуглис аналитикалық функциялары маңызды рөл атқаратыны белгiлi болды.
Бұл функциялар классикалық Коши-Риман жүйесiн жалпылайтын бiрiншi реттi эллипстiк
жүйенiң шешiмдерi болып табылады. Бұл мақалада жазықтықтағы жоғары реттi эллипстiк
теңдеу үшiн Нейманның жалпыланған есебiнiң фредгольмдiк шешiлуi зерттелген. Толықты-
ру шартымен (Шапиро-Лопатинский шартымен) Нейманның жалпыланған есебiнiң шешiлу
шартының эквиваленттiлiгi делдендi. Зерттелетiн функциялар класындағы көрсетiлген есеп
индексiнiң формуласы есептеледi.

Түйiн сөздер: жоғары реттi эллиптикалық тедеулер, жалпыланған Нейман есебi, есептiң
фредгольмдi шешiмдiлiгi, шекарадағы нормал туындылар.
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Методы комплексного анализа составляют классическое направление в исследовании
эллиптических уравнений и уравнений смешанного типа на плоскости и в настоящее
время получены фундаментальные результаты. В начале 60-х годов прошлого столетия
для эллиптических уравнений и систем был развить новый теоретико-функциональный
подход, основанный на использовании функций, аналитических по Дуглису. В работах А.П.
Солдатова, и Yeh выяснилось, что в теории эллиптических уравнений и систем важную
роль играют функции, аналитические по Дуглису. Эти функции являются решениями
эллиптической системы первого порядка, обобщающей классическую систему Коши-Римана.
В данной статье исследована фредгольмовая разрешимость обобщенной задачи Неймана
для эллиптического уравнения высокого порядка на плоскости. Доказана эквивалентность
условии разрешимости обобщенной задачи Неймана с условием дополнительности (условием
Шапиро-Лопатинского). Вычислена формула для индекса указанной задачи в исследуемой
классе функций.

Ключевые слова: эллиптические уравнения высокого порядка, обобщенная задача Нейма-
на, фредгольмова разрешимость задачи, нормальные производные на границе.

Introduction

Complex analysis methods constitute a classical direction in the study of elliptic equations
and equations of mixed type on the plane. At present, active research is being carried out in
this direction in many mathematical centers of the world.

In a simply connected domain D on a plane bounded by a simple smooth contour Γ ∈
C2l,μ, l ≥ 2, 0 < μ < 1, for an elliptic equation of the 2l-order

2l∑
r=0

ar
∂2lu

∂x2l−r∂yr
+

∑
0≤r≤k≤2l−1

ark(x)
∂ku

∂xk−r∂yr
= F (1)

with constant highest coefficients ar ∈ R and lower coefficients ark ∈ Cμ(D), consider the
boundary value problem

∂kj−1u

∂nkj−1

∣∣∣∣
Γ

= fj, j = 1, . . . , l, (2)

where n = n1+in2 means the unit outward normal and natural kj are subject to the condition
1 ≤ k1 < k2 < . . . < kl ≤ 2l.
Here and below, the normal derivative (∂/∂n)k of order k is understood as the boundary
operator (

n1
∂

∂x
+ n2

∂

∂y

)k

=
k∑

r=0

(
k

r

)
nr
1n

k−r
2

∂k

∂xr∂yk−r

and a similar meaning has the boundary operator (∂/∂e)k with respect to the unit tangent
vector e = e1 + ie2 = i(n1 + in2).

This problem turns into the Dirichlet problem if kj = j, and turns into the Neumann
problem if kj = j + 1.

Materials and methods. The statement of this problem for kj+1 − kj ≡ 1 for a
polyharmonic equation originates from [1], where for k1 ≥ 2 it is called the generalized
Neumann problem. This name is further retained for an arbitrary set of indicators kj. Another
variant of the Neumann problem, based on the variational principle, was proposed in [2]. If
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lower coefficients and the right-hand side are equel to zero, then problem (1), (2) was studied
in [3, 4]. The case where they are different from zero, is studied detail in [5] in the space

C2l−1,μ
a (D) ≡ {u : u ∈ C2l(D) ∩ C2l−1,μ(D),

2l∑
r=0

ar
∂2lu

∂x2l−r∂yr
∈ Cμ(D)},

in particular, a necessary and sufficient condition for its Fredholm property is found.
Results and discussion. The study of equation (1) in the multidimensional case is of

great scientific interest. In the model case, equation (1) is called the polyharmonic equation
Δlu(x) = F (x), x = (x1, ..., xn) ∈ D ⊆ R

n. It is known that for this polyharmonic equation,
the Dirichlet problem is uniquely solvable for any right-hand side of the equation. In [6, 7],
a new representation of the Green function of the Dirichlet problem for a polyharmonic
equation in a multidimensional sphere is constructed explicitly. In [8, 9], a representation of
the Green function of the Neumann problem for the Poisson equation in a multidimensional
unit ball is obtained. In [10–12], Green functions of Dirichlet, Neumann, and Robin problems
for biharmonic and polyharmonic equations in a circle, semicircle, semi-ring, triangle, and
other standard plane domains are constructed. The results of these works are based on the
classical theory of integral representations for analytic, harmonic and polyharmonic functions
on the plane.

The paper [13] describes well-posed boundary value problems for a polyharmonic operator.
In this article, for a higher order elliptic equation, it is proposed to develop a new

functional-theoretical approach based on the use of functions that are analytic according
to Douglis [14–16].

In the early 60s it became clear [17,18], that in the theory of elliptic equations and systems
an important role is played by functions analytic in the sense of Douglis. These functions are
solutions of a first-order elliptic system generalizing the classical Cauchy-Riemann system.
In [19,20], this approach has already been successfully applied to problems of the plane theory
of elasticity (including the general anisotropic case). However, for domains with piecewise
smooth boundaries and equations with continuous coefficients and, especially, for problems
with nonlocal boundary conditions, this approach requires its further development.

In this paper, under the assumption Γ ∈ C2l,μ that the results obtained in [5] are extended
to the more standard class C2l,μ(D).

1 Description of the Fredholm property of problem (1),(2)

An operator A ∈ L(X, Y ) is called Fredholm if its kernel KerA and cokernel are finite-
dimensional, and

dim ImA = dim (cokerA)⊥.

The Fredholm property and the index of a problem are understood in relation to its bounded
operator, in our case

X ≡ C2l,μ(D) → Y ≡ Cμ(D)×
l∏

j=1

C2l−kj+1,μ(Γ).
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Let νk, 1 ≤ k ≤ m be all different roots of the characteristic equation

χ(z) = a2l
∏m

k=1
(z − νk)

lk
∏m

k=1
(z − νk)

lk = 0,

in the upper half-plane and the lk- multiplicity of the kth root, so that their total multiplicity
l1 + . . . + lm is equal to l. The ellipticity condition is that a2l 	= 0 and the roots of the
characteristic polynomial χ(z) = a0 + a1z + . . .+ a2lz

2l do not lie on the real axis.
Let us introduce functions that are fractionally linear in z

ω(e, z) =
e2 − e1z

e1 + e2z
=
n1 + n2z

e1 + e2z
, (3)

where the dependence on the unit tangent vector e = e1 + ie2 to the contour Γ is indicated
explicitly. For definiteness, the vector e is oriented positively with respect to the domain D,
i.e. D lies to the left of this vector.

For an analytic l-vector-function g(z) = (g1(z), . . . , gn(z)), in a neighborhood of points
z1, . . . , zm, we introduce the block l × l-matrix

Wg(z1, . . . , zm) = (Wg(z1), . . . ,Wg(zm)), (4)

where matrix Wg(zk) ∈ C
l×lk is composed of column vectors

g(zk), g
′(zk), . . . ,

1

(lk − 1)!
g(lk−1)(zk).

As g below we use a vector with components

gj(z) = zkj−1, 1 ≤ j ≤ l. (5)

In this notation, the following theorem was proved in [5].

Theorem 1 a) Problem (1), (2) is Fredholm if and only if

detWg[ω(e, ν1), . . . , ω(e, νm)] 	= 0, e ∈ T, (6)

where T stands for the unit circle. Accordingly, the index of this problem is given by the
formula

æ = −2

[
1

2π
arg detWg[ω(e, ν1), . . . ω(e, νm)]

∣∣∣∣
T

+ l2 −
∑m

j=1
l2j

]
, (7)

where the increment is taken along the counterclockwise unit circle.
b) In each of the following two cases

kj = k1 + j − 1, 1 ≤ j ≤ l; (8i)

m = 1, ν1 = ν. (8ii)

problem (1), (2) is Fredholm and its index is zero.

Obviously, condition (6) depends only on the set of numbers k1, k2, . . . , kl, so that for
fixed kj, when it is satisfied, problem (1), (2) is Fredholm in any domain.
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2 Equivalence of the Fredholm property condition for problem (1), (2) to the
complementarity condition

From the point of view of the general elliptic theory [21] problem (1), (2) is Fredholm
in the space C2l,μ(D) if and only if its boundary conditions satisfy as follows called the
complementarity condition (or the Shapiro-Lopatinski condition [22]). In this case, [23] also
says that the boundary conditions (2) cover the differential operator

L =
2l∑

r=0

ar
∂2l

∂x2l−r∂yr
,

corresponding to the main part (1). The indicated condition is as follows: starting from the
fixed point t ∈ Γ differentiation with respect to x and y in the expressions of the operators
L and Bj, we replace, respectively, e1(t) + zn1(t) and e2(t) + zn2(t). As a result, we get
polynomials

L(n, z) =
2l∑

r=0

ar(e1 + zn1)
2l−r(e2 + zn2)

r

and
Bj(z) = [n1(e1 + zn1) + n2(e2 + zn2)]

kj−1 = zkj−1, 1 ≤ j ≤ l.

Since n1 = e2, n2 = −e1, in the notation (3) the polynomial L(n, z) can be written in the
form

L(n, z) = (e1 + zn1)
2l

2l∑
r=0

ar[−ω(z)]r,

so L(z) = 0 is equivalent to
−ω(z) = ν, (9)

where ν is an arbitrary root of the characteristic equation χ(z).Moreover, their corresponding
multiplicities coincide.

Obviously, transformation (3) takes the upper half-plane onto itself, so the transformation
z → −ω(z̄) also has a similar property. In particular, the polynomial l-degree

L+(z) = (z − z1)
l1 . . . (z − zm)

lm , −ω(zj) = ν̄j, (10)

is formed by the roots of the equation L(n, z) = 0 lying in the upper half-plane.
In the adopted notation, the complementarity condition consists in the linear

independence of the polynomials Bj(z), 1 ≤ j ≤ l, modulo the polynomial L+(z). Thus,
this condition should be equivalent to condition (6) obtained in another way. This fact can
be established directly.

Lemma 1 Condition (6) is satisfied if and only if the polynomials Bj(z) = zkj−1, 1 ≤ j ≤ l,
are linearly independent in to the modulus of the polynomial L+(z).
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Proof 1 Suppose that these polynomials are linearly dependent modulo L+(z), that is, there
is a nontrivial linear combination of them B = α1B1 + . . . + αlBl, a multiple of L+. In the
notation (5), the polynomial Bj = gj, so this fact can be written in the form

B(z) =
l∑

j=1

αjz
kj−1 = Q(z)L+(z)

with some polynomial Q. In accordance with (10), this relation means that the polynomial B
at the points zk has a zero of order lk or, which is equivalent,

l∑
j=1

αjg
(s)
j (zk) = 0, 0 ≤ s ≤ lk − 1, 1 ≤ k ≤ m. (11)

These equalities represent a homogeneous system of l equations for α1, . . . , αl. It can be seen
from definition (4) that the matrix of this system coincides with the matrix transposed to
Wg(z1, . . . , zm). Therefore, a nonzero solution to system (11) is possible if and only if

detWg(z1, . . . , zm) = 0. (12)

According to definition (3), equality (9) is equivalent to zj = ω(νj); therefore, equality
(12) can be expressed in the form of vanishing of the determinant on the left-hand side of
(6). Thus, violation of the complementarity condition is equivalent to violation of condition
(6), which completes the proof of the lemma.

3 Continuation of the description of the Fredholm property condition for problem
(1), (2)

Note that formulas (6) and (7) will not change if we go from the vector g to the vector q
defined by the relation

g(z) = zk1−1q(z), q(z) = (1, zs1 , . . . , zsl−1), sj = kj+1 − k1. (13)

Moreover, as noted in [3,5], the determinants of the matricesW with these vectors are related
by the relation

detWg(z1, . . . , zm) =
∏
j

z
lj(l1−1)
j Wq(z1, . . . , zm).

In these designations, condition (6) and the index formula (7) can be given a different
form, more convenient for use. Let us introduce the fractional-linear functions

γk(z) =
νk − z

1 + νkz
, 1 ≤ k ≤ m, (14)

and the function
R(z) = detWg(γ1(z), . . . , γm(z)). (15)

This transformation γk(z) swaps the points ±i and is involutive:
γ(±i) = ∓i, γ[γ(z)] ≡ z. (16)
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Moreover, for νk = i, the identity γk(z) ≡ i holds.
Thus, the rational function R(z) admits poles only at the points ν ′k = −1/i 	= i in

the upper half-plane and, in particular, is analytic in the lower half-plane. In addition, for
m ≥ 2 (m ≥ 3) at the points ζ = −i (ζ = ±i) vanishes. This follows from (34) and the fact
that for z1 = ... = zm = −i (z1 = ... = zm = ±i) matrix (4) has the same columns, so its
determinant is zero. In particular, the function R(z) is completely divisible by z2 + 1.

Theorem 2 Problem (1), (2) is Fredholm if and only if the rational function R(ζ) has no
real roots on the extended real line R = R∪{∞}, and under this condition, its index is given
by the formula

æ = 4(n−
∑

i<j
lilj), (17)

where n is the number of zeros of this function in the lower half-plane of the function, taking
into account their multiplicity.

Proof 2 Comparison of definitions (4) and (14) implies that

detWg[ω(e, ν1), . . . , ω(e, νm)] = R(e2/e1).

The function ω(e, ν) in (3) is even in the variable e ∈ T and therefore the quantity

arg detWg[ω(e, ν1), . . . ω(e, νm)]

∣∣∣∣
T

= 2arg detWg[ω(e, ν1), . . . ω(e, νm)]

∣∣∣∣
T+

,

where T
+ is a semicircle in the right half-plane. The mapping e = e1 + ie2 → t = e2/e1

realizes a homeomorphism of this semicircle onto the extended real line R, and bypassing it
from the point e = −i to e = i corresponds to movement on a straight line in the positive
direction. Therefore, condition (6) is equivalent to the fact that the function R has no real
roots on the extended real line, and the equality

arg detWg[ω(e, ν1), . . . ω(e, νm)]

∣∣∣∣
T

= 2arg detWg[γ1(t), . . . γm(t)]

∣∣∣∣+∞

−∞
.

As a result, formula (7) becomes

æ = − 2

π
argR(t)

∣∣∣∣+∞

−∞
− 2(l2 −

∑m

j=1
l2j ).

The rational function R has no poles in the lower half-plane, so, taking into account Rouche’s
theorem, the previous equality coincides with (36). It is only necessary to take into account
that the lower half-plane remains on the left when traversing the straight line in the negative
direction and that

l2 −
∑m

j=1
l2j = 2

∑
i<j

lilj.

The theorem is proved.

Let us consider in more detail the function γ(z), defined by (14) with ν = νk. For ν = i
this function is identically equal to i, so we can assume ν 	= i.
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Lemma 2 Let ν 	= i. The transformation z → γ(z) takes the lower half-plane to the circle

B = {z : |z|2 + 1− 2ρImz < 0}, ρ = |ν|2 + 1

2Imν
. (18)

This circle has the center point iρ radius r =
√
ρ2 − 1, lies entirely in the upper half-plane,

contains the point z = i and is invariant under the involution z �→ z′ = −1/z.
In addition, the points ν и ν ′ = −1/ν lie on its boundary circle L = ∂B.

Proof 3 By (14), we have

Im[γ(z)] =
(1 + |z|2)Imν − (1 + |ν|2)Imz

|1 + νz|2 .

Hence the image of the lower half-plane is the disc B, which lies entirely in the upper half-plane
and contains the point z = i. By the symmetry principle, the points pmi are symmetric as
relative to the straight line R, and to the circle L = ∂B. In particular, the center of this circle
must lie on the imaginary axis. Denoting the center and radius of this circle, respectively,
iρ and r, we come to the relation |i − iρ||i + iρ| = r2, whence r2 = ρ2 − 1. The equation
|z − iρ|2 = r2 of the circle L can be written in the form |z|2 + 1− 2ρImz = 0, which proves
the description (18) of the circle B.
Obviously, the points γ(0) = ν and γ(∞) = −1/ν lie on L. In particular, substituting z = ν,
into this equation, we arrive at the expression for ρ in (18). The fact that the circle L is
invariant under the transformation z �→ z′ = −1/z follows directly from its equation. The
lemma is proved.

Lemma 2 is used for the case m = 2 of two points ν1, ν2 which, according to Theorem
2, can be considered different without loss of generality. Let their numbering be such that
ν1 	= i. Then, by virtue of (16), the transformation γ1 takes the disc B to the lower half-plane,
and we can introduce the function

S(z) = R[γ1(z)] = (detWg)[z, δ(z)], δ(z) = γ2[γ1(z)], (19)

analytic in the disc B. In explicit form,

δ(z) =
1 + τz

τ − z
, τ =

1 + ν1ν2
ν2 − ν1

∈ B. (20)

The fact that the point τ does not belong to the closed circle B is a consequence of Lemma
2. Indeed, τ = −1/[γ1(ν2)], and by Lemma 2 the point z = γ1(ν2) lies outside B, so this is
true and for τ = z′ = 1/z. With respect to the function S Theorem 3 takes the following
form.

Theorem 3 Let m = 2 with ν2 	= ν1 	= i and the notation of Lemma 2 is adopted. Then the
Fredholm property of problem (1), (2) is equivalent to the fact that the function S(z) has no
zeros on the circle L = ∂B. When this condition is satisfied, its index is given by formula
(17), in which n is the number of zeros of the function S in the circle B, taken with account
of their multiplicity.

Note that, like R, the function S vanishes at the points ±i. This function is especially
simplified if 1 + ν1ν2 = 0, then the transformation δ in (20) is an involution z �→ z′ = −1/z.
In this case, Theorem 1 turns into Theorem 3 from the work [5].
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4 Application of the results to the general equation of the fourth and sixth orders

Let us illustrate the application of Theorem 3 by the example of fourth-order equation (1).
Since the lower-order terms do not affect the Fredholm property and the index of the problem,
we can restrict ourselves to the main part of the equation with ν2 	= ν1 	= i. This equation
can be written in the form

L1L2u = 0 (21)

with second-order operators

Lk =
∂2

∂y2
− 2(Re νk)

∂2

∂y∂x
+ |νk|2 ∂

2

∂x2
, k = 1, 2.

With respect to the difference s = k2 − k1, which in the considered case takes three values
s = 1, 2, 3, problem (2) is written in the form

∂iu

∂ni

∣∣∣∣
Γ

= f1,
∂i+su

∂ni+s

∣∣∣∣
Γ

= f2, 0 ≤ i ≤ 3− s. (22s)

According to (4), (11), in the case under consideration, the matrix Wq takes the form

Wq(z1, z2) =

(
1 1
zs1 zs2

)
, detWq(z1, z2) = zs2 − zs1,

so that S(z) = [δ(z)]s − zs. Explicitly form

S(z) =
(1 + z2)Ps(z)

(τ − z)s
,

where P1(z) = 1, P2(z) = −z2 + 2τz + 1 and

P3(z) = [qz2 + (1− q)τz + 1][q2z2 + (1− q2)τz + 1], q = e2πi/3. (23)

Note that the polynomial P2 is nonzero in B. Indeed, let z2− 2τz− 1 = 0 for some z ∈ B. So
the point z′ = −1/z also belongs to B, then the point τ = (z + z′)/2 ∈ B, which contradicts
(20).

Since in the considered case
∑

i>j lilj = 1, then, based on Theorem 1, we obtain the
following conclusion.

Remark 1 For s ≤ 2 problem (21), (22s) is Fredholm and its index is zero, and for s = 3 it
is Fredholm if and only if the zeros of P3 polynomial do not lie on the boundary circle L of
the disc B, defined by Lemma 2 by ν = ν1. Under this condition, its index is æ = 4k, where
k is the number of these zeros in the disc B, taken with multiplicity.

As the following lemma shows, with a suitable choice of ν1 and ν2 , it is always possible
to achieve that one of the zeros of the polynomial P3 lies on the circle L.
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Lemma 3 Let the point ν = ν1 lie in the upper half-plane and in the notation of Lemma 2

τ = −iρ−
√
(ρ2 − 1)/3. (24)

Then the point

ν2 =
1 + τν1
τ − ν1

,

also lies in the upper half-plane, and for these points the Fredholm property of problem (21),
(22s) is violated.

Proof 4 First of all, check that the point ν2 lies in the upper half-plane. Indeed, it is clear
from the definition of ν2 that τ = −1/γ1(ν2). Therefore, if Imν2 ≤ 0, then, by Lemma 2, the
point τ must belong to B, which is impossible.

Let it1 and it2, t2 > t1, be the intersection points of the circle L with the imaginary axis.
Then, according to (18), the equalities t2k + 1− 2ρtk = 0, k = 1, 2, we have

t1 + t2 = 2ρ, t1t2 = 1, t2 − t1 = 2
√
ρ2 − 1. (25)

It is asserted that the point z = it2 is the root of the first factor in (23) and, therefore,
problem (21), (22s) is not Fredholm.

Indeed, since 1/z = −it1, the equation e2πi/3z2 − τ(1 − e2πi/3)z + 1 = 0 can be rewritten
in the form

eπi/3it2 − e−πi/3it1 = −iτ
√
3,

which, taking into account relations (25), is equivalent to equality (24).

For elliptic equations of orders higher than the fourth, it is already difficult to describe
explicitly the roots of the corresponding polynomials. As example, let us consider a sixth-
order equation, i.e. l = 3. In accordance with Theorem 2, it suffices to restrict ourselves to
considering two cases: (i) all roots are pairwise distinct, i.e. l1 = l2 = l3 = 1 and (ii) one of
these roots is multiple, for example, l1 = 1, l2 = 2. Accordingly to these cases, similarly to
(21), we have the equations

L1L2L3u = f, (26i)

L1L
2
2u = f, (26ii)

the corresponding operators of the second order. With respect to the positive differences
r = k2 − k1 и s = k3 − k2, for which r + s ≤ 5, problem (2) is written in the form

∂iu

∂ni

∣∣∣∣
Γ

= f1,
∂i+su

∂ni+s

∣∣∣∣
Γ

= f2,
∂i+s+1u

∂ni+s+1

∣∣∣∣
Γ

= f3, 0 ≤ i ≤ 5− r − s. (27r,s)

In accordance with this, vector (13) should be taken in the form q = (1, zr, zr+s), so that for
the matrix Wq in definition (4), we have the expressions

(i)Wq =

⎛⎝ 1 1 1
zr1 zr2 zr3
zr+s
1 zr+s

2 zr+s
3

⎞⎠ , (ii)Wq =

⎛⎝ 1 1 0
zr1 zr2 rzr−1

2

zr+s
1 zr+s

2 (r + s)zr+s−1
2

⎞⎠ .
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In case (i) the determinant of the matrix Wq(z1, z2, z3) can be represented in the form

−detWq = (zr1 − zr2)z
r+s
3 + (zr1 − zr3)z

r+s
2 + (zr3 − zr2)z

r+s
1 .

Therefore, for function (14) we have the equality

−R(z) = (1 + z2)P (z)

[(1 + ν1z)(1 + ν2z)(1 + ν3z)]r+s

with some polynomial P (z). Here it is taken into account that for m ≥ 3 the function R(z)
vanishes at the points z = ±i.

Since
∑

i>j lilj = 3, then, based on Theorem 3, we obtain the following conclusion.

Remark 2 The Fredholm property of the problem (26i), (27) is equivalent to the absence of
real zeros of the polynomial P (ζ) on the circle L and its index is æ = 4(n − 1), where n is
the number of these zeros in the lower half-plane.

The polynomial P for r = 1 according to

γi(z)− γj(z) =
(νi − νj)(1 + z2)

(1 + νiz)(1 + νjz)

we have

P (z) =
′∑
(νi − νj)[(1 + νiz)(1 + νjz)]

s(νk − z)s+1,

where the prime at the sign of the sum means that the summation is performed over cyclic
triples

(i, j, k) = (1, 2, 3); (2, 3, 1); (3, 1, 2).

If in addition s = 1, then, as direct verification shows, P (z) = c(1 + z2)2 with the factor

c =
′∑
(νi − νj)ν

2
k = (ν1 − ν2)ν

2
3 + (ν2 − ν3)ν

2
1 + (ν3 − ν1)ν

2
2 .

In this case, the index of the problem is zero, which is consistent with Theorem 2.
Let us turn to case (ii), where we can assume ν2 	= ν1 	= i. In this case

detWq = zr−1
2 [szs2(z

r
2 − zr1)− rzr1(z

s
2 − zs1)] = zr+s−1

1 zr−1
2 (z2 − z1)χ(z2/z1),

where (q − 1)χr,s(q) = sqs(qr − 1)− r(qs − 1) with the polynomial

χr,s(q) =
r+s−1∑
j=0

αjq
j, αj =

{ −r, 0 ≤ j ≤ s− 1,
s, s ≤ j ≤ r + s− 1,

of degree r + s− 1 ≤ 4. Explicitly

χ1,2(q) = −1 + 2q + 2q2, χ2,1(q) = −2− 2q + q2,
χ1,3(q) = −1 + 3q + 3q2 + 3q3, χ3,1(q) = −3− 3q − 3q2 + q3,

χ2,3(q) = −2− 2q + 3q2 + 3q3 + 3q4, χ3,2(q) = −3− 3q − 3q2 + 2q3 + 2q4,
χ2,2(q) = −2− 2q + 2q2 + 2q3 = 2(q + 1)2(q + 1).
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As in the case l = 2, from this we arrive at the following expression for the function S(z)
of Theorem 3:

S(z) = zr+s(1 + z2)
(1 + az)r−1

(a− z)r
Pr,s(z), Pr,s(z) = [qjz

2 + (1− qj)az + 1],

where qj are the roots of the polynomial χr,s(q), taken taking into account the multiplicity.
Since

∑
i>j lilj = 2, then, based on Theorem 3, we obtain the following conclusion.

Remark 3 The Fredholm property of the problem (26ii), (27) is equivalent to the absence of
zeros of the polynomial Pr,s on the circle L and, accordingly, its index æ = 4(n− 1), where n
is the number of these zeros in the lower half-plane.

The final answer can be given only in the case r = s = 2. For it

P2,2(z) = (z2 − 2τz − 1)2(z2 + 1)

and, as shown in the case l = 2 of a fourth-order equation, the first factor here has no zeros
in the closed circle B. Therefore, the problem (26ii), (272,2) is Fredholm and its index is zero.
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ON REPRESENTATION OF ONE CLASS OF SCHMIDT OPERATORS

In this paper, unitary symmetrizers are considered. It is well known that using Newton operator
algorithm, similar to the usual Newton algorithm, for extracting the square root, one can prove
that for every Hermitian operator T ≥ 0, there exists a unique Hermitian operator S ≥ 0 such
that T = S2. Moreover, S commutes with every bounded operator R with which commutes T . The
operator S is called a square root of the operator T and is denoted by T 1/2. The existence of the
square root allows one to determine the absolute value |T | = (T ∗T )1/2 of the bounded operator T .
For every bounded linear operator T : H → H there exists a unique partially isometric operator
U : H → H such that T = U |T |, KerU = KerT . Such an equality is called a polar expansion
of the operator T . The Schmidt operator is understood as the unitary multiplier of the polar
expansion of a compact inverse operator, with the help of which E. Schmidt was the first to obtain
the expansion of a compact and not-self-adjoint operator and introduced so-called s-numbers.
This paper shows that the unitary symmetrizer of an operator differs only in sign from the adjoint
Schmidt operator. The main result of the paper: if A is an invertible and compact operator, and
S is a unitary operator such that the operator SA is self-adjoint, then the operator AS is also
self-adjoint and the formula S = ±U∗ holds, where U is the Schmidt operator.
Key words: Unitary operator, symmetrizer, normal operator, Schmidt expansion, Schmidt
operator, compact operator, polar representation of operator, square root of positive self-adjoint
operator.
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Шмидт операторларының бiр класы туралы түсiнiк

Бұл жұмыста бiртұтас симметризаторлар қарастырылады. Ньютон операторлық алгоритмiн
қолданып, сәйкес қарапайым Ньютон алгоритмiнде квадрат түбiрдi алу үшiн кез келген
T ≥ 0 эрмиттiк операторы үшiн T = S2 шарты орындалатындай жалғыз S ≥ 0 эрмиттiк
оператордың табылатынын дәлелдеуге болатыны белгiлi. Сонымен қатар, S - T операторы-
мен алмасатын әрбiр шектелген R операторымен алмасады. S операторы T операторының
квадрат түбiрi деп аталады және T 1/2 арқылы белгiленедi. Квадрат түбiрдiң бар болуы
шектелген T операторының |T | = (T ∗T )1/2 абсолют шамасын анықтауға мүмкiндiк бередi.
Кез келген шектелген сызықты T : H → H операторы үшiн T = U |T |, KerU = KerT
болатындай жалғыз жартылай изометриялық U : H → H оператоты бар. Бұл теңдiк T
операторының полярлы жiктеуi деп аталады. Шмидт операторы ретiнде жеткiлiктi үзiлiссiз
керiленетiн оператордың полярлы жiктеуiнiң бiртұтас көбейткiшiн түсiнемiз, оның көмегiмен
Э.Шмидт бiрiншi болып жеткiлiктi үзiлiссiз және өз-өзiне түйiндес емес оператордың жiкте-
уiн алды және s-санын енгiздi. Бұл жұмыста, оператордың бiртұтас симмертизаторы Шмидт
операторының түйiндесiмен тек таңбасымен өзгешеленедi. Жұмыстың негiзгi нәтижесi: егер
A керiленетiн және компакты оператор, SA операторы өз-өзiне түйiндес болатындай S –
бiртұтас оператор болса, онда AS операторы да өз-өзiне түйiндес және S = ±U∗ формуласы
орынды, мұндағы U – Шмидт операторы.

Түйiн сөздер: Бiртұтас оператор, симметриялаушы, қалыпты оператор, Шмидттiң кеңеюi,
Шмидт операторы, толық үздiксiз оператор, оператордың полярлық бейнесi, оң байланысқан
оператордың квадрат түбiрi.
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О представлении одного класса операторов Шмидта

В настоящей работе рассматриваются унитарные симметризаторы. Хорошо известно, что,
используя операторный алгоритм Ньютона, аналогичный обычному алгоритму Ньютона
для извлечения квадратного корня, можно доказать, что для каждого эрмитова оператора
T ≥ 0 существует единственный эрмитов оператор S ≥ 0 такой, что T = S2. При этом
S перестановочен с каждым ограниченным оператором R, с которым перестановочен T .
Оператор S называется квадратным корнем оператора T и обозначается T 1/2. Существо-
вание квадратного корня позволяет определить абсолютную величину |T | = (T ∗T )1/2

ограниченного оператора T . Для каждого ограниченного линейного оператора T : H → H
существует единственный частично изометрический оператор U : H → H такой, что
T = U |T |, KerU = KerT . Такое равенство называется полярным разложением оператора
T . Под оператором Шмидта понимается унитарный сомножитель полярного разложения
вполне непрерывного обратимого оператора, с помощью которого Э. Шмид впервые получил
разложение вполне непрерывного и несамосопряженного оператора и ввел так называемых
s-чисел. В данной работе показано, что унитарный симметризатор оператора отличается,
лишь знаком от сопряжения оператора Шмидта. Основной результат работы: если A –
обратимый и компактный оператор, а S – унитарный оператор такие, что оператор SA
самосопряжен, то оператор AS также самосопряжен и имеет место формула S = ±U∗, где
U – оператор Шмидта.

Ключевые слова: Унитарный оператор, симметризатор, нормальный оператор, разложе-
ние Шмидта, оператора Шмидта, вполне непрерывный оператор, полярное представление
оператора, квадратный корень положительного самосопряженного оператора.

1 Introduction

As is known, many problems in mathematical physics lead to the need to study linear
equations with symmetrizable operators. An example of such equations is the integral
equation with a kernel symmetrizable in sense of Marty [5], which is led, for example, by
boundary value problems for differential Sturm – Liouville equations as well as boundary
value problems for linear differential equations of higher orders, both ordinary and with partial
derivatives. A number of problems in mechanics (see, for example, [6]) lead to the study of
boundary value problems for differential equations with coefficients non-linearly depending
on a parameter (the case of a polynomial of the second degree and higher degrees).

Let X be some Hilbert space (separable,generally speaking, complex). An operator A
mapping X into itself is called symmetrizable, if there exists a positive operator H mapping
X into itself and such that P = HA is a self-adjoint (Hermitian) operator.

Linear equations of the form

x− λAx = y, x ∈ X, y ∈ X (λ is a parameter)

with the symmetrizable compact operator A were studied by Saanen [7] and Ryde [8]. The
results obtained in this direction were systemized in the monographs of Saanen [9]. In the
present paper, we consider unitary symmetrizers.
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1.1 Formulation of the problem

Let B(H) be the algebra of all bounded linear operators A on the Hilbert space H 	= {0}
with the norm

||A|| = sup{||Ax|| : x ∈ H, ||x|| ≤ 1}. (1)

Suppose that A, S ∈ B(H), S∗ = S exists S−1 ∈ B(H) and the equality

A = A∗S, AS = SA∗ (2)

holds. The question is, what properties does the operator A have?
Denote, as usual, by D(A), R(A), N(A) the domain, the range and the kernel of the

operator A, respectively.
If N(A) = {0} and the operator A is compact, then the so-called Schmidt expansion takes

place

Ax =
∞∑
1

si(x, ϕn) ∪ ϕn, (3)

where si are the s-numbers of the operator A, {ϕn}, (n = 1, 2, . . . ) is an orthonormal basis
of the space H composed of eigenvectors of the operator A∗A, U is a unitary operator from
the polar representation of the operator A, that is,

A = UP, (4)

where P is a square root of the positive self-adjoint operator A∗A. In this case, what is the
relationship between the operators S and U .

Definition 1 If a compact operator A with the kernel N(A) = {0} admits the polar
representation (4), then the unitary operator U is called the Schmidt operator.

Note that the unitary operators play an important role in the theory of operators, suffice
it to mention scattering operators, wave operators, Fourier operators.

In solving this problem, we will use some general and less general theories of functional
analysis. For accuracy and convenience, we present their formulation.

2 Research methods.

Definition 2 An operator A ∈ B(H) is called
(a) normal, if AA∗ = A∗A;
(b) self-adjoint (Hermitian), if A∗ = A;
(c) unitary, if A∗A = I = AA∗, where I is the unit operator in H;
(d) a projector, if A2 = A.

Lemma 1 [ [10], p.354]
(a) If an operator A ∈ B(H) is invertible, then it has a unique polar expansion A = UP ;
(b) If an operator A ∈ B(H) is normal, then it has a polar expansion A = UP , where the

operators U and P commute with each other and with the operator A.
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Lemma 2 Let M,N, T ∈ B(H), where the operators M and N are normal. If

MT = TN, (5)

then

M ∗T = TN∗. (6)

Proof. See [11].
This lemma and the spectral theorem of normal operators imply the following Lemma 3,

see [12].

Lemma 3 Let M,N, T ∈ B(H), where the operators M and N are normal, and the operator
T is invertible. Suppose that

M = TNT−1. (7)

If T = UP is a polar expansion of the operator T , then

M = UNU−1. (8)

Two operators connected by relation (7) are called similar. If U is a unitary operator and
relation (8) holds, then the operators M and N are called unitarily equivalent. Thus, it is
established in Lemma 3 that the similar normal operators are equivalent.

Lemma 4 Let S, T and ST are densely defined operators in H. Then

T ∗S∗ ⊂ (ST )∗. (9)

Moreover, if S ∈ B(H), then

T ∗S∗ = (ST )∗. (10)

Proof. The proofs of Lemmas 3 and 4 can be found in [10], on p. 355 and p. 370,
respectively.

Remark 1 If the equalities

SA = A∗S, S = SA∗

hold, then

S2A = AS2, S2A∗ = A∗S2.

Indeed,

S2A = S(SA) = (SA∗)S = (AS)S = AS2; (11)

S2A∗ = SSA∗ = S(AS) = (SA)S = (A∗S)S = A∗S2. (12)
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Lemma 5 [ [13], p.253]. If A is a compact and self-adjoint operator in H, then for any x ∈
H the element Ax expands into a convergent Fourier series with respect to the orthonormal
system of eigenvectors of the operator A.

Corollary 1 If the kernel of a compact self-adjoint operator A consists only of zero, then
the orthonormal eigenvectors of this operator form a basis in the space H.

Proof. By Lemma 5 for any x ∈ H there is the expansion

Ax =
∞∑
1

(Ax, ϕn)ϕn =
∞∑
1

(x,Aϕn)ϕn =
∞∑
1

λn(x,Aϕn)ϕn,

where {ϕn} are orthonormal eigenvectors of this operator A. If (x, ϕn) = 0 (n = 1, 2, ..), then
Ax = 0 and by virtue of invertibility of the operator x = 0. Consequently, the system {ϕn}
is complete in H. Since it is orthonormal, then it forms an orthonormal basis of the space.

Lemma 6 [13.с.130]. Let X be normal, and Y a Banach space and A a linear operator
with D(A) ⊆ X, R(A) ⊆ Y , moreover D(A) = X and the operator is bounded on D(A).
Then there exists a linear bounded operator Â such that

(a) Âx = Ax for any x ∈ D(A);
(b) ||Â|| = ||A||.

3 Research results.

Let A, S, S−1 ∈ B(A), S = S∗, N(A) = {0} and the formulas hold:
A = A∗S, AS = SA∗. (13)

Then the equality

SAA∗ = A∗SA∗ = A∗AS (14)

holds. By virtue of Lemma 4 the operators AA∗ and A∗A are self-adjoint, so they are normal
operators. Consequently, by Lemma 3 the following formula holds:

UAA∗ = A∗AU, (15)

where S = UP is the polar expansion of the operator S.
Further, assuming

AR =
A+ A∗

2
, AJ =

A− A∗

2i
,

we have

SAR = S
A+ A∗

2
=
A∗S + AS

2
= ARS;

SAJ =
S(A− A∗)

2i
=

(A∗S − AS)

2i
=

(A− A∗)S
2i

= −AJS.
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Again, by Lemma 3, we have

UAR = ARU, UAJ = −AJU, (16)

therefore

UA = U(AR + iAJ) = ARU − iAJU = (AR − iAJ)U = A∗U ; (17)

AU = (AR + iAJ)U = UAR − iUAJ = U(AR − iAJ) = UA∗. (18)

By formula (15), we get

(AU)∗AU = U∗A∗AU = U∗UAA∗ = AA∗ = AUU∗A∗ = AU(AU)∗.

By virtue of (17), (18), we have

(UA)∗UA = A∗U∗UA = A∗A = A∗UU∗A = UAU∗A∗ = UAA∗U∗ = UA(UA)∗.

We have proved the following theorem.

Theorem 1 If

A, S, S−1 ∈ B(H); (19)

SA = A∗S, AS = SA∗, (20)

then the operators AU and UA are the normal operators, where S = UP is the polar expansion
of the similarity operator.

From the self-adjointness of the operator S and item (b) of Lemma 1 it follows that

S = UP = PU,

then S∗ = PU∗ = PU = S. Consequently, P (U∗ − U) = 0. Therefore, by virtue of the
condition N(A) = {0} it follows that U∗ = U , that is, the operator U is self-adjoint. Then

(AU)∗ = U∗A∗ = UA∗ = AU,

(UA)∗ = A∗U∗ = A∗U = UA,

that is, the operators AU and UA are self-adjoint.

Thus, the following Theorem 2 holds.

Theorem 2 If

S, S−1 ∈ B(H), S∗ = S; (21)

A ∈ B(H), N(A) = {0}, SA = A∗S, AS = SA∗, (22)

then the operators AU and UA are self-adjoint, where S = UP is the polar expansion of the
similarity operator S.
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Suppose that N(A) = {0}, A is compact, the operator AS is self-adjoint, and S is unitary,
then the operator SA is self-adjoint and compact. In fact, from (AS)∗ = AS and S∗ = S−1

we have S∗A∗ = AS, A∗ = SAS, A∗S∗ = SA, therefore, (SA)∗ = A∗S∗ = S.
From N(A) = {0} it follows that N(SA) = {0}. Indeed, if SAX = 0, then, since the

operator Sis invertible, we have Ax = 0, x = 0.
By the Hilbert-Schmidt theorem

SAx =
∞∑
1

λn(x, ϕn)ϕn, (23)

where ϕn (n = 1, 2, ..) are the orthonormal eigenvectors of the operator SA.
If all (x, ϕn) = 0, then according to the formula SAx = 0. Therefore, Ax = 0, x = 0.

Consequently, the eigenvectors of the operator SA form a complete system in H. Since this
system is orthonormal, it forms the basis in H. Acting by the operator S∗ on both sides of
(23), we obtain

Ax =
∞∑
1

λn(x, ϕn)S
∗ϕn, (24)

where the system {S∗ϕn}, (n = 1, 2, . . . ) also forms the orthonormal basis in H.
Further, we have the formulas

(SA)2 = SASA = SS∗A∗A = A∗A, (25)

A = UP, (26)

where U is a unitary operator which we have called the Schmidt operator and P is the square
root of the positive operator A∗A, see [ [12], p.22].

From the formula SAϕn = λnϕn it follows that (SA)2ϕn,= λ2nϕn = A∗Aϕn = P 2ϕn.
Consequently, Pϕn = snϕn, sn = |λn|, n = 1, 2, . . . , these numbers are called s-numbers of
the operator A, see [ [14], p.46]. Since the system ϕn, (n = 1, 2, . . . ) forms the orthonormal
basis of the space, then the following expansion holds

Px =
∞∑
1

(Px, ϕn)ϕn =
∞∑
1

(x, Pϕn)ϕn =
∞∑
1

sn(x, ϕn)ϕn. (27)

Then by virtue of formula (26), we obtain the Schmidt expansion of the compact operator

Ax =
∞∑
1

sn(x, ϕn) ∪ ϕn. (28)

For x = ϕn, (n = 1, 2, . . . ) from formulas (24) and (28) we obtain

Aϕn = λnS
∗ϕn = snUϕn = |λn|Uϕn,

S∗ϕn =
|λn|Uϕn

λn
= signλnUϕn,
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U∗S∗ϕn = signλnϕn = SUϕn, (n = 1, 2, . . . ). (29)

Due to the basicity of the system {ϕn} and extension theorem from (29), we deduce that
U∗S∗ = SU , in other words, the operator SU is self-adjoint. The unitary operators form a
group, therefore the operator SU is also unitary. Indeed:

(SU)∗SU = U∗S∗SU = U∗U = I,

(SU)(SU)∗ = SUU∗S∗ = SS∗ = I.

Thus,

(SU)∗ = (SU)−1 = SU,→ (SU)2 = I, SU = ±I, S = ±U∗.

Let us formulate the obtained result.

Theorem 3 Let A be an invertible and compact operator, and S a unitary operator.
If the operator SA is self-adjoint, then the operator AS is also self-adjoint and the formula

holds

S = ±U∗, (30)

where U is the Schmidt operator.

Remark 2 This theorem says that the stock of S-operators is not large.

Remark 3 To construct the Schmidt operator, it is necessary to study the operator A∗A.
That is a more complicated problem than the study of the operator itself. Therefore it is
desirable to have an easier way of constructing the Schmidt operator. For some class of
operators such a way exists, we will make sure of this in the next section, see [15]- [17].

4 Discussions.

Lemma 1 was obtained in [11], Lemma 2 was obtained in [12], the initial proofs of these
results were simplified in [18]. Our research is a continuation of these works. For clarity, we
will give an example illustrating the results obtained.

Example 1 In L2(0, 1) consider an integration operator

u(x) =

∫ x

0

u(t)dt, x ∈ [0, 1]. (31)

Obviously that

A∗ν(x) =
∫ 1

x

ν(t)dt, x ∈ [0, 1]. (32)

Moreover, the equality

SA = A∗S, where Su(x) = u(1− x) (33)
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holds and S is a unitary self-adjoint operator.
Indeed,

SAu(x) =

∫ 1−x

0

u(t)dt =

∣∣∣∣ξ = 1− t

∣∣∣∣ = −
∫ x

1

u(1− ξ)dξ

=

∫ 1

x

u(1− ξ)dξ = A∗Su(x)

Consequently,

(SA)∗ = A∗S∗ = A∗S = SA,

(AS)∗ = S∗A∗ = SA∗ = AS,

that is, the operators SA and SA are self-adjoint. By virtue of the proved theorem, we have
the formula

S = ±U∗, (34)

where U is the Schmidt operator, that is,

A = UP, (35)

where P =
√
A∗A.

Let us find eigenvalues and eigenvectors of the operator SA. Let

SAϕn(x) = λ−1
n ϕn(x), (36)

then

S

∫ x

0

ϕn(t)dt = λ−1
n ϕn(x),∫ x

0

ϕn(t)dt = λ−1
n Sϕn(x) = λ−1

n ϕn(1− x),

ϕn(x) = −λ−1
n ϕ′

n(1− x), ϕ′
n(1− x) = −λnϕn(x),

ϕ′
n(x) = −λnϕn(1− x), ϕn(1) = 0. (37)

Differentiating both sides of this equation, we have

ϕ′′
n(x) = λnϕ

′
n(1− x) = −λ2nϕn(x),

− ϕ′′
n(x) = λ2nϕn(x).

It is easy to see that ϕn(1) = 0, ϕ′
n(0) = 0. Therefore, we seek solutions of the boundary

value problem

ϕ′′
n(x) = λ2nϕn(x), ϕn(1) = 0, ϕ′

n(0) = 0 (38)
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in the form

ϕ(x, λ) = A cosλx.

Then ϕ′(x, λ) = −A cosλx = 0 for x = 0.
If λ = 0, then ϕ′(x) = 0, therefore, ϕ = const, ϕ(1) = 0, consequently, ϕ(x) ≡ 0.

Therefore the value λ = 0 is not an eigenvalue. From the equation ϕ(1) = 0 we have cosλ = 0,
consequently, λn = nπ + π

2
, n = 0,±1,±2, .... Therefore the eigenfunctions are ϕn(x) =

An cos
(
πn + π

2

)
x. We find the unknown coefficients An from the normalization condition:

||ϕn|| = 1.

||ϕn(x)||2 = A2
n

∫ 1

0

cos2
(
πn+

π

2

)
xdx =

A2
n

2

∫ 1

0

[
1 + cos (2πn+ π)x

]
dx

=
A2

n

2
= 1, An =

√
2.

Thus, the eigenfunctions of the Sturm-Liouville problem (38) have the form:

ϕn(x) =
√
2 cos

(
πn+

π

2

)
x, n = 0,±1,±2, ... (39)

Substituting ϕn(x) into the initial equation (37), we find the eigenvalues of the spectral
problem:

ϕ′
n(x) = −λnϕn(1− x), ϕn(1) = 0;

ϕ′
n(x) = −

√
2 sin

(
πn+

π

2

)
x ·
(
πn+

π

2

)
,

ϕn(1− x) =
√
2 cos

(
πn+

π

2

)
(1− x) =

√
2 cos

[
πn+

π

2
−
(
πn+

π

2

)
x

]
=

√
2

[
cos

(
πn+

π

2

)
cos

(
πn+

π

2

)
x+ sin

(
πn+

π

2

)
sin

(
πn+

π

2

)
x

]
= cos πn sin

(
πn+

π

2

)
x =

√
2(−1)n sin

(
πn+

π

2

)
x,

−λnϕn(1− x) = λn(−1)n
[
−
√
2 sin

(
πn+

π

2

)
x

]
= −

√
2

(
πn+

π

2

)
sin

(
πn+

π

2

)
x,

λn(−1)n = πn+
π

2
, λn = (−1)n

[
πn+

π

2

]
, n = 0,±1,±2, ...

ϕ′
n(x) = −(−1)n

(
πn+

π

2

)
ϕn(1− x).

Consequently,

SAϕn =
(−1)n

πn+ π
2

ϕn(x), n = 0, 1, 2, ..., (40)
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where

ϕn(x) =
√
2 cos

(
πn+

π

2

)
x. (41)

Formula (24) takes the form:∫ x

0

u(t)dt =
∞∑
n=0

(−1)n

πn+ π
2

(u, ϕn(x))ϕn(1− x). (42)

The Schmidt expansion (27) has the form:∫ x

0

u(t)dt =
∞∑
n=0

1

πn+ π
2

(u, ϕn(x))Uϕn(x).

where U is the Schmidt operator. For u = ϕn, we have

(−1)n

πn+ π
2

ϕn(1− x) =
1

πn+ π
2

Uϕn(x),

consequently, Uϕn = (−1)nϕn(1− x) = (−1)nSϕn, that is, U = ±S, which is consistent with
the overall result.
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SOLUTION OF A TWO-DIMENSIONAL BOUNDARY VALUE PROBLEM
OF HEAT CONDUCTION IN A DEGENERATING DOMAIN

In the paper we consider the boundary value problem of heat conduction outside the cone, i.e. in
the domain degenerating into a point at the initial moment of time. In this case, the boundary
condition contain a derivative with respect to the time variable. The peculiarity of the problem
under consideration consists precisely in the presence of a moving boundary and the degeneration
of the solution domain into a point at the initial moment of time. The well-known classical
methods are generally not applicable to this type of problems. By the method of heat potentials,
such boundary value problems of heat conduction are reduced to the solution of singular Volterra
type integral equations of the second kind A singular Volterra type equation is understood as
an equation whose kernel has the following property: the integral of the kernel of the equation
does not tend to zero as the upper limit tends to the lower one. Such integral equations cannot
be solved by the method of successive approximations, and in most cases the corresponding
homogeneous integral equations have nonzero solutions. We prove a theorem on the solvability
of the considered boundary value problem in weighted spaces of essentially bounded functions.
The issues of solvability of the singular Volterra integral equation of the second kind, to which
the original problem is reduced, are studied. We found a nonzero solution of this singular integral
equation.

Key words: noncylindrical domain, cone, boundary value problem of heat conduction, singular
Volterra integral equation, regularization.
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∗e-mail: gulmanov.nurtay@gmail.com
ЖОЙЫЛАТЫН ОБЛЫСТА ЖЫЛУ ӨТКIЗГIШТIКТIҢ ЕКI ӨЛШЕМДI

ШЕКАРАЛЫҚ ЕСЕБIН ШЕШУ

Мақалада конустан тыс, яғни бастапқы уақытта нүктеге айналатын облыста жылу өткiз-
гiштiктiң шекаралық есебi қарастырылады. Мұндағы шекаралық шарт уақыт бойынша
алынған туындыны қамтиды. Қарастырылып отырған есеп жылжымалы шекараның бар
болуымен және бастапқы уақытта шешу облысының нүктеге айналуымен ерекшеленедi.
Мұндай түрдегi есептердi жалпы жағдайда белгiлi классикалық әдiстермен шешуге бол-
майды. Бұл шекаралық есептер жылу потенциалдарының әдiсiмен екiншi тектi Вольтерра
типiндегi сингулярлық интегралдық теңдеулердi шешуге келтiрiледi. Вольтерра типiндегi
сингулярлық теңдеудi ядросы келесi қасиетке ие болатын теңдеу деп түсiну керек: жоғарғы
шек төменгi шекке ұмтылғанда ядродан алынған интеграл нөлге ұмтылмайды. Елеулi
шенелген функциялар кеңiстiгiнде қарастырылатын шекаралық есептiң шешiмдiлiгi туралы
теорема дәлелдендi. Берiлген есеп түрленетiн екiншi тектi Вольтерраның сингуялрлық
интегралдық теңдеуiнiң шешiмдiлiгi туралы маселелер зерттелдi. Осы сингулярлык инте-
гралдык теңдеудiң нөлдiк емес шешiмi табылды.

Түйiн сөздер: цилиндрлiк емес облыс, конус, жылу өткiзгiштiктiң шекаралық есебi, Воль-
терраның сингулярлық интегралдық теңдеуi, регуляризация.

c© 2021 Al-Farabi Kazakh National University
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РЕШЕНИЕ ДВУМЕРНОЙ ГРАНИЧНОЙ ЗАДАЧИ ТЕПЛОПРОВОДНОСТИ В

ВЫРОЖДАЮЩЕЙСЯ ОБЛАСТИ

В работе рассматривается краевая задача теплопроводности вне конуса, то есть в области
вырождающейся в точку в начальный момент времени. При этом граничное условие содер-
жит производную по временной переменной. Особенность рассматриваемой задачи состоит
именно в наличии подвижной границы и вырождения области решения в начальный момент
времени в точку. К этому типу задач в общем случае не применимы известные классические
методы. Методом тепловых потенциалов подобные краевые задачи теплопроводности реду-
цируются к решению сингулярных интегральных уравнений типа Вольтерра второго рода.
Под сингулярным уравнением типа Вольтерра подразумевается уравнение, ядро которого
обладает следующим свойством: интеграл от ядра уравнения при стремлении верхнего
предела к нижнему не стремится к нулю. Такого рода интегральные уравнения нельзя
решить методом последовательных приближений и в большинстве случаев соответствующие
однородные интегральные уравнения имеют ненулевые решения. Доказана теорема о
разрешимости рассматриваемой краевой задачи в весовых пространствах существенно
ограниченных функций. Исследованы вопросы разрешимости сингулярного интегрального
уравнения Вольтерра второго рода, к которому редуцирована исходная задача. Найдено
ненулевое решение этого сингулярного интегрального уравнения.

Ключевые слова: нецилиндрическая область, конус, краевая задача теплопроводности,
сингулярное интегральное уравнение Вольтерра, регуляризация.

1 Introduction

In the literature, a domain is usually called non-cylindrical if at least one of the parts of its
boundary moves with time. The domain, the boundary of which does not change its shape
with time, is cylindrical, for such domains, the theory of boundary value problems of heat
conduction is well developed.

In most papers, the domain in which the solution of the boundary value problem is sought
does not degenerate into a point at the initial moment of time. In [1–6] authors for solving
such problems used a technique which consists in reducing a non-cylindrical domain to a
cylindrical one. There are a number of works devoted to numerical methods for solving such
problems [7–9].

Of particular interest are the boundary value problems of heat conduction in domains
that degenerate into a point at the initial moment of time. For example, in the study of
thermophysical processes in an electric arc of high-current disconnecting devices, the effect
of contracting the axial section of the arc into a contact spot in the cathode field is observed
[10–14]. The solution domain changes over time according to the law determined by the
conditions for opening the contacts. At the initial moment of time, the contacts are in a
closed state and there is no domain for solving the problem. One-dimensional with respect to
the spatial variable boundary value problems in degenerate domains were studied in [15–20].

In this paper, we consider a two-dimensional boundary value problem of heat conduction
outside the cone with boundary conditions containing the time derivative. By the method
of heat potentials, boundary value problem of heat conduction is reduced to the solution of
singular Volterra type integral equation of the second kind. In order to solve the obtained
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singular Volterra integral equation we use the method of equivalent regularization by solving
the characteristic equation.

2 Statement of the boundary value problem

We consider in the domain G = {(r, t) : r > t > 0} the following boundary value problem:

∂u

∂t
− a2 · 1

r2ν−1

∂

∂r

(
r2ν−1∂u

∂r

)
= 0, (1)

(
2 · ∂u

∂r
+
∂u

∂t

)∣∣∣∣
r=t

= g (t) , (2)

r2ν−1∂u (r, t)

∂r

∣∣∣∣
r=0

= 0, (3)

where 0 < ν < 1.

Remark 1 Solution of the problem (1)–(3) for g(t) = 0, i.e. solution of a complete
homogeneous problem, can be only a constant.

3 Main result

For the problem (1)–(3), we proved the following theorem.

Theorem 1 If the condition tν−
1
2 g (t) ∈ L∞ (0,∞) is satisfied, then the boundary value

problem (1)–(3) has a solution u (r, t) = ũ (r, t) + C, ũ (r, t) ∈ L∞ (G) , C = const.

4 Boundary value problem transformation

We make some transformations of the problem (1)–(3) by introducing a new unknown
function::

ω (r, t) = r2ν−1∂u

∂r
. (4)

Then, taking into account (4), problem (1)–(3) is reduced to the following one:

∂ω

∂t
= a2

∂2ω

∂r2
− a2

2ν − 1

r

∂ω

∂r
, (5)

a2

r2ν−1

(
∂ω

∂r
+

2

a2
ω

)∣∣∣∣
r=t

= g (t) , (6)

ω (r, t)|r=0 = q (t) . (7)
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5 Integral representation of the solution of the problem (5)–(7) using heat
potentials

We seek the solution of problem (5)–(7) as a single layer heat potential:

ω (r, t) =

t∫
0

G (r, ξ, t− τ)|ξ=τ · ϕ (τ) dτ, (8)

where function

G (r, ξ, t− τ) =
1

2a2
· r

ν · ξ1−ν

t− τ
· exp

[
− r2 + ξ2

4a2 (t− τ)

]
· Iν

(
rξ

2a2 (t− τ)

)
is the fundamental solution of the equation (5), ξ is a parameter. Hereinafter, Iν (z) is the
modified Bessel function of order ν. Function (8) satisfies our equation (5) for any potential
density ϕ (t) from the class

t
1
2
−νe

t
4a2ϕ (t) ∈ L∞ (0,∞) . (9)

6 Reduction of boundary value problem (5)–(7) to a singular Volterra type
integral equation

Using the value of the derivative:

∂ω (r, t)

∂r
= −

t∫
0

rντ 1−ν (r − τ)

4a4 (t− τ)2
exp

[
− r2 + τ 2

4a2 (t− τ)

]
Iν

(
rτ

2a2 (t− τ)

)
ϕ (τ) dτ +

+

t∫
0

rντ 2−ν

4a4 (t− τ)2
exp

[
− r2 + τ 2

4a2 (t− τ)

]
Iν−1,ν

(
rτ

2a2 (t− τ)

)
ϕ (τ) dτ +

∂q̃ (r, t)

∂r
,

where the notation Iν−1,ν (z) = Iν−1 (z)−Iν (z) is used, and satisfying the boundary condition
(6), we obtain a singular Volterra integral equation of the second kind with respect to the
required density ϕ (t):

ϕ (t)−
t∫

0

tντ 2−ν

2a2 (t− τ)2
exp

[
− tτ

2a2 (t− τ)

]
Iν−1,ν

(
tτ

2a2 (t− τ)

)
e−

t−τ

4a2 ϕ (τ) dτ −

−
t∫

0

3tντ 1−ν

2a2 (t− τ)
exp

[
− tτ

2a2 (t− τ)

]
Iν

(
tτ

2a2 (t− τ)

)
e−

t−τ

4a2 ϕ (τ) dτ = F (t) , (10)
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where

F (t) = 2t2ν−1g (t) .

We write equation (10) in the following form:

ϕ (t)−
t∫

0

[
τ 2−ν

t2−ν
· e− t−τ

4a2

]
N1 (t, τ)ϕ (τ) dτ −

t∫
0

[
τ 2−ν

t2−ν
· e− t−τ

4a2

]
N2 (t, τ)ϕ (τ) dτ = F (t) ,

(11)

where

N1 (t, τ) =
1

2a2
t2

(t− τ)2
exp

[
− tτ

2a2 (t− τ)

]
Iν−1,ν

(
tτ

2a2 (t− τ)

)
, (12)

N2 (t, τ) =
3

2a2
t2

τ (t− τ)
exp

[
− tτ

2a2 (t− τ)

]
Iν

(
tτ

2a2 (t− τ)

)
. (13)

Remark 2 [21, P. 215] Let the solution of the integral equation

y (t) +

t∫
a

K (t, τ) y (τ) dτ = f (t)

have the form

y (t) = f (t) +

t∫
a

R (t, τ) f (τ) dτ.

Then the solution of the more complicated integral equation

y (t) +

t∫
a

K (t, τ)
g (τ)

g (t)
y (τ) dτ = f (t)

has the form

y (t) = f (t) +

t∫
a

R (t, τ)
g (τ)

g (t)
f (τ) dτ.

According to this remark, we will seek a solution of the following equation

ϕ (t)−
t∫

0

N1 (t, τ)ϕ (τ) dτ −
t∫

0

N2 (t, τ)ϕ (τ) dτ = F (t) . (14)

Note the following property of the kernel N (t, τ) = N1 (t, τ) + N2 (t, τ), from which it
follows that the integral equation (14), and together with it equation (11) are singular and
to them the method of successive approximations cannot be applied.
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Remark 3 For any value ν, 0 < ν < 1,

lim
t→0

t∫
0

N1 (t, τ) = 1 and lim
t→0

t∫
0

N2 (t, τ) = 0,

moreover

t∫
0

N1 (t, τ) = 1,

t∫
0

N2 (t, τ) =
3

2a2
· Γ (ν)

Γ (1 + ν)
· t, ∀t > 0.

7 Characteristic integral equation

In order to find a solution of the integral equation (14), we first seek a solution of the following
"truncated"integral equation

ϕ1 (t)−
t∫

0

N1 (t, τ)ϕ1 (τ) dτ = Φ(t) , (15)

which, by Remark 3, is characteristic for the equation (14).

Remark 4 If a solution of equation (15) is found, then the solution of equation (14) will be
obtained by the Carleman–Vekua regularization method.

We change the variables t = 1
y
, τ = 1

x
and introduce new functions:

ϕ (t) = ϕ

(
1

y

)
= ψ (y) , Φ (t) = Φ

(
1

y

)
= p (y) ,

then equation (15) reduces to the following integral equation with a difference kernel with
respect to the unknown function ψ (y):

ψ (y)−
∞∫
y

k (y − x)ψ (x) dx = p (y) , (16)

where

k (y − x) =
1

2a2
1

(x− y)2
exp

[
− 1

2a2 (x− y)

]
Iν−1,ν

(
1

2a2 (x− y)

)
.

We introduce the corresponding one-sided functions for ψ and p by the formulas:

θ+ (z) =

{
θ (z), z > 0,

0, z ≤ 0;
θ− (z) =

{
0, z ≥ 0,

−θ (z), z < 0,
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and for the function k according to the formulas:

k+ (z) =

{
k (−z), z > 0,

0, z ≤ 0;
k− (z) =

{
0, z ≥ 0,

k (z), z < 0.

Then the solution of equation (16) can be written as follows:

kψ+ ≡ (I − k−)ψ+ = ψ+ (y)−
+∞∫

−∞

k− (y − x)ψ+ (x) dx = p+ (y) + ψ− (y) . (17)

Equation (17), defined on the entire real axis, for y > 0 coincides with equation (16) and,
as will be shown below, the solution of equation (17) does not depend on the method of
completing the definition of the equation on the negative semiaxis, i.e. does not depend on
function ψ− (y).

Theorem 2 [22] The Fourier integrals of the right and left one-sided functions are the
boundary values of the function, which are analytic, respectively, in the upper and lower half-
planes.

Applying the Fourier transform to equation (17), we get

Ψ+ (s)−K− (s) ·Ψ+ (s) = P+ (s) + Ψ− (s) , (18)

where the corresponding Fourier images are denoted in capital letters. Under the condition

A (s) = 1−K− (s) 	= 0, ∀s ∈ R

from (18), we obtain the following Riemann boundary value problem

Ψ+ (s) =
1

A (s)
·Ψ− (s) +R− (s) · P+ (s) + P+ (s) , (19)

where

R− (s) =
K− (s)

A (s)
.

We calculate K− (s):

K− (s) =

+∞∫
−∞

k− (η) · eisηdη =

0∫
−∞

e
− 1

2a2(−η)
+isη

(−η)2 · Iν−1,ν

(
1

2a2 (−η)
)
dη =

=

∞∫
0

e
− 1

2a2η
−isη

η2
· Iν−1,ν

(
1

2a2η

)
dη = 1− 2

√
is

a
Iν

(√
is

a

)
Kν−1

(√
is

a

)
.
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Hence,

A (s) = 2

√
is

a
Iν

(√
is

a

)
Kν−1

(√
is

a

)
.

The coefficient of the Riemann problem

1

A (s)
=

+∞∏
−∞

1

s− sk
· 1

Ã (s)

has simple poles at the points sk = i (aαk)
2 , k ∈ Z. The Riemann problem (19) has an index

equal to the number of zeros of the function A (s) in the lower half-plane, including the axis
itself, i.e. equals 1. C

z
is the main part of the expansion of the function [A (z)]−1 · Ψ− (z) in

powers of z. Then

χ (z) =
Ψ− (z)

A (z)
− C

z

will be a function whose original is zero at y > 0.
Now equality (19) can be represented as

Ψ+ (s) = P+ (s) +R− (s) · P+ (s) +
C

s
+ χ (s) , ∀s ∈ R. (20)

Passing in relation (20) to the originals for y > 0, we obtain the general solution of the
integral equation (16)

ψ (y) = p (y) +

∞∫
y

r− (x− y) p (x) dx+ C.

Note that ψ0 (y) = C, C = const is a solution of the corresponding homogeneous equation

ψ (y)−
∞∫
y

k (y − x)ψ (x) dx = 0.

Here r− (η) is the restriction to the negative semiaxis of the original Fourier transform
R− (s) and is determined according to the theory of residues. By closing the contour of
integration over the semicircle in the upper half-plane and using the theory of residues and
Jordan’s lemma, we have

r− (η) =
a2

2
√
π
· 1

η
3
2

∑
k∈Z\{0}

Aν,k

∞∫
0

ξe−
ξ2

4η · e−iαka
2ξdξ. (21)
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7.1 Estimation of the resolvent r− (η)

Let us prove the following lemma.

Lemma 1 The resolvent r− (η) (21) satisfies the estimate

r− (η) � C · 1√
η
, η > 0.

Proof.

r− (η) �

∣∣∣∣∣∣ a
2

2
√
π
· 1

η
3
2

∑
k∈Z\{0}

Aν−1,k

∞∫
0

ξe−
ξ2

4η
−iαka

2ξdξ

∣∣∣∣∣∣ =
=

∣∣∣∣∣∣ a2

2
√
πη

3
2

⎧⎨⎩
−1∑

k=−∞
Aν−1,k

∞∫
0

ξe−
ξ2

4η
−iαka

2ξdξ +
∞∑
k=1

Aν−1,k

∞∫
0

ξe−
ξ2

4η
−iαka

2ξdξ

⎫⎬⎭
∣∣∣∣∣∣ =

=

∣∣∣∣∣∣ a2

2
√
πη

3
2

⎧⎨⎩
∞∑
n=1

Aν−1,−n

∞∫
0

ξe−
ξ2

4η
−iα−na2ξdξ +

∞∑
n=1

Aν−1,n

∞∫
0

ξe−
ξ2

4η
−iαna2ξdξ

⎫⎬⎭
∣∣∣∣∣∣ =

= ‖zn = −iαn, z−n = iαn‖ ≤

≤ a2

2
√
πη

3
2

∞∑
n=1

⎧⎨⎩
∣∣∣∣∣∣Aν−1,−n

∞∫
0

ξe−
ξ2

4η
+iαna2ξdξ

∣∣∣∣∣∣+
∣∣∣∣∣∣Aν−1,n

∞∫
0

ξe−
ξ2

4η
−iαna2ξdξ

∣∣∣∣∣∣
⎫⎬⎭ ≤

≤ a2

2
√
πη

3
2

∞∫
0

ξe−
ξ2

4η dξ

∞∑
n=1

{|Aν−1,−n|+ |Aν−1,n|} =
a2

2
√
η

∞∑
n=1

{|Aν−1,−n|+ |Aν−1,n|} .

Let’s find the sum
∞∑
n=1

{|Aν−1,−n|+ |Aν−1,n|}:

S =
∞∑
n=1

{∣∣∣∣ 1

2z−nIν−1 (z−n)Kν−1 (z−n)

∣∣∣∣+ ∣∣∣∣ 1

2znIν−1 (zn)Kν−1 (zn)

∣∣∣∣} =

= ‖zn = −iαn, z−n = iαn‖ =

=
∞∑
n=1

{∣∣∣∣ 1

2iαnIν−1 (iαn)Kν−1 (iαn)

∣∣∣∣+ ∣∣∣∣ 1

−2iαnIν−1 (−iαn)Kν−1 (−iαn)

∣∣∣∣} =

=

∥∥∥∥∥∥∥∥∥
Kν−1 (z) =

πi

2
e

π
2
(ν−1)iH

(1)
ν−1 (iz), Iν−1 (z) = e−

π
2
(ν−1)iJν−1 (iz)

Jν−1 (−z) = e(ν−1)πiJν−1 (z), H
(1)
ν−1 (−z) = −e−(ν−1)πiH

(2)
ν−1 (z)

H
(1)
ν−1 (z) = Jν−1 (z) + iNν−1 (z), H

(2)
ν−1 (z) = Jν−1 (z)− iNν−1 (z)

∥∥∥∥∥∥∥∥∥ =
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=
1

π

∞∑
n=1

1

αn |Jν−1 (αn)|
{

1

|Jν−1 (αn)− iNν−1 (αn)| +
1

|Jν−1 (αn) + iNν−1 (αn)|
}

=

=
1

π

∞∑
n=1

1

αn |Jν−1 (αn)| ·
2√

J2
ν−1 (αn) +N2

ν−1 (αn)
=

1

π

∞∑
n=1

1

αn |Jν−1 (αn)| ·
2√

J2
ν−1 (αn)

=

=
2

π

∞∑
n=1

1

αnJ2
ν−1 (αn)

≤ 2

π

∞∫
α1

d (αn)

αnJ2
ν−1 (αn)

=
Nν−1 (αn)

Jν−1 (αn)

∣∣∣∣∞
1

≤ C (α1) ,

where we used the formula (1.8.4.1) [23, P.39] and Nν−1 (z) is a cylinder function of the
second kind (the Neumann function). Then we get

r− (η) � a2

2
√
η

∞∑
n=1

{|Aν−1,−n|+ |Aν−1,n|} ≤ C (α1) a
2

2
· 1√

η
.

Lemma is proved.

7.2 Solution of the “characteristic” equation

We found a solution of equation (16), which has the form

ψ (y) = p (y) +

∞∫
y

r− (x− y) p (x) dx+ C.

We make the reverse replacements

t =
1

y
, τ =

1

x

and write the solution of the characteristic equation (15) as follows

ϕ (t) = Φ (t) +

t∫
0

R̃ (t, τ) Φ (τ) dτ + C,

where

R̃ (t, τ) ≤ C

√
t

τ
3
2

√
t− τ

. (22)

The last inequality follows from the Lemma 1.

Remark 5 Since ϕ0 (t) = C, C = const is a solution of the homogeneous equation

ϕ (t)−
t∫

0

N1 (t, τ)ϕ (τ) dτ = 0,
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then

ϕ0 (t) = C · 1

t2−ν
· e− t

4a2 , C = const (23)

is a solution of the homogeneous equation

ϕ (t)−
t∫

0

tντ 2−ν

2a2 (t− τ)2
exp

[
− tτ

2a2 (t− τ)

]
Iν−1,ν

(
tτ

2a2 (t− τ)

)
e−

t−τ

4a2 ϕ (τ) dτ = 0.

Solution (23) does not belong to class (9).

8 Solution of the "complete" integral equation. Carleman–Vekua regularization
method

Theorem 3 The original integral equation (14) for any function t−
1
2
−νe

t
4a2 · F (t) ∈

L∞ (0,∞) has a unique solution in the class of functions

t
1
2
−νe

t
4a2 · ϕ (t) ∈ L∞ (0,∞) , (24)

which can be found by the method of successive approximations.

Proof. To solve the original "complete"integral equation (14), we represent it as

ϕ (t)−
t∫

0

N1 (t, τ)ϕ (τ) dτ = F (t) +

t∫
0

N2 (t, τ)ϕ (τ) dτ

and apply the Carleman–Vekua regularization method. Assuming the right-hand side of
equation (14) to be temporarily known, we write its solution

ϕ (t) = F (t) +

t∫
0

N2 (t, τ)ϕ (τ) dτ +

t∫
0

R̃ (t, τ)

⎧⎨⎩F (τ) +

τ∫
0

N2 (τ, ξ)ϕ (ξ) dξ

⎫⎬⎭ dτ.

(25)

We change the order of integration in the iterated integral and, then, change the roles of the
variables τ and ξ, hence equation (25) takes the form

ϕ (t)−
t∫

0

M (t, τ)ϕ (τ) dτ = F̃ (t) , (26)

where

M (t, τ) = N2 (t, τ) +

t∫
τ

R̃ (t, τ)N2 (ξ, τ) dξ,

F̃ (t) = F (t) +

t∫
0

R̃ (t, τ)F (τ) dτ.
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By using (22), we obtain that the kernel M (t, τ) of the integral equation (14) has a weak
singularity, since it satisfies the estimate

M (t, τ) ≤ D1 ·
√
t√

τ
√
t− τ

+D2.

This means that the solution of the integral equation (14) can be found by the method of
successive approximations. The theorem is proved.

9 Solution of the boundary value problem (1)–(3). Proof of the Theorem 1

From the integral representation for the solution (8) of the boundary value problem (5)-(7),
we get

ω (r, t) = r2ν−1∂u

∂r
=

t∫
0

rν · τ 1−ν

2a2 (t− τ)
exp

[
− r2 + τ 2

4a2 (t− τ)

]
Iν

(
rτ

2a2 (t− τ)

)
ϕ (τ) dτ.

We estimate ω (r, t), taking into account that t
1
2
−νe

t
4a2ϕ (t) ∈ L∞ (0,∞):

ω (r, t) =
√
t exp

[
− t

4a2

] t∫
0

1

2a2
· rν

√
τ

(t− τ)
√
t
exp

[
−(r − τ) (r + t− 2τ)

4a2 (t− τ)

]
×

×
{
exp

[
− rτ

2a2 (t− τ)

]
Iν

(
rτ

2a2 (t− τ)

)}
·
{
τ

1
2
−ν exp

[ τ

4a2

]
ϕ (τ)

}
dτ.

Then we have

|ω (r, t)| �

� C1

√
t exp

[
− t

4a2

] t∫
0

1

2a2
· rν

t− τ
exp

[
− rτ

2a2 (t− τ)

]
Iν

(
rτ

2a2 (t− τ)

)
dτ =

=

∥∥∥∥ rτ

2a2 (t− τ)
= z

∥∥∥∥ =
C1

√
t exp

[− t
4a2

]
rν

2a2

∞∫
0

1
r

2a2
+ z

e−zIν (z) dz =

=
C1

√
t exp

[− t
4a2

]
rν

2a2
· 1√

π
· Γ (ν) Γ

(
1
2

)
Γ (1 + ν)

=
C1

√
t exp

[− t
4a2

]
rν

2a2ν
,

where we used the formula (2.15.3.3) [23, P. 272]. Therefore,

|ω (r, t)| � C1

√
t exp

[− t
4a2

]
rν

2a2ν

or, taking into consideration (4):

∂u (r, t)

∂r
≤ C1

√
tr1−ν

2a2ν
exp

[
− t

4a2

]
,

u (r, t) ≤ C1

r∫
0

√
tr1−ν

2a2ν
exp

[
− t

4a2

]
dr =

C1

√
t

2a2ν
· r

2−ν

2− ν
exp

[
− t

4a2

]
.
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This implies the validity of the main result – the Theorem 1.

10 Conclusion

The boundary value problem of heat conduction outside the cone is reduced by the method
of heat potentials to the singular Volterra type integral equation of the second kind. We
constructed for it a characteristic integral equation and found its explicit solution. Using
the estimate for resolvent of the characteristic equation, we found a solution of the original
integral equation by the Carleman-Vekua regularization method.
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ON GREEN’S FUNCTION OF DARBOUX PROBLEM
FOR HYPERBOLIC EQUATION

It is well known that the Darboux problem for the hyperbolic equation is correct, both in the sense
of classical and generalized solutions. An integral form of the solution of the Darboux problem in
a characteristic triangle for a general two-dimensional hyperbolic equation of the second order is
represented in the article. It is shown that the solution to this problem can be written in terms of
the Green function. It is also shown that the Riemann-Green function of the hyperbolic equation
is not defined in the entire domain. To construct the Riemann-Green function of this equation, it
is important to have the Riemann-Green function of this problem that was defined at all points
of the domain. For that, the coefficients of the general hyperbolic equation have been continued
odd. The definition of the Green function of the Darboux problem is given. To show that a Green
function exists and is unique, we divide the domain into several subdomains. Its existence and
uniqueness have been proven. An explicit form of the Green’s function is presented. It is shown
that the Green’s function can be represented by the Riemann–Green function. There is given a
method for constructing the Green function of such a problem. The main fundamental difference
of this paper is that it is devoted to the study of Green’s function for the hyperbolic problem. In
contrast to the (well-developed) theory of Green’s function for self-adjoint elliptic problems, this
theory has not been developed.
Key words: Hyperbolic equation, initial-boundary value problem, Darboux problem, boundary
condition, Green function, a characteristic triangle, Riemann–Green function.
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ГИПЕРБОЛАЛЫҚ ТЕҢДЕУ ҮШIН ДАРБУ

ЕСЕБIНIҢ ГРИН ФУНКЦИЯСЫ

Дарбудың гиперболалық теңдеуге арналған есебi классикалық және жалпыланған ше-
шiмдер тұрғысынан да дұрыс екендiгi белгiлi. Мақалада екiншi реттi жалпы екi өлшемдi
гиперболалық теңдеу үшiн сипаттамалық үшбұрыштағы Дарбу есебiн шешудiң интегралды
түрi берiлдi. Бұл есептiң шешiмiн Грин функциясын қолдана отырып жазуға болатындығы
көрсетiлдi. Сондай-ақ, гиперболалық теңдеудiң Риман-Грин функциясы бүкiл облыста
анықталмағаны көрсетiлдi. Бұл теңдеудiң Риман-Грин функциясын құру үшiн осы есептiң
облыстың барлық нүктелерiнде анықталған Риман-Грин функциясы болуы керек. Ол үшiн
жалпы гиперболалық теңдеудiң коэффициенттерi тақ түрде жалғастырылды. Дарбу есебi
үшiн Грин функциясының анықтамасы берiлдi. Грин функциясы бар және жалғыз екенiн
көрсету үшiн облыс бiрнеше кiшi облыстарға бөлiндi. Оның бар екендiгi және жалғыздығы
дәлелдендi. Грин функциясының нақты түрi берiлдi. Грин функциясы Риман-Грин функ-
циясымен берiлуi мүмкiн екендiгi көрсетiлдi. Мұндай есептер үшiн Грин функциясын құру
әдiсi берiлдi. Бұл жұмыстың басқа жұмыстардан негiзгi түбегейлi айырмашылығы-бұл
гиперболалық есеп үшiн Грин функциясын зерттеуге арналған жұмыс. Бұл теорияның өз-
3зiне түйiндес эллиптикалық есептер үшiн Грин функциясы (жақсы дамыған) теориясынан
айырмашылығы, әлi дұрыс зерттелмегенiнде.

Түйiн сөздер: Гиперболалық теңдеу, бастапқы-шекаралық есеп, Дарбу есебi, шекаралық
шарт, Грин функциясы, характеристикалық үшбұрыш, Риман–Грин функциясы.
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О ФУНКЦИИ ГРИНА ЗАДАЧИ ДАРБУ

ДЛЯ ГИПЕРБОЛИЧЕСКОГО УРАВНЕНИЯ

Хорошо известно, что задача Дарбу для гиперболического уравнения корректна как в
смысле классических, так и обобщенных решений. В статье представлена интегральная
форма решения задачи Дарбу в характеристическом треугольнике для общего двумерного
гиперболического уравнения второго порядка. Показано, что решение этой задачи может
быть записано с помощью функции Грина. Также показано, что функция Римана-Грина
гиперболического уравнения не определена во всей области. Чтобы построить функцию
Римана-Грина этого уравнения, важно иметь функцию Римана-Грина той задачи, которая
была определена во всех точках области. Для этого было продолжено нечетно коэффициен-
ты общего гиперболического уравнения. Дано определение функции Грина задачи Дарбу.
Чтобы показать, что функция Грина существует и единственна, мы разделяем область на
несколько подобластей. Его существование и единственность были доказаны. Представлена
явная форма функции Грина. Показано, что функция Грина может быть представлена
функцией Римана–Грина. Дан метод построения функции Грина для такой задачи.
Основное принципиальное отличие этой работы состоит в том, что она посвящена изуче-
нию функции Грина для гиперболической задачи. В отличие от (хорошо развитой) теории
функции Грина для самосопряженных эллиптических задач, эта теория не была разработана.

Ключевые слова: Гиперболическое уравнение, начально-краевая задача, задача Дарбу, гра-
ничное условие, функция Грина, характеристический треугольник, функция Римана–Грина.

1 Introduction

An explicit form of the Green’s function in the sector for biharmonic and triharmonic
equations is given in [1], [2]. The Green’s function of the Neumann problem for the Poisson
equation in the half-space R+

n is explicitly constructed in [3], and the Green’s function for the
Robin problem in the circle in [4], [5], [6]. We also note the articles [7], [8], which are devoted
to the construction of the Green’s function for the Dirichlet problem for the polyharmonic
equation in the unit ball. In [9], [10] a representation of the Green’s function for the classical
external and internal Neumann problems for the Poisson equation in the unit ball is given.

2 Formulation of the problem

Let Ω = {(ξ, η) : 0 ≤ ξ ≤ 1, ξ ≤ η ≤ 1}. The following hyperbolic equation is considered in
Ω:

∂2u

∂ξ∂η
+ a(ξ, η)

∂u

∂ξ
+ b(ξ, η)

∂u

∂η
+ c(ξ, η)u = f(ξ, η), (ξ, η) ∈ Ω, (1)

with the initial condition

u(ξ, ξ) = τ0(ξ), 0 ≤ ξ ≤ 1, (2)

and the boundary condition

u(0, ξ0) = τ1(ξ0), 0 ≤ ξ0 ≤ 1. (3)
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We will assume that a, b, aξ, bη, c, f ∈ C
(
Ω
)
; τ0, τ1 ∈ C1 ([0, 1]) and

a(ξ, ξ) = b(ξ, ξ), 0 ≤ ξ ≤ 1. (4)

If (4) is not fulfilled then we will rewrite the function u(ξ, η) in the following form:

u(ξ, η) = U(ξ, η) · γ(η), (ξ, η) ∈ Ω. (5)

Substituting (5) in (1) we get

∂2U

∂ξ∂η
+ a1(ξ, η)

∂U

∂ξ
+ b1(ξ, η)

∂U

∂η
+ c1(ξ, η)U = f1(ξ, η), (ξ, η) ∈ Ω,

where

a1 =
γ′

γ
+ a, b1 = b, c1 =

γ′

γ
+ c, f1 =

f

γ
.

We choose γ(η), ξ ≤ η ≤ 1, in such a way that

a1(ξ, ξ) = b1(ξ, ξ), 0 ≤ ξ ≤ 1, (6)

holds. From (6) we get equation

γ′(ξ)
γ(ξ)

+ a(ξ, ξ) = b(ξ, ξ), 0 ≤ ξ ≤ 1 (7)

Solving (7) we get

γ(ξ) = exp

(
−
∫ ξ

0

(
a(s, s)− b(s, s)

)
ds

)
.

Therefore, by condition (4), we can always get.
Also, we assume that

aξ(ξ, ξ) = bη(ξ, ξ), 0 ≤ ξ ≤ 1. (8)

3 Proof of correctness of problem (1)-(3)

For the sake of completeness, we present here a proof of the correctness of the considered
problem (1)-(3).

Let us call a function from the class u(ξ, η), uξη ∈ C
(
Ω
)
a regular solution to the

problem, converting equation (1), initial condition (2) and boundary condition (3) into an
identity.

Theorem 1 Let a, b, aξ, bη, c, f ∈ C
(
Ω
)
; τ0, τ1 ∈ C1 ([0, 1]). Then problem (1)-(3) has a

unique regular solution.
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3.1 Proof of existence of solution of problem (1)-(3)

Let

u(ξ, η) = ζ(ξ, η) · ω(ξ, η). (9)

Then (1) has the form

∂2ζ

∂ξ∂η
· ω +

∂2ω

∂ξ∂η
· ζ +

[
∂ζ

∂ξ
+ bζ

]
· ∂ω
∂η

+

[
∂ζ

∂η
+ aζ

]
· ∂ω
∂ξ

+

+

[
b
∂ζ

∂η
+ a

∂ζ

∂ξ
+ cζ

]
· ω = f.

(10)

We choose ζ(ξ, η) in such a way that

∂ζ(ξ, η)

∂η
+ a(ξ, η) · ζ(ξ, η) = 0, (11)

holds. From (11) we get

ζ(ξ, η) = exp

(
−
∫ ξ

0

a(ξ, s)ds

)
. (12)

Dividing equation (10) by ζ, we have the following problem

∂2ω

∂ξ∂η
+ b2(ξ, η) · ∂ω

∂ξ
+ c2(ξ, η) · ω = f2, (ξ, η) ∈ Ω, (13)

ω(ξ, ξ) = τ2(ξ), 0 ≤ ξ ≤ 1, (14)

ω(0, ξ0) = τ3(ξ0), 0 ≤ ξ0 ≤ 1, (15)

where

b2 =
1

ζ
· ζξ + b, f2(ξ, η) =

f(ξ, η)

ζ(ξ, η)
,

c2 =
1

ζ
(ζξη + aζξ + bζη + c) , τ2(ξ) =

τ0(ξ)

ζ(ξ, ξ)
, τ3(ξ0) =

τ1(ξ0)

ζ(0, ξ0)
,

Let us introduce a new notation

∂ω

∂η
= υ.

Then equation (13) is equivalent to the following system of equations:⎧⎪⎨⎪⎩
∂υ

∂ξ
= f2(ξ, η)− b2(ξ, η) · υ(ξ, η)− c2(ξ, η) · ω(ξ, η),

∂ω

∂η
= υ(ξ, η).

(16)
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Figure 1: The domain Ω.

In the domain Ω, take an arbitrary point C(ξ, η) and draw the characteristics through it to
the boundary of the domain Ω (see Figure (1)). Integrating the first equation of system (16)
by AC, the second by BC and using conditions (14), (15), we get

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
υ(ξ, η) = τ ′3(η) +

ξ∫
0

[
f2(ξ1, η)− b2(ξ1, η)υ(ξ1, η)− c2(ξ1, η)ω(ξ1, η)

]
dξ1,

ω(ξ, η) = τ2(ξ) +

η∫
ξ

υ(ξ, η1)dη1, (ξ, η) ∈ Ω,

(17)
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Substituting the second equation of the system (15) into the first equation we get

υ(ξ, η) = τ ′3(η) +

ξ∫
0

f2(ξ1, η)dξ1 −
ξ∫

0

b2(ξ1, η)υ(ξ1, η)dξ1 −
ξ∫

0

c2(ξ1, η)τ2(ξ1)dξ1−

−
ξ∫

0

dξ1

η∫
ξ1

c2(ξ1, η)υ(ξ1, η1)dη1

It is easy to show that, if υ(ξ, η) is solution to system (17), then ω(ξ, η) is a solution to
problem (13)-(15). Therefore, system (17) is equivalent to problem (13)-(15).

We will search the solution to system (17) using the method of successive approximations.
We choose an initial approximation

υ0(ξ, η) = 0.

We construct the following approximation using the formula

υn(ξ, η) = τ ′3(η) +

ξ∫
0

f2(ξ1, η)dξ1 −
ξ∫

0

b2(ξ1, η)υn−1(ξ1, η)dξ1 −
ξ∫

0

c2(ξ1, η)τ2(ξ1)dξ1−

−
ξ∫

0

dξ1

η∫
ξ1

c2(ξ1, η)υn−1(ξ1, η1)dη1

(18)

Show that difference |υn − υn−1| satisfy the inequality

|υn − υn−1| ≤ Kn−1 · A · ξn−1

(n− 1)!
, (19)

where

K = max
Ω

[|b2|+ |c2|],
A ≤ ‖f2‖C(Ω) + ‖τ3‖C′([0,1]) + ‖τ2‖C′([0,1]).

We prove the validity of inequality (19) by mathematical induction. For n = 1, as is easy to
see from (18), the estimate of (19) is correct.

We show that these inequality will remain valid when n is replaced by n+1. From equality
(18), according to the classical method we have

|υn+1 − υn| =
∣∣∣∣

ξ∫
0

b2(ξ1, η)
(
υn − υn−1

)
(ξ1, η)dξ1

∣∣∣∣+ ∣∣∣∣
ξ∫

0

dξ1

η∫
ξ1

c2(ξ1, η)
(
υn − υn−1

)
(ξ1, η1)dη1

∣∣∣∣ ≤
≤ Kn−1 · A ·

∫ ξ

0

|b2| ξn−1
1

(n− 1)!
dξ1 +Kn−1 · A ·

∫ ξ

0

|c2| ξn−1
1

(n− 1)!
dξ1 ≤ Kn

n!
· A · ξn,
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The estimate (19) show absolute and uniform convergence over Ω of the following series

υ0 +
∞∑
n=1

(υn − υn−1)

members of which are less than the absolute value of the members of the uniformly converging
series

A+ A ·
∞∑
n=1

Kn−1 ξn−1

(n− 1)!
= A

(
1 + exp(Kξ)

)
.

Consequently, successive approximation of υn on Ω uniformly tend, respectively, to certain
limit of υ, which is continuous on Ω. Passing to the limit in equality (18), we obtain that the
limit function of υ(ξ, η) satisfy system (17). In this case, the function υ is continuous on Ω.
Since we have proved the existence of the solution in Ω. The solution to problem (1)-(3) is
found by substituting ω, ζ for (9).

3.2 Proof of uniqueness of the solution to problem (1)-(3)

Assume that system (17) has different solutions υ1, υ2. Denote V = υ1 − υ2. Then V satisfy
the following equation

V (ξ, η) = −
ξ∫

0

b2(ξ1, η)V (ξ1, η)dξ1 −
ξ∫

0

dξ1

η∫
ξ1

c2(ξ1, η)V (ξ1, η1)dη1

Let us prove that V ≡ 0. Function V is continuous and bounded as the difference of continuous
functions in a closed domain Ω. Therefore, there is a positive constant B such that

|V (ξ, η)| ≤ B.

Then we have

V ≤
ξ∫

0

|b2(ξ1, η)|Bdξ1 +
ξ∫

0

|c2(ξ1, η)|(η − ξ1)Bdξ1 ≤

≤
ξ∫

0

|b2(ξ1, η)|Bdξ1 +
ξ∫

0

|c2(ξ1, η)|Bdξ1 ≤ K · B · ξ
1!

.

By mathematical induction for any n, we obtain the following estimate

|V | ≤ BKn ξ
n

n!
.

Since these inequality is met for any n, then it follows that V ≡ 0, i.e. υ1 = υ2.
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3.3 Proof of stability of the solution to problem (1)-(3)

In order to prove the stability of the solution to problem (1)-(3) we need a stability estimate
for υ. Since

υ(ξ, η) = lim
N→∞

υN = lim
N→∞

[
υ0 +

N∑
n=1

(υn − υn−1)

]
= υ0 +

∞∑
n=1

(υn − υn−1) , (20)

then using the estimate of (19) from (20), we get

|υ(ξ, η)| ≤ A ·
∞∑
n=1

Kn−1

(n− 1)!
ξn−1 = A · exp(K). (21)

Hence, using (19) from (21) we obtain the estimate of the stability of the solution to problem
(1)-(3):

||υ||C(Ω) ≤ exp(K)
(
‖f2‖C(Ω) + ‖τ3‖C′([0,1]) + ‖c1‖C([0,1]) · ‖τ2‖C′([0,1])

)
≤

≤ exp(2K)
(
‖f2‖C(Ω) + ‖τ3‖C′([0,1]) + ‖τ2‖C′([0,1])

)
.

4 Green’s function of the problem (1)-(3)

Definition 1 Green’s function of the problem (1)-(3) let us call the function G(ξ, η; ξ1, η1),
which for every fixed (ξ1, η1) ∈ Ω, satisfies the homogeneous equation

L(ξ,η)G(ξ, η; ξ1, η1) = 0, (ξ, η) ∈ Ω, at ξ 	= ξ1, η 	= η1, η 	= ξ1, ξ 	= η1; (22)

and the next boundary conditions

G(ξ, ξ; ξ1, η1) = 0, 0 ≤ ξ ≤ 1, (ξ1, η1) ∈ Ω; (23)

G(0, ξ0; ξ1, η1) = 0, 0 ≤ ξ0 ≤ 1, (ξ1, η1) ∈ Ω; (24)

and on the above characteristic lines, the following conditions must be met: the values of the
derivatives of the Green function in directions parallel to these characteristics must coincide
in adjacent regions; i.e.,

∂G(ξ1 + 0, η; ξ1, η1)

∂η
+ a(ξ1, η)G(ξ1 + 0, η; ξ1, η1) =

=
∂G(ξ1 − 0, η; ξ1, η1)

∂η
+ a(ξ1, η)G(ξ1 − 0, η; ξ1, η1), at η 	= η1, η 	= ξ1; (25)

∂G(η1 + 0, η; ξ1, η1)

∂η
+ a(η1, η)G(η1 + 0, η; ξ1, η1) =

=
∂G(η1 − 0, η; ξ1, η1)

∂η
+ a(η1, η)G(ξ1 − 0, η; ξ1, η1), at η 	= η1, η 	= ξ1; (26)
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∂G(ξ, η1 + 0; ξ1, η1)

∂ξ
+ b(ξ, η1)G(ξ, η1 + 0; ξ1, η1) =

=
∂G(ξ, η1 − 0; ξ1, η1)

∂ξ
+ b(ξ, η1)G(ξ, η1 − 0; ξ1, η1), at ξ 	= ξ1 ξ 	= η1; (27)

∂G(ξ, ξ1 + 0; ξ1, η1)

∂ξ
+ b(ξ, ξ1)G(ξ, ξ1 + 0; ξ1, η1) =

=
∂G(ξ, ξ1 − 0; ξ1, η1)

∂ξ
+ b(ξ, ξ1)G(ξ, ξ1 − 0; ξ1, η1) at ξ 	= ξ1 ξ 	= η1; (28)

and the "corner condition"

G(ξ1 − 0, η1 − 0; ξ1, η1)−G(ξ1 + 0, η1 − 0; ξ1, η1)+

+G(ξ1 + 0, η1 + 0; ξ1, η1)−G(ξ1 − 0, η1 + 0; ξ1, η1) = 1. (29)

must be satisfied as the regions meet at (ξ, η) = (ξ1, η1).

5 Existence and uniqueness of the Green’s function of the problem (4)-(6)

Theorem 2 The function G(ξ, η; ξ1, η1) that satisfies the conditions (22)-(29) exists and is
unique.

Proof. To show that a function G(ξ, η; ξ1, η1) which satisfies the conditions (22)-(29)
exists and unique, we divide the domain Ω into several subdomains (see Figure (2)) and
consider the following problems sequentially. Let (ξ1, η1) be an arbitrary point of the domain
Ω.

In the domain Ω1 = {(ξ, η) : 0 < ξ < ξ1, ξ < η < ξ1} we consider the problem

L(ξ,η)G = 0, (ξ, η) ∈ Ω1; (30)

G(ξ, ξ; ξ1, η1) = 0, 0 ≤ ξξ1; (31)

G(0, ξ0; ξ1, η1) = 0, 0 ≤ ξ0 ≤ ξ1, (ξ1, η1) ∈ Ω2. (32)

The problem (30)-(32) is a Darboux problem and has a unique solution

G(ξ, η; ξ1, η1) ≡ 0, (ξ, η) ∈ Ω1. (33)

In the domain Ω2 = {(ξ, η) : 0 ≤ ξ ≤ ξ1, ξ1 ≤ η ≤ η} let us consider the problem

L(ξ,η)G = 0, (ξ, η) ∈ Ω2; (34)

G(0, ξ0; ξ1, η1) = 0, ξ ≤ ξ0 ≤ η1, (ξ1, η1) ∈ Ω2. (35)

From (33) we have the next equality

∂G(ξ, ξ1 + 0; ξ1, η1)

∂ξ
+ b(ξ, ξ1)G(ξ, ξ1 + 0; ξ1, η1) = 0, 0 ≤ ξ ≤ ξ1. (36)
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Figure 2: Splitting the domain Ω.

Integrating (36) by ξ we have

G(ξ, ξ1 + 0; ξ1, η1) = exp

(
−
∫ ξ

0

B(t, ξ1)dt

)
C1(ξ1, η1), 0 ≤ ξ ≤ ξ1. (37)

Substituting ξ = 0 in (37), using condition (23) we have that C1(ξ1, η1) ≡ 0 and

G(ξ, ξ1 + 0; ξ1, η1) = 0, 0 ≤ ξ ≤ ξ1. (38)

The problem (34),(35),(38) is a Goursat problem and has a unique solution

G(ξ, η; ξ1, η1) ≡ 0, (ξ, η) ∈ Ω2. (39)

Therefore from (39) in the domain Ω3 = {(ξ, η) : 0 ≤ ξ ≤ ξ1, η1 ≤ η ≤ 1}, we get the problem
L(ξ,η)G = 0, (ξ, η) ∈ Ω3; (40)
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G(0, ξ0; ξ1, η1) = 0, η1 ≤ ξ0 ≤ 1, (ξ1, η1) ∈ Ω3; (41)

∂G(ξ, η1 + 0; ξ1, η1)

∂ξ
+ b(ξ, η1) ·G(ξ, η1 + 0; ξ1, η1) = 0, 0 ≤ ξ ≤ ξ1. (42)

Integrating (42) by ξ we have

G(ξ, η1 + 0; ξ1, η1) = exp

(
−
∫ ξ

0

b(t, η1)dt

)
C2(ξ1, η1), 0 ≤ ξ ≤ ξ1. (43)

Substituting ξ = 0 in (43), using condition (23) we have that C2(ξ1, η1) ≡ 0 and

G(ξ, η1 + 0; ξ1, η1) = 0, 0 ≤ ξ ≤ ξ1. (44)

Therefore, the problem (40),(41),(44) is a Goursat problem and has a unique solution

G(ξ, η; ξ1, η1) ≡ 0, (ξ, η) ∈ Ω3. (45)

In the domain Ω4 = {(ξ, η) : 0 ≤ ξ ≤ ξ1, ξ ≤ η ≤ η1} we get the problem
L(ξ,η)G = 0, (ξ, η) ∈ Ω4; (46)

G(ξ, ξ; ξ1, η1) = 0, ξ1 ≤ ξ ≤ η1. (47)

From (35) we have

∂G(ξ1 + 0, η; ξ1, η1)

∂η
+ a(ξ1, η)G(ξ1 + 0, η; ξ1, η1) = 0, ξ1 ≤ η ≤ η1. (48)

Integrating (48) by η we get

G(ξ1 + 0, η; ξ1, η1) = exp

(
−
∫ η

ξ1

a(ξ1, t)dt

)
C3(ξ1, η1), ξ1 ≤ η ≤ η1; (49)

Substituting η = ξ1 in (49), using condition (23) we have that C3(ξ1, η1) ≡ 0 and

G(ξ1 + 0, η; ξ1, η1) = 0, ξ1 ≤ η ≤ η1. (50)

This problem (46),(47),(50) is a Darboux problem and has a unique solution

G(ξ, η; ξ1, η1) ≡ 0, (ξ, η) ∈ Ω4. (51)

Therefore, from (45), (51) in the domain Ω5 = {(ξ, η) : ξ1 ≤ ξ ≤ η1, η1 ≤ η ≤ 1} our
problem is the Cauchy problem

L(ξ,η)G = 0, (ξ, η) ∈ Ω5; (52)

∂G(ξ1 + 0, η; ξ1, η1)

∂η
+ a(ξ1, η)G(ξ1 + 0, η; ξ1, η1) = 0, η1 ≤ η ≤ 1; (53)

∂G(ξ, η1 + 0; ξ1, η1)

∂ξ
+ b(ξ, η1)G(ξ, η1 + 0; ξ1, η1) = 0, ξ1 ≤ ξ ≤ η1; (54)
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G(ξ1 + 0, η1 + 0; ξ1, η1) = 1. (55)

The problem (51)-(55) is a Goursat problem and it has a unique solution, and it is easy to
see that its solution coincides with the Riemann-Green function, that is,

G(ξ, η; ξ1, η1) = R(ξ, η; ξ1, η1), (ξ, η) ∈ Ω5. (56)

Therefore from (56) in the domain Ω6 = {(ξ, η) : η1 ≤ ξ ≤ 1, ξ ≤ η ≤ 1} we get the
problem

L(ξ,η)G = 0, (ξ, η) ∈ Ω6; (57)

G(ξ, ξ; ξ1, η1) = 0, η1 ≤ ξ ≤ 1; (58)
∂G(η1 + 0, η; ξ1, η1)

∂η
+ b(η1, η)G(η1 + 0, η; ξ1, η1) =

=
∂R(η1, η; ξ1, η1)

∂η
+ b(η1, η)R(η1, η; ξ1, η1). (59)

Let us rewrite condition (59) in the following form[
∂

∂η

(
G(η1 + 0, η; ξ1, η1) exp

(∫ η

ξ

a(η1, t)dt

))]
exp

(
−
∫ η

ξ

a(η1, t)dt

)
=

=

[
∂

∂η

(
R(η1, η; ξ1, η1) exp

(∫ η

ξ

a(η1, t)dt

))]
exp

(
−
∫ η

ξ

a(η1, t)dt

)
. (60)

Integrating (60) by η we get

G(η1 + 0, η; ξ1, η1) = R(η1, η; ξ1, η1) + C4(ξ1, η1) exp

(
−
∫ η

ξ

a(η1, t)dt

)
. (61)

Using condition (23), from (61) we have that

G(η1+0, η; ξ1, η1) = R(η1, η; ξ1, η1)−R(η1, η1; ξ1, η1) exp
(
−
∫ η

η1

a(η1, t)dt

)
, ξ ≤ η ≤ 1. (62)

The problem (57), (58), (62) is a Darboux problem and has a unique solution.
Thus, we have shown that for any (ξ1, η1) ∈ Ω and (ξ, η) ∈ Ω the Green’s function that

satisfies the conditions (22)-(29) exists and unique. The theorem is proved.

6 Construction of the Green’s function of the problem (1)-(3)

As can be seen from the proof of Theorem (2), the Green’s function G(ξ, η; ξ1, η1) = 0 in the
domains Ω1, Ω2, Ω3, Ω4. And in the domain Ω5 it coincides with the Riemann function (56).

Let us find a representation of the Green’s function in the domain Ω6. To construct the
Green’s functions, we will continue the coefficients of equation (57) in Ω∗

6 = {(ξ, η) : η1 ≤
ξ ≤ 1, η1 ≤ η ≤ ξ} such a way that the following conditions

A(ξ, η) =

{
a(ξ, η), (ξ, η) ∈ Ω6,

b(η, ξ), (ξ, η) ∈ Ω∗
6,
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B(ξ, η) =

{
b(ξ, η), (ξ, η) ∈ Ω6,

a(η, ξ), (ξ, η) ∈ Ω∗
6,

C(ξ, η) =

{
c(ξ, η), (ξ, η) ∈ Ω6,

c(η, ξ). (ξ, η) ∈ Ω∗
6

are met. Actually, show that coefficients of (57) have the following symmetry:

A(ξ, η) = B(η, ξ), C(ξ, η) = C(η, ξ), (ξ, η) ∈ Ω6. (63)

From (63) we have

A(η, ξ) =

{
a(η, ξ), (η, ξ) ∈ Ω6,

b(ξ, η), (η, ξ) ∈ Ω∗
6,

=

{
b(ξ, η), (ξ, η) ∈ Ω6,

a(η, ξ), (ξ, η) ∈ Ω∗
6,

= B(ξ, η).

If we have chosen (ξ, η) from Ω6, then (η, ξ) will be from Ω∗
6.

From (4) and (5) we get

A(ξ, ξ) = B(ξ, ξ), Aξ(ξ, ξ) = Bη(ξ, ξ), η1 ≤ ξ ≤ 1.

If the coefficients a, b, aξ, bη, c ∈ C
(
Ω
)

then in virtue of (63) coefficients
A(ξ, η), B(ξ, η), C(ξ, η) in the domain Ω̃6 = Ω6 ∪ Ω∗

6 = {(ξ, η) : η1 ≤ ξ ≤ 1, η1 ≤ η ≤ 1}
have the following smoothness

A,B,Aξ, Bη, C ∈ C
(
Ω̃6

)
. (64)

Let (ξ1, η1) be an arbitrary point of the domain Ω. In order to construct the Green function
in the domain Ω6, consider the problem:

∂2G1

∂ξ∂η
+ A(ξ, η)

∂G1

∂ξ
+ B(ξ, η)

∂G1

∂η
+ C(ξ, η)G1 = 0, (ξ, η) ∈ Ω̃6; (65)

G(η1 + 0, η; ξ1, η1) = R(η1, η; ξ1, η1)− exp

(
−
∫ η

ξ1

A(η1, t)dt

)
, η1 ≤ η ≤ 1; (66)

G(ξ, η1 + 0; ξ1, η1) = −R(η1, ξ; ξ1, η1) + exp

(
−
∫ ξ

ξ1

B(t, η1)dt

)
, η1 ≤ ξ ≤ 1. (67)

The problem (65)-(67) is a Goursat problem. Its solution exists and unique. We are interested
in the representation of the function G1(ξ, η; ξ1, η1).

Lemma 1 If the function G1(ξ, η; ξ1, η1) is the solution to the problem (65)-(67), then for
any (ξ, η) ∈ Ω̃6 we have G1(ξ, η; ξ1, η1) = −G1(η, ξ; ξ1, η1).

To show that the function −G1(η, ξ; ξ1, η1) satisfies the equation (65), in (62) replace ξ =
η2, η = ξ2, (η2, ξ2) ∈ Ω∗

6 and after using the symmetry conditions of coefficients, we get that
−G1(η, ξ; ξ1, η1) satisfies the equation (65).
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Also doing the substitution of ξ = η2 in (66) and using the symmetry conditions of
coefficients, we get the condition (67). Similarly, by replacing η = ξ2 in (67) and using the
symmetry conditions of coefficients, we get the condition (66).

Thus, we have shown that the function −G1(η, ξ; ξ1, η1) is also a solution to the problem
(65)-(67). Since the solution to problem (65)-(67) is unique, then

G1(ξ, η; ξ1, η1) = −G1(η, ξ; ξ1, η1), (ξ, η) ∈ Ω̃6.

Solution of the problem (65)-(67) we search in the following form

G1(ξ, η; ξ1, η1) = R(ξ, η; ξ1, η1)− g(ξ, η; ξ1, η1), (ξ, η) ∈ Ω̃6.

Then we get the following problem

∂2g

∂ξ∂η
+ A(ξ, η)

∂g

∂ξ
+ B(ξ, η)

∂g

∂η
+ C(ξ, η)g = 0, (ξ, η) ∈ Ω̃6; (68)

g(η1, η; ξ1, η1)−R(η, η1; ξ1, η1) = 0, η1 ≤ η ≤ 1; (69)

g(ξ, η1; ξ1, η1)−R(η1, ξ; ξ1, η1) = 0, η1 ≤ ξ ≤ 1. (70)

It is easy to see that the solution to the problem (68)-(70) has the form

g(ξ, η; ξ1, η1) = R(η, ξ; ξ1, η1), (ξ, η) ∈ Ω̃6.

Lemma 2 Let (ξ, η) be an arbitrary point of the domain Ω. By internal variables (ξ1, η1) the
Green’s function of the problem (1)-(3) has the following properties:

L∗
(ξ1,η1)

G(ξ, η; ξ1, η1) = 0, (ξ1, η1) ∈ Ω, at ξ1 	= ξ, ξ1 	= η, η1 	= ξ; (71)

G(ξ1, ξ1; ξ1, η1) = 0, 0 ≤ ξ1 ≤ 1; (72)

∂G(ξ, η; ξ − 0, η1)

∂η1
− a(ξ, η1)G(ξ, η; ξ − 0, η1) = 0, at η1 	= η, η1 	= ξ; (73)

∂G(ξ, η; ξ1, η − 0)

∂ξ1
− b(ξ1, η)G(ξ, η; ξ1, η − 0) = 0, at ξ1 	= ξ; (74)

∂G(ξ, η; ξ1, ξ − 0)

∂ξ1
− b(ξ1, ξ) G(ξ, η; ξ1, ξ − 0) =

=
∂G(ξ, η; ξ1, ξ + 0)

∂ξ1
− b(ξ1, ξ)G(ξ, η; ξ1, ξ + 0); (75)

G(ξ, η; ξ − 0, η − 0)−G(ξ, η; ξ + 0, η − 0)+

+G(ξ, η; ξ + 0, η + 0)−G(ξ, η; ξ − 0, η + 0) = 1. (76)
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Properties (71)-(76) are easy to get out of the construction of the Green’s function of
problem (1)-(3). Under these conditions (71)-(76) it is possible to uniquely restore the Green’s
function of problem (1)-(3).

Using properties (71)-(76) we can use it to write the integral representation of the solution
to problem (1)-(3). To do this, we consider the following integral∫∫

Ω(ξη)

G(ξ, η; ξ1, η1)f(ξ1, η1)dξ1dη1 =

=

∫∫
Ω(ξη)

G(ξ, η; ξ1, η1)

(
∂2u

∂ξ1∂η1
+ a

∂u

∂ξ1
+ b

∂u

∂η1
+ cu

)
dξ1dη1. (77)

Applying Green’s theorem in a plane [12] and using the initial conditions (2), properties
of Green’s function (71)-(76), from (77) we get the following representation of the solution
to problem (28)-(30) in the domain Ω(ξη) = Ω5 ∪ Ω6:

u(ξ, η) =
1

2
G(ξ, η; 0, η − 0)τ1(η)− 1

2

∫ ξ

0

∂G

∂N1

(ξ, η; ξ1, ξ1)τ0(ξ1)dξ1+

+
1

2

∫ ξ

0

(
−∂G

∂η1
(ξ, η; 0, η1)τ0(η1) +G(ξ, η; 0, η1)τ

′
1(η1) + a(0, η1)G(ξ, η; 0, η1)τ1(η1)

)
dη1

+

∫∫
Ω(ξη)

G(ξ, η; ξ1, η1)f(ξ1, η1)dξ1dη1. (78)
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MATHEMATICAL MODEL FOR MEDIUM-TERM COVID-19 FORECASTS
IN KAZAKHSTAN

In this paper has been formulated and solved the problem of identifying unknown parameters of
the mathematical model describing the spread of COVID-19 infection in Kazakhstan, based on
additional statistical information about infected, recovered and fatal cases. The considered model,
which is part of the family of modified models based on the SIR model developed by W. Kermak
and A. McKendrick in 1927, is presented as a system of 5 nonlinear ordinary differential equations
describing the variational transition of individuals from one group to another. By solving the
inverse problem, reduced to solving the optimization problem of minimizing the functional, using
the differential evolution algorithm proposed by Rainer Storn and Kenneth Price in 1995 on the
basis of simple evolutionary problems in biology, the model parameters were refined and made
a forecast and predicted a peak of infected, recovered and deaths among the population of the
country. The differential evolution algorithm includes the generation of populations of probable
solutions randomly created in a predetermined space, sampling of the algorithm’s stopping crite-
rion, mutation, crossing and selection.
Key words: COVID-19, ODE, inverse problems, identification, differential evolution.

С.И. Кабанихин1, М.А. Бектемесов2, Ж.М. Бектемесов3
1Есептеу математикасы және математикалық геофизика институты, Ресей ғылым академиясының
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2Абай атындағы Қазақ ұлттық педагогикалық университетi, Қазақстан, Алматы қ.
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Қазақстандағы COVID-19 орта мерзiмдi болжамдарының математикалық моделi
Берiлген жұмыста жұқтырылған, қалпына келтiрiлген және өлiммен аяқталған
жағдайлар туралы қосымша статистикалық ақпарат негiзiнде Қазақстандағы COVID-
19 инфекциясының таралуын сипаттайтын математикалық моделiнiң белгiсiз параметрлерiн
анықтау мәселесi тұжырымдалған және шешiлген. 1927 жылы В.Кермак пен А.Маккендрик
жасаған SIR моделi негiзiнде модификацияланған моделдер отбасының бөлiгi болып
табылатын қарастырылып отырған модель, индивидтердiң вариациялық бiр топтан
екiншi топқа ауысуын сипаттайтын 5 сызықтық қарапайым дифференциалдық теңдеулер
жүйесi ретiнде ұсынылған. Биологиядағы қарапайым эволюциялық есептер негiзiнде
1995 жылы Рейнер Сторн мен Кеннет Прайс ұсынған функционалды минимизациялаудың
дифференциалды эволюциялық алгоритмi, керi есептi шеше отырып, модель параметрлерi
нақтыланып, ел тұрғындарының арасында жұқтырылған, қалпына келтiрiлген және
өлiм-жiтiмнiң болжамдадық. Дифференциалды эволюцияның алгоритмiне алдын
ала анықталған кеңiстiкте кездейсоқ құрылған ықтимал шешiмдер популяциясының
генерациясы, алгоритмнiң тоқтау критерийiнен сынамалар алу, мутация, қиылысу және
таңдау жатады.
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Түйiн сөздер: COVID-19, қарапайым дифференциалдық теңдеулер, керi есептер,
сәйкестендiру, дифференциалдық эволюция.
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Математическая модель по среднесрочным прогнозам COVID-19 в Казахстане

В работе сформулирована и решена задача идентификации неизвестных параметров
математической модели распространения инфекции COVID-19 в Казахстане, по
дополнительной статистической информации об инфицированных, выздоровевших и
летальных случаях. Рассматриваемая модель, входящая в семейство модифицированных
моделей на базе модели SIR, разработанной У. Кермаком и А. Маккендриком в 1927 году,
представлена в виде системы из 5 нелинейных обыкновенных дифференциальных уравнений,
описывающая вариационный переход индивидуумов из одной группы в другую. За счет
решения обратной задачи, сведенной к решению оптимизационной задачи минимизации
функционала, алгоритмом дифференциальной эволюции, предложенной Райнером Сторном
и Кеннетом Прайсом в 1995 году на основе простых эволюционной задач биологии,
были уточнены параметры модели и построен прогноз инфицированных, выздоровевших
и умерших индивидуумов среди населения страны. Алгоритм дифференциальной
эволюции включает в себя генерацию популяций вероятных решений случайно созданных
в предварительно определенном пространстве, выборку критерия остановки алгоритма,
мутацию, скрещивание и отбор.

Ключевые слова: COVID-19, ОДУ, обратные задачи, идентификация, дифференциальная
эволюция.

1 Introduction

In December 2019, there was an outbreak of pneumonia, where the COVID-19 strain was
first detected, and after 4 months, more precisely on March 11, 2020, the World Health
Organization (WHO) announced the global COVID-19 pandemic. In the first months of the
pandemic, the countries of Europe with the most high rates of morbidity and mortality of
the population become its center. To date, despite the efforts of health systems to counter
the pandemic, the exponential growth of infection and mortality of the population of 187
countries of the world continues, the number of confirmed cases has reached 55.7 million,
the number of deaths is 1 340 thousand. USA, Brazil, India, France and Russia are leaders
in these positions (Fig. 1). In the Republic of Kazakhstan, within seven months of the
epidemic (March - August 2020), 128 thousand were identified and 1.8 thousand people died
from COVID-19. The introduction of an emergency, classified as a threat to national security,
and the response actions led to a decrease in new cases (less than 200 per day) and deaths
(less than 5 per day).

The inability to stop the spread of COVID-19 in the world and its further impact has
shown the unpreparedness and inconsistency of the previous organizational approaches of
states, including Kazakhstan, to combat this disease using of non-pharmaceutical interven-
tions, and requires new approaches using mathematical methods to assess the epidemic pro-
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Figure 1: The number of detected cases of COVID-19 worldwide

cess, affecting not only health, but also all spheres of human activity (medical, social, eco-
nomic, environmental). To analyze the COVID-19 situation, WHO experts recommended
using assessment indicators: the number of confirmed cases (cumulative and new), the num-
ber of deaths (cumulative and new), the percentage of recovered, the number and percentage
of tests. One of the most effective methods of monitoring and managing epidemic processes is
mathematical modeling, namely the development and identification of mathematical models.
Such models are described by systems of differential equations, the coefficients of which char-
acterize the features of the spread of the disease and epidemic processes in the country. To
draw up an optimal plan of measures to control epidemiological processes, it is necessary to
refine the coefficients of the models using some additional information (inverse problem). One
of the ways to solve the problem of specifying the coefficients is to reduce the inverse problem
to a variational formulation, where the functional characterizes the quadratic deviation of
the model data from the statistical data.

2 Material and methods

2.1 The statement of the problem

In most mathematical models [1–6], [7–10], [17, 18], attention is paid to the structure of the
model and the results of numerical experiments, and the values of the model parameters
are taken averaged and, often, from extraneous literary sources. Therefore, forecasts and
recommendations based on these models are of an average nature and do not take into
account regional and social specifics.

Mathematical methods in the study of diseases were first applied by D. Bernoulli in
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1760 when analyzing the effectiveness of vaccination against smallpox. In the middle of
the 19th century, a number of researchers used statistical methods to describe the spread
of various diseases. Modern mathematical models in epidemiology originate from the SIR
model developed by W. Kermak and A. McKendrick in 1927 [1]. It involves dividing the
entire population under consideration into Susceptible, Infected and Recovered groups. The
mathematicalmodel of the process is a system of differential or difference equations describing
the change in the size of each of the indicated population groups. The SIR model stops
working if it is necessary to take into account more data, such as: population density in
different regions or different transmission routes [19, 20]. In view of the shortcomings, the
SIR model was repeatedly refined, because of which a whole family of models appeared on
its basis: SIRS, SEIR, SIS, MSEIR.

There are also a number of models where the differentiation of the diseased is carried out,
i.e. among the infected, groups of easily sick, seriously ill, etc. are distinguished, and a group
of deceased is added [3–10].

In this work, the SEIR-D model is used, where the population is divided into 5 groups.
The population of deaths from infection (D) is added to the four base SEIR populations.
This choice of the model is based on the fact that the COVID-19 disease has a rather long
incubation period (5-14 days), where the infected person does not show any symptoms for a
long time, while being the carrier of this disease. Also, the choice of a model is determined
by the available data. The study was carried out on the basis of official data on the current
state of the health care system and the measures taken to protect human health.

Thus in the article [11] the authors conducted a sensitivity-based identifiability analysis
for various models of the spread of the COVID-19 pandemic. This analysis made it possible
to determine the most and least sensitive parameters to data changes. The authors, using
the methods to solve the inverse problem, described the main trends in the spread of the
virus. The more precise results and deeper investigation was made in [12] by using stochastic
methods for solving the inverse problems of mathematical models SEIR-HCD and SEIR-D
for forecasting of COVID-19 spread in Moscow and Novosibirsk region.

The authors of [13] solved the inverse problem to simulate the spread of COVID-19 in
Bulgaria using the SEIR mathematical model, presenting a two-week forecast of the number
of new infections, active cases and recovered people. While in [14], the authors, using the
SIR model, investigated the spread of coronavirus infection in different countries, such as the
USA, Italy, China, India and others. In addition, to calculate the dynamics of COVID-19
in Brazil, the author [15] used a stochastic differential equation (SDE) corresponding to the
nonlinear Fokker-Planck equation. In the article [16], a semi-supervised neural network is
used to study the solution of differential equations for various parameters of modeling the
evolution of COVID-19 propagation and its initial conditions, and then methods of solving
inverse problems for evaluating the optimal conditions corresponding to statistical data.

This paper clarifies the coefficients of the transition from one group to another by solving
the inverse problem using data on the number of registered infected, recovered and died.
After that, the direct problem is solved and the scenario of the development of the epidemic is
calculated. It should be noted that the model does not take into account climatic conditions,
seasonal diseases, population growth and age characteristics.
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2.2 The statement of the problem

Within the framework of the SEIR-D model is considered a system of 5 nonlinear common
differential equations for the time section t ∈ [t0, T ] [21]. The models take into account the
current incubation period of the disease. This is achieved at the expense of the second group
of populations - contacted or exposed. Thus, in the process of infection, the susceptible to
the disease, the person first turns out to be contagious and only then becomes infected. Yet
the infected either recovers or expects a lethal case. So infected without symptoms can occur
in a group with healthy, not even knowing about their disease. What happens to groups of
healthy individuals is that they have a risk of being susceptible to disease Fig. 2.

Figure 2: Scheme of mathematical model SEIR-D
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∂R

∂t
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∂D

∂t
= μI(t)).

(1)

where S – susceptible individuals, E – infected individuals without symptoms, I – infected
individuals with symptoms, R – recovered individuals, D – deaths among the population,
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N – whole population. Description of the model parameters and their average values are
presented in the Table 1.

Initial data:

S(t0) = S0;E(t0) = E0; I(t0) = I0;R(t0) = R0;D(t0) = D0. (2)

Table 1: The model parameters and their average values
Parameter Description Average value
αE Infection rate between asymptomatic and susceptible

populations (αE >> αI)
0.65

αI Infection parameter between infected and susceptible
populations associated with viral contagiousness and so-
cial factors

0.005

γ Reinfection rate. This parameter is the reciprocal of the
level of immunity of the virus (0 - stable immunity)

0

k Frequency of symptom onset in open cases, leading to a
shift from asymptomatic to infected population

0.05

ρ Recovery rate of identified cases (cases that are identi-
fied but recover without any symptoms)

0.08

β Recovery rate of infected cases 0.1
μ Mortality rate of infected cases 0.02

2.3 The statement of the inverse problem

Suppose we know measurements of 3 functions at fixed times:

I(tk) = fk;R(tk) = gk;D(tk) = wk, tk ∈ (t0, T ), k = 1, ldots,K. (3)

here fk – number of registered patients per day k, gk – number of recovered patients per day
k, wk – number of deaths from COVID-19 per day k, K – number of days in the period under
consideration [19]. The unknown parameters are: q = (αE, αI , k, ρ, β). Inverse problem 1 –
3 consists in determining the vector of parameters q from additional statistical information
The inverse problem is reduced to the problem of minimizing the target functional:

J(q) =
K∑
k=1

[(I(tk; q)− fk)
2 + (R(tk; q)− gk)

2 + (D(tk; q)− wk)
2] (4)

The optimization problem was solved by a stochastic global optimization algorithm based
on solving simple evolutionary problems from biology. This method is called the differential
evolution algorithm.
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2.4 Differential evolution algorithm

Differential Evolution (DE), a class of evolutionary algorithms, was first proposed by Rainer
Storn and Kenneth Price in 1995 [22–25]. The algorithm is simple to implement, but also very
efficient as a meta-heuristic algorithm based on the use of populations [26]. The algorithm is
easy to use, requires several control parameters, and has the characteristics of fast convergence
[25]. Due to these advantages, it presents a wide range of case studies in various fields such
as acoustics, biology, materials science, mechanics, medical imaging, optics, mathematics,
physics, seismology, economics, etc.

The differential evolution algorithm is as follows:

1. Generation. Create an initial population of target parameter vectors qi,G =
(q1i,G, q

2
i,G, q

3
i,G), i = 1, . . . , Np, where Np population size, G denotes the current gen-

eration. Here q1i,G = α1i,G , q
2
i,G = α2i,G , q

3
i,G = pi,G. The algorithm is generated by a ran-

domly generated population in a predefined search space, taking into account the upper
(u-index) and the lower (l-index) boundaries of each parameter qji,G ∈ [qjl , q

j
u], j = 1, 2, 3.

2. Choosing a stopping criterion. Choosing a stop parameter εstop for the functional
and the maximum number of iterations Gmax. If J(qi,G) < εstop for any i = 1, . . . , Np
or G = Gmax, then the iterations are stopped and i is selected with the smallest value
of the functional J(qi,G). Otherwise, go to step (3).

3. Mutation. At each iteration, the algorithm generates a new generation of vectors by
randomly combining vectors from the previous generation. For every new generation
(G + 1) vector from a given target vector qi from the old generation (G) algorithm
randomly selects three vectors q(r1, G), q(r2, G) and q(r3, G) such that i, r1, r2, r3 are
different and create a donor vector

vi,G+1 = qr1,G + F (qr2,G − qr3,G);F ∈ [0, 2] - differential weight

4. Crossing. A trial vector is created ui,G from the elements of the target vector qi,G and
donor vector vi,G+1 with Cr ∈ [0, 1] probability using the formula

u2i,G+1 =

⎧⎪⎨⎪⎩
vji,G+1, if randi ,j ≤ CR or j = jrand ,

qji,G, othewise
j = 1, 2, 3.

Here randi,j is a uniformly distributed random variable in the range [0, 1), jrand –
a randomly selected integer in a range [1, 3], to ensure that the trial vector does not
duplicate the target vector.

5. Selection. The vector obtained after crossing is a trial vector. If it turns out to be
better than the base vector, then in the new generation the base vector is replaced with
a trial one, otherwise the base vector is saved in the new generation. Choosing the next
generation as:
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qi,G+1 =

⎧⎪⎨⎪⎩
ui,G+1, J(ui,G+1) ≤ J(qi,G),

qji,G, othewise
i = 1, . . . , Np.

and go to step (2) until G+ 1 < Gmax.

3 Results and discussion

Consider the period of time from the moment of the lifting of strict quarantine measures
in Kazakhstan and the moment when the Ministry of Health of the Republic of Kazakhstan
(MH) calculated the statistics of cases of COVID-19 and pneumonia separately, i.e. from July
8, 2020. Data from official resources on coronavirus in Kazakhstan were used to compare
with the restored function of registered infected and recovered individuals (Fig. 3).

For two weeks period from 07/08/2020, computational work was carried out to restore
the parameters of the SEIR-D model and a simulation was built. That in Figure 3, you can
see that the reconstructed graph of the infected completely coincides with the official data
(blue line and asterisks).

Figure 3: Comparison of model data on infected, recovered and deaths with actually regis-
tered cases in the two weeks period from 07/08/2020. Plot of simulated infected, recovered
and deceased individuals due to the restored parameters - blue, green and red solid lines,
respectively. Plot of registered infected, recovered and deceased individuals - blue asterisks,
green rounds, and red diamonds, respectively.

The data on the recovered differ from the modeled data (green line and round circles in
Fig. 3), since there are infected individuals who did not go to hospitals, clinics and ambu-
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lances, but recovered. The same applies to lethal cases of the disease (red line and diamonds
in Fig. 3).

Since the method justified itself and showed more than plausible simulation results similar
to real data, a forecast was made for the four weeks period from 07/08/2020 (Fig. 4).

Figure 4: Forecast and comparison of model data on infected, recovered and deaths with
actually registered cases in the four weeks period from 07/08/2020. Plot of simulated infected,
recovered and deceased individuals due to the restored parameters - blue, green and red solid
lines, respectively. Plot of registered infected, recovered and deceased individuals - blue
asterisks, green rounds, and red diamonds, respectively.

According to the forecast data, modeled according to the reconstructed parameters of the
SEIR-D model, by August 08, 2020, the number of infected individuals was 109, 176. Thus,
the forecast was modeled for a period of up to six months. (Fig. 5).

Based on simulated data, it is projected that within six months the number of infected
individuals in Kazakhstan would be 982,010. However, according to the line of the infected
graph, it can be seen that the peak of infectivity has not yet been reached, in which case,
further, the forecast was built for a year from the start of modeling from 07/08/2020 (Fig. 6).

Fig. 6 shows that the peak of infection occurs on February 13,2021 with 1,093,411 in-
fected individuals, and then there is a decline, since the characteristic of the epidemic is its
completion. So by 07/08/2021, it is expected to decrease to 343,565 infected individuals.

The predicted values for those infected, recovered and died for six months and one year
period from 07/08/2020 are given in Table 2.
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Figure 5: Forecast and comparison of model data on infected, recovered and deaths with
actually registered cases in the six months period. Plot of simulated infected, recovered
and deceased individuals due to the restored parameters - blue, green and red solid lines,
respectively. Plot of registered infected, recovered and deceased individuals - blue asterisks,
green rounds, and red diamonds, respectively.

Table 2: Forecast values for COVID-19 in Kazakhstan
Six months period One year period

Infected 982010 343565
Recovered 1 948 422 5 798 392
Deceased (pessimistic alignment) 223 039 674 419

4 Conclusion

This study used inverse problem solving methods and a differential evolution algorithm to de-
termine the parameters of the SEIR-D model, which plausibly describes the current situation
with the coronavirus pandemic in Kazakhstan and uses known data on infected, recovered
and deceased individuals.

Thus, due to the identified model and its parameters, a forecast of the spread of COVID-
19 in Kazakhstan for six months / a year was built and the peak of infectiousness was
determined in the period from 07/08/2020. All the results were presented to the country
authorities after which there were included new anti-covid restrictions in the country, that’s
why the modeling results may differ from, known from open sources, statistics.

This method allows you to make calculations for various regions and cities of the country
and determine the moments for toughening or easing quarantine measures.
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Figure 6: Forecast and comparison of model data on infected, recovered and deaths with
actually registered cases in the one-year period. Plot of simulated infected, recovered and
deceased individuals due to the restored parameters - blue, green and red solid lines, respec-
tively. Plot of registered infected, recovered and deceased individuals - blue asterisks, green
rounds, and red diamonds, respectively.
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SIMULATION OF NUCLEATE BOILING BUBBLE BY THE PHASE-FIELD
AND LATTICE BOLTZMANN METHOD.

This article reviews the mathematical and computer modeling of the process of thermal phase
transition in two-phase fluid flows. The nucleate boiling process is investigated in the presence of a
constant heat source on a solid wall. Bubble formation and phase transition are taken into account.
The flow characteristics and temperature distribution during nucleate boiling are obtained. The
results of the numerical study were obtained using a 2D numerical algorithm implemented on the
basis of the D2Q9 model of the Lattice Boltzmann method (LBM-Lattice Boltzmann method)
and the phase field method. The calculations show that first the nucleation of a bubble is formed,
then the bubble grows, breaks away from the boundary with the heat source, then, rising upward,
undergoes deformation under the action of buoyancy forces. The effect of gravity and surface
wettability on the bubble diameter during ascent is also numerically investigated. The results
obtained are in good agreement with the experimental and numerical results of other authors.
Key words:Nucleate boiling, phase- field method,pool boiling, interface capturing, Lattice
Boltzmann method, Cahn-Hilliard equation.
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Сұйықтың буға айналу процессiн фазалық өрiс пен Больцман торлық теңдеу әдiсi

бойынша моделдеу.

Берiлген мақалада сұйықтықты екi фазалы ағындарындағы жылу фазасының ауысу про-
цесiн математикалық және компьютерлiк модельдеу қарастырылған. Қатты қабырғада
тұрақты жылу көзi болған кездегi, тамшының буға айналу процесi зерттелiнедi. Көпiршiктiң
пайда болуы және фазалық ауысу ескерiледi. Тамшының қайнау кезiндегi пайда болатын
ағын сипаттамалары мен температураның таралуы алынды.
Сандық зерттеудiң нәтижелерi (LBM- Lattice Boltzmann method) Больцман торлық теңдеуi
әдiсiнiң, D2Q9 моделi мен фазалық өрiс әдiсi негiзiнде жүзеге асырылған 2D сандық алгорит-
мiнiң көмегiмен жүзеге асырылды. Есептеулер көрсеткендей, алдымен көпiршiк пайда бола-
ды, содан кейiн көпiршiк өседi, сосын жылу көзiнiң әсерiнен шекарадан арылады, содан кейiн
жоғары көтерiлiп, керi итеру күшiнiң әсерiнен деформацияға ұшырайды. Көтерiлу кезiнде
ауырлық күшi мен беттiк керiлу күшiнiң көпiршiк диаметрiне әсерi де сандық зерттелген.
Алынған нәтижелер басқа авторлардың эксперименталды және сандық нәтижелерiмен са-
лыстырыла отырып, жақсы сәйкестiк көрсеткенiн айтуға болады.
Түйiн сөздер: Буға айналу, фазалық өрiс әдiсi, жылу беру, фазалық таралу, Больцман
торлық теңдеуi әдiсi, Кан- Хиллиард теңдеуi.

Б.А. Сатенова∗, Д.Б. Жакебаев, О.Л. Каруна
Казахский национальный университет имени аль-Фараби, Казахстан, г. Алматы

∗e-mail: satenova.bekzat89@gmail.com
Моделирование процесса испарения жидкости методом фазого поля и решеточного

уравнения Больцмана.

c© 2021 Al-Farabi Kazakh National University



108 Simulation of nucleate pool boiling . . .

В данной статье рассматривается математическое и компьютерное моделирование процес-
са теплового фазового перехода в потоках двухфазной жидкости. Исследуется процесс
пузырькового кипения при наличии постоянного теплового источника на твердой стенке.
Учитывается образование пузырьков и фазовый переход. Получены характеристики потока
и распределение температуры в процессе пузырькового кипения. Результаты численного
исследования получены с помощью использования 2D численного алгоритма, реализуемого
на базе D2Q9 модели метода решеточных уравнений Больцмана (LBM) и метода фазового
поля. Проведенные расчеты показывают, что сначала образуется зарождение пузырька,
затем пузырь растет, отрывается от границы с источником тепла, затем, поднимаясь вверх,
претерпевает деформацию под действием сил плавучести. Также численно исследовано
влияние силы тяжести и смачиваемости поверхности на диаметр пузырька при всплытии.
Полученные результаты имеют хорошее согласование с экспериментальными и численными
результатами других авторов.

Ключевые слова: Испарение, фазовый переход, теплопередача, метод фазового поля, метод
решеточного уравнения Больцмана, уравнение Кана-Хиллиарда.

1 Introduction

Thermal multiphase flows are widely used in various natural phenomena and industrial fields,
from energy conversion in nuclear reactors to cooling of microelectronic devices. Over the past
decades, various methods of direct numerical simulation of multiphase thermal flows have
been presented. Despite the growing number of studies on two-phase multicomponent flows,
direct modeling of two-phase flows with dynamic interfaces remains a challenge. The main
difficulties are associated with the need to simultaneously take into account many effects,
such as interfacial mass transfer, latent heat and surface tension, in accordance with the
laws of conservation of mass, momentum and energy. One of the most important problems
encountered in multiphase flow modeling is interface tracking, which can demonstrate the
unsteady morphology of interface dynamics. The most commonly used numerical models for
interface tracking can be divided into two categories: sharp interface methods such as the
volume of fluid (VOF) method [1,11], interface tracking [2], immersed boundary method, and
diffuse interface methods, such as, the level set method [3] and the phase field method [4].
In recent years, the lattice Boltzmann method (LBM) based on the molecular kinetic theory
has attracted a lot of scientific attention and has become widely used for modeling complex
multiphase systems due to its generality, ease of implementation and computational efficiency
[5, 6]. This is a mesoscopic method based on the discretization of the Boltzmann equation.
In particular, several LBM thermal models have been successfully developed for multiphase
and multicomponent flows, mainly including Shan-Chen pseudopotential model [7], He et al.
model [8], the Rothmann Keller color model [9], Swift et al. free energy model [10] and phase
field based LBE model [12]. Among them, the color model and the pseudopotential model do
not explicitly describe the evolution of the phase interface, where the interactions between
liquid and vapor are modeled using a pseudopotential parameter that depends on the density,
and the interfaces between different phases arise due to the interaction force between liquid
and gas particles. Deformation, displacement, destruction and merging of phase interfaces
occurs automatically, without using any special methods to track or capture the interfaces.
In the model of He et al., mobility is related to density, but physics of interface capturing
equation is not accurate. In contrast, the free energy model, which describes phase separation
by the van der Waals equation of state, has wide application. However, it lacks Galilean
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invariance, because of this, terms appear that are not related to the Navier - Stokes equation.
Whereas, phase field models are capable of calculating topological changes such as splitting
and merging, and thus are successfully applied to multiphase fluid flows involving large
interface deformations. The phase field model describes the interface in terms of the mixing
energy, which can be described using the Cahn-Hilliard equation. The energy description
of the phase field model provides a unified set of thermodynamically consistent systems of
basic equations for the two phases, which can be discretized on a fixed grid within the Euler
approach. This model can also be used to simulate heat transfer during liquid-vapor phase
transition. To this end, several hybrid two-dimensional LBM models have been proposed
[13–16], in which the original terms are added to the corresponding Can-Hilliard equation
and the thermal LB equation to determine the phase transition and latent heat, respectively.
In this paper, we develop a mathematical model for simulation of liquid- vapor phase- change
heat transfer problem based on the solution of Navier-Stokes equations, temperature equation
and the convective Cana-Hilliard equation. The numerical model is built on the basis of the
LBM using the D2Q9 model. The accuracy and efficiency of the existing method have been
tested by solving the problem of droplet evaporation in a liquid medium. In addition, the
effects of the gravity on the bubble diameter is numerically investigated. We demonstrate
that the results obtained by this approach are in good agreement with other theoretical
predictions.

1.1 Mathematical modeling

The investigated problem is considered in a limited area in the form of a rectangle. The
dynamic behavior of a bubble on a heated wall is shown in Figure 1. The heat source is
placed at the bottom of the rectangle.

Figure 1: Computational domain of nucleate boiling bubble
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The Governing equation for the thermal two-phase flows with phase change consist of the
continuity equation, the momentum equation for the mixture, the equation for temperature,
and the convection Cahn-Hilliard equation:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∇u = Q,
∂(ρu)

∂t
+∇(ρuu) = −∇p+∇[η(∇u+∇uT )] + Fs + Fb,

∂(ci)

∂t
+∇(ciu) = ∇(Mi∇μi) +Qi, i = 1, 2

∂(T )

∂t
+∇(uT ) = ∇(α∇T ) +QT ,

(1)

where u - is the velocity components, p- is the pressure, ρ- is the density, ρ1, ρ2- are the
densities of fluid and vapor respectively, T - is the temperature, η- is the dynamic viscosity,
ci - is the phase field,g - is the gravitational acceleration, Mi - is the mobility, μi- is the
mobility , F = Fs + Fb =

∑2
i=1 μi∇ci + ρg - is the summation of interface force and body

force, Q =
1

ρ01
Q1 +

1

ρ02
Q2 - is the heat flux of liquid and vapor components, Q1 = −Q2 =

−1

ρ

k∇T 2

HV opVV op

- is the mass flux due to liquid- vapor phase transition, where k- is the thermal

conductivity, α =
k

ρcp
- is the diffusion, HV op = (−ΔH)- is the latent heat of evaporation

,QT = −HV opR2c2
ρcp

- is the heat flux, due to evaporation, cp- is the specific heat capacity.

To distinguish the region of space occupied by liquid and gas phases are used an order
parameter c:

c =

{
c1 liquid
c2 gas

For a system of a two-phase medium consisting of a gas and a liquid, the Landau free
energy function F is defined as:

F = (−→c ,∇−→c ) =
∫
V

[Ψ(−→c ) +
2∑
i,j

λij
2
∇cicj]dV, (2)

where Ψ(c) =
∑2

i,j βij[g(ci)−g(cj)−g(ci+cj)] – is the bulk free- energy density, c = (c1, c2)
- is the order of parameter, which consists from gas and liquid c1 + c2 = 1

For the isothermal system represented as:

g(c) = c2(1− c)2

The variation of the free-energy function F with respect to the order parameter c yields the
chemical potential μi as:
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μi = μ0,i −
2∑
j

λij∇2cj

Where the bulk free energy μ0,i =
∑2

i,j 2βj[g(ci)− g(cj)− g(ci + cj)] ,λij = −3D

4
,βij =

3

D
σij

- are the constant related from interfacial thickness and surface tension force, σij = σji - is
the surface tension formed between liquid i and gas j,D - is the interfacial thickness.

The system of equation (1) has following initial and boundary conditions:
Initial conditions:
u = v = 0, T = Tsat, c1 = 1, c2 = 0
Boundary conditions:
At the bottom wall (y = 0):

u = v = 0, T = Th, x =
Lx

2
,
∂c1
∂y

=
∂c2
∂y

= 0

At the inlet and outlet walls (x = 0, x = Lx):
The periodic boundary conditions are applied for u, v, T, c1, c2
At the top wall (y = Ly):

u = v = 0,
∂T

∂y
= 0,

∂c1
∂y

=
∂c2
∂y

= 0

2 Phase field model for two-phase gas and liquid systems

The time dependence of the order parameter ci given by the following advective Cahn-Hilliard
equation to describe each phase:

⎧⎪⎨⎪⎩
∂c1
∂t

+∇(c1u) = ∇(M1∇μ1) +Q1

∂c2
∂t

+∇(c2u) = ∇(M2∇μ2) +Q2

(3)

When c(l)1 → c
(g)
2 ⇒ Q1 = −Q2, Q2 =

1

ρ02
R2ρ2 =

1

ρ02
R2c2ρ

0
2,

where R2 =
ρ2
ρ
– is the vapor velocity at the interface due to evaporation.

For the heat transfer process, the intensity of the heat flux is determined by

qT = −k∇T
To find the fraction of evaporated liquid into vapor, we equate the heat for converting the

liquid into vapor by the intensity of the heat flux.
The heat spent on the transformation of liquid into vapor is determined by

qV = qT ⇒ HV opm = −k∇T
After equating, the flux of mass evaporating at the interface can be estimated from the

heat-conducting as flowing:

m = −k∇T
HV op
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on the other hand
m = ρV VV op = ρ2VV op

Next, we get the density of the bubble in the volume of the liquid due to heat.

ρ2 = − k∇T
HV opVV op

where VV op =
1

6
πd3 is the volume of the bubble„ d is the diameter of the bubble.

At least, the vapor velocity at the interface due to evaporation defined as:

R2 = −1

ρ

k∇T
HV opVV op

The volume fraction of the component ci is defined as the ratio of the volume of the i
component to the total volume of the mixture:

2∑
i

ci = 1

ρi = ciρ
0
i

where ρ0i - is the physical density of components.
The density of the mixture ρ is defined by law

ρ =
2∑

i=1

ρi

3 Numerical method

The numerical solution in this work is based on the D2Q9 model of the Lattice Boltzmann
method. The two dimensional Lattice Boltzmann equation in the Batnagar-Gross-Krook
(BGK) approximation can be written as The two-dimensional LB equation for continuity,
momentum and energy equations can be described as:

fi(
−→x +−→e iΔt, t+Δt)− fi(

−→x , t) = −Δt

τf
(fi(

−→x , t)− f eq
i (−→x , t)) + (1− Δt

2τf
)FiΔt (4)

The interface capturing is modeled by a convective Chan–Hilliard equation and the
corresponding two-dimensional LB equation follows as:

gmi (
−→x +−→e iΔt, t+Δt)− gmi (

−→x , t) = −Δt

τc
(gmi (

−→x , t)− gm,eq
i (−→x , t)) + (1− Δt

2τc
)Qm (5)
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hi(
−→x +−→e iΔt, t+Δt)− hi(

−→x , t) = −Δt

τT
(hi(

−→x , t)− heqi (−→x , t)) + (1− Δt

2τT
)QT (6)

where m = 1, 2 - liquid and gas components, fi, gmi , hi - are the velocity, phase- field and
energy distribution functions respectively, ei - is the discrete lattice velocity,

τf =
1

2
+ c1(τl − 1

2
)+ c2(τg − 1

2
),τc = 1,τT =

1

2
+ c1(τlT − 1

2
)+ c2(τgT − 1

2
) - are the relaxation

times,Fi- is the external force, Qm,QT are the fluxes, Δt - is a time step, f eq
i ,g

m,eq
i ,heqi - are

equilibrium distribution functions for velocity,phase- field and energy respectively.
The equilibrium distribution functions can be written as: [17]:

f eq
i =

⎧⎨⎩
p−∑

i 
=0 f
eq
i , i = 0

ωiρ(1 +
cmμm

ρc2s
+
eiαuα
c2s

+
uαuβ(eiαeiβ − c2sσαβ)

2c2s
), i 	= 0

(7)

gm,eq
i =

⎧⎨⎩
cm −∑

i 
=0 g
m,eq
i , i = 0

ωi(
Γmμm

c2s
+
cmeiαuα
c2s

+
cmuαuβ(eiαeiβ − c2sσαβ)

2c2s
), i 	= 0

(8)

heqi = ωiT (1 + 3eiu) (9)

where c2s = RT - is the speed of sound, R- is the universal gas constant, Γm- is a constant
controlling the strength of mobility, σαβ- is the Kronecker delta.
The discrete velocity set of D2Q9 model is given by

eix = (0, 1, 1, 0,−1,−1,−1, 0, 1)c

eiy = (0, 0, 1, 1, 1, 0,−1,−1,−1)c

The values of weight coefficients are taken as:

ωi =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

4

9
, i = 0,

1

9
, i = 1− 4,

1

36
, i = 5− 8,

(10)

The external force in the LB model proposed by Guo et al. [18] is used in this paper.
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Fi = ωi(1− Δt

2τf
)[(

−→e i −−→u )
c2s

+
−→e i(

−→e i
−→u )

c4s
]
−→
F (11)

where the force F is given by
−→
F =

−→
F s +

−→
F b.

The fluxes Qm, QT in the LB model proposed by Seta et al. [19] are defined as:

Qm = ωi(1− 2

τc
)qm

QT = ωi(1− 2

τT
)qT

The evolution equation is consists of two steps, collision and streaming

f ∗
i (
−→x , t) = fi(

−→x , t) + Δt(−fi(
−→x , t)− f eq

i (−→x , t)
τf

+ Fi)

gm,∗
i (−→x , t) = gmi (

−→x , t) + Δt(−g
m
i (

−→x , t)− gm,eq
i (−→x , t)

τc
) + ΔtQm

h∗i (
−→x , t) = hi(

−→x , t) + Δt(−hi(
−→x , t)− heqi (−→x , t)

τh
) + ΔtQT (12)

fi(
−→x +−→e iΔt, t+Δt) = f ∗

i (
−→x , t)

gmi (
−→x +−→e iΔt, t+Δt) = gm,∗

i (−→x , t)
hi(

−→x +−→e iΔt, t+Δt) = h∗i (
−→x , t) (13)

The macroscopic dimensionless density, phase filed and temperature are calculated by:

ρ =
8∑

i=0

fi, ρu =
8∑

i=0

fi
−→e i +

Δt

2

−→
F , T =

8∑
i=0

ḡmi +
QTΔt

2
, cm =

8∑
i=0

hi +
QmΔt

2
(14)

The second-order central difference is used to approximate the directional derivatives in
ei direction as:

∂2c

∂x2
=

1

3(Δx)2
[

9∑
i=2

c(x+ eiΔx)− 8c(x)]

The implementations of boundary conditions for each velocity distribution functions are
as follows:

Zero velocity condition for all walls

fi(
−→x w, t+Δt) = f−i(

−→x w, t+Δt),−→e i · −→n > 0, (15)
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Where the phase and temperature are constant, the boundary conditions for the
distribution functions are chosen as follows:

gmi (
−→x w, t+Δt) = g−im(

−→x w, t+Δt) + 2ωicw,
−→e i · −→n > 0,

hi(
−→x w, t+Δt) = h−i(

−→x w, t+Δt) + 2ωiTw,
−→e i · −→n > 0, (16)

where cw и Tw are the wall phase and temperature, respectively.
The Neumann boundary condition are used for temperature and phase – field distribution

functions

gmi (
−→x w, t+Δt) = g−im(

−→x w, t+Δt),−→e i · −→n > 0,

hi(
−→x w, t+Δt) = h−i(

−→x w, t+Δt),−→e i · −→n > 0, (17)

4 Results and discussions

To verify the developed model for two-phase flow phase-change simulations, a two-dimensional
Poiseuille problem was solved channel.

Analytical solutions of velocity and temperature fields are calculated as: [20]

uexact(y) = umax(1− y2

L2
).

Texact(y) = Tbot(
Ttop− Tbot

H
)y +

1

3
Pru2max[1− (

2y

H
− 1)4].

A comparison of velocity and temperature profiles of analytical solutions and numerical
ones has been made, for Pr = 0.7(air) at different time step, as shown in Figures 2 and 3.
It is clearly seen that the numerical results are in excellent agreement with the analytical
solution.

In order to assess the validity of the model for two-dimensional (2D) problems, the
simulation of a single bubble rising in a saturated liquid in a rectangular domain size 128×128
is carried out. The computational domain with L = Lx = Ly = 0.1 is considered.

Grid step and time step are defined as follows:

Δx =
L

Nx

, Δt = 0.01Δx.

We consider a two-phase flow of liquid and vapor with surface tension σ = 0.01 latent

heat HV op = 10
kJ

kg
, mobility M = 1, Γ = 2 and interfacial thickness W = 2.

The physical parameters for the liquid phase properties are set as:

ρl = 200kg/m3,μl = 0.1 Pa*s,cpl = 200 J/(kg*K),kl = 40 W/(m*K),αl =
kl
ρ1cpl

.
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Figure 2: Velocity profile of two-dimensional Poiseuille flow. Comparison between numerical
and analytical solutions at Ttop = 1, Tbot = 0, Pr = 0.7, umax = 0.1.

Figure 3: Temperature profile of two-dimensional Poiseuille flow. Comparison between
numerical and analytical solutions at Ttop = 1, Tbot = 0, Pr = 0.7, umax = 0.1.

The vapor properties taken as follows:

ρg = 5kg/m3,μg = 0.05 Pa*s,cpg = 400 J/(kg*K),kg = 1 W/(m*K), αg =
kg
ρ2cpl

.

Other simulation parameters are determined as: The dimensionless numbers for this
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problem are Reynolds number Re = ρUL/η and Atwood number At =
ρ1 − ρ2
ρ1 + ρ2

At the initial time step, the uniform of temperature Th is established with a constant heat
flux is placed at the central point on the bottom wall for gas phase, while the temperature
for liquid phase fixed to Tsat = 500K.

The required physical parameters are shown in Table 4.

Table 1: LBM parameters for liquid and gas components

LBM parameters Values

maximum velocity Ulbm =
U

cu
where cu =

Δx

Δt
density of a mixture ρlbm = 1
dynamic viscosity ηlbml

= ηl/η,ηlbmg = ηg/η

kinematic viscosity νlbml
=
μl

ρl

Δt

Δx2
,
μg

ρg

Δt

Δx2

density of liquid and gas ρlbml
=
ρl
ρ
, ρlbmg =

ρg
ρ

diffusion coefficients αlbml
= αl

Δt

Δx2
, αlbmg = αg

Δt

Δx2
relaxation coefficients of liquid and gas for temperature τlT = 3αlbml

+ 1/2, τgT = 3αlbmg + 1/2

gravitational acceleration glbm =
g

cg
где cg =

Δx

Δt2

In order to investigate the effect of the gravity, the simulations of pool boiling for various
values of gravitational accelerations are performed. Figure 4 shows the time evolution of
the bubble shape with velocity vectors and temperature distributions for glbm = 0.5. It is
seen that a bubble nucleation is formed at first, and then the bubble grows and leaves the
wall, going up with deformation by the buoyancy. In addition, according to the evolution of
temperature distribution in time, it can be seen that the heat is transmitted up with the
rising bubble. Figure 5 shows the changes in the form of the bubble, depending on the time
when glbm = 0.08. It is seen that the origin of the bubble of oval shape is formed at first. It was
also investigated that the diameter of the bubble decreases with an increasing gravitational
accelerations. When glbm = 0.5 requires a larger number of iterations than with glbm = 0.08
and the bubble form is different.

5 Conclusion

This paper proposed a two-dimensional thermal model LB for two-phase liquid and gas
phases. The method was applied a two-dimensional simulations of nucleate pool boiling with
a definitive heat source on a solid wall. In order to check the adequacy of the developed
implementation model, a test task was solved. Numerical results have good agreement with
the analytical solution. It was found that in preliminary calculations using this method, you
can simulate pool bubble boiling for liquid-vapor systems at different temperatures.Finally,
we obtained that the diameter of the bubble is proportional depend from the acceleration
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t = 5000Δt t = 10000Δt

t = 12000Δt t = 17000Δt

Figure 4: The changes of bubble shapes during nucleate boiling at different time step for
glbm = 0.5.

t = 4000Δt t = 5000Δt

glbm. The effects of the appearance of bubbles, breaking the interface of the phases under the
action of temperature, the bubble floods at the expense of buoyancy forces. The dependence
of the interface of the phases from the intensity of the heat flux, the surface tension and the
buoyancy force are obtained. The velocity of vaporization is calculated.
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t = 6000Δt t = 9000Δt

Figure 5: The changes of bubble shapes during nucleate boiling at different time step for
glbm = 0.08.
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CREATION AND EVALUATION OF THE STRUCTURES GRID IN
CURVILINEAR AREAS

The article concerns methods of a structural curvilinear grid constructing in areas of geometrically
complex shape and its evaluation from the quality point of view. Equidistribution methods based
on differential equations were used to construct the grid at the boundary and inside the region.
The numerical solution of differential equations was realized by the finite difference method. For
the problems of uniform arrangement of grid nodes on the boundary and for the problems of
constructing curved grids inside the region, implicit difference schemes were constructed and
methods of scalar sweep and alternating directions were used. The results of numerical calculations
are obtained and graphs of curved grids are presented for different numbers of grid nodes. The
quality of the grid was studied according to four criteria such as orthogonality, elongation, convexity
and adaptability, which corresponds to the division of the considered area into equal subdomains,
i.e. cells.
Key words: numerical solution, curvilinear area, sweep method, alternating direction method,
partial differential equations, curved mesh, difference schemes.
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Қисықсызықты облыстарда құрылымдық тор құру және оны бағалау

Мақалада геометриялық күрделi пiшiндi облыстарда құрылымды қисықсызықты торды
құру әдiстерi және оны сапа тұрғысынан бағалау қарастырылған. Қисықсызықты облыстың
шекарасында және iшiнде құрылымды тор құру үшiн дифференциалдық теңдеулерге негiз-
делген эквиүлестiрiм әдiстерi қолданылды. Дифференциалдық теңдеулердi сандық шешу
ақырлы айырмдар әдiсiмен жүзеге асырылды. Қисықсызықты шекарада тор тораптарын
бiркелкi орналастыру және облыстың iшiнде қисық сызықты тор құру есептерi үшiн айқын
емес айырымдық схемалар құрылып, сколярлық қуалау және айнымалы бағыттар әдiстерi
қолданылды. Сандық есептеулердiң нәтижелерi алынды және тор тораптарының әртүрлi са-
ны үшiн қисықсызықты торлардың графиктерi келтiрiлдi. Тордың сапасы ортогоналдылық,
созылу, дөңес және қарастырылып отырған облыстың бiрдей бөлiктерге, яғни ұяшықтарға
бөлiнуiне жауап беретiн бейiмделу сияқты төрт критерилер бойынша зерттеулер жүргiзiлдi.
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В статье рассмотрены методы построения структурной криволинейной сетки в областях
геометрически сложной формы и ее оценка с точки зрения качества. Для построения
сетки на границе и внутри области использовались методы эквираспределения, основанные
на дифференциальных уравнениях. Численное решение дифференциальных уравнений
реализовались методом конечных разностей. Для задач равномерного расположения узлов
сетки на границе и для задач построения криволинейных сеток внутри области были
построены неявные разностные схемы и использховались методы сколярной прогонки и
переменных направлений. Получены результаты численных расчетов и приведены графики
криволинейных сеток при различных количествах узлов сетки. Проводились исследование
качество сетки по четырем критериям как ортогональность, вытянутость, выпуклость и
адаптивность которое отвечает разделения рассматирваемой области на равные подобласти,
т.е. ячейки.

Ключевые слова: численное решение, криволинейная область, метод прогонки, метод пере-
менных направлений, уравнения в частных производных, криволинейная сетка, разностные
схемы.

1 Introduction

Modern computers for researchers became an effective tool for mathematical modeling
of complex problems of science and technology. Therefore, nowadays qualitative research
methods are considered of usability in all life spheres, and mathematical modeling is a tool
for research.

In recent years, it is often necessary to consider problems in various fields in complex
geometric areas. The first thing to do for numerical modeling in complex geometric areas is to
sample the physical area, that is to model the physical geometry with the help of a set of cells
of difference grids. It is also possible to qualitatively describe the necessary characteristics of
the physical process under study, even in a small number of well-defined physical area nodes.
It should be noted that the use of uneven grid layouts can lead to the appearance of sources of
non-physical mass and momentum in the calculation schemes, as well as the loss of important
properties inherent in differential equations. Equations written in curvilinear coordinates
have a more complex form than the original equations. Particularly, they contain coefficients
of variables, additional components, non-zero right parts, etc. Therefore, the question of
approximation of equations in curvilinear grids occurs relevant and requires careful attention.
Moreover, the requirements for difference grids lead to a complex mathematical problem of
grid construction.

The work on the creation of structural curvilinear grids in complex geometric areas is
considered in the works of many domestic and foreign scientists. The uniform arrangement
of grids along the curve is described in detail in [1-3] works. It is widely considered in the
work on the construction of the grid by the elliptical method [1, 4-6] in the inner regions.
Methods of evaluation the created grids by different criteria are given in [1, 7].

2 Grid in curvilinear areas

In this paper, the method of creating a curvilinear lattice ∂D in a connected area D with a
curvilinear boundary is considered (Fig. 1 (a)).

Border interpolation is carried out to ensure continuity and monotony of boundary points.
In the research, first, the ways of uniform placement of grids within the boundaries of
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the curvilinear region, secondly, the creation of a grid with a mutually orthogonal structure
within the region and the assessment of the created curvilinear grids are considered.

Since the physical region under consideration is complex and has a curvilinear boundary,
we use differential methods to create curvilinear grids.

The physical region in the coordinate system (x, y) is carried out by the method of drawing
to the computational area in the coordinate system (ξ, η) (Fig. 1).

a) b)

Figure 1: A related domain a) and the computational area b)

Creating the grid in a one-dimensional area starts with creation of the grid within it is
boundaries. Since the boundary is not monotonous, the boundary is described by the given
parametric form.

x = f 1(p), y = f 2(p), 0 ≤ p ≤ 1 (1)

where l – the length of the border.
To create a grid at the boundary, we use the method of one-dimensional equivalence, it

means that the differential equation is given by [1]:

∂

∂ξ

(
ϑ(p)

∂p

∂ξ

)
= 0, ξ ∈ (0, 1), p(0) = 0, p(1) = l (2)

where ϑ(p) =
√(

∂f1(p)
∂p

)2

+
(

∂f2(p)
∂p

)2

> 0, p ∈ [0, l].

To create a grid at a related plane, let us use the following equation of the method of
equivalence with the assumption that the search coordinate system is orthogonal [1]:

∂

∂ξ

(
g22

∂−→x
∂ξ

)
+

∂

∂η

(
g11

∂−→x
∂η

)
= 0 (3)
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here −→x = (x, y) – the coordinates of the physical area, g11 = x2ξ + y2ξ , g22 = x2η + y2η – the
components of the metric tensor.

To create the grid on the boundary of the computational area let us solve problem (1)
– (3) by the method of the finite-difference schemes. The finite-difference scheme for (2) is
written as follows:

1

h1

(
ϑi+1/2

pi+1 − pi
h1

+ ϑi−1/2
pi − pi−1

h1

)
= 0, p1 = 0, pn = l, i = 2, n1 − 1 (4)

where

ϑi+1/2 =

√(
f 1(pi+1)− f 1(pi)

pi+1 − pi

)2

+

(
f 2(pi+1)− f 2(pi)

pi+1 − pi

)2

If the boundary of the region Ak(xk, yk) (k = 1, . . . ,M), (xk, yk) ∈ Γl (l = 1, 2) is given,
then the extension of the point set is determined as follows:

l1 = 0; lk =
k∑

i=2

√
(xi − xi−1)2 + (yi − yi−1)2, k = 2, . . . ,M

If pi ∈ [lk, lk+1] then the parametric equation for determining the coordinates of the
boundary nodes in linear interpolation is as follows

f 1(pi) = xk +
xk+1 − xk
lk+1 − lk

(pi − lk)

f 2(pi) = yk +
yk+1 − yk
lk+1 − lk

(pi − lk)
(5)

The resulting finite-difference problem (4) is solved by the following iterative method.As
an initial approximation p0i , we obtain a uniform grid from the part [0, l]. Let us suppose at
the n-th iteration a grid pni is constructed. In the grid we obtain

ϑi+1/2 =

√(
f 1(pi+1)− f 1(pi)

pi+1 − pi

)2

+

(
f 2(pi+1)− f 2(pi)

pi+1 − pi

)2

and using it we obtain the next approximations. The following linear problem is solved:

1

h1

(
ϑn
i+1/2

pn+1
i+1 − pn+1

i

h1
+ ϑn

i−1/2

pn+1
i − pn+1

i−1

h1

)
= 0,

pn+1
1 = 0, pn+1

ni
= l, i = 2, . . . , n1 − 1.

(6)

The iterative process continues to a given accuracy, it means that until the following
conditions are met:

max
1≤i≤n1

|pn+1
i − pni | ≤ ε
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a) b)

Figure 2: Evenly spaced grid nodes a) (20× 20) and b) (50× 50)

Based on the results of the last iterative approximation, the coordinates of the nodes at
the boundaries of the physical region are calculated using (5).

Fig. 2 shows the results of the calculation of the difference between (6) and (5) evenly
spaced at the boundary for a) 20× 20 and b) 50× 50 grid nodes.

Now we consider the difference problem of equation (3) to find the coordinates of the
nodes within the area. The last finite-difference scheme has the following form:

Λ11
−→x i,j + Λ22

−→x i,j = 0 (7)

where

Λ11
−→x i,j =

1

h1

(
g22,i+1/2,j

−→x i+1,j −−→x i,j

h1
− g22,i−1/2,j

−→x i,j −−→x i−1,j

h1

)
Λ22

−→x i,j =
1

h2

(
g11,i,j+1/2

−→x i,j+1 −−→x i,j

h2
− g11,i,j−1/2

−→x i,j −−→x i,j−1

h2

)
.

Central differences in integer nodes were used to identify metric tensor components.

xξ,i,j =
xi+1,j − xi−1,j

2h1
, xη,i,j =

xi,j+1 − xi,j−1

2h2

yξ,i,j =
yi+1,j − yi−1,j

2h1
, yη,i,j =

yi,j+1 − yi,j−1

2h2

g11,i,j = x2ξ,i,j + y2ξ,i,j, g22,i,j = x2η,i,j + y2η,i,j

The cells are averaged in the middle of the pages as follows:

g11,i+1/2,j =
g11,i+1,j + g11,i,jj

2
, g11,i−1/2,j =

g11,i,j + g11,i−1,j

2
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The remaining coefficients are determined similarly. To find the numerical solution of
equation (7), the method of alternating directions was used, considering the solutions of
equation (6) as a boundary condition. Methodological calculations for the construction of
curved grids using the method described above are considered for grids of different number
of nodes. Fig. 3 and Fig. 4 show the results of the curvilinear grids.

Figure 3: The curvilinear grid 20×20 Figure 4: The curvilinear grid 50×50

a) b)

Figure 5: Triangulation of cells

It is not enough to check the quality of the created curved grids only by visual inspection.
This is due to unnoticeable non-convex or crossed nodes potential occurrence during mesh
nodes multiplication. Therefore, as considered in [1] let us consider four types of criteria for
the assessment of grid networks: orthogonal, local uniformity, non-convex and convex of the
formed network. Let us give a number to each grid as is shown at Fig. 6.
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Figure 6: Convexity criterion estimation graph for the created curvilinear grid

Each grid cell is considered and divided into triangles diagonally. The following values are
responsible for the convexity criterion estimation:

Q1
i,j =

min
{
S(i,j),(i+1,j),(i+1,j+1), S(i,j),(i,j+1),(i+1,j+1), S(i,j),(i+1,j),(i,j+1), S(i+1,j),(i,j+1),(i+1,j+1)

}
0.5(S(i,j),(i+1,j),(i+1,j+1) + S(i,j),(i,j+1),(i+1,j+1))

(8)

where

S(i,j),(i+1,j),(i+1,j+1) =
1

2
[(xi+1,j − xi,j)(yi+1,j+1 − yi,j)− (xi+1,j+1 − xi,j)(yi+1,j − yi,j)]

S(i,j),(i,j+1),(i+1,j+1) =
1

2
[(xi+1,j+1 − xi,j)(yi,j+1 − yi,j)− (xi,j+1 − xi,j)(yi+1,j+1 − yi,j)]

S(i,j),(i+1,j),(i,j+1) =
1

2
[(xi+1,j − xi,j)(yi,j+1 − yi,j)− (xi,j+1 − xi,j)(yi+1,j − yi,j)]

S(i+1,j),(i,j+1),(i+1,j+1) =
1

2
[(xi+1,j+1 − xi+1,j)(yi,j+1 − yi,j)− (xi,j+1 − xi+1,j)(yi+1,j+1 − yi+1,j)]

the area of the corresponding triangles formed by the diagonals. The value of Q1
i,j may lie in

(−∞, 1], for convex cells is 0 < Q1
i,j ≤ 1, for triangular and intersecting cells is −∞ < Q1

i,j ≤
0.

The next evaluation criterion is orthogonality. To determine the value of the orthogonality
criterion, let apply the sine angle to the minimum value as follows:

Q2
i,j = min

k=(i,j),(i+1,j),(i,j+1),(i+1,j+1)
{sinϕk} (9)

where

sinϕi,j =
2S(i,j),(i+1,j),(i,j+1)

l(i,j),(i+1,j)l(i,j),(i,j+1)
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sinϕi+1,j =
2S(i,j),(i+1,j),(i+1,j+1)

l(i,j),(i+1,j)l(i+1,j),(i+1,j+1)

sinϕi,j+1 =
2S(i,j),(i,j+1),(i+1,j+1)

l(i,j),(i,j+1)l(i,j+1),(i+1,j+1)

sinϕi+1,j+1 =
2S(i+1,j),(i,j+1),(i+1,j+1)

l(i+1,j),(i+1,j+1)l(i,j+1),(i+1,j+1)

and the lengths of the nodes sides can be determined by the following equation

l(i,j),(i+1,j) =
√
(xi+1,j − xi,j)2 + (yi+1,j − yi,j)2

Function Q2
i,j takes values at [−1, 1] section. So for the convex cells it takes positive (right-

hand) values, for triangular cells it takes zero values and for non-convex and intersecting cells
it takes negative (left-hand) values.

The next criterion for the quality of the grid is the elongation of the cell, the length of
which is determined as follows:

Q3
i,j =

min
k=[(i,j),(i+1,j)],[(i+1,j),(i+1,j+1)],[(i+1,j+1),(i,j+1)],[(i,j+1),(i,j)]

{lk}
max

k=[(i,j),(i+1,j)],[(i+1,j),(i+1,j+1)],[(i+1,j+1),(i,j+1)],[(i,j+1),(i,j)]
{lk} (10)

The value of Q3
i,j changes in the interval [0, 1].

One of the main requirements for curvilinear grids is local smoothness, that is, the areas
of all cells in the domain must be equal to each other. The criterion of local smoothness is
determined as follows:

Q4
i,j = min

{
Si+1/2,j+1/2

S̃
,

S̃

Si+1/2,j+1/2

}
(11)

here Si+1/2,j+1/2 – the area of the cell surrounded by the nodes {(i, j), (i + 1, j), (i + 1, j +

1), (i, j + 1)} and S̃ =

n1−1∑
i=1

n2−1∑
j=1

Si+1/2,j+1/2

(n1 − 1)(n2 − 1)
– the average area of one cell. Here the value of

Q4
i,j changes at the interval [0, 1]. It can be seen from the graph that all the curvilinear grids

are sufficiently convex.
From the criteria of orthogonality one can see the areas tapered fitted at grid nodes.
The low estimation values at the elongated areas of the grid nodes can be seen from the

Figure as well.
Since the inclination curve divides the area into mutually equal areas, then it can be seen

that the value of the corresponding criterion is low in the areas where the grid nodes are
compressed.
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Figure 7: Mutual orthogonality criterion estimation graph for the created curvilinear grid

Figure 8: Durability criterion estimation graph for the created curvilinear grid

Figure 9: Inclination criterion estimation graph for the created curvilinear grid

3 Conclusion

In order to determine the best grid model, the grid quality criteria were determined at each
iteration by the methods described above. At each iteration, the worst (lowest estimation
value) and the best of the worst were selected for a certain grid quality criterion. Thus, the
most optimal lattice was determined by the convexity, due to the fact that, the convexity
and orthogonality are similar criteria.
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The methods of creating a curvilinear grid and determining its quality considered in this
paper, allowing us to smooth out and evenly distribute the difference grid nodes in a complex
geometric area, as well as automatically create a new grid in case of changes in the number
of nodes.

In addition, a qualitative description of the necessary characteristics of the physical
process, which is studied in a small number of well-defined physical area nodes, is possible
to be made.
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THE TRANSLATION QUALITY PROBLEMS OF MACHINE
TRANSLATION SYSTEMS FOR THE KAZAKH LANGUAGE

Kazakh language is related to languages with complex morphology and syntax. Today, most
machine translation systems consider Kazakh language too, like Google, Yandex, Prompt, etc.
This article describes the errors, shortcomings, and problems of machine translation (MT) into
the Kazakh language. To analyze errors in machine translation into the Kazakh language, the
most popular electronic translation programs were selected. When translating from Russian and
English into Kazakh (and vice versa), various errors may occur, since the Kazakh language is
different from other languages, and has special characteristics. To compare the results, an empirical
method was used, namely, monitoring and testing the translation results of machine translation
systems. Considering the results of statistical methods, the rule-based and neural networks based
methods in machine translations were also analyzed. The practical significance of the study lies in
the development of recommendations for the identification and elimination of errors when editing
the results of MT. The scientific significance of the study lies in the fact that for the first time errors
and inaccuracies arising from machine translation of the Kazakh language have been systematized.
The assessment of the quality of MT is also presented. The research carried out in this article will
be used for the post-editing problem in machine translation.
Key words: Machine translation, systems of machine translation, RBMT, SMT, NMT, Kazakh
language, quality of translation.
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Қазақ тiлiне арналған машиналық аударма жүйелерiн аудару сапасы мәселелерi

Казақ тiлi күрделi морфологиясы мен синтаксисi бар тiлдерге жатады. Бүгiнгi таңда маши-
налық аударма жүйелерiнiң көпшiлiгi қазақ тiлiн, мысалы Google, Яндекс, Prompt және т.б.
қолданады. Қазақ тiлiне машиналық аудармадағы (МА) қателердi анықтау үшiн ең таны-
мал электрондық аударма бағдарламалары таңдалды. Орыс және ағылшын тiлдерiнен қазақ
тiлiне (және керiсiнше) аударған кезде әртүрлi қателiктер туындауы мүмкiн, өйткенi қазақ
тiлi басқа тiлдерден өзгеше және ерекше сипаттамаларға ие. Нәтижелердi салыстыру үшiн
эмпирикалық әдiс қолданылды, атап айтқанда машиналық аударма жүйелерiнiң аударма
нәтижелерiн бақылау және тестiлеу. Статистикалық әдiстердiң нәтижелерiн ескере отырып,
ережеге негiзделген әдiстер мен машиналық аудармалардағы нейрондық желiлерге негiз-
делген әдiстер де талданды. Зерттеудiң практикалық маңыздылығы МА нәтижелерiн өңдеу
кезiнде қателердi анықтау және жою бойынша ұсыныстар әзiрлеу болып табылады. Зертте-
удiң ғылыми маңыздылығы қазақ тiлiн машиналық аудару кезiнде туындайтын қателер мен
дәлсiздiктер алғаш рет жүйелендiрiлгендiгiнде. Сондай-ақ, МА сапасын бағалау ұсынылған.
Осы мақалада жүргiзiлген зерттеу машиналық аудармада пост-редакциялау мәселесiн шешу
үшiн қолданылады.
Түйiн сөздер: Машиналық аударма, машиналық аударма жүйелерi, RBMT, SMT, NMT,
қазақ тiлi, аударма сапасы.
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Проблемы качества перевода систем машинного перевода для казахского языка

Казахский язык относится к языкам со сложной морфологией и синтаксисом. Сегодня
большинство систем машинного перевода также рассматривают казахский язык, например
Google, Яндекс, Prompt и т. д. В данной статье описаны ошибки, недостатки и проблемы
машинного перевода (МП) на казахский язык. Для анализа ошибок в машинном переводе
на казахский язык были отобраны наиболее популярные программы электронного перевода.
При переводе с русского и английского языков на казахский (и наоборот) могут возникать
различные ошибки, так как казахский язык отличается от других языков и имеет особые
характеристики. Для сравнения результатов был использован эмпирический метод, а именно
мониторинг и тестирование результатов перевода систем машинного перевода. С учетом
результатов статистических методов были также проанализированы методы, основанные на
правилах, и методы, основанные на нейронных сетях, в машинных переводах. Практическая
значимость исследования заключается в разработке рекомендаций по выявлению и устра-
нению ошибок при редактировании результатов МП. Научная значимость исследования
заключается в том, что впервые систематизированы ошибки и неточности, возникающие
при машинном переводе казахского языка. Также представлена оценка качества МП.
Исследование, проведенное в этой статье, будет использовано для решения проблемы
постредактирования в машинном переводе.

Ключевые слова: Машинный перевод, системы машинного перевода, RBMT, SMT, NMT,
казахский язык, качество перевода.

1 Introduction

The modern world and our future are completely dependent on applied intelligent systems, as
new technologies are developing every day. One of the tasks of intelligent systems is machine
translation from one natural language to another. Machine translation (MT) allows people to
communicate regardless of language differences, as it removes the language barrier and opens
up new languages for communication. Machine translation is a new technology, a special
step in human development. This type of translation can help when you need to quickly
understand what your interlocutor wrote or said in a letter. Of course, the quality of such a
translation is very low (for some groups of languages), but in most cases the main meaning
can be understood.

The Kazakh language is an agglutinative language with a complex nominative
(morphological and syntactic) participation of polysyntheticism. Due to the development of
our country at the global level from year to year and the growth of external relations, various
translation programs are widely used when translating into Kazakh or from Kazakh into
other languages. Various MT systems still cannot translate completely correctly and there
are translation errors, but the field of machine translation is much more developed than
in previous years. Analysis of the results of machine translation into the Kazakh language,
where errors and inaccuracies are analyzed, is an actual task for the task of natural language
processing.

Errors and inaccuracies should be distinguished in the results of the machine translation.
Inaccuracies are associated with the stylistic incorrectness of the translated sentence. They
do not interfere with its understanding, however, they require editing when creating the text.
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Errors occur in the case of incorrect definition of grammatical forms, in turn, they impede
the understanding of the text, and for their editing it is necessary to analyze the original
sentence again.

Methods for identifying and correcting errors are individual for each type of machine
translation(MT). Based on the identification of basic errors and inaccuracies in a
representative sample of texts, changes can be made to the algorithms of the MT
system. Establishing errors for machine translations of Kazakh language and making
recommendations to the editor allows to speed up and simplify the post-editing process
in MT.

In this paper, we will consider most problems of translation Kazakh texts and evaluate
MT translation quality.

2 Related works

The world’s first automated translation was carried out in the USA in 1954. The first
automatic translation systems allowed the translation of around 300 words between the
Russian and English languages. The dictionary-based direct translation approach was used
in those systems where each word from the source language matched the corresponding word
in the target language. Although that approach was straightforward and computationally
cheap, the output results were inferior.

In the 1970s and 1980s, the research focused on the rule-based machine translation
approach relying on a large number of built-in linguistic rules and thousands of bilingual
dictionaries. In addition, this approach requires lexicons with morphological, syntactic, and
semantic information. The translation systems implement all these complex rules to transfer
the source language into the target one.

In the 1990s, a significantly more efficient approach that uses the corpus-based architecture
started its development. The statistical translation system utilizes the probabilities to choose
the most appropriate translation from their comparison to the aligned bilingual corpus,
breaking down the source text into segments.

The fast development of the Internet and communication systems increased the volume
of information in various languages, significantly increasing qualitative translations’ demand.
Human translators were unable to deal with this enormous stream of data. New huge
investments were made to the development of machine translation systems for global and
private organizations. New hybrid systems combining rule-based and statistical architectures
were widely introduced. The goal of these systems was to increase the accuracy of machine
translation essentially.

The recent developments in machine translation incorporated a deep neural network
approach to improve machine translation quality further. The service providers offer new
customized machine translation engines that can analyze texts in specific scientific domains,
such as engineering, information technologies, life science, economics, etc. Some translation
systems formed into widespread online translators such as Google Translate, Yandex,
Tridentsoftware, etc.

Therefore, the quality of online translations improves every year. However, machine
translation in many languages still has many problems during the translation of complex
sentences. In this regard, for many years, scientists from different industries have been working
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to improve the quality of MT. The Kazakh language was added to Google Translate in 2014.
Nevertheless, today the problem of MT for the Kazakh language is very relevant. Indeed,

new terms and phrases regularly appear in Kazakh dictionaries since borrowed words,
including international ones, are translated into the Kazakh language. It creates additional
problems in translation, displaying errors or not translating indefinite words at all, so any
translation needs mandatory editing by another translator or a specialist in this field.

The formal grammatical models of simple sentences and the first version of the MT
program from Kazakh into English were considered in (Zhumanov and Tukeyev, 2009;
Tukeyev and et., 2010). In addition, a multivalued method for translating morphologically
complex natural languages such as Russian and Kazakh (Tukeyev and Rakhimova, 2012;
Tukeyev and et., 2013; Tukeyev, 2014) has been developed. The work to research and develop
a neural machine translation (NMT) system for the Kazakh language has been underway
since 2018. Over the past three to four years, the theory and practice of MT have expanded
significantly, and a new direction of MT has been created, raising the quality standard for
MT to new heights.

The problem of MT post-editing for the Kazakh language found its place in works
. Automatic post-editing allows improving the quality of translation efficiently. In
(Abeustanova and et., 2017), incorrect words in the translated sentences from English to
Kazakh are found using the maximum entropy model. (Shormakova and et., 2019) proposes
a method for determining incorrect words in the translated texts. These words are found by
comparing a right target sentence and a translated sentence from the source English language
to the target Kazakh language. When the incorrect words are identified, they are replaced
with the most suitable ones.

The technology for solving the problem of unknown words in neural machine translation
(NMT) is described in (Turganbayeva and et., 2020). The unknown words are replaced
with their synonyms in the dictionary. The quality of NMT is increased by applying the
segmentation method based on the complete set of endings (CSE) proposed by (Tukeyev and
et., 2020).

This work aims to study the problem of the quality of MT of the Kazakh language. The
quality of the translation depends on the subject matter and style of the source text and the
grammatical, syntactic, and lexical affinity of the languages between which the translation is
done. Having identified the principal errors of translation into the Kazakh language and vice
versa, it may be possible to determine the quality problems of MT.

3 Methodology of machine translation

Machine translation (MT) is an automated translation, where software is used to translate a
text or phrases from one natural language into a second language. The following approaches
in machine translation are rule-based (RBMT), statistical (SMT), and neural machine
translation. The RBMT uses knowledge of the language, like structural, morphological, lexical
rules of determining languages. So, if you do not know all the grammar and syntax of the
language, you can not cover all the rules to create MT. Herein, mostly used the Hidden
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Markov model (HMM) to predict part of speech of a word (1):

arg max
t1,...,tn

n∏
t=1

p(wi|ti)p(ti|ti−1) (1)

where:
t – tag (noun, pronoun, adjective, etc.); w – words in the text; p(w|t) – the probability of

w correspond to tag t; p(t1|t2) – the probability of t1 goes after t2.
At the heart of the statistical machine translation system is the comparison of the text

of large language pairs. This type of system is based on probability and uses statistical
translation models. The Bayesian theorem applied to the probability approach is as follows
(2):

P (T |S) = P (S|T )P (T ), (2)

where P (T |S) is the probability that the string in the source language is a translation of
the string in the target language, and P (T ) is the probability that the string in the target
language is obtained. The process of creating a statistical translation model is a bit faster,
but the technology here largely depends on the volume of parallel corpora.

Today, NMT is often used in machine translation as a trend. NMP is based on the
construction of large neural networks and computations. Еhe process in the NMT is divided
into two phases. In the first, each word of the original sentence is passed through an
"encoder" which generates what we call the "original context" based on the current word
and the previous context. The translation is completed when the decoder reaches the stage
of generating the actual last word in the sentence.

4 The translation problems and quality for Kazakh language in MT

The study of the problems of the quality of translation into the Kazakh language is very
relevant since the development of our country at the global level and the growth of external
relations. There is a need for translation into the Kazakh language or from the Kazakh
language into other languages for various segments of the population and industry. The
difference between the Kazakh language and the other languages is that it has special
characteristics: proximity of the lexical structure, the harmony law, agglutination (a series of
affixes), the lack of a category, the lack of auxiliary words (prepositions), and special word
order.

Therefore, a pilot study, consisting of several stages, was carried out to determine the
quality of MT. First, several machine translation systems (MTS) were taken, and MT was
done. They are presented in Fig. 1 – 4
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Figure 1: An example of translation from the Russian language to the Kazakh language

Figure 2: An example of translation from the Russian language to the English language

After that, the translation of the sentence "Өнiм артықшылықтарыны1 тiзiмi ұсыныл-
ды" from the Kazakh language into the Russian and the English languages was also carried
out. Although the translation was done correctly, there were translation errors associated
with the ambiguity of words. They were displayed in Fig. 3 – 4

Figure 3: An example of translation from the Kazakh language to the Russian language

Figure 4: An example of translation from the Kazakh language to the English language

AAs a result of the translation, it was possible to identify various translation errors that
were associated with the classification of errors (Rakhimova and et., 2020).

The second stage of the study consisted of determining the development of the selected
SMT. In order to study the evolution of the SMT, the same texts were translated with
three online translators in June 2020 (Table 1) and March 2021 (Table 2). Also, one of the
translators was a human. The less the editor had to correct the text, the better the system
was. If all the translations had to be rewritten, the MT was ineffective. Thus, for each studied
fragment, there were several MT options for verification and quality assessment. The results
of a comparative analysis of transfers with a difference of nine months allow us to draw the
following conclusions:
1. The Yandex SMT is developing more actively than the other studied SMTs (32% of
changes). Now, it has the ability to translate from the Kazakh language written in
Latin. However, when comparing the translation results, it was noted that the quality
of the output text changed during translation, and previously absent spelling errors
appeared.
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2. The translation of the Google Translate SMT has undergone the smallest changes (2%),
but the important thing is that the quality of the translation is improving.

3. The changes in the translation of the Tridentsoftware SMT were not made. The text
remained unchanged.

Table 1. Translation results in 2020
Желiде кемшiлiктер
бар болған
Артықшылықтардың
тiзiмi көрсетiлген едi
Биiктен аққан ақ сәуле
Арналарымыздың
түрiлерi шектеулi
Қанаттарымыздың
ұзындығы анықтал-
маған

Были проблемы с сетью
Был предоставлен спи-
сок преимуществ
Белый свет течет сверху
Типы наших каналов
ограничены
Длина наших крыльев
неизвестна

Есть недостатки в сети
Был показан список
преимуществ
Ао утечки излучения с
высоты
Ограниченные типы
каналов
Длина крыльев не
определена

Недостатки есть в сети
Список преимуществ
было указана в
Ао утечки излучения с
высоты
С
Арналарымыздың
түрiлерi
Длина
Қанаттарымыздың не
установлена

Table 2. Translation results in 2021
Желiде кемшiлiктер
бар болған
Артықшылықтардың
тiзiмi көрсетiлген едi
Биiктен аққан ақ сәуле
Арналарымыздың
түрiлерi шектеулi
Қанаттарымыздың
ұзындығы анықтал-
маған

Были проблемы с сетью
Был предоставлен спи-
сок льгот
Белый свет льется свер-
ху
Типы наших каналов
ограничены
Длина наших крыльев
неизвестна

В Сети появились недо-
четы
Список излишеств был
указан
Белый луч с высоты
С
Арналарымыздың
түрiлерi
Длина крыльев не
определена

Желiде кемшiлiктер
бар болған
Артықшылықтардың
тiзiмi көрсетiлген едi
Биiктен аққан ақ сәуле
Арналарымыздың
түрiлерi шектеулi
Қанаттарымыздың
ұзындығы анықтал-
маған

The comparative analysis of translations showed that all SMTs are lexically developing,
and the quality of translation is improving. Nevertheless, the translation problems still
remain. In terms of the best translation, Google Translate leads the way.

The third stage of the research was to find ways to improve the quality of the translation.
For this purpose, we use MT in translation projects, compare different SMTs, evaluate the
translation in order to choose the best system.

The translation company Pairaphrase has identified how the quality of MT can be
improved. They distinguish two approaches. The first is based on changing the way the
input text is written. It is implemented by using short sentences, the structure of which
should be simple, rare adverbs and not utilizing slang, complex and ambiguous words. The
second way is related to improving the MT engine. It implies the use of software that includes
a translation memory. Translation memory is a key component of any translation training
tool (Pairaphrase, 2020). It has been around for over 30 years and represents a way for the
translation industry to reuse previous translations to improve the quality of user translations
over time.

Today, the best SMTs are based on Neural machine translation (NMT). The research and
practical application of NMT in a professional environment provide reviews and comparative
characteristics of NMT and Statistical machine translation (SMT) in terms of quality. In a
study (Koehn and Knowles, 2017; Koehn, 2017), the NMT system was found to outperform
the SMT system in a study involving training data of 15 million words. These authors noted
problems with NMT, including domain mismatch and the use of rare words. The conducted
review of the results of modern MT systems can be used as a reference material when choosing
a system for use in a professional translation service or for personal use.
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5 Results and discussion

In this paper, MT is considered to be the process of translating some text from one natural
language into another, namely in the case of Kazakh language. The main advantages of MT
are its speed and low cost. Currently, there is a large number of MT systems. The research
identified that the most popular MT systems among users are Tridentsoftware, Yandex, and
Google. Tridentsoftware uses the rule-based MT, unlike Google, which until recently used a
statistical translation method. In March 2017, Google completely switched to neural networks
to improve the quality of the output text. Yandex has implemented a hybrid system that can
choose between neural and statistical MT models.

The consideration of the methods for assessing the effectiveness of the MT systems led to
the conclusion that the variety of approaches and methods for assessing the quality of MT
indicates ongoing research in this area and the absence of a single standard for determining
the effectiveness of existing systems.

The results of the research can be used to improve the quality of machine translation
systems from Kazakh into another language, and into Kazakh from another source language;
they will also be useful in the preparation of text for MT, as well as in translation training.
The received results will be used in further research, namely in training neural MT based on
linguistic features of Kazakh language and in the task of post-editing. Post-editing – human
text processing after receiving MT texts or sentences.

References

[1] Zhumanov Zh.M., Tukeyev U.A., "Development of machine translation software logical model (translation from Kazakh
into English language)" , Reports of the Third Congress of the World Mathematical Society of Turkic Countries. Edited
by Academician Bakhytzhan T. Zhumagulov 1 (2009): 356-363.

[2] Tukeyev U., Zhumanov Zh., Rakhimova D., "Features of development for natural language processing" , In the book "ICT
- from theory to practice" edited by M. Milosz. Polish Information Processing Society, Lublin (2010): 149-174.

[3] Tukeyev U., Rakhimova D., "Augmented attribute grammar in meaning of natural languages sentences" , The 6th
International Conference on Soft Computing and Intelligent Systems, and the 13th International Symposium on Advanced
Intelligent Systems, SCIS-ISIS2012/Kobe, Japan (2012): 1080-1085.

[4] Tukeyev U.А., Rakhimova D.R., Baisylbayeva К., Umirbekov N., Orazov B., Abakhan М., Kyzyrkanova S.,
"Kopmagynalyk beineleu keste tasili negizinde orys tilinen kazakh tiline mashinalyk audarmasynyng morfologiyalyk
analizben sintezin kuru [Synthesis of morphological analysis of machine translation from Russian to Kazakh on the
basis of the method of ambiguous mapping]" , In proceedings of the I International Conference on Computer processing
of Turkic Languages (2013): 182-191.

[5] Tukeyev U.А., "Razrabotka tehnologii mashinnogo perevoda na osnove metoda mnogoznachnyh otobrazhenii dlya
morfologicheski slojnyh yazykov [Development of machine translation technology based on the multivalued mapping
method for morphologically complex languages]" , Proceedings of the 4th International Scientific and Practical Conference
"Informatization of Society" (2014): 130-132.

[6] Abeustanova A., Tukeyev U., "Automatic Post-editing of Kazakh Sentences Machine Translated from English" , In
Advanced Topics in Intelligent Information and Database Systems. ACIIDS 2017. Studies in Computational Intelligence,
Springer 710 (2017): 283-295.

[7] Rakhimova D.R., Turarbek А.Т., Karyukin V., Karibayeva А., Turganbayeva А., "Kazakh tiline arnalgan zamanaui
mashinalyk audarma tehnologiyalaryna sholu [Review of modern machine translation technologies for the Kazakh
language]" , Bulletin of KazNRTU named after K. Satpayev. Technical science 5 (141) (2020): 103-109.

[8] Shormakova A., Zhumanov Zh., Rakhimova D., "Post-editing of words in Kazakh sentences for information retrieval" ,
Journal of Theoretical and Applied Information Technology 97 (6) (2019): 1896-1908.



140 The translation quality problems of . . .

[9] Turganbayeva A., Tukeyev U., "The solution of the problem of unknown words under neural machine translation of the
Kazakh language" , Journal of Information and Telecommunication (2020): 214-225.

[10] Tukeyev U., Karibayeva A., Zhumanov Z., "Morphological segmentation method for Turkic language neural machine
translation" , Cogent Engineering 7(1) (2020): 1-16.

[11] Pairaphrase, "Two Approaches for How to Improve Machine Translation Quality" , https://www.pairaphrase.com/how-
to-improve-machine-translation-quality (2020).

[12] Philipp Koehn, Rebecca Knowles, "Six Challenges for Neural Machine Translation" , Proceedings of the First Workshop
on Neural Machine Translation (2017): 28-39.

[13] Philipp Koehn, Statistical Machine Translation. Draft of Chapter 13. Neural Machine Translation (arXiv:1709.07809v1

[cs.CL], 2017): 117.



МАЗМҰНЫ – СОДЕРЖАНИЕ – CONTENTS

1-бөлiм Раздел 1 Section 1

Математика Математика Mathematics

Ayazbayeva A.M., Imanberdiyev K.B., Kassymbekova A.S.
On stabilization problem for a loaded heat equation: the two-dimensional case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

Kanguzhin B.E., Auzerkhan G.S., Tastanov M.G.
The method of variation of arbitrary constants in the case of a system of linear differential equations of different
orders . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16

Kenzhebai Kh.
An inverse problem of recovering the right hand side of 1D pseudoparabolic equation . . . . . . . . . . . . . . . . . . . . . . . . 28

Koshanov B.D., Kuntuarova A.D.
Equivalence of the Fredholm solvability condition for the Neumann problem to the complementarily condition 38

Orazov I., Shaldanbaeva A.A.
On representation of one class of Schmidt operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

Ramazanov M.I., Gulmanov N.K.
Solution of a two-dimensional boundary value problem of heat conduction in a degenerating domain . . . . . . . . . 65

Sadybekov M.A., Derbissaly B.O.
On Green’s function of Darboux problem for hyperbolic equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

2-бөлiм Раздел 2 Section 2

Қолданбалы Прикладная Applied
математика математика Mathematics

Kabanikhin S.I., Bektemesov M.A., Bektemessov Zh.M.
Mathematical model for medium-term COVID-19 forecasts in Kazakhstan . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

Satenova B.А., Zhakebayev D.B., Karuna О.L.
Simulation of nucleate boiling bubble by the phase-field and lattice Boltzmann method . . . . . . . . . . . . . . . . . . . . . . 107

Temirbekova L.N., Malgazhdarov E.A.
Creation and evaluation of the structures grid in curvilinear areas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

3-бөлiм Раздел 3 Section 3

Информатика Информатика Computer
Science

Karibayeva A., Karyukin V., Turgynbayeva A., Turarbek A.
The translation quality problems of machine translation systems for the kazakh language . . . . . . . . . . . . . . . . . . . . . 132




