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S.I. Mitrokhin
Russian Academy of Natural Sciences, Lomonosov Moscow State University,

Research Computing Center, Russia, Moscow
E-mail: mitrokhin-sergey@yandex.ru

ASYMPTOTICS OF THE EIGENVALUES OF A PERIODIC BOUNDARY
VALUE PROBLEM FOR A DIFFERENTIAL OPERATOR OF ODD ORDER

WITH SUMMABLE OPERATOR
The paper is devoted to the study of spectral properties of differential operators of arbitrary odd
order with a summable potential and periodic boundary conditions. For large values of the spectral
parameter the asymptotics of the solutions of the differential equation that defines the differential
operator is obtained. Differential equation that defines the differential operator is reduced to
the Volterra integral equation. The integral equation is solved by Picards method of successive
approximations. The method of studing of operators with a summable potential is an extension
of the method of studing operators with piecewise smooth coefficients. The study of periodic
boundary conditions leads to the study of the roots of the entire function represented in the form of
an arbitrary odd order determinant. To obtain the roots of this function, the indicator diagram has
been examined. The roots of this equation are in the sectors of an infinitesimal angle, determined
by the indicator diagram. In the paper the asymptotics of eigenvalues of the differential operator
under consideration is found. The obtained formulas make it impossible to study the spectral
properties of the eigenfunctions and to derive the formula for the first regularized trace of the
differential operator under study.
Key words: Differential operator of odd order, spectral parameter, summable potential, periodic
boundary conditions, indicator diagram, asymptotics of solutions, asymptotics of eigenvalues.

С.И. Митрохин
Ресей жаратылыстану ғылымдары академиясы, М.В. Ломоносов атындағы Мәскеу мемлекеттiк
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Қосылұыш операторы бар тақ реттi дифференциалдық оператор үшiн периодтық
шекара есебiнiң меншiк мәндерiнiң асимптотикасы

Бұл жұмыста дифференциалдық операторлардың спектрлiк қасиеттерiн зерттеуге арналған.
Спектрлiк параметрдiң үлкен мәндерi үшiн дифференциалдық операторды анықтайтын диф-
ференциалдық теңдеу шешiмдерiнiң асимптотикасы алынады. Дифференциалдық оператор-
ды анықтайтын дифференциалдық теңдеу Вольтерраның интегралдық теңдеуiне келтiрiл-
ген. Интегралдық теңдеу Пикард әдiсiмен шешiледi. Жиынтық әлеуетi бар операторларды
оқыту әдiсi бiртектес коэффициенттерi бар операторларды оқыту әдiстемесiн кеңейту бо-
лып табылады. Периодтық шекаралық шарттарды зерттеу тақ тәрiздi ерiктi детерминант
ретiнде ұсынылған бүтiн функцияның түбiрлерiн зерттеуге алып келедi. Бұл функцияның
тамырларын бiлу үшiн индикаторлық диаграмма зерттелдi. Бұл теңдеудiң түбiрлерi индика-
торлық диаграммамен анықталған шексiз бұрыштың секторларында жатыр. Бұл мақалада
дифференциалдық оператордың меншiктi мәндерiнiң асимптотикасы келтiрiлген. Нәтижеде
алынған формулалар меншiктi функциялардың спектрлiк қасиеттерiн зерттеуге және зертте-
летiн дифференциалдық оператордың алғашқы регулирленген iзiнiң формуласын шығаруға
мүмкiндiк бередi.
Түйiн сөздер: Тақ реттi дифференциалдық оператор, спектрлiк параметр, жиынтық потен-
циал, периодтық шекаралық шарттар, индикаторлық диаграмма, ерiтiндiлердiң асимптоти-
касы, меншiктi мәндердiң асимптотикасы.
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4 Asymptotics of the eigenvalues of a periodic boundary value problem . . .
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Асимптотика собственных значений периодической краевой задачи для

дифференциального оператора нечетного порядка с суммируемым оператором

Работа посвящена изучению спектральных свойств дифференциальных операторов произ-
вольного нечетного порядка с суммируемым потенциалом и периодическими граничными
условиями. При больших значениях спектрального параметра получена асимптотика
решений дифференциального уравнения, определяющего дифференциальный оператор.
Дифференциальное уравнение, определяющее дифференциальный оператор, сводится к
интегральному уравнению Вольтерра. Интегральное уравнение решается методом последо-
вательных приближений Пикара. Метод обучения операторов с суммируемым потенциалом
является расширением метода обучения операторов с кусочно гладкими коэффициентами.
Изучение периодических граничных условий приводит к изучению корней целой функции,
представленной в виде произвольного определителя нечетного порядка. Для получения
корней этой функции была исследована индикаторная диаграмма. Корни этого уравнения
лежат в секторах бесконечно малого угла, определяемого диаграммой индикатора. В
статье найдена асимптотика собственных значений рассматриваемого дифференциального
оператора. Полученные формулы не позволяют исследовать спектральные свойства соб-
ственных функций и вывести формулу для первого регуляризованного следа исследуемого
дифференциального оператора.

Ключевые слова: Дифференциальный оператор нечетного порядка, спектральный пара-
метр, суммируемый потенциал, периодические граничные условия, индикаторная диаграмма,
асимптотика решений, асимптотика собственные значения.

1 Statement of the problem

Let us investigate the spectrum of a differential operator arbitrary odd order defined on an
interval [0; π] by a differential equation of the form

y(2N+1)(x) + q(x)y(x) = λa2N+12y(x), 0 ≤ x ≤ π, a > 0, N = 1, 2, 3, . . . , (1)

with periodic boundary conditions

y(0) = y(π), y(m)(0) = y(m)(π), m = 1, 2, . . . , 2N, (2)

where the number λ is called the spectral parameter, the function q(x) is called the potential
and we assume that the potential q(x) is a summable function on the segment [0;π]

q(x) ∈ L1[0; π]⇔

 x∫
0

q(t)dt

′
x

= q(x) (3)

for almost all values x from the segment [0; π].
The spectral properties of differential operators were first studied in the case when the

coefficients of the differential equations defining these operators were sufficiently smooth
functions. The asymptotic formulas for the roots of quasipolynomials, which are obtained
in the study of higher-order operators with regular boundary conditions with smooth
coefficients, were obtained in paper [1].
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In paper [2], the traces of higher-order ordinary differential operators with sufficiently
smooth coefficients were calculated.

In work [3], the author studied the spectral properties of differential operators with
piecewise smooth coefficients. In paper [4], we studied a differential operator in which not
only the potential is a discontinuous function, but the weight function was also piecewise
smooth.

In paper [5], a second-order operator with a summable potential was studied, the
asymptotics of the eigenvalues and eigenfunctions of the Sturm—Liouville boundary value
problem on a segment were calculated. A new method for studying differential operators with
summable coefficients, whose order is higher than the second, was developed by the author
in papers [6–8]. In all these works, the boundary conditions were separated. The periodic
boundary conditions that we study in this paper are a classic example of nonseparated
boundary conditions.

The spectral properties of differential operators with periodic boundary conditions with
smooth potentials were studied in papers [9–11]. Interest in the study of such operators is
caused by physical applications: in the case of fourth-order operators, they describe a model
of a beam or plate with a hinged joint or with fixed ends. Operators with periodic boundary
conditions were also studied in papers [12, 13].

In papers [14, 15] the author studied model examples of differential operators with
summable potential with periodic boundary conditions. The differential operators of odd
order with periodic boundary conditions have not actually been studied. A third-order
operator on the real axis with periodic boundary conditions was studied in paper [16].

2 Asymptotics of solutions of differential equation (1) for large values of the
spectral parameter λ

Let us introduce the following notation: λ = s2N+1, s = 2N+1
√
λ, while fixing that branch of

the arithmetic root for which 2N+1
√

1 = +1. Let us denote by ωk (k = 1, 2, . . . , 2N + 1) the
various roots of the (2N + 1)-th degree from the unity:

ω2N+1
k = 1, ωk = e

2πi(k−1)
2N+1 (k = 1, 2, . . . , 2N + 1);

ω1 = 1; ω2 = e
2πi

2N+1 = cos

(
2π

2N + 1

)
+ i sin

(
2π

2N + 1

)
= z2; . . . ;

ωm = zm−1, m = 1, 2, . . . , 2N + 1.

(4)

The numbers ωk (k = 1, 2, . . . , 2N + 1) from (4) decide the unit circle into (2N + 1) an
equal part, and they satisfy the following relations:

2N+1∑
k=1

ωmk = 0, m = 1, 2, . . . , 2N ;
2N+1∑
k=1

ωmk = 2N + 1, m = 0, m = 2N + 1. (5)

The following statement is established by the method of variation of arbitrary constants
under the condition (3) of the summability of the potential q(x).



6 Asymptotics of the eigenvalues of a periodic boundary value problem . . .

Theorem 1 The solution y(x, s) of the differential equation (1) is the solution to the
following integral equation:

y(x, s) =
2N+1∑
k=1

Cke
aωksx − 1

(2N + 1)a2Ns2N

2N+1∑
k=1

ωke
aωksx

x∫
0

q(t)e−aωksty(t, s)dt, (6)

where Ck (k = 1, 2, . . . , 2N + 1) are arbitrary constants.

Proof. Let us prove that the function y(x, s) from (6) is indeed a solution of the differential
equation (1). Since, in view of condition (3) [q(x) ∈ L1[0;π], the function e−aωksx is infinitely
differentiable with respect to the variable x, the function y(x, s) must satisfy the equation
(1), which means that it must be (2N + 1) times differentiable with respect to variable x,
then the function G(x, s) = q(x)e−aωksxy(x, s) ∈ L1[0; π] and then the relation x∫

0

G(t, s)dt

′
x

=

 x∫
0

a(t)e−aωksty(t, s)dt

′
x

= q(x)e−aωksxy(x, s) (7)

holds for almost all x from segment [0; π].
Differentiating the function y(x, s) from (6) with respect to the variable x, using the

properties (3) and (7), we get:

y′(x, s) =
2N+1∑
k=1

Ck(aωks)e
aωksx− 1

MN

2N+1∑
k=1

ωk(aωks)e
aωksx

x∫
0

G(t, s)dt− 1

MN

φ1(x, s), (8)

MN = (2N + 1)a2Ns2N , φ1(x, s) = − 1

MN

2N+1∑
k=1

ωke
aωksxq(x)e−aωksxy(x, s)

(2.2)
= 0. (9)

From formulas (8), (9), using the properties (3) and (7), we have:

y′′(x, s) =
2N+1∑
k=1

Ck(aωks)
2eaωksx− 1

MN

2N+1∑
k=1

ωk(aωks)
2eaωksx

x∫
0

G(t, s)dt− 1

MN

φ2(x, s), (10)

φ2(x, s) = − 1

MN

2N+1∑
k=1

ωk(aωks)e
aωksxq(x)e−aωksxy(x, s) = −asq(x)y(x, s)

MN

2N+1∑
k=1

ω2
k

(2.2)
= 0. (11)

Similarly, the following formulas are derived:

y(n)(x, s) =
2N+1∑
k=1

Ck(aωks)
neaωksx−

− 1

MN

2N+1∑
k=1

ωk(aωks)
neaωksx

x∫
0

G(t, s)dt− 1

MN

φn(x, s), n = 3, 4, . . . , 2N,

(12)
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φn(x, s) = − 1

MN

2N+1∑
k=1

ωk(aωks)
n−1eaωksxq(x)e−aωksxy(x, s) =

= −(as)n−1q(x)y(x, s)

MN

2N+1∑
k=1

(ωk)
n (2.2)

= −(as)n−1q(x)y(x, s) · 0
MN

= 0, n = 3, 4, . . . , 2N.

(13)

Substituting the formulas (12), (13) at n = 2N in the differential equation (1), we obtain;

y2N+1)(x, s) + q(x)y(x, s)− λ2N+1y(x, s)
(2.3)
=

2N+1∑
k=1

Ck(aωks)
2N+1eaωksx−

− 1

MN

2N+1∑
k=1

ωk(aωks)
2N+1eaωksx

x∫
0

G(t, s)dt−

− 1

MN

2N+1∑
k=1

ωk(aωks)
2Neaωksxq(x)e−aωksxy(x, s) + q(x)y(x, s)−

−λa2N+1

2N+1∑
k=1

Cke
aωksx + λa2N+1 1

MN

2N+1∑
k=1

ωke
aωksx

x∫
0

G(t, s)dt =

= −q(x)y)x, s) + q(x)y(x, s) = 0

(14)

for almost all x from the interval [0; π], which means that the function y(x, s) from (6) is
indeed a solution of the differential equation (1).

(In equation (14)), the first and fifth terms cancel out, the second and sixth terms cancel
out due the fact that λ = s2N+1, ω2N+1

k = 1, MN = (2N + 1)a2Ns2N .
Futher, the asymptotics of solution of the differential equation (1) will be found by the

method of successive approximations of Picard: from the formula (6) we obtain the function
y(t, s) and substitute it into equation (6):

y(x, s) =
2N+1∑
k=1

Cke
aωksx − 1

(2N + 1)a2Ns2N

2N+1∑
k=1

ωke
aωksx

x∫
0

q(t)e−aωkst×

×

2N+1∑
n=1

Cne
aωnst − 1

(2N + 1)a2Ns2N

2N+1∑
k=1

ωne
aωnst

t∫
0

q(ξ)e−aωnsξy(ξ, s)dξ

 dt. (15)

Changing the order of summation in formula (15), performing the necessary
transformations and estimates similar to the monograph [1, chapter 2], we come to the
conclusion that the following statement is true.
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Theorem 2 The general solution of the differential equation (1) is represented in the
following form:

y(x, s) =
2N+1∑
k=1

Ckyk(x, s);

y(m)(x, s) =
2N+1∑
k=1

Cky
(m)
k (x, s), m = 1, 2, . . . , 2N,

(16)

where Ck (k = 1, 2, . . . , 2N + 1) are arbitrary constants, and the following asymptotic
expansions and estimates are valid for the fundamental system of solutions {yk(x, s)}2N+1

k=1 :

yk(x, s) = eaωksx − 1

(2N + 1)a2Ns2N

2N+1∑
n=1

ωne
aωnsx

x∫
0

q(t)ea(ωk−ωn)stdtakn+

+ +O

(
e|=s|ax

s4N

)
, k = 1, 2, . . . , 2N + 1, yk(0, s) = 1;

(17)

y
(m)
k (x, s) = (as)m

{
ωmk e

aωksx − 1

(2N + 1)a2Ns2N

2N+1∑
n=1

ωm+1
n eaωnsx×

×
x∫

0

q(t)ea(ωk−ωn)stdtakn +O

(
e|=s|ax

s4N

)}
,

k = 1, 2, . . . , 2N + 1, m = 1, 2, . . . , 2N ; y
(m)
k (0, s) = (as)mωmk .

(18)

3 The study of boundary conditions (3)

Using the formulas (16), from the boundary conditions (2) we get:


y(π, s)

(1.2)
= y(0, s)⇔

2N+1∑
k=1

Ckyk(π, s) =
2N+1∑
k=1

Ckyk(0, s)⇔

⇔
2N+1∑
k=1

Ckyk[(π, s)− yk(0, s)] = 0
(2.7)⇔

2N+1∑
k=1

Ck[yk(π, s)− 1] = 0;

(19)


y(m)(π, s)

(as)m
(1.2)
=

y(m)(0, s)

(as)m
⇔

2N+1∑
k=1

Ck

[
y
(m)
k (π, s)

(as)m
− y

(m)
k (0, s)

(as)m

]
= 0,

m = 1, 2, . . . , 2N.

(20)
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Theorem 3 The eigenvalue equation of the differential operator ( (1))–( (3)) has the
following form:∣∣∣∣∣∣∣∣∣∣∣∣∣

y1(π, s)− y1(0, s) y2(π, s)− y2(0, s) . . . y2N+1(π, s)− y2N+1(0, s)

y′1(π,s)

as
− y′1(0, s)

as
y′2(π,s)

as
− y′2(0, s)

as
. . .

y′2N+1(π,s)

as
−
y′2N+1(0, s)

as
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

y
(2N)
1 (π,s)

(as)2N
− y

(2N)
1 (0, s)

(as)2N
y
(2N)
2 (π,s)

(as)2N
− y

(2N)
2 (0, s)

(as)2N
. . .

y
(2N)
2N+1(π,s)

(as)2N
−
y
(2N)
2N+1(0, s)

(as)2N

∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0. (21)

Applying the asymptotic formulas (17), (18), we rewrite the equation (21) in the following
form:

f(s) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

D1 − 1
MN

2N+1∑
n=1

ωne
aωnsπ

(
π∫
0

. . .

)
a1n

+O
(

1
s4N

)
. . . B1,2N+1

ω1D1 − 1
MN

2N+1∑
n=1

ω2
ne
aωnsπ

(
π∫
0

. . .

)
a1n

+O
(

1
s4N

)
. . . B2,2N+1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ω2N
1 D1 − 1

MN

2N+1∑
n=1

ω2N+1
n eaωnsπ

(
π∫
0

. . .

)
a1n

+O
(

1
s4N

)
. . . B2N+1,2N+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0, (22)

Dm = eaωnsπ − 1; Mn = (2N + 1)a2Ns2N ;

Bm,2N+1 = ωm−12N+1D2N+1 −
1

MN

2N+1∑
n=1

ωmn e
aωnsπ

 π∫
0

. . .


a,2N+1,n

+O

(
1

s4N

)
;

m = 1, 2, . . . , 2N + 1.

Expanding the determinant f(s) from (22) into columns into the sum of determinants,
we obtain:

f(s) = f0(s)−
f2N(s)

(2N + 1)a2Ns2N
+O

(
1

s4N

)
= 0, (23)

f0(s) = ∆00[e
aω1sπ − 1][eaω2sπ − 1][eaω3sπ − 1](. . . )[eaω2N+1sπ − 1], (24)

f0(s) =

∣∣∣∣∣∣∣∣∣
1 · [eaω1sπ − 1] 1 · [eaω2sπ − 1] . . . 1 · [eaω2N+1sπ − 1]

ω1[e
aω1sπ − 1] ω2[e

aω2sπ − 1] . . . ω2N+1[e
aω2N+1sπ − 1]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ω2N
1 [eaω1sπ − 1] ω2N

2 [eaω2sπ − 1] . . . ω2N
2N+1[e

aω2N+1sπ − 1]

∣∣∣∣∣∣∣∣∣ ; (25)
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∆00 is the Wandermonde’s determinant of the numbers ω1, ω2, . . . , ω2N+1:

∆00 =

∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 . . . 1 1

ω1 ω2 ω3 . . . ω2N ω2N+1

ω2
1 ω2

2 ω2
3 . . . ω2

2N ω2
2N+1

. . . . . . . . . . . . . . . . . . . . .

ω2N
1 ω2N

2 ω2N
3 . . . ω2N

2N ω2N
2N+1

∣∣∣∣∣∣∣∣∣∣∣∣
=

=
∏

k>n
k,n=1,2,...,2N+1

(ωk − ωn) 6= 0,

(26)

f2N(s) = ∆00

{ 2N+1∑
k=1

ωk

 π∫
0

. . .


a1k

eaωksπ

2N+1∏
n=1
n 6=1

(eaωnsπ − 1)

+

+
2N+1∑
k=1

ωk

 π∫
0

. . .


a2k

eaωksπ

2N+1∏
n=1
n 6=2

(eaωnsπ − 1)

+ · · ·+

+
2N+1∑
k=1

ωk

 π∫
0

. . .


a,2N+1,k

eaωksπ

 2N+1∏
n=1

n 6=2N+1

(eaωnsπ − 1)

}.
(27)

For the determinant ∆00 from ((26)) the following property holds: if (δmk) (m, k =
1, 2, . . . , 2N+1) is the matrix of algebraic minors to the elements bm,k (m, k = 1, 2, . . . , 2N+1)
of the determinant ∆00 of ((26)), then

(δmn) =


δ11 δ12 . . . δ1,2N+1

δ21 δ22 . . . δ2,2N+1

. . . . . . . . . . . . . . . . . . . . .

δ2N+1,1 δ2N+1,2 . . . δ2N+1,2N+1

 =

=
∆00

2N + 1



1 −1 1 −1 . . . −1 1

−ω−11 ω−12 −ω−13 ω−14 . . . ω−12N −ω−12N+1

ω−21 −ω−22 ω−23 −ω−24 . . . −ω−22N ω−22N+1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

−ω−2N−11 ω−2N−12 −ω−2N−13 ω−2N−14 . . . ω−2N−12N −ω−2N−12N+1

ω−2N1 −ω−2N2 ω−2N3 −ω−2N4 . . . −ω−2N2N ω−2N2N+1


.

(28)

The proof of property (28) can be found in the work of the author [2]. The formula (27)
is derived using the property (28). To find the roots of the equation f0(s) from (24), it is
necessary to study the indicator diagram of this equation (see [3, chapter 12]).
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For the equation f0(s) = 0 from (24) – (25) the following relation is valid:

f0(s) = ∆00

{
− 1 +

2N+1∑
n1=1

eaωn1sπ −
2N+1∑
n1,n2=1
n1 6=n2

ea(ωn1+ωn2 )sπ+

+
2N+1∑

n1,n2,n3=1
n1 6=n2,n1 6=n3,n2 6=n3

ea(ωn1+ωn2+ωn3 )sπ −
2N+1∑

n1,n2,n3,n4=1
nk 6=nm,(k 6=m)

ea(ωn1+ωn2+ωn3+ωn4 )sπ + . . .

}
= 0.

(29)

To construct the indicator diagram of the equation (29), it is necessary to study the
convex hulls of the sets

{ωn1}2N+1
n1=1 , {ωn1 + ωn2}2N+1

n1,n2=1
n1 6=n2

, {ωn1 + ωn2 + ωn3}2N+1
n1,n2,n3=1,

{ 4∑
m=1

ωmn

}2N+1

nm=1
m=1,2,3,4

, . . .

The indicator diagram has the following form:

ωk,m = ωk + ωn, ωn1,n2,...,nk = ωn1 + ωn2 + · · ·+ ωnk (30)

In figure (30) the following designations are introduce: the points B1, B2, B3, B4, B5, . . . ,
B2N , B2N+1, . . . , B2N+5, B2N+6, . . . , B4N+1, B4N+2 correspond to exponents with
exponents ω1,2,...,N ; ω1,2,...,N,N+1; ω2,3,...,N,N+1; ω2,3,...,N+1,N+2; ω3,4,...,N+1,N+2; . . . ;
ωN,N+1,...,2N ; ωN+1,N+2,...,2N ; ωN+1,N+2,...,2N,2N+1; ωN+2,N+3,...,2N,2N+1; ωN+2,N+3,...,2N+1,1;
ωN+3,N+4,...,2N+1,1; ωN+3,N+4,...,2N+1,1,2; . . . ; ω2N+1,1,2,3,...N−1; ωN+1,1,2,3,...,2N−1,N , where
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ωn1,n2,...,nk corresponds to the sum ωn1 + ωn2 + · · · + ωnk indices nk, nm do not coincide in
pairs at k 6= m.

In figure (30), the circle of the smallest radius R1 = 1 is the set of points {ωk}2N+1
k=1 from

(4) that divide the unit circle (2N + 1) equal parts. The circle of the second largest radius
R2 = |ω1 + ω2| > 1 is a set of points {ωk + ωm}2N+1

k,m6=1
k 6=m

that are constructed according to the

parallelogram rule, while only points ω1 + ω2, ω2 + ω3, ω3 + ω4,. . . , ω2N + ω2N+1, ω2N+1 + ω1

appear on the circle, the point ωn1 + ωn2 under the condition |n1 − n2| > 2 fall inside the
circle of radius R2 and do not affect the asymptotics of the roots of equation (23) – (27) (see
[3, chapter 12]).

The third largest circle of radius R3 = |ω1 + ω2 + ω3| > R2 is a set of the points {ωk +
ωm+ωn}2N+1

k,m,n=1 only points ω1 +ω2 +ω3,ω2 +ω3 +ω4, ω3 +ω4 +ω5, . . . , ω2N−2 +ω2N−1 +ω2N ,
ω2N−1 + ω2N + ω2N+1, ω2N + ω2N+1 + ω1, ω2N+1 + ω1 + ω2 are located on the boundary of
the circle, the remaining points are inside this circle, and the asymptotics of the roots of
equation (23) – (27) are not affected. Next come the circles of the radius R4 = |ω1 + ω2 +
ω3 + ω4| > R3 (this is a set of points {ωk1 + ωk2 + ωk3 + ωk4}2N+1

km=1
m=1,2,3,4

), the circle of radius

R5 = |
5∑

k=1

ωk| > R4 (this is the set of points {ωk1 +ωk2 + · · ·+ωk5}2N+1
km=1

m=1,2,...,5

),. . . , the circle of

radius RN−1 = |
N−1∑
k=1

ωk| > RN−2 (this is the set of points {ωk1 +ωk2 + · · ·+ωkN−1
}2N+1

km=1
m=1,2,...,N−1

),

and finally, the circle of the largest radius RN = |
N∑
k=1

ωk| > RN+1 = |
N∑
k=1

ωk| due to equality

ω1+ω2+ω3+· · ·+ω2N+ω2N+1
(2.2)
= 0 (these are the sets of points {ωk1+ωk2+· · ·+ωkN}2N+1

km=1
m=1,2,...,N

and {ωk1 + ωk2 + · · ·+ ωkN + ωkN−1
}2N+1

km=1
m=1,2,...,N+1

).

The circle of he radius RN+2 = |
N+2∑
k=1

ωk| coincides with the circle of the radius RN−1,

the circle of the radius RN+m = |
N+m∑
k=1

ωk| coincide with the circles of the radius RN−m+1 =

|
N−m+1∑
k=1

ωk| (m = 2, 3, . . . , N) due to equality
2N+1∑
k=1

ωk
(2.2)
= 0 they are located inside the

indicator diagram (30) and such exponentials do not affect the asymptotics of the roots of
equation (23) – (27).

The roots of equation (23) – (27) are located in the sectors 1), 2), . . . , (4N+1)), (4N+2)) of
an infinitesimal opening, the bisectors of which are perpendicular to the segment [Bm;Bm+1]
(m = 1, 2, . . . , 4N + 2) and pass through the midpoints of the segments.

4 The asymptotics of the eigenvalues of the differential operator (1) – (2) in the
sector 1) of the indicator diagram (30)

To find the roots of the roots of the equation f(s) = 0 from (23) – (27) in the sector 1)

of the indicator diagram (1), only the exponents with the exponents ω1,2,3,...,N =
N∑
k=1

ωk and
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ω1,2,3,...,N,N+1 =
N+1∑
k=1

ωk should be left in this equation.

Theorem 4 The equation for the eigenvalues of the differential operator (1) – (3) in the
sector 1) of the indicator diagram (30) has the following form:

v1(s) = v1,0(s)−
v1,2N(s)

(2N + 1)a2Ns2N
+O

(
1

s4N

)
= 0, (31)

v1,0(s)
(3.6)
= ∆00[e

a(ω1+ω2+···+ωN )sπ − ea(ω1+ω2+···+ωN+ωN+1)sπ], (32)

while the main approximation has the form v1,0(s)

v1,2N(s)

∆00

= ω1

 π∫
0

. . .


a11

v1,0(s)

∆00

+ ω2

 π∫
0

. . .


a22

v1,0(s)

∆00

+ · · ·+

+ωN

 π∫
0

. . .


aNN

v1,0(s)

∆00

+ ωN+1

 π∫
0

. . .


a,N+1,N+1

(−1)hN+1(s)+

+
N∑
k=1

ωkhN(s)

 π∫
0

. . .


a,N+1,k

+
N∑
k=1

ωk

 π∫
0

. . .


a,N+2,k

v1,0(s)

∆00

+

+ωN+1

 π∫
0

. . .


a,N+2,N+1

(−1)hN+1(s) + · · ·+
N∑
k=1

ωk

 π∫
0

. . .


a,2N+1,k

v1,0(s)

∆00

+

+ωN+1

 π∫
0

. . .


a,2N+1,N+1

(−1)hN+1(s),

(33)

Where the notation hN(s) = ea(ω1+ω2+···+ωN )sπ and hN+1(s) = ea(ω1+ω2+···+ωN+ωN+1)sπ are
introduced.

Dividing in the equation (31) – (33) by (−1)∆00hN(s) 6= 0 we obtain:

v1(s) = [eaωN+1sπ − 1]− 1

(2N + 1)a2Ns2N

{ π∫
0

q(t)dta11

N∑
k=1

ωk[e
aωN+1sπ − 1]+

+ωN+1

 π∫
0

. . .


a,N+1,N+1

eaωN+1sπ −
N∑
k=1

ωk

 π∫
0

. . .


a,N+1,k

+

+
N∑
k=1

ωk

 π∫
0

. . .


a,N+2,k

[eaωN+1sπ − 1] + ωN+1

 π∫
0

. . .


a,N+2,N+1

eaωN+1sπ+
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+
N∑
k=1

ωk

 π∫
0

. . .


a,N+3,k

[eaωN+1sπ − 1] + ωN+1

 π∫
0

. . .


a,N+3,N+1

eaωN+1sπ + · · ·+

+
N∑
k=1

ωk

 π∫
0

. . .


a,2N+1,k

[eaωN+1sπ − 1] + ωN+1

 π∫
0

. . .


a,2N+1,N+1

eaωN+1sπ

}
+

+O

(
1

s4N

)
= 0,

(34)

at the same time π∫
0

. . .


a11

=

 π∫
0

. . .


a22

= · · · =

 π∫
0

. . .


akk

(2.14)
=

π∫
0

q(t)dta11,

k = 1, 2, . . . , 2N + 1.

The basic approximation of equation ((34)) has the form:

eaωN+1sπ − 1 = 0⇔eaωN+1sπ = 1 = e2πik⇔sk,1,bas =
2ik

aωN+1

, k ∈ N. (35)

The following statement follows from the formula (35) and the general theory of finding
the roots of quasipolynomes of the form (34) (see [4], [5]).

Theorem 5 The asymptotics of the eigenvalues of the differential operator (1) – (3) in the
sector 1) of the indicator diagram (30) has the following form:

sk,1 =
2i

aωN+1

[
k +

d2N,k,1
k2N

+O

(
1

k2N

)]
, k ∈ N. (36)

Proof. Applying the Maclaurin’s formulas, we have:

eaωN+1sπ
∣∣
sk,1

= exp

[
aωN+1π

2i

aωN+1

(
k +

d2N,k,1
k2N

+O

(
1

k4N

))]
=

= e2πik exp
[
2πi
(d2N,k,1
k2N

+O

(
1

k4N

)]
= 1 +

2πid2N,k,1
k2N

+O

(
1

k4N

))
;

(37)

1

s2N

∣∣∣∣
sk,1

=
a2Nω2N

N+1

22N i2N
1

k2N

(
1− 2Nd2N,k,1

k2N+1
O

(
1

k4N+1

))
. (38)

Substituting formulas (36) – (38) into equation (34), we obtain:[
1 +

2πid2N,k,1
k2N

+O

(
1

k4N

)
− 1

]
−

a2Nω2N
N+1

(2N + 1)a2N22N i2N
1

k2N

(
1 +O

(
1

k2N+1

))
×

×
{ π∫

0

q(t)dta11

N∑
k=1

ωkO

(
1

k2N

)
+ ωN+1

π∫
0

q(t)dta11

(
1 +O

(
1

k2N

))
−

−
N∑
k=1

ωk

 π∫
0

. . .


a,N+1,k

+
N∑
k=1

ωk

N+1∑
m=2

 π∫
0

. . .


a,N+m,k

+O

(
1

k2N

)
+

+ωN+1

N+1∑
m=2

 π∫
0

. . .


a,N+m,N+1

(
1 +O

(
1

k2N

))}
+O

(
1

k4N

)
= 0.

(39)
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For k0 in (39) we obtain the correct equality 1 − 1 = 0, which means that the form of
asymptotic formula (36) is chosen correctly. For k−2N in (39) we have:

d2N,k,1 =
1

2πi

ω2N
N+1

(2N + 1)22N(−1)N

[
ωN+1

π∫
0

q(t)dta11 −
N∑
k=1

ωk

 π∫
0

. . .


a,N+1,k

+

+ωN+1

2N+1∑
k=N+2

 π∫
0

. . .


a,k,N+1

]
, k ∈ N.

(40)

In the formula (40) the first term is transformed to the following form:

1

2πi

ω2N
N+1

(2N + 1)22N(−1)N
ωN+1

π∫
0

q(t)dt
(2.1)
=

(−1)N+1

(2N + 1)π22N+1

π∫
0

q(t)dt. (41)

The second and the third terms in formula (40) will be calculated as follows:

HN = −
N∑
m=1

ωm

 π∫
0

. . .


a,N+1,m

+ ωN+1

2N+1∑
m=N+2

 π∫
0

. . .


a,m,N+1

=

=
N∑
k=1

ωN+1

 π∫
0

. . .


a,2N+2−m,N+1

− ωm

 π∫
0

. . .


a,N+1,m

 (2.14)
=

=
N∑
m=1

ωN+1

π∫
0

q(t)ea(ω2N+2−m−ωN+1)stdta,2N+2−m,N+1−

−ωm

π∫
0

q(t)ea(ωN+1−ωm)stdta,N+1,m
(2.1),(4.5)

=

=
N∑
m=1

[
e

2πiN

2N + 1

π∫
0

q(t) exp

at 2ik

aωN+1

e2πi(2N + 1−m)

2N + 1 − e
2πiN

2N + 1


 dta,2N+2−m,N+1−

−e
2πi(m− 1)

2N + 1

π∫
0

q(t) exp

[
at

2ik

aωN+1

(ωN+1 − ωm)

]
dta,N+1,m

]
dta,N+1,m,

this expression will be transformed and simplified as follows:

HN =
N∑
m=1

e

πi(N +m− 1)

2N + 1
[
e

πi(N −m+ 1)

2N + 1

π∫
0

q(t)e−2kti exp

[
2kti exp

(
2πi(1−m+N)

2N + 1

)]
dt−
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−e
−
πi(N −m+ 1)

2N + 1

π∫
0

q(t)e2kti exp

[
(−2kti) exp

(
2πi(m− 1−N)

2N + 1

)]
dt
]

=

=
N∑
m=1

e

πi(N +m− 1)

2N + 1

π∫
0

q(t)e−2kti exp
[
2kti

(
cos

(
2π(N −m+ 1)

2N + 1

)
+

+i sin

(
2π(N −m+ 1)

2N + 1

))]
e

πi(N −m+ 1)

2N + 1 dt−

−
π∫

0

q(t)e2ktie
−
πi(N −m+ 1)

2N + 1 exp
[
(−2kti)

[
cos

(
2π(N −m+ 1)

2N + 1

)
−

−i sin

(
2π(N −m+ 1)

2N + 1

)]
dt
]
,

as a result of which we will receive:

HN = (−2i)
N∑
m=1

exp

(
πi(N +m− 1)

2N + 1

) π∫
0

q(t) sin
[
2kt− 2kt cos

(
2π(N −m+ 1)

2N + 1

)
−

−π(N −m+ 1)

2N + 1

]
dt exp

(
−2kti sin

(
2π(N −m+ 1)

2N + 1

))
dtbNm.

(42)

Substituting the formulas (41), (42) into formula (40), we find:

d2N,k,1 =
ω2N
N+1

(2πi)(2N + 1)22N(−1)N

ωN+1

π∫
0

q(t)dta11 +HN

 =

=
(−1)N+1i

(2N + 1)π22N+1

π∫
0

q(t)dt− 2ie
−

2πiN

2N + 1
N∑
m=1

exp

(
πi(N +m− 1)

2N + 1

) π∫
0

q(t)×

× sin

[
2kt− 2kt cos

(
2π(N −m+ 1)

2N + 1

)
− π(N −m+ 1)

2N + 1

]
×

× exp

(
−2kt sin

(
2π(N −m+ 1)

2N + 1

))
dtbNm, k = 1, 2, 3, . . . ; N = 1, 2, 3, . . . .

(43)

We have proved that all the coefficients d2N,k,1 (k = 1, 2, 3, . . . ) of formula (36) are found
in a unique way, in formula (43) we have given explicit formulas for calculating them, so
theorem 5 is completely proved. Studying in a similar way sectors 2), 3), . . . , (4N + 2)) of the
indicator diagram (30), we come to the following statement.

Theorem 6 1) The asymptotics of the eigenvalues of the differential operator (1) – (3) in
the sectors 2), 3), . . . , (4N + 2)) of the indicator diagram (30) satisfies the following law:

sk,2 = sk,1e
−

2πi

4N + 2 ; sk,3 = sk,2e
−

2πi

4N + 2 = sk,1e
−

4πi

4N + 2 ; . . . ;
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sk,m = sk,m−1e
−

2πi

4N + 2 = sk,1e
−

2πi(m− 1)

4N + 2 ,

m = 1, 2, 3, . . . , 4N + 2,

where sk,1 satisfies formulas (36), (43).
2) Wherein λk,m = s2N+1

k,m , m = 1, 2, 3, . . . , 4N + 2; k = 1, 2, 3, . . . .
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THE TWO-SIDED ESTIMATES OF THE FREDHOLM RADIUS AND
COMPACTNESS CONDITIONS FOR THE OPERATOR ASSOCIATED

WITH A SECOND-ORDER DIFFERENTIAL EQUATION
In this paper we consider the properties of the resolvent of a linear operator corresponding to a
degenerate singular second-order differential equation with variable coefficients, considered in the
Lebesgue space. The singularity of the specified differential equation means that it is defined in
a noncompact domain — on the whole set of real numbers, and its coefficients are unbounded
functions. The conditions for the compactness of the resolvent were obtained, as well as a double-
sided estimate of its fredgolm radius. The previously known compactness conditions of the resolvent
were obtained under the assumption that the intermediate term of the differential operator either
is missing or, in the operator sense, is subordinate to the sum of the extreme terms. In the current
paper these conditions are not met due to the rapid growth at infinity of the intermediate coefficient
of the differential equation, and the minor coefficient can change sign. The property of compactness
of the resolvent allows, in particular, to justify the process of finding an approximate solution of
the associated equation. The Fredholm radius of a bounded operator characterizes its closeness to
the Fredholm operator. The operator coefficients are assumed to be smooth functions, but we do
not impose any constraints on their derivatives. The result on the invertibility of the operator and
the estimation of its maximum regularity obtained by the authors earlier is essentially used in this
paper.
Key words: second-order differential operator, Fredholm radius, resolvent, compactness,
differential equation in an unbounded domain, differential operator with unbounded coefficients.
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Фредгольм радиусының екi жақты бағалаулары және екiншi реттi дифференциалдық

теңдеумен байланысты оператордың компактылығының шарттары
Бұл жұмыста Лебег кеңiстiгiнде берiлген айнымалы коэффициенттi нұқсанды екiншi реттi
сингулярлы дифференциалдық теңдеуге сәйкес келетiн сызықты оператордың резольвен-
тасының қасиеттерi зерттелген. Аталған дифференциалдық теңдеудiң сингулярлы болуын
оның шексiз облыста — бүкiл сан осiнде — берiлуi мен оның коэффициенттерiнiң шенелме-
гендiгi бiлдiредi. Резолютентаның компактылығының шарттары, сондай-ақ оның Фредгольм
радиусының екi жақты бағасы алынды. Резольвентаның компактылығының бiзге бұрыннан
белгiлi шарттары дифференциалдық оператордың аралық мүшесi жоқ немесе ол оператор
мағынасында шеткi мүшелердiң қосындысына бағынады деген болжамда алынған. Ал бұл
жұмыста дифференциалдық теңдеудiң аралық коэффициентiнiң шексiз алыс нүкте аймағын-
да жылдам өсуi мен төменгi коэффициенттiң таңбасы өзгермелi болуына байланысты аталған
шарттар орындалмайды. Резольвентаның компактылық қасиетiнiң болуы, мысалы, онымен
байланысты теңдеудiң жуықталған шешiмiн табу процесiн негiздеуге мүмкiндiк бередi. Ше-
нелген оператордың Фредгольм радиусы оның фредгольмдiк операторларға жақындығын
сипаттайды. Оператордың коэффициенттерi тегiс функциялар деп есептеледi, бiрақ бiз олар-
дың туындыларына ешқандай шектеу қоймаймыз. Жұмыста авторлар өздерi осыған дейiн
алған оператордың қайтарымдылығы жайлы нәтиже мен оның максималды регулярлығы-
ның бағасына сүйенедi.
Түйiн сөздер: екiншi реттi дифференциалдық оператор, Фредгольм радиусы, резольвента,
компактылық, шенелмеген облыстағы дифференциалдық теңдеу, коэффициенттерi шенел-
меген дифференциалдық теңдеу.
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Двухсторонние оценки радиуса фредгольмовости и условия компактности оператора,

связанного с дифференциальным уравнением второго порядка

В настоящей работе изучаются свойства резольвенты линейного оператора, соответству-
ющего вырожденному сингулярному дифференциальному уравнению второго порядка с
переменными коэффициентами, рассматриваемому в пространстве Лебега. Сингулярность
указанного дифференциального уравнения означает, что он задан в некомпактной области
— на всей числовой оси, а его коэффициенты являются неограниченными функциями.
Получены условия компактности резольвенты, а также двусторонняя оценка его радиуса
фредгольмовости. Ранее известные условия компактности резольвенты были получены в
предположении, что промежуточный член дифференциального оператора либо отсутствует,
либо в операторном смысле подчиняется сумме крайних членов. В настоящей работе эти
условия не выполняются вследствие быстрого роста на бесконечности промежуточного
коэффициента дифференциального уравнения, а младший коэффициент может менять знак.
Наличие свойства компактности резольвенты позволяет, в частности, обосновать процесс
нахождения приближенного решения связанного с нею уравнения. Радиус фредгольмовости
ограниченного оператора характеризует его близость к фредгольмовому оператору. Коэф-
фициенты оператора предполагаются гладкими функциями, однако мы не накладываем
какие-либо ограничения на их производные. В работе существенно использован результат
об обратимости этого оператора и оценка его максимальной регулярности, полученные
авторами ранее.

Ключевые слова: дифференциальный оператор второго порядка, радиус фредгольмово-
сти, резольвента, компактность, дифференциальное уравнение в неограниченной области,
дифференциальный оператор с неограниченными коэффициентами.

1 Introduction

For the Sturm-Liouville operator

Ly = −y′′ + q(x)y, q > 1, x ∈ R = (−∞,+∞)

the following fact proven by Molchanov [1] is known: for the inverse operator L−1 to be
compact in the space L2(R) it is necessary and sufficient that for each d > 0 the coefficient
q(x) satisfies the condition

lim
|x|→+∞

x+d∫
x−d

q(t)dt = +∞.

This result is generalized in [2, 3] for rather general classes of elliptic operators with non-
smooth and oscillating coefficients. In the case of non self-adjoint operators, such results
were obtained using the properties that are inherent to semi-bounded self-adjoint operators.
However, these results have been established in cases when the intermediate term of a second-
order differential operator is either equal to zero or in the operator sense is subordinate
to the sum of the extreme terms. The mentioned requirements are not satisfied when the
intermediate coefficient grows strongly (see [4,5]), this case is considered in the current paper.

Fredholm operators are extensively studied and have a rich theory similar to the theory of
second kind integral operators. One of the characteristics of the adjacency of a given bounded
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operator to a Fredholm operator is its so-called Fredholm radius [6]. In this paper we give an
estimate of the Fredholm radius as well as a criterion for compactness of the resolvent of one
class of second-order differential equations with a fast-growing intermediate coefficient. We
will essentially use the maximum regularity estimate of the solution of this equation, which
was established by us in [7].

Consider the equation

l0y = −y′′ + ry′ + sy = f(x), (1)

where x ∈ R, r is a continuously differentiable function, and s is a continuous function, f ∈
Lp = Lp(R). Let Q̃ ⊆ R. We denote C(k)

0 (Q̃) (k = 1, 2, . . . ) as a set of k-times continuously
differentiable functions with compact support in Q̃. Let D(l0) = C

(2)
0 (R) and l is a closure of

the operator l0 in the norm of Lp. We call a function y ∈ D(l) such that ly = f as a solution
of the equation (1). It follows that the unique solvability of the equation (1) is equivalent to
the bounded invertibility of the operator l.

2 Material and methods

We base on the maximum regularity estimates (2) below obtained in the Lemma 2. The
embedding and compactness theorems of weighed functional classes of the Sobolev type are
used. The properties of the average M. Otelbaev function are also used in obtaining the
necessary and sufficient condition for the discreteness of the spectrum of the operator l. In
addition, Hardy-type integral inequalities on the real axis and semi-axis are used to estimate
the norm of the element from the domain of the operator l with singular weight.

3 Auxiliary statements

Let g(x) and h(x) 6= 0 be some real continuous functions, q = p
p−1 and ‖ · ‖p is the norm of

Lp. Let us introduce the following notations

αg,h(t) = ‖g‖Lp(0,t)

∥∥h−1∥∥
Lq(t,+∞)

(t > 0),

βg,h(τ) = ‖g‖Lp(τ,0)

∥∥h−1∥∥
Lq(−∞,τ)

(τ < 0),

αg,h = sup
t>0

αg,h(t), βg,h = sup
τ<0

βg,h(τ), γg,h = max (αg,h, βg,h) .

In [7] the following statements were proved.

Lemma 1 If g(x) and h(x) 6= 0 are continuous functions with γg,h < +∞, then

+∞∫
−∞

|g(x)y(x)|p dx 6 C

+∞∫
−∞

|h(x)y′(x)|p dx, ∀y ∈ C(1)
0 (R).

Moreover, if C is the smallest constant for which this inequality holds, then

(min (αg,h, βg,h))
p 6 C 6

(
p

1
p q

1
q γg,h

)p
.
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Lemma 2 Let 1 < p < +∞, r(x) > 1 be continuously differentiable function, s(x) be
continuous function such that γ1,r1/p < +∞ and γs,r < +∞. If there exist C1 > 1 such that

C−11 6
r(x)

r(ν)
6 C1, x, ν ∈ R : |x− ν| 6 1,

then for any f ∈ Lp, the equation (1) has a unique solution y(x), which satisfies the following
inequality:

‖y′′‖p + ‖ry
′‖p + ‖sy‖p 6 C2‖f‖p, (2)

where C2 depends only on γs,r and p.

4 Main results

4.1 Estimation of the Fredholm radius of a degenerate operator in Lp

Definition 1 We call the following value as the Fredholm radius of the bounded operator
A : Lp → Lp

ρA =

[
inf

T∈σ∞(Lp)
‖A− T‖Lp→Lp

]−1
,

where σ∞ is the set of all compact operators in Lp.

Let R+ = (0,+∞), R− = (−∞, 0). If γ1,r < +∞ then according to the Theorem 2 [10]
‖ry′‖Lp(R+) and ‖ry′‖Lp(R−) are the norms.

Let X and Y are normed spaces. The transformation E : X → Y that matches each
element a ∈ X with the same element from space Y is called an embedding operator. By
Hp(r,R+) we denote the completion of the set C(2)

0 (R+) by a norm ‖u‖Hp(r,R+) = ‖u′′‖Lp(R+)+
‖ru′‖Lp(R+).

The following lemma is a special case of the Theorem 3 [8].

Lemma 3 Let the function Q(x) > δ > 0 be continuous on R+ and there exists a positive
constant C such that C−1 6 Q(x)

Q(ν)
6 C, x, ν ∈ R+ : |x − ν| 6 1. Suppose that the embedding

operator E+ : Hp(Q,R+) → Lp(R+) is bounded. Then for the Fredholm radius ρE+ of the
operator E+ the following estimates hold

C−11 6 ρE+γ+ 6 C1,

where γ+ = lim
t→+∞

α1,Q(t), and C1 > 1 does not depend on Q(x).

The following statement holds.

Lemma 4 Let the function Q(x) > δ > 0 be continuous on R− and there exists a positive
constant C such that C−1 6 Q(x)

Q(ν)
6 C, x, ν ∈ R− : |x − ν| 6 1. Suppose that the embedding

operator E− : Hp(Q,R−) → Lp(R−) is bounded. Then for the Fredholm radius ρE− of the
operator E− the following estimates hold

C−12 6 ρE−γ− 6 C2,

where γ− = lim
τ→−∞

β1,Q(τ), and C2 > 1 does not depend on Q(x).
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Proof. Let u ∈ Hp(Q,R−) thus E−u ∈ Lp(R−). Suppose u1(x) = u(−x) ∈ Hp(Q,R+)
then E−u = E+u1. Let T1 ∈ σ∞(Lp(R−)), T ∈ σ∞(Lp(R+)) and T1u = Tu1. Then (E− −
T1)u = (E+ − T )u1. Further

‖E− − T1‖Lp(R−) = sup
u6=0

‖(E− − T1)u‖Lp(R−)

‖u‖Lp(R−)
= sup

u1 6=0

[
0∫
−∞
|(E− − T1)u1(−x)|p dx

] 1
p

[
0∫
−∞
|u1(−x)|p dx

] 1
p

=

= sup
u1 6=0

[
+∞∫
0

|(E+ − T )u1(x)|p dx
] 1

p

[
+∞∫
0

|u1(x)|p dx
] 1

p

= sup
u1 6=0

‖(E+ − T )u1‖Lp(R+)

‖u1‖Lp(R+)

= ‖E+ − T‖Lp(R+) .

That means ρE+ = ρE− , it follows by the Lemma 3 that C−12 6 ρE− lim
t→+∞

α1,Q(−x)(t) 6 C2.

Moreover

lim
t→+∞

α1,Q(−x)(t) = lim
t→+∞

t
1
p

 +∞∫
t

dx

|Q(x)|q

 1
q

= lim
τ→−∞

(−τ)
1
p

 τ∫
−∞

dx

|Q(x)|q

 1
q

= γ−.

The lemma is proved.
Here is another lemma.

Lemma 5 [9] Let U =
n⋃
k=1

Uk, V =
n⋃
k=1

Vk are unions of mutually disjoint intervals and an

operator T =
n∑
k=1

Tk is such that Tk : Lp(Uk) → Lq(Vk), k = 1, n and T : Lp(U) → Lq(V ),

0 < p 6 q < +∞. Then

‖T‖Lp(U)→Lq(V ) = sup
16k6n

‖Tk‖Lp(Uk)→Lq(Vk).

The main result of this section is the following statement.

Theorem 1 Let the functions r, s satisfy the conditions of Lemma 2. Then there exists a
constant C3 that for the Fredholm radius ρl−1 of the inverse to l operator l−1 the following
estimates hold

C−13 6 ρl−1γ1,r 6 C3. (3)

Proof. By Hp(r,R) we denote the completion of the set C(2)
0 (R) by a norm ‖u‖Hp(r,R) =

‖u′′‖Lp(R) + ‖ru′‖Lp(R). Let f ∈ Lp(R), we denote

f+(x) =

{
0, x ∈ (−∞, 0),
f(x), x ∈ [0,+∞),

f−(x) =

{
f(x), x ∈ (−∞, 0),
0, x ∈ [0,+∞).
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Then obviously f = f−+f+. Let E be an embedding operator of the space Hp(r,R) in Lp(R),
T ∈ σ∞(Lp(R)), (E − T )− and (E − T )+ be restrictions of the operator E − T in the spaces
Lp(R+) and Lp(R−) respectively. According to Lemma 5

‖E − T‖Lp(R) = max
(
‖(E − T )−‖Lp(R−), ‖(E − T )+‖Lp(R+)

)
. (4)

Hence
‖E − T‖Lp(R) 6 ‖(E − T )−‖Lp(R−) + ‖(E − T )+‖Lp(R+),

which implies

ρ−1E = inf
T∈σ∞(Lp(R))

‖E − T‖Lp(R) 6 inf
T−∈σ∞(Lp(R−))

‖E− − T−‖Lp(R−)+

+ inf
T+∈σ∞(Lp(R+))

‖E+ − T+‖Lp(R+) = ρ−1E− + ρ−1E+
6 C2γ− + C1γ+. (5)

It also follows from (4)

‖(E − T )−‖Lp(R−) + ‖(E − T )+‖Lp(R+) 6 2‖E − T‖Lp(R),

which means
2ρ−1E > ρ−1E− + ρ−1E+

> C−12 γ− + C−11 γ+.

An estimate follows from the last inequality and (5)

C̃3

−1
6 ρEγ1,r 6 C̃3

According to Lemma 2, the operator l−1 is bounded from Lp into the space W with the norm
‖u‖W = ‖u′′‖p + ‖ru′‖p + ‖su‖p, which coincides with Hp(r,R) by virtue of the condition
γs,r < +∞. It is clear that l is bounded from Hp(r,R) to Lp operator. So, l is a one-to-one
relationship between Hp(r,R) and Lp(R). Therefore the last inequalities lead to estimates (3).
The theorem is proved.

4.2 Degenerate operator resolvent compactness criterion in Lp

For a continuous function r(x) > 1 we denote the following notation (see [8]):

r∗(x) = inf
d>0

d−1 : d1−p >
x+d∫
x−d

rp(t)dt

 , x ∈ R.

Lemma 6 Let r(x) > 1 be a continuous function, and there exists a C > 1 such that

C−1 6
r(x)

r(ν)
6 C for x, ν ∈ R : |x− ν| < 1. (6)

Then there exists C1 > 1 such that

C−11 r(x) 6 r∗(x) 6 C1r(x), x ∈ R.
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Proof. Let dx = (r∗(x))−1. The continuity of the function r(x) and the condition r(x) > 1
imply that

d−1x = r∗(x) =

 x+dx/2∫
x−dx/2

rp(t)dt


1

p−1

>

 x+dx/2∫
x−dx/2

dt


1

p−1

= d
1

p−1
x .

Since 1
p−1 > 0, then dx 6 1, so the condition (6) is satisfied when |x− ν| < dx. Hence, taking

into account the previous equality, we have

r∗(x) >

C−1rp(x) x+dx/2∫
x−dx/2

dx


1

p−1

= C−
1

p−1 r
p

p−1 (x)d
1

p−1
x = C−

1
p−1 r

p
p−1 (x)(r∗(x))−

1
p−1 ,

r∗(x) 6

Crp(x) x+dx/2∫
x−dx/2

dx


1

p−1

= C
1

p−1 r
p

p−1 (x)d
1

p−1
x = C

1
p−1 r

p
p−1 (x)(r∗(x))−

1
p−1 .

By putting C1 = C
1
p , we obtain the required estimates. The lemma is proved.

Lemma 7 Let the function r(x) > 1 be continuous and satisfy the condition

C−1 6
r(x)

r(ν)
6 C for x, ν ∈ R+ : |x− ν| 6 1,

and E+ : Hp(r,R+)→ Lp(r,R+) is an embedding operator. Then the operator E+ is compact
if and only if

lim
t→+∞

α1,r(t) = 0.

Proof. Due to the Lemma 6, the equality lim
t→+∞

α1,r(t) = 0 holds if and only if lim
t→+∞

α1,r∗(t) =

0. Therefore, taking into account Theorem 2 [8], we obtain the statement of the lemma. The
lemma is proved.

Lemma 8 Let the function r(x) > 1 be continuous and satisfy the condition

C−1 6
r(x)

r(ν)
6 C for x, ν ∈ R− : |x− ν| 6 1,

and E− : Hp(r,R−)→ Lp(r,R−) is an embedding operator. Then the operator E− is compact
if and only if

lim
τ→−∞

β1,r(τ) = 0.

Proof. Let u ∈ Hp(r,R−), and the functions u1(t) = u(−t) and r1(t) = r(−t) are defined on
R+. Then the compactness of the embedding operator E− is equivalent to the compactness of
the operator E1 : Hp(r1,R+)→ Lp(r1,R+), where E1u1 = E−u. Due to the previous lemma,
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the operator E1 is compact if and only if the following equality holds lim
t→+∞

α1,r1(t) = 0. On
the other hand

lim
t→+∞

α1,r1(x)(t) = lim
t→+∞

β1,r1(−x)(−t) = lim
τ→−∞

β1,r(x)(τ),

where τ = −t. The lemma is proved.

Lemma 9 Let the function r(x) > 1 be continuous and satisfy the condition (6) on R, and
E : Hp(r,R)→ Lp(r,R) is an embedding operator. Then E is compact if and only if

lim
t→+∞

α1,r(t) = 0, lim
τ→−∞

β1,r(τ) = 0. (7)

Proof. We denote

r+(x) =

{
0, x ∈ (−∞, 0),
r(x), x ∈ [0,+∞),

r−(x) =

{
r(x), x ∈ (−∞, 0),
0, x ∈ [0,+∞).

Then r(x) = r−(x) + r+(x) and ‖r‖Lp(R) = ‖r−‖Lp(R−) + ‖r+‖Lp(R+). Let us prove that
embedding E is compact if and only if the following embedding operators are compact:
E− : Hp(r,R−)→ Lp(R−) and E+ : Hp(r,R+)→ Lp(R+).

Let E− and E+ be compact. Consider the function u1 ∈ Hp(r,R+). According to the
Lemma 1

‖u1‖Lp(N,+∞) 6 pq
p
q

(
sup
t>N

α1,r(t)

)p
‖ru′1‖Lp(N,+∞) 6 C

(
sup
t>N

α1,r(t)

)p
‖u1‖Hp(r,R+).

Applying the first condition in (7), we obtain for any u1 ∈ Hp(r,R+)

lim
N→+∞

‖u1‖Lp(N,+∞) = 0.

Similarly, considering the function u2 ∈ Hp(r,R−) and using the second condition in (7), we
obtain

lim
N→−∞

‖u2‖Lp(−∞,N) = 0.

Therefore, due to the Frechet-Kolmogorov theorem the operator E is compact.
On the other hand, if E is a compact operator, let us prove that the embedding operator

E+ is compact. Consider a Cauchy sequence {un}+∞n=1 from the unit ball of Hp(r,R+):
{un}+∞n=1 ⊂ Hp(r,R+), ‖un‖Hp(r,R+) 6 1. Since the set C(2)

0 (R+) is dense in Hp(r,R+), then
without loss of generality we can assume that un(x) = 0 for x ∈ (0, a) for some a > 0. Let

vn(x) =

{
0, x ∈ (−∞, 0],
un(x), x ∈ R+.

The sequence {vn}+∞n=1 is a Cauchy sequence in the Hp(r,R) therefore it converges in the
Lp(R) since the operator E is compact. Then by construction, the sequence {un}+∞n=1 converges
in the Lp(R+), hence E+ is also compact operator.

The compactness of the operator E− is proved similarly. The lemma is proved.
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Theorem 2 Let the conditions of Lemma 2 hold. Then the resolvent l−1 is compact in Lp(R)
if and only if

lim
t→+∞

α1,r(t) = 0, lim
τ→−∞

β1,r(τ) = 0. (7)

Proof. According to the Lemma 2, the resolvent l−1 is bounded from the space Lp(R) into
the space Hp(r,R). Due to the Lemma 9 condition (7) and compactness of the embedding
operator E : Hp(r,R)→ Lp(R) are equivalent. The theorem is proved.

5 Conclusion

In the current paper we have investigated an operator l corresponding to a second-order
differential equation (1) with unbounded coefficients, with an intermediate term that does
not subordinate to the sum of the extreme terms. The main results of the paper are Theorem 1
on the estimation of the Fredholm radius of the resolvent l−1, as well as Theorem 2, which
gives the compactness conditions of the resolvent l−1 in Lp.
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INCEPTION OF GREEN FUNCTION FOR THE THIRD-ORDER LINEAR
DIFFERENTIAL EQUATION THAT IS INCONSISTENT WITH THE

BOUNDARY PROBLEM CONDITIONS
Regarding the importance of teaching linear differential equations, it should be noted that every
physical and technical phenomenon, when expressed in mathematical sciences, is a differential
equation. Differential equations are an essential part of contemporary comparative mathematics
that covers all disciplines of physics (heat, mechanics, atoms, electricity, magnetism, light and
wave), many economic topics, engineering fields, natural issues, population growth and today’s
technical issues. Used cases. In this paper, the theory of third-order heterogeneous linear differential
equations with boundary problems and transforming coefficients into multiple functions p(x) we
will consider. In mathematics, in the field of differential equations, a boundary problem is called
a differential equation with a set of additional constraints called boundary problem conditions.
A solution to a boundary problem is a solution to the differential equation that also satisfies
the boundary conditions. Boundary problem problems are similar to initial value problems. A
boundary problem with conditions defined at the boundaries is an independent variable in the
equation, while a prime value problem has all the conditions specified in the same value of the
independent variable (and that value is below the range, hence the term "initial value"). A limit
value is a data value that corresponds to the minimum or maximum input, internal, or output
value specified for a system or component. When the boundaries of boundary values in the solution
of the equation to obtain constants D1, D2, D3 to lay down Failure to receive constants is called a
boundary problem. We solve this problem by considering the conditions given for that true Green
expression function. Every real function of the solution of a set of linear differential equations
holds, and its boundary values depend on the distances.
Key words: Green Function, Boundary Problem, Private Solution, Public Solution, Wronskian
Determinant.
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Үшiншi реттi сызықтық дифференциалдық теңдеу үшiн Грин функциясына сәйкес
шекаралық есебi

Математика ғылымында сызықтық дифференциалдық теңдеулердi оқытудың маңыздылығы
туралы айта кету керек, көрсетiлген әрбiр физикалық-техникалық құбылыс дифференциал-
дық теңдеу болып табылады. Дифференциалдық теңдеулер – бұл барлық физикалық пәндер-
дi (жылу, механика, атомдар, электр, магнетизм, жарық және толқындар), көптеген экономи-
калық тақырыптарды, инженерлiк өрiстердi, табиғи мәселелердi, халық санының өсуiн және
заманауи техникалық мәселелердi қамтитын қазiргi салыстырмалы математиканың ажы-
рамас бөлiгi. Бұл мақалада шекаралық есептерi бар үшiншi реттi бiртектi емес сызықтық
дифференциалдық теңдеулер және коэффициенттердi бiрнеше функцияға айналдыру тео-
риясын қарастырамыз. Шектiк есептер бастапқы мәнмен есептерге ұқсас. Шектерiнде аны-
қталған шарттары бар шекаралық есеп теңдеудегi тәуелсiз айнымалы болып табылады, ал
қарапайым мәнi бар есепте барлық шарттар болады. Тәуелсiз айнымалының бiрдей мәнiнде
көрсетiлген (және бұл мән ауқымнан төмен, демек, "бастапқы мән" терминi).
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Шектiк мән дегенiмiз – жүйеге немесе құрамдас бөлiкке көрсетiлген минималды немесе мак-
сималды кiрiс, iшкi немесе шығыс мәндерiне сәйкес келетiн деректер мәнi. Теңдеу шешi-
мiндегi шекара мәндерiнiң шекаралары тұрақтыларды алу үшiн пайдаланады, содан кейiн
тұрақтыларды қосамыз. Бұл Грин шекаралық есебi деп аталады. Сызықтық дифференциал-
дық теңдеулер жүйесiн шешудiң әрбiр нақты функциясы орындалады және оның шекаралық
мәндерi арақашықтықтарға тәуелдi болады.
Түйiн сөздер: Грин функциясы, шекаралық есеп, нақты шешiм, вронскиян анықтамасы.
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Возникновение функции Грина для линейного дифференциального уравнения третьего

порядка, несовместимого с условиями краевой задачи

Что касается важности обучения линейным дифференциальным уравнениям, следует
отметить, что каждое физическое и техническое явление, выраженное в математических
науках, является дифференциальным уравнением. Дифференциальные уравнения являются
неотъемлемой частью современной сравнительной математики, которая охватывает все
дисциплины физики (тепло, механику, атомы, электричество, магнетизм, свет и волны),
многие экономические темы, области техники, естественные проблемы, рост населения
и современные технические проблемы. В данной статье мы рассмотрим теорию неодно-
родных линейных дифференциальных уравнений третьего порядка с краевыми задачами
и преобразованием коэффициентов в кратные функции. В области дифференциальных
уравнений краевая задача называется дифференциальным уравнением с набором допол-
нительных ограничений, называемых условиями краевой задачи. Решение краевой задачи
– это решение дифференциального уравнения, которое также удовлетворяет граничным
условиям. Краевые задачи аналогичны задачам с начальным значением. Граничная задача
с условиями, определенными на границах, является независимой переменной в уравнении,
тогда как задача с простым значением имеет все условия, указанные в одном и том же
значении независимой переменной (и это значение находится ниже диапазона, отсюда
выйдет термин "начальное значение"). Предельное значение – это значение данных, которое
соответствует минимальному или максимальному входному, внутреннему или выходному
значению, заданному для системы или компонента. Когда границы граничных значений
в решении уравнения для получения констант сложить потом получаем констант. Это
называется краевой задачей Грина. Каждая действительная функция решения системы
линейных дифференциальных уравнений имеет место, и ее граничные значения зависят от
расстояний.

Ключевые слова: функция Грина, граничная задача, частное решение, публичное решение,
определитель Вронскиана.

1 Introduction

Differential equations are one of the most interesting and widely used mathematical topics
that have attracted the attention of many researchers. Differential equations in various
disciplines including physics; It is especially useful in the movement of weights attached to
springs, electrical circuits and free vibrations. In mathematics, in the field of differential
equations, a boundary value problem is a differential equation with a set of additional
constraints called boundary conditions. A solution to a boundary value problem is a solution
to the differential equation that also satisfies the boundary conditions [3].

Boundary value problems arise in several branches of physics because each equation has
a body differential. Wave equation problems, such as determining normal states, are often
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referred to as boundary value problems. A large category of important problems in the
boundary value are the Storm-Liouville problems. The analysis of these problems involves
special functions, the Green functions of a differential operator [4].

2 Objectives of this research

Topics for introducing heterogeneous linear differential equations of the third order with
boundary conditions, and obtaining the Green function are discussed.

3 Methodology

Information has been collected in the form of libraries, websites, domestic and foreign scientific
articles, undergraduate and doctoral research dissertations.

3.1 Literature review

Differential equations have been developed for nearly 300 years, and the relationship between
evolutions is functions and derivatives of functions, so its history naturally dates back
to the discovery of the derivative by the English scientist Isaac Newton (1772-1642) and
Gottfried Gottfried Wilhelm Leibniz (Germany (1716-1646)) began. Newton worked on
differential equations, including first-order differential equations, into forms. Jacob proposed
the Bernoulli differential equation in 1674, but failed to prove it until Euler proved it in 1705.

In the linear differential equations of the boundary problem, Sturm-Lowville first worked,
the Sturm-Lowville theory in mathematics and its applications, the classical Sturm-Lowville
theory, named after Jacques François Sturm (1803-1855) and Joseph Lowville (1809-1882),
the theory of linear differential equations is the second real order of form. In 1969, the Russian
scientist Nymark wrote in his book Linear Differential Operators about the Green function
to solve differential equations with boundary problem conditions.

4 Green function of an unperturbation boundary value problem

Problem statement. Consider the general solution of a third-order heterogeneous linear
differential equation with boundary problem conditions

It should be noted that in the space L2(0, 1) the operator generated by a linear differential
expression of the third order with constant coefficients is considered.

y(3)(x) + P1(x)y(1)(x) + P0(x)y(x) = f(x) (1)

Here P0(x) multiple functions are limited in [0, 1] interval P1(x) multiple functions can be
changed in the interval [0, 1] are on. Number 3 is the order of differential expression and three
times different.

In this section, we recall the known features of these operators, which weconsider with
the following boundary conditions

Uj(y) = αjy
(γj)(0) + βjy

(γj)(1) = 0, j = 1, 2, 3, (2)
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where γ1 = 0, γ2 = 1, γ3 = 2 chosen according to the Mikhailov-Keselman theorem are often
called the strongly regular boundary conditions [4]. Therefore, the eigenvalues of the operator
S0 are asymptotic simple and separated [3], that is, there is a positive number δ for which any
two eigenvalues of the operator S0 are separated from each other by a distance greater than
δ. It also follows from works [1, 2] that the system of eigenfunctions and associated functions
of the operator S0 forms a Rises basis in the space L2(0, 1).

We assume
3 > γ3 ≥ γ2 ≥ γ1 ≥ 0

The general form of the heterogeneous linear differential equation using differential operators
can also be written as follows

L(y) = λy(x) + f(x) (3)

We consider the general solution of equation (1), (2) to be a third-order differential

y(x) = y0(x) +D1ϕ1(x) +D2ϕ2(x) +D3ϕ3(x) (4)

where
y0(x) =

x∫
0

g(x, t)f(t)dt

y0(x) The specific solution is a heterogeneous equation and here ϕ1(x), ϕ2(x), ϕ3(x) the
basic system of solutions of the equation is homogeneous when the conditions L(ϕ1) = 0,

L(ϕ2) = 0, L(ϕ3) = 0 and satisfaction with heterogeneous border conditions ϕ(k−1)
j (0) = δkj

function g(x, t) Determined by the following formula, which I call the Green function

g(x, t) =
P (x, t)

W (t)

Where δkj =

{
1 , k = j
0 , k 6= j

and W (t) determinative Wronskian

W (t1, t2, t3) =

∣∣∣∣∣∣
y1(t) y2(t) y3(t)

y
(1)
1 (t) y

(1)
2 (t) y

(1)
3 (t)

y
(2)
1 (t) y

(2)
2 (t) y

(2)
3 (t)

∣∣∣∣∣∣
and it should be known that P (x, t) is equal to becomes

P (x, t) =

∣∣∣∣∣∣
y1(t) y2(t) y3(t)

y
(1)
1 (t) y

(1)
2 (t) y

(1)
3 (t)

y1(x) y2(x) y3(x)

∣∣∣∣∣∣ .
So you should know g(x, t) = P (x, t) because g(x, t) the following formula can be defined.

g(x, t) =

∣∣∣∣∣∣
y1(t) y2(t) y3(t)

y
(1)
1 (t) y

(1)
2 (t) y

(1)
3 (t)

y1(x) y2(x) y3(x)

∣∣∣∣∣∣ .
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From here we propose a specific inhomogeneous solution, below

y0(x) =

x∫
0

∣∣∣∣∣∣
y1(t) y2(t) y3(t)

y
(1)
1 (t) y

(1)
2 (t) y

(1)
3 (t)

y1(x) y2(x) y3(x)

∣∣∣∣∣∣ f(t)dt

function y0(x) the heterogeneous solution is equation (1), (2) and to investigate it we take
the first-order derivative from the specific (inhomogeneous) solution.

y
(1)
0 (x) =

x∫
0

∣∣∣∣∣∣
y1(t) y2(t) y3(t)

y
(1)
1 (t) y

(1)
2 (t) y

(1)
3 (t)

y
(1)
1 (x) y

(1)
2 (x) y

(1)
3 (x)

∣∣∣∣∣∣ f(t)dt+

∣∣∣∣∣∣
y1(x) y2(x) y3(x)

y
(1)
1 (x) y

(1)
2 (x) y

(1)
3 (x)

y1(x) y2(x) y3(x)

∣∣∣∣∣∣ f(x)

now we take the second-order derivative

y
(2)
0 (x) =

x∫
0

∣∣∣∣∣∣
y1(t) y2(t) y3(t)

y
(1)
1 (t) y

(1)
2 (t) y

(1)
3 (t)

y
(2)
1 (x) y

(2)
2 (x) y

(2)
3 (x)

∣∣∣∣∣∣ f(t)dt

now we take the third order derivative

y
(3)
0 (x) =

x∫
0

∣∣∣∣∣∣
y1(t) y2(t) y3(t)

y
(1)
1 (t) y

(1)
2 (t) y

(1)
3 (t)

y
(3)
1 (x) y

(3)
2 (x) y

(3)
3 (x)

∣∣∣∣∣∣ f(t)dt+

∣∣∣∣∣∣
y1(x) y2(x) y3(x)

y
(1)
1 (x) y

(1)
2 (x) y

(1)
3 (x)

y
(2)
1 (x) y

(2)
2 (x) y

(2)
3 (x)

∣∣∣∣∣∣ f(x)

now to solve a given heterogeneous problem, we must examine Equation (1)and we y(x) offer
solutions

L(y) = y0
(3)(x) + P1(x)y0

(1)(x) + P0(x)y0(x)

Solve the received function y(x) Prove the following

L(y) =
x∫
0

∣∣∣∣∣∣
y1(t) y2(t) y3(t)

y
(1)
1 (t) y

(1)
2 (t) y

(1)
3 (t)

y
(3)
1 (x) y

(3)
2 (x) y

(3)
3 (x)

∣∣∣∣∣∣ f(t)dt+ f(x) + P1(x)
x∫
0

∣∣∣∣∣∣
y1(t) y2(t) y3(t)

y
(1)
1 (t) y

(1)
2 (t) y

(1)
3 (t)

y
(1)
1 (x) y

(1)
2 (x) y

(1)
3 (x)

∣∣∣∣∣∣ f(t)dt+

+P0(x)
x∫
0

∣∣∣∣∣∣
y1(t) y2(t) y3(t)

y
(1)
1 (t) y

(1)
2 (t) y

(1)
3 (t)

y1(x) y2(x) y3(x)

∣∣∣∣∣∣ f(t)dt

from here we have to add the matrices,

L(y) =

=
x∫
0

∣∣∣∣∣∣
y1(t) y2(t)

y
(1)
1 (t) y

(1)
2 (t)

y
(3)
1 (x) + P1(x)y

(1)
1 (x) + P0(x)y1(x) y

(3)
2 (x) + P1(x)y

(1)
2 (x) + P0(x)y2(x)
y3(t)

y
(1)
3 (t)

y
(3)
3 (x) + P1(x)y

(1)
3 (x) + P0(x)y3(x)

∣∣∣∣∣∣
f(t)dt+ f(x)
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Homogeneous equation condition L(y) = y
(3)
1 (x) + P1(x)y

(1)
1 (x) + P0(x)y1(x) = 0 to be so

we can function f(x) and as a result we can say that we have obtained the solution of the
heterogeneous part.

we get the Green function for the proposed problem and prove it given the problem
Equation (1), (2) Heterogeneous linear differential with boundary value problem can also be
considered as follows

L(y) = f(x), 0 < x < 1 (5)

With border conditions

U1(y) = 0, U2(y) = 0, U3(y) = 0. (6)

the kind of frontier conditions defined for us in advance

U1(y) = α1y(0)− β1y(1) = 0

U2(y) = α2y(0)− β2y(1) = 0

U3(y) = α3y(0)− β3y(1) = 0

we can say that we can solve the equation and function of Green (5), (6) using differential
operators as follows

y(x, t) = (L0 − λI)−1f =

1∫
0

G0(x, t, λ)f(t)dt

where

G0(x, t, λ) = −

∣∣∣∣∣∣∣∣
y1(x, λ) y2(x, λ) y3(x, λ) g(x, t)
U1(y1) U1(y2) U1(y3) U1(g)
U2(y1) U2(y2) U2(y3) U2(g)
U3(y1) U3(y2) U3(y3) U3(g)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
U1(y1) U1(y2) U1(y3)
U2(y1) U2(y2) U2(y3)
U3(y1) U3(y2) U3(y3)

∣∣∣∣∣∣
G0(x, t, λ) – is a Green function.

If x > t function g(x, t) It has the following form that has been proven before

g(x, t) =

∣∣∣∣∣∣
y1(t) y2(t) y3(t)

y
(1)
1 (t) y

(1)
2 (t) y

(1)
3 (t)

y1(x) y1(x) y1(x)

∣∣∣∣∣∣
If x ≤ t theng(x, t) = 0.

∆0(λ) =

∣∣∣∣∣∣
U1(y1) U1(y2) U1(y3)
U2(y1) U2(y2) U2(y3)
U3(y1) U3(y2) U3(y3)

∣∣∣∣∣∣
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5 Discussion

Since we have obtained the Green function of the solution of the third-order heterogeneous
linear differential equation, everything in this system is technically solvable. To solve that,
we proposed the proposed method and showed that the third-order heterogeneous linear
differential equation with the boundary problem does not have a solution but has an infinite
solution.

6 Conclusion

From the subject of the research, it is concluded that the problem we studied in the third-order
heterogeneous linear differential equations is a set of Green’s function. Every real function
holds in the solution of the set of linear differential equations, and such equations not only
a definite solution but also infinitely solvable. Its field of application in physics, for example,
finding the temperature at all points of an iron rod with one end at absolute zero and the
other at the freezing point of water, is a boundary value problem. If the problem depends
on both place and time, the value of the problem can be specified at a certain point for all
times or at a certain time for the whole space, and another example of a linear differential
equation with boundary conditions can be given. The boundary condition that specifies the
value of the function is the Dirichlet boundary condition. For example, if one end of an iron
bar is kept at absolute zero, then the problem value at that point in space is specified.

7 Result

Based on our findings and analysis of our research we found that the proposed problem does
not have a solution for each parameter λ a solution can be obtained. So the proposed problem
for each parameter λ has an infinite Green function.
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SOLVABILITY OF A NONLINEAR INVERSE PROBLEM FOR A
PSEUDOPARABOLIC EQUATION WITH P-LAPLACIAN

Inverse problems of determining the right-hand side of a differential equation arise in the
mathematical modeling of many physical phenomena, when an external source or some of its
parameters acting to the motion of the process are unknown or unacceptable for measurement, for
example, the source is in a high-temperature environment or underground, etc. This paper deals
to study the solvability of an inverse problem for a nonlinear pseudoparabolic equation (sometimes
they called Sobolev-type equations) with p-Laplacian and damping term with variable exponent.
The inverse problem consists of determining a coefficient of the right hand side depending only
on time. An additional information for this investigated inverse problem is given as an integral
overdetermination condition. Under the suitable conditions on the exponents and on the data the
global and local in time existence of a weak solutions to the inverse problem are established. The
existence of weak solution proved by Faedo-Galerkin method. The global and local in time a priori
estimates for the Galerkin approximations are obtained. On the basis of a priori estimates and
by using compactness theorems and the monotonicity method, the convergence of the Galerkin
approximations to the solution of the initial inverse problem is proved.
Key words: inverse problem, pseudoparabolic equations, existence, weak solution.
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∗Е-mail: ajdossakir@gmail.com
p-Лапласианды псевдопараболалық теңдеу үшiн сызықты емес керi есептiң шешiмдiлiгi

Дифференциалдық теңдеудiң оң жағын анықтау керi есептер көп жағдайда физикалық құбы-
лыстың қозғалысына әсер сыртқы күштер немесе олардың кейбiр параметрлерi белгiсiз әлде
өлшеуге қол жетiмсiз болатын, мәселен, әсер етушi жылу көзi жоғары температуралы ортада
немесе жердiң астында болған үрдiстердi математикалық тұрғыдан модельдеуде туындайды.
Бұл ұсынылған мақалада сызықты емес р-Лапласианды және айнымалы көрсеткiштi псев-
допараболалық (кейбiр жұмыстарда мұндай теңдеулер соболев типтi теңдеулер деп аталады)
теңдеу үшiн керi есептiң шешiмдiлiгi толыққанды зерттелiнедi. Қарастырылатын керi есеп
теңдеудiң оң жақ бөлiгiндегi тек қана уақытқа тәуелдi коэффициенттi анықтаудан тұра-
ды. Бұл зерттелiнетiн керi есеп үшiн қосымша ақпарат интегралдық қосымша шарт түрiнде
қойылды. Теңдеудегi көрсеткiштер мен есептiң бастапқы берiлгендерi үшiн қолайлы шарттар
орындалған кездегi керi есептiң әлсiз шешiмдердiң глобальды және локальды бар болуы көр-
сетiлдi. Шешiмнiң бар болуы Федо-Галеркин әдiсi көмегiмен дәлелдендi. Галеркинге жуық
шешiмдер үшiн уақыт бойынша глобальды және локальды априорлық бағалаулар алынды.
Осы алынған априорлық бағалаулар негiзiнде компактылық теоремалар мен монотондық
әдiстерiн қолдана отырып, галеркиннiң жуық шешiмдердiң бастапқы есептiң шешiмiне жи-
нақталуы дәлелдендi.
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Обратные задачи определения правой части дифференциального уравнения возникают при
математическом моделировании многих физических явлений, когда внешний источник или
некоторые его параметры, влияющие на движение процесса, неизвестны или неприемлемы
для измерения, например, источник находится в высокотемпературной среде или под землей
и т. д. В данной работе исследуется разрешимость обратной задачи для одного нелиней-
ного псевдопараболического уравнения (в некоторых работах такие уравнения называются
уравнениями типа соболева) с р-лапласианом и демпфирующим членом с переменным пока-
зателем степени. Исследуемая обратная задача состоит в определения коэффициента правой
части, зависящего только от времени. Дополнительная информация для этой исследуемой
обратной задачи задается в виде интегрального условия переопределения. При подходящих
условиях на показатели и на данные задачи, установлены глобальное и локальное суще-
ствование слабых решений. Существование решения доказано с помощью методом Фаэдо-
Галеркина. Получены глобальные и локальные по времени априорные оценки для галер-
кинских приближений. На основе полученных этих априорных оценок и используя теоремы
компактности а также метода монотонности, доказаны сходимости галеркинских приближен-
ных решений к решению исходной задачи.
Ключевые слова: Обратная задача, псевдопараболические уравнения, существования ре-
шения, слабое решение.

1 Statement of the problem

In this work, we consider the following nonlinear inverse problem for the pseudoparabolic
equation with p−Laplacian diffusion and damping term with variable exponents

ut −∆ut − div
(
|∇u|p−2∇u

)
+ |u|m(x)−2 u = f(t) · g(x, t), in QT , (1)

u(x, 0) = u0(x) in Ω, (2)

u(x, t) = 0 on ΓT , (3)

∫
Ω

(u · ω +∇u · ∇ω) dx = e(t), t ≥ 0. (4)

where Ω is a bounded domain in Rd with smooth boundary ∂Ω, and QT = {(x, t) : x ∈
Ω, 0 < t ≤ T} is a cylinder with lateral ΓT . The functions g(x, t), u0(x), ω(x), and e(t) are
given. The exponents p is given positive number and m is given function, such that

1 < p <∞, 1 < m− ≤ m(x) ≤ m+ <∞, ∀x ∈ Ω; (5)

where

m− = inf
x
m(x) and m+ = sup

x
m(x)

The inverse problem (1)-(4) consists of determining the coefficient f(t) of the right hand
side and a solution u(x, t) from (1) and additional information (4) which given by integral
overdetermination condition, and the initial-boundary conditions (2)-(3).
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2 Introduction

Inverse problems of determining the right-hand side of a differential equation arise in the
mathematical modeling of many physical phenomena, when an external source or some of its
parameters acting to the motion of the process are unknown or unacceptable for measurement,
for example, the source is in a high-temperature environment or underground, etc.

Equations like (1) with a one time derivative appearing in the highest order term are called
pseudo-parabolic or Sobolev equations, and arise in many areas of mathematics and physics.
For instance, they have been used, to model thermodynamics processes [19], filtration in
porous media [8], and nonsteady flow of second order fluids [10], the motion of non-Newtonian
fluids [3], [21], and many other physical phenomena.

In the case p = 2 and m = 2, the equation (1) becomes the classical pseudoparabolic
equation. To our knowledge, the inverse problems for pseudoparabolic equations have not been
studied a lot, see for classical pseudoparabolic equations [1], [7], [9], [14], [11], [16], [17,18], and
for pseudoparabolic equations with p-Laplacian and other related equations [4], [2], [12, 13],
[20], and references therein.

Recently, Antontsev and et. in [4] have been considered the inverse problem (1)-(4) with
m = const and with the right-hand side F (x, t) = f(t) · (ω(x)−∆ω(x)), where ω(x) is
the same function appearing also in the overdetermination condition (4). In this paper, we
consider the inverse problem (1)-(4) with variable exponent m = m(x) and with the right-
hand side F (x, t) = f(t)g(x, t), where g(x, t) is an arbitrary function in L∞(0, T ;L2(Ω)).
Under suitable assumptions on the exponents and data, we prove the global and local
existence theorems as analogical results in [4].

3 Preliminaries

Let q : Ω → [1,∞] be a measurable function. We define the Lebesgue space with variable
exponent q(.) by

Lq(.)(Ω) := {u : Ω→ R measurable and

∫
Ω

|λu(x)|q(x)dx <∞ for some λ > 0}.

Equipped with the following Luxembourg-type norm( [22]):

‖u(x)‖q(·) := inf{λ > 0 :

∫
Ω

∣∣∣∣u(x)

λ

∣∣∣∣q(x)

dx ≤ 1}

is a Banach space.
We use the classical and the following nonlinear Gronwall’s inequality ( [5]) to establish

the first and second local estimates.

Lemma 1 If y : R+ −→ [0,∞) is a continuous function such that

y(t) ≤ C1

t∫
0

yµ(s)ds+ C2, t ∈ R+, µ > 1
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for some positive constants C1 and C2, then

y(t) ≤ C2

(
1− (µ− 1)C1C

µ−1
2 t

)− 1
µ−1 for 0 ≤ t < tmax :=

1

(µ− 1)C1C
µ−1
2

.

4 Weak formulation

Assume that the data of the problem satisfy the following conditions

u0(x) ∈ H1
0 (Ω) ∩W 1,p(Ω) ∩ Lm(x)(Ω); (6)

|g0(t)| :=
∣∣∣∣ ∫

Ω

g(x, t)ω(x)dx

∣∣∣∣ ≥ l0 > 0 for all t ≥ 0; (7)

g(x, t) ∈ L∞(0, T ;L2(Ω)); (8)

ω(x) ∈ W 1,p(Ω) ∩ Lm(x)(Ω) ∩W 1,2
0 (Ω); (9)

e(t) ∈ W 1,2([0, T ]), and
∫
Ω

u0 · ωdx = e(0). (10)

Lemma 2 Under the conditions (5) and (7)-(10), the inverse problem (1)-(4) is equivalent
to the following problem for a nonlinear parabolic equation containing the nonlinear nonlocal
operator of the function u

ut −∆ut − div
(
|∇u|p−2∇u

)
+ |u|m(x)−2 u = f(t, u)g(x, t), QT , (11)

u(x, 0) = u0(x), Ω, (12)

u(x, t) = 0, ΓT . (13)

Here

f(t, u) =
1

g0(t)

e′(t) +

∫
Ω

|∇u|p−2∇u · ∇ω dx+

∫
Ω

|u|m(x)−2u · ωdx

 . (14)
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The prove is analogical as in [4].

Definition 1 A function u(x, t) is a weak solution to the problem (11)-(14), if:

1. u ∈ L∞(0, T ;W 1,2
0 ∩W 1

p ∩ Lm(x)) ∩ Lp(QT ) ∩ Lm(x)(QT ), ut ∈ L2(0, T ;W 1,2
0 (Ω));

2. u(0) = u0 a.e. in Ω;

3. For every ϕ ∈ W 1,2
0 ∩W 1

p ∩ Lm(x)(Ω) and for a.a. t ∈ (0, T ) holds

d

dt

∫
Ω

(uϕ+∇u · ∇ϕ) dx+

∫
Ω

|∇u|p−2∇u·∇ϕdx+

∫
Ω

|u|m(x)−2udx =

∫
Ω

f(t, u)gϕdx. (15)

5 Main result

Let be

u0 ∈ H1
0 (Ω) ∩W 1,p(Ω) ∩ Lm(x)(Ω) (16)

The following theorems are valid.

Theorema 1 Assume that the conditions (7)-(10) and (16) be fulfilled and

1 < p ≤ 2 and 1 < m− ≤ m(x) ≤ m+ ≤ 2, ∀x ∈ Ω. (17)

Then the problem (11)-(14) has at least one weak solution in the sense of definition 1 global
in time.

Theorema 2 If instead of (17) holds the condition

1 < p <∞ and 1 < m− ≤ m(x) ≤ m+ ≤ 2∗, x ∈ Ω (18)

then the problem (11)-(14) has at least one weak solution in the sense of definition 1 local in
time.

In order to prove these theorems it is enough to establish the first and second a priori
estimates. After then by using these a priori estimates and the monotonicity method [6], we
establish the passage to limit for Galerkin’s approximation, and as a result, we get that the
limit function is a weak solution to the our investigated problem.

5.1 Galerkin’s approximations

Let {ψk}k∈N be an orthonormal family in L2(Ω) and a linear combinations are dense in
V := W 1,2

0 ∩W 1,p ∩ Lm(x)(Ω) [15]. Given n ∈ N , let us consider the n-dimensional space V n

spanned by ψ1, . . . , ψn. For each n ∈ N , we search for approximate solutions

un(x, t) =
n∑
j=1

cnj (t)ψj(x), ψj ∈ V n, (19)
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where the coefficients cn1 (t), . . . , cnn(t) are defined as the solutions of the following n ordinary
differential equations derived from∫

Ω

(unt ψk +∇unt∇ψk) dx+

∫
Ω

|∇un|p−2∇un · ∇ψk dx+

∫
Ω

|un|m(x)−2un · ψk dx =

f(t, un)

∫
Ω

gψkdx,

(20)

for k = 1, 2, . . . , n.
The system (20) of ODEs is supplemented with the following Cauchy data

un(0) = un0 in Ω. (21)

and assume that

un0 → u0(x) as n→∞ in W 1,2
0 ∩W 1,p ∩ Lm(x)(Ω). (22)

According to the general theory of nonlinear ODE, the problem (20)-(21) has a solution
cnj (t) in [0, t0], where t0 ∈ (0, T ]. The solution can be extended to [0, T ] by a priory estimate
which we shall obtain below.

5.2 First and second a priory estimates

First priory estimate. Let be now 1 < p, 2 ≥ m+ ≥ m(x) ≥ m− > 1. Multiplying (20)
by cnj (t) and summing with respect to j, from 1 to n, we have

1

2

d

dt

(
‖un‖2

2,Ω + ‖∇un‖2
2,Ω

)
+ ‖∇un‖pLp(Ω) +

∫
Ω

|un|m(x) dx = R, (23)

where

R =
1

g0(t)

e′(t) +

∫
Ω

|∇un|p−2∇un · ∇ω dx

+

∫
Ω

|un|m(x)−2un · ωdx

∫
Ω

g(x, t)un(x)dx =
3∑
i=1

R1i,

(24)

Using the Holder’s and Youn’s inequalities and the assumptions (17), we estimate each
term on the right hand side of (23)

|R11| =

∣∣∣∣∣∣ 1

g0(t)

∫
Ω

gune′(t)dx

∣∣∣∣∣∣ ≤ 1

8
‖un‖2

2,Ω +
1

2l20
‖g(t)‖2

2,Ω |e
′(t)|2. (25)
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|R12| ≤
1

l0
‖g(t)‖2,Ω ‖u

n‖2,Ω ‖∇ω‖p,Ω ‖∇u
n‖p−1

p,Ω ≤

1

2
‖∇un‖pp,Ω +M(p)

(
1

l0
‖g(t)‖2,Ω ‖∇ω‖p,Ω ‖u

n‖2,Ω

)p
≤

1

2
‖∇un‖pp,Ω +

1

8
‖un‖2

2,Ω +M ′(t)

(26)

where M ′(t) =

(
M(p)

1

l0
‖g(t)‖2,Ω ‖∇ω‖p,Ω

) 2
2−p

Estimate the term R13 by using Holder, Young inequalities and the Poincare’s and the
Sobelev inequality

‖u‖m+,Ω
≤M(Ω) ‖∇u‖2,Ω ,which holds for m+ ≤ 2∗,

where 2∗ = 2d
d−2

if d > 2 and 2∗ ∈ (1,∞) if d = 2. Using algebraic inequality (a1 + ...+ ask) ≤
L(as1 + ...+ ask), where L=const depending only k and s.

|R13| ≤
1

l0
‖un‖2,Ω ‖g‖2,Ω ‖ω‖m+,Ω

∫
Ω

(
|un|m(x)−1

) m+
m+−1

dx


m+−1

m+

≤

1

l0
‖un‖2,Ω ‖g‖2,Ω ‖ω‖m+,Ω

∫
Ω−

|un|m−−1· m+
m+−1 dx+ ‖un‖m+

m+,Ω


m+−1

m+

≤

1

l0
‖un‖2,Ω ‖g‖2,Ω ‖ω‖m+,Ω

[
‖un‖m+

m+,Ω
+M(Ω,m−,m+) ‖un‖

m+·
m−−1

m+−1

m+,Ω

]m+−1

m+

≤

M ′′ ‖∇un‖2,Ω ‖g‖2,Ω ‖ω‖m+,Ω
‖∇un‖m+−1

2,Ω ≤M ′′′ ‖∇un‖m+

2,Ω

(27)

where

Ω+ :=
{
x ∈ Ω : |u|m(x) > 1

}
, Ω− :=

{
x ∈ Ω : |u|m(x) ≤ 1

}
,

M ′′ :=
1

l0
L [1 +M ′(Ω,m−,m+)] , M ′′′ := M ′′ sup

t∈[0,T ]

‖g‖2,Ω ‖ω‖m+,Ω
.

Plugging (25), (26), (27) into (23) and using the assumption m+ ≤ 2∗, we obtain

1

2

d

dt

(
1 + ‖un‖2

2,Ω + ‖∇un‖2
2,Ω

)
+ ‖∇un‖pLp(Ω) +

∫
Ω

|un|m(x) dx ≤

M1

[
1 + ‖un‖2

2,Ω + ‖∇un‖2
2,Ω

]θ
+M0,

(28)

where

θ = max{1, p
2
,
m+

2
}, M0 =

1

2l20
sup
t∈[0,T ]

(
‖g(t)‖2

2,Ω|e′(t)|2 +M ′(t)
)
, M1 = max{M ′′′,

1

4
}.
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Omitting second and third terms on left hand side, integrating by τ ∈ (0, t), we get and in
case p ≤ 2, m+ ≤ 2 applying Gronwall’s lemma for Y (t) := 1 + ‖un‖2

2,Ω + ‖∇un‖2
2,Ω, we get

Y (t) ≤M0e
M1T (29)

In case 2 < m+ or 2 < p applying generalized Gronwall’s lemma for Y (t), we have

Y (t) ≤M0

(
1− (θ − 1)M1M

θ−1
0 T

)− 1
θ−1 for 0 ≤ t ≤ T0 :=

1

(θ − 1)M1M
θ−1
0

. (30)

Substituting (29) and (30) into (28), and taking supremum by t, we obtain the following
first energy estimate

sup
t∈(0,Tmax]

(
‖un‖2

2,Ω + ‖∇un‖2
2,Ω

)
+ ‖∇un‖pLp(QTmax ) +

∫
Ω

|un|m(x) dx ≤ K0, (31)

where Tmax = T if (17) holds, i.e. global in time, and Tmax = T0 (18) holds, i.e. local in time.
Second priory estimate. Let us now multiply (20) by d cnj

d t
and sum up the result from

j = 1 to j = n, and integrate by τ from 0 to t ∈ [0, T ]).
Then we have

t∫
0

(
‖unt (τ)‖2

2,Ω + ‖∇unt (τ)‖2
2,Ω

)
dτ +

1

p
‖∇un‖pLp(Ω) +

∫
Ω

1

m(x)
|un|m(x)dx ≤

1

p
‖∇un(0)‖pLp(Ω) +G,

(32)

where G =

t∫
0

1

g0(τ)

e′(τ) +

∫
Ω

|∇un|p−2∇un · ∇ω dx

+

∫
Ω

|un|m(x)−2un · ωdx

∫
Ω

g(x, τ)unt (x, τ)dxdτ.

(33)

Let we estimate G on the right side

|G| ≤ 1

2

t∫
0

‖unt ‖
2
2,Ω dτ +

1

2l20

t∫
0

‖g(t)‖2
2,Ω (|e′(t)|+

‖∇ω‖p,Ω · ‖∇u
n‖p−1

p,Ω + ‖ω‖m+,Ω

∫
Ω

|un|m(x)−1· m+
m+−1 dx


m+−1

m+


2

dτ ≤

1

2

t∫
0

‖unt ‖
2
2,Ω dτ +M

t∫
0

(
|e′(t)|2 + ‖∇ω‖2

p,Ω · ‖∇u
n‖2(p−1)

p,Ω +
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M(m+,m−,Ω)‖ω‖2
m+,Ω
‖∇un‖2(m+−1)

2,Ω

)
dτ ≤

1

2

t∫
0

‖unt ‖
2
2,Ω dτ +M ‖∇ω‖2

p,Ω

t∫
0

‖∇un‖2(p−1)
p,Ω dτ +M

′ (34)

where M ′
:= M

t∫
0

(
|e′(t)|2 +M(m+,m−,Ω)‖ω‖2

m+,Ω
K
m+−1
0

)
dτ.

Plugging (34) into (32) we obtain

t∫
0

(
‖unt (τ)‖2

2,Ω + ‖∇unt (τ)‖2
2,Ω

)
dτ +

1

p
‖∇un‖pp,Ω +

∫
Ω

1

m(x)
|un|m(x)dx ≤

M0

t∫
0

(
1

p
‖∇un‖pp,Ω

) 2(p−1)
p

dτ +M1

(35)

where M1 := M
′
+ 1

p
‖∇u0‖pp,ω . Omitting first and third terms on left hand side and in case

p ≤ 2 applying classical Gronwall’s lemma for Z(t) := 1
p
‖∇un‖pp,Ω we get

Z(t) ≤M0e
M1T . (36)

In the case 2 < p, applying the generalized Gronwall’s lemma for Z(t) := 1
p
‖∇un‖pp,Ω we get

Z(t) ≤M0

(
1− (

2(p− 1)

p
− 1)M1M

2(p−1)
p
−1

0 t

)− 1
2(p−1)
p −1

(37)

for

0 ≤ t < T1 :=
1

(2(p−1)
p
− 1)M1M

2(p−1)
p
−1

0

< T0. (38)

Substituting (36) and (37) into (35), and taking supremum by t, we obtain the following
first energy estimate

t∫
0

(
‖unt (τ)‖2

2,Ω + ‖∇unt (τ)‖2
2,Ω

)
dτ +

1

p
‖∇un‖pp,Ω + γ

∫
Ω

1

m(x)
|un|m(x)dx ≤ K1, (39)

where Tmax = T if (17) holds, i.e. global in time, and Tmax = T1 (18) holds, i.e. local in time.

6 Conclusion

In conclusion, we have established the unique solvability of the inverse problem pseudo-
parabolic equation with p-Laplacian and damping term with variable exponents. Using
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the Galerkin method the approximate solutions are constructed. The global and local a
priori estimates are obtained for approximate solutions. Using these a priori estimates and
the compactness theorems and the monotonicity method the convergence of approximate
solutions to the solution of the initial problem is proved. The uniqueness of the posed inverse
problem is also obtained. The results of this work can be applied to solve various inverse
problems for linear and nonlinear equations of mathematical physics.
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IDENTIFICATION OF THE RIGHT HAND SIDE OF A QUASILINEAR
PSEUDOPARABOLIC EQUATION WITH MEMORY TERM

The study of equations of mathematical physics, including inverse problems, is relevant today.
This work is devoted to the fundamental problem of studying the solvability and qualitative
properties of the solution of the inverse problem for a quasilinear pseudoparabolic equation
(also called Sobolev-type equations) with memory term. To date, studies of direct and inverse
problems for a pseudoparabolic equations are rapidly developing in connection with the needs
of modeling and control of processes in thermal physics, hydrodynamics, and mechanics of a
continuous medium. The pseudoparabolic equations similar to those considered in this work arise
in the description of heat and mass transfer processes, processes of non-Newtonian fluids motion,
wave processes, and in many other areas.

The main types of the inverse problems are: boundary, retrospective, coefficient and geometric.
The boundary and retrospective inverse problems lead to the study of linear problems. In turn, the
statements related to the study of coefficient and geometric types bring to the nonlinear problems.
Coefficient inverse problems are divided into two main groups: coefficient inverse problems, where
the unknown is a function of one or several variables, and finite-dimensional coefficient inverse
problems.

In this article the existence and uniqueness of a weak and strong solution of the inverse problem
in a bounded domain are proved by the Galerkin method. Also we used Sobolev’s embedding
theorems, and obtained a priori estimates for the solution. Moreover, we get local and global
theorems on the existence of the solution.
Key words: Pseudoparabolic equation, inverse problem, existence, uniqueness, local solvability,
global solvability, non-local condition.
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Жады бар квазисызықты псевдопараболалық теңдеудiң оң жағын анықтау

Математикалық физика теңдеулерiн, оның iшiнде керi есептердi зерттеу бүгiнгi күнi өзектi
болып табылады. Бұл жұмыс квазисызықтық псевдопараболалық теңдеу үшiн керi есептiң
шешiмдiлiгi мен сапалық қасиеттерiн зерттеудiң iргелi мәселесiне арналған (Соболев типтi
теңдеулер деп те аталады). Бүгiнгi таңда псевдопараболалық теңдеулер үшiн тура және керi
есептердi зерттеу жылу физикасы, гидродинамика және үздiксiз орта механикасындағы
процестердi модельдеу және басқару қажеттiлiктерiне байланысты тез дамып келедi. Осы
жұмыста қарастырылған псевдопараболалық теңдеулер жылу-масса алмасу процестерiн,
ньютондық емес сұйықтықтардың қозғалыс процестерiн, толқындық процестердi және басқа
да көптеген салаларды сипаттау кезiнде пайда болады.
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Керi есептердiң негiзгi түрлерiне мыналар жатады: шекаралық, ретроспективтi, коэффици-
енттiк және геометриялық.Шекаралық және ретроспективтi керi есептер -сызықтық есептер-
дi зерттеуге, ал коэффициенттiк және геометриялық есептер -сызықтық емес есептердi зерт-
теуге алып келедi. Коэффициенттiк керi есептер екi негiзгi түрге бөлiнедi-коэффициенттiк
керi есептер, онда бiр немесе бiрнеше айнымалылардан тәуелдi функциясы белгiсiз және шек-
тi өлшемдi коэффициенттiк керi есептер. Мақалада Галеркин әдiсiмен шенелген облыстағы
керi есептiң әлсiз және әлдi шешiмiнiң бар және жалғыздығы дәлелденедi. Соболевтiң енгi-
зу теоремалары қолданылып, шешiмнiң априорлық бағалаулары алынды. Шешiмнiң локалдi
және глобалдi шешiмдiлiгi туралы теоремалар алынды.
Түйiн сөздер: Псевдопараболалық теңдеу, керi есеп, шешiмнiң бар болуы, шешiмнiң жалғы-
здығы, локалдi шешiмдiлiк, глобалдi шешiмдiлiк, локалдi емес шарт.
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Идентификация правой части квазилинейного псевдопараболического уравнения с

памятью

Исследование уравнений математической физики, в том числе обратных задач на сегодняш-
ний день является актуальной. Эта работа посвящена фундаментальной проблеме исследо-
ванию разрешимости и качественных свойств решения обратной задачи для квазилинейно-
го псевдопараболическогоуравнения (называемых также уравнениями соболевского типа) с
памятью. На сегодняшний день исследования прямых и обратных задач для псевдопарабо-
лических уравнений бурно развиваются в связи с потребностями моделирования и управле-
ния процессами в теплофизике, гидродинамике и механике сплошной среды. Псевдопарабо-
лические уравнения подобные рассматриваемым в данной работе возникают при описании
процессов тепломассопереноса, процессов движение неньютоновских жидкостей, волновых
процессов и во многих других областях. К основным типам обратных задач относятся: гра-
ничные, ретроспективные, коэффициентные и геометрические. Граничные и ретроспектив-
ные обратные задачи приводят к исследованию линейных задач. В свою очередь, постанов-
ки, к которым приводит исследование коэффициентных и геометрических задач, являют-
ся нелинейными. Коэффициентные обратные задачи подразделяются на два основных вида
— коэффициентные обратные задачи, в которых неизвестной является функция одной или
нескольких переменных, и конечномерные коэффициентные обратные задачи. В статье ме-
тодом Галеркина доказывается существование и единственность слабого и сильного решения
обратной задачи в ограниченной области. Использование теорем вложения Соболева, получе-
ны априорные оценки решения. Получены локальная и глобальная теорема о существовании
решения.
Ключевые слова: Псевдопараболическое уравнение, обратная задача, существования, един-
ственность, локальная разрешимость, глобальная разрешимость, нелокальное условие.

1 Introduction

Let Ω is a bounded area of a space RN , N ≥ 1 with a sufficiently smooth boundary Γ, QT is a cylinder
Ω × (0, T ) of finite height T, S = Γ × (0, T ). Let b(x, t), h(x, t), u0(x), ϕ(t), ω(x) are given functions, χ, a
and β are positive constants. Consider an inverse problem in the cylinder QT for a pseudoparabolic equation
with a nonlocal overdetermination condition. Find a pair of functions {u(x, t), f(t)} that satisfy:

ut − χ∆ut − a∆u−
t∫

0

g(t− τ)∆u(τ)dτ = b(x, t)|u|β−2u+ f(t)h(x, t), (1)

u(x, 0) = u0(x), (2)
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u|S = 0, (3)∫
Ω

u(x, t)(ω(x)− χ∆ω(x))dx = ϕ(t). (4)

The monograph ([1] and see its references) considers a wide class of direct problems for nonlinear
Sobolev-type equations. In papers [2-12] some inverse problems similar to our problem statement were studied.

Let us note some papers on inverse problems for Sobolev-type equations with the integral
overdetermination condition. Yaman M. [7] obtained sufficient conditions for both destruction and stability
of the solution. The work [8] establishes an existence theorem for regular solutions of the inverse problem of
recovering coefficients in equations of composite type. A.I. Kozhanov and L.A. Teleshova [9] have proved the
existence theorem for regular solutions of a nonlinear inverse problem for nonstationary differential equations
of higher order is proved. Kozhanov A.I. and Namsaraeva G.V. [10] showed the existence and uniqueness of
the regular solutions of linear inverse problem for equation of Sobolev type. The work [11] is devoted to the
investigation of the inverse problem for the equation

ut − χ∆ut −∆u = b(x, t)|u|β−2u+ f(t)h(x),

with the conditions (2)-(4). In this paper the existence of a weak solution is proved, the asymptotic behavior
of the solutions is shown at t→∞. Moreover, sufficient conditions of finite time "blow up"of the solution are
obtained. In the work [12] is dedicated to the inverse problem for a pseudoparabolic equation with p-Laplacian.
In the present work, we proved the existence of a weak solution and showed the asymptotic behavior of the
solutions at t→∞. We obtained sufficient conditions of finite time "blow up"of the solution, furthermore we
get sufficient conditions for the disappearance (vanishing) of the solution in a finite time.

From a physical point of view, the considered initial-boundary value problem is a mathematical model of
quasi-stationary processes in semiconductors and magnets allowing for a wide variety of physical factors.

Let the functions h(x, t), ω(x), ϕ(t), u0(x) satisfy the following conditions:

h1(t) ≡
∫
Ω

h(x, t)ω(x)dx 6= 0, ∀t ∈ [0, T ],

h(x, t) ∈ L∞(0, T ; L2(Ω)) ∩ L2(QT ) ∩ Lβ∗(QT ), β∗ = β
β−1 , β ≥ 2.

(5)

ω ∈ L2(Ω) ∩ Lβ(Ω) ∩
0

W 2
2 (Ω), β ≥ 2. (6)∫

Ω

u0(x)ω(x)dx = ϕ(0), ϕ(t) ∈W 1
2 [0, T ], |ϕ′(t)| ≤ C, u0 ∈

0

W 1
2 (Ω) ∩ Lβ(Ω). (7)

2 Main results

2.1 Reducing the inverse problem (1)-(4) to a direct problem

Lemma 1 The problem (1) - (4) is equivalent to the following problem for a nonlinear pseudoparabolic
equation containing a nonlinear nonlocal operator of the function u(x, t)

ut − χ∆ut − a∆u−
t∫

0

g(t− τ)∆u(τ)dτ = b(x, t)|u|β−2u+ F (t, u)h(x, t), x ∈ Ω, t > 0, (8)

u(x, 0) = u0(x), x ∈ Ω, u|S = 0. (9)

Here

F (t, u) =
1

h1(t)

ϕ′(t) + a

∫
Ω

∇u∇ωdx+

t∫
0

g(t− τ)

∫
Ω

∇u(τ)∇ωdxdτ −
∫
Ω

b(x, t)|u|β−2uωdx

 . (10)
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Proof. Indeed, from the equation (1) follows that∫
Ω

utωdx− χ
∫
Ω

∆utωdx− a
∫
Ω

∆uωdx−
∫
Ω

t∫
0

g(t− τ)∆u(τ)dτωdx =

=
∫
Ω

b(x, t)|u|β−2uωdx+
∫
Ω

f(t)h(x, t)ωdx,
(11)

next if conditions (4) and (5) are satisfied, then

F (t, u) =
1

h1(t)

ϕ′(t) + a

∫
Ω

∇u∇ωdx+

t∫
0

g(t− τ)

∫
Ω

∇u(τ)∇ωdxdτ −
∫
Ω

b(x, t)|u|β−2uωdx

 . (12)

Therefore the relation (10) is fulfilled. Now consider the problem (8)-(9). If the relation (10) is performed,
then it obviously leads to the equality (12) . Then

F (t, u) = 1
h1

(
ϕ′(t) + a

∫
Ω

∇u∇ωdx+
t∫

0

g(t− τ)
∫
Ω

∇u(τ)∇ωdxdτ −
∫
Ω

b(x, t)|u|β−2uωdx

)
=

= 1
h1

(
ϕ′(t)− a

∫
Ω

∆uωdx−
t∫

0

g(t− τ)
∫
Ω

∆u(τ)ωdxdτ −
∫
Ω

b(x, t)|u|β−2uωdx

)
.

By virtue of (11) we obtain that

F (t, u) = 1
h1

(
ϕ′(t) + a

∫
Ω

∇u∇ωdx+
t∫

0

g(t− τ)
∫
Ω

∇u(τ)∇ωdxdτ −
∫
Ω

b(x, t)|u|β−2uωdx

)
=

= 1
h1

(
ϕ′(t)−

∫
Ω

(ut − χ∆ut)ωdx+
∫
Ω

b(x, t)|u|β−2uωdx+

+
∫
Ω

f(t)h(x, t)ωdx+
∫
Ω

b(x, t)|u|β−2uωdx

)
,

ϕ′(t)−
∫
Ω

ut(ω − χ∆ω)dx = 0.

In this way, d
dt

(
ϕ(t)−

∫
Ω

u(ω − χ∆ω)dx

)
= 0. We denote by v(t) = ϕ(t) −

∫
Ω

u(ω − χ∆ω)dx. Then the

function v(t) can be found as a solution of the Cauchy problem: v′(t) = 0, v(0) = 0. (v(0) = 0 follows from
the agreement condition (7)). The unique solution of the problem is the function v(t) = 0, consequently,∫

Ω
u(ω − χ∆ω)dx = ϕ(t).

Definition 1 A function u(x, t) from the space W 1
2 (0, T ;

0

W 1
2 (Ω)) is called a weak solution of the problem

(8)-(9) which satisfies the integral identity
T∫
0

∫
Ω

(
∂u
∂t v + χ∇ut∇v + a∇u∇v

)
dxdt+

T∫
0

t∫
0

g(t− τ)
∫
Ω

∇u(τ)∇v(t)dxdτdt−

−
T∫
0

∫
Ω

b(x, t)|u|β−2uvdxdt =
T∫
0

∫
Ω

F (t, u)hvdxdt,

(13)

for all v(x, t) ∈ L2(0, T ;
0

W 1
2 (Ω)).

Definition 2 A function u(x, t) from the space ut, 4u, 4ut, ∈ L2(QT ), is called a strong solution of the
problem (8)-(9) which satisfies the integral identity

T∫
0

∫
Ω

(
∂u
∂t v − χ4utv − a4uv

)
dxdt+

T∫
0

t∫
0

g(t− τ)
∫
Ω

4u(τ)v(t)dxdτdt−

−
T∫
0

∫
Ω

b(x, t)|u|β−2uvdxdt =
T∫
0

∫
Ω

F (t, u)hvdxdt,

(14)

for all v(x, t) ∈ L2(Qt).
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2.2 Existence of a weak solution

Theorem 1 Let the conditions (5)-(7) are performed, and also 2 < β < 2N
N−2 , N ≥ 3. Then there is a

weak solution u(x, t) of the problem (8)-(9) on the interval (0, T ), T < T0, and besides accepts the following
inclusions:

u ∈ L∞(0, T ;
0

W 1
2 (Ω)),∇u ∈ L2(QT ), QT = Ω× (0, T ),

ut ∈ L2(0, T ;
0

W 1
2 (Ω)), |u|β−2u ∈ L∞(0, T ; L β

β−1
(Γ)).

Proof. Let us choose in
0

W 1
2 (Ω) some system of functions {Ψj(x)} forming a basis in a given space

(∆Ψ + λΨ = 0, Ψ|Γ = 0). We will look for an approximate solution of the problem (8)-(9) in the form

um(x, t) =

m∑
k=1

Cmk(t)Ψk(x) (15)

where the coefficients Cmk(t) are searched out from the conditions
m∑
k=1

C ′mk(t)
∫
Ω

[
ΨkΨj + χ

m∑
i=1

∂Ψk
∂xi
· ∂Ψj
∂xi

]
dx+ a

m∑
k=1

Cmk(t)
∫
Ω

∇Ψk∇Ψjdx+

+
m∑
k=1

t∫
0

g(t− τ)Cmk(τ)
∫
Ω

∇Ψk∇Ψjdxdτ−

−
m∑
k=1

Cmk(t)
∫
Ω

b(x, t)|um|β−2ΨkΨjdx =
∫
Ω

F (t, um)h(x, t)Ψjdx.

(16)

um0 = um(0) =

m∑
k=1

Cmk(0)Ψk =

m∑
k=1

αkΨk (17)

and besides

um0 → u0 strongly in
0

W 1
2 (Ω) at m→∞ (18)

We introduce a notation

~Cm ≡ {C1m(t), ..., Cmm(t)}T , ~α ≡ {α1, ..., αm}T ,

akj =

∫
Ω

[ΨkΨj + χ (∇Ψk,∇Ψj)] dx, bkj =

∫
Ω

∇Ψk∇Ψjdx,

fkj = −a
∫
Ω

∇Ψk∇Ψjdx+

∫
Ω

b (x, t) |um|β−2ΨkΨjdx+

∫
Ω

F (t, um)h(x, t)Ψjdx,

Am

(
~Cm

)
≡
{
ajk

(
~Cm

)}
, Bm

(
~Cm

)
≡
{
bjk

(
~Cm

)}
, ~Fm

(
~Cm

)
≡
{
fjk

(
~Cm

)}
~Cm.

Then the system of equations (16) and condition (17) take the matrix form.

Am ~C
′
m +

t∫
0

g(t− τ)BmCm(τ)dτ ≡ ~Fm

(
~Cm

)
, ~Cm(0) = ~α. (19)

According to the Cauchy theorem, the problem (19) has at least one solution ~Cm on a certain time
interval t ∈ (0, Tm), Tm > 0. Below we obtain a priori estimates for um which is independent of m and, in
some cases, valid for any finite t.
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2.3 A priori estimates

To get the first estimate, we multiply both sides of the equality (16) by Cmj(t) and summarize both sides of
the obtained equality over j = 1,m. As a result, we get the equality

1
2
d
dt

∫
Ω

[|um|2 + χ|∇um|2]dx+ a
∫
Ω

|∇um|2dx+

+
t∫

0

g(t− τ)
∫
Ω

∇um(τ)∇um(t)dxdτ =
∫
Ω

b(x, t)|um|βdx+
∫
Ω

F (t, um)humdx.
(20)

Lemma 2 If u ∈
0

W 1
2 (Ω), 2 < β < 2N

N−2 , N ≥ 3, then the next inequality is performed

‖u‖2β,Ω ≤ C
2
0 ‖∇u‖

2α
2,Ω ‖u‖

2(1−α)
2,Ω ≤ χ ‖∇u‖22,Ω +

(1− α)α
α

1−αC
2

1−α
0

χ
α

1−α
‖u‖22,Ω ,

where C0 =
(

2(N−1)
N−2

)α
, α = (β−2)N

2β , 0 < α < 1.

From the lemma 2 follows the inequality

‖u‖ββ,Ω ≤ C1

(
‖u‖22,Ω + χ ‖∇u‖22,Ω

) β
2

,

where C1 =

(
max

{
1;

(1−α)α
α

1−αC
2

1−α
0

χ
α

1−α

}) β
2

.

We estimate the right hand side of (20)∣∣∣∣∣∣
∫
Ω

b(x, t)|um|βdx

∣∣∣∣∣∣ ≤ b0 ‖um‖ββ,Ω ≤ C1b0

(
‖um‖22,Ω + χ ‖∇um‖22,Ω

) β
2

, (21)

∣∣∣∣∣∣ϕ
′(t)

h1(t)

∫
Ω

humdx

∣∣∣∣∣∣ ≤ |ϕ
′(t)|
|h1(t)|

‖h‖2,Ω ‖um‖2,Ω ≤
1

4
sup

0≤t≤T

|ϕ′(t)|2

|h1(t)|2
‖h‖22,Ω + ‖um‖22,Ω , (22)

∣∣∣∣ a
h1(t)

∫
Ω

humdx
t∫

0

g(t− τ)
∫
Ω

∇um(τ)∇ωdxdτ
∣∣∣∣ ≤

≤ a
|h1(t)| ‖h(x, t)‖2,Ω ‖um‖2,Ω

t∫
0

g(t− τ) ‖∇um(τ)‖2,Ω ‖∇ω‖2,Ω dτ ≤

≤ a2

4

(
‖∇ω‖2,Ω sup

0≤t≤T

1
|h1(t)| ‖h(x, t)‖2,Ω

)2 t∫
0

‖∇um(τ)‖22,Ω dτ + ‖um‖22,Ω .

(23)

∣∣∣∣ t∫
0

g(t− τ)
∫
Ω

∇um(τ)∇um(t)dxdτ

∣∣∣∣ ≤ t∫
0

g(t− τ) ‖∇um(τ)‖2,Ω ‖∇um(t)‖2,Ω dτ ≤

≤ g0

2a

t∫
0

‖∇um(τ)‖22,Ω dτ + a
2 ‖∇um(t)‖22,Ω .

∣∣∣∣ 1
h1(t)

∫
Ω

humdx
∫
Ω

b(x, t)|um|β−2um · ωdx
∣∣∣∣ ≤ b0

|h1(t)| ‖um‖
β
β,Ω ‖ω‖β,Ω ‖h‖ β

β−1 ,Ω
≤

≤ C1b0 ‖ω‖β,Ω sup
0≤t≤T

1
h2

1(t)
‖h(x, t)‖ β

β−1 ,Ω

(
‖∇um‖22,Ω + C1 ‖um‖22,Ω

) β
2

.

(24)
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d
dt

∫
Ω

[|um|2 + χ|∇um|2]dx+ a
∫
Ω

|∇um|2dx ≤

≤ C2

(
‖um‖22,Ω + χ ‖∇um‖22,Ω

)
+ C3

(
‖um‖22,Ω + χ ‖∇um‖22,Ω

) β
2

+

+C4

t∫
0

‖∇um(τ)‖22,Ω dτ + 1
4 sup

0≤t≤T

|ϕ′(t)|2
|h1(t)|2 ‖h‖

2
2,Ω .

(25)

We denote by y(t) ≡ χ ‖∇u‖22,Ω + ‖u‖22,Ω , then (25) takes the form

dy(t)

dt
≤ C4

t∫
0

y(τ)dτ + C3[y(t)]
β
2 + C2y(t) +

1

4
sup

0≤t≤T

|ϕ′(t)|2

|h1(t)|2
‖h‖22,Ω .

By integrating from 0 to t, we get

y(t) ≤ y(0) +
1

4
sup

0≤t≤T

|ϕ′(t)|2

|h1(t)|2

t∫
0

‖h‖22,Ω dτ + C5(t
2(β−1)
β−2 + t) + C6

t∫
0

[y(τ)]
β
2 dτ,

Applying the Bihari lemma to (25), if

C4

C3

(
eC3

p−2
2 t − 1

)
<

1(
z(0) + C2

C3
+ C0

2(C3−γ)

) p−2
2

, 0 ≤ t < T,

then the next inequality is true

z(t) ≤
z(0) + C2

C3
+ C0

2(C3−γ)[
1−

(
z(0) + C2

C3
+ C0

2(C3−γ)

) p−2
2 C4

C3

(
eC3

p−2
2 t − 1

)] 2
p−2

.

χ ‖∇um‖22,Ω + ‖um‖22,Ω ≤

≤ (χ‖∇um(x,0)‖22,Ω+‖um(x,0)‖22,Ω+C)eC3t[
1−(χ‖∇um(x,0)‖22,Ω+‖um(x,0)‖22,Ω+C)

β−2
2 C4

C3

(
eC3

β−2
2

t−1

)] 2
β−2

. (26)

From this estimate, we can conclude that there is T0 > 0 such that

‖um‖22,Ω + χ ‖∇um‖22,Ω ≤ C5, for all t ∈ [0, T ], T < T0, (27)

where the constant C5 does not depend on m ∈ N.
Returning to (25) and taking into account (27), we obtain one more inequality:

t∫
0

∫
Ω

|∇um|2dxdt ≤ C5. (28)

Now we multiply equality (16) by C ′mj(t) and summarize over j = 1,m. As a result, we get

‖∂τum‖22,Ω + χ ‖∇∂τum‖22,Ω + a
2
d
dt

∫
Ω

|∇um|2dx+

+
t∫

0

g(t− τ)
∫
Ω

∇um(τ)∇∂tum(t)dxdτ = 1
β
d
dt

∫
Ω

b(x, t)|um|βdx−

− 1
β

∫
Ω

bt(x, t)|um|βdx+
∫
Ω

F (t, um)h(x, t)∂tumdx.

(29)
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We integrate with respect to τ from 0 to t, then we get the relation

t∫
0

(
‖∂τum‖22,Ω + χ ‖∇∂τum‖22,Ω

)
dτ + a

2

∫
Ω

|∇um|2dx = 1
2

∫
Ω

|∇um(x, 0)|2dx−

− 1
β

∫
Ω

b(x, 0)|um(x, 0)|βdx+ 1
β

∫
Ω

b(x, t)|um|βdx−

− 1
β

t∫
0

∫
Ω

bτ (x, τ)|um|βdxdτ −
t∫

0

τ∫
0

g(τ − s)
∫

Γ
∇um(s)∇∂τum(τ)dΓdsdτ+

+
t∫

0

∫
Ω

F (t, um)h(x, t)∂τumdxdτ.

(30)

We estimate the right hand side of (30):

∣∣∣∣ 1
β

∫
Ω

b(x, t)|um|βdx
∣∣∣∣ ≤ b0

β ‖um‖
β
β,Ω ≤

≤ C1b0
β

(
‖um‖22,Ω + χ ‖∇um‖22,Ω

) β
2 ≤ C1b0

β C
β
2

5 ,

(31)

∣∣∣∣ 1
β

t∫
0

∫
Ω

bτ (x, τ)|um|βdxdτ
∣∣∣∣ ≤ b0

β

t∫
0

‖um‖ββ,Ω dτ ≤

≤ C1b0
β

t∫
0

(
‖um‖22,Ω + χ ‖∇um‖22,Ω

) β
2

dτ ≤ C1b0
β C

β
2

5 t,

(32)

∣∣∣∣ t∫
0

∫
Ω

ϕ′(τ)
h1(τ)h(x, τ)∂τumdxdτ

∣∣∣∣ ≤
≤ 3

2

t∫
0

∫
Ω

∣∣∣ϕ′(τ)h(x,τ)
h1(τ)

∣∣∣2 dxdτ + 1
6

t∫
0

∫
Ω

|∂τum|2dxdτ.
(33)

∣∣∣∣ t∫
0

∫
Ω

h(x,τ)
h1(τ) ∂τumdx

∫
Ω

b(x, τ)|u|β−2uωdxdτ

∣∣∣∣ ≤
≤ 2

3C
2β−2
β

1

(
b0 ‖ω‖β,Ω sup

0≤t≤T

‖h(x,t)‖2,Ω
h1(t)

)2 t∫
0

(
‖um‖22,Ω + χ ‖∇um‖22,Ω

) 2β−2
β

dτ+

+ 1
6

t∫
0

‖∂τum‖22,Ω dτ ≤
1
6

t∫
0

‖∂τum‖22,Ω dτ+

+ 2
3C

2β−2
β

1

(
b0 ‖ω‖β,Ω sup

0≤t≤T

‖h(x,t)‖2,Ω
h1(t)

)2

C
2β−2
β

5 t.

(34)

∣∣∣∣ t∫
0

τ∫
0

g(τ − s)
∫

Γ
∇um(s)∇∂τum(τ)dΓdsdτ

∣∣∣∣ ≤ t∫
0

τ∫
0

g(τ − s) ‖∇um(s)‖2,Ω ‖∇∂τum(τ)‖2,Ω dτ ≤

≤ g0

2

t∫
0

(t− τ) ‖∇um(τ)‖22,Ω dτ + 1
2

t∫
0

‖∇∂τum(τ)‖22,Ω dτ.
(35)

∣∣∣∣a t∫
0

∫
Ω

h(x,τ)
h1(τ) ∂τumdx

τ∫
0

g(τ − s)
∫
Ω

∇um(s)∇ωdxdsdτ
∣∣∣∣ ≤

≤ 1
6

t∫
0

‖∂τum‖22,Ω dτ + 2g0

3

(
a ‖∇ω‖2,Ω sup

0≤t≤T

‖h(x,t)‖2,Ω
|h1(t)|

)2 t∫
0

(t− τ) ‖∇um(τ)‖22,Ω dτ.
(36)

We substitute the obtained inequalities into the identity (30), and from the estimate (27), we get the
second estimate

t∫
0

(
‖∂τum‖22,Ω + χ ‖∇∂τum‖22,Ω

)
dτ ≤ C6. (37)
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2.4 Passage to the limit

From the obtained estimates (27), (28), (31) imply the next assertions respectively:

um is bounded in L∞(0, T ;
0

W 1
2 (Ω)), (38)

∇um is bounded in L2(QT ), QT = Ω× (0, T ), (39)

∂tum is bounded in L2(0, T ;
0

W 1
2 (Ω)), (40)

In addition, by virtue of the conditions which set for β:

|um|β−2um is bounded in L∞(0, T ; L β
β−1

(Ω)), 2 < β <
2N

N − 2
, N ≥ 3. (41)

From (38) follows that there exists a subsequence umk of the sequence um, *-weakly converging to some

element u ∈ L∞(0, T ;
0

W 1
2 (Ω)), that is umk → u *-weakly in L∞(0, T ;

0

W 1
2 (Ω)). Similarly, from (39)-(41)

follows that there exists a sequence such that {umk} ⊂ {um}, that umk → u weakly in L2(0, T ;
0

W 1
2 (Ω)).

By virtue of the Rellich-Kondrashov theorem, the embeddingW 1
2 (QT ) into L2(QT ) is a compact. This means

that we can choose the sequence umk in such way that umk → u in the norm of L2(QT ), therefore it
converges almost everywhere [13].

The reasoning above allows us to pass to the limit in (16). But first, we multiply each of the equality
(16) by dj(t) ∈ C[0, T ] and summarize both sides of the obtained equality over j = 1,m. Then we integrate
with respect to t from 0 to T , and get

t∫
0

∫
Ω

(
∂um
∂t µ+ χ∇umt∇µ+ a∇um∇µ

)
dxdt+

t∫
0

t∫
0

g(t− τ)
∫
Ω

∇um(τ)∇µ(t)dxdτdt−

−
t∫

0

∫
Ω

b(x, t)|um|β−2umµdxdt =
t∫

0

∫
Ω

F (t, um)hµdxdt,

(42)

where µ(x, t) =
m∑
j=1

dj(t)Ψj(x).

Considering the obtained inclusions and convergences we pass to the limit in (42) at m → ∞ and get

(14) for v = µ. Since the set of all functions µ(x, t) is dense in W 1
2 (0, T ;

0

W 1
2 (Ω)), then the limit relation is

performed for all v(x, t) ∈ L2(0, T ;
0

W 1
2 (Ω)).

3 Uniqueness of the weak solution

Theorem 2 Let u0(x) ∈
0

W 1
2 (Ω), 2 < β ≤ 2(N−1)

N−2 , N ≥ 3 are fulfilled .Then the weak solution of the
problem (8)-(9) on the interval (0, T ) is unique (in the sense of Definition 1).

Proof. Suppose that the problem (8)-(9) has two solutions: u1(x, t) and u2(x, t). Then their difference
u(x, t) = u1(x, t)− u2(x, t) satisfies the condition u(x, 0) = 0 and the identity

t∫
0

∫
Ω

(uτv + χ∇uτ∇v + a∇u∇v) dxdτ +
t∫

0

τ∫
0

g(τ − s)
∫
Ω

∇u(s)∇v(τ)dxdsdτ =

=
t∫

0

∫
Ω

b(x, τ)
(
|u1|β−2u1 − |u1|β−2u1

)
vdxdτ+

+
t∫

0

∫
Ω

(F (τ, u1)− F (τ, u2))hvdxdτ,
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By virtue of v(x, t) ∈ L2(0, T ;
0

W 1
2 (Ω)), then as v(x, t) we may take u(x, t), that is we put v(x, t) = u(x, t)

t∫
0

∫
Ω

(
uτu+ χ∇uτ∇u+ a|∇u|2

)
dxdτ +

t∫
0

τ∫
0

g(τ − s)
∫
Ω

∇u(s)∇u(τ)dxdsdτ =

=
t∫

0

∫
Ω

b(x, τ)
(
|u1|β−2u1 − |u1|β−2u1

)
udxdτ+

+
t∫

0

∫
Ω

(F (τ, u1)− F (τ, u2))hudxdτ.

(43)

We estimate the right hand side of the inequality (43), using the following inequality ||u1|qu1 − |u2|qu2| ≤
(q + 1) (|u1|q + |u2|q) |u1 − u2|, q > 0.∣∣∣∣∫

Ω

b(x, τ)
(
|u1|β−2u1 − |u2|β−2u2

)
udx

∣∣∣∣ ≤ b1(β − 1)
∫
Ω

(
|u1|β−2 + |u2|β−2

)
u2dx ≤

≤ b1(β − 1)

(∫
Ω

(
|u1|β−2 + |u2|β−2

)2
u2dx

) 1
2
(∫

Ω

u2dx

) 1
2

≤

≤ b1(β − 1)

(∫
Ω

(
|u1|β−2 + |u2|β−2

) 2r
r−2 dx

) r−2
2r
(∫

Ω

urdx

) 1
r
(∫

Ω

u2dx

) 1
2

≤

≤ b1(β − 1)

((∫
Ω

|u1|
2r(β−2)
r−2 dx

) r−2
2r

+

(∫
Ω

|u2|
2r(β−2)
r−2 dx

) r−2
2r

)
×

×
(∫

Ω

urdx

) 1
r
(∫

Ω

u2dx

) 1
2

.

We put r = 2N
N−2 , 2 < β ≤ 2(N−1)

N−2 , N ≥ 3. Then by the Sobolev embedding theorem
0

W 1
2 (Ω) ⊂ Lr(Ω)

and
0

W 1
2 (Ω) ⊂ L2r(β−2)/(r−2)(Ω).

In this case, taking into account the smoothness class of the solutions u1(x, t) and u2(x, t), we arrive at
the estimate∣∣∣∣∫

Ω

b(x, τ)
(
|u1|β−2u1 − |u2|β−2u2

)
udx

∣∣∣∣ ≤
≤ a

8 ‖∇u‖
2
2,Ω + C ′16 ‖u‖

2
2,Ω ≤

a
8 ‖∇u‖

2
2,Ω + C16

(
‖u‖22,Ω + χ ‖∇u‖22,Ω

)
.

(44)

Analogically,∣∣∣∣ 1
h1

∫
Ω

b(x, τ)
(
|u1|β−2u1 − |u2|β−2u2

)
ωdx

∫
Ω

hudx

∣∣∣∣ ≤
≤ a

8 ‖∇u‖
2
2,Ω + C17

(
‖u‖22,Ω + χ ‖∇u‖22,Ω

)
.

∣∣∣∣ 1
h1
a
∫
Ω

∇u∇ωdx
∫
Ω

hudx

∣∣∣∣ ≤ 1
|h1| ‖∇u‖2,Ω ‖∇ω‖2,Ω ‖u‖2,Ω ‖h‖2,Ω ≤

≤ a
8 ‖∇u‖

2
2,Ω + C18

(
‖u‖22,Ω + χ ‖∇u‖22,Ω

)
.

∣∣∣∣ a
h1(t)

∫
Ω

humdx
t∫

0

g(t− τ)
∫
Ω

∇um(τ)∇ωdxdτ
∣∣∣∣ ≤

≤ C19

(
‖u‖22,Ω + χ ‖∇u‖22,Ω

)
+ C20

t∫
0

(
‖u‖22,Ω + χ ‖∇u‖22,Ω

)
dτ.
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∣∣∣∣ t∫
0

g(t− τ)
∫
Ω

∇um(τ)∇um(t)dxdτ

∣∣∣∣ ≤ t∫
0

g(t− τ) ‖∇um(τ)‖2,Ω ‖∇um(t)‖2,Ω dτ ≤

≤ ‖∇um(t)‖2,Ω
t∫

0

g(t− τ) ‖∇um(τ)‖2,Ω dτ ≤

≤ 2
a

t∫
0

g2(t− τ)dτ
t∫

0

‖∇um(τ)‖22,Ω dτ + a
8 ‖∇um(t)‖22,Ω ≤

≤ 2g0

a

t∫
0

‖∇um(τ)‖22,Ω dτ + a
8 ‖∇um(t)‖22,Ω ≤

≤ C21

(
‖u‖22,Ω + χ ‖∇u‖22,Ω

)
+ C22

t∫
0

(
‖u‖22,Ω + χ ‖∇u‖22,Ω

)
dτ.

(45)

By virtue of (44)-(45), we obtain

∫
Ω

|u|2dx+ χ
∫
Ω

|∇u|2dx+ a
2

t∫
0

∫
Ω

|∇u|2dxdτ ≤

≤ C23

t∫
0

(
‖u‖22,Ω + χ ‖∇u‖22,Ω

)
dτ + C24

t∫
0

τ∫
0

(
‖u(s)‖22,Ω + χ ‖∇u(s)‖22,Ω

)
dsdτ.

(46)

∫
Ω

|u|2dx+ χ
∫
Ω

|∇u|2dx ≤

≤ C25

t∫
0

(t− τ + 1)
(
‖u‖22,Ω + χ ‖∇u‖22,Ω

)
dτ.

(47)

By virtue of Gronwall’s lemma from the inequality (47), we get
∫
Ω

|u|2dx + χ
∫
Ω

|∇u|2dx = 0 almost

everywhere on the time interval (0, T ), which shows the uniqueness of the weak solution.From Lemma 1 we
can establish the solvability of the inverse problem (1)-(4). Let u(x, t) be a solution of the initial-boundary

value problem (8)-(9) from the space (Theorem 1) u ∈ L∞(0, T ;
0

W 1
2 (Ω)),∇u ∈ L2(QT ), QT = Ω × (0, T ),

ut ∈ L2(0, T ;
0

W 1
2 (Ω)),|u|β−2u ∈ L∞(0, T ; L β

β−1
(Γ)). Obviously, the function f(t) from the relation (10)

belongs to the space L∞(0, T ). What was proved above means that the found functions u(x, t) and f(t) give
a weak solution of the inverse problem.

4 Global solvability of the problem (8)-(9).

Consider the case when 1 < β ≤ 2. Let the conditions

h1(t) ≡
∫
Ω

h(x, t)ω(x)dx 6= 0, ∀t ∈ [0, T ],

h(x, t) ∈ L∞(0, T ; L2(Ω)) ∩ L2(QT ), 1 < β ≤ 2,

ω ∈ L2(Ω) ∩ Lβ(Ω) ∩
0

W 2
2 (Ω), 1 < β ≤ 2, (48)∫

Ω

u0(x)ω(x)dx = ϕ(0), ϕ(t) ∈W 1
2 [0, T ], |ϕ′(t)| ≤ C, u0 ∈

0

W 1
2 (Ω) ∩ Lβ(Ω).

are fulfilled.

Lemma 3 If u ∈
0

W 1
2 (Ω), 1 < β ≤ 2, then the next inequality is performed

∫
Ω

|um|βdx ≤

∫
Ω

|u|2dx


β
2

|Ω|
2−β

2 ≤ C1

1 +

∫
Ω

|u|2dx+ χ

∫
Ω

|∇u|2dx

 .
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For the case when 1 < β ≤ 2, we estimate the right hand side of (20), applying Lemma 3, as well as the
Cauchy and Young inequalities, we obtain

∣∣∣∣∣∣
∫
Ω

b(x, t)|um|βdx

∣∣∣∣∣∣ ≤ b1 ‖um‖ββ,Ω ≤ C1b1

(
1 + ‖um‖22,Ω + χ ‖∇um‖22,Ω

)
.

∣∣∣∣∣∣ 1

h1

∫
Ω

ϕ′(t)h(x, t)umdx

∣∣∣∣∣∣ ≤ |ϕ
′|
|h1|
‖h‖2,Ω ‖um‖2,Ω ≤ ‖um‖

2
2,Ω +

|ϕ′|2

4h2
1

‖h‖22,Ω .

∣∣∣∣ a
h1(t)

∫
Ω

humdx
t∫

0

g(t− τ)
∫
Ω

∇um(τ)∇ωdxdτ
∣∣∣∣ ≤

≤ a
|h1(t)| ‖h(x, t)‖2,Ω ‖um‖2,Ω

t∫
0

g(t− τ) ‖∇um(τ)‖2,Ω ‖∇ω‖2,Ω dτ ≤

≤ a
|h1(t)| ‖h(x, t)‖2,Ω ‖∇ω‖2,Ω ‖um‖2,Ω

t∫
0

g(t− τ) ‖∇um(τ)‖2,Ω dτ ≤

≤ a2

4

(
‖∇ω‖2,Ω sup

0≤t≤T

1
|h1(t)| ‖h(x, t)‖2,Ω

)2 t∫
0

g2(t− τ)dτ
t∫

0

‖∇um(τ)‖22,Ω dτ + ‖um‖22,Ω ≤

≤ a2

4

(
‖∇ω‖2,Ω sup

0≤t≤T

1
|h1(t)| ‖h(x, t)‖2,Ω

)2 t∫
0

‖∇um(τ)‖22,Ω dτ + ‖um‖22,Ω .

(49)

∣∣∣∣ t∫
0

g(t− τ)
∫
Ω

∇um(τ)∇um(t)dxdτ

∣∣∣∣ ≤ t∫
0

g(t− τ) ‖∇um(τ)‖2,Ω ‖∇um(t)‖2,Ω dτ ≤

≤ ‖∇um(t)‖2,Ω
t∫

0

g(t− τ) ‖∇um(τ)‖2,Ω dτ ≤

≤ 1
2a

t∫
0

g2(t− τ)dτ
t∫

0

‖∇um(τ)‖22,Ω dτ + a
2 ‖∇um(t)‖22,Ω ≤

≤ g0

a

t∫
0

‖∇um(τ)‖22,Ω dτ + a
4 ‖∇um(t)‖22,Ω .

∣∣∣∣ 1
h1
a
∫
Ω

∇um∇ωdx
∫
Ω

h(x, t)umdx

∣∣∣∣ ≤ 1
|h1| ‖∇um‖2,Ω ‖∇ω‖2,Ω ‖um‖2,Ω ‖h‖2,Ω ≤

≤ a
h2

1
‖∇ω‖22,Ω ‖h‖

2
2,Ω ‖um‖

2
2,Ω + a

4 ‖∇um‖
2
2,Ω .∣∣∣∣ 1

h1

∫
Ω

b(x, t)|um|β−2umωdx
∫
Ω

h(x, t)umdx

∣∣∣∣ ≤ b1
|h1| ‖um‖

β
β,Ω ‖ω‖β,Ω ‖h‖ β

β−1 ,Ω
≤

≤ C1
b1
|h1| ‖ω‖β,Ω ‖h‖ β

β−1 ,Ω

(
1 + ‖u‖22,Ω + χ ‖∇u‖22,Ω

)
.

Then from the obtained estimates follows that
1
2
d
dt

∫
Ω

[|um|2 + χ|∇um|2]dx+ a
∫
Ω

|∇um|2dx ≤

≤ C1b1

(
1 + ‖um‖22,Ω + χ ‖∇um‖22,Ω

)
+ ‖um‖22,Ω + |ϕ′|2

4h2
1
‖h‖22,Ω +

a2

4

(
‖∇ω‖2,Ω sup

0≤t≤T

1
|h1(t)| ‖h(x, t)‖2,Ω

)2 t∫
0

‖∇um(τ)‖22,Ω dτ + ‖um‖22,Ω +

+ g0

a

t∫
0

‖∇um(τ)‖22,Ω dτ + a
4 ‖∇um(t)‖22,Ω +

+ a
h2

1
‖∇ω‖22,Ω ‖h‖

2
2,Ω ‖um‖

2
2,Ω + a

4 ‖∇um‖
2
2,Ω +

+C1
b1
|h1| ‖ω‖β,Ω ‖h‖ β

β−1 ,Ω

(
1 + ‖u‖22,Ω + χ ‖∇u‖22,Ω

)
.
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d
dt

∫
Ω

[1 + |um|2 + χ|∇um|2]dx+ a
∫
Ω

|∇um|2dx ≤

≤ C2

(
1 + ‖um‖22,Ω + χ ‖∇um‖22,Ω

)
+

+C3

t∫
0

(
1 + ‖um‖22,Ω + χ ‖∇um‖22,Ω

)
dτ + |ϕ′|2

4h2
1
‖h(x, t)‖22,Ω .

(50)

We denote by y(t) ≡ 1 + ‖um‖22,Ω + χ ‖∇um‖22,Ω , then (50) takes the form

dy(t)

dt
≤ C2y(t) + C2

t∫
0

y(τ)dτ +
|ϕ′|2

4h2
1

‖h(x, t)‖22,Ω . (51)

Using the Gronwall’s inequality, we obtain the required estimate

‖um‖22,Ω + χ ‖∇um‖22,Ω +

t∫
0

∫
Ω

|∇um|2dxdt ≤ C5.

The derivatives ∂tum and ∂t∇um are estimated in a similar way, as well as (37). We multiply the equality
(16) by C ′mj(t) and summarize over j = 1,m. As a result, we get

‖∂τum‖22,Ω + χ ‖∇∂τum‖22,Ω + a
2
d
dt

∫
Ω

|∇um|2dx = 1
β

∫
Ω

b(x, t)|um|β−2um∂tumdx+

+
∫
Ω

F (t, um)h(x, t)∂tumdx.
(52)

We integrate with respect to τ from 0 to t, then get the relation
t∫

0

(
‖∂τum‖22,Ω + χ ‖∇∂τum‖22,Ω

)
dτ + a

2

∫
Ω

|∇um|2dx =
t∫

0

∫
Ω

b(x, t)|um|β−2um∂τumdxdτ+

+
t∫

0

∫
Ω

F (t, um)h(x, t)∂τumdxdτ.

(53)

We estimate the right hand side of (53),∣∣∣∣∫
Ω

b(x, t)|um|β−2um∂tumdx

∣∣∣∣ ≤ b1 ∫
Ω

|um|β−1|∂tum|dx ≤

≤ b1
(∫

Ω

|um|βdx
) β−1

β
(∫

Ω

dx

) 2−β
2β
(∫

Ω

|∂tum|2dx
) 1

2

≤

≤ b1
(∫

Ω

|u|2dx
)β−1

|Ω|
(2−β)(1+β)

2β

(∫
Ω

|∂tum|2dx
) 1

2

≤

≤ 5
2b

2
1|Ω|

(2−β)(1+β)
β C2β−2

5 + 1
10 ‖∂tum‖

2
2,Ω ,

∣∣∣∣ 1
h1

∫
Ω

ϕ′(t)h(x, t)∂tumdx

∣∣∣∣ ≤
≤ |ϕ

′|
|h1| ‖h‖2,Ω ‖∂tum‖2,Ω ≤

1
10 ‖∂tum‖

2
2,Ω + 5|ϕ′|2

2h2
1
‖h‖22,Ω .

∣∣∣∣ 1
h1
a
∫
Ω

∇um∇ωdx
∫
Ω

h(x, t)∂tumdx

∣∣∣∣ ≤
≤ 1
|h1| ‖∇um‖2,Ω ‖∇ω‖2,Ω ‖∂tum‖2,Ω ‖h‖2,Ω ≤

≤ 1
12 ‖∂tum‖

2
2,Ω +

3‖∇ω‖22,Ω‖h‖
2
2,Ω

h2
1

‖∇um‖22,Ω ≤

≤ 1
10 ‖∂tum‖

2
2,Ω +

5‖∇ω‖22,Ω‖h‖
2
2,Ω

2h2
1

C5.
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∣∣∣∣ 1
h1

∫
Ω

b(x, t)|um|β−2umωdx
∫
Ω

h(x, t)∂tumdx

∣∣∣∣ ≤
≤ b1
|h1| ‖um‖

β−1
β,Ω ‖ω‖β,Ω ‖∂tum‖2,Ω ‖h‖2,Ω ≤

≤ C
β−1
β

1
b1
|h1| ‖ω‖β,Ω ‖h‖2,Ω

(
1 + ‖u‖22,Ω + χ ‖∇u‖22,Ω

) β−1
2 ‖∂tum‖2,Ω ≤

≤ 1
10 ‖∂tum‖

2
2,Ω + 5

2C
2β−2
β

1 Cβ−1
5

b21
h2

1
‖ω‖2β,Ω ‖h‖

2
2,Ω .

∣∣∣∣ t∫
0

τ∫
0

g(τ − s)
∫

Γ
∇um(s)∇∂τum(τ)dΓdsdτ

∣∣∣∣ ≤ t∫
0

τ∫
0

g(τ − s) ‖∇um(s)‖2,Ω ‖∇∂τum(τ)‖2,Ω dτ ≤

≤
t∫

0

‖∇∂τum(τ)‖2,Ω
τ∫
0

g(τ − s) ‖∇um(s)‖2,Ω dτ ≤

≤ 1
2

t∫
0

τ∫
0

g2(τ − s)ds
t∫

0

‖∇um(s)‖22,Ω dsdτ + 1
2

t∫
0

‖∇∂τum(τ)‖22,Ω dτ ≤

≤ g0

2

t∫
0

τ∫
0

‖∇um(s)‖22,Ω dsdτ + 1
2

t∫
0

‖∇∂τum(τ)‖22,Ω dτ ≤

≤ g0

2

t∫
0

(t− τ) ‖∇um(τ)‖22,Ω dτ + 1
2

t∫
0

‖∇∂τum(τ)‖22,Ω dτ.

∣∣∣∣a t∫
0

∫
Ω

h(x,τ)
h1(τ) ∂τumdx

τ∫
0

g(τ − s)
∫
Ω

∇um(s)∇ωdxdsdτ
∣∣∣∣ ≤

≤ a ‖∇ω‖2,Ω sup
0≤t≤T

‖h(x,t)‖2,Ω
|h1(t)|

t∫
0

‖∂τum‖2,Ω
τ∫
0

g(τ − s) ‖∇um(s)‖2,Ω dsdτ ≤

≤ 1
10

t∫
0

‖∂τum‖22,Ω dτ + 5
2

(
a ‖∇ω‖2,Ω sup

0≤t≤T

‖h(x,t)‖2,Ω
|h1(t)|

)2 t∫
0

τ∫
0

g2(τ − s)ds
τ∫
0

‖∇um(s)‖22,Ω dsdτ ≤

≤ 1
10

t∫
0

‖∂τum‖22,Ω dτ + 5
2

(
a ‖∇ω‖2,Ω sup

0≤t≤T

‖h(x,t)‖2,Ω
|h1(t)|

)2

g0

t∫
0

τ∫
0

‖∇um(s)‖22,Ω dsdτ ≤

≤ 1
10

t∫
0

‖∂τum‖22,Ω dτ + 5g0

2

(
a ‖∇ω‖2,Ω sup

0≤t≤T

‖h(x,t)‖2,Ω
|h1(t)|

)2 t∫
0

(t− τ) ‖∇um(τ)‖22,Ω dτ

(54)

Substituting the obtained inequality into (53), we get the required estimate

t∫
0

(
‖∂τum‖22,Ω + χ ‖∇∂τum‖22,Ω

)
dτ ≤ C6. (55)

Theorem 3 Let the conditions (48) be satisfied, and also 0 < b0 ≤ b(x, t) ≤ b1 < ∞, 1 < β ≤ 2, N ≥ 3.
Then there exists a weak solution u(x, t) of the problem (8)-(9) on the interval (0, T ).

The uniqueness is proved in an analogical way, and for the case when 1 < β ≤ 2. For this case, we
formulate the assertion in the form of the theorem.

Theorem 4 Let the conditions (48) be satisfied, 1 < β ≤ 2, N ≥ 3. Then the weak solution of the problem
(8)-(9) on the interval (0, T ) is unique (in the sense of Definition 1).

We assume that the next conditions are valid for the case when b(x, t) = −q(x, t):

h1(t) ≡
∫
Ω

h(x, t)ω(x)dx 6= 0, ∀t ∈ [0, T ],

h(x, t) ∈ L∞(0, T ; L2(Ω)) ∩ L2(QT ) ∩ L β
β−1

(QT ), β ≥ 2,

ω ∈ L2(Ω) ∩ Lβ(Ω) ∩
0

W 2
2 (Ω), β ≥ 2,∫

Ω

u0(x)ω(x)dx = ϕ(0), ϕ(t) ∈W 1
2 [0, T ], |ϕ′(t)| ≤ C, u0 ∈

0

W 1
2 (Ω) ∩ Lβ(Ω).

(56)
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0 < q0 ≤ q(x, t) ≤ q1,
2 < β < 2N

N−2 , N ≥ 3,

q0 − q1 ‖ω‖β,Ω sup
0≤t≤T

1
|h1(t)| ‖h(x, t)‖ β

β−1 ,Ω
> 0.

(57)

Theorem 5 Let the conditions (56) and (57) be satisfied, then there exists a weak solution u(x, t) of the
problem (8)-(9) (in the sense of Definition 1) on the interval (0, T ).

4.1 Existence and uniqueness of a strong solution

Theorem 6 Let the conditions (5)-(7) are performed, and also 2 < β < 2N
N−2 , N ≥ 3, additional conditions

u0(x) ∈
0

W 2
2 (Ω). Then there is a strong solution u(x, t) (in the sense of Definition 2) of the problem (8)-(9)

on the interval (0, T ), T < T0.

Theorem 7 Let u0(x) ∈
0

W 2
2 (Ω), 2 < β ≤ 2(N−1)

N−2 , N ≥ 3 are fulfilled .Then the strong solution (in the
sense of Definition 2) of the problem (8)-(9) on the interval (0, T ) is unique.

Theorem 8 Let the conditions
1) (48) be satisfied, and also 0 < b0 ≤ b(x, t) ≤ b1 <∞, 1 < β ≤ 2, N ≥ 3;
2) (56) and (57).

Then there exists and unique a strong solution u(x, t) of the problem (8)-(9) on the interval (0, T ).

5 Conclusion

In this article we investigated the solvability of the inverse problem for a quasilinear pseudoparabolic equation
with memory. As a result, we proved the existence and uniqueness of a weak and strong solutions of the inverse
problem in a bounded domain, and obtained local and global theorems on the existence of the solution. The
field of application of the obtained results are inverse problems for pseudoparabolic equations and theory
of boundary value problems. These results allow to proceed to the new inverse problems, generalize and
systemize research in the given area.
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RESEARCH OF THE STRESS STATE OF A PIPELINE ELEMENT WITH
OVALIZATION UNDER CORROSION-POWER EFFECT

The stress state of an element of a thick-walled pipeline when ovalizing a cross section is studied
under conditions of power and corrosion effect in the statement of plane deformation. The material
of the element under the influence of external loads goes into an elastic-plastic state. The corrosive
effect of a pumped medium leads to softening of the material in the plastic zone. This softening of
the material is taken into account by a special inhomogeneity function in the Tresca-Saint-Venant
plasticity condition. The elastic-plastic problem for an thick-walled elliptical element under uniform
external and internal pressure is considered in non-axisymmetric setting. The problem is solved by
the method of sharing static and physical equations for the considered elastoplastic material and
the perturbation method in the theory of an elastoplastic body. An assessment of the strength and
bearing capacity of a thick-walled pipeline element with ovalization under presence and absence
of corrosion damage is given.
Key words: thick-walled pipeline element with ovalization, elastoplastic state, corrosion damage
to the material, plastic inhomogeneity, softening function.

А.М. Алимжанов, Қ.Ж. Шетиева∗, Д.Д. Бекмукамбетова
Әл-Фараби атындағы Қазақ ұлттық университетi, Қазақстан, Алматы қ.

∗E-mail: karlygash.shetiyeva@gmail.com
Коррозиялық-күштiк әсер ету жағдайында қалың қабырғалы құбыр элементiнiң

көлденең қимасының сопақталу кезiндегi кернеулi күйiн зерттеу

Жазық деформация қойылымында коррозиялық-күштiк әсер ету жағдайында қалың қабы-
рғалы құбыр элементiнiң оның көлденең қимасының сопақталу кезiндегi кернеулi күйi зерт-
телдi. Сыртқы қысымның әсерiнен элемент материалы серпiмдi пластикалық күйге өтедi.
Айдалатын ортаның коррозиялық әсерi иiлгiш аймақта материалдың жұмсаруына әкеледi.
Материалдың жұмсаруы Треск-Сен-Венанның иiлгiштiк шартында бiртексiздiктiң арнайы
функциясымен ескерiледi. Асимметриялық есеп қойылымында бiрқалыпты сыртқы және iш-
кi қысымның әсерiнен қалың қабырғалы эллиптикалық элемент үшiн серпiмдi пластикалық
есеп қарастырылды. Есеп қарастырылып отырған серпiмдi иiлгiш материал үшiн статика-
лық және физикалық теңдеулердi бiрлесiп пайдалану әдiсiмен және серпiмдi иiлгiш дене
теориясында ұйытқулар әдiсiмен шешiлдi. Коррозиялық-күштiк әсер ету жағдайында қалың
қабырғалы құбыр элементiнiң көлденең қимасының сопақталуы кезiндегi берiктiгi мен кө-
тергiштiк қабiлеттiлiгiне баға берiлдi.
Түйiн сөздер: қалың қабырғалы эллиптикалық элемент, серпiмдi иiлгiш күй, материалдың
коррозиялық зақымдануы, берiктендiру функциясы. анықтамасы.
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Исследовано НС элемента толстостенного трубопровода при овализации его поперечного
сечения в условиях коррозионно-силового воздействия в постановке плоской деформации.
Материал элемента под действием внешнего давления переходит в упругопластическое
состояние. Коррозионное воздействие перекачиваемой среды приводит к разупрочнению
материала в пластической зоне. Это разупрочнение материала учитывается специаль-
ной функцией неоднородности в условии пластичности Треска-Сен-Венана. Рассмотрена
упругопластическая задача для толстостенного эллиптического элемента под действием
равномерного наружного и внутреннего давления в неосесимметричной постановке. За-
дача решена методом совместного использования статических и физических уравнений
для рассматриваемого упругопластического материала элемента и методом возмуще-
ний в теории упругопластического тела. Дана оценка прочности и несущей способности
толстостенного элемента трубопровода с овализацией при коррозионно-силовом воздействии.

Ключевые слова: толстостенный элемент трубопровода с овализацией, упругопластическое
состояние, коррозионные повреждения материала, функция разупрочнения.

1 Introduction

We studied the stress state, strength and carrying capacity of an element of a thick-walled
pipeline with the circular cross-section under the action of uniform and non-uniform external
pressure along the contour [1] with accounting of softening of material in the plastic zone due
to corrosion effect of a pumping medium.

During operation of the elements of pipeline structures are subjected to various exorbitant
loads, leading to ovalization of pipes. Ovalization of pipes significantly affects their strength
and bearing capacity [2,3]. Moreover, during operation, corrosive wear of the inner surface of
a thick-walled element occurs in aggressive working environments, which further reduces its
bearing capacity.

In this regard, this work is devoted to the study of the stress state, strength and bear-
ing capacity of an elastoplastic element of a thick-walled pipeline with ovalization under
conditions of corrosion-force action, leading to weakening of the material in the plastic zone.

2 State of the problem

Ovalization is a factor that is taken into account in regulatory documents at the stage of
delivery and installation of pipes, during design and construction [2,3], however there are no
standards for the limiting value of ovality of pipelines in operation, despite the large amount
of diagnostic data on their ovalization [4]. Meanwhile, the coincidence of the zone of increased
stresses caused by ovalization of pipes with places of rupture and corrosion damage indicates
that ovalization should be taken into account and be able to evaluate from the point of
view of the operability of the pipeline. The ovalization of the cross section of an infinitely
long elastic pipe in pure bending was studied by Brazier [5]. Elastoplastic ovalization of the
profile of an initially straight cylindrical pipe bent by external moments along the mandrel
is considered in [6]. Since in [6] only a part of the pipe is subject to bending, the study of
the deformation of the pipe section is carried out in the framework of the plane stress state.
In [7], the reliability and residual life of gas pipeline sections with defects such as ovalization
and wall thinning due to corrosion and erosion processes are considered on the basis of a
probabilistic approach. The strength characteristics of steel pipelines with geometric defects
of the "dint" type were studied in [8]. In this case, a dint leads to a stress concentration in
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the defect zone under the action of internal pressure and can cause the appearance of other
surface defects, including corrosion.

Ovality of the section is a geometric defect in the section of the pipe resulting from the
transformation of the initial annular section of the pipe into an elliptical. Ovalization of the
section is considered by us as a result of significant external transverse (radial) loads on the
pipeline. This allows us to research the elastoplastic stress state, strength and bearing capacity
of a pipeline element under conditions of corrosion-force action in the formulation of plane
deformation. At the same time, the decrease in the strength properties of the pipe material
during loading due to the accumulation of damage and defects can be taken into account
by introducing a special softening function (radial inhomogeneity of strength characteristics)
in the known criteria of material plasticity for axisymmetric and plane problems [9-11]. In
[12], modified plasticity criteria were used that can take into account the accumulation of
material damage under difficult boundary conditions, when the plastic inhomogeneity changes
in accordance with the change in the elastoplastic boundary. In this work, we use just such
plasticity criteria.

3 Solution of the problem

The element of a thick-walled underground pipeline with ovalization is in plane de-formation
[14]. The equations of the cross-section of the oval pipeline element in the polar coordinate
system r, θ are written for the inner contour in the form a0+f1(r, θ), and for the outer contour
in the form 1 + f2(r, θ). Here, f1(r, θ), f2(r, θ) are some functions of coordinates, a0 < 1.

The pipeline material is taken to be ideally elastoplastic, obeying the Prandtl loading
diagram [15].

Equilibrium equations in general form are written as σij,j = 0.
In the considered formulation, the equilibrium equations of the pipeline in the polar

coordinate system r, θ take the form :

∂σr
∂r

+
1

r

∂τrθ
∂θ

+
σr − σθ

r
= 0,

∂τrθ
∂r

+
1

r

∂σθ
∂θ

+ 2
τrθ
r

= 0 (1)

Here σr, σθ, τrθ are the components of the stress tensor.
In the elastic region, Hooke’s law is valid for a homogeneous, isotropic linear elastic

material:

εij =
1

E
((1 + µ)σij − µδijσkk) , (2)

where σij and εij are the components of the stress and strain tensors, E is the modulus of
elasticity, µ is the Poisson’s ratio, and δij is the Kronecker symbol.

The stress function in the elastic region Φ(r, θ) must satisfy the biharmonic equation (here
∇2 is the Laplace operator)

∇2∇2Φ = 0. (3)

The solution of equation (3) at r,mθ can be presented in the general form

Φm = (C1r
m + C2r

−m + C3r
m+2 + C4ϕm(r)) cosmθ, m = 0, 1, 2, . . . , (4)
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where ϕm(r) = rm ln r at m = 0, 1; ϕm(r) = r−m+2 at m ≥ 2. The constants C1 − C4 in (4)
are found in the course of the solution from the boundary conditions.

The plasticity condition is generally written as follows:

f∗ (σij, σs∗ (xi, χj)) = 0. (5)

In condition (5), σij are the components of the stress tensor, σs∗(xi, χj) are the strength
characteristics of the material in the plastic zone, which are continuous and differentiable
functions of the coordinates xi and loading parameters χj [12].

As a condition for the transition of a material into a plastic state, we take the Tresca-
Saint-Venant condition, which is widely used in calculations of plastically deformable metal
structures and constructions:

(σθ − σr)2 + 4τ 2rθ = 4K2
∗ (6)

where K∗ is the adhesion coefficient of material.
The material strength parameter K∗ in condition (6) characterizes the plastic

inhomogeneity formed as a result of varying degrees of damage to the material (the presence
of many defects and microcracks in it) due to the force-corrosion effect and distributed over
the thickness of the plastic zone, similar to the outline of its boundary. K∗ = K1 At the
border of the plastic zone, the value K∗ is constant: K∗ = K1. The quantity K∗ is a special
softening function that depends on the coordinates r, θ and loading parameters rO, δ [12]:

K∗ = K∗(r, r0, θ, δ) (7)

Here r0, δ are the axisymmetric and non-axisymmetric loading parameters: r0 = r0(P0, P1 +
P2), δ = δ(P1 − P2).

The problem is solved by the method of joint use of static and physical equations for the
considered elastoplastic material.

The problem also uses the perturbation method in the theory of an elastoplastic body
[13]. The solution by the perturbation method is determined near the known "zero" solution
at δ = 0. As an initial state, we will take the solution we obtained earlier for a circular
thick-walled element in an axisymmetric formulation [1]:

σ0
[r] = P0 + 2

ro∫
ao

r−1K0
∗dr, σ0

[θ] = σ0
[r] + 2K0

∗ , τ 0[rθ] = 0,

σ0
(r)

σ0
(θ)

}
= P +K1r

2
o

(
1∓ 1

r2

)
, τ 0(rθ) = 0.

(8)

Axisymmetric boundary conditions on the inner and outer contour a0 and 1 of thick-
walled circular element and the conjugation conditions on the contour r0 have the form
(Figure 1):
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Figure 1: Design scheme for a circular thick-
walled pipeline element

σ0
[r] = P0 at r = a0; σ

0
(r) = P

at r = 1; [σ0
r ] = [σ0

θ ] = 0 at r = r0

In expressions (8), square (round)
brackets at the indices mean belonging to
the plastic (elastic) zone. The symbol K0

∗
denotes the softening function (7) in the
axisymmetric case, which depends only
on the current radius r and the boundary
radius r0 :

K0
∗ = K∗(r, r0) = (K0 −K1)f(r, r0) +K1. (9)

Here K0 and K1 is the value of the strength of the material on the inner contour a0 and on the
elastoplastic radius r0, f(r, r0) – some kernel with the properties f(a0, 1) = 1, f(r0, r0) = 0.
In [10], the kernel f(r, r0) was taken as a kernel that describes well the decrease in the value
of K0

∗ during loading both along the radius r and depending on the position of the boundary

radius r0 (n is the nonlinearity parameter): f(r, r0) =
an0 (rn0 − rn)

rn (1− an0 )
.

Elastoplastic radius r0 in our "zero" solution is implicitly determined from the
transcendental equation

P0 − P + 2

ro∫
ao

r−1K0
∗dr +K1(1− r20) = 0 (10)

In the absence of corrosion damage, the parameter K0
∗ = K1 and the radius of the plastic

zone r0 are found from the equation

P0 − P + 2K1

(
ln

(
r0
a0

)
+

1

2

(
1− r2o

))
= 0. (11)

According to the perturbation method, the solution is sought in the form of rows of the
sought components in powers of a small parameter, which is δ

σij =
ν∑
0

δνσ
(ν)
ij = σ0

ij +
ν∑
1

δνσ
(ν)
ij ,

K∗ =
ν∑
0

δνK(ν)
∗ = K0

∗ +
ν∑
1

δνK(ν)
∗ ,

rs =
ν∑
0

δνrν = r0 +
ν∑
1

δνrν

(12)
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where rs is the sought elastoplastic boundary.
For this, the initial equations, boundary conditions and conjugation conditions are

linearized. Equilibrium equations (1) retain their form for any approximation

∂σ
(ν)
r

∂r
+

1

r

∂τ
(ν)
rθ

∂θ
+
σ
(ν)
r − σ(ν)

θ

r
= 0,

∂τ
(ν)
rθ

∂r
+

1

r

∂σ
(ν)
θ

∂θ
+ 2

τ
(ν)
rθ

r
= 0. (13)

The linearization of the relations of the theory of ideal plasticity consists in the combined
use of equations (1), (6). Introducing the stress function F = F (r, θ) according to (1)

σ(ν)
r =

1

r

∂F (ν)

∂r
+

1

r2
∂2F (ν)

∂θ2
, σ

(ν)
θ =

∂2F (ν)

∂r2
, τ

(ν)
rθ = − ∂

∂r

(
1

r

∂F (ν)

∂θ

)
, ν = 0, 1, 2, . . . (14)

and linearizing equation (6) we obtain in the plastic zone an inhomogeneous differential
equation in partial derivatives for the function F (ν)(r, θ) :

r2
∂2F (ν)

∂r2
− r∂F

(ν)

∂r
− ∂2F (ν)

∂θ2
= r2f (ν)(r, θ), ν ≥ 0. (15)

Here f (ν) is the right side of the corresponding linearized relation: f 0 = 2K0
∗ , f

(I) = 2K
(I)
∗ ,

f (II) = − 1

KO

(τ
(I)
rθ )2 + 2K

(II)
∗ .

The solution to equation (15) F (ν) is determined taking into account static or geometric
boundary conditions.

The linearization of the boundary conditions depends on the given forces on the initial
contour, and the linearization of the conjugation conditions on the elastoplastic boundary is
determined by the nature of the initial conjugation conditions.

4 Thick-walled pipeline element with ovalization under uniform external and
internal pressure

Consider a thick-walled pipeline element with ovalization, loaded with uniform internal P0

and external P pressures, under conditions of plane deformation (Fig. 2)

Figure 2: Design scheme for a thick-walled
pipeline element with ovalization

The equations of the outer and inner
contours of the pipeline element have the
form

re = 1 + δd1 cos 2θ,
ri = a0(1 + δd2 cos 2θ),

(16)

where δ is the parameter of deviation of the
oval contour from the circular one, d1 and d2
are geometric coefficients.

We construct a solution to the problem
in the form (12) at ν ≥ 0. The zero solution
for ν = 0 is given in the previous part of the
work. Let us find a solution for ν = 1.
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Consider the plastic zone of a thick-walled element. We represent the stress function F (1)

in equation (15) based on the geometric boundary conditions of the outer and inner contours
(16): F (1) = R(r) cos 2θ.

Solving equation (15), we find the function F (1) in the plastic zone:

F (1) =

AiRi +Ri

r∫
a0

Vi(r)

V (r)
dr

 cos 2θ, , i = 1, 2, (17)

where AiRi = A1R1 +A2R2 = r(A1 cos(
√

3 ln r) +A2 sin(
√

3 ln r)), V (r) is the Wronskian of
the system of solutions Ri, Vi(r) is the determinant obtained from the Wronskian by replacing
the ith column with a column with a single nonzero element 2K

(I)
∗ cos−1 2θ located at its end.

The stress components in the plastic zone under the Tresque-Saint-Venant condition based
on (14), (17) are written as:

σ
(I)
[r] =

1

r
[A1 cos(

√
3 ln r) + A2 sin(

√
3 ln r)− 2(

√
3 cos(

√
3 ln r) + sin(

√
3 ln r))×

×
r∫

a0

− sin(
√

3 ln r)K
(I)
∗

cos 2θ
dr + 2(cos(

√
3 ln r)−

√
3 sin(

√
3 ln r))×

×
r∫

a0

cos(
√

3 ln r)K
(I)
∗

cos 2θ
dr] cos 2θ, σ

(I)
[θ] = σ

(I)
[r] + 2K(I)

∗ ,

τ
(I)
[rθ] =

1

2r
[(A1 −

√
3A2) cos(

√
3 ln r) + (A2 −

√
3A1) sin(

√
3 ln r)−

−8 sin(
√

3 ln r) ·
r∫

a0

− sin(
√

3 ln r)K
(I)
∗

cos 2θ
dr + 8 cos(

√
3 ln r)×

×
r∫

a0

cos(
√

3 ln r)K
(I)
∗

cos 2θ
dr] sin 2θ.

(18)

Find constants A1 and A2. For this, we have linearized boundary conditions on the inner
contour

σ
(I)
[r] + a0d2

dσ0
[r]

dr
cos 2θ = 0, τ

(I)
[rθ] + 2d2(σ

0
[θ] − σ0

[r]) sin 2θ = 0, at r = a0. (19)

Substituting (18) into (19), we obtain

A1 = −2(
√

3 sin(
√

3 ln a0) + cos(
√

3 ln a0))a0d2K∗(a0, r0),

A2 = 2(
√

3 cos(
√

3 ln a0)− sin(
√

3 ln a0))a0d2K∗(a0, r0).

Substituting A1 and A2 in (18), we can obtain expressions for the components σ(I)
[r] , σ

(I)
[θ] ,

τ
(I)
[rθ] in their final form.
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Consider the elastic region of a thick-walled element. The components σ(I)
(r) , σ

(I)
(θ) , τ

(I)
(rθ) of

the stress tensor in the elastic region are found from the stress function Φ(1) in equations (4),
(14):

σ
(I)
(r) = (−2C1 − 6C2r

−4 − 4C4r
−2) cos 2θ = 0,

σ
(I)
(θ) = (2C1 + 6C2r

−4 + 12C3r
2) cos 2θ = 0,

τ
(I)
(rθ) = (2C1 − 6C2r

−4 + 6C3r
2 − 2C4r

−2) sin 2θ

(20)

To determine C1, C2, C3, C4 we have linearized boundary conditions on the outer contour
of the element

σ
(I)
(r) + d1

dσ0
(r)

dr
cos 2θ = 0, τ

(I)
(rθ) + 2d1(σ

0
(θ) − σ0

(r)) sin 2θ = 0, at r = 1 (21)

and two linearized conditions for conjugation of stresses at the boundary of the plastic zone

[σ(I)
r ] = 0, [τ

(I)
rθ ] = 0 at r = r0 (22)

Then, from conditions (21), (22), we obtain the boundary value problem for the elastic
region of a thick-walled oval element:

σ
(I)
(r) = M1(r) cos 2θ, τ

(I)
(rθ) = M2(r) sin 2θ, at r = r0,

σ
(I)
(r) = −M0(r) cos 2θ, τ

(I)
(rθ) = −2M0(r) sin 2θ, at r = 1.

(23)

Here under the condition of Tresque-Saint-Venant

M0 = 2r20d1K1,

M1 =
2a0d2K∗(a0, r0)

r
(
√

3 sin(
√

3 ln
r0
a0

) + cos(
√

3 ln
r0
a0

))−

− 2

r0
(
√

3 cos(
√

3 ln r0) + sin(
√

3 ln r0)) ·
r0∫

a0

− sin(
√

3 ln r)K
(I)
∗

cos 2θ
dr+

+
2

r0
(cos(

√
3 ln r0)−

√
3 sin(

√
3 ln r0)) ·

r0∫
a0

cos(
√

3 ln r)K
(I)
∗

cos 2θ
dr,

M2 =
4a0d2K∗(a0, r0)

r
cos(
√

3 ln
r0
a0

)− 8

r0
sin(
√

3 ln r0) ·
r0∫

a0

− sin(
√

3 ln r)K
(I)
∗

cos 2θ
dr+

+
8

r0
cos(
√

3 ln r0)

r0∫
a0

cos(
√

3 ln r)K
(I)
∗

cos 2θ
dr
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Solving the boundary value problem (23), we find all constants C1 − C4 :

C1 =
1

2
(1− r−2

0 )−3
(
M0r

−2
0 (2− r−2

0 − r−4
0 )−M1(1 + r−2

0 + 2r−4
0 ) + 2M2r

−4
0

)
,

C2 =
1

2
(1− r−2

0 )−3
(
3M0(1− r−2

0 )−M1(3 + r−2
0 ) + 2M2r

−2
0

)
,

C3 =
1

6
r−2
0 (1− r−2

0 )−3
(
3M0(r

−4
0 − r−2

0 ) +M1(1 + 3r−2
0 ) +M2(1− 3r−2

0 )
)
,

C4 =
1

2
(1− r−2

0 )−3
(
−M0(1 + r−2

0 − 2r−4
0 ) +M1(2 + r−2

0 + r−4
0 )−M2(r

−2
0 + r−4

0 )
)

Substituting C1, C2, C3, C4 in (20), we obtain the stress components in the elastic region of
the thick-walled element σ(I)

(r) , σ
(I)
(θ) , τ

(I)
(rθ) in the final form.

We seek the equation for the boundary of the plastic zone rs in the form rs = r0 + δr1.
To determine the value of r1, we use the linearized conditions for the conjugation of the
components σθ and K∗ on r0 :[

σ
(I)
θ +

dσ0
θ

dr
r1

]
= 0,

[
K(I)

∗ +
dK0

∗
dr

r1

]
= 0 at r = r0, (24)

From conditions (24) we obtain

r1 = (σ
(I)
(θ) − σ

(I)
[θ] )/

(
dσ0

[θ]

dr
−
dσ0

(θ)

dr

)
, K(I)

∗ = −dK
0
∗

dr
r1 at r = r0

Then we finally have
r1 = ψ(r0)r0 cos 2θ,

where ψ(r0) is some function of r0 : ψ(r0) =
Y1 + Y2 + Y3
Y4 + Y5 + Z

.

Here under the condition of Tresque-Saint-Venant

Y1 = −4(2− 7r−2
0 + 5r−4

0 )(1− r−2
0 )−3d1K1,

Y2 = (1 + 5r−2
0 − 11r−4

0 − 3r−6
0 − (1− r−2

0 )3)
a0d2K∗(a0, r0))

r0(1− r−2
0 )3

×

×
(√

3 sin

(√
3 ln

r0
a0

)
− cos

(√
A3 ln

r0
a0

))
,

Y3 = −8
(
1− 3r−2

0 + r−4
0 + 3r−6

0

) a0d2K∗(a0, r0))

r0(1− r−2
0 )3

× cos

(√
3 ln

r0
a0

)
,

Y4 = −2(1 + 5r−2
0 − 11r−4

0 − 3r−6
0 − (1− r−2

0 )3)
2K̃∗

(1− r−2
0 )3
×

×((
√

3 cos(
√

3 ln r0) + sin(
√

3 ln r0))B1 + (cos(
√

3 ln r0)−
√

3 sin(
√

3 ln r0))B2),

Y5 = −4(1− 3r−2
0 + r−4

0 + 3r−6
0 )

K̃∗

(1− r−2
0 )3

× (sin(
√

3 ln r0)B1 + cos(
√

3 ln r0)B2),
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Z = 4K1, K̃∗ = (K0 −K1)
an0

1− an0
n

r0
,

B1 =
r0
2

sin(
√

3 ln r0 −
π

3
)− a0

2
sin(
√

3 ln a0 −
π

3
),

B2 =
r0
2

cos(
√

3 ln r0 −
π

3
)− a0

2
cos(
√

3 ln a0 −
π

3
)

In the homogeneous case, the expression Y1 is the same, the expressions Y2 and Y3 are
preserved, but instead of K∗(a0, r0), K1, Y4 = Y5 = 0 should be written. In this case, the
radius r0 corresponds to the homogeneous case.

The equation for the boundary of the plastic zone rs is written in the form:

rs = r0(1 + δψ(r0) cos 2θ).

The obtained solution area is as follows

r0(1− δψ(r0)) ≥ a0(1− δd2).

The bearing capacity of a thick-walled pipeline element with ovalization is determined as
follows: If ψ(r0) = d1, then the boundary equation rs has the form rs = r0(1 + δd1 cos 2θ). In
this case, the ellipses bounding the outer contour of the element and the plastic zone will be
similar. Consequently, the plastic zone will reach the critical contour at once in all its points
and the bearing capacity is determined from a simple condition r∗ = r0.

In the absence of corrosion damage (r∗ = 1), the condition for determining the bearing
capacity of the element will take the form from r0 = 1. Here r∗ is the numerically determined
critical radius of the element (a0 < r∗ ≤ 1), corresponding to the maximum point on the
loading diagram ∆P = ∆P (r0), at which a thick-walled element is destroyed [1].

In all other cases (ψ(r0) 6= d1), the bearing capacity of a pipeline element with ovalization
can be researched as follows.

From the equation

r∗(1± δd1) = r0(1± δψ(r0)), (25)

at θ = 0 or θ = π/2, we find the value r0, and then from (10) we obtain the critical value of
external loads, at which the plastic zone will reach some ”critical” points of the thick-walled
element.

In the absence of corrosion damage to the element, equation (11) should be adopted and
r∗ = 1 used in equation (25). In this case, critical points (marked with zeros in Fig. 2) are
located on the outer contour of the element 1 + δd1 cos 2θ at the points of its greatest (θ = 0)
or least (θ = π/2) curvature.

In the presence of corrosion damage of the element, the critical points are located inside
the element (marked with crosses in Fig. 2) on the contour r∗(1+ δd1 cos 2θ) in the directions
of its greatest (θ = 0 or least (θ = π/2) curvature (this is determined through the coefficients
d1 and d2). Reaching these crosses by any point of the plastic zone will lead to the destruction
of the element. Note that in an oval element, the plastic zone in the presence of damage to
the material becomes larger in size and somewhat elongated in the directions of its greatest
curvature. Wherein, in the above directions, the element acquires the greatest damage.
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In this case d1 = 0, d2 = 1, we have a thick-walled circular element with an oval hole. The
bearing capacity of such an element is determined from the equation r∗ = r0(1 + δψ(r0)) at
Y1 = 0. Consequently, the ”critical” points are located inside the element on the contour r∗
in the directions of the greatest curvature (θ = π/2) of the hole.

In this case d1 = 1, d2 = 0, we have a thick-walled oval element with a circular hole. The
bearing capacity of such element is determined from equation (25) at Y2 = Y3 = 0. "Critical"
points are located inside the element on the contour r∗(1 + δd1 cos 2θ) in the directions of the
greatest (θ = 0) or least (θ = π/2) curvature of its outer contour.

All the obtained solutions at γ = 1 go to the homogeneous case, and at δ = 0 go to the
axisymmetric case.

5 Conclusion

The stress state of an elastoplastic element of a thick-walled pipeline when ovalizing a cross
section is studied under conditions of power and corrosion effect using a special softening
function (plastic inhomogeneity) in the plasticity condition of Tresca-Saint-Venant. An
elastoplastic problem is considered for a thick-walled pipeline element with ovalization under
the action of uniform external and internal pressure in a nonaxisymmetric formulation. The
problem is solved by the method of joint use of equilibrium equations and physical equations
in each zone and their "sewing" through the conjugation conditions on the elastoplastic
boundary, as well as by the method of perturbations in the theory of an elastoplastic body.

An assessment of the strength and bearing capacity of a loaded thick-walled pipeline
element with ovalization in the presence and absence of corrosion damage is given.
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DETERMINATION OF THE BALANCING MOMENT OF THE SIX-LINK
STRAIGHT-LINE CONVERSION MECHANISM OF THE BEAMLESS ROD

PUMP DRIVE

The paper considers a six-link straight-line conversion scissor mechanism, which is used as a new
design of the conversion mechanism of the beamless rod pump drive.
The purpose of balancing the conversion mechanism of rod pump drive (RPD) is to reduce the
required engine power and its uniform load per cycle of movement. The task of optimal dynamic
balancing of the conversion mechanism of the RPD is to determine the optimal values of the weight
of the counterweight GCW and the distance l = OL from the crank axis at which the minimum
peak value of the balancing moment on the crank shaft is provided. In practice, the determination
of these values is carried out empirically by comparing two peak values – the torque on the
crank shaft for the cycle of the mechanism movement. The result kinetostatics analysis, solving the
equilibrium equations of the six-link scissor mechanism, determined reactions of mechanism hinges
and values – the torque on the shaft of the crank shaft per cycle of movement of the mechanism.
Also, for the reliability of the results, according to the principle of possible movements through
the power of the acting forces, values – the torque on the crank shaft were determined.
Key words: Drive, transforming mechanism, crank, connecting rod, balancer, poise, analysis.
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Штангалы сорғыш қондырғыларының теңгерiмсiз жетегiнiң алтызвенолы түзу-сызықты

бағыттауыш түрлендiргiш механизмiнiң теңдестiру моментiн анықтау

Бұл мақалада алтызвенолы түзу-сызықты бағыттауыш түрлендiргiш механизмi туралы ай-
тылады, оны бiз штангалық сорғы қондырғыларының теңгерiмсiз жетегiнiң түрлендiргiш
механизмiнiң жаңа конструкциясы ретiнде қолданамыз.
Штангалы сорғыш қондырғыларының (ШСҚ) түрлендiргiш механизмiн теңестiрудiң мақса-
ты қозғалтқыштың қажеттi қуатын және оның қозғалыс циклi кезiнде оның бiркелкi жүк-
темесiн азайту болып табылады. GП түрлендiру механизмiн оңтайлы динамикалық теңде-
стiрудiң мiндетi қарсы салмақтың GP оңтайлы мәндерiн және иiндi lП = OL бiлiкте теңде-
стiру сәтiнiң минималды мәнi қамтамасыз етiлетiн иiндi бiлiктен қашықтықты анықтау
болып табылады. Iс жүзiнде бұл шамаларды анықтау т екi мәнi – механизмнiң бiр қозғалыс
циклына иiндi бiлiктiң айналу моментiн салыстыру арқылы эмпирикалық түрде жүзеге асы-
рылады.Кинетостатикалық талдау нәтижесiнде алты звенолы топсалы-иiнтiректi механиз-
мнiң буындарының тепе-теңдiк теңдеулерiн, сонымен қатар алғанда механизм iлмектерiнiң
реакция күш және т мәнiнiң – механизмнiң қозғалу циклi үшiн иiндi бiлiктiң айналу момен-
тiнiң бiрлесiп шешiлуi нәтижесiнде анықталды.
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Сондай-ақ, нәтижелердiң сенiмдiлiгi тексеру үшiн әрекет етушi күштердiң қуаттары арқылы
ықтимал орын ауыстыру қағидасына сәйкес т мәндерi – иiндi бiлiктiң айналу моментi аны-
қталды.
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Определение уравновешивающего момента шестизвенного прямолинейно-направляющего

преобразующего механизма безбалансирного привода штанговых насосных установок

В данной статье рассматривается шестизвенный прямолинейно-направляющий шарнирно-
рычажный механизма, которого используем в качестве новой конструкции перобразующего
механизма безбалансирного привода штанговых насосных установок.
Цель уравновешивания преобразующего механизма штанговых насосных установок (ШНУ)
заключается в уменьшении необходимой мощности двигателя и равномерной его нагрузки
за цикл движения. Задача оптимального динамического уравновешивания преобразующего
механизма ШНУ заключается в определении оптимальных значений веса противовеса GП
и расстояние lП = OL от оси кривошипа при котором обеспечивается минимальное пиковое
значение уравновешивающего момента на валу кривошипа. На практике определение
этих величин осуществляется эмпирически путем сравнения двух пиковых значений ур
– крутящего момента на валу кривошипа за цикл движения механизма. В результате
кинетостатического анализа, решая совместно уравнения равновесия звеньев шестизвенного
шарнирно-рычажного механизма, определены силы реакции шарниров механизма и значе-
ния ур – крутящего момента на валу кривошипа за цикл движения механизма. Так же для
проверки достоверности результатов, по принципу возможных перемещений через мощности
действующих сил определили значения ур – крутящего момента на валу кривошипа

Ключевые слова: Привод, преобразующий механизм, кривошип, шатун, балансир, уравно-
вешенность, анализ.

1 Introduction

Consider the dynamic modes of operation of the rod pump drive. When rod string goes up,
the balancing devices give the power body the energy accumulated during the motion of the
rods down. In the device under consideration, the counterweights are attached by special
devices to the 3rd link of the mechanism. It worth to note that the weight of the 3rd link
also plays the role of a counterweight, i.e. performs useful work.

In the problem of dynamic synthesis of mechanisms, the structural diagram of the
mechanism and, as a rule, metric parameters (lengths of links) are considered known. When
designing the mechanism, the given dynamic characteristics and mass-inertial characteristics
are found, and in some cases constant geometric parameters are sought, at which the required
dynamic characteristics of the movement are provided. As a rule, the problem of dynamic
balancing of mechanisms is considered for mechanisms for which amax/g > 1. The following
tasks are most common [4, 5, 6].

1. balance (balance the masses) the impact of the mechanism on the support (the
foundation on which the mechanism is located);
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2. balance (balance the moment or power) the impact on the engine of the mechanism (or
on the prime mover);

3. balance the effect on the kinematic pairs.

It is clear that to reduce the value of the inertia forces of moving links, it is necessary
to reduce the mass of these links. Due to the complexity of solving the problem using this
feature, such problems are solved by special methods [1, 5, 7].

It is customary to distinguish between static and dynamic balancing of the mechanism;
their elimination in the designed mechanism will correspond to its static and dynamic
balancing [1]. In this case, according to the degree of equilibrium, you can get an exact
or approximate solution (balancing).

Traditionally, the criterion for accurate static balancing of the mechanism is the condition
that the main vector of inertia forces of its links is equal to zero.

F
IN

= 0 (1)

which corresponds to the immobility of the general center of mass of the mechanism. With
precise dynamic balancing, simultaneously with the specified condition, it is still necessary
to zero out the main moment of the inertia forces of the links, i.e.

F
IN

= 0, M0 = 0. (2)

If the mechanism has managed to achieve the exact balancing conditions in any way, then
these conditions will be preserved under any law of motion of the input link and, consequently,
the balance of the mechanism (both static and dynamic) becomes an integral quality of the
mechanism.

Approximate balancing of the mechanism can be considered as an approximation to the
exact one, when in solving a specific problem some minor conditions can be neglected.

2 Analysis of literature data and problem statement

As a drive for rod pumps, beam-pumping units are traditionally used, which have a simple
studied scheme, and in comparison with other drives, an economical, repair-suitable design
[1, 2, 3-7, 8, 9,10].

Figure 6a shows the straight-line lambda-shaped Chebyshev mechanism, and Figures 1b-
e show its modifications and related mechanisms, which can be obtained by applying the
Roberts-Chebyshev theorem. The mechanisms shown in Figures 1a and 1b provide a fairly
high accuracy of reproducing a rectilinear trajectory with equal lengths of the connecting
rod-rocker group links and with strict observance of symmetry in the size of the connecting
rod (the connecting rod is an isosceles triangle).



Rakhmatulina A., et al. 79

A)
B)

C) D)

E)
F)

Figure 1: Chebyshev Mechanisms
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For further research, we selected the mechanisms shown in Figures 1a and 1g, since the
use of the remaining schemes is difficult due to the lack of access to the wellhead. However, a
more detailed study of the functionality of the selected schemes showed that it is not possible
to achieve a reduction in overall dimensions here. Thus, the gain is only in eliminating the
arched horsehead.

A) B)

C) D)

Figure 2: The Evans mechanism and its variants

Much more interesting were the mechanisms of the Evans type (Figure 2) and Evans –
de Jonge type (Figure 3), which are characterized by good access to the well, as well as a
small ratio of the length of the straight section of the rod curve trajectory to the lengths
of the mechanism links. Upon closer examination, the schemes in Figures 2 were the most
promising. The diagram in Figure 7a is the most compact.

However, to ensure the maximum ratio of the length of the straight segment to the length
of the connecting rod, an additional synthesis must be carried out taking into account this
additional restriction. This mechanism, therefore, is a competing scheme with respect to the
Roberts scheme, and the position of the upper rack was significantly lower than in the Roberts
mechanism.
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Figure 3: Evans-de Jonge Mechanisms

In [11, 12], a methodology, algorithms, and software for the kinematic and kinetostatic
calculation and optimal balancing of the conversion mechanisms of the RPD with a two-
arm beam and rotary equalizer were developed. The methodology and software were used to
calculate the pumping units RPD6-2,5-3500 and RPD8-3-4500 with maximum loads in the
wellhead gland of 6t and 8t.

An alternative option is to use straight-line mechanisms as a conversion mechanism. Thus,
the advantages of the PU (pumping unit) "with a floating beam" were confirmed by the
experience of developing and operating the 2СКМ7 type, created on the basis of the СКН70-
3012 pumping unit [2, 11]. The Evans lemniscate straight line is used here as a converting
mechanism. Another example of the use of straight-line mechanisms is the recent "Minnesota"
development [13], in which the reciprocating motion of the rod suspension is provided by the
Roberts mechanism. The goal of the development is initially to eliminate the massive and
complex head ("horse head") in typical installations [6]. Moreover, the overall dimensions in
both cases were almost two times smaller than the prototypes.

3 Solution of the problem

There are other types of straight-line mechanisms that could also be used effectively [11, 12,
13, 14, 15]. But a systematic study of them in relation to the problem under consideration
has never been conducted.

Next, we will conduct a kinetostatic analysis of the six-link scissor mechanism of the RPD.
The mechanism is affected by the load in the wellhead oil seal and the gravity of the links
and loads (Figure 4). The forces of friction in the joints and the forces of inertia are not taken
into account, since the values of these forces are insignificant.

For the equilibrium of the system of forces, the main vector of the force and the main
moment of the force are equal to zero∑

~Fi = 0 (3)
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Figure 4: Power analysis of the six-link scissor mechanism conversion mechanism of pumping
units

and ∑
~Mi = 0 (4)

We consider the equilibrium of each link. G5 – weight of the fifth link operates on the
5th link at the center of mass, as well as P load (the weight of the rod string and pumped
liquids) in the suspension point of the D rod string, and reactive power R54 and R52. Then
the equilibrium equations of the 5th link

−Rx
54 −Rx

52 = 0
−G5 −Ry

54 −Ry
52 − P = 0

G5(XS5 −XB) +Ry
52(XC −XB) +Rx

52(YB − YC) + P (XD −XB) = 0
(5)

Consider the equilibrium of the 4th link, the connecting rod. The connecting rod is affected
at the center of mass of the connecting rod by G4 – the weight of the connecting rod and
R04, R54 reaction forces. Then we make the equilibrium equations of the connecting rod –
the 4th link, taking into account R45 = −R54.

Rx
04 +Rx

54 = 0
−G4 +Ry

04 +Ry
54 = 0

G4(XS4 −XA) +Ry
54(XB −XA) +Rx

54(YA − YB) = 0
(6)

Now consider the equilibrium of the 3rd link. The third link is affected at the point
S3 by G3 force – the weight of the third link, at point by GCW force – the weight of the
counterweight and R03 and R32 reaction forces.

Then for the 3rd link

Rx
04 −Rx

32 = 0
−G3 +Ry

03 −Ry
32 −GCW = 0

G3(XS3 −XO) +Ry
32(XC −XO) +Rx

32(YO − YC) +GCW (XCW −XO) = 0
(7)
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Now consider the balance of the 2nd link, the connecting rod. The connecting rod is
affected in the center of mass of the connecting rod by G2 – the weight of the connecting rod
and R21, R32, R52 reaction forces.

Considering that R52 = −R25 and R32 = −R23, we compose the equilibrium equations of
the connecting rod - the 2nd link

−Rx
21 +Rx

32 +Rx
52 = 0

−G2 −Ry
21 +Ry

32 +Ry
52 = 0

G2(XS2 −XF ) +Ry
32(XC −XF ) +Rx

32(YF − YC) +Ry
52(XC −XF ) +Rx

52(YF − YC) = 0

(8)

Figure 5: The equilibrium of the crank

The crank is affected at S1 point in the center of mass of the crank by G1 – the weight
of the crank and et engine torque, also at F point R21 reaction and at G point reaction. We
compose the equilibrium equations for the 1st link, where R21 = −R12.

Rx
01 +Rx

21 = 0
−G1 +Ry

01 +Ry
21 = 0

G1(XS1 −XA) +Ry
21(XF −XG) +Rx

21(YF − YG) +Met = 0
(9)

By solving equilibrium equations simultaneously, we find unknown components of
reactions and an unknown moment.

The purpose of the balancing task is to minimize input torque M on the crank shaft. To
do this, one needs to properly pick up the mass counterbalance and the distance of the center
counterweight from the axis of rotation. In the case of rotary balancing, the counterweight is
set on the crank. And here the counterweight is set on the 3rd link.
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The distance of the center of the mass counterweight from the axis of the rotation of the
link is defined in the first approximation as [15]:

OL = k ·Hs (Pup + Pdown)/4 · Fcw (10)

whereHs – is the length of the rod string, Pup, Pdown are loads at the point of rod suspension at
the motion up and down, Fcw is the total weight of counterweights, the correcting coefficient
that is manually entered by the user until the two peaks of values - torque on the shaft of
the crank will not be equal.

Let’s use the well-known principle of possible movements∑
δi = 0 or

∑
Ni = 0. (11)

According to the principle of possible movements, power of these forces should be zero.
Let’s write this down for our problem:

FV̂S1 + F̂2V̂S2 + F̂3V̂S3 + F̂4V̂S4 + F̂5V̂S5 + FCW V̂L ++F̂P V̂D +MGF = 0 (12)

Here, are the velocities of the corresponding points of gravity forces application;
ωGF – is angular speed of the crank;
M – is the torque on the crank shaft.

4 Discussion of experimental results

The results of the study of the balancing modes are presented in table 1. The last two columns
show and values, which were found in such a way as to minimize torque on the crank shaft.
In the calculation program, this is achieved by manually specifying correcting coefficient in
formula (10).

It was also found that when the direction of the crank rotation is changed
(counterclockwise), the moment on the crank shaft practically does not change, but the
balancing mode is somewhat worse (the counterweights are removed from the axis of rotation).

Table 1 – Results of the study of balancing modes
Pumping
mode

The
maximum
torque on the
crank shaft

Weight of the
counterweight
with optimal
balancing

Counterweight
distance from
the crank
rotation axis

Pup Pdown Angular
velocity

The
length
of the
crank

kN kN rpm mm kNm kg mm

60 30 6,9 550 10,7 478 0,525m
60 40 4,3 1000 8,412 478 0,753m
60 40 6,9 1000 8,365 478 0,753m
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A) Graph of the change in torque as a result
of kinetostatic analysis

B) Graph of torque changes based on the
principle of possible displacements

Figure 6: The Graphs of torque changes

5 Conclusion

According to the results of the kinetostatic analysis, a graph of the change in the torque is
obtained. Figure (5) shows the graphs of the torque change obtained in various ways.

The results of the work carried out show that the goal of the study has been achieved.
Since a detailed kinetostatic analysis confirms the possibility of using the studied six-link
straight-line mechanism as a converting mechanism for the rod pumping drive.

1. A kinetostatic analysis was performed and a mathematical model of the kinetostatic
analysis of the six-link conversion mechanism in the Maple environment was developed in
order to test the performance of the new design.

2. Numerical results obtained by various methods confirm that the results are reliable.
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MACHINE LEARNING APPROACH TO PREDICT SIGNIFICANT WAVE
HEIGHT

To estimate significant wave height of ocean wave, a machine learning framework is developed.
Significant wave height and period can be used by supervised training of machine learning to
predict ocean conditions. In this paper we proposed a method to predict significant wave height
using Support vector regression (SVR). Buoy dataset taken from the Queensland government open
data portal the input from which were aggregated into supervised learning test and training data
sets, which were supplied to machine learning models. The SVR model replicated significant wave
height with a root-mean-squared-error of 0.044 and performed on the test data with 95% accuracy.
Comparing to forecasting with the physics-based model the Machine learning SVR model requires
only a fraction (< 1/1200th) of the computation time, to predict Significant wave height.
Key words: Machine learning, significant wave height, Support vector regression.
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Толқынның елеулi биiктiгiн болжауға арналған машиналық оқыту негiзiндегi тәсiл

Мұхит толқынының елеулi биiктiгiн бағалауға арналған машиналық оқыту жүйесi құрылды.
Толқынның елеулi биiктiгi мен толқын периоды мұхит жағдайларын болжау үшiн бақылана-
тын машиналық оқыту барысында пайдаланылуы мүмкiн. Бұл жұмыста тiрек векторы әдiсi
негiзiндегi регрессия көмегiмен (Support vector regression – SVR) толқынның елеулi биiктiгiн
болжау әдiсi ұсынылды. Буй деректер жиыны Квинсленд үкiметiнiң ашық деректер порталы-
нан алынды, кiрiс деректерi бақыланатын оқыту мен тестiлеу үшiн деректер жиынтығына
бiрiктiрiлдi. SVR моделi толқынның елеулi биiктiгiн 0,044 орташа квадраттық қателiкпен
көрсеттi және тестiлеу деректерiнде 95% дәлдiкпен бойынша орындалды. Толқынның елеулi
биiктiгiн физикалық модель негiзiнде болжаумен салыстырғанда, машиналық оқыту негiзiн-
дегi SVR моделi айтарлықтай аз есептеу уақытын (< 1/1200) қажет етедi.
Түйiн сөздер: Машиналық оқыту, толқынның елеулi биiктiгi, тiрек векторы әдiсi негiзiндегi
регрессия.
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Подход на основе машинного обучения для прогнозирования значительной высоты волны

Разработана система машинного обучения для оценки значительной высоты океанской вол-
ны. Значительная высота и период волны могут быть использованы при контролируемом
машинном обучении для прогнозирования состояния океана. В данной работе предложен ме-
тод для прогнозирования значительной высоты волны с помощью регрессии на основе метода
опорных векторов (Support vector regression – SVR). Набор данных буев взят с портала от-
крытых данных правительства Квинсленда, входные данные с которого были объединены в
наборы данных для контролируемого обучения и тестирования.
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Модель SVR воспроизводила значительную высоту волны со среднеквадратической ошибкой
0,044 и выполнялась на тестовых данных с точностью 95%. По сравнению с прогнозированием
значительной высоты волны на основе физической модели, для модели SVR с машинным
обучением требуется значительно меньше (< 1/1200) времени вычислений.
Ключевые слова: Машинное обучение, значимая высота волны, регрессия на основе метода
опорных векторов.

1 Introduction

Many people are unaware of a single climate factor that can have a profound effect on the
living conditions and health of coastal people. Wave weather is the distribution of wave
signals measured at a given time and place, just as atmospheric weather is defined as the
"intermediate weather" of a given time and place. About 10% of the world’s population lives
within 20 kilometers of coastline and less than 20 meters above sea level (Kummu et al.
2016). For these people, hot weather can affect their daily lives like atmospheric weather. Big
waves can disrupt harbors and make boats dangerous, keeping fishermen and boats afloat
while their businesses suffer.

Surfers aside, there are basic reasons why information on wave conditions over the next
few days is important. For example, delivery routes can be made by avoiding rough seas
and thus reducing shipping times. Another industry that benefits from wave information is
the $ 160 B (2014) [1] marine fishery, which can improve harvesting activities accordingly.
Awareness of critical situations is critical to military and navy operations by Navy and Marine
Corps teams. Also, predicting energy production from renewable energy sources is important
in maintaining a stable electricity grid because more renewable energy sources (e.g. sun, wind,
waves, wave, etc.) are in between. In the deep penetration of the renewable energy market, a
combination of increasing energy conservation and improved speculation of energy prediction
will be required.

Waves can be defined by three distinct elements: wavelength, wave duration, and direction
of wave. The higher the tide, the more dangerous the boat conditions and the greater the
potential for the wave to form or erode beaches and coastal cliffs. The direction of the wave
is the way in which the wave comes to the observer.

In practice, it is difficult to measure these variables because the waves of different
wavelengths, heights and directions can mix and produce very confusing wave patterns.
Scientists and engineers use sophisticated calculations to solve the parts of the waves and
produce three common summarization calculations: critical wavelengths (Hs), wavelength
(Tp), and wave direction (θm). These three figures are then used to describe the weather of
the waves, just as temperature, rain, wind speed and direction can be used to describe the
local climate. Commercialization and distribution of wave energy technology will require not
only addressing positive and regulatory issues, but also overcome technological challenges, one
of which can provide accurate predictions of energy production. The need for any prediction
is that the model that is properly represented is developed, measured and validated. In
addition, the model must be able to run fast and include the correct prediction details in its
predictions. A mechanical framework for this skill is developed here.

Because wave models can be awfully expensive, a new method of machine learning [2, 3,
4] is being developed here. The purpose of this approach is to train machine learning models
in the more realistic model of wave-based physics forced by atmospheric and ocean history
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conditions to accurately represent wave conditions (in particular, significant wavelengths and
feat). Computer costs are often a major limitation of real-time forecasting systems [6, 7].
Here, we use machine learning techniques to predict significant wave height by taking the
predictor and predict and variable into account from the dataset. While machine learning
were used to predict wave conditions [8, 9, 10, 11, 12, 13], it has not been used in the context
of a surrogate model which can obtained highest accuracy with lowest root mean squared
error as defined below.

2 Wave modeling

2.1 Numerical Model

The Simulating WAves Nearshore (SWAN) code FORTRAN is a standard industrial tool
developed at Delft University of Technology that incorporates wave fields in coastal waters
forced by wave conditions at natural boundaries, oceans, and winds [14]. SWAN mimics the
energy contained in the waves as they travel in the ocean and disperse ashore. Specifically,
data on the surface of the ocean contains a wave-variance spectrum, or energy density E(σ, θ),
and these wavelengths are still distributed over wavelengths (as seen in the unused frame of
the current speed reference) with distribution directions common to rotate the stems of each
spectral object.

The bulk of the action is defined as N = E/σ, which is saved during the distribution
along the wave element before the current one. The appearance of N(x, y, t;σ, θ) in space,
x, y, and time, t, is governed by the action balance equation [15, 16]:

∂N

∂t
+

(
∂cxN

∂x
+
∂cyN

∂y

)
+

(
∂cσN

∂σ
+
∂cθN

∂θ

)
=
Stot
σ

(1)

The left side represents the kinematic part of the equation. The second term (parent) describes
an increase in the wavelength of a wave in the opposite direction of the Cartesian space where
the c is wave wave. The third term represents the effect of a change in radian frequency due
to differences in water depth and current mean. The fourth term presents a deeper reflection
and current practice. Maximum cσ and cθ distribution speed in the spectral space (σ, θ). The
right-hand side represents the dynamic sources of space and the sinking of all body processes
that produce, disperse, or disperse the wave energy (i.e., wave growth through air, offline
power transmission through three or four wave interactions, and wave decay due to white
extinguishing, collision, and depth).

Haas et al. [5] define wave power consumption as a function of the critical wavelength, Hs
and time wavelength, T. This information can be used to calculate wave power. Therefore,
the time limit of T and, in particular, Hs because J is proportional to the wavelength, is
necessary to predict the intensity of the wavelength.

3 Machine learning

3.1 Proposed method

Supervised machine learning regression models are tested to perform tasks of predicting
significant wave height. Support-vector Regression (SVR) constructs a hyperplane or set
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of hyperplanes in a high- or infinite-dimensional space, which can be used for regression
(Hs prediction), or other tasks like outlier’s detection. The function used to map a lower
dimensional data into a higher dimensional data though kernel. Two parallel lines drawn to
the two sides of Support Vector with the error threshold value, (epsilon) are known as the
boundary line. These lines create a margin between the data points.

3.2 Background

Python toolkit SciKit-Learn [34] was used to access high-level programming interfaces to
machine learning libraries and to cross validate results. Machine learning have shown the
greatest potential for pattern recognition in large data sets. Consider that a physics-based
model acts as a non-linear function that converts input (wave signals and variable ocean
currents and wind speeds) to output (spatially variable Hs). The predictor and predict and
from buoy data can be collected in input vector, x, and output vector, y, respectively.

Because the purpose of this effort is to develop a framework of machine learning to
effectively predict Hs from buoy data, the nonlinear function mapping inputs to the best
representation of outputs, ŷ, is sought:

g(x; Θ) = ŷ. (2)

The machine learning sufficiently trained model provides a mapping matrix, Θ, which is
a machine learning data model driven by vector-matrix functions included in (3).

The Python Toolkit SciKit-Learn [21] has been used to access high-level frameworks for
cross-validation results and python machine learning libraries. Machine learning SVR model
is used considering the root mean squared error, less training data for better prediction and
is faster to compute output (more on this later).

3.3 Training dataset

Cairns wave monitoring of Queensland Coastal weather Observation data from Datawell
0.7 m Waverider Buoys were downloaded. Measured and derived wave parameters from data
collected by a wave monitoring buoy anchored at Cairns (1 Jan 2020 to May 2020). The
dataset has six fields: Hs, Hmax, Tz, Tp, Di_TpTrue and SST. These fields are defined in
table (2). There were 130 occasions when data from wave monitoring buoy at cairns were
missing. Those missing values were deal using feature engineering by replacing them with the
average values. These data were compiled into X vectors. In total, the design matrix X has
4,369 rows and 7 columns.
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Table 1. Dataset fields (Attributes)
Field Definition

Hs
Significant wave height, an average of the highest third of the
waves in a record (26.6 minute recording period)

Hmax
The maximum wave height in the record The zero upcrossing
wave period

Tz The zero upcrossing wave period
Tp The peak energy wave period

Dir_Tp TRUE
Direction (related to true north) from which the peak period
waves are coming from

SST Approximation of sea surface temperature
Date_Time The Date and time of the record

For SVR algorithms, Y is composed of the 4,369 model runs (rows), each of which contains
7 attributes (columns) defining the Hs field.

Note that in practice, data on design matrices is pre-processed. Specifically, X undergoes
a generalized global variable (e.g., all existing members are measured so that their total
distribution is Gaussian with zero mean and unit variance). Here, no pre-processing of SVR’s
Y is required.

Data X and Y were randomly divided into two groups to form a training data set
consisting of 90% of 4,369 rows of data and test data sets the remaining 10%. The mapping
matrix is calculated using training data and then used in the test data set and RMSE between
the vector of the test data, y, and its machine learning representation, ŷ is calculated.

The SVR algorithm needs to be supplied only by X and the vector of the Hs value column
compiled as y. Data were further subdivided into two groups with 90% of x vector randomly
assembled in training dataset and reserved the remaining for testing. The SVR model returns
three files; the first describes the normal change applied to x, the dot product taken with the
mapping matrix Θ described in the second file, and the third file is used to convert ŷ back
to the characteristic Hs.

3.4 Support vector regression model

In training data set Xn is a multivariate set of N observations with Y n response value
observed. To find the linear function (4) and make sure it is as flat as possible, find f(x)
having minimal norm value

f(x) = x′β + b (3)

(β′, β). This is constructed as a convex optimization problem to minimize (5) subject to all
residuals

J(β) =
1

2
ββ′ (4)

having a value less than ε; or, in equation form (6):

∀n : |yn − (x′nβ + b)| ≤ ε. (5)
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It is possible that no such function f(x) exists to satisfy the constraints of all points.
To deal with impossible obstacles, enter the slink ξn and ξ ∗ n variables for each point. This
approach is similar to the concept of "soft margin" in SVM segmentation, because the flexible
flexibility allows regression errors to exist until the ξn and ξ ∗ n values, but still satisfy the
required conditions.

The inclusion of slack variables leads to the primal formula, also known as the objective
function [25]:

J(β) =
1

2
ββ′ + C

N∑
n=1

(ξn + ξ∗n) (6)

Subject to:

∀n : yn − (x′nβ + b) ≤ ε+ ξn (7)

∀n : (x′nβ + b)− yn ≤ ε+ ξ∗n (8)

∀n : ξ∗n ≥ 0 (9)

∀n : ξn ≥ 0 (10)

Constant C is the limit of the box, a positive numerical value that controls the penalty
placed on the observation which lies outside the epsilon margin (ε) and helps prevent over-
fitting. This value determines the trade-off between f(x) fatness and the value until the
deviation greater than ε is tolerated.

The linear loss function of ε-insensitivity ignores errors that are in ranges of ε distance
of the observed values by considering them as equal to zero. Loss is measured based on the
distance between the observed value y and the ε boundary. This is described by

Lε =

{
0 If |y − f(x)| ≤ ε

|y − f(x)| − ε Otherwise
(11)

In most of the linear regression models, the objective is to minimize the sum of squared
errors. For example, take Ordinary Least Squares (OLS). For OLS with one predictor
(Maximum wave height) the objective function is as follows:

MIN
n∑
i=1

(yi − wixi)2 (12)

Where yi is the target, wi is the coefficient, and x? is the predictor (Maximum wave
Height).
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Ridge, Lasso and ElasticNet are all extensions of this simple equation, with an additional
penalty parameter, Correlation-based Feature Selection (CFS), that aims to minimize
complexity and reduce the number of features used in the final model. The aim is to reduce
the error of the test set.

In contrast to OLS, the SVR’s objective function is to reduce coefficients – in particular,
the l2-norm of the vector coefficient – not the squared error. The term error is rather handled
in constraints, where we set the absolute error below or equal to the specified margin, called
the maximum error, ε (epsilon). We can tune the epsilon to get for our model the desired
accuracy. The new objective function and constraints for our model are as follows:

Minimize
1

2
‖w‖2,

Subject to |yi − 〈w, xi〉 − b| ≤ ε
(13)

Where xi is a training sample with target value yi.
The inner product plus intercept 〈w, xi〉 − b is the prediction for that sample, and ε is

a free parameter that serves as a threshold. The Kernel applied here is RBF(Radial basis
function) due to non-linearity in the data set.

Figure 1: Scatter plot showing the actual and predicted values for Hs. The Swan model values
horizontally on X-axis and SVR predicted values are represented by Y -axis vertically.

The SVR model effectiveness was evaluated according to the accuracy percentage in
predicting Hs value. In the SVR results no bias was observed and 95.7% of the time correctly
predicted the characteristic Hs in the test data set. The scattered plot in Figure 2 visualize
the characteristic Hs from SWAN and the SVR representation which revel that there is no
outlier found with the final model.

The problem of regression is to find a function that approximates mapping from an input
domain to real numbers based on a training sample. To analyze the performance of SVR, the
model was trained on 90% of the dataset and the remaining 10% was allocated as test data.
The accuracy of SVR was 95% on test dataset with a root mean squared error of 0.044.
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Figure 2: Plot visualizing the actual and forecasted values for Hs against time series. Blue
indicate the actual Swan model Hs while the orange represents SVR predicted Hs.

4 Discussion

Advanced machine learning models have been developed here to create improved mapping
matrix (or vector) and pre- and post-processor functions, to predict significant wave height.
Instead of the historical data used to create an input vector, x, now the weather data can
be used. In order to work with the weather mode, the data from buoy are used, both the
predictor and predicant from the same data, to train the machine learning algorithm to
form Hs field. Such data is part of the Marine Information System which is the state of
WAVEWATCH III-predictable waves conditions available for the next 10 days. Also, forecasts
for ROMS-simulated ocean-currents and wind forecast are available for the next 48 hours
from CeNCOOS and The Weather Company [19], respectively. For the Cairns wave the
historical data is available on Queensland Coastal weather Observation [24] for data taken
from Datawell 0.7m Waverider Buoys.

The execution of machine learning models quickly produces theHs field. Computationally,
this only need a multiplication of the L+1 matrix. In fact, for a 24-hour forecast, on a single-
core processor the machine-learningSVR took 0.044 s to calculate the Hs field | well over
three orders of magnitude (485,833%) faster than the running the full physics based models.
In fact, performance that requires a lot of wall clock time loads metrics files for memory.

The machine learning models presented here are specific to the Queensland coast cairns
region and will need to be re-training to apply to other locations. Of course, using a physics-
based model on a new site requires the creation of a grid and the integration of all the
boundary and conditions of coercion with all the efforts of the server. However, the important
thing is that the framework needed to develop this technology is introduced for the first time
for wave modeling in 2017. As expected [22], the data-centric modeling machine learning
approaches has grown increasingly common in last few years and are expecting to grow in
near future rapidly.
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5 Conclusion

An improved version of machine learning models has been developed with new approach,
as computationally efficient to predict Hs fields. From supervised training of machine
learning models determined appropriately trained mapping matrices, give in representations
of similarly accurate Hs in the domain of interest. Thus, this approach of machine learning
models can contribute to a fast and efficient wave-condition forecast system. The power-
generation potential of WECs or surf conditions can be estimated using these forecasted wave
conditions. Ultimately, it is envisioned that such improved version of machine learning models
which don’t required many parameters for accurate prediction could be installed locally on a
WEC thereby making their own forecast system. In addition, the buoy itself can collect wave-
condition data that can be used to update machine learning models. As machine learning
technology advances, they can be adapted to integrate the continuous distribution of real-
time data collected locally with predictions available to change and improve the parameters
of the machine learning model. In fact, such methods have already been widely used "online
learning" [23].

The approach previously proposed by author to predict characters Hs using MLP requires
a large amount of data and more calculation to form mapping matrix due to lack of
an important parameter maximum wave height, which is considered in this work. This
parameter when used as a predictor gives better forecasting with low calculation cost and high
model efficiency. Additional efforts are currently underway using ensemble machine learning
approaches to predict Hs and Wave period T. The results are expected to further improve
the process of wave characteristics prediction and take into account how bathymetry effects
wave heights.
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Integration of information systems in the design of an integrated logistics
platform

Each logistics information system has its own storage. This is due to the fact that the companies
that form the supply chain are independent and may have different legal statuses, legal documents,
etc. But in order to ensure the smooth and adequate operation of the platform when making
decisions, it is necessary that the data and applications of one system be recognizable in another
system. Therefore, integration is needed at several levels. The main goal of the study is to show
possible ways of creating integrations starting from the system design stage. Integration theory is
a complex task, so it needs to be comprehensively considered. All integration processes are reduced
to data integration and software integration. The analysis of integration methods is carried out,
as well as factors that negatively affect the integration possibilities are considered. Solutions of
integration problems, to ensure the optimization of the design process (reduction of the design
time) and design of the system itself (minimization of the content of the system), and during the
operation of systems, optimization of its functioning (behavior) of the system. As a result of the
study, the need to create data integration and application integration that allows you to structure
data is shown. It should be noted that data can be located at all levels of the system architecture.
And the system software can be: software modules, applications and systems. The basis of all types
of system software, i.e. applications and an integral system are made up of software modules, design
and development of software (i.e. based on programming systems) is based on service-oriented
technologies, where the basis of systems is software services. The research carried out can be used
in the development of information systems.
Keywords: information system, platform, integration, services, data.

Р.К.Ускенбаева, А.К. Болшибаева∗, С.Б.Рахметулаева
Халықаралық Ақпараттық Технологиялар Университетi, Қазақстан, Алматы қ.
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Кешендi логистикалық платформаны жобалау кезiнде ақпараттық жүйелердi бiрiктiру

Әрбiр логистикалық ақпараттық жүйенiңөзiндiк қоймасы бар. Бұл логикалық тiзбетiқұрай-
тын компаниялардың тәуелсiз болуына және де түрлiзаңды мәртебелерi, заңды құжатта-
ры және т.б. барына байланысты болып келедi. Шешiмдерқабылдаған кезде платформаның
бiрқалыпты және адекватты жұмысын қамтамасыз ету үшiн, бiр жүйенiң мәлiметтерi мен
қосымшалары екiншi жүйеде танымды болуы қажет. Сондықтан интеграцияны бiрнеше дең-
гейде жасау қажет. Зерттеудiңнегiзгi мақсаты - жүйенi жобалау кезеңiнен бастап интегра-
цияны құрудың барлық мүмкiн жолдарын көрсету. Интеграция теориясы күрделiiс, сон-
дықтан оны жан-жақтықарастыруқажет. Барлық интеграциялық процестер мәлiметтердiң
және бағдарламалардыңинтергациясынаәкелiп соқтырады. Интеграциялау әдiстерiн талдау
жүргiзiледi, сонымен қатар интеграциялық мүмкiндiктерге терiс әсерететiн факторлар қа-
растырылады. Жобалау процесiн (жобалау уақытынқысқарту) және жүйенiңөзiн жобалауды
(жүйенiңмазмұнын минимизациялау) оңтайландыруды қамтамасызетету интеграциялық мә-
селелердiң шешiмдерi болып табылады, ал жүйелер жұмыс iстеген кезде оның жұмысын
(мiнез-құлқын) оңтайландыру болып табылады. Зерттеу нәтижесiнде, деректердiқұрылым-
дауға мүмкiндiк беретiн мәлiметтер интеграциясын және қосымшалардың интеграциясын
құру қажеттiлiгi көрсетiлген. Деректер жүйенiңархитектурасының барлық деңгейлерiнде ор-
наласуы мүмкiн екенiн ескеру қажет.

c© 2021 Al-Farabi Kazakh National University
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Ал жүйенiң бағдарламалық жасақтамасы ретiнде: бағдарламалық модульдер, қосымшалар
және жүйелер болуы мүмкiн. Жүйенiң бағдарламалық жасақтаманың барлық түрлерiнiң-
негiзi, яғни. қосымшалар мен ажырамас жүйе бағдарламалық модульдерiнен тұрады,
бағдарламалық жасақтаманы жобалау жәнеәзiрлеу (яғни бағдарламалау жүйелерiне
негiзделген) қызмет көрсетуге бағытталған технологияларғанегiзделген, мұнда жүйелердiң-
негiзi бағдарламалыққызмет көрсетуге негiзделген. Жүргiзiлген зерттеулердi ақпараттық
жүйелердi дамытуда қолдануға болады.

Кiлтiк сөздер: ақпараттық жүйе, платформа, интеграция, қызметтер, деректер.
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Интеграция информационных систем при проектировании интегрированной платформы

логистики

Каждая информационная система логистики имеет свое хранилище. Это связано с тем, что
компании, которые образуют логистическую цепочку являются независимыми и могут иметь
разные юридические статусы, правовые документы и т.д. Но для того чтобы обеспечить
бесперебойную и адекватную работу платформы при принятии решений, необходимо чтобы
данные и приложения одной системы были узнаваемы в другой системе. Поэтому необхо-
дима интеграция на нескольких уровнях. Основная цель исследования - показать возмож-
ные пути создания интеграций начиная с этапа проектирования систем. Теория интеграции
является сложной задачей, поэтому ее надо всесторонне рассмотреть. Все интеграционные
процессы сводится к интеграции данных и интеграции программ. Осуществлен анализ ме-
тодов интеграции, а также рассмотрены факторы, негативно влияющие на интеграционные
возможности. Решения задач интеграции, обеспечить оптимизацию процесса проектирования
(сокращения продолжительность времени проектирования) и проектирование самой системы
(минимизация содержание системы), а при эксплуатации систем оптимизация ее функцио-
нирования (поведения) системы. В результате проведенного исследования показана необхо-
димость в создании интеграции данных и интеграции приложений, позволяющие структу-
рировать данные. Следует отметить, что данные могут располагаться на всех уровнях ар-
хитектуры системы. А программным обеспечением системы может выступить: программные
модули, приложения и системы. Основу всех видов ПО системы, т.е. приложений и целостной
системы составляют программные модули, проектирование и разработка программного обес-
печения (т.е. на основе программирования систем) ведется на основе сервис-ориентированной
технологий, где основу систем составляют программные сервисы. Проведенные исследования
могут быть использованы при разработке информационных систем.
Ключевые слова: Информационная система, платформа, интеграция, сервисы, данные.

1 Introduction

Companies continue to accumulate disparate integration solutions, while, according to one of
the recent studies, it is the presence of many tools that negatively affects the implementation
of integration projects. The lack of system in the approach to integration, the use of many
tools, often with overlapping functionality, the lack of a clear understanding, leads to the fact
that the next integration problem is solved for a long time and with excessive costs, and the
maintenance of the integration results turns out to be too complicated and expensive.

Companies are showing increasing interest in methods and tools for managing business
processes (business process management, BPM), combining disparate operations in various
departments in an end-to-end successful business process - more than the basis for a strategic
approach to the integration of corporate applications. On the other hand, the development
of BPM technologies, in particular the BPMN and BPEL languages for describing and
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executing business processes, has resulted in the emergence of a large number of proposals for
business processes on the market. Forrester analysts believe that the best candidates for an
integrated integration system for modern enterprises are integration-oriented business process
management systems [1].

But all of these methods and technologies share common limitations - they all do not take
into account the semantics of data and applications when integrating.

Based on their created packages of programs and systems that provide data integration
of applications and systems. Integration of systems in most cases is a forced measure aimed
at improving the efficiency of business processes in which information systems are used. The
article discusses the main approaches to the integration of information systems, the proposed
methods for solving various problems.

In automated business logistics, a problem arises for the following reasons:
First, the systems business processes are based on web services technologies, therefore,

integration between services is necessary; With service-oriented systems design technology,
there is a need to integrate software and data from software modules, software applications,
software systems, or ecosystems.

Secondly, the supply chain can be implemented by various economic entities with different
legal statuses and organizational structure, management management systems. Therefore, for
a system of work between them, integration is required.

Thirdly, during the execution of logistic chains or logistic processes, which are fragments
of the logistic supply chain of goods, the installation of data and procedures integration is
required.

2 Service-oriented integration

SOA is by far the most sophisticated approach to application integration. The goal of this
paradigm is to break down the logical functionality of a software system into smaller logical
units, also called services.

The central concepts of SOA integration are "service"and "process". A service is a function
that is well-defined, self-contained, and independent of the context or state of other services.
Services have the following characteristics:

- Reusable custom encapsulation of a recurring business task that hides implementation
details from the service interface.

- They are the building blocks for business processes.
- Can be linked with other services to encapsulate more important business functions,

working in the context of specific business needs.
A process (business process) is defined as the logic of their interaction, independent of

the implementation of services.
Allocating services based on application functionality only makes sense if they can be

used repeatedly and in different contexts. It is customary to distinguish a supplier, a service
consumer, and a component that ensures interaction between the supplier and the consumer
(the so-called broker). Business processes are encapsulated from the service virtualization
layer through direct interaction with application functions. Business processes are connected
by connecting services with varying granularity. Together they represent an end-to-end
implementation. The flexibility of business processes is a consequence, since one service can be
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changed to a more suitable implementation, without any impact on the consumer of business
processes [3].

In the SOA approach, the information system is divided into several nodes - services
that can interact with each other. This is an SOA integration scenario, i.e. coordination of
information and data transmission formats.

To solve such a problem, it is necessary first of all to determine how the services are
connected. You can connect to each other directly, but then you get a large number of links
that will be difficult to use when expanding the platform, and the conversion of the data
format when moving from one service to another must be taken into account. Therefore,
with such a problem, a BPEL server can be used, which acts as a service bus, it unifies the
data format, as well as controls the exchange of data between services [4].

2.1 The basics of building software for a business process automation system based on
BPEL

As part of the work, the model of service of goods is considered, which describes the main
stages of receipt and shipment of goods. The block diagrams describing the algorithm are
shown in Figure 1-2.

Figure 1: Algorithm for executing the cargo service model (goods receipt)
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Figure 2: Algorithm for executing the cargo service model (packaging and shipment of goods)

Each task in the presented flowcharts is performed using the BPEL language:
- waiting for the arrival of a new application or the previous process (i.e. waiting for the

result of the previous task). To accomplish this goal, BPEL must use Receive semantics;
- initialization of the passed variables to prepare for calling the web service. In this case,

data type conversion is possible. BPEL supports Assign semantics to accomplish this goal;
- calling a web service, which is available as a WSDL, to perform a specific task, for

example, "determine the date of receipt of the goods."BPEL supports Invoke semantics to
accomplish this goal;

- getting the execution result of the called web service to prepare for returning or
transferring the result to the next process. To accomplish this, you also need to use the
Assign semantics in BPEL;

- return of the received data when the current task is performed next. To accomplish this,
you need to use the Reply semantics in BPEL.

In addition to the semantics discussed above, the BPEL language supports a whole set
of other semantics, the use of which allows you to build an information model of system
management.

Let’s model the workflow using BPEL. Here, a typical model of cargo acceptance is
considered, in which there are main stages from the moment the application is submitted



102 Integration of information systems in the design. . .

to the placement of the cargo at the storage address. Figure 3 shows the process for filing a
storage claim.

Figure 3: BPEL description of the cargo storage claim process)

Now we will give a description of the same BPEL process in code form:
<process name="Zayavka�

The process element is followed by partnerLinks, which define other services or processes
with which this process interacts. In this case, the only affiliate link automatically generated
by the wizard is the link for the client interface of that BPEL process

<partnerLinks> //
<partnerLink name = "client"partnerLinkType = "tns: Client-Admin"
myRole = "Admin"/>
<partnerLink name = "reservation"partnerLinkType = "tns: Admin-reservation"
partnerRole = "zayavkaIssuer"/>
</partnerLinks>
PartnerLinks is followed by global variable definitions that are available throughout the

BPEL process. The types of these variables are defined in the WSDL for the process itself.
<variables>
<variable name="purchaseRequest"messageType="tns:purchaseRequest"/>
<variable name="cost"type="xsd:double"/>
<variable name="items"type="tns:ItemSet"/>
<variable name="cancelRequest"messageType="tns:cancelRequest"/>
<variable name="cancelResponse"messageType="tns:cancelResponse"/>
<variable name="detailRequest"messageType="tns:detailRequest"/>
<variable name="detailResponse"messageType="tns:detailResponse"/>
<variable name="dateReached"type="xsd:boolean"/>
</variables>
1. The administrator receives data from the client using a web application;
2. The administrator sends the data to the service. As a result, a new request sends

the entered data to the execution server of BPEL processes (which is visible from the
outside as a set of web services) and thus generates a new instance of the "request for
cargo acceptance"process;
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3. The BPEL process calls an external web service that performs the "create a new
ticket"task. The function of this service takes input from the request in step 2) and passes
the result to the next process;

4. formation of a queue, which includes information about the cargo, the date of receipt,
special processes of certain strategies (selection of mechanisms, personnel, etc.)

<bpel:sequence name="strategy�

<bpel:sequence name="date�
<bpel:receive name-="new request "partnerLink="client"/>
<bpel:assign name "variables�
</bpel:assign>
<bpel:invoke name="Calling an external function with parameters�
</bpel:invoke> <bpel:assign validate="no"name="Getting the result of a function �

</bpel:assign>
<bpel:reply name="Returning the result"/>
</bpel:sequence>
</bpel:sequence>
</bpel:process>
The process must also match requests to each other. For example, we can assign a

unique ID to each quote and final proposal. BPEL documents these identifiers using the
<correlationSet> tag:

A key part of the BPEL document defines the steps required to process a request. The
<sequence> tag performs actions sequentially; the <flow> tag runs them in parallel; and
the <receive>, <reply>, and <invoke> tags define the basic steps required to interact with
web services using WSDL.

The sequence begins after receiving the buyer’s request. The <flow> tag takes a parallel
set of steps to contact each supplier for a quote. Each action refers to a specific WSDL
operation and uses the available variables for input and output. After receiving responses
from the supplier, the purchasing agent composes a message to respond to the buyer. An
administrator can use the BPEL <assign> tag and W3C XPath to target portions of an
XML document to take vendor containers and finalize a proposal back to the customer [5].

The last step is to manage the exceptions in the script. For example, if an error occurs
while contacting a supplier, the agent might want to send a message to the customer. BPEL
includes error handlers for these error conditions.

3 Material and methods

In this section, the relevance of the distribution of the execution of the operation on the cargo
and the web service performing the operation for the subsequent automation of important
decision-making processes will be considered.

In the developed platform, the method of decision-making under uncertainty was applied
and an attempt was made to model a decision-making system based on common sense.

The problem of combining general consideration and logical reasoning was resolved with
the advent of the theory of fuzzy sets, proposed by L. Zadeh, a professor at the University
of Berkeley (California, USA) [6-7], in the 60s of the last century. The theory of fuzzy sets
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made it possible to operate with a mathematically fuzzy representation of concepts that have
qualitative and subjective characteristics.

With the help of a fuzzy model, the problem of cargo distribution among web service
operations was solved. Obviously, the decision-maker must distribute the load taking into
account such characteristics of operations as the speed of the operation, reliability, flexibility
of the operation, etc.

Given:
X=(x1, x2, x3, ..., xn) is a set of loads arriving at a certain moment of time;
Y=(y1, y2, y3, ..., yp) a set of features that characterize the operation;
Z=(z1, z2, z3, ..., zm) a set of web services performing the operation.
It is required to distribute the load among web services in an optimal way, taking into

account the properties of the operation for this particular load.
Of course, for each group of cargoes, it is advisable to select its own set of features, and

here it is obvious that each cargo will have a feature to some extent.
In the work, the main features of the operation are considered, 4 features have been

identified that are important for any type of cargo:
- quick response to the order;
- the reliability of the operation;
- the speed of the operation;
- flexibility of the operation;
- execution of the operation requiring special conditions.
All signs of the operation were assessed by experts of DRAGON SYSTEM LLP engaged in

international logistics and experts of BK Logistics LLP engaged in warehousing and storage
of non-food products. An expert assessment is necessary, since in many cases the decision
maker does not have the full amount of data and acts in conditions of inaccurate information.
The experts were asked to evaluate the cargo according to these characteristics, i.e. if, for
example, we take the sign "speed of operation it is easy to determine which of the goods is
perishable and requires quick execution of the operation, and which cargo can be processed
in a longer time frame. This allows experts to give an expert assessment of the value of
the membership function of a particular cargo to a set of perishable goods: if the cargo is
obviously perishable, then the value of the membership function will be close to 1, if, on the
contrary, the value of the membership function will be close to 0.

According to the criterion "speed of response to an order an order with high danger
(toxicity) and food orders must be processed quickly, that is, if there is a cargo with such
characteristics, the expert assigns the order a maximum value of 1;

According to the criterion "reliability of the operation the goods having the criterion of
fragile, dangerous, toxic and other characteristics - the maximum value of the membership
function 1;

According to the criterion "speed of operation"for perishable goods, the maximum value
is 1;

According to the criterion "flexibility of the operation"if the operation when working with
the cargo can be rebuilt, stopped without loss, etc. then the value is 0;

According to the criterion "execution of an operation requiring special conditions"goods
with a large dimension, or large weight, or special conditions of transportation.
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Thus, at the first stage, experts evaluated all 5 features and a formalized condition of the
problem was obtained.

We have two sets R and S.
Let r: X × Y → [0, 1] be the membership function of the odd binary relation R, which is

set by the experts. The physical meaning of this function is to what extent the attribute yj.
corresponds to the load xi.

As a result, we get a representation of the ratio R in matrix form:

R =

x1
x2
. . .
xn


r (x1,y1) r (x1,y2) . . . r (x1,yp)
r (x2,y1) r (x2,y2) . . . r (x2,yp)

. . . . . . . . . . . .
r (xn,y1) r (xn,y2) . . . r (xn,yp)


Table 1: Fuzzy ratio R

We carry out the same procedure with S fuzzy binary relation.
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Let s: Y × Z → [0, 1] be the membership function of a fuzzy binary relation S. Is equal
to the degree of importance from the attribute yi for the web service zj. In matrix form, this
relationship is:

S =

y1
y2
. . .
yn


s (y1, z1) s (y1, z2) . . . s (y1, zm)
s (y2, z1) s (y2, z2) . . . s (y2, zm)

. . . . . . . . . . . .
s (yp, z1) s (yp, z2) . . . s (yp, zm)


Table 2: Fuzzy ratio S

The matrix of fuzzy relations R:

R =



0, 3 0, 1 0, 3 0, 1 0, 1
0, 1 0, 5 0, 1 0, 9 0, 9
0, 9 0, 1 0, 9 0, 5 0, 9
0, 5 0, 9 0, 5 0, 4 0, 8
0, 7 0, 9 0, 7 0, 5 0, 8
0, 9 0, 3 0, 9 0, 5 0, 3
0, 7 0, 5 0, 7 0, 8 0, 8
0, 7 0, 9 0, 7 0, 7 0, 8
0, 5 0, 7 0, 5 0, 4 0, 5
0, 7 0, 9 0, 7 0, 4 0, 8


The matrix of fuzzy relations S:

S =


0, 9 0, 9 0, 9 0, 9 0, 7 0, 5 0, 7 0, 3 0, 5 0, 3
0, 9 0, 7 0, 5 0, 3 0, 9 0, 9 0, 9 0, 7 0, 3 0, 5
0, 7 0, 9 0, 3 0, 5 0, 9 0, 7 0, 5 0, 9 0, 9 0, 3
0, 5 0, 3 0, 9 0, 7 0, 5 0, 9 0, 3 0, 9 0, 7 0, 9
0, 3 0, 5 0, 7 0, 9 0, 3 0, 3 0, 9 0, 5 0, 9 0, 9


Further, from the matrices R and S, we obtain the matrix T
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T =


t (x1, z1) t (x1, z2) . . . t (x1, zm)
t (x2, z1) t (x2, z2) . . . t (x2, zm)

. . . . . . . . . . . .
t (xn, z1) t (xn, z2) . . . t (xn, zm)



where each element of the matrix is calculated by the formula:

t (x, zi) =

∑
y r (x, y) • s (y, zi)∑

y r (x, y)

thus the matrix T has the form:

T =



0, 72 0, 77 0, 63 0, 68 0, 72 0, 63 0, 63 0, 63 0, 68 0, 46
0, 53 0, 50 0, 72 0, 69 0, 53 0, 66 0, 66 0, 69 0, 69 0, 77
0, 62 0, 69 0, 67 0, 74 0, 62 0, 57 0, 65 0, 62 0, 74 0, 56
0, 66 0, 66 0, 64 0, 64 0, 66 0, 65 0, 73 0, 64 0, 64 0, 59
0, 67 0, 68 0, 64 0, 64 0, 67 0, 65 0, 70 0, 64 0, 64 0, 57
0, 71 0, 73 0, 65 0, 68 0, 71 0, 65 0, 61 0, 65 0, 68 0, 49
0, 63 0, 64 0, 68 0, 69 0, 63 0, 64 0, 64 0, 66 0, 69 0, 60
0, 66 0, 66 0, 65 0, 65 0, 66 0, 66 0, 68 0, 66 0, 65 0, 58
0, 68 0, 68 0, 64 0, 63 0, 68 0, 67 0, 69 0, 65 0, 63 0, 56
0, 68 0, 69 0, 63 0, 64 0, 68 0, 64 0, 71 0, 64 0, 64 0, 56


Next, you need to set a threshold number in order to determine the set of products, the

operation of which can be performed using the web service, according to the formula:

l = min
(i,j)

max
x

min (t (x, zi) , t (x, zj))

The first step was to compose a matrix of pairwise minima:

Matrixofpairwiseminima =

0, 722 0, 633 0, 633 0, 678 0, 633 0, 633 0, 633 0, 633 0, 456
0, 500 0, 500 0, 692 0, 532 0, 532 0, 660 0, 660 0, 692 0, 692
0, 621 0, 670 0, 670 0, 621 0, 573 0, 573 0, 621 0, 621 0, 561
0, 661 0, 635 0, 635 0, 635 0, 648 0, 648 0, 642 0, 635 0, 590
0, 672 0, 639 0, 639 0, 644 0, 650 0, 650 0, 644 0, 644 0, 567
0, 707 0, 652 0, 652 0, 679 0, 652 0, 610 0, 610 0, 652 0, 486
0, 631 0, 639 0, 677 0, 631 0, 631 0, 643 0, 643 0, 660 0, 603
0, 658 0, 653 0, 647 0, 647 0, 663 0, 663 0, 658 0, 647 0, 584
0, 677 0, 638 0, 631 0, 631 0, 669 0, 669 0, 654 0, 631 0, 562
0, 677 0, 631 0, 631 0, 643 0, 643 0, 643 0, 637 0, 637 0, 557

We calculate the maximum element of each column: 0,722 0,670 0,692 0,679 0,669 0,669
0,660 0,692 0,692

Among the maximum elements, we find the minimum, equal to 0.66. In the matrix T we
find a number slightly less than 0.66, it is equal to 0.658, which is a threshold number.
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Next, we modify the matrix, and if the element t (xi, zj) is greater than or equal to the
threshold number, then the product xi is included in the set Mj.

As a result, we get a modified matrix T’.

T ′ =



0, 722 0, 767 0 0, 678 0, 722 0 0 0 0, 678 0
0 0 0, 724 0, 692 0 0, 66 0, 66 0, 692 0, 692 0, 772
0 0, 694 0, 67 0, 742 0 0 0 0 0, 742 0

0, 661 0, 661 0 0 0, 661 0 0, 726 0 0 0
0, 672 0, 678 0 0 0, 672 0 0, 70 0 0 0
0, 707 0, 734 0 0, 679 0, 707 0 0 0 0, 679 0
0 0, 0, 677 0, 689 0 0 0 0, 66 0, 689 0

0, 663 0, 658 0 0 0, 663 0, 663 0, 679 0, 658 0 0
0, 685 0, 677 0 0 0, 685 0, 669 0, 692 0 0 0
0, 677 0, 689 0 0 0, 677 0 0, 711 0 0 0


4 Results and discussion

We represent matrix T’ in the form of a table 3.

Table 3: Modified fuzzy ratio T’
Thus, the distribution of the operation execution for different categories of goods by

web services was considered, which have the characteristics of the operations that they can
perform.

As can be seen from matrix T’, the distribution of product categories by web services was
obtained, taking into account the priority of the product.

If a service is busy performing an operation of one product, another product with
the same characteristics can implement another service. When evaluating the services, the
"preferences"of the web service were taken into account. Therefore, each web service works
only with the product that is present in its set of preferred products.

4.1 Integration solution for logistics system applications

Apache Camel, which implements Enterprise Integration Patterns, is used as a basis for
integrating applications within the system. The advantages of using this framework are as
follows:

1. Open source framework
2. Implemented EIPs
3. Ability to use different transport (TCP, UDP, HTTP, etc.) and API
4. Lightweight routing description language, based on Java DSL, and it is also possible

to use Spring XML, Scala, PHP and other languages.
If you need to integrate with web services, the SOA architecture is used in conjunction with

the Apache CXF framework, which also simplifies application development. At the moment,
it has a huge number, 328, plug-in components for interacting with third-party systems

For a more detailed application, it is necessary to understand the architecture of the
framework itself. The following figure shows the main components of the framework:
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Figure 4: Components of the framework

1. CamelContext - context of code execution
2. Routing engine - message routing engine
3. Processors - message handlers
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4. Components - components of interaction with third-party systems
The exchange of messages shown in Figure 5 is carried out between systems using

"neutral"endpoints, described using a message endpoint (URI).
An example of an endpoint description (Figure 6):
1. Schema - determines the type of transport (in this case, the file will be read)
2. Context path - context address (data / inbox directory)
3. Options - additional option (delay of 5000 ms, update interval is determined)

Figure 5: Messaging between applications

Figure 6: Endpoint description

5 Conclusion

To solve a common task - the task of automating logistics processes, it is required to perform
various integration tasks. The need for integration arises both at the level of data and software
modules (within models and intermodular relations) and at the level of the logistics system as
a whole, i.e. to harmonize the robots of the logistics system with other systems, for example,
ERP systems, CPM systems, enterprise PLM systems, etc. This factor requires that the
system be integration-oriented or integration-adapted, i.e. adapted to integration processes.

Thus, the system should be designed on the basis of integration-oriented design
technologies, and also, which is no less important, the operation of the system should be
carried out on the basis of technology oriented to the integration process, while integrating
data, software modules and applications [8-9].

Integration of data and software modules during design will occur in different cases and
in different parts of the system. In other words, it can be argued that the integration process
occurs when the logistics processes are performed in various places / tasks and subtasks or
operations. To complete the integration process, it is required to build a system based on
certain requirements, i.e. the system must have a number of conditions.

1. the system should be built on the basis of POSIX principles.
2. the system must be interoperable, i.e. interoperability, interfaces must be fully open,

interact and function with other products or systems without any restrictions on access and
implementation.
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Various integration processes are carried out in places of origin in the procedural
composition of the corresponding system, or by collecting a set of separate procedures that
locally solve only one integration process as part of a single system, which we will call a
system or a subsystem, or an integration bus [10].
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STUDY OF THE INITIAL BOUNDARY VALUE PROBLEM FOR A
TWO-DIMENSIONAL CONVECTION-DIFFUSION EQUATION WITH A

FRACTIONAL TIME DERIVATIVE IN THE SENSE OF
CAPUTO-FABRIZIO

In this paper, we study an initial boundary value problem for a differential equation with a
fractional order derivative in time in the Caputo-Fabrizio sense. This equation is of great practical
importance in modeling the processes of fluid motion in porous media and anomalous dispersion.
The uniqueness and continuous dependence of the solution of the problem on the input data in
differential form is proved. A computationally efficient implicit difference scheme with weights is
proposed. A priori estimates are obtained for the solution of the problem under the assumption
that the solution exists in the class of sufficiently smooth functions. The uniqueness of the solution
and the stability of the difference scheme with respect to the initial data and the right-hand side
of the equation follows from the obtained estimates. The convergence of the difference problem
solution to the differential problem solution with the second order in time and space variables
is proved. The results of computational experiments confirming the reliability of the theoretical
analysis are presented.
Key words: Fractional differential equation, fractional derivative in the sense of Caputo-Fabrizio,
finite difference method, energy inequality method, stability, convergence, a priori estimate.
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Уақыт бойынша Капуто-Фабрицио мағынасындағы бөлшек туындысы бар екi өлшемдi
конвекция-диффузия теңдеуi үшiн қойылған бастапқы шекаралық есептi зерттеу

Бұл жұмыста Капуто-Фабрицио мағынасындағы уақыт бойынша бөлшек реттi туындысы бар
дифференциалдық теңдеу үшiн қойылған бастапқы шекаралық есеп зерттелдi. Бұл теңдеу
фильтрация үрдiстерiн және аномалды дисперсияны модельдеуде үлкен қолданбалы мәнге
ие. Есеп шешiмiнiң жалғыздығы мен бастапқы берiлген мәндерден тәуелдiлiгi дифферен-
циалдық формада дәлелдендi. Есептеуге тиiмдi салмағы бар айқын емес айырымдық сұлба
ұсынылды. Жеткiлiктi тегiс функциялар класында шешiмi бар деген болжаммен есептiң ше-
шiмi үшiн априорлық бағалаулар алынды. Осы бағалаулардан шешiмнiң жалғыздығы және
бастапқы берiлген мәндер мен теңдеудiң оң жағы бойынша айырымдық сұлбаның орнықты-
лығы шығады. Айырымдық есептiң шешiмiнiң дифференциалдық есептiң шешiмiне уақыт
және кеңiстiктiк айнымалылары бойынша екiншi ретпен жинақталуы дәлелдендi. Теория-
лық талдаудың дұрыстығын растайтын есептеу тәжiрибелерiнiң нәтижелерi ұсынылды.
Түйiн сөздер: Бөлшек реттi дифференциалдық теңдеу, Капуто-Фабрицио мағынасындағы
бөлшек туынды, ақырлы айырымдар әдiсi, энергиялық теңсiздiктер әдiсi, орнықтылық, жи-
нақтылық, априорлы бағалау.
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Исследование начально-краевой задачи для двумерного уравнения конвекции-диффузии
с дробной производной по времени в смысле Капуто-Фабрицио

В настоящей работе исследуется начально-краевая задача для дифференциального урав-
нения с производной дробного порядка по времени в смысле Капуто-Фабрицио. Данное
уравнение имеет большую прикладную значимость при моделировании процессов фильтра-
ции и аномальной дисперсии. Доказаны единственность и непрерывная зависимость решения
задачи от входных данных в дифференциальной форме. Предложена вычислительно эффек-
тивная неявная разностная схема с весами. Получены априорные оценки для решения задачи
в предположении существования решения в классе достаточно гладких функций. Из этих
оценок следуют единственность решения и устойчивость разностной схемы по начальным
данным и правой части уравнения. Доказана сходимость решения разностной задачи к
решению дифференциальной задачи со вторым порядком по временной и пространственной
переменным. Представлены результаты вычислительных экспериментов, подтверждающие
достоверность теоретического анализа.

Ключевые слова: Дифференциальное уравнение дробного порядка, дробная производная
в смысле Капуто-Фабрицио, метод конечных разностей, метод энергетических неравенств,
устойчивость, сходимость, априорная оценка.

1 Introduction

Differential equations containing fractional derivatives have become popular because they are
more suitable for modeling specific real-world problems than ordinary differential equations.
Therefore, the development of analytical and numerical methods for the theory of fractional
differential equations is an urgent and important problem. One of the important examples
of applying this type of equations is the equations describing flows of a multiphase fluid in
highly porous fractured formations with fractal well geometry.

In this paper, we obtain a priori estimates in differential form for this problem, which
implies the uniqueness of the solution and its continuity from the input data. An implicit
finite difference scheme of the second order of approximation in time and in a spatial variable
is proposed. The stability of the proposed scheme as well as convergence with a speed equal
to the approximation order is proved. The results obtained are confirmed by numerical
calculations performed for two test problems.

2 Literature review

In recent years, the use of fractional order derivatives to construct mathematical models of
various physical processes involving electrical circuits [1], thermal and diffusion processes [2,3],
medicine [4,5], and other processes [6,7], as well as the development of numerical or analytical
solutions for these fractional mathematical models are very relevant. Among them, the
problems of fluid flows in porous media are of great interest, where their dynamics are
significantly affected by memory effects, which are described by the theory of fractional-order
integro-differentiation [8,9]. In the fluid flow problems, whose state and observation processes
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are controlled by the time-varying Brownian motion or the Levy process, the Riemann-
Liouville fractional derivative was used for the Zakai equation [10]. In [9], several models
were proposed to describe fluid flow processes in complex fractured porous media containing
fractional Riemann–Liouville derivatives in time and space. For single-phase fluid flow, a
nonlinear pressure equation containing fractional Riemann-Liouville derivatives with respect
to time is obtained, a fractional differential modification of Darcy’s law is proposed, and a
fractional differential equation for anisotropic fluid flow is obtained. A fractional differential
modification of the Barenblatt-Gilman model for nonequilibrium two-phase countercurrent
capillary impregnation is also proposed, taking into account the effects of power memory when
the system relaxes to a local equilibrium state. For the two-phase flow of an incompressible
and immiscible fluid in porous media, a memory formalism using the fractional Caputo
derivative was introduced and a two-level discrete time method was developed that uses a
large time step for pressure and a small time step for saturation [11]. In [12], a nonlinear two-
dimensional orthotropic fluid flow equation with a fractional Riemann–Liouville derivative in
time is considered. In [13], a fractional model was presented for two immissible fluids flowing
through a porous medium with an average capillary pressure, and the solution was obtained
using the Mittag-Leffler function, the Sumudu transform, the sinusoidal Fourier transform
and their inversions after obtaining the corresponding formulas for fractional integrals and
derivatives. In [14], the laminar flow of a fluid in an axisymmetric porous cylindrical channel
exposed to a magnetic field was investigated. The governing equations consisted of fractional
partial differential equations based on Caputo-Fabrizio fractional derivatives in time.

As we can see, many papers have been devoted to the theoretical development and
application of fractional derivatives in various branches of science, but in this paper we want
to use the recently introduced fractional derivative in the sense of Caputo-Fabrizio without
a singular core [15]. The properties of the Caputo-Fabrizio fractional derivative are studied
in [16], and various boundary value problems for the fractional heat equation involving this
fractional derivative are studied in [17].

The use of the Caputo-Fabrizio fractional derivative has been studied in many papers. For
example, in [18], the equation of groundwater flow within an unlimited aquifer is modified
using the concept of the Caputo-Fabrizio fractional derivative without the singular core.
In [19], the model of groundwater motion through a geological formation was extended using
the Caputo-Fabrizio fractional order derivative and the equation was solved analytically using
some integral transformations.

The main contribution of [20] is the construction and analysis of stable schemes based on
the third-order finite difference method in time and spectral methods in space for the effective
solution of the two-dimensional diffusion equation containing a fractional Caputo-Fabrizio
time derivative. In [21], the Caputo-Fabrizio fractional derivative is used to introduce two
new types of high-order derivatives and the existence of solutions for two such fractional high-
order integro-differential equations is studied. The article [22] presents a parallel algorithm for
solving a two-dimensional fractional differential equation. For this algorithm, a distribution
model and a data layout with a virtual boundary are developed. In addition, in [23] application
to a nonlinear Fischer-type reaction-diffusion equation was investigated, in [24] application
to a stationary heat flow, in [25] application to a groundwater flow, and in [26] application to
the study of chaos on the Wallis model for El Nino, in [27] the fractional Nagumo equation
with nonlinear diffusion and convection was studied using the Caputo-Fabrizio fractional
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derivative.

3 Material and methods

3.1 Formulation of the problem

Let Ω = (0, 1) × (0, 1) and QT = Ω × (0, T ) for T > 0. We consider the following initial
boundary value problem: find u ∈ Q̄T such that

∂α0tu = Ku+Du+ f (x, t) , (x, t) ∈ QT , (1)

u (x, 0) = ρ (x) , x ∈ Ω̄, (2)

u (x, t) = 0, x ∈ ∂Ω× (0, T ) , (3)

where 0 < α < 1, x = (x1, x2); K = K1 +K2, D = D1 +D2,

Kmu = qm (x, t)
∂u

∂xm
, Dmu =

∂

∂xm

(
km (x, t)

∂u

∂xm

)
, m = 1, 2.

The fractional derivative is defined in the sense of the Caputo-Fabrizio definition:

∂α0tu (x, t) =
1

1− α

t∫
0

exp (−γ (t− τ))
∂u

∂τ
(x, τ) dτ, γ =

α

1− α
. (4)

Assume that the following conditions hold for the coefficients and the right-hand side of
(1):

km (x, t) ∈ C1,0
(
Q̄T

)
, qm (x, t) , f (x, t) ∈ C

(
Q̄T

)
, (5)

0 < c1 ≤ km (x, t) ≤ c2, |qm (x, t)| ≤ c2, 2c1 > c2
2. (6)

Assume that there exists a solution to the problem (1)-(3) in a class of sufficiently smooth
functions.

3.2 Uniqueness of the solution and its continuous dependence on input data

Introduce the following scalar products and norms:

‖u‖2
0,Q̄T

=

∫ T

0

∫
Ω

u2dx dt, ‖u‖2
0,Ω =

∫
Ω

u2dx,

‖∇u‖2
0,Q̄T

=

∥∥∥∥ ∂u∂x1

∥∥∥∥2

0,Q̄T

+

∥∥∥∥ ∂u∂x2

∥∥∥∥2

0,Q̄T

, (u, v) =

∫
Ω

uv dx,

‖u‖2
∗ =

∫ T

0

∫
Ω

D−α0t ‖u‖
2
0,Ω dx dt,
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where u and v are functions defined in Q̄T ;D−α0t u is the Caputo-Fabrizio fractional integration
operator [28]:

D−α0t u =
2 (1− α)

2− α
u (t) +

2α

2− α

∫ t

0

u (τ) dτ, t ≥ 0.

The following two lemmas are proved similarly to [29].

Lemma 1 For any absolutely continuous function on [0, T ], y (t), the following inequality
holds:

y∂α0ty ≥
1

2
∂α0ty

2, 0 < α < 1.

Lemma 2 Let y (t) be a non-negative absolutely continuous function satisfying the inequality

∂α0ty ≤ γ1y (t) + γ2 (t) , 0 ≤ α ≤ 1

for almost every t ∈ [0, T ], where γ1 > 0, γ2 (t) are nonnegative summable functions on [0, T ].
Then

y (t) ≤ y (0)Eα (γ1t
α) + Γ (α)Eα,α (γ1t

α)D−α0t γ2 (t) ,

where Eα (z), Eα,µ (z) are Mittag-Leffler functions:

Eα (z) =
∞∑
n=0

zn

Γ (αn+ 1)
, Eα,µ (z) =

∞∑
n=0

zn

Γ (αn+ µ)
.

Boundedness of the functions Eα (tα) and Eα,α (tα) for 0 ≤ t ≤ T yields the following
inequality for a non-negative absolutely continuous function y (x, t) under the conditions
of Lemma 2:

‖y‖2
0,Q̄T
≤M1 ‖y (x, 0)‖2

0,Q̄T
+M2 ‖γ2‖2

∗ . (7)

Theorem 1 If u (x, t) ∈ C2,0 (QT ) ∩ C1,0
(
Q̄T

)
, ∂α0tu (x, t) ∈ C

(
Q̄T

)
, then under the

conditions (5)-(6) the following inequality holds for the solution of the problem (1)-(3):

‖u (x, t)‖2
0,Q̄T
≤M1 ‖u (x, 0)‖2

0,Q̄T
+M2 ‖f (x, t)‖2

∗ , M1,M2 > 0,

which yields the uniqueness and continuous dependence of the solution on input data.

Proof. Using (1), we get∫ T

0

∫
Ω

u∂α0tu dx dt =

∫ T

0

∫
Ω

Ku · u dx dt+

∫ T

0

∫
Ω

Du · u dx dt+

∫ T

0

∫
Ω

f (x, t)u dx dt. (8)

Estimate the integral on the left-hand side of (8) using Lemma 1:∫ T

0

∫
Ω

u∂α0tu dx dt ≥
1

2

∫ T

0

∂α0t ‖u‖
2
0,Ω dt. (9)
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The integrals on the right-hand side of (8) are estimated as follows:∫ T

0

∫
Ω

Ku · u dx dt ≤ 2c2ε1 ‖u‖2
0,Q̄T

+
c2

4ε1

‖∇u‖2
0,Q̄T

, (10)

−
∫ T

0

∫
Ω

Du · u dx dt ≥ c1 ‖∇u‖2
0,Q̄T

, (11)

∫ T

0

∫
Ω

fu dx dt ≤ ε2

2
‖f‖2

0,Q̄T
+

1

2ε2

‖u‖2
0,Q̄T

. (12)

Choosing ε1 = (2c2)−1, ε2 =
(
2c1 − c2

2

)−1, it follows from (8) that∫ T

0

∂α0t ‖u‖
2
0,Ω dt+

(
c1 −

c2
2

2

)
‖∇u‖2

0,Q̄T
≤ ‖u‖2

0,Q̄T
+

1

2c1 − c2
2

‖f‖2
0,Q̄T

.

Using Lemma 2 implies∫ T

0

‖u (x, t)‖2
0,Ω dt ≤

∫ T

0

‖u (x, 0)‖2
0,ΩEα (tα) dt+

+
Γ (α)

2c1 − c2
2

∫ T

0

Eα,α (tα)D−α0t ‖f (x, t)‖2
0,Ω dt. (13)

Using the inequality (7), we obtain the statement of the theorem from (13).

3.3 Construction of the numerical method

For the numerical solution of the problem (1)-(3) we apply the finite difference method. In
Q̄T , we introduce a uniform finite difference grid ωhτ = ωh × ωτ , where

ωh = {xij = (ih, jh) : i = 0, 1, ..., N, j = 0, 1, ..., N, Nh = 1} ,

ωτ = {tn = nτ, n = 0, 1, ...,M ; T = τM} .

First let us derive a discrete analog of the fractional derivative in the sense of Caputo-
Fabrizio. For this purpose we use the technique applied in [30] for the derivation of the
discrete analog of the fractional derivate in the sense of Caputo. In the following lemma we
assume u (t) = u (·, t).

Lemma 3 Let u (t) ∈ C3 [0, T ]. The discrete analog of the derivative (4) with the
approximation order O (τ 3−α) is given by

∂α0tn+σu (t) ≈ ∆α
0tn+σ

u ≡ 1

ατ

n∑
s=0

gn−s (u (ts+1)− u (ts)) , (14)
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where

gα,σs =


Aα,σ0 , s = 0, n = 0,
Aα,σ0 +Bα,σ

1 , s = 0, n > 0,
Aα,σs +Bα,σ

s+1 −Bα,σ
s , 1 ≤ s ≤ n− 1, n > 0,

Aα,σn −Bα,σ
n , s = n, n > 0,

Aα,σ0 =
eγτσ − 1

eγτσ
; Aα,σs =

eγτ − 1

eγτ(σ+s)
, Bα,σ

s =
eγτ (γτ − 2) + γτ + 2

2γeγτ(σ+s)
, s ≥ 1. (15)

Proof. Following [30], let σ = 1− α/2. Using the definition (4), construct the following
approximation for the fractional derivative of the function u (t) ∈ C3 [0, T ] of order α, 0 <
α < 1, in the sense of Caputo-Fabrizio at a fixed point tn+σ, n ∈ {0, 1, ...,M − 1}:

∂α0tn+σu (t) ≈ ∆α
0tn+σ

u =
1

1− α

n∑
s=1

∫ ts

ts−1

exp (−γ (tn+σ − η)) ũ′s (η) dη+

+
1

1− α

∫ tn+σ

tn

exp (−γ (tn+σ − η)) ũ′s (η) dη, (16)

where ũs (η) is the approximation of u (η) on [ts−1, ts], s ∈ {1, 2, ..., n}. Various approaches
to approximate ũs (η) result in different computational schemes which differ by the
approximation error, the complexity of the calculations. Among them, approaches based
on applying the trapezoidal rule, interpolation and predictor-corrector methods are known.
In this paper, we utilize the quadratic interpolation polynomial of u using three nodes ts−1,
ts and ts+1:

ũs (t) =
(t− ts) (t− ts+1)

2τ 2
u (ts−1)−(t− ts−1) (t− ts+1)

τ 2
u (ts)+

(t− ts−1) (t− ts)
2τ 2

u (ts+1) , (17)

for which

u (t)− ũs (t) =
u′′′
(
ξs
)

6
(t− ts−1) (t− ts) (t− ts+1) (18)

holds, where t ∈ [ts−1, ts+1], ξs ∈ (ts−1, ts+1). Using (17) in (16), we obtain

∆α
0tn+σ

u =
1

1− α

n∑
s=1

∫ ts

ts−1

ut,s−1 + utt,s

(
η − ts− 1

2

)
exp (γ (tn+σ − η))

dη +
ut,n

1− α

∫ tn+σ

tn

dη

exp (γ (tn+σ − η))
,

where ut,s = (us+1 − us) τ−1, ut̄,s = (us − us−1) τ−1. Taking into account the equality∫ ts

ts−1

η − ts− 1
2

exp (γ (tn+σ − η))
dη =

exp (γτ) (γτ − 2) + γτ + 2

2γ2 exp (γτ (n+ σ − s+ 1))
, 1 ≤ s ≤ n,

we arrive at

∆α
0tn+σ

u =
1

α

(
n∑
s=1

exp (γτ)− 1

exp (γτ (n+ σ − s+ 1))
ut,s−1+
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+
n∑
s=1

exp (γτ) (γτ − 2) + γτ + 2

2γ exp (γτ (n+ σ − s+ 1))
(ut,s − ut,s−1) +

exp (γτσ)− 1

exp (γτσ)
ut,n

)
.

Finally, using the notations (15), we arrive at the assertion of the lemma.
In ωhτ we introduce the following difference scheme with weights of the approximation

order O (h2 + τ 2):

∆α
0tn+σ

yij = Θyij + Ψyij + ϕnij, (19)

y0
ij = ρij, (20)

y(σ)
∣∣
γh

= 0, n > 0, (21)

where Θ = Θ1 + Θ2, Ψ = Ψ1 + Ψ2,

Θmyij = 0.5 (ηm,ij − |ηm,ij|) ξm,ijy(σ)
x̄m,ij

+ 0.5
(
η+1m
m,ij +

∣∣η+1m
m,ij

∣∣) ξ+1m
m,ij y

(σ)
xm,ij

,

Ψmyij =
(
ξmy

(σ)
x̄m

)
xm,ij

, ϕnij = f (xij, tn+σ) ,

ξn1,ij = k
(
xi− 1

2
,j, tn+σ

)
, ξn2,ij = k

(
xi,j− 1

2
, tn+σ

)
, ηnm,ij =

qm (xij, tn+σ)

km (xij, tn+σ)
,

y(σ) = σyn+1 + (1− σ) yn, (22)

γh is the set of boundary nodes of ωh. Here we use standard notations from the theory of
difference schemes.

3.4 Stability and convergence of the difference scheme

We introduce scalar products and norms:

(u, v) =
N−1∑
i=1

N−1∑
j=1

uijvijh
2, (u, v] =

N∑
i=1

N∑
j=1

uijvijh
2,

‖u‖2 =
N∑
i=0

N∑
j=0

uijvijh
2, ‖∇u‖2 = ‖ux̄1‖

2 + ‖ux̄2‖
2 ,

‖ux̄1‖
2 =

N∑
i=1

N∑
j=0

ux̄1,ijh
2, ‖ux̄2‖

2 =
N∑
i=0

N∑
j=1

ux̄2,ijh
2.

We prove several auxiliary lemmas.

Lemma 4 For any function y (t) defined on the grid ωhτ , the following inequality holds:

y(σ)∆α
0tn+σ

y ≥ 1

2
∆α

0tn+σ
y2.

This Lemma is proved similarly to Lemma 1 from [29]. Below, the letters µ with indices
denote positive numbers that do not depend on h and τ .
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Lemma 5 Under the conditions (6), the following inequality holds for the solution of the
difference problem (19)-(21):

∆α
0tn+σ

‖y‖2 + c1

∥∥∇y(σ)
∥∥2 ≤ µ1

∥∥y(σ)
∥∥2

+ ‖ϕ‖2 .

Proof. Multiply the equation (19) scalarly by y(σ):(
∆α

0tn+σ
y, y(σ)

)
=
(
Θy, y(σ)

)
+
(
Ψy, y(σ)

)
+
(
ϕn, y(σ)

)
. (23)

Estimate the scalar products on the left-hand side of (23) using Lemma 4:

(
∆α

0tn+σ
y, y(σ)

)
≥ 1

2
∆α

0tn+σ
‖y‖2 . (24)

Estimate the terms on the right-hand side of (23) as follows:

(
Θy, y(σ)

)
=

2∑
m=1

(
Θmy, y

(σ)
)
≤ c2

2

4εc1

∥∥∇y(σ)
∥∥2

+
εc2

2

2c1

∥∥y(σ)
∥∥2
, (25)

−
(
Ψy, y(σ)

)
≥ c1

2∑
m=1

(
1,
(
y

(σ)
x̄m

)2
]

= c1

∥∥∇y(σ)
∥∥2
, (26)

(
ϕ, y(σ)

)
≤ 1

2

(
‖ϕ‖2 +

∥∥y(σ)
∥∥2
)
. (27)

Taking into account (24)-(27) and choosing ε =
c2

2

2c2
1

, we obtain from (23):

1

2
∆α

0tn+σ
‖y‖2 +

c1

2

∥∥∇y(σ)
∥∥2 ≤ 2c3

1 + c4
2

4c3
1

∥∥y(σ)
∥∥2

+
1

2
‖ϕ‖2 . (28)

Using the definition y(σ), from (28) we arrive at the statement of the lemma.

Lemma 6 [30] Let the non-negative sequences yn and ϕn, n = 0, 1, 2,... satisfy the inequality

∆α
0tn+σ

y ≤ λ1y
n+1 + λ2y

n + ϕn, n ≥ 1,

where λ1 ≥ 0, λ2 ≥ 0 are some constants. Then there exists t0 such that for τ ≤ t0, the
inequality holds

yn+1 ≤ 2

(
y0 +

(tn)α

Γ (1 + α)
max

0≤m≤n
ϕm
)
Eα (2λ (tn)α) ,

where λ = λ1 +
λ2

2 + 21−α .

Based on Lemma 5 and Lemma 6, the following theorem is proved.
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Theorem 2 Under the conditions (6), there exists t0 such that for τ ≤ t0, the following
inequality holds for the solution of the difference problem (19)-(21):∥∥yn+1

∥∥2 ≤ µ2

(∥∥y0
∥∥2

+
(tn)α

Γ (1 + α)
max

0≤m≤n
‖ϕm‖2

)
,

which implies the uniqueness of the solution and stability of the difference scheme (19)-(21)
with respect to the initial data and the right-hand side.

Theorem 3 Under the the conditions of Theorem 2, the solution of the difference problem
(19)-(21) converges to the solution of the differential problem (1)-(3) and the following
inequality holds:∥∥yn+1 − u (·, tn+1)

∥∥ ≤ µ3

(
h2 + τ 2

)
.

Proof. Consider the problem for the difference z = y − u:
∆α

0tn+σ
zij = Θzij + Ψzij + ψnij, (x, t) ∈ ωhτ , (29)

z0
ij = 0, (30)

z(σ)
∣∣∣
γh

= 0, n > 0, (31)

where ψnij = ϕnij −∆α
0tn+σ

uni + Θu
(σ)
ij + Ψu

(σ)
ij . The following inequality holds for the solution

of the difference problem (29)-(31):∥∥zn+1
∥∥2 ≤ µ4t

α
n

Γ (1 + α)
max

0≤m≤n
‖ψm‖2 , (32)

where ‖ψm‖ = O (h2 + τ 2). (32) yields the convergence of the solution of the difference
problem (19)-(21) to the solution of the differential problem (1)-(3).

3.5 Implementation of the difference scheme

To solve the problem (19)-(21), we use the alternating directions method, which consists of
two stages [31]:

gα,σ0

τα

(
y
n+ 1

2
i,j − yni,j

)
+

1

τα

n−1∑
s=0

gα,σn−s
(
ys+1
i,j − ysi,j

)
=

= σ (Θ1 + Ψ1) y
n+ 1

2
i,j + (1− σ) (Θ2 + Ψ2) yni,j, (33)

gα,σ0

τα

(
yn+1
i,j − y

n+ 1
2

i,j

)
+

1

τα

n−1∑
s=0

gα,σn−s
(
ys+1
i,j − ysi,j

)
=

= σ (Θ1 + Ψ1) y
n+ 1

2
i,j + (1− σ) (Θ2 + Ψ2) yn+1

i,j . (34)
On each time layer, the solution of the problem (19)-(21) is reduced to a sequential

solution of tridiagonal systems of equations, which are solved by the Thomas algorithm. By
checking directly, one can make sure that the stability condition of the Thomas algorithm
holds. To check the accuracy of the difference scheme (19)-(21), a number of computational
experiments were performed on the example of two test problems.
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4 Results and discussion

Problem 1. Consider the equation

∂α0tu =
∂u

∂x1

+
∂u

∂x2

+
∂2u

∂x2
1

+
∂2u

∂x2
2

+ f (x1, x2, t) (35)

with the right-hand side

f (x1, x2, t) = − 3

α3
sin2 (πx1) sin2 (πx2)

(
2α2 exp

(
tα

α− 1

)
− 4α exp

(
tα

α− 1

)
+

+2α2 exp

(
tα

α− 1

)
− t2α2 − 2tα2 − 2α2 + 2ta+ 4α− 2

)
+

+4π2t3 sin2 (πx1) sin2 (πx2)− 2πt3 cos (πx1) sin (πx1) sin2 (πx2)−

−2π2t3 cos2 (πx1) sin2 (πx2)− 2πt3 sin2 (πx1) cos (πx2) sin (πx2)−

−2π2t3 sin2 (πx1) cos2 (πx2)

and homogeneous initial and boundary conditions.
The exact solution to this problem is as follows:

u (x1, x2, t) = t3 sin2 (πx1) sin2 (πx2) .

When analyzing the dependence of the error order on the spatial step, the value of the
time step is selected as τ = 10−5. The step value for the spatial variable h varied between
h = 10−2 and h = 10−5.

The error value was determined by the formula

E = max
0≤n≤M

max
0≤i≤N

max
0≤j≤N

∣∣ynij − u (ih, jh, tn)
∣∣ .

When analyzing the dependence of the error order on the time step, the value of the
spatial step is selected as h = 10−4. The value of the time step varied between τ = 10−5 and
τ = 10−8 . The order of the fractional derivative is set to α = 0.3, α = 0.45 and α = 0.85.

Tables 1 and 2 show error values for various values of the parameters σ, h and τ .

Table 1: Error analysis for Problem 1
σ = 0.85
(α = 0.3)

σ = 0.775
(α = 0.45)

σ = 0.575
(α = 0.85)

h = 1/100 1.582643 · 10−7 1.535625 · 10−7 5.953420 · 10−8

h = 1/500 4.543282 · 10−9 6.625594 · 10−9 2.655208 · 10−9

h = 1/1000 1.683145 · 10−9 1.659836 · 10−9 8.956221 · 10−10

h = 1/2000 5.325643 · 10−10 4.859264 · 10−10 6.958645 · 10−10

h = 1/5000 2.546234 · 10−10 2.654822 · 10−10 5.659750 · 10−10

h = 1/10000 8.203144 · 10−11 2.659820 · 10−10 3.659504 · 10−10
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Table 2: Error analysis for Problem 1

σ = 0.85
(α = 0.3)

σ = 0.775
(α = 0.45)

σ = 0.575
(α = 0.85)

τ = 10−5 1.625822 · 10−9 1.956430 · 10−9 8.659832 · 10−10

τ = 10−6 1.659832 · 10−11 8.956268 · 10−12 2.956354 · 10−12

τ = 10−7 8.659825 · 10−14 4.986372 · 10−14 4.356320 · 10−15

τ = 10−8 5.953167 · 10−16 2.956363 · 10−16 7.923544 · 10−18

Figure 1: Solution of Problem 1, α = 0.85, n = 1000

Figure 1 shows a graph of the approximate solution of the problem on time layer n = 1000
at α = 0.85.

Problem 2. Consider the equation (35) with the right-hand side

f (x1, x2, t) = − 2

α
π sin (2πx1) sin (2πx2)

(
exp

(
tα

α− 1

)
− 1

)
+

+16π3t sin (2πx1) sin (2πx2)− 4π2t cos (2πx1) sin (2πx2)− 4π2t sin (2πx1) cos (2πx2)

and homogeneous initial and boundary conditions.
The exact solution to this problem is as follows:

u (x1, x2, t) = 2πt sin (2πx1) sin (2πx2) .

Tables 3 and 4 show error values for various values of the parameters σ, h and τ . In Figure
2 the graph of the approximate solution of the problem on the layer n = 1000 at α = 0.85 is
given.
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Figure 2: Solution of Problem 2, α = 0.85, n = 1000

Table 3: Error analysis for Problem 2

σ = 0.85
(α = 0.3)

σ = 0.775
(α = 0.45)

σ = 0.575
(α = 0.85)

h = 1/100 8.568827 · 10−7 6.884689 · 10−7 3.954957 · 10−7

h = 1/500 3.448455 · 10−8 2.817526 · 10−8 1.665078 · 10−8

h = 1/1000 8.754912 · 10−9 7.523579 · 10−9 4.796715 · 10−9

h = 1/2000 2.324212 · 10−9 2.378951 · 10−9 1.838244 · 10−9

h = 1/5000 5.345784 · 10−10 9.680494 · 10−10 1.015005 · 10−9

h = 1/10000 2.876746 · 10−10 7.735310 · 10−10 8.981407 · 10−10

Table 4: Error analysis for Problem 2

σ = 0.85
(α = 0.3)

σ = 0.775
(α = 0.45)

σ = 0.575
(α = 0.85)

τ = 10−5 2.523844 · 10−9 1.635420 · 10−9 6.623524 · 10−10

τ = 10−6 3.520531 · 10−11 7.435820 · 10−12 1.023465 · 10−12

τ = 10−7 7.025432 · 10−14 3.023564 · 10−14 3.342564 · 10−15

τ = 10−8 3.623501 · 10−16 3.623524 · 10−16 6.526534 · 10−18

It follows from the results shown in Tables 1 and 3 that the error is a value of magnitude
O (h2). Similarly, the results in Tables 2 and 4 show that the error is of magnitude O (τ 2).
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Thus, computational experiments have confirmed that the difference scheme converges with
the second order in both spatial and temporal variables.

5 Conclusion

Thus, an implicit finite difference scheme is constructed for a fractional differential equation
with variable coefficients containing a fractional time derivative in the sense of Caputo-
Fabrizio. The stability and error estimates of the difference scheme are established. The
empirical convergence agrees well with the theoretical estimates.

The results obtained in this work are the basis for the construction of finite element
methods for solving fluid flow problems in fractured porous media. In particular, the
constructed discrete analogue of the fractional derivative in the sense of Caputo-Fabrizio will
be used in subsequent works. Also, a comparison of solutions obtained using finite element and
finite difference methods will be carried out. Moreover, the results obtained can be applied
to the numerical solution of other equations containing a fractional time derivative.
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LINEAR STOCHASTIC DISTRIBUTED MODEL OF MONEY
ACCUMULATION IN THE FORM OF A STATE SPACE

The article deals with the problem of the passive parametric identification of systems for
modeling the evolution of money savings income and expenses of one household using a linear
stochastic distributed model in the form of a state space taking into account white noises model
of the investigated object dynamics’ and white noises of the linear model measuring system of a
distributed type. The use of the finite difference method allowed reducing the solution of partial
differential equations to the solution of linear finite difference system with private derivatives to be
reduced to the solution of a system of linear finite-difference and algebraic equations represented
by models in the form of state space. It was proposed the use of a Kalman filtering algorithm for
reliable evaluation of object behavior. The statement of the problem of estimating the coefficients
of the equation of evolution of money savings income and expenses of one household is given. The
structure of household income and expenses is described, taking into account additional additive
white noise meters. An algorithm for numerical approbation of method for solving the problem
of estimating the coefficients of an equation in the form of the state space for the evolution of
money savings income and expenses of one household is considered. Calculations were carried
out using the Matlab mathematical system based on statistical data for five years, taken from
the site “Agency for Strategic planning and reforms of the Republic of Kazakhstan Bureau of
National statistics”. The proposed method for solving the problem of coefficients assessment’s
passive identification using the equations of money savings for one household in the form of a
state space is sufficiently universal.

Key words: linear finite-difference equation, model in the form of a state space, evolution of
one household money savings, passive identification, Kalman filter, prediction estimates, filtering
estimates.
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Ақшалай жинақталуының күй кеңiстiгi түрiндегi сызықтық стохастикалық үлестiрiлген

моделi

Мақалада зерттелетiн объектiнiң динамика моделiнiң ақ шуларын және таратылған типтегi
өлшеу жүйесiнiң сызықтық моделiнiң ақ шуларын есекере отырып, күй кеңiстiгi түрiндегi
сызықтық стохастикалық үлестiрiлген модельдiң көмегiмен, жеке үй шаруашылығының
кiрiстерi мен шығыстарының ақшалай жинақталуының эволюциясын модельдеу үшiн
жүйелердiң пассивтi параметрлiк идентификациясының есебi қарастырылады. Ақырғы
айырымдар әдiсiн қолдану дербес туындылы теңдеулер шешiмiн күй кеңiстiгi түрiндегi
модельдермен ұсынылған сызықтық ақырғы-айырымдық және алгебралық теңдеулер
жүйесiнiң шешiмiне келтiруге мүмкiндiк бередi. Объектiнiң әрекетiн дұрыс бағалау үшiн
Калман сүзгiсiнiң алгоритмiн қолдану ұсынылды. Бiр үй шаруашылығының кiрiстерi мен
шығыстарының ақшалай жинақталу эволюциясы теңдеуiнiң коэффициенттерiн бағалау
мәселесiнiң тұжырымдамасы келтiрiлген. Есептегiштердiң қосымша ақ шуын ескере отырып,
үй шаруашылығының кiрiстерi мен шығыстардың құрылымы сипатталған. Бiр үй шаруа-
шылығының кiрiстерi мен шығыстардың ақшалай жинақтары эволюциясы күйiнiң кеңiстiгi
түрiндегi теңдеу коэффициенттерiн бағалау мәселесiн шешудiң әдiстемесiн сандық апробаци-
ялау алгоритмi қарастырылған. Есептеулер Matlab математикалық жүйесiн қолдана отырып,

c© 2021 Al-Farabi Kazakh National University
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"Қазақстан Республикасы Стратегиялық жоспарлау және реформалар агенттiгi ұлттық
статистика бюросы"сайтынан алынған бес жылдағы бақылау деректерi негiзiнде жүр-
гiзiлдi. Күй кеңiстiгi түрiнде бiр үй шаруашылығы үшiн ақша жинақтау теңдеулерiнiң
коэффициенттерiн бағалауды пассивтi идентификациялау мәселесiн шешудiң ұсынылған
әдiсi жеткiлiктi түрде әмбебап болып табылады.

Түйiн сөздер: сызықтық ақырғы-айырымдық теңдеу, күй кеңiстiгiндегi модель, бiр үй ша-
руашылығының ақша жинақтарының эволюциясы, пассивтi идентификация, Калман сүзгiсi,
болжауды бағалау, сүзудi бағалау.

К.М. Базикова∗, Г.А. Абденова, Г.Е. Сагындыкова
Евразийский национальный университет имени Л.Н. Гумилева, Казахстан, г. Нур-Султан

∗e-mail: kmbazikova@mail.ru
Линейная стохастическая распределенная модель денежных накоплений в форме

пространства состояний

В статье рассматривается задача пассивной параметрической идентификации систем для
моделирования эволюции денежных накоплений доходов и расходов одного домохозяйства, с
помощью линейной стохастической распределенной модели в форме пространства состояний
с учетом белых шумов модели динамики исследуемого объекта и белых шумов линейной
модели измерительной системы распределенного типа. Использование метода конечных
разностей позволило свести решение уравнений с частными производными к решению систе-
мы линейных конечно-разностных и алгебраических уравнений, представленных моделями
в форме пространства состояний. Для достоверного оценивания поведения объекта было
предложено использование алгоритма калмановской фильтрации. Приведена постановка
задачи оценивания коэффициентов уравнения эволюции денежных накоплений доходов
и расходов одного домохозяйства. Описана структура доходов и расходов домохозяйства
с учетом дополнительных аддитивных белых шумов измерителей. Рассмотрен алгоритм
численной апробации методики по решению задачи оценивания коэффициентов уравнения в
форме пространства состояний эволюции денежных накоплений доходов и расходов одного
домохозяйства. Осуществлены расчеты с помощью математической системы Matlab на
основе данных наблюдений за пять лет, взятых с сайта “Бюро национальной статистики
Агентства по стратегическому планированию и реформам Республики Казахстан”. Предло-
женная методика решения задачи пассивной идентификации оценивания коэффициентов
уравнений денежных накоплений для одного домохозяйства в форме пространства состояний
в достаточной степени универсальна.

Ключевые слова: линейное конечно-разностное уравнение, модель в пространстве состо-
яний, эволюция денежных накоплений одного домохозяйства, пассивная идентификация,
фильтр Калмана, оценки предсказания, оценки фильтрации.

1 Introduction

The identification of dynamic objects is one of the main directions of modern control theory.
In this area, there are many works devoted mainly to the identification of linear dynamic
objects [1]- [8]. Moreover, the well-known works cover a variety of situations that arise during
identification: the presence of additive noise at the input and output of the object [9, 10],
or the impossibility of submitting test signals to the input [6], discrete or continuous
form of signals [7], correlation or uncorrelatedness of signals and interference [11, 12], etc.
Naturally, these methods generally give good results when analyzing objects in the vicinity
of "standard"modes. In all other cases, objects are presented as essentially nonlinear, and
at present there are few or no general identification methods to describe them. But recently,
partial differential equations are often used to describe the dynamics of the object under study.
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Thus, in [13], a number of partial differential equations (PDE) are studied. They are based
on models developed to study some of the most important economic issues. At the same time,
they are very interesting for mathematicians, because their structure is often quite complex.
This paper shows a number of examples of such PDEs, discusses what is known about their
properties, and lists some open questions for future research. The paper [14,15] introduces and
discusses a nonlinear market equation of the Boltzmann type, which describes the influence
of knowledge on the evolution of wealth in a system of agents who interact through binary
transactions. The article [16] presents a semigroup approach to the mathematical analysis of
problems with inverse parameters when identifying unknown parameters in a linear parabolic
equation with mixed boundary conditions. In [17], an estimate of the parameters of stochastic
differential equations of the return to mean type caused by Brownian motion is shown. At
the same time, when identifying dynamic objects and systems, models in the state space are
used with the use of a modified Kalman filter. For example [18], a new bilinear model is
introduced in the form of a state space. The development of this model is linear-bilinear with
respect to the state of the system. The classical Kalman filter is not applicable to this model,
and therefore a new Kalman filter is introduced. The identification of systems described by
partial differential equations is considered in papers [19]- [24].

In that research, for modeling of one household money savings dynamics we are going to
use a linear stochastic distributed model in the form of a state space (SS) that describes the
dynamics of money savings of income and expenses in the form of linear differential equations
with partial derivatives, but the model of measuring system in the form of linear distributed
algebraic equations with additive white noises in both the dynamics model and the model
of the measuring system. Then, we are going to present an economic interpretation of the
values included in the proposed model in the form of SS [25, 26].

2 Materials and Methods

In reality, the household money savings have a discrete character: the household receives a
salary and household savings in a form that increases spasmodically and does not change
further until the nearest waste of money. With expenses (we will take into account the total
expenses by the end of the month), household savings are abruptly decreased, that is savings
are determined by a piecewise constant function of time.

As time passes, the point moves through the space of savings with rate dx
dt

= ẋ. Suppose
that rate can be calculated in another way, using additional terms, for example, as additive
white noise dynamics of the savings income or expenses. The possibility of calculations in
another way arises in a detailed study in the process of earnings and costs in the household.
Let rate is expressed as a function like F (x, t) - the function of two variables x, t and the
additive white noise of money savings dynamics w(t). As a result, we get the following relation:

dx(t)

dt
= F (x(t), t) + w(t). (1)

Equation (1) is a stochastic ordinary differential equation that describes the dynamics of
household income or expenses; x(t) is an unknown function; F (x, t) - given function. If at the
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initial moment of time t = 0 savings of fixed household are known, then we have the initial
condition:

x(t) |t=0 = x̄0 , (2)

where x(t) |t=0 is the white Gaussian value with mathematical expectation x̄0 and
unknown variance P0.

Relations (1) and (2) allow us to formulate the Cauchy problem for a stochastic ordinary
differential equation. The type F (x, t) of function in (1) depends on the particular household
and on its additive white noises of the economic activity. The more accurately we write its
analytical function F (x, t) (based on statistical data), with the most reliable characteristics
of additive noise, the more accurate will be the mathematical model. The function F can
be represented globally in the form like F = D − R, (D ≥ 0, R ≥ 0), where D(x, t) is the
function that describes the household income and the function R(x, t) is the expenses of the
household. In [25,26], examples of defining the functions D and R are given.

1. The income structure of the household D(x(t), t) taking into account the dynamics of
the additive white noise of the investigated object: D(x(t), t) = D0(x(t), t) + D1(x(t), t) +
w1(x(t), t), where

а) D0(x(t), t) - household wages. Suppose that additive noise w1(x(t), t) is some white
distributed Gaussian noise with zero expectation and unknown variance Q.

b) D1(x(t), t) - solid income from investments in money savings in the bank.

D1(x(t), t) = α · x(t) · θ(x(t), x0). (3)

Suppose a household invests all available money x(t) in a bank on p %
month

.
Function θ(x(t), x0) - threshold function (θ-function):

θ(x(t), x0) =

{
0, at x < x0
1, at x > x0

}
, (4)

where x0 is the minimum amount of savings that allows you to make an investment in the
bank.

As a result, we get the household income function:

D(x(t), t) ≈ D0(x(t), t) + α · x(t) · θ (x (t) , x0) + w1(x(t), t). (5)

2. The structure of the household expenses R(x(t), t), taking into account the additional
additive white noise meters w2(t), can be written in the form: R(x(t), t) ≈ R0(x(t), t) +
R1(x(t), t) +R2(x(t), t) + w2(x(t), t), where

a) R0(x(t), t) - average daily expenses to ensure the existence of the household. This
part of the costs includes utility bills, average food costs, expenses for necessary clothes,
transportation costs.

b) R1(x(t), t) - daily expenses that ensure the well-being of the household. This category
of expenses is connected with the fact that if a household has surplus money, then it increases
the cost of improving the quality of life.

c) R2(x(t), t) - expenses of elite goods. With sufficiently large savings, a household can
allow the purchase of goods which are not the essential goods.
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Thus, equation (1) has the form

dx

dt
≈ D0 (x(t), t) + α · x(t) · θ̃ (x, x0)−R0(x(t), t)− C1

x(t)

x(t) + y1
θ̃ (x, y0)−

−C2
x(t)− z1

(x(t)− z1) + (z2 − z1)
θ̃ (x, z1) + w(x(t), t), (6)

where w(x(t), t) = w1(x(t), t) + w2(x(t), t) - the additive generalized white noise.
The given mathematical description, taking into account white Gaussian income and

expenses, based on statistical data, can be refined with a more detailed study of the economic
activity of the household.

We write equation (6) in the differentials:

dx(t) = F (x(t), t)dt+ w(x(t), t)dt. (7)

In reality, a household, in addition to guaranteed income and expenses, may have random
income and expenses. For a mathematical description of such a phenomenon, we introduce a
random variable X(t) that means the total amount of money where the household will save
from random sources by that time t. The value X(t+ dt) is the total random savings of the
household at the time t+ dt, where dt is an infinitely small time interval.

dX = X(t+ dt)−X(t), (8)

which means random household income for an elementary period dt of time at dX > 0 and
random expenditure dX < 0. We are going to call this value the stochastic differential of the
random process X(t). If we add the quantity (7) to equation (8), we obtain

dx = F (x, t) dt+ dX + wdt. (9)

Equation (9) is called a stochastic differential equation, where dX is not a differential in
the usual sense. In a more general case, taking into account the additive noise of household
money savings, relation (9) can be written as

dx = F (x, t) dt+G (x, t) dX + wdt, G ≥ 0. (10)

Further, we suppose, that F (x, t) , G (x, t) - nonrandom functions, but X - Markov’s
stochastic process.

We divide the time interval into elementary time intervals ∆ti. We denote it as ti+1 =
ti + ∆ti, t0 = 0, xi = x (ti), X (ti) = zi, then

xi+1 = F (xi, ti) ∆ti +G (xi, ti) zi+1 + w(xi, ti), (11)

where random variables zi+1 are determined by probability density function and can be
implemented numerically.
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Households at each moment of time are distributed unevenly along the axis Ox. In [25],
based on the application of the principle of continuous media and the introduction of a
function, a linear equation with partial derivatives of a distributed type is obtained, which is
satisfied by the density of households in the space of savings u(x, t).

∂u

∂t
+

∂

∂x
(F · u) = d · f + p1 · w, (12)

Equation (12) is called the linear equation of monetary accumulations of the ensemble of
households, consisting of m classes taking into account the white additive noise of the
dynamics of the object under study, the initial conditions (2) regarding the process of
monetary accumulation, as well as the equations of the measuring system taking into account
the white additive noise (12), in a complex is called a stochastic distributed equation in the
form of a SS for each i-class, where i = 1, 2, ...,m.

Using the initial condition (2) and the difference scheme (11), we determine the
approximate values x (t) of the quantity at time instants t = ti, then we determine one
of the possible trajectories of a random variable x (t).

To calculate a discrete analog of any equations in ordinary or partial derivatives is
constantly used. Therefore, the task is to estimate the coefficients of equation (12) from
observations of discrete input z(xk, ts) and a discrete output y(xk, ts) of a measuring system
of appropriately distributed types, which can be written as

y(xk, ts) = h · x(xk, ts) + p2 · ε(xk, ts), k = 1, n; s = 0,m, (13)

where y(xk, ts) is the output of the measuring system in which the indices k
and s mean that the spatio-temporal state function x(x, t) can be measured
only at discrete spatial points xk and at discrete time instants ts, i.e{
x(x, t) ≈ x(xk, ts) = xk,s, k = 1, n, s = 1, m

}
, h - a given weight coefficient to

the measuring system;
{
y(xk, ts) = h · x(xk, ts) = yk,s, k = 1, n, s = 1, m

}
- output of

the measuring system;
{
ε(xk, ts) = εk,s, k = 1, n, s = 1, m

}
- white Gaussian noise of

a distributed type measuring system with zero mathematical expectation and unknown
variance p2 = Q2(xk, ts).

Under these conditions, the task is to estimate the parameters F , d, p1, p2 based
on a distributed discrete input signal

{
u(xk, ts) = uk,s, k = 1, n, s = 1, m

}
, initial

conditions (2), as well as a distributed discrete output of the measuring system{
y(xk, ts), k = 1, n, s = 1, m

}
.

3 Results and Discussion

In order to make the most reliable calculations for researching one household money savings
based on the coefficients of the equations of one household money income and expenses, and
subsequently, to get the most reliable estimates of the prediction and filtering behavior to the
researched object, the scheme of the Kalman filter algorithm is used. We are going to look
at the statistical data accumulated over the five years of 2014-2018 [27]. We give the brief
calculation data for this example, which were carried out using the Matlab mathematical
system based on the following algorithm:
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1. The total number of research dates in months for five years - n = 60. At the first step
of the algorithm, we conduct a linear regression for calculating the scatter based on research
data and linear regression [28, 29]. The regression equation is constantly supplemented by a
close coupling index, which allows making the most reliable variance calculations for dynamic
models and measuring system. For n = 60, the coefficients of the regression model will be
a = −0.0089; b = 2474000. The regression line on the graph is chosen so that the sum
of the squares of the vertical distances between the points of the regression line and the
observational data is minimal. Data on regular household solid income D0: y1 - observational
data accumulated over five years and calculated data on household income z (based on
n = 60 points) with calculated coefficients of the regression model made it possible to solve
the problem of constructing a linear regression with minimal variance of residuals (see Fig.
1).

y1=[56330 56419 59929 60913 61887 63025 64126 62873 61956 63107
63329 73362 61913 61824 61770 66499 66384 66320 68193 68106 68053
72985 72913 72895 71652 71638 71549 76263 76162 76084 76291 76200
76097 82343 82285 82339 79187 79111 79013 82485 82393 82307 83346
83286 83161 90188 90049 89992 86508 86425 86299 91191 91025 90960
94894 94789 94706 100374 100262 100184];

z=[56857 57526 58196 58865 59534 60204 60873 61542 62212 62881
63550 64220 64889 65558 66228 66897 67566 68236 68905 69574 70244
70913 71582 72252 72921 73590 74260 74929 75598 76268 76937 77606
78276 78945 79615 80284 80953 81623 82292 82961 83631 84300 84969
85639 86308 86977 87647 88316 88985 89655 90324 90993 91663 92332
93001 93671 94340 95009 95679 96348].

Figure 1: Regression line with the minimal residue variance

2. Then, we are going to reflect on a series of data, where each member of the series
makes up the difference between the calculated values of the regression equation on the
abscissa axis and the research data about y = 0 axes. The maximum line deviation of the
regression equation from the research data is x(12);max = 9142.3 (see Fig. 2).

3. Further, the observational data is divided into two data sets n1 = 48 and n2 = 12. 48
observations were used to calculate the coefficients of the differential equation (a = 24687;
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Figure 2: Calculation graph x(12); max = 9142.3

b = 0.652;), as well as to calculate the variances of the model in the form of SS (p1 = Q1

= 25171 - variance for the dynamics model; variance for the model of the measuring system
p2 = Q2= 50999; variance for the initial moment of time P0 = Q1 in the Kalman filter
algorithm) [30,31]. The remaining 12 observations are used to calculate prediction estimates
and adjusted filtering estimates based on equations from the Kalman filter algorithm under
initial conditions with respect to the state x0 = x̄0 and variance at the initial time P0 = Q1

[31, 32].
The calculation data of prediction and filtering assessment according to the Kalman

scheme (see Fig. 3):

Figure 3: Graphs of prediction (xp), filtration (xf ) and observational estimates (ys)

ys=[79187 86425 86299 91191 91025 90960 94894 94789 94706 100374
100262 100184]: observational data;

xf=[79187 80491 80828 82895 83635 83899 85571 86184 86392 88733
89606 89917]: estimates of filtration;

xp=[79187 76317 77167 77387 78735 79217 79389 80479 80879 81015
82541 83110]: prediction estimates.
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4 Conclusion

The proposed techniques for solving the problem of coefficient assessment’s passive
identification using the equations of money savings for one household in the form of SS
is sufficiently simple and universal. By analogy with the research techniques that was used
for the data from the section «Regular solid household income D0», other researches can
be carried out in other sections: «Total solid expenses R», «Household living expenses R0»,
«Household well-being expensesR1», «Expenses of elite goodsR2». Regarding the last section,
we note that in section R2, it is constantly important to conduct a regular calculation to the
total amount of savings at the time of purchase of the elite item and if this total amount
exceeds the cost of the elite item R2, then we must make the purchase of this item.

To clarify the values of the coefficients included in the regression equation, as well as in
linear differential equations, there are many other possibilities that refine these coefficients. In
particular, to such leverages, which can increase the accuracy coefficient assessment, according
to the Kalman scheme, the following items can be attributed:

1. Increase in sample size relative to research data due to the increase in sample size by
the growth of the data amount in months;

2. For interior points, more accurate approximation formulas can be used(
∂u

∂x

)
k

≈ uk+1 − uk−1

2 · h

3. The accumulated information about the estimates of the desired parameters, which
ultimately would allow using the ideas of Bayesian parameter estimation [32,33].
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FUNCTIONS IN ONE SPACE OF FOUR-DIMENSIONAL NUMBERS

For the first time, the theory of functions of four-dimensional numbers with commutative product
was described in works of Abenov M.M., in which the mathematical apparatus was defined,
algebraic operations and their properties were determined, functions of four-dimensional numbers,
their limits, continuity and differentiability were found. The continuation was the joint work
of Abenov M.M. and Gabbasov M.B., where similar anisotropic four-dimensional spaces (with
the notation M2-M7) were defined, which are also commutative with zero divisors. This work is
devoted to the study of functions of a four-dimensional variable, definitions and analysis of four-
dimensional functions, their properties, as well as the regularity of functions. The purpose of this
work is to analyze the definition of functions of four-dimensional variables of the space M5, as well
as theorems on the continuity and existence of differentiability of functions of four-dimensional
variables. This work is descriptive for comparing the spaces of four-dimensional numbers M5 and
M3. In the article, theorems on the continuity and differentiability of functions of four-dimensional
variables and their properties are proved, and the Cauchy-Riemann conditions are found. The form
of trigonometric, exponential, logarithmic, exponential and power functions of four-dimensional
variables is determined and the regularity of functions of M5 space is proved.
Key words: four-dimensional function, continuity, differentiability, regular function, Cauchy-
Riemann condition.
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ТӨРТ ӨЛШЕМДI САНДАР КЕҢIСТIГIНДЕГI ФУНКЦИЯЛАР

Төрт өлшемдi сандардың функциялар теориясы алғаш рет М.М.Абеновтың еңбектерiнде си-
патталған, онда математикалық аппарат анықталған, алгебралық амалдар және олардың
ауыстырымдылық көбейтiндiсi, қасиеттерi анықталған, сонымен қатар төрт өлшемдi сандар-
дың функциялары, олардың шектерi, үзiлiссiздiгi және дифференциалдануы зерттелдi. Бұл
жұмыстың жалғасы М.М. Әбенов пен М.Б. Ғаббасовтың бiрлескен зетрреу мақаласы бол-
ды, ол жерде ұқсас нөлдiк бөлгiштерi бар коммутативтi болатын анизотропты төртөлшемдi
кеңiстiктер (M2-M7 белгiсiмен белгiленген) анықталған. Бұл жұмыс төртөлшемдi айныма-
лылы функцияларын, сол функциялардың анықтамалары мен талдауларын, олардың қаси-
еттерiн, сонымен қатар олардың регулярлығын зерттеуге арналған. Бұл жұмыстың мақсаты
M5 кеңiстiгiнiң төрт өлшемдi айнымалыларының функцияларының анықтамасын, сондай-ақ
төрт өлшемдi айнымалылар функцияларының дифференциалдануы мен үздiксiздiгi туралы
теоремаларды талдау болып табылады. Бұл жұмыс M5 және M3 төрт өлшемдi сандарының
кеңiстiктерiн салыстыру арқылы жүзеге асырылған. Мақалада төрт өлшемдi айнымалылар
функцияларының үздiксiздiгi мен дифференциалдылығы, олардың қасиеттерi туралы тео-
ремалар дәлелденген, Коши-Риман шарттары анықталған. Төрт өлшемдi айнымалылардың
тригонометриялық, экспоненциалдық, логарифмдiк, көрсеткiштiк және қуаттық функциясы-
ның түрлерi анықталған, M5 кеңiстiгiнiң төртөлшемдi айнымалыларының функцияларының
заңдылығы дәлелденген.
Түйiн сөздер: төртөлшемдi функция, үзiлiссiздiк, дифференциалдылық, регуляр функция,
Коши-Риман шарты.
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ФУНКЦИИ В ОДНОМ ПРОСТРАНСТВЕ ЧЕТЫРЕХМЕРНЫХ ЧИСЕЛ

Впервые теория функций четырехмерных чисел с коммутативным произведением были
описаны в работах Абенова М.М., в которых был определен математический аппарат, опреде-
лены алгебраические операции и их свойства, были найдены функции четырехмерных чисел,
их пределы, непрерывность и дифференцируемость. Продолжением была совместная работа
Абенова М.М. и Габбасова М.Б., где были определены подобные анизотропные четырехмер-
ные пространства (с обозначениями М2-М7), которые также являются коммутативными с
делителями нуля. Данная работа посвящена изучению функций четырехмерного перемен-
ного, определений и анализа четырехмерных функций, их свойств, а также регулярности
функций. Целью данной работы являются анализ определения функций четырехмерных
переменных пространства М5, а также теоремы о непрерывности и существования диффе-
ренцируемости функций четырехмерных переменных. Данная работа имеет описательный
характер для сравнения пространств четырехмерных чисел М5 и М3. В статье доказаны
теоремы о непрерывности и дифференцируемости функций четырехмерных переменных,
их свойства, а также найдены условия Коши-Римана. Определен вид тригонометрических,
экспоненциальной, логарифмической, показательной и степенной функций четырехмерных
переменных и доказана регулярность функций четырехмерных переменных пространства
М5.

Ключевые слова: четырехмерная функция, непрерывность, дифференцируемость, регу-
лярная функция, условие Коши-Римана.

1 Introduction

The existence of the theory of functions of four-dimensional numbers originates from
the investigations of M.M. Abenov, where four-dimensional numbers, functions of four-
dimensional numbers, their limit, continuity and differentiability were found [1]. In work
[2], Abenov M.M. and Gabbasov M.B. identified all the existing six (M2, M3, M4, M5, M6,
M7) anisotropic four-dimensional spaces, which are also associative and commutative with
zero divisors. In paper [3], the space of four-dimensional numbers M5 was investigated, where
algebraic operations on four-dimensional numbers were described, the eigenvalues for finding
the norm were found, and the metric is defined. In this paper we study the concept of the
four-dimensional function in the space M5, their continuity and differentiability, as well as
analysis of their properties.

2 Material and methods

It is known from the researches of many authors [4-9] that complex analysis is an extension
of real analysis, i.e. all mathematical operations, definitions, functions, their properties,
differentiability and continuity are performed by analogy with real analysis. In papers [2-
3], complex analysis is generalized by the analysis of functions of four-dimensional variables.
Let us define functions, their properties, continuity and differentiability of functions in the
four-dimensional space M5.
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2.1 Functions given in the space of four-dimensional numbers

Definition 1 A function of a four-dimensional variable of the space M5 is a mapping F of
some four-dimensional number from the set D into a four-dimensional number of the set G.

If only one value X ∈ D corresponds to each value of Y ∈ G, then the function is called
single-valued, if more than one value of Y corresponds to some X, then the function is called
multivalued.

To describe the function, we use the notation Y = F (X) and define functions that map
four-dimensional numbers to four-dimensional numbers, that is F : R4 → R4.

Definition 2 Let a function f : C → C has the following property: if f (x+ yi) = c(x, y) +
d(x, y)i, then f (x− yi) = c (x, y)− d (x, y) i, that is, it maps complex conjugate numbers to
complex conjugate numbers. Let us call such functions self-adjoint functions.

Theorem 1 Let the function f (x+ yi)= c (x, y) + d (x, y) i : C → C be differentiable,
c (x, y) = c (x,−y) for ∀(x, y) ∈ C and there is a point (x0, 0) ∈ C such that d (x0, 0) = 0.
Then it is self-adjoint.

Proof. Since the function f is differentiable, then it satisfies the Cauchy-Riemann
conditions

∂c (x, y)

∂x
=
∂d (x, y)

∂y

∂c (x, y)

∂y
= −∂d (x, y)

∂x

and the function f (x− yi) = c (x,−y) + d (x,−y) i satisfies the following conditions
∂c (x,−y)

∂x
= −∂d (x,−y)

∂y

∂c (x,−y)

∂y
=
∂d (x,−y)

∂x

considering that c (x, y) = c (x,−y) and equating the right sides, we get
∂d (x, y)

∂y
= −∂d (x,−y)

∂y

−∂d (x, y)

∂x
=
∂d (x,−y)

∂x
that is

∂ (d (x, y) + ∂d (x,−y))

∂y
= 0

∂ (d (x, y) + d (x,−y))

∂x
= 0

.

Therefore, d (x, y) = −d (x,−y) + const.
Substituting x = x0, y = 0 we get const = 0 which corresponds to the equality

f (x,−y) = c (x, y)− d (x, y) i.

The theorem is proved.
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Remark 1 There is a differentiable mapping f : C → a + ib = const, which has a
generalization to the four-dimensional space M5 F : R4 → (a, b, 0, 0) = const.

Consequence 1 Any complex polynomial with zero intercept is a self-adjoint function.

Proof. As a point (x0, 0) ∈ C it is sufficient to take the point (0,0).
Further, we extend the definition of a self-adjoint function to the four-dimensional space.
Let S : R4 → C4 be a bijection assigning to each four-dimensional number (x1, x2, x3, x4)

its spectrum (µ1, µ2, µ3, µ4), defined in [4]

µ1 = x1 − x4 + (x2 + x3) i, µ2 = x1 − x4 − (x2 + x3) i,

µ3 = x1 + x4 + (x2 − x3) i, µ4 = x1 + x4 − (x2 − x3) i. (1)

For each component of the spectrum µi, we can apply the function f(µ) and denote the
resulting numbers by f (µ1) = f1 + f2i, f (µ2) = f1− f2i, f (µ3) = f3 + f4i, f (µ4) = f3− f4i.
It is easy to understand that this number is the spectrum of some four-dimensional number
Y = (y1, y2, y3, y4), the elements of which are found as follows:

y1=
f1+f3

2
, y2=

f2+f4

2
, y3=

f2−f4

2
, y4=

−f1+f3

2
. (2)

Thus, we have defined a function F (X) that assigns to each X = (x1, x2, x3, x4) ∈ R4 the
number Y = (y1, y2, y3, y4) ∈ R4. The function defined in this way can be briefly written as

F (X) = S−1(f(S (X)), (3)

where f (µ1, µ2, µ3, µ4) means (f (µ1) , f (µ2) , f (µ3) , f (µ4)), and S−1 is the inverse function
to S.

Theorem 2 The function defined by equality (3) in the space М5 is a generalization of the
functions of real and complex analysis.

Proof.
1. Consider the real analysis case. Let X = (x1, 0, 0, 0) ∈ R1, then by (1)

µ1 = µ2 = µ3 = µ4 = x1.

Applying the mapping f (µ) : C → C we obtain
If f (x1 + 0i) = f1 + f2i and f (x1 − 0i) = f1 − f2i, then f (x1) = f1 + f2i = f1 − f2i = f1

and f2 = 0

f(µ1) = f (µ2) = f (µ3) = f (µ4) = f (x1) = f1.

By formula (2), we obtain
y1 = f1, y2 = y3 = y4 = 0 or Y = (f1, 0, 0, 0).
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2. Consider the complex analysis case. Let X = (x1, x2, 0, 0) ∈ C, then by (1)

µ1 = µ3 = x1 + x2i, µ2 = µ4 = x1 − x2i.

Applying the mapping f (µ) : C → C and, due to the complex conjugacy of the function,
we obtain

f(µ1) = f (µ3) = f1 + f2i, f (µ2) = f (µ4) = f1 − f2i.

By formula (3), we obtain
y1 = f1, y2 = f2, y3 = y4 = 0 or Y = (f1, f2, 0, 0).
The theorem is proved.
This theorem states that if we take (x1, 0, 0, 0) as the argument of the function f , then

their image will be numbers of the form (f1, 0, 0, 0) and this function coincides with the
corresponding one-dimensional function. And if we take (x1, x2, 0, 0) as the argument of the
function f , then it coincides with the corresponding complex-valued function from which it
generated.

Let us define the form of elementary functions in the space M5. Consider a
complex exponential function that is a self-adjoint function. Let X = (x1, x2, x3, x4)
be a four-dimensional number. Then the spectrum of this number S (X) =
((x1 − x4) + (x2 + x3) i, (x1 − x4)− (x2 + x3) i, (x1 + x4) + (x2 − x3) i, (x1 + x4)−
− (x2 − x3) i). Let us apply an exponent to each component.

exp ((x1 − x4) + (x2+x3) i) = exp (x1 − x4) cos (x2 + x3) + exp (x1 − x4) sin (x2 + x3) i

exp ((x1 − x4)− (x2+x3) i) = exp (x1 − x4) cos (x2 + x3)− exp (x1 − x4) sin (x2 + x3) i

exp ((x1 + x4) + (x2−x3) i) = exp (x1 + x4) cos (x2 − x3) + exp (x1 + x4) sin (x2 − x3) i

exp ((x1 + x4)− (x2−x3) i) = exp (x1 + x4) cos (x2 − x3)− exp (x1 + x4) sin (x2 − x3) i

consequently


f1 = exp (x1 − x4) cos (x2 + x3)
f2 = exp (x1 − x4) sin (x2 + x3)
f3 = exp (x1 + x4) cos (x2 − x3)
f4 = exp (x1 + x4) sin (x2 − x3)

.

Then, by formula (1), we obtain

exp (X) =
1

2


exp (x1 − x4) cos (x2 + x3) + exp (x1 + x4) cos (x2 − x3)
exp (x1 − x4) sin (x2 + x3) + exp (x1 + x4) sin (x2 − x3)
exp (x1 − x4) sin (x2 + x3) − exp (x1 + x4) sin (x2 − x3)
−exp (x1 − x4) cos (x2 + x3) + exp (x1 + x4) cos (x2 − x3)

 .
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Define the logarithmic function U (X) = Ln (X) through the transformationX = exp (U).
Let us write this formula componentwise

x1 = 1
2

(exp (u1 − u4) cos (u2 + u3) + exp (u1 + u4) cos (u2 − u3))
x2 = 1

2
(exp (u1 − u4) sin (u2 + u3) + exp (u1 + u4) sinu2 − u3)

x3 = 1
2

(exp (u1 − u4) sin (u2 + u3)− exp (u1 + u4) sin (u2 − u3))
x4 = 1

2
(−exp (u1 − u4) cos (u2 + u3) + exp (u1 + u4) cos (u2 − u3))

Hence, by simple calculations, we obtain

x1 + x4 =
1

2
(exp (u1 − u4) cos (u2 + u3) + exp (u1 + u4) cos (u2 − u3)

−exp (u1 − u4) cos (u2 + u3) + exp (u1 + u4) cos (u2 − u3))

x2 + x3 =
1

2
(exp (u1 − u4) sin (u2 + u3) + exp (u1 + u4) sin (u− u3)

+exp (u1 − u4) sin (u2 + u3)− exp (u1 + u4) sin (u2 − u3))

x1 − x4 =
1

2
(exp (u1 − u4) cos (u2 + u3) + exp (u1 + u4) cos (u2 − u3)

+exp (u1 − u4) cos (u2 + u3)− exp (u1 + u4) cos (u2 − u3))

x2 − x3 =
1

2
(exp (u1 − u4) sin (u2 + u3) + exp (u1 + u4) sin (u2 − u3)

−exp (u1 − u4) sin (u2 + u3) + exp (u1 + u4) sin (u2 − u3))

x1 + x4 = exp (u1 + u4) cos (u2 − u3) , x2 + x3 = exp (u1 − u4) sin (u2 + u3)

x1 − x4 = exp (u1 − u4) cos (u2 + u3) , x2 − x3 = exp (u1 + u4) sin (u2 − u3)

(x1 − x4)2 + (x2 + x3)2 = exp (2(u1 − u4)) cos2 (u2 + u3) + exp (2(u1 − u4)) sin2 (u2 + u3)

= exp (2 (u1 − u4))
(
cos2 (u2 + u3) + sin2 (u2 + u3)

)
= exp (2 (u1 − u4))

(x1 + x4)2 + (x2 − x3)2 = exp (2(u1 + u4)) cos2 (u2 − u3) + exp (2(u1 + u4)) sin2 (u2 − u3)

= exp (2 (u1 + u4))
(
cos2 (u2 − u3) + sin2 (u2 − u3)

)
= exp (2 (u1 + u4))

Further, simplifying the above formulas, we calculate the components of the function
U = (u1, u2, u3,u4). From the relations

exp (u1 − u4) =

√
(x1 − x4)2 + (x2 + x3)2, exp (u1 + u4) =

√
(x1 + x4)2 + (x2 − x3)2

we obtain

u1 = ln 4

√[
(x1 + x4)2 + (x2 − x3)2] [(x1 − x4)2 + (x2 + x3)2]

u4 =
1

4
ln

(x1 + x4)2 + (x2 − x3)2

(x1 − x4)2 + (x2 + x3)2

From the relations

x2 − x3 = exp (u1 + u4) sin (u2 − u3)
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x1 + x4 = exp (u1 + u4) cos (u2 − u3)

obtain

sin (u2 − u3)

cos (u2 − u3)
= tg (u2 − u3) =

x2 − x3

x1 + x4

.

And from

x2 + x3 = exp (u1 − u4) sin (u2 + u3)

x1 − x4 = exp (u1 − u4) cos (u2 + u3)

obtain

sin (u2 + u3)

cos (u2 + u3)
= tg (u2 + u3) =

x2 + x3

x1 − x4

.

Simplifying the expressions and due to the periodicity of the trigonometric functions, we
obtain

u2 =
1

2
(arctg

x2 + x3

x1 − x4

+ arctg
x2 − x3

x1 + x4

) + 2πk, k = 0,±1,±2, . . .

u3 =
1

2
(arctg

x2 + x3

x1 − x4

− arctgx2 − x3

x1 + x4

) + 2πk, k = 0,±1,±2, . . .

Thus [12]

Ln (X) =


ln 4

√[
(x1 + x4)2 + (x2 − x3)2] [(x1 − x4)2 + (x2 + x3)2]

1
2

(
arctg x2+x3

x1−x4
+ arctg x2−x3

x1+x4

)
+ 2πk

1
2

(
arctg x2+x3

x1−x4
− arctg x2−x3

x1+x4

)
+ 2πk

1
4
ln (x1+x4)2+(x2−x3)2

(x1−x4)2+(x2+x3)2


where k = 0,±1,±2, . . . It is a multivalued function, as in the complex analysis.

In a similar way, the following elementary functions can be defined

sin (X) =
1

2


sin (x1 − x4) ch (x2+x3) + sin (x1 + x4) ch (x2−x3)
cos (x1 − x4) sh (x2+x3) + cos (x1 + x4) sh (x2−x3)
cos (x1 − x4) sh (x2+x3)− cos (x1 + x4) sh (x2−x3)
−sin (x1 − x4) ch (x2+x3) + sin (x1 + x4) ch (x2−x3)

 ,

cos (X) =
1

2


cos (x1 − x4) ch (x2+x3) + cos (x1 + x4) ch (x2−x3)
−sin (x1 − x4) sh (x2+x3)− sin (x1 + x4) sh (x2−x3)
−sin (x1 − x4) sh (x2+x3) + sin (x1 + x4) sh (x2−x3)
−cos (x1 − x4) ch (x2+x3) + cos (x1 + x4) ch (x2−x3)

 ,
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sh (X) =
1

2


sh (x1 − x4) cos (x2+x3) + sh (x1 + x4) cos (x2−x3)
ch (x1 − x4) sin (x2+x3) + ch (x1 + x4) sin (x2−x3)
ch (x1 − x4) sin (x2+x3)− ch (x1 + x4) sin (x2−x3)
−sh (x1 − x4) cos (x2+x3) + sh (x1 + x4) cos (x2−x3)

 ,

ch (X) =
1

2


ch (x1 − x4) cos (x2+x3) + ch (x1 + x4) cos (x2−x3)
sh (x1 − x4) sin (x2+x3) + sh (x1 + x4) sin (x2−x3)
sh (x1 − x4) sin (x2+x3)− sh (x1 + x4) sin (x2−x3)
−ch (x1 − x4) cos (x2+x3) + ch (x1 + x4) cos (x2−x3)

 ,

aX =
1

2


ax1−x4cos ((x2 + x3) lna) + ax1+x4cos ((x2 − x3) lna)
ax1−x4sin ((x2 + x3) lna) + ax1+x4sin ((x2 − x3) lna)
ax1−x4sin ((x2 + x3) lna) − ax1+x4sin ((x2 − x3) lna)
−ax1−x4cos ((x2 + x3) lna) + ax1+x4cos ((x2 − x3) lna)

 .

2.2 Continuity of four-dimensional functions in the space of four-dimensional numbers

Let F (X) = (f1, f2, f3, f4), G (X) = (g1, g2, g3, g4) be four-dimensional functions of the space
M5. X0 = (x10, x20, x30, x40) - specified four-dimensional point.

Definition 3 A four-dimensional function F (X) is called continuous at the point X0 if for
any ε > 0 there exists a number δ > 0 such that, under the condition 0 < ‖X −X0‖C < δ,
the following inequality holds

‖F (X)− F (X0)‖C < ε,

where

‖X −X0‖C =
1

2

√
((x1 − x1

0)− (x4 − x4
0))2 + ((x2 − x2

0) + (x3 − x3
0))2+

+
1

2

√
((x1 − x1

0) + (x4 − x4
0))2 + ((x2 − x2

0)− (x3 − x3
0))2

is a spectral norm of the four-dimensional space M5 [3].

Definition 4 The value F (X0) is called the limit of the function F (X) at the point X0 if,
for any sequence of points

{
X(n)

}
→ X0, the corresponding sequence of numbers will be

F (X(n))→ F (X0).
Or we can write it as follows

lim
X→X0

F (X) = F (X0).
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Theorem 3 The four-dimensional function F (X) = (f1, f2, f3, f4) is continuous at the point
X0 = (x10, x20, x30, x40) if and only if each component of the function F (X) is continuous at
the point X0.

Otherwise limX→X0 F (X) = F (X0) = (f 0
1 , f

0
2 , f

0
3 , f

0
4 ) if and only if

lim
X→X0

f1 = f 0
1 , lim

X→X0

f2 = f 0
2 ,

lim
X→X0

f3 = f 0
3 , lim

X→X0

f4 = f 0
4 .

Proof There is a limit limX→X0 F (X) = F (X0) if and only if if for any ε> 0 there exists
δ > 0, which under the condition ‖X −X0‖C < δ, the inequality ‖F (X)− F (X0)‖C < ε
holds. This estimate is reduced to the following form

∥∥(f1, f2, f3, f4)−
(
f 0

1 , f
0
2 , f

0
3 , f

0
4

)∥∥
C
< ε

1

2

√
(f1 − f4 − f 0

1 + f 0
4 )

2
+ (f2 + f3 − f 0

2 − f 0
3 )

2
+

+
1

2

√
(f1 + f4 − f 0

1 − f 0
4 )

2
+ (f2 − f3 − f 0

2 + f 0
3 )

2
< ε.

√
(f1 − f4 − f 0

1 + f 0
4 )

2
+ (f2 + f3 − f 0

2 − f 0
3 )

2
< 2ε√

(f1 + f4 − f 0
1 − f 0

4 )
2

+ (f2 − f3 − f 0
2 + f 0

3 )
2
< 2ε.

∣∣f1 − f 0
1 − f4 + f 0

4

∣∣ < 2ε,
∣∣f2 − f 0

2 + f3 − f 0
3

∣∣ < 2ε,∣∣f1 − f 0
1 + f4 − f 0

4

∣∣ < 2ε,
∣∣f2 − f3 − f 0

2 + f 0
3

∣∣ < 2ε.

After summation and subtraction, we get∣∣f1 − f 0
1

∣∣ < 4ε,
∣∣f2 − f 0

2

∣∣ < 4ε,
∣∣f3 − f 0

3

∣∣ < 4ε,
∣∣f4 − f 0

4

∣∣ < 4ε⇐⇒

lim
X→X0

f1 = f 0
1 , lim

X→X0

f2 = f 0
2 ,

lim
X→X0

f3 = f 0
3 , lim

X→X0

f4 = f 0
4 .

The theorem is proved.
Definition 5 A four-dimensional function F (X) is called continuous in some domain

E ⊂ R4 if it is continuous at every point of this domain.
Theorem 4 Let the four-dimensional functions F (X) = (f1, f2, f3, f4) and G (X) =

(g1, g2, g3, g4) are continuous in the domain E ⊂ R4. Then the functions
1) cF (X), c = (c1, c2, c3, c4) – four-dimensional constant,

2)F (X)± G(X),
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3)F (X) ·G(X),

4) F (X)
G(X)

for G(X0) 6= 0

are also continuous in the domain E ⊂ R4 [4, 8, 9].
Proof Let us prove, for example, 3)
According to Definition 3, for each X0 ∈ Ω ⊂ R4, functions F (X0) and G(X0) are

continuous at a given point in some domain E ⊂ R4.
The components of the function W (X) = F (X) ·G (X) = (f1, f2, f3, f4) (g1, g2, g3, g4) =

(w1, w2, w3, w4) in the M5 space have the form

w1 = f1g1 − f2g2 − f3g3 + f4g4,

w2 = f2g1 + f1g2 − f4g3 − f3g4,

w3 = f3g1 − f4g2 + f1g3 − f2g4,

w4 = f4g1 + f3g2 + f2g3 + f1g4.

According to Theorem 2, limX→X0 F (X)G (X) consider limit componentwise

lim
X→X0

w1 = lim
X→X0

f1 lim
X→X0

g1 − lim
X→X0

f2 lim
X→X0

g2 − lim
X→X0

f3 lim
X→X0

g3 + lim
X→X0

f4 lim
X→X0

g4 =

= f0
1 g

0
1 − f0

2 g
0
2 − f0

3 g
0
3 + f0

4 g
0
4 = w0

1,

lim
X→X0

w2 = lim
X→X0

f2 lim
X→X0

g1 + lim
X→X0

f1 lim
X→X0

g2 − lim
X→X0

f4 lim
X→X0

g3 − lim
X→X0

f3 lim
X→X0

g4 =

= f0
2 g

0
1 + f0

1 g
0
2 − f0

4 g
0
3 − f0

3 g
0
4 = w0

2,

lim
X→X0

w3 = lim
X→X0

f3 lim
X→X0

g1 − lim
X→X0

f4 lim
X→X0

g2 + lim
X→X0

f1 lim
X→X0

g3 − lim
X→X0

f2 lim
X→X0

g4 =

= f0
3 g

0
1 − f0

4 g
0
2 + f0

1 g
0
3 − f0

2 g
0
4 = w0

3,

lim
X→X0

w4 = lim
X→X0

f4 lim
X→X0

g1 + lim
X→X0

f3 lim
X→X0

g2 + lim
X→X0

f2 lim
X→X0

g3 + lim
X→X0

f1 lim
X→X0

g4 =

= f0
4 g

0
1 + f0

3 g
0
2 + f0

2 g
0
3 + f0

1 g
0
4 = w0

4.

Then

lim
X→X0

F (X) ·G (X) =
(
f 0

1 , f
0
2 , f

0
3 , f

0
4

) (
g0

1, g
0
2, g

0
3, g

0
4

)
= F (X0) ·G(X0)

The theorem is proved.

2.3 Differentiable functions defined in the space of four-dimensional numbers

After we have determined the continuity of four-dimensional functions in the space of four-
dimensional numbers M5, we next study the differentiability.

Definition 5 The derivative of the function F (x1, x2, x3, x4) = (f1, f2, f3, f4) at the point
X = (x1, x2, x3, x4) is called the limit lim∆X→0

F (X+∆X)−F (X)
∆X

, if it exists as ∆X =
(∆x1,∆x2,∆x3,∆x4)→ 0 tends to zero along any path consisting of non-degenerate points.
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Theorem 4 Let all components of the four-dimensional function F (x1, x2, x3, x4) =
(f1, f2, f3, f4) ∈ R4 have continuous derivatives in a neighborhood of the point X. Then the
necessary and sufficient conditions for the differentiability of the function F (x1, x2, x3, x4) =
(f1, f2, f3, f4) at point X are the following generalized Cauchy-Riemann conditions:


∂f1
∂x1

= ∂f2
∂x2

= ∂f3
∂x3

= ∂f4
∂x4

∂f2
∂x1

= − ∂f1
∂x2

= ∂f4
∂x3

= − ∂f3
∂x4

∂f3
∂x1

= ∂f4
∂x2

= − ∂f1
∂x3

= − ∂f2
∂x4

∂f4
∂x1

= − ∂f3
∂x2

= − ∂f2
∂x3

= ∂f1
∂x4

. (4)

Proof. Necessity. Let the derivative exists. Then it does not depend on the way 4X → 0
tends to zero, and consider the following ways of tending the increment to zero.

Let 4X = (4x1, 0, 0, 0)→ 0 = (0, 0, 0, 0). Then

dF

dX
= lim

(4x1,0,0,0)→(0,0,0,0)

(4f1 (x1, x2, x3, x4) ,4f2 (x1, x2, x3, x4) ,4f3 (x1, x2, x3, x4) ,4f4 (x1, x2, x3, x4))

(4x1, 0, 0, 0)
,

where 4fi (x1, x2, x3, x4) = fi (x1 +4x1, x2, x3, x4)− fi (x1, x2, x3, x4) , i = 1, 2, 3, 4.
By virtue of Theorem 2 from [3] 1

(4x1,0,0,0)
=
(

1
4x1

, 0, 0, 0
)
.

Consequently dF
dX

= lim4x1→0

(
4f1
4x1

, 4f2
4x1

, 4f3
4x1

, 4f4
4x1

)
=
(

∂f1
∂x1
, ∂f2
∂x1
, ∂f3
∂x1
, ∂f4
∂x1

)
.

Now let us choose another way of 4X tending to zero, namely, 4X = (0,4x2, 0, 0) →
0 = (0, 0, 0, 0). Then

dF

dX
= lim

(0,4x2,0,0)→(0,0,0,0)

(4f1 (x1, x2, x3, x4) ,4f2 (x1, x2, x3, x4) ,4f3 (x1, x2, x3, x4) ,4f4 (x1, x2, x3, x4))

(0,4x2, 0, 0)
,

where 4fi (x1, x2, x3, x4) = fi (x1, x2 +4x2, x3, x4)− fi (x1, x2, x3, x4) , i = 1, 2, 3, 4.
By virtue of Theorem 2 from [3] 1

(0,4x2,0,0)
=
(

0,− 1
4x2

, 0, 0
)
.

Therefore, by the rule of multiplication of four-dimensional numbers

dF

dX
= lim
4x2→0

(
4f2
4x2

,−4f1
4x2

,
4f4
4x2

,−4f3
4x2

)
=

(
∂f2
∂x2

,− ∂f1
∂x2

,
∂f4
∂x2

,− ∂f3
∂x2

)
.

Choose the third way of4X tending to zero,4X = (0, 0,4x3, 0)→ 0 = (0, 0, 0, 0). Then

dF

dX
= lim

(0,0,4x3,0)→(0,0,0,0)

(4f1 (x1, x2, x3, x4) ,4f2 (x1, x2, x3, x4) ,4f3 (x1, x2, x3, x4) ,4f4 (x1, x2, x3, x4))

(0, 0,4x3, 0)
,

where 4fi (x1, x2, x3, x4) = fi (x1, x2, x3 +4x3, x4)− fi (x1, x2, x3, x4) , i = 1, 2, 3, 4.
By virtue of Theorem 2 from [3] 1

(0,0,4x3,0)
=
(

0, 0, 1
4x3

, 0
)
.

Therefore, by the rule of multiplication of four-dimensional numbers

dF

dX
= lim
4x3→0

(
4f3
4x3

,
4f4
4x3

,−4f1
4x3

,−4f2
4x3

)
=

(
∂f3
∂x3

,
∂f4
∂x3

,− ∂f1
∂x3

,− ∂f2
∂x3

)
.
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Finally, choose the fourth way of 4X tending to zero, 4X = (0, 0, 0,4x4) → 0 =
(0, 0, 0, 0). Then

dF

dX
= lim

(0,0,0,4x4)→(0,0,0,0)

(4f1 (x1, x2, x3, x4) ,4f2 (x1, x2, x3, x4) ,4f3 (x1, x2, x3, x4) ,4f4 (x1, x2, x3, x4))

(0, 0, 0,4x4)
,

where 4fi (x1, x2, x3, x4) = fi (x1, x2, x3, x4 +4x4)− fi (x1, x2, x3, x4) , i = 1, 2, 3, 4.
By virtue of Theorem 2 from [3] 1

(0,0,0,4x4)
=
(

0, 0, 0,− 1
4x4

)
.

Therefore, by the rule of multiplication of four-dimensional numbers

dF

dX
= lim
4x4→0

(
4f4
4x4

,−4f3
4x4

,−4f2
4x4

,
4f1
4x4

)
=

(
∂f4
∂x4

,− ∂f3
∂x4

,− ∂f2
∂x4

,
∂f1
∂x4

)
.

Thus, we got that

dF

dX
=

(
∂f1

∂x1

,
∂f2

∂x1

,
∂f3

∂x1

,
∂f4

∂x1

)
=

(
∂f2

∂x2

,−∂f1

∂x2

,
∂f4

∂x2

,−∂f3

∂x2

)
=

=

(
∂f3

∂x3

,
∂f4

∂x3

,−∂f1

∂x3

,−∂f2

∂x3

)
=

(
∂f4

∂x4

,−∂f3

∂x4

,−∂f2

∂x4

,
∂f1

∂x4

)
.

Equating the components according to the rule of equality of four-dimensional numbers,
we obtain (4).

Sufficiency. Let conditions (4) hold. By definition F (X +4X) − F (X) =
(f1 (x1 +4x1, x2 +4x2, x3 +4x3, x4 +4x4)− f1 (x1, x2, x3, x4) , . . . ). Since the
components fi are continuously differentiable functions of four variables, for each of
them we can write fi (x1 +4x1, x2 +4x2, x3 +4x3, x4 +4x4) − fi (x1, x2, x3, x4) =
∂fi
∂x1
4x1 + ∂fi

∂x2
4x2 + ∂fi

∂x3
4x3 + ∂fi

∂x4
4x4 + o(

√
4x2

1 +4x2
2 +4x2

3 +4x2
4), i=1,2,3,4. This

easily implies the existence of a limit from the definition of the derivative.
The theorem is proved.

Consequence 2 To calculate the derivative of a four-dimensional function can be used one
of the following formulas:

dF

dX
=

(
∂f1
∂x1

,
∂f2
∂x1

,
∂f3
∂x1

,
∂f4
∂x1

)
=

(
∂f2
∂x2

,− ∂f1
∂x2

,
∂f4
∂x2

,− ∂f3
∂x2

)
=

=

(
∂f3
∂x3

,
∂f4
∂x3

,− ∂f1
∂x3

,− ∂f2
∂x3

)
=

(
∂f4
∂x4

,− ∂f3
∂x4

,− ∂f2
∂x4

,
∂f1
∂x4

)
. (5)

Example 1 Find the derivative of the function X3. By definition

X3 =
(
x1

(
x2

1 − 3x2
2 − 3x2

3 + 3x2
4

)
+ 6x2x3x4, x2

(
x2

1 − x2
2 − 3x2

3 + 3x2
4

)
−6x1x3x4, x3

(
3x2

1 − 3x2
2 − x2

3 + 3x2
4

)
− 6x1x2x4, x4

(
3x2

1 − 3x2
2 − 3x2

3 + x2
4

)
+ 6x1x2x3

)
.
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Applying formula (5), we obtain dX3

dX
= (3 (x2

1 − x2
2 − x2

3 + x2
4) , 3 (x1x2 − x3x4) ,

3 (x1x3 − x2x4) , 3(x1x4 + x2x3)) = 3 ·X2.
Find the derivative of the function sin(X). By definition
sin(X) =

(
1
2

(sin (x1 − x4) ch (x2+x3) + sin (x1 + x4) ch (x2−x3)) , 1
2

(cos (x1 − x4)
sh (x2+x3) + cos (x1 + x4) sh (x2−x3)) , 1

2
(cos (x1 − x4) sh (x2+x3)− cos (x1 + x4)

sh (x2−x3)) , 1
2

(−sin (x1 − x4) ch (x2+x3) + sin (x1 + x4) ch (x2−x3))
)
.

Applying any one of (5) we obtain the formula
dsin(X)

dX
=
(

1
2

(cos (x1 − x4) ch (x2+x3) + cos (x1 + x4) ch (x2−x3)) , 1
2

(−sin (x1 − x4)
sh (x2+x3)− sin (x1 + x4) sh (x2−x3)) , 1

2
(−sin (x1 − x4) sh (x2+x3) + sin (x1 + x4)

sh (x2−x3)) , 1
2

(−cos (x1 − x4) ch (x2+x3) + cos (x1 + x4) ch (x2−x3))
)

= cos (X) .
Above, we have defined an explicit formula for the four-dimensional exponent. Applying

the obtained formulas for determining the derivative, it is easy to make sure that dexp(X)
dX

=
exp(X).

Definition 6 7 A four-dimensional function that has a derivative at all points of a certain
domain is called regular in this domain.

Let us now investigate the differential properties of regular functions.

Theorem 5 Let F (X) = (f1, f2, f3, f4), G(X) = (g1,g2, g3, g4) be regular functions from the
space M5, A = (a1, a2, a3, a4) and B = (b1, b2, b3, b4) are four-dimensional constants. Then
the following equalities hold:

1.
d(AF (X) +BG(X))

dX
= A

dF (X)

dX
+B

dG(X)

dX
,

2.
d (F (X) ·G(X))

dX
=
dF (X)

dX
·G (X) + F (X) · dG(X)

dX
.

3.
d(F (X)

G(X))
dX

=
dF (X)
dX

·G(X)−F (X)· dG(X)
dX

G2(X)
, where G(X) non-degenerate function.

Proof.
1. From the definition of the derivative obviously follows, that d(F (X)+G(X))

dX
= dF (X)

dX
+

dG(X)
dX

. Applying the first equality from (4) from the definition of multiplication in the space
М5, we can write

d(AF (X))
dX

=
(
a1

∂f1
∂x1
− a2

∂f2
∂x1
− a3

∂f3
∂x1

+ a4
∂f4
∂x1
, a2

∂f1
∂x1

+ a1
∂f2
∂x1
− a4

∂f3
∂x1
− a3

∂f4
∂x1
,

a3
∂f1
∂x1
− a4

∂f2
∂x1

+ a1
∂f3
∂x1
− a2

∂f4
∂x1
, a4

∂f1
∂x1

+ a3
∂f2
∂x1

+ a2
∂f3
∂x1

+ a1
∂f4
∂x1

)
= AdF (X)

dX
.

These two equalities imply the validation of the theorem.
2. The components of the function W (X) = F (X) · G(X) in the space М5 have the

following form

w1 = f1g1 − f2g2 − f3g3 + f4g4,

w2 = f2g1 + f1g2 − f4g3 − f3g4,
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w3 = f3g1 − f4g2 + f1g3 − f2g4,

w4 = f4g1 + f3g2 + f2g3 + f1g4.

Then ∂w1

∂x1
= ∂f1

∂x1
g1 + f1

∂g1
∂x1
− ∂f2

∂x1
g2 − f2

∂g2
∂x1
− ∂f3

∂x1
g3 − f3

∂g3
∂x1

+ ∂f4
∂x1
g4 + f4

∂g4
∂x1

, and
∂w2

∂x2
= ∂f2

∂x2
g1 + f2

∂g1
∂x2

+ ∂f1
∂x2
g2 + f1

∂g2
∂x2
− ∂f4

∂x2
g3 − f4

∂g3
∂x2
− ∂f3

∂x2
g4 − f3

∂g4
∂x2

.
Taking into account that the functions F (X) and G(X) satisfy the Cauchy-Riemann

conditions (4), we make sure that ∂w1

∂x1
= ∂w2

∂x2
. In a similar way it is proved that the function

W (X)satisfies all other equalities of (4), that is, it is a regular function. Proofs of 2 and 3
are carried out by direct verification.

The theorem is proved.

Theorem 6 Let F (X) = F (x1, x2, x3, x4) = (f1, f2, f3, f4) be a regular function in certain
domain. Then, at all points of this domain, the following equalities hold:

∂2fi
∂x2

1
+ ∂2fi

∂x2
2

= 0, ∂2fi
∂x2

1
+ ∂2fi

∂x2
3

= 0, ∂2fi
∂x2

1
− ∂2fi

∂x2
4

= 0,
∂2fi
∂x2

2
− ∂2fi

∂x2
3

= 0, ∂2fi
∂x2

2
+ ∂2fi

∂x2
4

= 0, ∂2fi
∂x2

3
+ ∂2fi

∂x2
4

= 0,
∂2fi
∂x2

1
+ ∂2fi

∂x2
2

+ ∂2fi
∂x2

3
+ ∂2fi

∂x2
4

= 0, ∂2fi
∂x2

1
+ ∂2fi

∂x2
2

+ ∂2fi
∂x2

3
+ ∂2fi

∂x2
4

= 0,
∂2fi
∂x2

1
+ ∂2fi

∂x2
2
− ∂2fi

∂x2
3
− ∂2fi

∂x2
4

= 0.

where i = 1, 2, 3, 4.

The proof follows directly from the Cauchy-Riemann conditions.

Definition 7 The integral of a four-dimensional regular function is the antiderivative of this
function of the following form∫

F (X)dX = W (X) + C

where W (X) is any of the antiderivatives, C = (C1, C2, C3, C4) is a four-dimensional
arbitrary constant.

Define the basic properties of the integral [1,2]:

1.

∫
(AF (X)±BG (X))dX = A

∫
F (X)dX ±B

∫
G (X)dX + C,

2.
d
(∫

F (X)dX
)

dX
=

∫
F (X)dX,

3.

∫
F (X)

dX
dX=F (X) +C.

Based on the definitions and properties of the derivative and antiderivative, below is
presented the table of four-dimensional functions
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1. Derivative

dC

dX
= θ;

Xn

dX
=
Xn−1

n− 1
;
LnX

dX
=
J1

X
;
aX

dX
= aX lna;

sinX

dX
= cosX ;

cosX

dX
= −sinX ;

eX

dX
= eX ;

tanX

dX
=

J1

cos2X
;
arcsinX

dX
=

J1√
J1 −X2

;
arctanX

dX
=

J1

J1 +X2
.

2. Antiderivative

∫
θdX = C;

∫
XndX =

Xn+1

n+ 1
+C, n 6= −1;

∫
dX

X
= LnX+C;

∫
aXdX =

aX

lna
+C;

∫
sinX dX = −cosX + C;

∫
cosX dX = sinX + C;

∫
eXdX = eX + C;∫

dX

cos2X
= tanX +C;

∫
dX√
J1 −X2

= arcsinX +C;

∫
dX

J1 +X2
= arctanX +C.

where θ = (0, 0, 0, 0) is four-dimensional zero, J1 = (1, 0, 0, 0) is four-dimensional unit.

3 Conclusion

In this article, functions of a four-dimensional variable in the space M5 and their properties,
as well as continuity and differentiability have been investigated. The types of elementary
functions, such as sine, cosine, hyperbolic sine and cosine, exponential, logarithmic,
exponential and power functions are defined using spectral values. Theorems on the continuity
and differentiability of functions of a four-dimensional variable in the space M5 are proved.
The regularity of functions of four-dimensional variables is proved, and the Cauchy-Riemann
conditions for the differentiability are defined. This work is of an overview type and is a
continuation of research paper [3]. The results of the study show that the analysis of functions
of a four-dimensional variable, their properties, continuity and differentiability of functions
have an analogy with the studies in work [1]. Furthermore, the obtained results show that
the theory of functions of a four-dimensional variable of space M5 is a generalization of the
theories of real and complex analyzes.
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