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INVERSE PROBLEMS OF PARAMETER RECOVERY IN DIFFERENTIAL
EQUATION WITH MULTIPLE CHARACTERISTICS

Inverse problems - the problem of finding the causes of known or given consequences.
They arise when the characteristics of an object of interest to us are not available for direct
observation. These are, for example, the restoration of the characteristics of the field sources
according to their given values at some points, the restoration or interpretation of the original
signal from the known output signal, etc. This paper studies the solvability of finding the
solution of a differential equation of inverse problems. The work is devoted to the study of
the solvability in Sobolev spaces of nonlinear inverse coefficient problems for differential
equations of the third order with multiple characteristics. In this paper, alongside with
finding the solution of one or another differential equation, it is also required to find one
or more coefficients of the equation itself for us to name them inverse coefficient problems. A
distinctive feature of the problems studied in this paper is that the unknown coefficient is a
numerical parameter, and not a function of certain independent variables.

Key words: Inverse problems, third-order equations, multiple characteristics, numerical
parameter, solvability.

A M Koxanos?, V. V. A6uikanpos®* . P.Anryposa?,
1C.JI. CobosteB aThinmars! MaTeMaTHKa HHCTHTYTHI, Peceit, HoBocuGupcxk k.
2Hoocubupck MemiekeTTik yrusepcureri, Peceit, HoBocubupcek K.
30n-Dapabu areigarsr Kazak yarTeik yEnsepenteri, Kazakcram, AiMaTsl K.
4MaremaTrKa yKoHe MaTeMATHKAJBIK MMy HHCTHTYTHI, Kasakcran, AJMaTh K.

Curnmnarramasiapbl ecesii audpdeHeHnaNablK, TeHAeyJiepaeri nmapamMmeTrp/Ii
KaJIIbIHA KeJITipydiH Kepi ecedi

Kepi ecenrrep - Genrisi Hemece 6epiyiren acepJiep/iin cebenrepin Tady moceseci. Ourap 6i3i
KBI3LIKTBIPATHIH O0bEKTIHIH cHIIaTTaMaaaphbl TiKeJel ODakblaay YIMH KO KeTiMIi 6oaMaran
Ke37e maiia 6osasbl. By, Mbicasibl, Keiibip HyKTesep/eri oapbiH OelriieHreH MoH1epine
coliKec epic KO3/epiHiH curaTrTaMaJapbiH KAJIIbIHA KeJITipy, OeJITiIl MbIFbIC cUrHAJIbIHAH Oa-
CTAITKBI CUTHAJIJIBI KAJITIBIHA KEJITIPY HeMece HHTepIpeTalusiiay koue 1.0. bepinren xxymbicra
613 auddepeHnnaIbK, TeHIeyTe KONbIIFaH Kepi ecenTin MemnmMIiIria 3eprreiimis. 2KyMbic
GipHerre curaTTaMaJjapbl 0ap yiiiHmi perti auddepeHnuaiiblK TeHaeyIep YITH ChI3bIKThI
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4 Inverse problems of parameter recovery ...

emec kepi Koadpdurmentti ecenrepinin CoboseB KeHICTIrH/IE MENMIINH 3epTTeyre ap-
Hajran. bya Makamama Oenrimi Oip muddepeHIuaaIblK TeHASYIiH MeniMiH i31eyMeH Ka-
Tap TeHjey/iH Oip Hemece OGipaere Kod(hduimeHTTepin Taby Jia Tajaam eTiiel, COH/IbIKTaH
oJapIbl Kepi KodPUIMEHTTIK ecenTep el aTailMbi3. Byt »KyMbIcTa 3epTTeIreH ecenTep/Iin,
alipbIKIIIa epekIeiri oesriciz koaddurmenT Gesrii 6ip Toyesici3 affHbIMAIbLIAPIBIH, (PYHK-
[IASICHI €MeC, CAHIBIK ImapaMeTp OOJIBIIT TabbLIA Ik,

Kintrik ce3nep: Kepi ecenrep, ymiinim perti Tenaeysep, ecei CUMATTAYBINITAD, CAHJIbIK,
IapaMeTp, IIeIMILIK.

A M Koxanos™?, V.V. A6eikaupos >4, I.P.Amyposa®

Mucruryr maremarukn um. C.JI. Coborea CO PAH, Hosocubupck, Poccust
2Hoocubupckuii rocyaapersennbiii yansepentet, Hoocubupek, Poccns
3Kaszaxckuil HaIMOHAIBHBIA yHIBepcHTeT MMenn anb-Papabu, Kazaxcran, r. Avarst
AMHCTHTYT MATEMATHKI U MaTeMaTHUIECKOro Mojeauposanns, Kasaxcran, r. AiMaTsr

OO6parHble 3aja4 BOCCTAHOBJIEHUs MTapaMeTpoB B AuddepeHnnaabHOM
YPAaBHEHUM C KPATHBIMU XapaKTEPUCTUKAMU

ObparHble 3aJa91 - 3a/1a9a HAXOXKJIEHUS IMPUINH U3BECTHBIX WJIM 38 JaHHBIX CJIEJICTBUIL.
OHu BO3HUKAIOT, KOT/Ia XapaKTePUCTHKU MHTEPECYIOIIEro HAC 00beKTa HeIOCTYITHBI JIJIsi HeTIO-
CPEJCTBEHHOI0 HAOJIOIEHUsI. DTO, HAIIPUMED, BOCCTAHOBJIEHHE XapaKTEPUCTUK UCTOYHUKOB
OJIST B COOTBETCTBHUH C UX 3aJ[@HHBIMU 3HAUYEHUSIMH B HEKOTOPBIX TOYKAX, BOCCTAHOBJICHUE
WA WHTEPIIpeTalisi KCXOHONO CUTHAJIA W3 U3BECTHOI'O BBIXOJHOIO CUTHAJA U T.J. B gaHHOit
paboTe ucciieyeTcss pa3peninMOoCTb HaX0XK/IeHUs pertenns TuddepeHInaIbHOT0 ypaBHEeHNsT
obpaTHbBIX 3a/1a49. PaboTa MocBsIneHa UCC/IeIOBAHUIO pa3pelnnuMocTi B mpocTpancTBax Cobo-
JIeBa HeJTMHEHHBIX 00paTHBIX KO3MMUIMEHTHBIX 3a/1a4 J71s1 ud depeHIna bHbIX ypaBHEeHU T
TPEThEero IMOpsiIka ¢ MHOXKECTBEHHBIMHU XapaKTepUCTUKaMU. B 9Toil craTbe, Hapsiay C II0-
HUCKOM PEIIeHUsl TOro Wi WHOro juddepeHnuaibHOr0 ypaBHEeHNsI, TaKKe TpedyeTcss HalTh
OJIMH WJIM HECKOJILKO KOI(D(PUITMEHTOB CAMOI'0 ypaBHEHNU S, YTOOBI Mbl Ha3BAJIM UX 0OpATHBIME
ko3 dunmerTHBIMI 3a1a9aMi. OTIHIUTE/IbHON 0COOEHHOCTBIO 3a/1a4, U3yIaeMbIX B JAHHOMN
pabore, sBJIAETCA TO, YTO HEM3BECTHDIN KOI(MDPUITMEHT sIBJISETCHA UMCJIOBBIM IapaMeTPOM, a
He (pyHKIMEN OIpe ie/IeHHbIX HE3aBUCHUMBIX 1T€PEMEHHBIX.

KiroueBbie ciaoBa: ObparHble 3a/1a9u, YpaBHEHUS TPETHETO MOPsiIKa, KpAaTHbIE XapaKTe-
PUCTHUKH, YUCJOBON HapaMeTp, pa3perrmMoCThb.

1 Introduction

The work is devoted to the study of the solvability in Sobolev spaces of nonlinear inverse
coefficient problems for differential equations of the third order with multiple characteristics.
In this paper, alongside with finding the solution of one or another differential equation, it
is also required to find one or more coefficients of the equation itself for us to name them
inverse coefficient problems. Various aspects of the theory of inverse coefficient problems for
differential equations are well covered in the world literature - see monographs [1-17|. At
the same time, it should be noted that there are not many works devoted to the study of
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the solvability of inverse problems for differential equations with multiple characteristics - we
can only name the works [17-19].

A distinctive feature of the problems studied in this paper is that the unknown coefficient is
a numerical parameter, and not a function of certain independent variables. Similar problems
were studied earlier, but only for classical parabolic, hyperbolic and elliptic equations - see
papers [20-29]. The inverse problems of determination for differential equations with multiple
characteristics, together with the solution of numerical parameters, which are the coefficients
of the equation itself, have not been previously studied.

It should be noted that differential equations with constant coefficients are often obtained
by mathematical modeling of processes taking place in a homogeneous medium - see papers
[30, 31]. If in this case the coefficients characterizing certain properties of the environment
are unknown quantities, then we will automatically obtain inverse problems with unknown
parameters. All constructions and arguments in this work will be carried out using Lebesgue
spaces L, and Sobolev spaces Wé. The necessary information about functions from these
spaces can be found in monographs [32-34].

2 Problem statement

Let € be an interval on the Oz, @ be a rectangle {(x,t): x € Q, t € (0,7)} (0 < T < +00).
Further, let N(x) and f(z,t) be given functions defined for x € Q, ¢t € [0,7], A and 3 be
given real numbers.

Inverse Problem I: it to find the function u(x,t) and a positive number « connected
in the rectangle () by the equation

AUy = Uy + fu = f(,1), (1)
when the following conditions for the function u(x,t) are met.
u(z,0) =0, z€Q; (2)
u(0,1) = u;(0,1) = upe(1,8) =0, t € (0,T); (3)
/N u(z, T)dx = A. (4)

Inverse Problem II: it to find the function u(x,t) and a positive number « connected
in the rectangle ) by the equation

Ut — OUggy + B’LL = f(l',t), (5)

when the conditions (2)—(4) for the function u(x,t) are met .

In inverse problems I and II, conditions (2) and (3) are the conditions of the
general initial-boundary value problem for a third-order differential equation with multiple
characteristics, while condition (4) is the initial integral overdetermination condition, the
presence of which is explained by the presence of an additional unknown value of the
coefficient (parameter).

Differential equations (1) and (5) have a simple model form. Possible generalizations of
these equations and possible enhancements and generalizations of the obtained results will
be described at the end of the work.
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3 Solvability of Inverse Problem 1.

The study of the solvability of the inverse problem will be carried out by a method based on
the transition from the original problem to a new problem for a nonlinear integro—differential
equation — see works [26-29].

Let Ry be a given positive number, ¢;(v) be the function

o1(v) = / N () [0, ) — Bo(z,1)] da d.
Q

Let us consider the following problem: to find a function wu(zx,t) which is a solution to the
equation in the rectangle )

Ry + o1 (u)
A

and conditions (2) and (3) must be satisfied for that function.

In the boundary value problem (6), (2), (3), equation (6) is an integro—differential
equation, called in some sources as "loaded" [35, 36].

Let po be a number from the interval (0, 1). Let us consider the following:

i@, t) = (T = 1) f(z,1),
2BAT/?
(1 — po)

1 /
KO = 2— <K1 -+ K% —+ 4M0K2> .
Ho

Theorem 1 Let the following conditions be satisfied

T1/2
K1 = 5 IVl el a0y, Ko =

[N Lo 1 fill La(@)

Ok f(z,t) —

f@0,t) = f.(0,t) = fou(1,t) =0 mnpu te (0,7);
Jpo € (0,1): Ko < Ry.

Then the boundary value problem (6), (2), (3) has the following u(x,t) solution, u(x,t) €
Ly(0, T3 W3(9)), ue(x,t) € La(Q), |1 (u)| < polr.

Proof. For the number p = p1oR; let us define a function G, (§):

& if <,
Gu(f) - 22 Zf f > M,

Let us consider the following problem: to find a function u(z,t) that is a solution to the
equation in rectangle ) and such that conditions (2) and (3) are satisfied for it.



A.I.Kozhanov et al. 7

By + Gulpa(u)] _
A ut_uxxz+ﬁu_f(x’t) (6H>

Using the regularization method, a priori estimates and the fixed point method we will
show that this problem has a regular solution (that is, a solution that has all its derivatives
generalized according to S.L. Sobolev).

Let € be a positive number. Let us consider the following problem: to find a function
u(z, t) which is a solution to the equation

Ry + Gu(@l (u))
A

in the rectangle @ and such that conditions (2) and (3), as well as the condition (8) are
satisfied

U — Uggy — EUgzzzas + B'LL = f(iC, t) (7)

Let V be the set of functions v(x,t) such that v(z,t) € Ly(0,T;WE(Q)), vi(x,t) €
Ly(0,T; Ly(2)), and the function v(z,t) satisfies conditions (2), (3), and (8). Let us give
this set the following norm

1/2
lolly = / (0 + 0?02 dudt
Q

Obviously, the set V' with this norm will be a Hilbert space.
For a function v(z,t) from the space V', we will consider the following problem: to find a
function w(z,t) which is a solution to the equation

Ry + Gu(@l (U>)
A

U — Uggy — EUgzzzas + ﬁu = f(l", t) (9)

and such that conditions (2), (3), and (8) are satisfied for it. In this problem, differential
equation (9) is a linear parabolic equation of the sixth order, while boundary conditions (3)
and (8) are self-adjoint. Consequently, this problem is solvable in the space V' (this fact can
be proved directly using the classical Galerkin method with the choice of a special basis).
The solvability in the space V' of the boundary value problem (9), (2), (3), (8) means that
this problem generates an operator ® acting from the space V' and associating the function
v(x,t) from V with the solution u(z,t) of the boundary value problem (9), (2), (3), (8). Let
us show that this operator has fixed points in the space V. First, let us note that for the
solutions of the boundary value problem (9), (2), (3), (8) there is a priori estimate

lullvy < K| £l o) (10)

(natural for parabolic equations), where the constant K is determined only by the numbers
B, T and e. It follows from this estimate that the operator ® takes a closed ball of radius
R* = K||f||£.(q) of the space V into itself.

Let us show now that the operator ® is continuous on the space V.
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Let {v,(z,t)}22, be a sequence of functions from the space V' converging to a function
vo(z, t). If we put u, = ®(v,), ug = ®(vo), Uy, = v, — Vo, U, = Uy, — U, then we will have the
following equality

Ry + Gu(pi(v))
A Ung

- ﬂnmxac - gﬂnxxa:xxx + ﬂﬂn - %[GM(¢1 (UO)) - Gu(wl (UN))] (11)

Since the function G ,(€) is Lipschitz, and the inequality |G, (§)| < |£], then we will have the
following estimate

|Gulp1(v0)) = Gulpr(vn))] < l1(Tn)]. (12)

Now repeating for equality (11) the proof of estimate (10), taking into account
inequality (12) and taking into account that ¢;(7,) — 0 as n — oo (due to the convergence
of the sequence v,(x,t) in the space V to the function vy(x,t))), we see that the convergence
takes place u,(x,t) — 0 as n — oo. And this means that the operator ® is continuous
everywhere in the space V.

Let us now show that the operator ® is compact.

Let {v,(z,t)}22, be an arbitrary bounded sequence of functions from the space V. Since
the embedding W3 (Q) C La(Q) is compact [32-34], it follows from the sequence {v, (x, )},
that a subsequence {vy, (z,t)}2,, strongly converging in the space Ly(Q) to some function
vo(x,t) belonging to the space V. Let us note that the boundedness in the space V of the
sequence {vy,, (z,t)}72, and the strong convergence of the sequence {v,, (x,t)}72; in the space
Ly(Q) implies that the sequence {vy, zur (2, 1) }52 is fundamental in the space Lo((Q)). Indeed,
we will have the following equality

/(Unkxxx - Umxmx)Q dl’ dt - - /(Unk - Um)(“nkxxxmcx - Umxmxmxw) dl’ dt
Q Q

It follows from this equality that the sequence {vy, zor(x,)}52,
If we put u,, = ®(vy,), v(z,t) = vy, (2,1) — vy (2, 1), up(x,t) = uy, (x,t) — up, (2, 1),
then we will have the following equality

By + Gu(er(un,))
A

Repeating for this equality the proof of estimate (10) and taking into account the
fundamental nature of the sequences {v,, (x,%)}7°, and {vn, 222 (7, 1) }32, in the space Ly(Q),
we see that the sequence {u,, (z,t)}2, is fundamental in the space V.

Thus, from any sequence {v,(x,%)}>°, bounded in the space V, one can extract a
subsequence {v,, (z,t)}32, such that the sequence {®(v,, )}, is fundamental in the space
V. And this means that the operator ® is compact in the space V'

Everything proved above means that for the operator ® on the ball of radius R* of the
space V', all conditions of Schauder’s theorem are satisfied. Consequently, the operator ® has
at least one fixed point in the space V. Obviously, this fixed point will represent the solution
of the boundary value problem (7), (2), (3), (8).

Let us show that under the conditions of the theorem for the solutions w(z,t) of the
boundary value problem (7), (2), (3), (8), there are a priori estimates uniform in the

Uit — Ukizge — EUkizzzzzs + Bk = Z%(%l)%,t- (11)
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parameter E, which will allow us to establish the existence of solutions to the boundary
value problem (6 ), (2), (3). We multiply equation (7) by the function —t,zzqq.(2,t) and
integrate over the rectangle . Applying the formula for integration by parts both on the left
and on the right in the obtained equality, we obtain the first estimate uniform in e

1/2 1/2

/ u?,, drdt §% / f2  dxdt : (13)
Q Q

At the next step, we multiply equation  (7) by the function (7" — t)u(z,t)
and integrate over the rectangle (). Taking into account the inequality
Ry + Gu(pr1(uw)) > (1 — po)Ry and applying Helder’s inequality , we obtain that for
the solutions u(z,t) of the boundary value problem (7), (2), (3), (8), the second estimate
uniform in ¢ is satisfied

1/2 1/2

2A
u? dx dt < / 2 dx dt ) 14
Q/ T (1= po)Ba J /i (1)

We should note that at the first step, one more estimate uniform in ¢ is derived

1
6/“3::1:11’:&1 dx dt < 3 / f2 . dxdt. (15)
Q Q
Finally, there is also the obvious last estimate in e,
/uf drdt < C’U/f2 dx dt, (16)
Q Q

where the constant C is determined by the numbers 3, o, Ry n T. Estimates (13) - (16), as
well as the reflexivity property of the Hilbert space, allow, after choosing a sequence {e,,}>°_,
of positive numbers that monotonically tends to zero, to go over to the family of solutions to
boundary value problems (7), (2), (3 ), (8) with {&,,}>°_; to a weakly converging subsequence
and then, in the limit, obtain a solution u(z, t) of the boundary value problem (6,), (2), (3),
and the solution for which the estimates (13) , (14) and (16). For this solution, due to the
inequality
1/2 1/2

[o1(u)] < TY2| NIy / g drdt |+ BTN |1y 0) / whddt )
Q Q

of estimates (13) and (14), as well as the condition K, < R;, we will obtain the following
estimate

p1(u)| < poRi.

Therefore, for the found solution u(z,t) of the boundary value problem (6,), (2), (3), the
equation G, (¢1(u)) = ¢1(u) will be satisfied. This means that the found function u(z,t) will
be the desired solution of the boundary value problem (6), (2), (3). The theorem is proved.
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Theorem 2 Let the following conditions be satisfied

O f(x,t) _

f((),t) = fm(oat) = fz:c(lvt> =0 npu te <07T>§

Juo € (0,1) : KOS/N(x)f(x,t)dxdt.
Q

Then inverse problem I has a solution {u(x,t),a} such that u(z,t) € Lo(0,T;W3(Q)),
u(z,t) € La(Q), a > 0.

Proof. In the boundary value problem  (6), (2), (3), we will take the number
J N(z)f(z,t)dxdt as the number R;. According to Theorem 1, this problem has a regular
Q

solution u(x,t). Let us define the numbera:

o — R1 +301(u)

- (17)

It is obvious that the number will be positive and that the number « and the function u(z, t)
are related in the rectangle @ by equation (1). Let us show that the function u(z,t) will
satisfy the overdetermination condition (4).

A consequence of equation (1) is the equality

t t

au(z, 1) — / (2, 7) — B, 7)] dr = / o 7)dr

0 0

Setting ¢ = T in this equality, then multiplying it by the function N(x) and integrating over
(), we obtain the ratio

a/N(x)f(x,T) dr = Ry + p1(u).
Q
On the other hand, representation (17) gives the equality

aA = Ry + p1(u).

From the two obtained equations and from the positiveness of the number o and we will see
that for the solution u(x,t) of the boundary value problem (6), (2), (3) with the above number
Ry, the overdetermination condition (4) is satisfied. Consequently, the function u(z,t) and
the number « give the desired solution to Inverse Problem I. The theorem is proved.

4 Solvability of Inverse Problem II

We will use a method based on the transition from the studied inverse problem to some direct
problem for a nonlinear loaded differential equation again.
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Let R; be a given positive number, N;(z) is a function for which the following equalities
are satisfied.

NI(@) = N(@),  Ni(0) = N}(0) = NY/(1) =0,
@o(v) where
902(U)=/N()(dex+ﬁ/N1 v(z,t)drdt.

Let us consider the following problem: to find a function wu(z,t) which is a solution to the
equation
wy Ry — pa(v)
A
in rectangle () and such that conditions (2) and ( 3) are satisfied. This problem is an auxiliary
direct problem for a loaded differential equation.
Let g be a number from (0, 1). We will then have the following

fo(z,t) = (T —t) fu(z, 1),

M, = \/7||N1||L2(Q)HftHL2(Q)’

BATY2|| Ny || Ly
(1 - Mo)

1 /
Mg (Ml + M + 4MOMZ>
2#0

Theorem 3 Let the following conditions be satisfied:

Upzr + Pu = f(2,1) (18)

My = (I fell 2@ + 20 foll22(@))

N(x) € Ly(Q); >0, A>0;

O (x, 1) - 90, 1) -
2 I e k= 1=02 2 2-Y_0 k=01
axkﬁtl € 2(Q)7 737 07 ’ 8xk8tl 0» )

_ (L) —

=02, t€(0.7), —g5o— =0 1=032 1e(07)
l
IO oy _51, ven
ott

3#06(0,1)3 M()SRL

Then the boundary value problem (18), (2), (3) has a solution u(x,t) such that u(z,t) €
Ly(0,T; W3(Q)), wi(z,t) € La(Q), |1 (u)] < poRy.

Proof. Let p be the number pyR;, ©2(v) be the functional.

/N1 xtdmdt—i—ﬁ/ /N1 w(z,7)dr | dzdt.
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Let us consider the problem: to find a function w(x,t) that is a solution of the equation

W — Rl - Gu(@Q(w))
! A

in the rectangle @ and such that conditions (2) and (3) are satisfied for it. Repeating the

proof of the solvability of problem (6,,), (2), (3), it is easy to show that under the conditions

of the theorem this problem has a solution w(ac t) such that w(z,t) € Lo(0,T; W3(Q)),
wi(x,t) € Lo(Q). We define the function v(x,t) as

t

vz, t) = /w(x,T) dr.

0

Since fi(z,0) = 0, then for the function v(z,t) in the rectangle ) the equation

By — Gulp2(v))
A

V¢ —

Umzr+ﬁv:ft(x>t)a (20)

will be satisfied and conditions (2) and (3) will also be satisfied. Let us show that the required
a priori estimates hold for the functions w(z,t) and v(x,t). Let us multiply equation (19) by
the function (7 — t)w(zx,t) and integrate over the rectangle @). After simple transformations,
we obtain the estimate

1/2 1/2

/w2d:1:dt <2 /f;d:vdt : (21)
Q Q

At the next step, we multiply equation (20) by the function v(x,t) and integrate over the
rectangle (). The consequence of the obtained equality will be the second estimate

/vz(x,T) dzx < %/ft2 dx dt. (22)
Q

Q
Next, we multiply equation (20) by the function —v,,,(z,t) and integrate over the rectangle
Q. Using the inequality Ry — G, (p1(v)) > (1—po) Ry, applying Helder’s inequality and taking
into account the estimate (21 ), we obtain inequality

1/2

A
dx dt < — 2 : 23
Q/ adedt] < g (il + 2 o) (23)

Inequalities (22) and (23) make it possible to estimate |po(v)]:

1/2 1/2

0a2(0)] < IV |y / Zdr| 4 BTV Ml / Gdvdt| <
Q Q
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1/2
<. /2 N TV N 2 dxdt <
< BH Ul zo@ 1 fill o) + BT N1l o) Uy A <
Q
M.
< My + 52 (24)
R,

The resulting estimate and the inequality My < R; from the conditions of the theorem mean
that the inequality [p2(v)| < poR: is satisfied, and then the equality G, (¢2(v)) = @2(v) is
satisfied. The last equality means that the solution v(x,t) to equation (20) is a solution to
the equation

R —pa(v)

vy I Vewe + PV = fi(z,1).

Let us define the function u(z,t) in the following form:

t

u(z,t) = /v(x,T) dr.

0

Since f(z,0) = 0, the function u(x,t) will be a solution to equation (18). The function
u(z,t) belongs to the required class, conditions (2) and (3) are fulfilled for it, as well as the
inequality |po(us)| < poRy is satisfied. The theorem is proved. We will set the following

Ry = /Nl(x)f(x,T) dx.

Theorem 4 Let Ry R1 be positive, and all conditions of Theorem 3 are satisfied for it and for
a given function f(x,t) and for 5 number. Then inverse problem II has a solution {u(z,t), a}
such that u(z,t) € Ly(0,T; W3(Q)), w(z,t) € La(Q), o > 0.

Proof. For the indicated number R;, let us consider the boundary value problem (18),
(2), (3). According to Theorem 3, this problem has a solution wu(z,t) such that u(z,t) €
Ly (0, T; W3(Q)), ug(w,t) € La(Q), |pa(us)| < poRy . We will define the number a:

o Ry — 902(%&).

I (25)

It is obvious that this number and the function u(z,t) will be related in the rectangle @
by equation (5), and that the number a will be positive. Further, the function u(x,t) will
satisfy the overdetermination condition (4) - this is proved quite similarly as the proof of the
fulfillment of the overdetermination condition in Theorem 2. Therefore, the solution u(z,t)
to the boundary value problem (18), (2), ( 3) and the number defined by formula (25) give
the desired solution to Inverse Problem II.

The theorem is proved.
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5 Remarks and additions

1. As mentioned above, the paper considers model equations with multiple characteristics.
It is easy to carry out all the reasoning and obtain theorems on the solvability of inverse
problems of T and II types for more general equations. For example, in equations (1) and
(5) the coefficient  can be a function of the variables x and ¢, there can be lower terms
(derivatives with respect to the variable x of the first and second orders), the coefficient of
the third derivative in equation (1) and the coefficient of the derivative with respect to
the time variable in equation (5) can be functions of independent variables. The number of
calculations and conditions in similar more general problems increases significantly, but the
essence of the results on solvability remains the same.

2. Along with inverse problems I and II, it is not difficult, practically repeating all
reasoning and calculations, to study the solvability of inverse problems with the setting
for # = 1 the value of the solution (and not the second derivative of the solution). All
statements of Theorems 1-4 on the existence of solutions remain valid, only the condition
fuz(1,t) = 0 will need to be replaced by the condition f(1,¢) = 0 (we only specify that in
the regularized problem for equation (7) additional boundary conditions will have the form
Uz (0, 1) = Uppe(1,1) = Uszze(1,8) =0 mpu ¢ € (0,7)).

3. It is easy to establish that the conditions Ky < R; of Theorems 1 and 2, py of Theorems
3 and 4 are satisfied for a fixed value of 70 and for a given function f(x,t) if the number 3
is large, but the number A is small.

4. Theorems 1 and 3 on the solvability of initial-boundary value problems for "loaded"
differential equations with multiple characteristics (as well as similar theorems with the
replacement of the condition w,,(1,¢) = 0 by the condition u(1,¢) = 0) have, in our opinion,
an independent value.

6 Conclusion

In this paper we investigate the inverse problem for differential equations with multiple
characteristics. The paper shows the results of the study of solvability in Sobolev spaces.
Inverse problems arise when the characteristics of the object of interest are not available for
direct observation. A distinctive feature of the problems studied in this paper is that the
unknown coefficient is a numerical parameter rather than a function of some independent
variables. Similar problems have been studied before, but only for classical parabolic,
hyperbolic, and elliptic equations. It should be noted that inverse problems of determination
for differential equations with multiple characteristics, together with the solution of numerical
parameters that are coefficients of the equation itself, have not been studied before.
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ONE RESULT ON BOUNDEDNESS OF THE HILBERT TRANSFORM

In mathematics and in signal theory, the Hilbert transform is an important linear operator that
takes a real-valued function and produces another real-valued function. The Hilbert transform is
a linear operator which arises from the study of boundary values of the real and imaginary parts
of analytic functions. Also, it is a widely used tool in signal processing. The Cauchy integral is a
figurative way to motivate the Hilbert transform. The complex view helps us to relate the Hilbert
transform to something more concrete and understandable. Moreover, the Hilbert transform is
closely connected with many operators in harmonic analysis such as Laplace and Fourier transforms
which have numerous application in partial and ordinary differential equations. In this paper, we
study boundedness properties of the classical (singular) Hilbert transform acting on Marcinkiewicz
spaces. More precisely, we obtain if and only if condition for boundedness of the Hilbert transform
in Marcinkiewicz function spaces.
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B maremaTuke u Teopuu cUraason Ipeobpazosanue ['mabbepra ABIIAETCS BayKHEHIINM JTHHETHBIM
OTIePATOPOM, KOTODBIH MEPEBOAUT (DYHKIMIO JIEHCTBUTEIBLHON IMEPEMEHHON B JIPYTYIO (DYHKITHIO
JeiicTBUTENbHON IepemenHoii. IIpeobpasoBanne ['mibbepra - JUHEHHBIH ONEPATODP, BO3ZHUKAIO-
YA 1IpU U3YYEHUU IPAHUYHBIX 3HAUYCHUN JEHCTBUTEJIBHOI M MHHUMOII YacTell aHaJUTUYECKUX
dyuxmmit. Kpome ToOro, 3To MUPOKO UCHOIL3YEMBII WHCTPYMEHT B 00paboTKe curHaaoB. Um-
terpas Ko - obOpasHblil criocob MOTHBHpOBaTh mpeobpasoBanue ['mianbepra. Kowmrekcroe
IIPEeJICTABJIEHNE TTOMOTaeT HAM CBSI3aTh mpeobpasoBanue ['manbepra ¢ 9eM-To 60ee KOHKPETHBIM
U IMOHATHBIM. Bosiee Toro, npeodbpaszosanue I'mibbepra TECHO CBA3aHO CO MHOTHMME OIIEPATOPAME
TapMOHMYIECKOTO aHAJIN3a, TAKUMHU KakK mpeobOpasosanus Jlammaca m Pypbe, KOTOPBbIE HAXOMAT
MHOT'OYNCJIEHHBIE TPUMEHEHNs B OOBIKHOBEHHBIX n(@EPEHINAIBHBIX YPABHEHUAX U B yDaB-
HEHUSX C YACTHBIMH MPOU3BOJHBIMU. B jannoft pabore mM3ydaroTcs CBOMCTBA OTNPAHMYEHHOCTH
KJIACCHIECKOTO (CHHTY/ISIPHOTO) mpeoOpa3oBanus [ mibbepra, JefiCTBYIOMEro Ha MPOCTPAHCTBAX
Mapnunkesnda. TowuHee, MBI HOJYYIHIN HEOOXOIMMOE U JIOCTATOYHOE YCJIOBHE OIDAHUYEHHOCTH
npeobpazoBanus ['mabdepTa B QYyHKIIMOHATLHBIX ITPOCTPAHCTBAX MapIiimHkeBma.

Kurouessbie cioBa: CumMerpuunbie(KBasu-) GaHAXOBBI [IPOCTPAHCTBA, Npeobpasopanne ['nib-
6epra, oneparop Kaspaepona, mpocrpancrso Mapruunkesuda.

1 Introduction

The Hilbert transform is one of the powerful operators in the field of signal theory. Given a
locally integrable measurable function f, its Hilbert transform, denoted by #H(f), is calculated
through the integral in the sense of principal value

(Hf)(t) = p.v.l /() ds = lim l/ &ds.
ls—t]>e

T pt—3s e=0+ T t—s

The Hilbert transform is named after German mathematician David Hilbert (1862-1943). Its
first use dates back to 1905 in Hilbert’s work concerning analytical functions in connection
to the Riemann problem. In 1928 it was proved by Marcel Riesz (1886-1969) that the Hilbert
transform is a bounded linear operator on L,(R) for 1 < p < oo. This result was generalized
for the Hilbert transform in several dimensions (and singular integral operators in general) by
Antoni Zygmund (1900-1992) and Alberto Calderén (1920-1998). Our investigation concerns
with boundedness of the Hilbert transform in so called rearrangement invariant Banach
function spaces which received a lot of attention since Boyd’s pioneer work in 1966 [1] (see
also |2]). We also refer the reader to recent papers [6-11] and references there in. In this note,
we study boundedness of the Hilbert transform from one Marcinkiewicz space to another.

2 Materials and methods

2.1 Symmetric Banach function spaces and their K6the dual spaces

Let (I, m) denote the measure space I = R, ,R, where R, := (0,00) and R is the set of real
numbers, equipped with Lebesgue measure m. Let L(I,m) be the space of all measurable
real-valued functions on [ equipped with Lebesgue measure m, i.e. functions which coincide
almost everywhere are considered identical. Define Lo(I) to be the subset of L(I,m) which
consists of all functions f such that m({t : |f(¢)| > s}) is finite for some s > 0.

For f € Lo(I) (where I = R, or R), we denote by f* the decreasing rearrangement of
the function |f|. That is,

) =if{s >0: m({|f] >s}) <t}, t>0.



N.T. Bekbayev, K.S. Tulenov 19

Definition 1 We say that (E(I),| - ||g)) is a symmetric (quasi-)Banach function space on
1, if the following conditions hold:

(a) E(I) is a subset of Lo(I);
(b) (E(I), - |em)) is a (quasi-)Banach space;

(c) If f € E(I) and if g € Lo(I) are such that g*(t) < f*(t),t > 0 then g € E(I) and
l9llzay < 1 llewm-

It is well known that L,(I), (0 < p < 00) is a classical example of symmetric (quasi-)Banach
space of functions

We say that g € Lo(/) is submajorized by f € Lo(I) in the sense of Hardy-Littlewood—
Pélya (written g << f) if

*(s)d *(s)d 0.
(Ag@)sélf%@s,tz

Let E be a symmetric Banach function space on I with Lebesgue measure m the Kothe
dual space £ on [ is defined by

s = {ocnon): [0l < oo, v e B |

The space E* is Banach with the norm

|Mmmx:mm{A V@ﬂmﬁrfEEU%HNmn§1}

If F is a symmetric Banach function space, then (E*,|| - ||gx) is also a symmetric Banach
function space (cf. [3, Section 2.4]). For more details on Kéthe duality we refer to [3,5].

2.2 Lorentz and Marcinkiewicz spaces

For the function ¢(t) :=log(1 +t), t > 0, the Lorentz space Ajog(]) is defined by setting

S (s)
Aiog (1) == {f € Lo(I): g 1+Sds < 00
+
equipped with the norm
f(s)
= ———ds.

Definition 2 [/, Definition II. 1.1, p. /9] A function ¢ on the semiaxis [0,00) is said to be
quasiconcave if

(i) o(t) =0t =0;

(ii) @(t) is positive and increasing for t > 0;
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(iii) @ is decreasing for t > 0.

Observe that every nonnegative concave function on [0,00) that vanishes only at origin
is quasiconcave. The reverse, however, is not true. But, we may replace, if necessary, a
quasiconcave function ¢ by its smallest concave majorant ¢ such that

1. ~
5¢§¢§¢

(see |3, Proposition 5.10, p. 71]). Let ¢ : [0,00) — [0,00) be a quasiconcave function for
which tlir& ¢(t) = 0 (or simply ¢(0+) = 0). Define the Marcinkiewicz space My(I) as follows
—

My(I) := {fELO sup¢ /f ds<oo}

t>0

with the norm

1 t .
1 fllae, () == stggw/o F*(s)ds

2.3 Weak-L; and L  + Lo spaces
Define the weak-L; space Lj o (I) by setting

Lioo(I) = {f € Lo(I) : suptf7(t) < oo}
and equip it with the quasi-norm

£ 2 = SUPEF(E), f € Liu(D).

The space L o (I) is a quasi-Banach symmetric space.
Equip the vector space Lo(I) on I with the topology of convergence in measure. The
space (L1 o + Loo)(I) = Ly (1) + Loo(I) consists of functions for which

1 llzrcor o)y = fillo ey + 1 follooiry o f = f1 + fo,
fl S Ll,oo(-[)’ f2 S LOO(I>} < oQ.

2.4 Calderén operator and Hilbert transform

For a function f € Ajoz(R4), define the Calderén operator S : Ajog(Ry) — (L1,00 + Loo) (Ry)

as follows
t 00 d
= %/0 f(s)ds—k/t f(s)?s, t>0. (1)

For more details on this operator, see for instance (3], [7]. If f € Ajg(R), then the classical
Hilbert transform # is defined by the principal-value integral

(Hf)(s / Ul dn, Vf € Aog(R), (2)

(see, e.g. [3, Chapter III. 4]).

We use standart methods of integration theory and the theory of rearrangement invariant
Banach function spaces. We also use some results on Kothe duality of rearrangement invariant
Banach function spaces.
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3 Main results

Let ¢ : [0,00) — [0,00) be a quasi-concave function. Define a function ¢ by the following

formula
s

t) = inf ———. 3
v = B S oe(D o
We need the following lemmas.

Lemma 1 If a function ¢ : [0,00) — [0, 00) is quasi-concave, then the function v defined by
the formula (3) is also quasi-concave.

Proof. First, it is easy to see that ¢(xz) = 0 if and only if x = 0. By changing variables in
(3), we obtain

Uw
= inf
Y0 = I Sl (1 + o))
Since ¢ is quasi-concave, it follows that
. UL W ) 1
uq) ;= inf = inf
v(u) w>1 ¢p(uyw)(1 + log(w)) — w>1 _¢(u“11;”) (1 + log(w))
. 1 . U2W
< inf = inf =Y(ug), 0<up < uo,
T w1 2) (] g () w>1 Pugw)(1 + log(w)) ¥(uz) 1 2

U W

which shows that v is increasing for any v > 0. Similarly, we can prove that @ is decreasing
for any u > 0, thereby completing the proof.

Let E and F' be symmetric spaces on R, with the Fatou property and let £* and F*
their Kéthe dual spaces on R, respectively.

Lemma 2 The operator S is self-adjoint with respect to Ly-pairing in the following sense
[ n@stsids = [ o) o
R, R,

for all non-negative functions x,y € Nog(Ry).
If E(RL), F*(Ry) C Ag(Ry), then S+ E(Ry) — F(Ry) if and only if S : F*(Ry) —
E*(Ry), and we have

1Sl ey rey) = IS Fx @e)>Ex @) (5)

Proof. The equality (4) follows from the formula (6.31) in [4, Chapter I1.7, p.138].

If S : E(R,) — F(R,), then S : F¥(Ry) — EX(R,). Since §* = S by (4), it follows
that S : F*(Ry) — E*(Ry).

Conversely, if S: F'*(Ry) — E*(R,), then S* : E**(R,) — F**(R,). Since E(R,) and
F(R) have Fatou property, we have E**(R;) = E(R;) and F**(R;) = F(R,). Therefore,
again using S* = S we obtain that S : E(R;) — F(R;). In this case, we have

ISIlE®)—F®) = sup sup /(Sf)(s)g(s)ds
1l <1l sy <1 1/
(4)
= sup sup f(s)(Sg)(s)ds| = ISl = my)smx ®e)s
||9||FX(R+)§1 Il @<t /Ry
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which completes the proof.

Theorem 1 Let ¢ and ¢ be increasing concave functions on [0,00) vanishing at the origin.
Suppose My(Ry) C Ajog(R4). We have

S My(Ry) — My(Ry)

if and only if
S(¢') == cpp ¥

Proof. Since My(R;)* = Ay(Ry), M,(R1)* = A,(Ry), and both spaces have the Fatou
property, it follows from Lemma 2 that

S My(Ry) — My(Ry)

if and only if
S Ap(Ry) = Ag(Ry).

But, by Lemma 8 and Lemma 9 in [8] the latter one is equivalent to
15X 0w 2@y < copp(u),  u>0,
which is, in fact, equivalent to
S(9) << cop- " (6)

Indeed, we have
I5x0mlin = [ Sx0n ()6 = [ Sxom(s)6 ()i
= [ Xowe)se s = [ (S w0
0 0

For the left hand side of (6), since ¢(+0) = 0, we have

con ¢ 0 = o [ ool w0 ©)
Combining (7) and (8), we obtain (6), thereby completing the proof.
Corollary 1 Let the assumptions of Theorem 1 hold. Then the Hilbert transform
H: My(R) — My (R)

1s bounded if and only if
S(¢') << cpp- ¢

Proof. Following the argument in [8, Corollary 13| mutatis mutandi, we obtain that the
Hilbert transform H : M,(R) — M,(R) is bounded if and only if S : My(Ry) — M,(R,).
Hence, the assertion follows from Theorem 1.
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Proposition 1 Let ¢ : [0,00) — [0, 00) be a quasi-concave function and let 1) be the function
defined by the formula (3). For every u > 0, there exists y € My(R ) such that ||y||a,@,) <

Cabs - V(u) and
X0 < Su(y).

Proof. Choose w > 1 such that

e V0 2 (1 Togla) 7 o

By (1), we have
(SX(0uw)) (1) = 1+ log(w), w > 1. (10)
Set y = u(y) = ﬁ%—%. Then by (10), we obtain
1= (Sy)(u) < (Sy)(t), t<u,

and, therefore, x(o..) < Su(y).
On the other hand, by (9) we obtain

. ; 1 1 min{t,uw}
=sup ——~ $,y)ds = < " Sup  —y ds
|Mm%)t£MWAMy) 1+mm>bg¢wA

1 1
= ———— sup {— min{¢, uw}}

1+ log(w) 0 | o(¢)
= s s o 2]
1+ log(w) i o(t)’ tZuE)u (1)
= 1 . ue < Caps lb(u)

1 +log(w)  puw)

This concludes the proof.

4 Conclusions

In this paper, we studied boundedness properties of the classical Hilbert transform acting on
Marcinkiewicz spaces. We obtained if and only if condition for boundedness of the Hilbert
transform from one Marcinkiewicz space into another. We obtained results by using standart
methods of integration theory and the theory of rearrangement invariant Banach function
spaces. The results can be further used to identify the optimal range of the Hilbert transform
acting on Marcinkiewicz spaces.
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ON UNIVERSAL NUMBERINGS OF GENERALIZED
COMPUTABLE FAMILIES

The paper investigates the existence of universal generalized computable
numberings of different families of sets and total functions. It was known that for
every set A such that (' <; A, a finite family S of A-c.e. sets has an A-computable
universal numbering if and only if & contains the least set under inclusion.
This criterion is not true for infinite families. For any set A there is an infinite
A-computable family of sets § without the least element under inclusion that has
an A-computable universal numbering; moreover, the family & consist pairwise
not intersect sets. If A is a hyperimmune set, then an A-computable family F' of
total functions which contains at least two elements has no A-computable universal
numbering. And if deg;(A) is hyperimmune-free, then every A-computable finite
family of total functions has an A-computable universal numbering. In this paper
for a hyperimmune-free oracle A we show that any infinite effectively discrete family
of sets has an A-computable universal numbering. It is also proved that if family
S contains all co-finite sets and does not contain at least one co-c.e. set, then this
family has no 3, '-computable universal numbering.

Key words: Rogers semilattice, Ershov hierarchy, computable numbering, universal
numbering, hyperimmune set.
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KannbutanraH ecenresiMai yiipiepaid, yHuBepcas HeMipJeysiepi

Byt »)kyMbIcTa YKUBIHJIAP/IAH KoHE OAPJIbIK, XKep/ie aHbIKTAJFaH (PyHKIIUIAP/IaH
KypaJiFaH op TypJil yilipJiep/iiH, yHUBepcaJl KaJlIblJIaHFaH ecelTe M Il HoMipJeyJiepi
60/Iybl TypaJsibl cypakTap 3eprreseii. BypbiHHaH Gesriii Ke3 KeareH A KUbIHBI
yutin, 6y xepae O <p A, A-e.c. S axpIpubl yitipinge A-ecemremiMmi yHEBEpPCAT
HeMipJiey 00JI1aJibl, COHJIa TE€K COHJIa fana S YHipi iMKi KUBIH KATHIHACHI OOBIHIITA
€H KiITi 371eMeHTTI KaMTbhIca. ByJ1 Kpurepuii 1mekci3 yitip/jep yImiH OpbIHIaIMai/Ibl.
Kes kenren A xublbbl yimiH A-ecenremiMi yHUBEpcaJ HOMipJeyi Oap imKi KUbIH
KATBIHACHI OOMBIHINA €H KiIli 3JIEMEHTTI KaMTBLIMANUTBIH KUBIHIAPJIAH KypaJraH
mekciz A-ecenremimai S yitipi TabbLIaIbl, COHBIMEH KaTap S VilipiHje OapJIblK, 3J1e-
MEHTTED KYITHIK KUbLIbICIIAi bl Erep A— rurnepuMMyH Ibl XKUBIH 00JICa, OHJIA KEM
Jierenjie eKi 3jieMeHTi 6ap OapJIbIK, *Kepjie aHbIKTaJraH (PYyHKIUAIapIaH KypaJraH
A-ecenrrenivi F o yitipiage A-ecenrestiMii yHUBepcas HeMipseyl Oomaiiibr. At
erep deg;(A) rumepuMMyHIB-60¢ 6oJica, OHJIA 9pOIp OapJIbIK Kep/ie aHBIKTATFaH
dyuknmaIapaan Kypasiaran yiiipgae A-ecemresiMi yHEUBepcas HOMipJeyi 60saIbl.
By xkywmbicra 6i3 A-runepuMMyHIBI-00C OpaKy/IbIMEH eCenTeseTiH YKUbIHIAD/IaH
KypaJifaH Ke3 KeJareH Imekci3 3¢hdekTuBTi auckperTi yitipiaepge A-ecerrremimii
yHUBepcaJl Hemipesayi OosaTbiabiH KepceTTik. CoHmaii-ak, erep S yilipi 6apJibik

(© 2022 Al-Farabi Kazakh National University
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TOJIBIKTAYbI AKBIPJIbI KUBIHJIAP/IbI KaMTBICa »KOHE KeM JiereHjie Oip TOJIbIKTaYbl
PEKYPCUB CaHAIBIM/IBI KUBIHIBI KaMThIMaca, OHJa Oy YHip/aiH yHHUBepcaa X, L
ecenTeiMIi HoMipJsieyi OOJIMANTBIHDBI JIOJIE/TJICH .

Tyitin ce3nep: Pomxkepc xapTbl Topbl, EpImoB mepapxuscel, ecentesiM/ai HOMIp/EY,
YHUBEPCAJ HOMIpJIeY, TUIIEPUMMYH/IbI XKUbIH.

A.A. Ucaxos, B.C. Kanmypsaes, @. PakbIMKAHKBI3H™
Kazaxcrancko-Bpuranckuii TexHuueckuii yausepcurer, Kazaxcras, 1. AjiMarsl
xe-mail: fariza.rakymzhankyzy@gmail.com
O6 yHuUBepCaJbHBIX HyMepamuax O00OOHMIEHHO BBIYNUCJINMbBIX CEMEMCTB

B pabore wucciemyercss BOIPOCHI CYIIECTBOBAHUS YHUBEPCAJIBHBIX O0ODIIEHHO-
BBbIYUCJAUMBIX HYMepalldu Pa3J/InYHbIX CeMEHTB MHOXKECTB U BCIOAY OIPEJIeJICHHBIX
dyukmit. B0 W3BECTHO, YTO JIsT JTIOOOI0 MHOXKECTBO A Takoro, 4ro 0 <r A,
KOHEYHOE ceMeicTBO A -B.II. MHOXKEeCTB S mMeeT A -BBIUYUCIUMYIO YHUBEPCATHHYTIO
HyMepalliio TOr/ia U TOJILKO TOT/Ia, KOT/a S COAEPXKUT HAMMEHbIee 110 BKJIIOYCHUIO
MHO>KeCcTBO. JlaHHBII KpuTepuii He BEpHO /i OECKOHEUHBIX ceMeiicTs. s jrroboro
MHOXKecTBa A cyiecTByer 6ecKoHeUHOE A-BBIYHCIMMOE CEMEHCTBO MHOKECTB S 6e3
HAMMEHbIIIEro 0 BKJIIOYEHUIO 3JIEMEHTa UMEIONTU A-BBIUYUCINMYIO YHUBEPCATHHYIO
HyMepaluio, 6ojiee TOro B cemeiicTBe S Bce 9JIEMEHTHI TOIAPHO HE IePeceKaroTcs.
Ecmn A — runepuMMyHHOE MHOXKECTBO, TOraa A-BbIduc/imMoe ceMeiicTBo F BCIOLY
ompeeeHHbIX (DYHKINN CoJIepKaIiii He MeHee JIBYX 3JIeMEHTOB He MMeeT YHUBEp-
casibHON A-Bbramcaumoit Hymeparwn. A eciau degp(A) runepuMMyHHO-CBOOOJHO,
TOr/Ia Kask/10e A-BBIYUCIMMOE KOHEYHOE CeMeCTBO BCIOLY OIPEeIe/IeHHbIX (DyHKIIT
nMeeT A-BBIYUCIUMYIO YHHBEPCAJIbHYIO HyMepamuio. B jganHoil pabore mOKasbl-
BaeTcd, 9TO Ji0boe OeckoHedHOE SDGMEKTUBHO JMCKPETHOE CEMEHCTBO MHOXKECTB
C TUIIEPUMMYHHO-CBOOOJHBIM OpaKyjaoM A umeer A-BBIYHCIUMYIO YHUBEPCAJIb-
HyI0 HyMepamuio. TakxKe [M0Ka3bIBAETCs, UTO €CJAU CeMeHcTBO S COJIEPXKUT BCE
KO-KOHEUHBIE MHOYKECTBA W HE COJIEPXKUT XOTSIOBI OJIMH KO-B.II. MHOXKECTBO, TOTJIa
JIAHHOE CeMENCTBO He NMeeT YHUBEPCAJIBHYIO iy l—BbI‘{I/ICJH/IMyIO HyMepaluo.

Kuarouesbie ciioBa: nosyperniérka Pomkpeca, nepapxust EpiiioBa, Beraucmmast HyMe-
palus, yHuBepcaJbHas HyMepals, THIIePUMMYHHOE MHOXKECTBO.

1 Introduction

In this paper, we consider some issues, mainly related to universal numberings.
The interest in the study of such numberings is due to the fact that the
universal computable numbering of any family contains information about all
its computable numberings. Until now, various results have been obtained on
generalized computable numberings in the arithmetic hierarchy and in the Ershov
hierarchy. Most of the results in numbering theory are related to the study of
properties of Rogers semilattices. Recall some definitions of the theory of numberings
(see, for example, [1], [2] for details). Any surjective mapping « of the set w of
natural numbers onto a nonempty set S is called a numbering of S. Let a and 3 be
numberings of S. We say that a numbering « is reducible to a numbering 3 (written
a < ) if there exists a computable function f such that a(n) = B(f(n)) for any
n € w. We say that the numberings o and § are equivalent (written o = f) if a < 3
and g < a.



A.A. Issakhov et al. 27

Let A be a set of natural numbers, and let § be a family of A-computably
enumerable (in Ershov hierarchy ¥ ;-c.e.) set. We say that a numbering v of S'is A-
computable (in Ershov hierarchy X9 -c.) if its universal set {< z,n > |z € a(n)} is
A-c.e. (in Ershov hierarchy X9 -c.e.). Let Com(S) be the set of all A-computable (in
Ershov hierarchy X9 ,-c.) numberings of the family S. The numbering reducibility
relation is a preorder on Com#(S), (in Ershov hierarchy Com!_,(S)-c.) which in
the usual way induces some quotient structure R(S) (in Ershov hierarchy R} (S)),
which is an upper semilattice and is called the Rogers semilattice of A-computable
(in Ershov hierarchy ¥ -c.) numberings of the family S.

An A-computable numbering of a family S is wuniversal if any A-computable
numbering of S is reducible to that numbering. Denote by A<*> the set {y :<
x,y >€ A}. An A-c.e. set with Godel number e is denoted by WA.

A computable family S is called effectively discrete if there exists such a strongly
computable sequence of finite sets such that [3]:

(1) for any A € S there exists T; C A;;
(2) T, €T = T = Tj;
B) T, CAjeAand T; C A, € Athen A; = A,.

A function f dominates a function ¢ if f(z) > g¢(z) for all z. A degree a is
hyperimmune if there is a function f <7 a which is not dominated by any recursive
function: otherwise a is hyperimmune-free |4].

The Ershov hierarchy consists of finite and infinite levels. The finite levels of the
hierarchy consists of the n-c.e. or 1 sets for n € w.

A set Ais X! set, if either n = 0 and A = (), or n > 0 and there are c.e. sets
Ry 2 Ry D .... 2 R, such that [5]

(23]

A= U (Ro; \ Rait1) (Here if n is odd number then R,, # ()

=0

The class of X' sets coincide with the class c.e. sets, ;' sets can be written as
Ry \ Ry, where Ry O Ry c.e. sets, therefore they are also called d-c.e. sets.

The n-c.e. sets are exactly those sets constitute the level X! of the Ershov
hierarchy.

2 Literature review

In [6] the theory of numbering was studied for the first time and the concepts
of computable numbering were proposed for constructive languages describing a
numbered family of objects that were called generalized computable. Also, in fact,
in [7] [also [8-10]] the work of Badaev and Goncharov was started to study the
numberings A-computable, where A is a given oracle. Hyperimmune-free degrees
have been studied extensively beginning with the work of Miller and Martin [11],
and Jockusch and Soare 12. Despite the abundance of work dedicated to the
generalized computable numberings, there are a number of open questions about
Rogers semilattice of generalized computable families.
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3 Material and methods
3.1 The formulation of the problem

Let us pass now to recalling the available results about the existence of A-
computable universal numberings. The following results about criteria for finite and
infinite families of A-c.e. sets with (/' <7 A were obtained in [7].

Theorem 1. [7] For every set A such that ' <p A, a finite family S of A-c.e.
sets has an A-computable universal numbering if and only if S contains the least set
under inclusion.

Proof. We will give a brief of the proof [13].
Let § = {Ay, Ay, ..., A, } be an A-computable family. Choose a family of finite sets
Fy, ..., F, with the following property: for all 1 <, 7 < n, we have

F,CF & A CA < FCA;

Suppose that A; is a least element of S and F; = (). Let € be the set of all
chains, i.e. strictly increasing sequences F; C ... C Fj,. There is a maximal chain
C = {ip < i1 < ... < i} and denote by Ac the set of the family corresponding to
Fe (ie. Ac = A; if and only if Fp = F;). It is easy (see [14] for details) to build a
A-computable numbering « such that, for every e,

(1) We found maximal i;, with F;, € WA. Then, clearly, a(e) = A;,;
(2) We found number i, such that F;, C WA If WA € (S) then WA = afe).

Assume now p(e) = WA, Thus, for any A-computable numbering 3 of the family
S, there exists a computable function f(z) such that 5(z) = p(f(x)) for all z. By
constructing A-computable numbering « implies that f(x) = p(f(z)) = a(f(x)),
and therefore, « is universal A-computable numbering of the family S.

Suppose that the family S has no least element. Let

S() =Su {@}
and by the above argument let a be universal in Com*(Sy). Let us define a A-
computable function f : w — {z|ag(x) # 0}.
Then a = ag o f € Com?(S). Let now 8 € Com*(S), and define

0 if v =0,
bo = .
f(x —1) otherwise

and let h be a computable function such that Sy = ag o h. Hence, for every x

B(x) = Po(x + 1) = ap(h(z + 1)).
But h(xz + 1) € range(f). Let

k(w) = ny(f(y) = bz +1)).
It follows that B(z) = ao(f(k(z))), i.e. B = a o k. Since k is A-computable, it
follows that 3 < «, hence « is A-universal in Com*(S). O]

Badaev and Goncharov also showed that for (' < A the presence of the least set
under inclusion is neither necessary nor sufficient for an infinite family of A-c.e., sets
to have an A-computable universal numbering |7].
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Corollary 1. [7] For every set A, there is an A-computable family that contains
the least set under inclusion but has no A-computable universal numbering.

The following theorem gives a negative answer to the question of Podzorov in [15]:
Is it true that if the Rogers semilattice of a family of arithmetical sets has the greatest
element then the family itself has the least set under inclusion?

Theorem 2. [7] For every set A, there is an infinite A-computable family S of
sets with pairwise disjoint elements such that S has an A-computable universal
numbering.

Also, in [7] the following questions were posed: Does the statement of Theorem 1
for finite families of sets remain valid if ) <7 A <7 @)’ or A is Turing incomparable
with 07

In [8-10], gives answers with hyperimmune and hyperimmune-free oracles. If (} <p
A<yl or " <p A, then deg,(A) is hyperimmune.

Theorem 3. [8] Let A be a hyperimmune set. If A-computable family F of total
functions contains at least two elements, then F has no universal A-computable
numbering.

Theorem 4. [8] If deg(A) is hyperimmune-free. Then every A-computable finite
family of total functions has an A-computable universal numbering.

Theorem 5. [9] Let deg(A) is hyperimmune-free. Then any finite family of A-c.e.
sets has a universal A-computable numbering.

Corollary 2. [9] For a set A the following conditions are equivalent.
(1) degr(A) is hyperimmune;
(2) there exists a finite family of A-c.e. sets which does not have universal A-
computable numberings;
(3) every finite family of A-c.e. sets without a least element under inclusion has
no universal A-computable numberings.

After these results, the unsolved question was whether there exists an infinite
family of total functions with a hyperimmune-free oracle that has an A-computable
universal numbering. In [10] gives a positive answer to this question and it is proved.

Theorem 6. [10] There exists an infinite A-computable family F of total functions,
where Turing degree of the set A is hyperimmune-free, such that F has an A-
computable universal numbering.

In [16], some generalization of this result was obtained for an infinite A-computable
effectively discrete family of total functions.

Theorem 7. [16] Let S be an infinite A-computable effectively discrete family of
total functions, where A—hyperimmune-free, then family S has an A-computable
universal numbering.

4 Main results

In this section, we have proved the results for a family of sets.

Theorem 8. Let & be an infinite A-computable effectively discrete family of
sets, where A—hyperimmune-free, then family S has an A-computable universal
numbering.
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Proof. The following proof is based on the ideas of [9,10]. Let S be an infinite A-
computable effective discrete family of sets, say S = {4, }ic.,- Then it is possible to
find a strongly computable sequence of finite sets T;|i € w such that

(1) T; € Aj;

(2) G CTy =T =1}

B)T;,CAjeAand T; C A, € Athen A; = A,.

We define an A-computable numbering [ as follows: for every e,

A i (3k < )T C (WA)<>],
Ay otherwise

f(< e x,s >):{

It is clear that 3 is a A-computable numbering of the family S. Now let o be an
arbitrary A-computable numbering of S. We need to show that o < . Fix an index
e for which a(x) = (W2,)<"> with any .

Let g be A-computable function, and define

9(z) = ps[(3k < )T}, C (W) <.

Since A is hyperimmune-free sets, it is follows that there exists a computable
function f such that g(x) < f(x) for all z. It means that for all e and z satisfy the
following

5 < €,$,f(l’) >= Ak = (Wef‘f(z))<m> = Oé(I)

Hence, 3 is A-computable universal numbering Com4(S) .
OJ

Theorem 9. Let A be a family of all co-finite sets. If S be a X5 ' -computable family
such that A C 8 and there is co-c.e. set B that B ¢ S, then Ry '(S) has no universal
numbering.

Proof. Let v € R;*(S) be arbitrary numbering. We will construct a numbering
p € Comy(S) which not reduced to v. Let u(2x) = v(z) and p(2z + 1) defined as
following. In construction of u(2x + 1) we additional constructed function 7.
Stage 0. Put po(2z + 1) = w and o = 1.
Stage s+1. We will consecutively implement the following stages:
(1) If ¢, s(2x + 1) 1 then go to the next stage
(2) If pu(22+1) =y, and ps(22 + 1) [ 7y = v4(y) | s then rep =75+ 1 and
[,L5+1(2I + ]-) f rs = B f Ts
(3) If o s(2z + 1) I=y and ps(2z + 1) [ rs # vs(y) [ rs then pei (22 +1) =
ps(2x 4+ 1) and ry g = 7.

The description of the construction is over. Let

v(2r +1) = ps(2z + 1).

Lemma 1. If for x case (2) in construction is hold infinitely often then v(y) = B.

Proof. Let for x case (2) is hold infinitely often and v(y) # B, where y = ¢, (22+1).
Consider two case
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(1) Let 3z, z € v(y) and z ¢ B.
Every stage when case (2) is hold the function r; will be increasing. Then
we can find stage s* such that z € v (y) and 7+« > z. Since z ¢ B then
z ¢ B, for every s € w. So for every s > s*, we have z ¢ ps(2x +1) | ry
and z € v, (y). So the condition of case (2) is not hold for any s > s*. It is
contradicted that case (2) is hold infinitely often.
(2) Let 3z, z ¢ v(y) and z € B.
Suppose that there is a step s* such that z ¢ v (y), e« > 2z and z ¢ B.
Let’s choose the smallest step s and Vs > s* and z ¢ py (20 +1) [ ry. We
come to a contradiction with properties of the case (2) in construction, that
py(2x +1) [ ry # vy (y) such that z ¢ By [ ry.

U
Lemma 2. If ¢, (2x + 1) | then limy(ry) exists and p(2x + 1) # v(p. (22 + 1)).

Proof. Since B ¢ S then from Lemma 1 there is stage s that for all s > s which
hold only condition of case (3). It means that the function r¢ has a limit and let it
will be 7. Then p(2z+1) [ r # v(y) [ r. Consequently, u(2x+1) # v(p,(22+1)). O

Lemma 3. p is X, -computable numbering of family S.

Proof. 0,, = {(x,y): y € p(x)}. Let Ay, Ay computable enumerable sets such that
0, = Ay \ Ay. Then

By ={(2x,y): (z,y) € A1} U{(2x + 1,9): z,y € w},

By ={(2z,y): (z,y) € As} U{(2z + 1,y): 3sly ¢ ps(2x + 1)]}.

It is not difficult to see 6, = By \ By and B, By are computably enumerable sets.
Consequently, 0, € 35 L

Now show that u(x) € S for all z. If x = 2k then u(2k) = v(k). So v(k) € S then
u(r) € S . e =2k+1 then u(2k+1) = w if v (2k+1) 1 and it is gives co-finite. If
or(2k+1) | by Lemma 2 there exists limg(r,) and by constraction u(2k + 1) contain
[limg(rs), 00). Consequently, 1(2k + 1) is co-finite. Since family A C S contain all
co-finite sets, it means that u(z) € S. O

If 4 < v then there exists computable function f such that p(z) = v(f(z))
for all z. Let f = ¢, for some e. Since f is total, p.(2¢ + 1) |. From Lemma 2
w(2e + 1) # v(pe(2e + 1)). It is contradiction. O

Corollary 3. If S is the family of all c.e. sets, then Ry (S) has no universal
numbering.

5 Conclusion

In conclusion, we proved that if an infinite A-computable effectively family of
sets, where A is a hyperimmune set, then the family has an A-computable universal
numbering. It was also proved that in R;*(S) has no universal numbering if A be
a family of all co-finite sets and if S be a X, '-computable family such that A C S
and there is co-c.e. set B that B ¢ S.



32 On universal numberings of generalized computable families . ..

6 Acknowledgement

The work was supported by grant funding of scientific and technical programs and
projects of the Ministry of Education and Science of the Republic of Kazakhstan
(Grant No. AP08856493 Positive graphs and computable reducibility on them, as a
mathematical model of databases, 2020-2022).

References

[1] Ershov Yu.L. "The theory of enumerations", Nauka, Moscow, (1972).

[2] Badaev S.A., Goncharov S.S. "Theory of numberings: open problems", Computability Theory
and Its Applications Amer. Math. Soc., Providences, (2000); 23-38.

[3] Korolkov Yu.D. "Evaluating the Complexity of Index Sets for Families of General Recursive
Functions in the Arithmetic Hierarchy", Algebra and Logic, (2002); 41(2): 87-92.

[4] Soare R.I. "Recursively enumerable sets and degrees", Perspect. Math. Log., Omega Series,
Heidelberg a.o., Springer-Verlag, (1987).

[5] Ershov Yu.L. "A hierarchy of sets, I", Algebra and Logic, (1968); 7(1): 15-47.

[6] Goncharov S.S., Sorbi A. "Generalized computable numerations and nontrivial Rogers
semilattices", Algebra and Logic, (1997); 36(6): 359-369.

[7] Badaev S.A., Goncharov S.S. "Generalized computable universal numberings", Algebra and
Logic, (2014); 53(5): 355-364.

[8] Issakhov A.A. "Hyperimmunity and A-computable universal numberings", AIP Conference
Proceddings, (2016); 22(3): 402.

[9] Faizrakhmanov M.Kh. "Universal generalized computable numberings and hyperimmunity",
Algebra and Logic, (2017); 56(4): 337-347.

[10] Issakhov A.A., Rakymzhankyzy F., Ostemirova U. "Infinite families of total functions with
principal numberings", Herald of the Kazakh-British technical university, (2021); 18(2):53-58.

[11] Miller Webb, Martin D.A. "The degrees of hyperimmune sets", Z. Math. LogikGrundlagen
Math., (1968); 14: 159-166.

[12] Carl G., Jokush Jr., Soare Robert I. "TIY classes and degrees of theories", Trans. Amer. Math.
Soc., (1972); 173: 33-56.

[13] Badaev S.A., Goncharov S.S., Sorbi A. "Completeness and universality of arithmetical
numberings", Computability and models, New York, Kluwer Academic/Plenum Publishers,
(2003); 11-44.

[14] Ershov Yu.L. "Complete numerations with an infinite number of special elements", Algebra
and Logic, (1970); 9(6): 396-399.

[15] Podzorov S.Yu. "The limit property of the greatest element in the Rogers semilattice", Math.
Trudy, (2004); 7(2): 98-108.

[16] Rakymzhankyzy F., Kalmurzayev B.S., Bazhenov N.A., Issakhov A.A. "Generalized
computable numberings of effectively discrete families", Maltsev Readings, (2021); 72.



ISSN 1563-0277, eISSN 2617-4871 JMMCS. Nel(113). 2022 https://bm.kaznu.kz

IRSTI 27.31.44 DOLI: https://doi.org/10.26577/JMMCS.2022.v113.i1.04

A.G. Smadiyeva
Institute of Mathematics and Mathematical Modeling, Kazakhstan, Almaty
e-mail: smadiyeva@math.kz

Initial-boundary value problem for the time-fractional degenerate diffusion
equation

In this paper the initial-boundary value problems for the one-dimensional linear time-fractional
diffusion equations with the time-fractional derivative 0; of order o € (0,1) in the variable ¢
and time-degenerate diffusive coefficients t? with > 1 — « are studied. The solutions of initial-
boundary value problems for the one-dimensional time-fractional degenerate diffusion equations
with the time-fractional derivative 95 of order v € (0,1) in the variable ¢, are shown. The second
section present Dirichlet and Neumann boundary value problems, and in the third section has
shown the solutions of the Dirichlet and Neumann boundary value problem for the one-dimensional
linear time-fractional diffusion equation. The solutions of these fractional diffusive equations are
presented using the Kilbas-Saigo function E,, ,,;(z). The solution of the problems is discovered
by the method of separation of variables, through finding two problems with one variable. The
existence and uniqueness to the solution of the problem are confirmed. In addition, the convergence
of the solution has been proven using the estimate for the Kilbas-Saigo function Eq (%) from
[13] and Parseval’s identity.

Key words: Time-fractional diffusion equation, the method of separation variables, the Kilbas-
Saigo function.
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Beuiek peTTi TybIHABLIBI ©3remiesaenres auddys3us TeHaeysiepi YiimiH 6acTanKbl MIETTiK
ecebi

Byn xymoicra t7, f > 1 — o auddysuansk kodddurmentrepi 6ap 6ip esmreMal CHI3BIKTBI
a € (0,1) ymin 9§ Gesriex perTi TYBIH/BLIBI e3remteneHren quddysust TeHeyIepine KOMbLIFaH
GacTamKpl - METTIK ecenTepi KapacThIPbLIFaH. Bip eImeMIl ChI3BIKTHI ¢ affHBIMAJIBICHIHA TOYEIIl
a € (0,1) ymin 9§ Gesriex perTi TYBIH/BLIBI @3remieneHren quddysus TeHeyaepine KOibLIFan
OacTamkbl - IMETTIK ecenTepinin, menmiMaepi kepcerinren. Eximmi 6emimimge Jlupuxie rkome
Heitman merTik ecenrepi OGepiiren, aj yiinm O6esiiMinge Oip eJIeM/ii ChI3BIKTHI  OOJIIIEK
perTi TYBIHALLIBI e3rertenenrer nauddysusa temmeynepi yrmin lupwuxie xome Hefimanm mrertik
ecenTepiniy, mrernrimiepi kepceriarer. Byt Oesiek peTTi TYBIHBLIBI ©3rereeHreH Juddy3usibIK,
rengeysepain memtimuepi Ey ., (2) Kunbac-Caiiro dbynkuusicst apkbuisl 6epiaren. Ecenrepuin
mienriMiepi affHbIMAJIBICBIH ayKbIPATy OJICIH KOJIJIAHBII, Oip affHbIMAJIbICHI Oap eKi ecemnTi Imemnty
apKpLIbl TabbLIFaH. Ecernrin memnriMinig 6ap 00Jybl MEH YKaJFbI3JbIFGl joJtesgerren. [lemrivMHig
KUHAKTBLIBIEBL Kumnbac-Caitro Ey p, 1(7) dyuknuscssiy [13] kopceTinrenueit 6araaaybii xKomHe
ITapceBast TeHIITH KOJIAHY apKBLIBI JTOJICICH/T.

Tyitin ce3zep: BeJinek perti TybIHABLIBI ©3rerieeHren uddysns TeHeyi, afi-
HBIMaJIBLIAPBIH axkbipary ojici, Knimbac-Caiiro dyHKIUSICEHI.
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B nammoit pabore paccMaTpUBAIOTCS HAYAJIBHO-KPAEBbIE 3aJa4dd JJIsi OJHOMEPHBIX JIPOOHDBIX
BBIPOXKJICHHBIX JIHHEHHBIX ndy3HOHHBIX ypaBHEHUil ¢ JpOOHOI HPOM3BOAHON Jf HOPsIKa
a € (0,1) o mepemennoii ¢t u ¢ BHIpoK paomuMucs Kosddurmentamu mudbdysun t8 mpu > 1—a.
ITokazanbl pereHus HAYAJIbHO-KPAEBbIX 3aJa4 JJIs OJHOMEPHBIX YPABHEHUIl BBIPOXKIAIOIICHCS
quddysuu ¢ apobHoit mo Bpemenu upoussoxHoit Jf mopsiaka « € (0,1) no nepemennoit t.
Bo Bropoit wacru nanbl Kpaeeble 3ajadun dupuxie m Heiimana, a B TpeTbeil 9acTh MMOKa3aHbI
perennsi Kpaesbix 3aja4d Jlupuxie u Heiimana st 0JlHOMEPHOTO JpPOOHOTO BBIPOXKIEHHOTO
smmHeitHoro Jnddy3noHHOro ypasHenus. Perenuns 3tux JpobHBIX MO Y3MOHHBIX yPABHEHUN
upejcrasiiensl ¢ nomompio dyukunn Kunbaca-Caiiro E, . (z). Pemenne 3amaa nomyueno c
MTOMOITBI0 METOJIa PA3JeIeHNUsT TTEPEMEHHBIX, TMYyTeM HAXOXKICHWS JIBYX 3a7ad C OJHON Tepe-
MeHHOi. JloKazaHbl CyIIecTBOBAHME W €IUHCTBEHHOCTH perneHus 3aiad. CXOMMMOCTH PElIeHUst
JIOKa3aHo ¢ nmoMotsio ornenkn Gyukunu Kunbaca-Caitro Ey 1 (2) u3 [13] 1 roxaectso [Tapcesass.

KuroueBsblie ciioBa: J[pobHo-Buipoxkaennoe quddy3noHHoe ypaBHeHne, MeTOJI Pa3/Ie/IeHus I1epe-
MeHubIX, dyukinsg Kunbaca-Caiiro.

1 Introduction

Over the past several millennia, fractional partial differential equations have begun to play
an important role. They are used in modeling anomalous phenomena and in the theory of
complex systems [1-6].

In the book [7], it is written about various applications of differential equations of
fractional order in chemistry, technology, physics, etc. It contains research related to the
equation of fractional diffusion in time. It is obtained from the classical diffusion equation by
replacing the first-order time derivative with a fractional derivative.

In [8-11], the correctness and numerical modeling of thermal and wave equations with
nonlocal conditions in time were studied. In [12] paper, authors consider the initial-boundary
value problems of Dirichlet and Neumann for the diffusion equation in a variable coefficient.
In [14], Nakhusheva proved a positive maximum principle for a nonlocal parabolic equation
with Riemann— Liouville derivative. In [16], Luchko proved the maximum principle for the
generalized diffusion equation with a fractional time derivative using the maximum principle
for the Caputo fractional derivative. Then the maximum principle was applied to show some
results of uniqueness and existence for the initial-boundary value problem of the fractional
diffusion equation. In [15] Luchko studied initial-boundary value problems for a generalized
diffusion equation with a distributed order. And [17] studied initial-boundary value problems
for a fractional-fold diffusion equation in time. Thus, he obtained results on the existence of
generalized solutions in [15, 17]. In [18], the generalized solution of the initial-boundary value
problem for the diffusion equation with fractional time was shown as a regular solution.
In [19], Gorenflo and Mainardi studied the one-dimensional diffusion-wave equation with
fractional time.

In this paper, the initial-boundary value problems of Dirichlet and Neumann for the
time-fractional diffusion equation in a variable coefficient are considered. The solution of the
problems has been found by using the Kilbas-Saigo function and by the method of separation
of variables. The existence and uniqueness of the solution are also proved.
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2 Material and methods

2.1 Cauchy-Dirichlet problem
Let us consider the one-dimensional time-fractional diffusion equation
Ot u(w,t) — thug,(2,t) =0, (2,t) € (0,1) x (0, 00), (1)
with the Dirichlet boundary condition
uw(0,t) =u(l,t) =0, t >0, x€[0,1], (2)
and the Cauchy initial condition
u(z,0) = ¢(z), = €[0,1], (3)
where 0 is the time-fractional derivative of order a € (0,1) in the variable t and § > 1 — «

Ou(z,t) = ﬁ/o (t — s)"“Osu(x, s)ds.

Let X (z) = sinmkx are the orthonormal eigenfunctions and )\, = (7k)? the corresponding
eigenvalues of the Sturm-Liouville operator with the Dirichlet boundary and the Cauchy
initial conditions.

H?(0,1) is a Hilbert space defined by the initial-boundary

H?*(0,1) ={u: u € L*0,1); uz € L*(0,1)},

endowed with the norm

Hu|’12LIQ(o,1) = Z)‘i‘(quk(@)F < 0.
k=1

Definition 1. The solution of problem (1)-(3) is u(z,t) € C(L*(0,1), R, ), such that satisfies
t=P0Mu, ., € C(L*(0,1), Ry).
2.2 Cauchy-Neumann problem
Let us consider the time-fractional diffusion equation
Ou(x,t) — tPug, (v, t) =0, (2,t) € (0,1) x (0, 00), (4)
with the Neumann boundary condition
uz(0,1) = u,(1,¢6) =0, t >0, x€]0,1], (5)
supplemented with the initial data
u(x,0) = ¢(x), z€[0,1], (6)

where 0f is the time-fractional fractional derivative of order o € (0,1) in the variable ¢ and
>1—a.

Definition 2. The solution of problem (4)-(6) is u(z,t) € C(L*(0,1), R, ), which satisfies
7200, u., € C(L*(0,1), Ry).
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3 Main results

Theorem 1 Let ¢(z) € H*(0,1), then the unique solution of problem (1)-(3) is the function
u(x,t) € C(L*0,1), Ry), which has the form

1-Y

k=1

— kAP sinmka, (7)

DRb
D\Q

where

1
Or = 2/ o(x)sinTkzdzr,
0

and Eg m(2) is the Kilbas-Saigo function([5] defined as

4 Dla(jm+1)+1)
am =1 = Hk_l >
( ZC’“Z O T ST a(m i+ ) 1)

(—m2k2tP+) the following estimate holds ([13])

And for the function E_ | s s
1
E_ . s s(—mkHPT) < t>0. (9)
o l+2.7 T(B+1) o
1+ sy ™okt

Theorem 2 Let ¢(z) € H*(0,1), then the unique solution of problem (4)-(6) is the function
u(x,t) € C(L*0,1), Ry), which given by

u(w,t) = ¢o + Z ¢kEa’1+g7§(—7T2]€2tﬁ+a>60871'k’17, (10)

k=1

where ¢y = fo x)dx and ¢ = 2 fo z)costkadxr, k € N and Eqp,(2) is the Kilbas-Saigo
function, which is deﬁned by the formula (8)-(9).

3.1 Proofs

Proof of Theorem 1

The existence of a solution. Since the Sturm-Liouville operator has eigenvalues {\; >
0, k€ N} on L*(0,1) and the corresponding ortonormal eigenfunctions { X (z), k € N} in
L?(0,1) and ¢(x) € H?(0,1), then we can give the solution of problem (1)-(3) as follows

=) Ti(t)Xi(x), (z.t) € (0,1) x Ry, (11)
¢(z) =Y oXp(x), w € (0,1), (12)

where

by = 2 /0 6(2) X (2)da
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Substituting (11) in to the diffusion equation (1)-(3), we obtain the next problems

0T (t) + Mt Ty (t) =0, t >0, (13)
T3,(0) = oy (14)

X (x) + M Xp(2) = 0, (15)
X5(0) = Xi(1) = 0. (16)

The orthonormal eigenfunctions and the corresponding eigenvalues of the Dirichlet
problem (15)-(16) are Xi(x) = sinmkx and \, = (7k)?, respectively.
The general solution of the Cauchy problem (13)-(14) is

Ty(t) = OhE, o o (7K 17H9), (17)

o [@

where .
O = 2/ o(z)sintkrdz.
0

Substituting Xy (z) = sinwkz orthonormal eigenfunctions and (17) to (11), we obtain the
solution of problem (1)-(3) as

t) = Z¢kEa’1+§7§(—7r2k2t5+°‘)sm7rkzm, (x,t) € (0,1) x [0, 00). (18)
k=

Convergence of the solution. Using (9) to (17), we get

| Pk
Bty < 7 B pafagita’
By Parseval’s identity, it follows from (18) that
0 2
52121%) ||u(.,t)\|%2(0’1) = Stlzlg); | |? Ea’Hg’g(—w?k%ﬁJr“) HSinﬂka%z(oJ)
S |9k /?

<sup) 2
t20 3= (1+ I'(8+1) 7T2k2tﬁ+a)

T(a+B+1)
1 - )
< sup DI
= T(B+1) « =
(1 + mﬂ'ztﬁ"' ) k=1
<> ol = [16()72(01)- (19)
k=1

Applying the operators 0w and u,, to the identity (18) we obtain

O; u( Z kOB, 1,5 s (2K sinTha
k=1
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= —tﬁZ7r2k’2¢>;€Ea71+g’g(—7r2k2t5+a)sin7rkx, (x,t) € (0,1) x [0, 00), (20)

and

Uy (2, ) Z¢k 01t o (=2 kAP sin" Tk

=— Z?T2k2¢k 48 g(—7r2/’<:2255+°‘)simrk:a:7 (x,t) € (0,1) x [0, 00). (21)

Applying (19)-(21) we get

sup ||t~ 0 u(- HL2(0 )y = Z Alow]? = 1lo( )HH2(0 1) < 09,
k=1

x>0

and

sup et (- D) 2001y < D Aldkl” = 116() 3201y < 00
= k=1

Uniqueness of the solution. Suppose that u(z,t) and us(x,t) are solutions to problem
(1)-(3). We choose u(z,t) = uj(x,t) —us(x,t) in such a way, that u(z,t) satisfies the diffusion
equation (1) and boundary, initial condition (2), (3), respectively. Let us consider

1
Ti(t) = / u(z, t)sintkxdz, k€ N,t € [0,00). (22)
0
Applying the operator 0f to the left-side of (22) equation by using (1) we obtain

07T (t) / O u(z, t)sintkrdz

1
:tﬁ/ Uy (T, t)sinThrdr
0
1
:tﬂ/ u(z,t)sin thxdx
0

1
= —t’87r2k2/ u(z, t)sinrkxd
0

= Pk Ty (t), k€ N,t €0,00).
Due to (2) and (3) we have

From the equation we get that T3 (0) = 0, which means u(z,t) = 0. Hence uy(x,t) = ua(x, 1),
therefore the diffusion problem (1)-(3) has a unique solution.
Proof of Theorem 2
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The existence of a solution. Since the Sturm-Liouville operator has eigenvalues {\; >
0, k€ N} on L?(0,1) and the corresponding ortonormal eigenfunctions {X(z), k € N} in
L?(0,1) and ¢(x) € H?(0,1), then we write the solution of problem (4)-(6) as follows

=Y " Tu(t)Xi(), (x,t) € (0,1) x Ry, (23)
r) =Y & Xi(x), = €(0,1), (24)
where )
o =2 /0 o) Xi(2)da
and

¢>o/¢

Substituting (23) in to the diffusion equation (4)-(6), we obtain the next problems

0T (t) + MPT(t) =0, t >0, (25)
11:(0) = ¢r. (26)

X!(z) + M Xp(z) =0, (27)
X, (0) = X, (1) = 0. (28)

The orthonormal eigenfunctions and the corresponding eigenvalues of the Neumann
problem (27)-(28) are Xy (x) = cosmkx and A\, = (mwk)?, respectively.
The general solution of the Cauchy problem (25)-(26) is

Ty(t) = ¢o + ¢kEa71+ﬁ7é(—W2k2tﬁ+a>a (29)

where

1
o = 2/ o(z)cosTkrdx
0

Po = /01 ¢(z)dz

Substituting Xy (z) = cosmkx orthonormal eigenfunctions and (29) to (23), we obtain the
solution of problem (4)-(6) as

and

u(z,t) = ¢ + Z¢kEa71+g,g(—7T2k,’2t6+a)0087'r/<333, (x,t) € (0,1) x [0, 00). (30)
=1

Convergence of the solution. Using (9) to (29), we get

[

r'(s+1) a
1 r(a+,6’+1)772]‘72tﬁJr

Ti(t) < || +
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40
By Parseval’s identity, it follows from (30) that
igg‘|“( )HL%01)——SUI>§£:|¢k|‘ s grg( TR0

< su 53 |1 |?
P 2

2
||cosmhkz| |2Lz(0’1)

I'(a+p+1)
1 > )
< sup 5D 10l
= r'(B+1) a
<1 + F(a+ﬁ+1)7r2t6+ )
< el = 116720, (31)
k=0

Applying the operators 0fu and u,, to the identity (30) we get

O u( Zfbk@ E, 142, 5( w2 kAT cosmka
k=0
= —t"Y TR, |, s o (T k) cosTha, (x,t) € (0,1) x [0, 00), (32)
kzo [e e
and
Uz (7, 1) ZcbkE Py /3 — k2P cos" wha
(33)

— Z7r2k2<bkEa’1+g7g(—7T2k2t5+a)cos7rkx, (x,t) € (0,1) x [0, 00).

Applying (31)-(33) we get

SUth 7o u( ||L2(01)§Z)‘ |6xl* = ||o( )||H2(01)<OO

and

o9}
Sup [[utzs (D)l 120.1) < > Akl = o)) < 00
= k=0

Uniqueness of the solution. Suppose that ui(x,t) and us(z,t) are solutions to problem
ug(z,t) in such a way, that u(x,t) satisfies the diffusion

(4)-(6). We choose u(z,t) = uy(x,t) —
equation (4) and boundary, initial condition (5), (6), respectively. Let us consider

(34)

1
Ty(t) = / u(x,t)costkrdr, k€ N,t € [0,00).
0
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Applying 05 to left-side (34) equation by using (4) we obtain

1
8?Tk(t):/ O u(x, t)costkrdx
0

1
:tﬁ/ Uge (T, t)cosThadx
0
1
:tﬁ/ u(z, t)cos" tkadx
0

1
- —tﬁwsz/ u(x, t)costkadx
0

= —1°12k*Ty,(t), k€ N,t € [0,00).

Due to (5) and (6) we have
T;,(0) = 0.

From the equation we get that T;(0) = 0, which means that u(x,t) = 0. Hence uy(z,t) =
us(x,t), therefore the diffusion problem (4)-(6) has a unique solution.

4 Conclusions

In this research considered the initial-boundary value problems of Dirichlet and Neumann for
the time-fractional diffusion equation in a variable coefficient. The solution of the problems
has been found by using the Kilbas-Saigo function and by the method of separation of
variables. The existence, uniqueness and convergence of solution were confirmed.
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Bamaun Kol st ¢-pa3HOCTHBIX ypaBHEHHI C APOOHBIMU ITPOU3BOIHBIMU
KamyTo

VYpaBuenus ¢ APOOHBIME TTPOU3BOIHBIMI UT'PAIOT BAXKHYIO POJIb M3-38 WX MHOTOUNCICHHBIX TTPH-
MEHEHUH, & TaKyKe M3-3a TOH BayKHOU POJIM, KOTOPYIO OHU UI'PAIOT HE TOJIBKO B MaTEMATHKE, HO
7 B JPYIrUX HayKax. B JaHHON MCCIeI0BaTeNIbCKON paboTe MBI CTPOUM SIBHBIE DENTeHUsT TPOOHO-
JMHEHHBIX -TuddepeHImaabHbIX YpaBHEHHT ¢ q-/1pobHOiT pon3BoiHoit KaryTo jeficTBuresibHO-
ro mopsiika « > (0. Tounee roBopsi, MbI JOCTUTHEM HAIMUX OCHOBHBIX PE3Y/IHTATOB, MUCIOJIB3YS
TO, UTO 3Ta ¢-ApobHas 3ajada THna Ko SKBHBajeHTHA COOTBETCTBYIONMIEMY @-MHTEI'DAILHOMY
ypasuennio Bonpreppa. Ilocste aToro, npumensist MeTo, MOCIEI0BATEILHBIX TPUOIMAKEHUN K pe-
MMEHNIO ¢-UHTErPAJBHOTO ypaBHeHnsT BoibTeppa, CTPOUM sIBHBIE PENTEHUsST IPOOHO-THHEHHBIX (-
nuddepeHIua bHbIX ypapHeHuil. Takum ke 00pa3oM y Hac ecTh boJiee 00IIee 0JITHOPOJIHOE JTPOOHOE
q-nddepeHnmanbHOe ypaBHEHNE C JIPOOHON ¢-mpom3BoHOit KamyTo JeficTBUTeIbHOTO TOpSIIKa
a > 0, u Ml gaeM apyryio ¢-gyuxmuio (Murrar-Jledduepa). Hakorerr, npeicraBieHbl HEKOTOPbIe
IPUMEDPBI, UITIOCTPUPYIOIINE HAIKA OCHOBHBIE PE3YJILTATHI B TEX CJIYUasiX, KOI/Ia MbI JayKe MOYKEM
J1aTh KOHKpETHbIE (DOPMYJIBI 1T STUX ABHBIX PENICHU.

KuaroueBbie ciioBa: ¢-jipobHasi 3ajada  Tura KoM, CymecTBoBaHHe, eJIUHCTBEHHOCTb, (-
[IPON3BOHAS, @-UCINCIIEHNe, TPOOHOE NCINCIeHNE, IPOOHAS IIPON3BO/IHAS, IPOOHBIE IIPOM3BOIHbIE
Karyro.

1 Introduction

The fractional calculus is the field of mathematics that investigates the integration and
differentiation of real or complex orders. The fractional differential equations based on
the Caputo fractional derivative require initial conditions for integer order derivatives.
Consequently, fractional differential equations have grasped the interest of many researchers
working in diverse applications [1]- [10]. Recently, there has been a significant development in
ordinary and partial differential equations involving fractional derivatives and a huge amount
of papers and also some books devoted to this subject in various spaces have appeared, see
e.g. the monographs of T. Sandev and Z. Tomovski [7], A.A. Kilbas et al. [8], R. Hilfer [9],
K.S. Miller and the B. Ross [11], the papers [12], [13], [14], [15], [16], [17], [18], [19] and [20]
and the references therein.

The origin of the g-difference calculus can be traced back to the works in [21,22] by F.
Jackson and R.D. Carmichael [23]| from the beginning of the twentieth century. For more
interesting theory results and scientific applications of the g¢-difference calculus, we cite the
monographs [24-26] and the references therein. In the last decades, the fractional ¢-difference
calculus has been proposed by W. Al-salam [27] and R.P. Agarwal [28] and P.M. Rajkovic’,
S.D. Marinkovic’, and M.S. Stankovic [29]. Recently, many researchers got much interested
in looking at fractional ¢-differential equations (FDEs) as new model equations for many
physical problems. For example, some researchers obtained g-analogues of the integral and
differential fractional operators properties such as the g-Laplace transform and g¢-Taylor’s
formula [30], ¢-Mittage Leffler function [28] and so on.

However, the theory of the g-difference equations with constant and variable coefficients
is still in the initial stages and many aspects of this theory need to be explored. For some
recent developments on the subject, see e.g. [31], [32], [33], [34] and the references therein.
To the best of our knowledge, the theory of the Cauchy problem for linear, homogeneous and
nonhomogeneous g-difference equations based the basic Caputo fractional derivative is yet to
be developed.
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Motivated by this, we discuss to construct the explicit solution to linear fractional ¢-
differential equation with the Caputo fractional g-derivative “Dg,, order of a > 0 in the
following form (see Definition 2.2):

(‘Deoy) () = dy(z) = f(z), 0<a<z<ba>0AeR, (1)
with the initial conditions
y(k)(0+):bkvbkeRvk:07172a7n:_[_a]ﬁ (2)

where f € C,.[a,b] (see 2.8) with 0 < v < 1, v < a and where [a] denotes the smallest
integer greater or equal to a. Moreover, we consider the Cauchy problem for the following
more general homogeneous fractional g-differential equation than

(“Dgoyy) (x) — MPy(z) = 0, 0<a<z<ba>0;\eR, (3)
with the initial conditions
yP(04) = b, b €RE=0,1,2,...,n=—[-al, (4)
with g > —a.
In Section 3 of this paper we construct explicit solutions to linear fractional ¢-differential
equations with the Caputo fractional g-derivative “Dg .. f of order o > 0 given by Definition

2.2. in the space Cg7'~*[0, a], denned in (13). The main result in this Section is Theorems
2.1 but in order to prove this result we need to prove two results (Theorem 3.1 and 3.3) of
independent interest.

The paper is organized as follows: The main results are presented and proved in subsection
3 and the announced examples are given in subsection 4. In order to not disturb these
presentations we include in Section 1 some necessary Preliminaries.

2 Materials and methods

2.1 Preliminaries

First we recall some elements of ¢-calculus, for more information see e.g. the books [24], [26]
and [34]. Throughout this paper, we assume that 0 < ¢ <1 and 0 <a < b < 0.
Let o € R. Then a g-real number [«], is defined by

. e )
where lim 11—‘1 = Q.
q—1 74

We introduce for k € N:

n

: (45 ¢)os
a;q)o =1, (a;9)n = 1_qka ; (45q)00 = 1lim (a,q)n, (a;¢)a = ———
( )0 ( ) ;!;I(:) ( ) ( ) n%oo( ) ( ) (qaa; Q)oo
For any two real numbers a and (3, we have

(a=0)g (0~ g = (a = D)3+ 5)
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The g-analogue of the binomial coeflicients [n],! are defined by

in],! 1, ifn=20
M= 1), % [20g x -+ x [n], ifn €N,
The gamma function I';(z) is defined by

(¢:9)
(4% 0) oo

Ly(z) = (1— Q)li

for any « > 0. Moreover, it yields that
Ly(2)[z]y = y(z +1).
The g-analogue differential operator D, f(x) is

f(x) = flqx)
r(1—q) ~

and the g-derivatives Dy (f(z)) of higher order are defined inductively as follows:
Dy(f(@) = f(x), Dy(f(@)) = Dy (D7 f(x)) ,(n=1,2,3,..)

qu(l’) =

The g-integral (or Jackson integral) [ f(z)d,z is defined by
0

[ H@dgei= (1= 00> " fag™)

and

for 0 < a < b. Notice that

b
/DJ@mﬁ:f@—fmy
For any ¢, s > 0 the definition of ¢g-Beta function is that:

By(t, s) := % :/0 w7 q; q)sadgr (6)

The (Mittag-Leffler) g-function E,, s (2) is defined by

o0 k ka .
Eopalzz®(a/z;q)asq] = : ai;/j_ gi (7)
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and

aml'zq chz (8)

k—1
where ¢q and ¢, = [] %(lﬂ e N).
‘]:

A g-analogue of the classical exponential function e is

Moreover, the multiple ¢-integral (I vart ) (x) is

x t tn—1

(I asf) (x) = /// /dtldtg dytn_1d,t

xn—l

_ e /(qt/x;q)n—lf(t) gl

a

Definition 1 The Riemann-Liouville q-fractional integrals Iy, f of order a > 0 are defined
by

1 xr
e

(];0+f) (z) = T,(a) /(qt/fE? Q)a-1f(t)dyt

0

Definition 2 The Caputo fractional g-derivative Dy, f of order a > 0 is defined as

(“Dgurf) (@) = (10D ) ().
Notice that

(araafai)) () = 1 5 i, (10

for A € (-1, 00).
For 1 < p < co we define the space L? = L?a, b] by

Lla,b] := /|f Wdyx | < oo

Let @« > 0, 8 > 0 and 1 < p < oco. Then the g—fractional integration has the following
semigroup property

(Tt f) (@) = (1) (@), (11)
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for all z € [a,b] and f(x) € LP[a,b].
Let 0 <a<b<oo,0<X<1andn e N. Then we introduce the spaces C,[a,b] and
C7la, b] of functions f given on [a, b], such that the functions with the norms,respectively

[ flle, et = ;g[%]\ﬁ (qa/z;q), f(2)] < oc. (12)
[fllenen = max | Dy f ()| < oo.
=0 ’

and the space C;\'[0, a] defined for n — ¢ < a <n,n € N by

Coal0,al = {f(x) : f(2) € Cgla,b], (“Dga, f) (x) € Copla, b]}- (13)

In the classical case several authors have considered such problems even in linear cases,
see e.g. |8, subection 4.1.3] and the references therein.

Theorem 2.1 (See [35, Theorem 8.1] ) Let n —1 < a < n;n € N, G be an open set in R
and f(.,.) : (0,a] x G = R be a function such that F(z,y(x)) = f(z) + Ay(z) € L}[0,a] for
any y € G. If y(x) € Ly[0,a], then y(t) satisfies a.e. the relations (1)-(2) if and only if y(x)
satisfies a.e. the integral equation

|
—_

n

y(x) = [b—]kq!xa_k + (I;Of(t,y(t))) (x),Vz € (0,al. (14)

e
Il

3 The Main results

3.1 The Cauchy Problems for ¢-difference equation with the Caputo fractional ¢-
derivative

In this section we construct the explicit solution to linear fractional g-difference equations
(1) and with the initial conditions (2). From here we obtain the following result.

Theorem 3.1 Letn—1<a <n(neN) and 0 <~y <1 be such that v = a. Also let A € R.
If f(z) € Cy4[0,a], the Cauchy problem (1)-(2) has a unique solution y(z) € C:7=*[0,a] and
this solution is given by

n—1

y(z) = ZbkxkEa,k:H,o (Az%; q)

k=0
T

n /xa—l (qt/2;9) o1 Bar Az (q°t/7;9)a;q) f(t)dgt. (15)
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Proof. First, we solve the Volterra g-integral equation (14), we apply the method of
successive approximations by setting

|
—

n

b .
Yo(r) = £ [—]q,x
and
yi(r) = yol )+%/Ox(qt/w;Q)a_lyn_l(t)dqf
* ot |t/ 0y (16

Using Definition 2.1 and (10) and (16) we find vy, (z):

yi(x) = yo(x) + A (I w0) () + (1504 f) (2)

that is,
o) = :ij:[,ffq! Anzf T (U70.t) @)+ (0. 1) 0)
B
- Zkaljorq s+ ) ) )

Similarly, using Definition 2.1 and (10), (11) and (17) we have for y»(x) that

() = wo(@) + A (Igoun) (2) + (Igo, f) ()

n—1 b n—1 )\m—i—l
= kZ [k]k|$ +Zbk2@ am+k‘+1) ([q0+tma+k) (‘7")
— Mla —
. A(quf( ) @)+ (10 f) 2
n-1 ! A a(m+1)+k
- % & +Zb’“mzr am+ ) +kt1)
+ A(Z %+f())() (3 o+f)()
n1 Am“ a(m1)+k
)\x2a—1

) O/ F) (at/7;@) g0y dgt + (Igos f) (). (18)
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Now for am — 1 =a(m — 1) + a — 1, using (5) we get

2"t/ @) am—1 = 27 (at /25 @)a12™" V(4725 @ atm1)- (19)
Thus combined with (18) and (19). gives

i
L

=
ol
MM

Mg am+k

velr) = T, (am+k+ 1)

=~
Il
8 O
o

. M“ﬁ

)\mlaml

z (qt/x; Q)am—l
=T

+
N

i
L

PN am—+k

1

— 'y (am +k +1)

)\mxa(m—&—l)—l(qt/x; Q)a(m-i-l)—l
Ly(a(m +1))

)\mxaerk

i
8 O
HS

o

+
N

s

i

-
3
I
=)

I
S

ol
]+

Iy(am+k+1)

NP2 (qt )75 q) 012%™ (¢T3 @) am
L (a(m+1))

i
8 O
~ 3
Il
o

_|_
c\ |

] f(t)d,t.

3
o

Continuing this process, we derive the following relation for y;(x):

N7y am+k

vile) = Zbsz (aom +k+1)

Tl = A o (gt /20 ) -1
/0 [Z I',(am)

s

N7y am+k

N Zbkmzl“ am+k+1)

/a: i—1 )\mwa(m-i-l)—l(qt/x;q>a(m+1)_1
0 Ly(a(m +1))

s

Ao am+k

- Zbk; (am+k+1)

v Az gt ) 25q) a1 3™ (G775 q) am
o [Z F,fa(m + 1)) ]f Rk

m=0

Taking the limit as ¢ — oo, we obtain the following explicit solution y(z) to the g-integral
equation (16):

n—1 ']

Aot T A" gt/ q)a 127 (g0 /75 q)
. y4)a ) t/om t)d,t.

k=0 m=0 m=0
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On the basis of Theorem 2.1 an explicit solution to the Volterra g-integral equation (14)
and hence to the Cauchy type problem (1)-(2).

Theorem 3.2 Letn—1<a<n (n € N) andlet 0 < v < 1 be such that v < a. Also let X €
R. If f(x) € Cy4[0,a], the Cauchy problem (1)-(2) has a unique solution y(x) € C'=[0, al
and this solution is given by (15).

In particular, if v =0 and f(x) € C,4[0,al], then the solution y(x) in (15) belongs to the
space C"=(0, a] defined in (13).

The Cauchy problem 2 involving the homogeneous q-difference equation (1)

(‘Deoy) () —Ay(x) =0 (0Sz<an—1<a<nneN;AeR) (20)
has a unique solution y(x) € Cg=[0,a] of the from

n—1

y(x) = Z br" Eo 1.0 (A% q] - (21)
k=0

3.2 The Cauchy problem for the more general homogeneous fractional ¢-difference
equation with the Caputo fractional g-derivative

Now we consider the Cauchy problem for the more general homogeneous fractional g¢-
difference equation (3) with the initial conditions (4).

Theorem 3.3 Letn—1 < a <n; (n€N),and let 0 <~ < 1,be such that v < a. Also let
AeRand g 2 0. If f € C,y[0,a|, then the Cauchy problem (3)-(4) has a unique solution
y(x) in the space C¢, _10,a] and this solution is given by

qg,n—«

=

n— b ‘ .
ylx) = qu!x]Ea’Hg’H@ [)\:C J“B;q] . (22)

<
I
=)

Proof. With § > —a. Note again that, in accordance with Theorem 3.1, the problem
(3)-(4) is equivalent in the space C,,,—1[0,a] to the following Volterra g-integral equation of
the second kind:

)\:L.a—l

) = S T Ty ), ¢ a0 2

Similarity, we again apply the method of successive approximations to solve this ¢g-integral

n—1

equation (23). We assume that yo(z) = > %xﬂ and
7=0 7"
)\Sﬂa_l T 5
Ym () = yo(x) + 7 (qt/;.q) oy Y1 (E)dgt- (24)
Ly (@) Jo
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Using the same arguments as above, by using (5), (6) and (24) we find y; (z):

Y1 ()

_|_

)\Ia—l T
Yo(2) + (a) /O 17 (qt/7;4) oy Yo(w)dyt
q
a—1
be / 979 (qt)x;q),_, d,t
: d
yo(x) + Fq(a) ]go []}q| /0\ Yy (qy7 q)afl qy
n—1 n—1
b ) b a+5+]
[ ]J ' F @ (B+i+1la)
j=0 Jlg- q =0 Q'
n—1
> i
=0 jl4!
)\"—1 bjx A L(B+j+1)

L+ D T(a+B8+7+1)

Jj=

Similarly, for m = 2 using (6), (24) and taking (25) into account, we derive

Y2 ()

~—

()

n—1
A b; . [" -
yo(z) + T Z J' x® 1/ 74 (qt)z;q),_, dgt
J=0 0
r

Yo(z) + A (]:;O-s-yl

q(ﬁ +J+ 1)
[j]q' Fq(a +B8+j+1

)xa—l/ ta+2,8+j (qt/x; q)a_l dqt
0

b , Lo
> = 5“*“/ v (qy: @) doy
0

Y5 20428+j Ly(B+7+1) /1 ya+26+j (qy: q),._, dyt
=0 ]]q' Fyla+B8+7+1) et

bi o
% 2’ B (B4 + 1,a)
Jlq:

b L20+26+] Ly(B+j+1)

qm ine Tla+pB+j+1)

Ly(B+j+1)
Lyla+B4+7+1)

n—1

B,(a+28+j+1,a)

=0
bi! {1+/\ s

J]q'

J
bjx

A2y 2a+25 LyB+j+1) TDyla+28+j5+1)

]Oj]q' a+ﬁ+]+1)Fq(2a+26+j+1)

(25)
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The same arguments as in Section 3.1 lead to the following expression for y,,(z) m € N:

Ym(z) = Z Fq(]bj—f— 1)t] 1+ Z dy, ()‘ta+5)k] ) (26)

where

i quoHrﬁ —a+j+1]
o Dolr(a+8)+5+1]

; (keN). (27)

r—=

Taking the limit as m — oo, we obtain the following explicit solution y(x) to the g-integral
equation (24) and hence to the Cauchy type problem (3)-(4):

1+Zd (Ate+?) ] (28)

According to the relations (8), we rewrite this solution in terms of the generalized Mittag-
Leffler g-function K o (2

y(e) = ;Fq(JJrl

n—1

r,G+1) +1 qa,1+€7(‘%” X7 q]. (29)
=0

<.

If 3> 0, then flz,y] = A(t)? satisfies the Lipschitz condition for any x1,z» € (a,b] and
any y € G, where G is any open set of C. If v > n — «, then, by Property 3.1(b) and Remark
3.18, there exists a unique solution to the Cauchy type problem (1)-(2) in the space C'&_,
and thus this solution has the form (29). This leads to the following result.

4 A Set of Examples

Example 1 Let b € R. Then the solution to the Cauchy type problem

(“Dgory) (x) = My(x) = f(x),y(0+) =D, (30)
with 0 < a <1 and A\ € R has the form:

y(x) = bE,o[\z%;q]

+ zo! /Om(qt/% Do—1Ea s [N (q% /25 q)a; q] F(E)dqt (31)

while the solution to the problem

(“Dgosy) (z) — Ay(x) = 0,y(0+) = b, (32)
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18 given by
y(r) = Do [A1%; q]

In particular, the Cauchy type problem

(“Dhory) (0) — M) = f(@).9(04) =0,

has the solution given by

ylz) = bEL, [Ax%; q}

+ /El t[kxé(q%t/x;q)z;q]
0 212 2

and the solution to the problem

ft)

o ——dyt
x2(qt/x;q)s

NI

(“Diosy) (1) = My(x) = 0,5(0+) = b,
18 given by
y(z) =bEL [Ax%; q]
Example 2 Let b,d € R. Then the solution to the Cauchy type problem
(“Dgosy) () = Ay(@) = f(2),y(0+) = b,/ (0+) = d,
with 1 < a < 2 and X\ € R has the form:
y(x) = bE.o [ e q| + dxEy 2. (A% q]

+ ! /0 (4t /5 @)a1 B [N (g7 /75 0)a] f(E)dyt

In particular, the solution to the problem (1 < a < 2)

(“Dgosy) () = Ay(x) = 0,y(0+) = b,y'(0+) = d,

s given by

y(x) = bE.o[Ax%;q] +dxEq: [Ax®;q].

(33)

(34)

(39)

(40)

(41)
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Example 3 let b € R. Then the solution to the Cauchy type problem
(“Dgosy) (x) = Axy(w) = 0,y(0+) = b, (42)

with0 < a<l, B eR(S>—a) and X\ € R is given by

y(r) = bFE

a,l+£,148) (A q] . (43)

In particular, the Cauchy type problem

(Diory) () = AaPy() = 0,5(0+) =D, (44)

with > —% 1S given by

Y(@) = by a500s [No* ], (45)
Example 4 Let b,d € R. Then the solution to the Cauchy type problem
(“Dgoyy) (x) = AaPy(z) = 0,y(0+) = b,y (0+) = d, (46)

with 1 <a <2, 8> —a and X € R has the form

y('%‘) = bEa,l—&-g,g[

+ dea

Axoth, q]
(B+1) [)\SL'C“LB; q] . (47)

@
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Al-Farabi Kazakh National University, Kazakhstan, Almaty
*e-mail: a.raqatqyzy98@Qgmail.com

CONVOLUTIONS GENERATED BY THE DIRICHLET PROBLEM OF THE
STURM-LIOUVILLE OPERATOR

This paper is devoted to approximations of the product of two continuous functions on a finite
segment by some special convolutions. The accuracy of the approximation depends on the length
of the segment on which the functions are defined. These convolutions are generated by the Sturm-
Liouville boundary value problems. The paper indicates that each boundary value problem for a
second order differential equation generates its own individual convolution and its own individual
Fourier transform. At that the Fourier transform of the convolution is equal to the product of
the Fourier transforms. The latter property makes it possible to approximately solve nonlinear
Burgers-type equations by first replacing the nonlinear term with a convolution of two functions.
Similar methods of studying nonlinear partial differential equations can be found in the works of
A. Y. Kolesov, N. H. Rozov, V. A. Sadovnichy.

In this paper, we construct a concrete convolution generated by the Dirichlet boundary value
problem for twofold differentiation. The properties of the constructed convolution and their
connection with the corresponding Fourier transform are derived. In the final part of the paper,
the convergence of convolution is proved (g(z)sin(z)) * (f(x)sin(x)) defined on a segment C[0, b]
to the product g(z)f(z) with b tending to zero for any two continuous functions f(z) and g(z).
Key words: approximation, convolution, boundary value problems, Dirichlet problem, Fourier
transform.

A. O6ubyna, I1. Myxameamosauna, M. Hypranbek, A. Pakarkpisnr*
On-Qapabn arsiagarsl Kazak yaTTeiK yHEBEpcuTeTi, Kaszakcran, AnMarsl K.
*e-mail: a.raqatqyzy98Q@Qgmail.com

Irypwm-JInyBusiab onepatopbinbiH Iupuxie ecebineHn TybIHAANWTBHIH YilipTKijep

Byt KyMbIC aKbBIP/IbI KECiHIi/Ie aHBIKTAFAH apHANbl YilipTKiepi 6ap exi y3imiccis dyHKInIHbIH,
KOOEHTIH/IICIHIH alTpOKCUMaINsIChIHA apHaJIraH. Bepiiren OyHKITUAHBIH KYBIKTAY JOJJIT KeCiH-
AiHiH y3BIHABIFbIHA OaitnanbicTol. By yitiprkinep ltypm-JInyBusis meTTik ecebiHen TybIHIaM-
et ZKymbicTa ekinmmi peTTi anddepennuaablK, TeHIey VI opoip MeTTiK ecenTin o3iHiH KeKe
yitiprkici men @ypbe TYpJIeHIIPYIHIH TYBIHIATHLUIATHIHBIH Kopceredi. ConbiMeH KaTap, Oy yilipr-
Kizmen anpraran Qypwe Typrenaipyi Pypoe Typaenaipyrepinin kebeirimmaicine Ten. COHPBI KacueT
ekl QpYHKIUSHBIH, YHIPTKICIHIH CBI3BIKTBI €MeC MYIIECIHIH aJIblH-a/a aJIMaCThIPy apKbLIbl Biop-
repc THUIITI CHI3BIKTHI €MeC TeHJICYIeP/Il Ky BIKTAIT TIeITyre MyMKIHIIK 6epesi. Jlepbec TybIHabLIAPBI
6ap CBI3LIKTHI eMec anddepeHnnaIbK Tenaeyaepai 3eprreyain yreac oicrepin A.FO. Kosmecos,
H.X. Pozos, B.A. Canopanunii-yiepuiy enbekrepines rabyra 60J1a1bI.

ZKympicra exi ecenenren auddepennnan yima upuxie meTTiK ecebiHeH TYBIHIATAH HAKTHI
yitiprki Kypbuiagbl. Kyppurran yitiprkinig kacuertepi 2kone osapaniy, Oypbe TypseHipysepi-
MeH OGaitnanbichl kepceriaren. ZKymbicTeie, conrbr Gemiminme C[0,b] kecivmicinme aHbIKTATFAH
(9(z)sin(x)) = (f(x)sin(z)) yiiprkici ymin Ke3 Kearen exi ysigiccis f(z), g(x) dbyHxImsiaps-
ubiH, g(2) f(x) kebefiricinil b HOITE YMTHUIFAHIAFBI XKUHAKTHLIBIEFBI JIOJIEJJIEHT€H.

Tyiiin ce3nep: KybIKTay, YitipTKi, mertik ecer, lupuxie ecebi, Dypne Typienipyi.
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A. Abubymna, II. Myxamenmosauna, M. Hypranbek, A. PakaTkbr3sr®
Kazaxcknit Hanponanbubiit YHusepcurer nmenn aab-Papabdbu, Kazaxcran, r. Aamars
*e-mail: a.raqatqyzy98@Qgmail.com

CBepTku, mopoxkgaembie 3amnadeit JIupuxie oneparopa Illtypma-JInyBumiias

Hacrosimas paboTa IOCBsIIIEHa AMTPOKCUMAINN IIPOM3BE/EHN IBYX HEIPEPHIBHBIX HA KOHETHOM
orpe3ke (DYHKIMIT HEKOTOPBIME CIIEIMAIBHBIMU CBEPTKAME. TOYHOCTH MPUOJINKEHUST 3aBUCUT OT
JINHBI OTPe3Ka Ha KOTOPOM 33/[al0TCsT (PYyHKINN. DT CBEPTKU IOPOXK,TAIOTCS KPAEBBIMU 33/1a9aMU
Mrypma-JIlnysunis. B pabore ykasbiBaercs, 9TO KaxKjasd KpaeBas 3ajada st JuddepeHImab-
HOI'O yPABHEHUsI BTOPOT'O TOPsiJIKa [OPOXKIAeT CBOK UHIUBUIYAJbHYIO CBEPTKY U CBOE UHIUBUJLY-
anbpHOoe mpeobpaszoBanne Pypwe. [Ipuaem mpeobpaszoBanme Pypbe OT CBEPTKH PaBHO TPOU3BEIE-
Huto npeobpazoBanuit Pypee. [Tocienree cBoOiiCTBO 03BOJIsIET TPUOJIMZKEHHO PeIlaTh HeJIMHETHbIe
ypaBHEHU: THIIA Bioprepca, mpeaBapUTesbHO 3aMEHNB HEJINHENHbI WIeH CBEePTKON IByX (DyHK-
nuii. Ilojo6HbIe MeTOIBI NCCIIeI0BAHNS HEJTMHENHBIX T depeHInaIbHbIX YPABHEHU ¢ 9aCTHBIMI
[IPOU3BOIHBIMU MOXKHO HaiiTu B paborax A. FO. Kosecosa, H. X. Pososa, B. A. Cajosuuyero.

B pabore crpouTcsi KOHKpeTHasi CBEPTKa, MOPOXKJIEHHAsS KpaeBoil 3aiadeil upuxie st AByX-
kparaoro guddepeniupoBanus. BoIBeeHbI CBONICTBA IOCTPOSHHO CBEPTKU U CBA3b UX C COOT-
BeTCTBYIONM r1peobpazosanneM Pypoe. B 3akimounTensnoit yactn paboThl TOKa3aHa CXOAMMOCTD
ceeprku (g(x)sin(z)) * (f(x)sin(x)) onpenenennoit na orpesku C[0,b] x npoussenenuio g(x) f(z)
npu b CTPEMAIMEMCS K HYJIO JIJTIst JIIOOBIX JIByX HenpepbiBHbIX dbyakmmit f(x) n g(x).

KoroueBsble ciioBa: npubiinkeHne, CBepTKa, KpaeBble 3aja4uu, 3aa4a Jupuxiie, mpeobpasoBaHue
Dypre.

1 Introduction

In this paper, we are interested in the approximation of nonlinear terms of differential
operators by some special convolutions. To motivate our research, let’s consider the Burgers
equation for simplicity

ou(t, )
ot

2
+u(t,x)8u((97;,:x) :1/8 g(;x),()<x<b,t>0 (1)

on a finite segment (0, b) with kinematic viscosity v. Replacement

£=aVv )

equation (1) leads to the form

50(817 ¢ U(t,@\/;a”éz{f) _9 gg; o<e<bymt>o. (3)

Whereas as kinematic viscosity v and the Reynolds number are mutually inverse, then there
is a critical viscosity value v.,.. When v > v, the fluid flow will be steadily laminar. Movement
at v < v, becomes unstably turbulent. Thus, for small values v there is a movement of the
liquid acquiring a turbulent character. If v — 0, then the length of the interval [0, b\/V/]
becomes a small quantity. In this case, it becomes possible to approximate of the nonlinear

term U(t,x)%té@ by some special convolution vy * (g—Zso(g)) Here vy (t,£) = v(t)so(&),

where s¢(§) - fixed function. By convolution we mean some two-dimensional, associative,
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bilinear operation consistent with the corresponding Fourier transform. In other words, if F
is Fourier transform, then the equality

F(fxg)=Ff-Fg (4)

is rightly for the convolution we introduced. Then for small values v equation (3) can be
approximated by its approximation

oW (t,€) oW (t,€) PPW(t,¢€)
P sy« (Pt ) = S 5)

Property (4) makes it possible to solve equation (5) efficiently by the method of separation
of variables. Similar schemes used in works [3]-[14].

A wide set of convolutional operations generate boundary value problems for linear
differential operators. In mathematical physics, the solution of an inhomogeneous equation
Au = f is written as a convolution of two functions u = ¢ % f, where ¢ is the corresponding
fundamental solution [3]. Under the convolution is understood to be the bilinear a (possibly
noncommutative) operation without the right annulators. When there is an inverse operator
A~! then the convolution associated with the linear operator A has nonzero divisors. If
the operator A corresponds to a boundary value problem in a bounded domain, then
the convolution may depend on its boundary conditions. For example, the convolution
corresponding to the operator Bj in the function space Ls(0,1) has the following form

(o)) = [ Sl =g+ [ £+ - Dgte)ae

Here the operator By corresponds to the boundary value problem

Y = j), 0 <0< 1, y(1) = hy(0)

The resolvent of the By operator has a convolutional representation
oiNt

h — eir’ (6)

(By — M)7 f(z) = (ex *B, f)(x), whereey(t) = ih

The convolution #p, defined by formula (6) depends on the boundary parameter h. A more
difficult example is given [4]. In the Hilbert space Ls|0, 1], we define the operator By generated
d*u(x)

by the differential expression lu = —
dx?

, 0 < x <1, and the domain of definition

D(Bs) = {u € W2[0,1] : u(0) = 0, u/(1) = u(1)} .

The spectral properties of operator are studied in detail in the work of N. I. Tonkin [5]. The
convolution generated by the operator By is defined by the formula

(@ @) =5 [ o ra=0f@dt+ [ glw—1+ 050+

—X
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+/0mg(x—t)f(t)dt—%/oxg(l—x—t)f(t)dt+%/Oxg(l%—t—x)f(t)dt.

In this case, the resolvent of operator By has the convolutional representation

sin(v/\t)
VA(cos(VA—1))
In [6, 7, 8, 9] we can find convolutions generated by first-order differential operators with

integral boundary conditions. In the works of M. V. Ruzhansky and his co-authors [4, 10, 11,
12|, convolutions generated by

(Bo = MN)7'f(z) = (ex *p, f)(x), wheree(t) =

1. Operators whose root elements form a Riesz basis in the corresponding space.
2. Riesz basis of the Hilbert space are investigated.

In [8], the construction of explicit convolution formulas uses representation of the Green
function. Usually, the Green function G(z,t) is a two-place function, while the fundamental
solution £(t) is a one-place function. When deriving an explicit convolution formula, it is
necessary to express the two-place function G(x,t) linearly in terms of the one-place function
e(t), and it is allowed to use integration and differentiation operations [13].

In the future, we will need a convolution generated by the periodic problem. For the
operator Bs corresponding to the periodic problem

—y— f(x), 0 <z <1, y(0) =y(1), ¥'(0) =¥'(1)

convolution *p, has the following form

T T 1
(Feag)w) = [ fa-tg(oies [ _afe-opg(oies [ f1se-agoies [ fra-tglod
0 0 T
The resolvent of the *p, operator has a convolutional representation

(Bs — AI)™" f(x) = (ex *, f)(x),

where

e () = — sin(v/Az)
g 2V A(1 — cos(VA))

In the future, the convolution *p, is re denoted by .

2 Integral representation of the solution to the Dirichlet problem of the Sturm-
Liouville operator

The main result of this section is stated in the following lemma.

Lemma 1 In the function space Ly(0,b) is studied the Dirichlet problem for the Sturm-
Liouwville equation

—y" (@) = Ay(x) + f(z), 0 <z <b (7)
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y(0) =0, y(b) = 0. (8)

The solution to problem (7)-(8) at 0 < x < b has the representation

y(z) = m {/O sin VA(b — z + 7)dr / f(t)dt + /0 sin VA(b — 2 — 7)dr / f(t)dt} +

+ﬁ\/Xb{/ dg/ sin VA(b—t+&)f ()dt+28m\/_b/ dg/:sin\/X(b—t—g)f(t)dt}.
(9)

In the functional space Ly(0,b), we denote by B the Sturm-Liouville operator, which
corresponds to the Dirichlet problem (7)-(8).Then the right part of formula (9) determines
of the resolvent of operator B.

Proof of Lemma 1. First, let us check that the right part of relation (7) satisfies
boundary conditions (8). For this, it is necessary to denote the right part of relation (9) by
u(z). Then direct substitution into u(z) the values z = 0 and x = b leads to the equalities

_ m {/Obsin\/XTdT/be(t)dt— /Obsin\/XTdT/Tbﬂt)dt} —

Now need to check that the function u(z) is a solution of equation (7). For this we calculate
the corresponding derivatives.

() = —m\/x{/Oxcos\/X(b—:c+r)dr/jf(t)dt—/OxCOS\/X(b—x—T)dT/jf(t)dt}+

1 b b
e bsin = -
u'(z) = QSin\/XbA/_ng/z VA —t+€)f(t)dt

_m {/:sin\/X(b—x—T)dT/Txf(t)dt—/Oxsin\/X(b—x—H‘) /Txf(t)dt}—f(w)-

The identity is used here
x T T T T b
/0 sin V(b — x + T)dT/T f(t)dt—/o sin VA(b — z — T)dT/T f(t)dt = / df/x sin V(b —t + &) f(t)dt

Then the equality follows required u”(z) = —Au(z) — f(x) . Thus, Lemma 1 is completely
proved.
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3 Convolutions generated by the Dirichlet problem of the Sturm-Liouville
operator

In this paragraph, the convolution formula is given, which corresponds to the Dirichlet
problem of the Sturm-Liouville operator.

b
For any two functions f(x), g(x) € Ly(0,b) introduce a convolution, which at 0 < z < 5

is determined by the formula

(g ))(x) :/Oxg(b—:U+T)d7/jf(t)dt+/oxg(b—:U—T)dT/Txf(t)dt—k

/dg/ (b—t+&)f dt+/d£/ b—t— &) f(t)dt— (10)

e[ oo i—oom— [T [ o cnsiom

b
and at 5 < x < b is determined by the formula

(% f)(x) = /0 o(b— 2z +7)dr / F(#)dt + /Obxg(b ) / F(#)dt—

—/:xg(:c—kT—b)dT/If(t)dt—F/Oxdf/:g(b—t+§)f(t)dt+ (11)

_,_/Ogdg/:_fg(b_t_g)f(t)dt_/ogdg bl (t+E-b)f( /df/ (-+€=b)f (e

The convolution introduced by us is linear for each argument and has associativity properties,
at the same time, this convolution is not commutative.

Definition 1 We will say that * convolution is generated by the operator B if its resolvent
(B — AI)7! has the following convolutional representation

(B =) f(z) = (ea = f)(@),

where €y 1s the corresponding fundamental solution.

In functional space Ls(0,b) the Sturm-Liouville operator corresponding to the Dirichlet
problem (7) - (8) is denoted by B.

Lemma 2 The convolution given by formulas (10)-(11) is generated by the operator B.
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Proof of Lemma 2. According to Lemma 1, the resolvent of operator B is given using the
right side of formula (9). In this paragraph, we will rewrite the right part of formula (9) in a
convenient form for further research:

b
If0<x<§,then

u(z) = m {/O sinﬁ(b—x+7)d7/jf(t)dt+/ox sin\/X(b—x—T)dT/jf(t)dt}+

1 T b . T % .
+m{/o dg/x smﬁ(b—t+§)f(t>dt+/o dg/x smﬁ(b—t—g)f(t)dt}—

1 T bff. \/_ T b . \/_
—m{/o df/g sin )\(b—t—f)f(t)dt+/0 d¢ bissm )\(t+§—b)f(t)dt}.

b
If§<m<b,then

u(z) = m {/0 sin VA(b— 7+ 7)dr / F(#)dt + /OH sin V(b — & — 7)dr / f(t)dt} -

—m {/bzxsin\/X(erT—b)dT/Txf(t)dt—/Oxdg/:sin\/X(b—t+§)f(t)dt}+

| §opee oo
+m{/0 dg/x sm\/X(b—t—g)f(t)dt—/O d¢ b_ésm\/X(t—Ff—b)f(t)dt}—

1 v
—m[; d§/z sin V(t + & — b) f(t)dt.

It is easy to notice that the value of the resolvent (B — AI)~!f(x) coincides with wu(x).
On the other hand, the solution has a convolutional representation

u(z) = (g f)(x),

sin \/Xx
2sin vV \b

where g(x) = . Lemma 2 is completely proved.

4 The Fourier transform generated by the operator B

The poles of the resolvent (B — A\I)~! determine the eigenvalues of the operator B. Since

(B =)~ f(x) = (g f)(x), (12)
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sin vV \z
2sin Vb

representation (12) that the poles of the resolvent (B — A)~! are zeros of the function
sin v/Ab = 0. Tt follows that zeros have the form

where g(z) = is the appropriate fundamental solution. It follows from the

M:E#?k—Oil (13)

A more detailed analysis shows that )y is the eliminable singular point of the resolvent

(B—\)™!
2
Thus, the resolvent (B — AI)~! has only simple poles A, = 7;—21452, k=1,2, ... In order to

find their corresponding eigenfunctions of the operator B, we need to calculate

4 wkx [ kt
res(B — M) f(x) = ——sin e f(x)sin T2 .

The direct calculation of the residue at the point A = A\, leads to the formula

4 rwkx [° kt
res(B — M) f(x) = ——sin e f(z)sin Tt =

= (_Diﬂ {/Oxsin%k(x — T)dT/x f(t)dt + /Omsin%k(yc4—7’)d7'/:j f(t)dt} +
+( 1)2k+127rk {/ dé/ sm— (t—¢ f(t)dt+/Oxdﬁ/:sinﬂ—bk(t—kf)f(t)dt} =
_ 2k [/ f(t dt{/ SIIITk(Z‘—T)dT—F/OtSinﬂ-—bk(l'—i-T)dT}} —

_Qg_f U f(t)dt{/oxsm”—b’“(t—g)d5+/$sin”7f(t+g)d5” _

27Tk: [

dt/ 281n—:L’COS—Td7’—|—/ f(t dt/ QSlnTktCOSW—fé“d&] =

T b

:——/f smﬂ—lm& 7TTktdt i 7rlm/f Sinﬂ—ktdt

It follows from this that the system of eigenfunctlons of the operator B has the
. mx . 27y . 3nx
form {sin sl =, sin ==

b b

2wk k kt k kt
S [ /f singsinﬂ—dt /f singsinﬂ—dt]

, ...}, corresponding Fourier coefficients are calculated by the

formulas

bk(f):—res(B M)~ () / f(t)sin bktdt kE=1,2,...
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5 The relation of the Fourier transform and convolution generated by the
operator B

Take two functions f and ¢ from Ly(0,b) and decompose them according to the system of

. . . Tmx . 2mx . 3mx
eigenfunctions {sm o sin 5 sin 5 }, as a result , we have

wkx

Flr) = bl sin 75"

Now calculate the convolution (g * f)(x), to do this, we formulate an auxiliary statement.

Lemma 3 For any k and j, the equality is true

By .
Sinﬂ—w*sin@:O,k#j,
b b
y .
sinw—bx*sinible,k:j.

b
Proof of Lemma 3. By definition, at 0 < z < 5

Smw_kx*sinw:/ sin@(b—x—l—T)dT/ sinLﬂdt+
b b 0 b i b

x k T it z b k 't
—|—/ sin%(b—m—T)dT/ sin%dt—k/ dﬁ/ sin%(b—t—k{)sin%dt—k
0 0 T

T

b
+/ dg/ sin”—(b—t—g)sinﬂdt—/ dg/ sin (b — ¢ — &) sin L dt—
0 T b b 0 % b b
v b mk it
—/ d¢ sin —(t + & — b) sin —=—dt.
0 b—¢ b b

b
For 5 < x < b, the statement of Lemma 3 is checked similarly. Lemma 3 is fully proved.
Immediately follows by Lemma 3

(g% @) =Y bl £)br(g).
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6 Approximation of multiplication by convolution

Let f, g be two arbitrary functions both defined and continuous on the segment [0, b]. Denote
by g1(z) and fi(z)
g1(x) = g(a)sin(z), fi(z) = f(z)sin(z).

Theorem 1 For any two functions f and g continuous on [0, b] is the limiting relation rightly
lim [(g1 * f1)(2) — g(2) f(2)] = 0,Vz € [0, ].

Consider the difference
R(z) = (g1 * fi)(x) — g(x) f(2)

Proof of Theorem 1. Introduce the notation

Ry(x) = /Ol" g(b—x+7) sin(b—x+7)dr /x f(t) sin(t)dt—/oxg(x) sin(b—x+7)dr /x f(z)sin(t)dt,
Ry(z) = /Ox g(b—x—7)sin(b—z—7)dr /x f(t) sin(t)dt—/ox g(x) sin(b—z—7)dr /x f(z)sin(t)dt,
Ra(z) = /0 e / (b=t )sin(b—t-+€) f(£) sin(t)di— /0 " g(a)de / £ () sin(b—t+€) sin(t)dt,

Ra(z) = /0 "de / * g (b—t—8) sin(b—t—€) f (1) sin()di— /0 " g(x)de / * (@) sin(h—t—¢) sin(t)dt,

b—¢

T b—¢ T
R5(1:):/0 dﬁﬁ g(b—t—=¢&) sin(b—t—é)f(t)sin(t)dt—/o g(x)d¢ , f(z)sin(b—t—¢) sin(t)dt,

Rg(x) = /01? d¢ b_gg(t—kf—b) sin(t+&—b) f(t) sin(t)dt—/org(x)c% - f(x) sin(t+£—b) sin(t)dt.
Note that
R(z) = Ri(z) + Ra(x) + R3(x) + Ra(z) + Rs(x) + Rg(x).

For the upper estimate of R(z), it is necessary to estimate the values of R;(z), Ra(x), ...,
Rg(x) from above. Now we evaluate the module of the function |R;(z)| from above

|Ri ()] =

/O “glb— x4 7)sin(b— z + T)dr / " f(t) sin(t)dt — /O " ga)sin(b — z + 7)dr / ") sin(t)dt' _

= | /Ox g(b—x+7)sin(b — x + 7)dr /x (f(t)sin(t) — f(x)sin(t)) dt+
+ /Ox g(b—z+7)sin(b—x+71)dr /9: f(z) sin(t)dt—/oxg(w) sin(b—x+7)dr /x f(z)sin(t)dt]|,
|R1(z)| = | /Om g(b—x+7)sin(b — x + 7)dr /I (f(t)sin(t) — f(z)sin(t)) dt—

_ /0 (g(b— 2+ 7) — g(x))sin(b — x + 7)dr / F(x) sin(t)dt| <
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<

/Oz g(b—x+7)sin(b — x + 7)dr /x (f(t)sin(t) — f(x)sin(t)) dt' +

x

+

((b—x—i—T) ())sm(b—x—i—TdT/ f(z sm()dt‘
/ lg(b — 2+ 7)]| [sin(b —$+7‘|d7/ |f(t) x)| [sin(t)| dt+

+/ Ig(b—l’+7)—g(x)||sin(b—$+7)!d7/ [f ()] [sin(2)] dt <

/|g —x+7|d7/ |f(t) ]dt—i—/ lg(b —x+T1) — |d7'/ |f(z)|dt.

If0<x<—

Ri(2)| S/Orlg<b—x+f)ldf/m|f(t)—f(af)ldt+/om |g<b_x+7>_g<x>|dT/m|f<x>|dt.

Since f, g € C[0,b], then |f(z)| < My, |g(x)| < M,. Therefore

Ru(a |<M/ dT/ £(8) ydt+Mf/ 9(b— 2+ 7) — g(x)| (& — T)dr

We consider that the length of the segment [0, b] very small, then the inequalities are fulfilled
b
lf(t) = f(z)| <e, |gb—a+7)—g(z)|<e,VO<T <2< 3

2

| Ry ()] SeMg/ dT/ dt+5Mf/ (SE—T)dT:g(Mg—f—Mf)%,
0 T 0

if the value b enough small. In an anological way , the values are estimated from above
|Ro ()], |R3(x)|, |Ra(z)],|Rs(x)],| R¢(x)| . Thus Theorem 1 is proved.

7 Conclusion

The article presents the convolution generated by the Dirichlet problem for the operator
of twofold differentiation. This convolution makes it possible to approximate nonlinear
expressions depending on two continuous functions. The accuracy of the approximation
depends on the length of the segment on which these two functions are defined. Replacing
nonlinear expressions with convolution allows applying the Fourier method to nonlinear
partial differential equations.
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Non-local mathematical models for aggregation processes in dispersive media

Particles aggregation is widespread in different technological processes and nature, and there are
many approaches to modeling this phenomenon. However, the time non-locality effects with witch
these processes are often accompanied leave to be none well elaborated at present. This problem
is justified especially in reference to nano-technological processes. The paper is devoted to the
non-local modification of Smoluchowski equation that is the key point for describing influence
of synchrony and asynchrony delays in aggregation processes for clusters of different orders.
The main scientific contribution consists in deriving the non-linear wave equation describing the
evolution of different orders clusters concentration under aggregation processes in polydispersed
systems with following for the mentioned non-locality. The practical significance lies in the fact
that the results obtained can serve as the basis for the engineering calculation of the kinetics of
aggregation in polydisperse nano-systems. The research methodology is based on mathematical
modeling with the help of the relaxation transfer kernels approach. Succeeding analysis of
aggregation processes on the base of submitted ideology can be directed to generalizing master
equations with allowing for space non-locality too. The submitted approach opens up fresh
opportunities for detailed study of influence of relaxation times hierarchy on the intensity of
aggregation and gelation processes in non-crystalline media containing dispersed solid phase.

Key words: aggregation, dispersive systems, non-local model, kinetic equation, relaxation times.

A. Erenosa*, M. Cyusranos, b.Y. Banabekos, 2K.P. ¥Ymaposa
Koxka Axmer dcayn arbingarbr XajblkapasblK Ka3ak-Typik yausepcureri, Kazakcran, Typxkicran K.
*e-mail: aegenova@mail.ru
JucnepcTi opTagarsl arperanus MpoHecTePiHiH JIOKAJILIbI eMeC MaTeMaTUKAaJbIK, MOAeJIbIepi

Beumekrepin, arperanuscbl opTYPJl TEXHOJOTUSIIBIK, ITPOIECTED MEH TAOUFATTA KEH TapaJsiraH
JKome OYJI KYOBLIBICTBI MOJEBIEY/IH KomTereH Tocimmepi 6ap. Amaiima, 6y mporectep Kui
JKYPETiH yaKbITKA KEPTiTKTI eMec ocepi Kasipri yakpITTa KETKLTKCI3 3eprresreH. By mocerne
ocipece HAHOTEXHOJOTHUSIBIK, MIPOTIECTEPTe KATLICTHI Herizmenren. Makaaa CMOTyXOBCKUit TeHie-
yiHiH JOKaJJIBI eMec MOIMMUKAIUSCHIHA apHAJIFAH, OJI 9D TYPJi PeTTi KjlacTepJiep YIIIiH arperarus
MIPOTIECTEPiHIeri CUHXPOHIBIIBIK TeH ACUHXPOHILIIBIKTBIH KiTipiCTepiHiH 9cepiH CUmaTTayIbIH
KiaTTIK Me3eri Oouibinl TaObLaaAbl. Herisri rbuibiMu yiec - Oyl 2KeprijikTi emec Kargaiiabl
ecKepe OTBIPBII, ITOJINJINCIIEPCT] Kyiiesiep/ieri arperamusl IPOIECTEPIHJIErT OPTYPJl TaICHIPHIC
KJIACTEPJIEPIHIH MIOFBIPJIAHY IBOJIONUSCHIH CHIIATTAMTHIH CBI3BIKTHI €MeC TOJKBIHIBIK TeHJEYIl
mpirapy. [IpakTHKaIbIK MAHBI3IBLIBITLI - AJbIHFAH HOTUKEJIEp MOJUIUCIEPCTI HaHOCUCTeMaIap-
JIarbl arperarns KAHETUKACBIH WHZKEHEPJIK ecernTey VIMH Heri3d 60/a amraabl. 3epTTey 9aicTeMeci
peJlaKcanus siIPOCBIHBIH, TOCLTIH KOJJaHa OTBIPLIN, MAaTEMATHKAJIBIK MOJE/IBJICYTe HEri3/iesreH.
¥YCbIHBIIFAH WUJIEOJIOTUSIFA HEri3/Ie/IreH arperarrtay IIpPOIecTepin Keiinri Tajjiay KeHICTIKTIH
JKEPriJiIKTi eMecTiriH ecKepe OTBIPBIN, Herisri TeHJey/aep/i KaJllbliayra OarbITTAJIybl MYMKIiH.
Y COLIHBIIFAH TOCIT pesIaKCAIs MePAPXUICHIHBIH JUCIIEPCTI KATTHI (hasachkl 6ap KPUCTAIILI eMeC
OPTa/Iarbl arperanus *kKoHe I'ejIb TY3LIy IPOIEeCTEePiHiH KapKBIH/IBIIBIFBIHA OCEPIH erzKeil-TerzKkeili
3epTTEeyre KaHa MYMKIHIKTED alla/ibl.

(© 2022 -Farabi Kazakh National University
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Tyitin ce3nep: arperaiusi, TUCIEPCUSIIIBIK, KYiieIep, TOKATIbIbI eMeC MOJIE/b, KHHETUKAIBIK, TeH-
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HenokanbHble MaTeMaTHIeCKHe MoOdeJit IPOoIleCCOB arperanm B AUCIIEPCUBHBIX Cpeaax

Arperaiust 9acTull MKUPOKO PACIPOCTPAHEHA B PA3JUYHBIX TEXHOJOIMYECKUX IMPOIECCAX U IIPU-
pojie, U CyIIECTBYET MHOXKECTBO IOIXOM0B K MOJCTUPOBAHUIO 3TOro apjaeHud. OaHako 3hdOEKTH
HEJOKAJIbHOCTU BO BPEMEHH, C KOTOPBIMU YaCTO COIPOBOXKIAIOTCS 3TU IIPOIECCHI, B HACTOsIIee
BpeMs HEIOCTATOYHO TMPOPabOTAaHBI. DTa MpobjeMa OmMpaBJaHa, OCOOEHHO MPUMEHUTEIHHO K
HAHOTEXHOJIOTUIECKUM TporeccaM. CTaThbs MOCBAIMEHA HEJOKAJILHON MOJAM(MUKAIIN YPaBHEHUS
CMOJTyXOBCKOTO, KOTOPasl SIBJISETCS KJIIOUEBLIM MOMEHTOM JIJIsT OTHMCAHUS BJIUSHUSA 3aePiKEK
CUHXPOHHOCTH M AaCUHXPOHHOCTU B IIPOIECCaX arperamuu Jijid KJIACTEPOB PA3HOrO MOPSJIKA.
OcHoBHOW HAYYHBIN BKJIAJT 3aKII0YAETCS B BBIBOJIE HEJIMHEHHOTO BOJTHOBOTO YPABHEHUS, OIUCHI-
BAIOIIEr0 IBOJIIONHIO KOHIEHTPAINN KJIACTEPOB PA3JIMIHLIX MOPSAIKOB IIPU IPOIECCAX arperarimn
B MOJIMIUCIIEPCHBIX CUCTEMAX C yUeTOM yKa3aHHONW HEJOKAJbLHOCTH. lIpakTudeckas 3HATMMOCTD
3aKJIIOYIAETCs B TOM, YTO MOJTyUeHHBbIE PE3YTIHTAThl MOTYT MOCIYXKUTH OCHOBOI /IS MHZKEHEPHOTO
pacyera KUHETUKU arperamyy B IIOJUJIMCIIEPCHBIX HAaHOCHCTeMax. MeTomo/iorust ncciie10BaHust
OCHOBaHa Ha MaTeMaTHIeCKOM MOJEINPOBAHUHN C TOMOIILIO TOAXOJa f/ep IepeHoca peJakca-
nuu. [locepyromuit aHaIn3 MPOIECCOB arperupoBaHusl Ha OCHOBE IPEJICTaBJIEHHON HJCOJIOIUN
MOXKeT OBITh HAIpPAaBJICH Ha OOOOIEHNE OCHOBHBIX YPABHEHUI C YIE€TOM TaKyKe HEJIOKATHLHOCTH
npoctpancTBa. IlpejcTaBieHHBIl IO/IX0/T OTKPBHIBAET HOBBIE BO3MOYKHOCTU JIJIT JIETAJTHLHOTO
U3yYEeHUs BJIMSHUS HEPAPXUU BPEMEH peJIaKCAllUM Ha HHTEHCUBHOCTBH IIPOIECCOB arperanud u
rejieo0pa30BaHns B HEKPUCTAJINIECKUX CPEJax, COJEPKAIINX JTUCIEPCHYIO TBEep/Lyio dazy.

KuroueBbie cjioBa: arperaiiusi, JUCIEPCHOHHBIE CHCTEMBbI, HEJIOKAJIbHAS MOJE/b, KHHETHIECKOE
ypaBHEHNE, BPEMEHA PeJIAKCAITIH.

1 Introduction and problem set up

Particles aggregation is widespread in different chemical technological processes, metallurgy
pharmaceutical industry. Because of that many approaches to modeling this phenomenon
are offered [1]. However, a lot of key issues in the aggregation processes description leave to
be none elaborated up to day |2, 3, 4]. One of the important and pracically non elaborated
problems is time non-locality of aggregation processes |5, 6, 7|. However, it is impossible
to describe the influence of characteristic relaxation times on aggregates formation kinetics
without allowing for the non- locality aspect |8, 9, 10]. It is justified especially in reference
to nano-technological processes.

This paper is devoted to the non-local modification of Smoluchowski equation for particles
aggregation kinetics. There are not discussed some especially physical problems as, for
example, particles nucleation, etc. But we try to understand and to emphasize some difficulties
emerging in description of the non-locality applying to the aggregation kinetic equations.

The following non-local modification of the Smoluchowski equation for aggregation in the
uniform system can be offered as the principal ansatz with allowance for the general case of
asynchrony delays for clusters of different orders formation:
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e 1 i—l et © st gt
:—Z/ / Nj,i_jcj(tl)Ci_j(tg)dtldtg—Z/ / N; ;Ci(t1)Cy(ta)dt dts
dt 2 =1 0 0 j=1 0 0
(1)

C; denotes the concentration of i-mers, and aggregation kernels N, ; are functions of the
delay times t — t; and t — t,.

Form (1) follows from our detail consideration of relaxation kernels method applying to
heat and mass transfer problems [2].

The general linearized model for the aggregation matrix can be obtained from the model
equation for transfer kernels which is submitted in [3, 4]:

ON,;  ON;; Of)
i ) 3 ) ) ]\[Z J— 2
r a ; +TJ 88]‘ + Ti,j ) ( )
Wheresi:t—tl, Sj:t—tg.

In equation (2) the coefficients r; on a level with relaxation time 7;; play a part of
control parameters of clusters “inertness”, the parameter f answers for media and particles
characteristics.

Thus the aggregation matrix, satisfying equation (2) and coming up to the condition of
fast relaxation in time ¢ >> 7; ; , can be written as

0
S; S,
Ny =10, ( EAE R (L ) 3
) nz,]exp 27_17] T + rj ( )

The master equation reads

1 i
=5 > Mimerp(—(g 4]0 Wil msear(—( (957 +9) D) s 1 (4)
1
Here o
(z) _ am,n' (]) _ am,n' a _ m,n
gmn 2Ti ’ gm,n 27’] ) m,n Tm?n

t t
L —/ ea;p(gj(zZ ]j) )Ci_j(s)ds; Iy —/ exp(g](jz) 8)C;(s)ds;
0 0

t .
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0 0

At the present time the clear way to rigorous reducing general governing equation (4) to
an ODE form is unknown |8, 11].

S0, let’s assume at the beginning r; = r; =

R _
L =a;; = a = const.
TZ] K

Thus we have

ac; 1

T §ea:p(—at) ; Nji—jlila — exp(—at)l3 ; Mg L. (5)
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Here ), means 23;117 >, means Y 7 [y = fg exp(as/2)C;_;(s)ds;

_72:/0 exp(as/2)C;(s)ds; 13:/0 exp(as/2)C;(s)ds

The main contribution of this work lies in that the features of the influence of the
nonlocality on the aggregation process in cases of synchronous and asynchronous delays in
the formation of different orders clusters have been highlighted and separately considered.

2 Materials and methods

2.1 Asymptotic analysis for asynchrony case

In order to simplify the problem it is supposed that for small relaxation times the Laplace
method in the neighborhood of the time point ¢ can be used. Immediate substitution
of the integrals expansions into equation (5) requires multiplying asymptotic sequences.
Such procedure is badly conditioned, as it may lead to utter loss while checking orders of
approximation.

Therefore, we rearrange the equations to the form which is free from a product of integrals:

dZCi dCl 1 at
+a—- = Sexp <—5) 21: N3,i—i(Cily + Cijla)—

dt? dt 2

at
—exp <—§) G Z Nijl2 + I3 Z 1i,;C;
2 2

Using then Laplace method we obtain the asymptotic relations in which the orders of
equations and approximations are concerted:

1 =2 [eay (g) Coylt) - Cr j<o>} A [ () o))

o (3) %) ®
()% 5] 0

PO, Ao 2 1d 1 Ld
o +a = 521:77131'—3' |:Cjci—j — EE(C]CZ_])} - 522:771'7]' |:Cz j d (CC >:|

Lemn(- an[ (co - 220 o (o - 25500 4

e S (00290 s, (e - 2250

(6)

2 at 4
W _z ab _ =
$= e ()0 } :

As a result, we get

(10)
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Let’s assume % = 7,. Parameter 7, has a time dimension. So, let T" be the characteristic
time of the process.

Introducing the small parameter ¢ = 7, /T we can pass to the dimensionless time § = t/T
and dimensionless aggregation kernels 7; ; = T30 ;.

Thus equation (10) can be rearranged to the following form:

d*C;  dC; _ d _ d
T X D Wi [Cjci—j - 5@(@@4)} —4* Y "y |:CiCj - 5@(@@)]
1 2

eap <_2ﬁ) i {cj (c”@) - Qde_@(m) e (c]«o) - %O))} i

+252mp(—2%) >, [01- (@(0) - 26d(3§0)) -G (@(0) - QEd%O)ﬂ

Ignoring the fast decreasing terms at time ¢t >> 7, we obtain the reducing form of master
equation

3

(11)

d*C; dC; _ d _ d
€ 402 + a0 = 252 an’i_j |:Cjci_j - 5@(0]'@_1)} —452 Zni,j |:CZC] — 8@(010])] .
1 2
(12)
Essential difference between solutions of equations (11) and (12) may be observed at the
initial period A6;,:

Ab;, ~ —elne. (13)

Depending on the specific correlation between values of the relaxation time and
aggregation kernels we consider three different types of the aggregation process. They are
the fast, moderate and slow aggregation:

nij=00/12),  ni;=01/n), mi;=0(), (14)

In any case, singularly perturbed kinetic equations should be obtained.
It’s obvious that equation (12) can be reduced to the well-known Smoluchowski equation
on the zero-approximation only in the case of fast aggregation.

3 Modified third order model for the synchronic delays case

Let us consider a modification of the Smoluchowski equation taking into account the
synchronous time lag of the aggregation of clusters of different orders, which is designed
to describe the effect of the characteristic time of aggregate formation on the kinetics of the
process |2, 10].

Then the following nonlocal modification of the Smoluchowski equation is proposed for
the aggregation process in a polydisperse system |10, 12]:

oC;
t

= %Z / dt@ij,j(t,tl)cij(tl)cj(tl)—i / dt 0 (t, 1) Ci(t)Cy (1) (15)



A.Yegenova et al. 75

Model equations for the elements of the coagulation matrix are as follows [10]:

0 b,
=@+ —Lf,
o J Tij 3J

Then the integro-differential equations take the form:

ac; 1k i

Tt—jvj

—0. (16)

_Z/dtl ii(tt exp( i](t —’51)) Ci(t)C;(t)- (17)

The time derivatives of the integral terms have the form

0 t 0
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Then the governing equation can be transformed to the form:
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Taking the time derivative again the following equation can be derived:
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71 :

Performing a separate averaging over the groups of indices for the terms describing the
formation and destruction i- measures, the following system has been obtained

T (Z% (0C(1) = 38,000 )——Alzm ;(t)+
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Ti—j,j

i—1 0
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Jj=1

0

»J

After transformatlons, a more compact form of the system has been obtained

d3C; d?>C; dC
73 + (Bl + BQ) pTE + B i

(B1 + By + — ) < an 5, Ci—i (1) C5(t) — i@,jCi(t)Cj(t)) - (22)
—-A1 Z DY Cis()C;(t) + A i DY .Ci(t)C5(2).

A feature of the obtained equation (22) is the presence of solutions describing the
propagation of perturbations with a finite velocity in the form of single waves [8|.

At the same time, the analysis of the obtained equation shows that for small values of the
parameter 7/7., the use of the local form of the Smoluchowski equations with aggregation
matrices obeying equations of the form (3) is quite correct, since the correction to the local
form has no less than the second order of smallness [10].

4 Conclusion

In this paper a brief introduction to the problem of time nonlocality applying to aggregation
process kinetics has been submitted. The main result is that the relaxation kernels approach
may be advantageous for deriving master equations with accounting of hierarchy of relaxation
times.

Comparing the obtained equations with equations submitted in [8] we notice that account
of different time delays for clusters of different orders essentially changes the form of
kinetic equations. This circumstance can especially show itself at the initial time when the
master equation must be considered in extended form (11). Need for the information about
derivatives of clusters production at the initial time manifests, in our opinion, more profound
physical content of the submitted model. Of course, this information is out of the competence
of the model as such. A separate description of synchronous and asynchronous delays in the
formation of clusters of different orders has shown significant differences in the fundamental
models of the kinetics of aggregation processes in these situations.

Succeeding analysis of aggregation processes on the base of submitted ideology can be
directed to generalizing master equations with allowing for space non-locality too. In our
opinion the submitted approach opens up fresh opportunities for detailed study of influence
of relaxation times hierarchy on the intensity of aggregation and gelation processes in non-
crystalline media containing dispersed solid phase. This opens up new possibilities not only for
calculating kinetics, but also for developing new approaches to controlling fine technological
processes.
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AUTOMATION OF OBTAINING VINYL ACETATE IN A
MICROREACTOR

Due to the lack of domestic manufacturers, the production of a microreactor with a control system
for chemical processes will remain relevant. The reason for this is the demand for automated
solutions and, in general, automation and research into the optimal conditions for promising
chemical processes in companies and in production. Moreover, the microreactor proposed with a
chemical process control system will be able to save money and time on the development of effective
chemical processes for the production of a wide variety of substances. In addition, the project
provides for the use of composite and polymer materials for work, which in turn will reduce the
cost of manufactured products, and at the same time increase the competitive attractiveness. The
aim is to develop a microreactor and a control system for chemical processes. This goal is achieved
by justifying the choice of the direction of research, analysis of existing equipment for carrying out
microreactor synthesis, application for their creation lightweight, composite and other technical
materials, as well as through the development of technology for creating microreactor equipment
using 3D printing, milling and engraving of light metals, composite and polymer materials. The
article presents microreactors and the development of a microreactor for the production of vinyl
acetate, a detailed description of the methodology for the development of this complex device,
including a microreactor, a SCARA type robot and a control unit. Methods for the production
of vinyl acetate and the possibility of automating this process with a complex device were also
studied.

Key words: automation, microreactor, SCARA type robot, vinyl acetate.
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Bunnn aleTaTblH MUKPpOPpeaKTOp/Jda ajJyJbl aBTOMaTTallu3allnudJIay

OranplK OHIIpYIIIEpIiH 6oaMaybiHa OallIaHBICTBl XUMUAJIBIK, MPOIECTepi backapy Kyiieci
Oap MUKpPOpeaKToOp eHJipici e3ekTi G0k Kaja Oepesi. MyHBIH cebebi — aBTOMATTAHIBIPBLIFAH
HIEMTiM/IeEpre CYPAHBIC YKOHE YKAJIIbl aJFaH/Ia, aBTOMATTAHJIBIPY *KOHE KOCIIIOPBIHIAD/AFbl KOHE
OHJIipicTeri MepCHeKTUBABl XUMUSLIBIK, ITPOTECTEP/IiH OHTANIBI MapTTapbia 3eprTey. COHBIMEH
KaTap, XUMUAJIBIK [TPOTECTEP i 6acKapy KyieciMeH YChIHBIIFaH MUKPOPEAKTOP dPTYPJIi 3aTTap bl
aJIy YHIIH THIM/II XUMUSJIBIK IIPOIECTEP/Il 93ipjeyre akiia MeH YaKbITThl YHeMJieyre MYMKIHIIK
6epemi. ConbiMeH KaTap, K00a KYMBIC YIMH KOMIO3UTTIK KOHE TOJUMEPJI MaTepHasIapIbl
naiijlaIany bl KapacThIpaJibl, OyJI ©3 Ke3eriHjie OHJIpiIreH OHIMHIH ©31H/iK KYHbIH TOMEHETyTE,
COHBIMEH KaTap Oocekere KabIIeTTIIKTI apTThIpyFa MyMKIiH/IIK Oepesi. Makcar — MUKPOpeakTop
MEH XUMUSJIBIK MpOoIecTep/i Oackapy Kyitecin Kacay. By makcar 3eprrey OarbIThIH TaHIAY/IbI
Heri3ziey, MUKPOPEAKTOPJILIK, CHHTE3/Tl YKYPTi3y YIIiH KOIJAHBICTATbI 2KAOIBIKTHI TaIIay, OJaPIIbl
JKEHIJI, KOMIIO3UIIUANIBIK JKOHEe OackKa Jia TEeXHUKAJBIK, MaTepuaJiap/bl 2Kacayra KOJIJIaHy,
coaii-ak, 3D KeMeriMeH MUKPOPEAKTOPJIBIK, »KAObIKThI KYPY TEXHOJIOTUSICHIH O3ipJiey apKbLIbl
KOJI »KETKI3LJIe i, YKeHIJ MeTasIap/bl, KOMIIO3UIUSJIBIK YKOHe MOJMMEPJI MaTepuaapibl OachIn
mbIFapy, gppesepiiey KoHe Of0.

(© 2022 Al-Farabi Kazakh National University
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MakaJsa/ila MUKpOpeaKTOp/iap MCH BHHUJIAIICTAT OHJIpicine apHAJFaH MUKDPOPEAKTOP/IBIH, TaMybI,
MukpopeakTopab, SCARA TumTi pobOTHIH KoHe OHBIH bacKapy OJOTBIH KOCa ajraHjia, OChl Kyp-
Jlesi KYPBUIFBIHBIL YKacay 9/[iCTEeMEeCiHIH TOJIBIK, CHUIIaTTaMachl TajKbliaHabl. CoHmail-aK, BUHIII-
areTaT aJLy 9JicTepi XKoHe OChI IIPOIECTI KYP/Iesii KyPbUIFbIMEH aBTOMATTAH/IBIPY MYMKIHJIIT1 3epT-
TeJIIi.

Tyitin ce3mep: aBromaruka, MukpopeakTop, tuinti SCARA pobor, Bunmiamnerar.

A H. Mycynmanbekosa, A.T. Xadues, A. Aaunxan, A.B. Baparosa, M.K. 2Kymaaunnaes
WNucTuTyT MeXaHUKA W MAITMHOBEIeHNsT nMenn akageMuka Y.A. Jlxkommacoekosa, Kazaxcram, 1. AMaTo
*e-mail: a.mussulmanbekova@gmail.com

ABTOMaTI/IBaI_[I/Iﬂ IIOJIy1YeHUdA BHMHUWJIaleTaTa B MUKpOpeaKTope

N3-3a orcyTCTBUSI OTEYECTBEHHBIX IIPOM3BOJIUTENIEH IIPOM3BOJICTBO MUKPOPEAKTOPaA C CHCTEMOIt
VIPABICHUS XIMUIECKAMU MTPOIECCAMU OCTAHETCS aKTya bHBIM. lIpumamHa 3Toro - moTpebHOCTH
B aBTOMATH3UPOBAHHBIX PEIIEHUAX W B IEJIOM ABTOMATH3AINN M HCCJIEIOBAHUASIX ONTUMAJIBHBIX
YCIOBUN JIJIsT MEPCHEKTUBHBIX XUMUYIECKUX IIPOIECCOB HA MPEINPUATHIX W Ha TPOU3BOJICTBE.
Bosee Toro, mpeioyKeHHBII MHUKPOPEAKTOP € CHCTEMOI YIPaBICHUS XUMHUYIECKHM ITPOIECCOM
[TO3BOJINT COKOHOMUTD JICHBI'M U BpeMs Ha pa3paboTke 3DMEKTUBHBIX XUMUTIECKUX ITPOIIECCOB ISt
MTPOM3BOCTBA CAMBIX PA3HBIX BEIMIECTB. Kpome TOTO, MPOEKTOM MPEIYCMOTPEHO MCITOTHL30BAHNE B
paboTe KOMIO3UIIMOHHBIX U IOJUMEPHBIX MATEPUAJIOB, UTO, B CBOIO OYEPE/b, CHU3UT CTOMMOCTD
MTPOM3BOIMMON TTPOIYKITUH W OJHOBPEMEHHO MOBLICUT KOHKYPEHTOCIOCOOHOCTD. 1lesThio sBisteTcst
paspaboTKa MHKPOPEAKTOPa M CHCTEMbI yIPABJICHUs] XMUMUYECKAMHU IporeccaMu. JlaHHasi Iesib
JIOCTUTAETCs 3a CIeT 0OOCHOBAHUS BBIOOPA HAIIPABJICHUS UCCICTOBAHNIN, AaHATIN3a CYTIECTBYIONETO
000OpYIOBaHUs IS I[IPOBEJECHNS MHUKDPOPEAKTOPDHOTO CHHTE3a, HPUMEHEHWs st WX CO3JAHUs
JIETKUX, KOMIIO3UIIMOHHBIX U JIDYTUX TEXHUYIECKUX MATEPUAJOB, & TaKyKe 3a CUYeT pa3paboTKu
TEXHOJIOTUN CO3/IaHUsS MUKPOPEAKTOPHOTO 0O0OPYIOBaHUS ¢ MCmob3oBanneM 3D. meuaTs, dpese-
pOBaHUE U IPABUPOBKA JIEIKHX METAJIOB, KOMIO3UTHLIX U IMOJIUMEDPHLIX MaTEePUAJIOB. B crarbe
pPacCMaTPUBAIOTCS MEKPOPEAKTOPHI U pa3padoOTKa MUKPOPEAKTOPA, s TIOJTy IeHIsT BUHIIAIICTATA,
OJPOOHOE ONMUCAHUE METOJUKH pPa3paboTKM JIAHHOTO KOMILIEKCHOIO MpubOopa, BKJIFOYAIONIETO
MukpopeakTop, pooor turna SCARA u 6ok yupassenus. Takyke ObLin U3ydeHbl METOJBI TIOJLY-
YeHWs] BUHIJIAIIETATA U BO3MOXKHOCTH aBTOMATU3AIIN JAHHOIO IIPOIECCca KOMILJIEKCHBIM IIPUO0POM.

KirroueBnblie cioBa: aBromMaru3aliusi, MUHHATIOPU3alinsi, MUKpopeakTop, pobor tuna SCARA.

1 Introduction

Markets demand products that are smart, feature-rich, communicative, clean, safe, portable,
lightweight and self-contained. The production of these products requires miniaturization
of components and systems, which can be accomplished using microelectronic technologies
developed in recent decades. This allowed not only to reduce the size of components and
sensors, but also to increase their density in integrated circuits.

Microsystems are typically less than a millimeter in size. They can be produced using
manufacturing technologies related to microelectronics. In this case, it is possible to combine
sensors, actuators, and microelectronic components. This technology has contributed to the
development of microreactors for controlling chemical reactions.

Leading companies in the world, for example, Lonza, DSM, Sigma Aldrich, Bayer, Astra
Zeneca, Novartis, Eli Lilly, GlaxoSmithKline, Pfizer, MSD and research institutes: IMM —
Institute of Microtechnology Mainz / Institute of Chemical Technology (Germany), TNO
— Government Institute of Applied Research (Holland), MIT — Massachusetts Institute of
Technology (USA) is already implementing all these solutions in industry, primarily at the
pilot and semi-industrial level, less often at the industrial level [1].
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Microreactors have provided a better understanding of the effects of miniaturization on
flows and transport phenomena in the chemical industry.

Microreactor technology currently represents a serious alternative to conventional
macroscopic production. Microreactors are reactor systems that include structures for the
transfer or containment of a gas or liquid, in which at least one size is measured in micrometers
and does not exceed 1 mm |[2].

For the design of microreactors, various technologies are used: lithography, electroplating,
casting, etc. Silicon, quartz, polymers, metals are used as structural materials [3].

Microreactor synthesis of active substances belongs to modern breakthrough technologies
of chemical synthesis, which allow the production of complex substances with much lower
operating costs. When using micro-reactor technologies, it is possible to provide the following
technological advantages: guaranteed process safety, energy efficiency, compliance with
regulatory standards, modular design, the possibility of its accelerated scaling, reproducibility
of the technological process, compactness and high selectivity [4].

Moreover, microreactor technologies are able to reduce the costs of implementing the
synthesis process, since they do not require huge premises and a large staff of specialists. At
the same time, the use of a microreactor allows providing all the necessary conditions for the
correct course of chemical processes, continuous operation under full automatic control of all
parameters [5].

Next, we will consider microreactors of different generations for modeling chemical
reactions. Currently, 3 generations of microreactors are known. These are microreactors of the
first generation (1G), microreactors of the second generation (2G), as well as microreactors
of the third generation (3G).

2 First generation microreactors (1G)

The first generation microreactors made it possible to measure frictional pressure loss.
Unfortunately, the asymmetry of the drilled hole in the glass relative to the surface of the
well was too great to provide a good seal at the fluid-microreactor junction.

The first generation of microreactors is made from silicon and glass. For this, a 2 mm high
drilled glass plate must be coated with etched silicon one millimeter thick (Figure 1) [6].

Figure 1: Superposition of silicon and glass plates on top of each other (in the figure, the
arrows indicate the entrance and exit).

Next, the second generation microreactors will be presented. (Crexo7740-glass, silicon).
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3 Microreactors of the second generation 2G

Second generation microreactors are made from polydimethylsiloxane. The manufacturing
process for second generation microreactors includes 3 stages:

—in the first stage, a layer containing channels is obtained by pouring
polydimethylsiloxane into a mold (20 g of polymer makes a layer 1.5 mm thick after
application to a silicon wafer with a diameter of 4 inches);

— in the second stage, holes with a diameter of 2 mm are drilled in this layer using a
punch, at the level of the tanks;

— in the third stage, the sealing plate is made by casting polydimethylsiloxane on a solid
silicon substrate without a pattern.

The two plates (stages 1 and 2) are then brought into contact after being exposed to
oxygen plasma for 20 seconds at a plasma power of 200 watts (Figure 2).

Figure 2: Microreactor in the second generation (PDMS-polydimethylsiloxane).

Next, consider the third generation microreactors.

4 Microreactors of the third generation 3G

Microreactors of the third generation are made of silicon and glass with features of liquid
access from the silicon side. These microreactors have exactly the same geometry as the 2G
microreactors |7].

Figure 3: Microreactor of the third generation 3G.

Next, we will consider a technique for creating a complex device for vinyl acetate
production.
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5 Method of creating a complex device for vinyl acetate production

To create a complex device, it is necessary to design and assemble a microreactor, SCARA
robot, install a microreactor and SCARA type robot control system, connect with them
peristaltic pumps for pumping liquids and gases, a refrigeration device and a thermostat for
cooling and temperature control in the microreactor. Further in Figure 4, a diagram of a
microreactor and a SCARA type robot in a complex will be presented.

i

System control

CHOO0CHCH, — ==\

Figure 4: Scheme of a microreactor and a SCARA type robot in a complex.

6 Microreactor design technique

It is planned to create two entrances in the microreactor being designed. Acetylene and acetic

acid will flow through these outlets [8]. The material for creating a microreactor is aluminum.

Aluminum is a material that is resistant to corrosion and acids. For the manufacture of the

microreactor body, polymeric materials will be used, for example, acrylonitrile / butadiene /

styrene copolymers and polylactide. For the manufacture of the microreactor, a diagram of

its body was created using the Autocad program. This diagram is shown below in Figure 5.
To create a prototype, the following components were used, which are presented in Table 1:
Next, the SCARA type robot will be discussed.

7 SCARA type robot - an integral part of a complex device

3D EXPERIECE Solidworks software was used to design the type SCARA robot. The
following is a 3D model of a SCARA type robot (Figure 6).

The robot has 4 degrees of freedom and is driven by four stepper motors. In addition,
it includes a servo motor for end-grip control. To create the robot, most of the body parts
were designed in Solidworks and will be printed on a 3D printer. The SCARA robot and
microreactor will be monitored by a microcontroller.

To control the SCARA type robot, a graphical user interface was created, in which there
is control of forward and reverse kinematics. With forward kinematics, each joint of the robot
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Figure 5: Diagram of the microreactor housing.

Table 1: Name of elements and materials for the microreactor

thermoelectric in the form
of a Peltier plate element

No | Name of equipment, | Appointment of | Parameters
device, elements | equipment, device,
and materials of the | inventory
microreactor
1 refrigeration device, | for cooling the microreactor | 4-stage multistage

refrigeration unit

tight teeth

2 digital temperature | for temperature control 12B,24 B
controller
3 aluminum heatsink with | water cooling system The dense teeth aluminum

radiator has a bottom plate
thickness: 4.6 mm and tooth
thickness: 1.0 mm and the
number of teeth: 27 tablets

4 transparent silicone tube

for bay from a probe

transparent flexible silicone
tube size 0.5mm x 1mm non-
toxic

5 peristaltic pump

for automatic dosing pump

cylinder automatic titration
pump

6 tripod for collecting probes for | tripod made of material
sending analyzes PLA
7 sample collection container | to collect data container  for  collecting

material

can be manually moved to obtain the desired position [9]. Using the sliders on the left side,
you can set the angle of each joint. The final position of the end gripper, the value of its X, Y
and Z positions are calculated and printed [10]. On the other hand, using inverse kinematics,
you can set the desired position, and the program will automatically calculate the angles for
each joint: in order for the robot to get to the desired position [11]. The joint angles and their
X, Y and Z values of the end clamp are linked and always present on the screen.
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Figure 6: 3D model of the SCARA type robot.

8 Vinyl acetate production method

Vinyl acetate - obtained in a microreactor can serve as a raw material for the production
of polyvinyl acetate. Vinyl acetate can be obtained in the process of catalytic vapor-phase
synthesis based on the addition of acetylene and acetic acid:

2H2+ CH3COOH — CH2 =CHOCOCH3

Zinc acetate supported on active carbons characterized by the presence of macro- and
mesopores can be used as a catalyst [12].

Vinyl acetate can be obtained from acetic cystola and acytelene in two ways. This
is a vapor-phase and liquid-phase method. The advantages of the vapor-phase method in
comparison with the liquid-phase method are: ease of design, reduced corrosion, increased
conversion of both ethylene and acetic acid, and increased selectivity of the process.

8.1 Vapor-phase method of vinyl acetate production

Vapor-phase vinylation is carried out with a large excess of acetylene. The higher the molar
ratio of acetylene to acetic acid, the greater the conversion of the acid in one pass through
the catalyst. The highest conversion is achieved at a molar ratio of acetylene to acid from 8&:
1 to 10. However, due to the difficulty of the subsequent isolation of vinyl acetate from very
dilute contact gases, it is necessary to carry out with a much lower excess of acetylene (4: 1).
In this case, the degree of conversion in one pass decreases and the amount of unreacted acid
increases, which is separated from the contact gases and returned to the process [13].

8.2 Liquid-phase method for producing vinyl acetate

The liquid-phase process for the production of vinyl acetate is carried out at 60 — 65°C,
passing at high speed an excess of acetylene through the reactor, which contains a mixture
of glacial acetic acid and acetic anhydride containing dispersed mercury salts. Vinyl acetate,
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as it is formed, is removed from the reaction zone in the form of vapors entrained in excess
acetylene. Vapors of vinyl acetate are condensed and sent to rectification. The acetylene
separated from the liquid is returned to the production cycle [14]. Next, we will consider the
method of obtaining vinyl acetate.

9 Technique for producing vinyl acetate in a microreactor

To obtain vinyl acetate, you must first obtain acetylene. To do this, take 5-10 grams of calcium
carbide and place it in a 250 ml flask. Calcium carbide reacts violently with water. To slow
down this reaction, you must use a saturated solution of sodium chloride. We will add a few
drops of sodium chloride solution to the funnel [15]. Further addition of the solution is carried
out so that a uniform gas flow is established at a rate that allows the formed bubbles to be
counted. The evolved gas is acetylene and the second reaction product is calcium hydroxide.

To obtain vinyl acetate in a microreactor, the resulting acetylene must be mixed with
acetic acid in a ratio of 3.5 — 5 : 1. The mixture enters the microreactor and the reaction of
the combination of acetylene and acetic acid occurs. The resulting vinyl acetate goes into a
container for further analysis in the laboratory.

10 Conclusion

The possibility of using a microreactor and a SCARA type robot considered in the article has
shown its applicability as a complex device for the production of vinyl acetate. A detailed
description of the methodology for creating this complex device was developed, including a
microreactor, SCARA type robot, control unit, pumps, tubes, thermostat and refrigerator. To
implement the creation of a complex device in a real environment, it is necessary to assemble
several prototypes and analyze the yield of vinyl acetate in the laboratory.
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SECULAR PERTURBATIONS OF TRANSLATIONAL-ROTATIONAL
MOTION IN THE NON-STATIONARY THREE-BODY PROBLEM

Modern observational data in astronomy show that real space systems are non-stationary, their
masses, sizes, shapes and a few other physical characteristics change over time during evolution.
In this connection, the creation of mathematical models of the motion of non-stationary celestial
bodies becomes relevant. We consider a non-stationary three-body problem with axisymmetric
dynamical structure, shape and variable compression. The Newtonian interaction force is
characterized by an approximate expression of the force function accurate to the second harmonic.
The masses of bodies change isotropically at different rates. The axes of inertia of the proper
coordinate system of non-stationary axisymmetric three bodies coincide with the major axes of
inertia of the bodies, and it is assumed that their relative orientations remain unchanged in the
process of evolution. Differential equations of translation-rotational motion of three non-stationary
axisymmetric bodies with variable masses and dimensions in the relative coordinate system, with
the origin in the center of the more massive body, are presented. The analytical expression
for the Newtonian force function of the interaction of three bodies with variable masses and
dimensions is given. The canonical equations of translational-rotational motion of three bodies in
Delaunay-Andoyer analogues are obtained. The equations of secular perturbations of translational-
rotational motion of non-stationary axisymmetric three-bodies in the Delaunay-Andoyer analogues
of osculating elements have been obtained. The new results obtained can be used to analyze the
dynamic evolution of the translation-rotational motion of the three-body problem. The problem
is investigated by methods of perturbation theory.

Key words: celestial mechanics, three-body problem, variable mass, secular perturbation,
axisymmetric body, translational-rotational motion.
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Beiicranimonap yiur jgeHe ecebiHiH ijrepisiemesti-aifHaaMalIbl KO3FaJIbICHIHBIH, FAChIPJIBIK,
YUBITKYJIapbl

AcrpoHoMusiziarbl 3aMaHayn OakbLiay JIepeKkTepl HaKThl FapBINTHIK *Kyilesepain Geificrammonap
€KEeH/IITiH, OJapAblH Maccaaaphl, OJIIIeMIepi, il 2koHe 6acKa 1a 6ipkarap PU3NKAJIbIK, CHIATTa~
MaJIapbl 9BOJIIONHS OAPLICHIH A ©3repeTinairin kepceremi. Ocwbiran OaitlaHbICThI OeficTarmonap ac-
TaH JIeHeIePIHiH KO3FAIbICBIHBIH MATEMATHKAJIBIK, MOJEIbIEPIH Kacay aKTYyaJIbl Maceae OO
TabbLIa bl JIMHAMUKAJIBIK KYPBLIBIMBI MeH (DOPMAChl OCTIK CUMMETPUSLIbI YKOHE CBIFBLIYHI aybl-
craJsibl OeficTarmonap yin jere ecebi KapacTuIpbliran. HBIOTOHIBIK, 63apa 9peKeTTecy KYIIT KyIIT
bYHKITUSICBIHBIH, €KIHIN TapMOHUKAFa, JI9JI KeJIeTIH YKYbIK MOHIMEH opHeriMeH cunarTaJia/ibl. Jlene
Maccasapbl Op TYPJIi KbULIAMIBIKTa N30TPONITHI TYP/e e3repei. Beiictarmonap ecTik cuMMeTpu-
STBI VI JIEHEHIH O31HIK KOOpIMHATTAp KYIeciHiH ecTepi JIeHeepiH, Heri3ri mHepIys ecTepiMeH
colikec KeJteIi YKOHe 9BOJIONUS OAPBICHIHIA OJIAP/IBIH CAJIBICTBIPMABLI OAFIaphl ©3repicci3 Kara el
Jen ecenreneai. Maccamapbl MEH oJIIIIeMIepl aiftHbIMAJIBI, OelicTalmoHap, OCTIK-CAMMETPUSIIBI YIIT
JieHeHiy inrepisemerti-afinaaMalIbl KO3FAIBICHIHLIH i dePeHINaIbIK TeHICYIepl Maccachl -
KEeHIpeK JIeHEeHIH MeHTPIiHeH OacTaJTaThIH CATBICTHIPMAJIBI KOOPNHATAIAD KYHeCiHIe KeITipiareH.
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Maccasapsr MeH eJieM/iepi affHbIMaJIbl VIl JreHeHiH, HbI0TOHIBIK 03apa 9peKeTTecyinin KymTik
byHKIMAIAphl VIMH aHaTUTHKAILIK, OPHEK KeITIpIIreH. YT JIeHeHiH, iarepiieMerti-aifHa Mant
KO3FaJIBICBIHBIH, KaHOHJIBIK, TeHeysepi Jlesone- Anyaile OCKyIslusiayIibl 3JIeMEeHTTEPIHIH aHa-
JIOTTapbIHJA aJbIHFaH. Belicralmonap ©CTiK-CUMMETPUSJIBI VI JIEHEeHIH, 1repiieMerti-aifHaMasibl
KO3FAJIBICBIHBIH, FACBIPJIBIK VIBITKY Tergeyepi [lemone-AHyaite OCKyIAIUSIIAYIIBI SJIEMEHT-
TepiHin aHAJOTTapBIHA AJBIHFAH. AJIBIHFAH »KaHa HOTHXKEJIepl VI JeHe ecebinin, iarepimemerti-
alffHAIMAJIB KO3TAJIBICHIHBIH, JIMHAMUKAJIBIK 9BOJIOIUSCHIH TaJlayFa Haiijasanyra 6o1aapl. Mocese
YUBITKY TEOPUSICHIHBIH, d/IICTePIMEH 3epTTeJIe .

Tyiiiun ce3zep: Acan MexaHUKachl, VI JeHe ecebi, aifHbIMAJIbI Macca, FACBIPJIBIK YIIBITKY, OCTIK
CUMMETPUSJILIK JIeHe, iarepiseMesti-aifHaaMa bl KO3FaIbIC.

M./ Ixx. Munrnubaes, A.K. Kymekbait*
Kaszaxckuil HannonasbHblil yausepeurer umenn aib-Papabu, Kazaxcran, r. AnMars
*e-mail: kkabylay@gmail.com
BekoBble BO3MyIIIeHUs IOCTYIIATEIbHO-BPAIATEILHOrO ABUXKEHUsI B HECTALMOHAPHON 3aja4e
Tpex Tes

CoBpeMenHble JJaHHbIE HAOJMIOJMEHNN B ACTPOHOMHHM ITOKA3BIBAIOT, UTO PeAJbHBIE KOCMUYECKIE
CUCTEMBI SIBJISIIOTCS HECTAITMOHAPHBIME, UX MACCHI, Pa3Mephl, (hopMa U psiji APYyTruX DU3MTECKUX
XapaKTePUCTUK M3MEHSIOTCHd C TeYeHHEM BpPEMEHH B IIPOIECCEe SBOJIONUU. B CBA3M C 3THM,
CTAHOBUTCA AaKTyaJIbHBIM CO3JlaHde MaTeMaTUYeCKUX MoJjiesell JIBUXKeHHs] HeCTallMOHaPHBIX
mebecHBIX Te. PaccMmarpuBaeTcs HecTaMOHApHAST 3aJada TPEX TeJI, OOJJIaAoNnX OCEeCUM-
METPHYHBIM JIMHAMUYECKUM CTpoeHueM, (GopMoOil M IepeMeHHBIM cxKaTueM. HboTonoBcKast
CcUIa B3AUMOJICHCTBHUS XapaKTEPU3YeTCs HPUOJIMKEHHBIM BBIPAXKEHUEM CHJIOBON (DYHKIMH C
TOYHOCTBIO JIO BTOPON TapMOHUKH. Macchl Tel M3MEHSIOTC W30TPOIHO B Pa3JIMYHBIX TEMIIaxX.
Ocu wuHepruu COOCTBEHHOI CHUCTEMBl KOODIMHAT HECTAIIMOHAPHBIX OCECHUMMETPUYHBIX TPEX
TeJl COBHAJAIOT C TJIABHBIMH OCSIMHM WHEPIWH TeJ, W IPEINoaraeTcs, UTO B XOJE€ 3IBOJIOINHI
UX OTHOCHUTEJIbHAsI OPUEHTAIUsI OCTAIOTCs Hem3MeHHbIMU. llpuBenennr nuddepennuaabubie
YPaBHEHHSI IIOCTYIIaTEIbHO-BPAIATEFHOIO JBUKEHNS TPEX HECTAIMOHAPHBIX OCECHMMETPHIHBIX
TeJl C IepeMeHHBIMH MacCaMH U pa3MepaMH B OTHOCHTEJBHOI CHUCTeMe KOOPJMHAT, C HadaJIoM
B IeHTpe 0oJiee MacCUBHOTO Teja. lIpuBeIeHbI aHATUTUYIECKOE BBIPAXKEHUE CUJIOBON (DYHKITHIT
HBLIOTOHOBCKOI'O B3aMMOJIEHICTBIS TpexX Tejl ¢ IePeMEeHHBIMH MaccaMu U pasMepamu. llosryuenst
KaHOHUYECKHE YypaBHEHUs IIOCTYIIATeJIbHO-BPAIATe/IbHOIO JBUKEHHUS TpeX TeJl B aHaJjorax
ocKymmpyItonmux dmementos Jlemone-Ammyaite. Ilomytaensr ypaBHeHnsT BEKOBBIX BO3MYIIEHUT
IIOCTYTIaTe/IbHO-BPAIIATeIbHOIO  IBUZKCHUs HeCTallMOHAPHBIX OCECUMMETPUUYHBIX TpeX Teal B
aHajorax OCKyaupyomunx 3j1ementoB [lemone-Ammayaite. [lomydennnie HOBbIE PE3YIbTATHI MOTYT
OBITH HCIOJIB30BAHBI IS AHAJIN3A JUHAMUYECKON 3BOJIOIHUH IOCTYHATEIHHO-BPAIIATEILHOTO
JIBUZKEHUST 3391 TPeX TeJI. 3aJiatda UCCAeI0BaHa METOIAMI TEOPUU BO3MYIIIEHUI.

Kurouesbie ciioBa: Hebecnas MeXaHUKa, 3a/la49a TpeX TeJI, IepeMeHHad MacCCa, BEKOBOE€ BO3MY-
ImeHne, OCeCUMMETPUYIHOE TeJIO, ITOCTYIIaTe/IbHO-BpaliaTe/IbHOE JIBUZKEHUE.

1 Introduction

In classical celestial mechanics, real celestial bodies are considered as material points moving
in absolutely empty space under the action of the forces of mutual attraction according to
Newton’s law of universal gravitation [1]|. However, it is not always possible to be satisfied
with this first approximation. In other cases, it is impossible to consider real celestial bodies
as material points and we have to take into account the influence of their shape by considering
them as rigid bodies.

But in reality celestial bodies are not material points (spherically symmetric bodies), but
they are not, of course, absolutely rigid bodies either, but always possess a certain degree of
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plasticity or even are liquid (or gaseous, or dusty) formations |2]. Modern observational data
in astronomy show that the real space systems are non-stationary, their masses, sizes, shapes
and a number of other physical characteristics change over time during the evolution [5,
12|. In this connection, the creation of mathematical models of the motion of nonstationary
celestial bodies becomes actual.

The goal of this work is to obtain differential equations of secular perturbations of the
translational-rotational motion of nonstationary axisymmetric three-body dynamic structure,
shape, and variable compression. The solution of this problem is associated with rather

cumbersome symbolic calculations, which are best performed using computer algebra systems
[9, 11].

2 Problem formulation and equations of motion in the relative coordinate system

Let us consider the motion of three non-stationary axisymmetric celestial bodies Tj, 11,
T, with variable masses, sizes and variable compression moving in a absolutely empty
space under the action of mutual attraction forces according to Newton’s law of universal
gravitation.

Let the shapes of bodies Ty, 11, 15 are different, axisymmetric, and have their own
equatorial symmetry plane. Let also assume that the compressions of the bodies with respect
to the equatorial plane are variable. The initial locations of the main axes of inertia and the
center of inertia in the body of axisymmetric bodies remain unchanged during evolution and
are directed along the intersection of the three mutually perpendicular planes.

Let m; = m;(to)v; be the mass, l; = l;(to)x; be the characteristic linear dimension, and
A;, B;, C; be the second-order principal moments of inertia of the bodies T;, tg be the initial
time, v, x; (i = 0,1,2) be the dimensionless known time functions.

Let us make the following assumptions:

1. Bodies with variable masses m; = m;(t) have equatorial symmetry planes and
characteristic linear sizes I; = [;(t). The second order moments of inertia of the
considered bodies are variable

A= At), Bi=Bi(t), C;=Cyt). (1)

2. Bodies are axisymmetric and remain axisymmetric with respect to their own equatorial
symmetry planes during evolution

Ai(t) = Bi(t) # Ci(1) (2)

3. The axes of inertia of the proper coordinate system ngﬁza coincide with the main
axes of inertia and this position in the process of evolution is saved.

4. Masses and characteristic sizes of bodies change at different specific rates

L(t) , Iy(t)
L) " Ia(t)

ma(t)  lo(t)
mao(t)”  lo(t)

£
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5. Let us assume that the masses of the bodies change isotropically and there are no
reactive forces as well as additional rotational moments.

Freaey =0, M) = (4)

6. In the expression for the force function, we restrict the approximation to the second
harmonic inclusive.

U~U9 4 py® (5)

If the above assumptions are satisfied, the translational motions of bodies T} and 75 in
the gravitational field of the "central" body Tj in the relative coordinate system (Fig. 1) are
described by the equations [1-3]:

1 ouY v, 1 aUY oav,. 1 ouY v
gt e - L L ©

pi(t) 0wy Ox; pi(t) Oyi Oy pi(t) 0z 0z
where x;,y;, 2; coordinates of the center of mass of the body 77 and T, in the relative

coordinate system Goryz with origin in the center of the body To, w;(t) = mom;/(m; +m;)
— reduced masses, V; — perturbing functions have the form|2|

1 anO n ‘ano i ‘ano

Lo L . o,
‘/; = —Uj; _Ul - i i i ) yJ — 17 2 ’ 7

R, '&
“._‘ lJl;-_
I ok
AR o = ™ % ;
&)
G . L ’

Figure 1: Bodies in a relative coordinate system Goxyz.

Go&%&), Gléﬁlﬁ, Ggéﬁgé — own coordinate systems.
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The expression of the Newtonian force function of the interaction of three non-stationary
bodies has the form [1, 2]

1
U=5> > Uy (8)
Ui; — the force function of the mutual attraction of the two bodies 7; and 7} is
Ui; = Ui(jo) + Ui(jz) 9)

Ui(jo) — the first term of the force function decomposition is

ms;mg;

U9 —

(10)

Ui(f) — the second term of the force function decomposition is equal to

24, + Cj — 31 2A; + C; — 3117

2
UZ.(]) = fm, ST + fm; SR (11)
] )

where R;; = +/(z; — ;)2 + (y; — ¥i)? + (z; — 2)* — the mutual distance between the centers
of inertia of the considered bodies, f gravitational constant, Ii(l’j) and/ ](»”) — moments of
inertia of bodies T; and T with relative to vector G;Gj, connecting the centers of mass of

two bodies, is defined by the expression
Ii(l,]) = Ai(%‘?j + 123) + Cz‘%zj I](w) = Aj(%zi + ]21) + Cj%?i (12)

Where o, fij,7i; — the directional cosines of the vector G;G; with the main central axes
of inertia of the body T;. The rotational motions of bodies Ty, T, T5 around their own center
of masses in Euler variables are described by the equations [1]

d ou oU | siny; oU

—(A:n) —(A: = CNairs = | — — L J Rt

dt( i) — (A5 = Cj)gsr; [3% cosb); 8803} sind; T Cosp; aeja

d ou oU | cosp; —l

LA AN (O — AN — | Rl _ Bt 13
dt (quj> (C] A]>pJT] [8@/@ cos0); 3%} sind; SINY; 30]-7 (13)
d oU

(O = = i—-0.1.2

dt (C]T]) 880] j 07 9

where
p; = b sinb; sin@; + 0 cos p;, q; = 1;sin b cos ; — 0, sin;, 1 = h;cosb; +p; (14)

Pj, ¢, T; — the projections of the angular velocities of bodies 7; on the axes of their own
coordinate systems G;£;1;(j, ¢;,1;,0; — Euler angles [6].
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The resulting equations (6) and (13) fully characterize the translational-rotational motion
of bodies T} and T, and the rotational motion of body T in the relative coordinate system
Goxyz in the considered statement.

The equations of perturbed motion in the form of Newton’s equations, although they
are the most general in the case when the perturbing forces admit a force function, are
inconvenient. In this case the equations of perturbed motion in the form of the canonical
Hamilton equations are preferable, which have, as in the classical problems, a number of
advantages and elegance [5].

In the considered formulation of the problem is very complicated, so we will use the
methods of perturbation theory for its investigation [1].

3 Equations of motion in osculating Delaunay-Andoyer elements
For our purposes, the canonical equations of perturbed motion in osculating analogues of

Delaunay-Andoyer elements are preferable [1].
Let us consider the analogues of Delaunay-Andoyer elements.

L,G H,l,g,h — Delaunay elements (15)

L' ,G' H' U ¢,h -~ Andoyerelements (see Fig. 2) (16)

Equations of translational motion of bodies 77 and 75 in osculating Delaunay elements
have the form |3].

oF;, . oF, oF, . OF; oF;, . OF;

Li:_y Gi:_a H’i:_, li:__7 .’i:__a hz:_ ]-7
where
1 pg;
Fl:0'_122£12 +Fipert (18)
1 2
Epert == ‘/z - §bzR10 (19)
o d2 1 mo(to) + mz(tg) .
by = by(ty) = ) o= =12 (20
(o) = 2 = (mo + mi) (mo+mi) mo(t) +mi(t) (20)
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Given the relation of; 4 7, 4+ 7;; = 1 and formulas (9) — (12), expression (19) has the form

Fipert = 1L; (fm()(C A) {1 37220} +fmi(Co - AO) {1_—37&}) + i><

3
% ROi m;

% <fmimj {R_”} + fm;(C; — A;) { 2R ] + fmi(C5 — Ay) [ 2R, ]) + EOX (21)

3'yi2j

L (O — A |22
(et (Tl )

The rotational motion of an axisymmetric body (A = B) around its center of inertia is
described in the analogues of the Andoyerosculating elements. As noted above, the axes of
the own coordinate system coincide with the main central axes of inertia of the body.

In the Euler variables, the kinetic energy of rotational motions of non-stationary axisymmetric
bodies has the form

1
Ko = 5(141 (P + ;) + Cjr?) (22)

On the other hand, in the Andoyervariables we get [1]:

Aip; = ,/G;.Q — L;? sin l;quj = ,/G;? — L;? coS l;erj = L;- (23)

Therefore, the expression for kinetic energy (22) in the Andoyervariables can generally be
written as

1 sinl’  cos? [l L2
Krot — G/Z - L/Q J J J 24
= L T e T (24)
In the case of an axisymmetric body, expression (24) is greatly simplified
2
rot __ 12 2 J
K’ (G —L7) + -~ (25)

J 2A 2,

Hence, the Hamiltonian of rotational motions of axisymmetric bodies can be written in the
form

/ 1 12 2 1 LI2 /
Fy = 5(G7 — Lj )A—+ﬁ+f‘}pert (26)
where
F]/pert = U(Q) J=0,1,2. (27)
12
v =5 3 U (28)
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Accordingly, the rotational motions of axisymmetric bodies Tj, T}, T3 around their own center
of inertia are defined by the equations of perturbed motion in the Andoyerosculating elements
of the form [3].

OF,
OH,

oF

ag;” 0 om0 Torny BT Taa

./_

(29)

Figure 2: Andoyer variables

The geometric meaning of the analogues of the Andoyer variables are given in [10].
Given the relation of; + 67 +7;; = 1 and formulas (9) — (12), expression (27) has the
form

1 < 1— 32 1- 392
Fjpert = 5 > (fmj(Ci - 4) { QRJJ} + fmi(Cj — Aj) [ R;,jj D (30)

i=0, i#j ij

The values in square brackets in the right-hand side of equation (21) and (30) must be
expressed in terms of the Delaunay-Andoyerosculating elements.

4 Differential equations of secular perturbations

Let us consider the nonresonant case. By averaging the right-hand side of equation (17)
and (29) over the variables ¢, [, we obtain the equations for secular perturbations of the
translational-rotational motion of bodies 77 and T, and the rotational motion of body 7Tj in
the problem under consideration [10, 11|. If we denote the secular parts of the perturbing
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functions Fj, FJ’ as Fjigee, I’ J’ sec; then according to the Gaussian scheme we have

2m 27 27 27
1 / / 1 / / - y
Esec = 4—71_2 //Edlzdgz, F]sec = ’7T2 //Fjdljdg], 1 = 1,2, ] = 0, ]_, 2. (31)
0 0 0 0

Accordingly, it is possible to write

1/1 1 1 fmi(Ci — Ai) { e ] +
F{sec = (G/2)sec+ (_ - _) (L/2)sec+_ E 4, sec (32)

2 1 . 1— 2
Fisee = Foi (—> + M fmo(C; — A;) {ﬂ} + fm;(Cy — Ap) x

3
momm; 2RzO

0i : 2R
1—342 1 o d 9 (33)
(O — A | —= —\Tig T T VYig— T Zig
+fm;(C; ]){ 2R, Lec +m0 <m awijyayj‘FZazj)x

5 Conclusion

The translational-rotational motion of three non-stationary axisymmetric mutually
gravitating bodies according to Newton’s law is studied by perturbation theory methods.
Equations for secular perturbations are obtained. Further it is planned to express the values
in square brackets in the right part of equations (32) and (33) through the Delaunaye-Andoyer
osculating elements.
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A COMPARATIVE ANALYSIS OF MODERN TRENDS IN CARSHARING:
WITH REFERENCE TO KAZAKHSTAN

This article presents the results of a systematic literature review on modern trends in the
implementation of car-sharing and conducts a comparative analysis of Kazakhstani carsharing
solutions to some of the world’s most popular alternatives. The findings reveal some socio-
economic and cultural barriers for adopting and promoting carsharing services by studying the
results of recent literature. It also considers business models and features of various car-sharing
services and suggests a P2P(peer-to-peer) model as the main model of the proposed carsharing
system, a system architecture of which is presented as well. The main contribution of this article
to the research topic is analyzing existing carsharing solutions both in Kazakhstan and abroad,
identifying the gaps in the development of carsharing in the country, suggesting the preferred
business model, system architecture and finding directions for future research.

Key words: carsharing, sustainability, carbon emissions, shared mobility, sharing economy.
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KAPIIEPUHITETI 3AMAHAYU TPEH/ITEP/I CAJIBICTBIPMAJIBI TAJIIAY:
KA3AKCTAHFA HIOJIY

Byn makasajia kKaprrepwHITi 2Ky3ere achIPyJIbIH, arbIMJIarbl TeHJIEHIIUIaphl TyPaJsIbl
ojedbueTTepre Kyiesi IOy »Kacajajbl KoHe Ka3aKCTAHJIbIK, KapPIIePUHT IeNiMIePiHiH
Kefibip osiem/ieri eH, TaHbIMaJI OaJlaMajiapbIMEH CAJIBICTBIPMAJIBI TAIIAY bl KAPaCThIPhLIAIbI.
Pouteivu oebuerTep i 3epesey apKblIbl AJIbLIHFAH MRJIMETTED KapIIePpUHT KbI3METIH eHrizy
MeH iarepineryjeri keifibip o/ieyMeTTiK-9KOHOMUKAJIBIK, KOHE MOJICHU KeJIeprijep/i aHbl-
krajpl. CoHal-aK MakKa/aja aflThLIFaH aBTOMOOMJIBIEP/] OpTakK IaiialaHyIbH opTypPJIii
yiIriiepi TasiiaHa ibl. Bysl MakasiaHbIH OepiireH TaKbIPBIITHI 3epPTTeyaeri Herisri yieci
Kazakcrammarbl KapIIepuHT CEpBUCTEPIH JTaMBITYAarbl OJKBLIBIKTAPILI KoHE OOoJIaIlakK,
3epTTeyaepIiH, OarbITTapbIH AHBIKTAY OOJIBIIT TaObLIAIbI.

Tyilin ce3aep: Kapuepuur, TyPaKThl JaMy, KOMipTeri affHaIbIMbI, OpTaK, MOOMJIILIIK, OPTAK, KOJI-
JIAHY 9KOHOMHUKACHI.
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CPABHUTEJIbBHBINI AHAJIN3 COBPEMEHHBIX TPEH/IOB B KAPIIIEPUHIE: CO
CCBIJIKOI1 HA KA3AXCTAH

B mamHOit craThe mpejicTaBiIeHbI PE3yJIbTaThl CHCTEMATHYECKOTO 0030pa JIUTeparypbl O CO-
BPEMEHHBIX TEHJEHIUAX B peau3alliil KapIIepuHra W IIPOBOJNUTCS CPABHUTEJLHBIA aHAIU3
pelleHnii Ka3axCTaHCKOIO KapIepuHra ¢ HEKOTOPBIMU W3 CAMBIX IOIYJISIDHBIX B MUPE aJlb-
tepruatus. llosydennbie myTeM U3YUEHUsT HAYTHON JUTEPATYPHI JAHHBIE BBISABUIN HEKOTOPDLIE
COIMATHLHO-9KOHOMUYECKUE W KYJIbTYyPHBbIC Oapbepbl JjIsl BHEJAPEHUS W TPOJIBUIKCHUS YCIyT
kapirepuara. TakKe cTaThbs aHAJIU3UPYET Pa3IUIHbIE OU3HEC-MOETN U OCOOEHHOCTU KapIIepHTa,
u npemiaraer Mmojenab P2P(peer-to-peer) kak manbosiee 3bQEKTHBHYIO Ui IPEIJIOKEHHON
CHUCTEMBI KapIIepuHra, apXuTeKTypa KOTOpoil TakxKke mpesyaraerca. OCHOBHONM BKJAJ JAHHOM
CTATBU 3aKJIOYAETCs B BBIABJICHUM TPOOETOB B PA3BUTHUU Kapliepmnra B Kazaxcrame, myTem
CPaBHUTEJILHOI'O aHAJIM3a CYNIECTBYIONINX PeIeHnil 110 KapIIEePUHTy ¢ 3apyOesKHBIMEI aHAJIOTaMHU,
MIPEJITIOYKEHNE aPXUTEKTYPhl U MOJENb JIJIsT CHCTeMbl Kapinepunra B Kasaxcrane u ompe/ieieHune
HAIPABJICHUH JIs1 GYIYIIIX UCCJIEIOBAHUIA.

KitroueBbie cjioBa: KapIepunr, yCTOWINBOE PA3BUTHE, BLIOPOCHI YIJIEPO/Ia, COBMECTHAS MOOWTH-
HOCTb, SKOHOMHMKA, COBMECTHOI'O MCIIOJIb30BAHM.

1 Introduction

Unprecedent development of automobile industry supported by population growth is bringing
new environmental challenges to the society. These challenges are seen more evenly in large
cities due to ever-increasing urbanization and human mobility. Nowadays urban population
has limitless opportunities of overcoming large distances not only in a short period of time,
but also with high level of comfort by means of different mobility solutions. This level of
mobility is rather a requirement of time than a choice. Thus, to make cities more sustainable
world’s developed economies are now concerned about implementing the concept of Smart
Cities, which, according to the literature, includes following elements: smart government,
smart people, smart economy, smart transportation, environment and living"(Razmjoo and
et al., 2021). Carsharing as a type of shared mobility is gaining more and more popularity
and is one of the key solutions to a smart transportation and consequently to Smart cities.
According to consulting agencies carsharing suggests strong new opportunities for automak-
ers, suppliers, and many more mobility players. Consumer survey conducted by McKinsey
and Company in 2017 indicate continued growth potential for shared mobility, stating that
by 2030 "...of those currently using non-taxi ride-hailing services, 63 percent expect to in-
crease their usage "a lot"in the next two years, and even more (67 percent) say they will
do the same concerning car sharing"(McKinsey and Company, 2017). However, the inuence
of carsharing in urban mobility is a subject of research. According to corresponding study
on this topic conducted in the city of Madrid in 2018, "...it is essential to ensure that the
arrival of new carsharing modes lead to more sustainable cities and complements public
transport" (Ampudia-Renuncio, Guirao, Molina, 2018). Although the effect of carsharing on
economies and smart transportation in general is a subject of further research, authors state
that "...car- sharing is predicted to have a transformative effect on the industry. Vehicle
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electrication and automation have the potential to reduce GHG emissions and reduce private-
vehicle ownership in favor of shared automated vehicles"(Shaheen®, Cohen, Farrar, 2019).
Thus, as part of smart transportation understanding motivation, socio-economic factors and
identifying areas for development of carsharing is important to implement the concept of
Smart cities. This article will discuss some of the current trends in this topic referencing to
the development of carsharing in Kazakhstan.

2 Methodology and design

The focus of this article is to understand the modern trends in carsharing by looking at
different literature. First, definitions of carsharing were examined and differences between
some of them were described. A diagram illustrating the types and models of carsharing is
created in section 3 with a short description of each of the models described. The next focus
of the literature review was in understanding the motivation towards adopting carsharing,
socio-economic and cultural factors that affect one’s choice in opting for a personal car
ownership. A comparative analysis of the few popular carsharing services were examined
both internationally and in Kazakhstan.

3 Carsharing definition, models, and types

Recent literature uses several terms associated with sharing mobility such as carsharing,
carpooling, ride sharing etc. Although some literature uses these terms interchangeably,
there is a considerable difference between the first two: (1) carsharing - is the use of cars
provided by an individual, a community or a specialized company and (2) carpooling - is
the joint and organized use of a car by several individuals to travel (Bulteau, Feuillet, &
Dantan, 2019). Transportation research board also refers to carsharing as a service that
provides members with access to a fleet of vehicles on an hourly basis (Transportation
research board, 2005). Another literature refers to carsharing as "... a form of person-
to-person lending or collaborative consumption in a sharing economy, where existing car
owners rent their vehicles to other people for short periods of time"(Saurabh & et.al., 2021).
Despite the differences, some literature considers carsharing and carpooling as "... a common
trend that is transforming the automotive and transportation industries" (European Economic
Comission UN , 2020). This article clearly distinguishes between traditional carsharing, where
it is considered rather a timely service provided by individuals or companies and a shared use
of cars as the means of transport to reach the common destination. Thus, further research in
this article is only relevant to traditional carsharing. There are several business models and
types of carsharing discussed in the literature. Following figure illustrates existing business
models with reference to the type of carsharing provided.

Source: Adopted from Goncalves, G.,Santos, D. (2016). One-Way Carsharing Systems:
Real-Time Optimization of Staff Movements and Operations. UNIVERSIDADE DE LISBOA
INSTITUTO SUPERIOR TECNICO

Depending on the type carsharing allows: (1) one-way and (2) round-trip services. If free-
floating carsharing and peer-to-peer carsharing allows only one-way travels, station based
carsharing can allow only round-trip travels as vehicles in this case must be returned to the
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Business
models
Non-profit For-profit
y J‘ Jv
B2C
: i P2P
Co-operative (business to
consumer) (peer to peer)

! | !

Casharing Auto-
brands Rantal brands manufacturers

Figure 1: Carsharing models and types

car owner (peer-to-peer) or a station (stationary). Additionally, we distinguish three models:
(1) peer-to-peer - is a type of carsharing that offers a shared use of vehicles that belong to
an individual to a specific user community. In this type of carsharing, players usually provide
a platform to handle the transaction, offer insurance, and equip cars with devices to ensure
access; (2) free-floating - relatively new type of car sharing, where customers pick up and
return the vehicle in any location within a certain area. This type of carsharing, therefore, is
usually practiced as a replacement of a taxi experience within a certain city for short distance
travels, whereas (3) stationary carsharing allows users pick and return the vehicle only in the
fixed (usually the same) location (Deloitte, 2020).

4 Motivation, socio-economic, ecological, and cultural aspects

Although carsharing has gained large popularity in most of the developed courtierscountries
there are still non-adopters. Understanding the motivation behind the choice for carsharing
services is one of the first steps. Thus, ". .. gaining insights into the characteristics and motives
of adopters and non-adopters of carsharing is important for policymakers and businesses
alike to support the wider diffusion of carsharing" (Munzel, Piscicelli, Boon, Frenken, 2019).
Regardless of the number of owners of a personal car, more and more inhabitants of the world
are beginning to give preference to car sharing services. According to the United Nations
Economic Commission for Europe (UNECE), "... this is already a reality in large cities,
where, due to excessive traffic congestion, high cost of parking or their lack, the private car
as a general phenomenon begins to give way to new forms of mobility" (European Economic
Comission UN , 2020). Reducing carbon emissions is one of the most rational reasons for
countries to adopt and promote carsharing technologies and services. According to the
European Transport and Environment Community "... Transport emissions have increased
by a quarter since 1990 and are continuing to rise with 2017 oil consumption in the EU
increasing at its fastest pace since 2001.1 Unless transport emissions are brought under control
national 2030 climate goals will be missed. To meet the 2050 Paris climate commitments cars
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and vans must be entirely decarbonized. This requires ending sales of cars with an internal
combustion engine by 2035. Such a transformation requires wholesale changes, not only to
vehicles but also how they are owned, taxed, and driven"(European Federation for Transport
and Environment, 2018).

Despite ecological benefits some municipalities do not seem to give preference for
organizing infrastructure that promote carsharing. For example, in Tokyo "...it has been
stated that ride-hailing increases motorized traffic and causes traffic congestion, and those
for these reasons, there are areas where ride-hailing is not approved by the municipality of
the city" (Ikezoe, Kiriyama, Fujimura, 2021). Based on the results of this study it seems like
motivation towards choosing personal car ownership over carsharing is still present even in
such high-tech city like Tokyo. The study identified sociological and cultural factors that
keep citizens of Tokyo using personal cars. Thus, qualitative indicators that determined
the preference for personal car ownership were "emotional factor "convenience factor"and
opting for "private space". Although this study has a limitation of observing only 23 cases in
Tokyo it clearly illustrates that promoting carsharing services cannot be successful without
understanding socio-economic, cultural, and mental aspects that may justify one’s choice
for the type of mobility. Thus, the results showed that the strength of the emotional
factor as a utility of owning a car was more than twice that of the convenience factor.
Changing mobility behavior of potential users of carsharing services is stated to be a
challenge in another study. Were authors claim that "...one of the main challenges remains
to attract mainstream consumers to adopt carsharing services and change their mobility
behavior" (Munzel, Piscicelli, Boon, & Frenken, 2019). Some financial implications can also
act as a barrier to adopt and promote carsharing. The automobile industry is one of the
priority drivers of the economy for several countries. Data show that 6.7% of the total number
of jobs in Europe are in the automobile industry. It includes following sectors: (1) direct
manufacturing, (2) indirect manufacturing, (3) personal cars, (4) transportation and recent
(5) construction. Literature calls such economies "dependent"on automobile industry. It was
therefore a reason for some giants of automobile industry like General Motors in U.S. to exit
the carsharing market. In case of GM the carsharing service Maven was shut down in 2016.

Nevertheless, some literature states, that "...carsharing provides the potential to reduce
the costs of vehicle travel to the individual as well as the society"(B. Caufield, 2021).
According to PwC 8% of all US adults have participated in some form of car-sharing economy,
with 1% serving as service providers for this new model by carpooling or renting their cars for
an hour, day, or week (European Economic Comission UN ;| 2020). The number of registered
carsharing users accounted to more than 2 million people around the world in 2020 (European
Economic Comission UN | 2020). In comparison with the increasing number of personal car
owners, this figure is insignificant and, therefore, the development of carsharing services
require more attention in modern society.

5 Carsharing in Kazakhstan: a comparative analysis

Compared to European countries, Kazakhstan is a relatively new adopter of such sharing
mobility services. Thus, there is a limited literature about the current state or development
of carsharing in Kazakhstan. To contribute to the body of knowledge and understand the state
of carsharing in the country a comparative analysis is conducted. It focuses on understanding
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the strength and weaknesses of existing carsharing solutions and compares them to European

analogs. Table 1 presents the results of the analysis:

Table 1. A comparative analysis of carsharing solutions: Kazakhstan vs international

N | Service Area of | Type of | Model of | Website | App
provider Service carsharing operation
International
1 Turo Worldwide One-way, Peer-to-peer | yes yes
round-trip
2 | ZipCar Worldwide One-way, B2C, B2B yes yes
round-trip
3 | Getaround USA one-way, B2C, peer-to- | yes yes
round-trip peer
4 | Enterprise USA, Europe, | One-way, B2C, B2B yes yes
Carshare Latin round-trip
America
5 | HyreCar USA One-way, B2C, B2B yes yes
round-trip,
Business-
related
rentals
6 | Car2go Worldwide One-way, B2C, peer-to- | yes yes
round-trip peer
Kazakhstan
1 | Anytime Almaty round-trip, B2C, B2B, | yes yes
short-term free-floating
rentals
2 | Rentacars Almaty, Nur- | round-trip, B2C, station- | yes no
Sultan long-term based
rental
3 | Avis Almaty round-trip B2C, station- | yes no
Kazakhstan based
4 | Almacar Almaty round-trip B2C, station- | yes no
based
5 | Imageauto Almaty round-trip B2C, station- | yes no
based
6 | Pegas Auto Almaty round-trip B2C, station- | yes no
and  Almaty based
region

Note: Service providers from 2 to 6 are not carsharing services as such but are rather car
rental companies.

As it can be seen competition in Kazakhstani carsharing market is not as high as it is
in Europe or U.S. Correspondingly, there is only one active carsharing service provider in
Kazakhstan (anytime) to this moment (table 1). Unlike car rental services, anytime is a fully
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operating carsharing company which offers both web and mobile solutions to its customers
which in turn makes it the only competitive carsharing service provider in Kazakhstan.
Like ZipCar, Turo and other international operators anytime provides a full technological
support to its customers by providing both web-based and mobile solutions to its customers.
Another advantage of this service is the level of mobility that it supports by supporting
a free-floating model, where customers can pick and drop the vehicle at any convenient
station within available zones. However, compared to its international analogs it still has
some limitations. If, for instance, international carsharing operators like Turo, ZipCar and
Car2Go are available in most parts of European and US cities, anytime is a local based
service for Almaty only and, respectively, is not available in any other cities of Kazakhstan.
An additional limitation of anytime is that, compared to international analogs, providing a
valid driving license only is not enough to use the service. It additionally requires a proof of
National ID card, which makes it unavailable to use for non-Kazakhstani citizens. Foreign
citizens in turn are more likely to need the carsharing service as mostly they do not own
a personal car. Consequently, expanding the areas of service by including another two big
cities of Kazakhstan like Nur-Sultan and Shymkent, simplifying the registration process by
requiring only a valid driving license, and by which making it available for use to foreign
citizens could be an advantage for this platform.

Limitations persist when looking at car rental services, that have been included in this
study as analogs of carsharing in Kazakhstan.While popular international analogs offer a
wider variety of mobility options by providing both one-way carsharing where a vehicle can
be dropped at a convenient location, a round-trip carsharing, when the car is returned to
the initial station and free-floating carsharing, where a user has an option of returning the
vehicle to any station within available zones all observed car rental services are station-based.
This hinders opportunities for carsharing or car rental use as the purpose of carsharing
initially is in increasing the possibilities for human mobility by making it more convenient
to opt for rental or shared mobility services than owning a personal car. Hence the status
of car mobility services in Kazakhstan at the moment does not satisfy the requirements for
advanced human mobility as compared to international analogs.

Additionally in Kazakhstan (anytime) free-floating zones are only available within the
city while international carsharing operators offer inter-city free-floating options. When
looking at the convenience of the use and availability of technology solutions Kazakhstan
falls behind by having only one service provider (anytime) with a mobile solution for its’
customers. The rest of the observations (car rental companies) only support a web-based
solution. Another limitation that can be seen from the table is that all six observed
carsharing (and car rental) solutions in Kazakhstan are based in a certain location (mostly
in Almaty and Nur-sultan).

Although there is a good deal of car rental services in Kazakhstan most of them operate
only around big cities such as Almaty and Nur-Sultan. Some of the rental companies are
included in this analysis. Thus, one of the car rental companies (rentacars) offer their
services in two large cities (Almaty and Nur-Sultan), and another one (pegas auto) expand
their services a little further by including Almaty region as well. Above mentioned car



104 A comparative analysis ...

rental services are similar to station-based carsharing solutions, with considerable differences:
(1) companies offering car rental services often do not provide a full range of technical
solutions and usually limit with websites only; (2) they operate during working hours only,
consequently, do not provide a 24/7 customer support. There are also other companies, that
have not been included in this analysis like autoprokat.kz, which offer a peer-to-peer based
solution for the customers who want to rent their car. In such cases a car rental company
acts as a platform where customers can offer their cars for rental in a way traditional car
rental works. Renting a personal car to such companies offer customers a possibility of renting
their cars for long periods. However, this has certain limitation too. For instance, renting a
personal car to companies in a discussed manner limits one’s ability to control and manage
their cars. Management and control over the use of the car in such cases totally belong to
a company. One of the perspective companies was "Doscar club startup based in Almaty,
which also offered car rental services, but the service has not been updated since July 2019.
It had around 5000 users offering some advantages to its customers like a non-key access to
cars, per/min and per/hour options of rental, comfortable rates on rental and cost reduction
by including the petrol and carwash price in the service cost. According to the data available
there were approximately 20 cars available in Almaty. Although this carsharing solution has
many advantages over some other alternate services there are some disadvantages like limited
number of available vehicles, and no up-to-date data on the current state of the service.

6 Peer-to-Peer app design

Having considered the business models and features of various car-sharing services, P2P was
chosen as the main model of the proposed carsharing system. The P2P business model will
allow to deploy the service without the need to purchase a fleet of cars and their further
maintenance and rent parking spaces. In this section, a high-level structural model of the
system modules is presented both from the side of the user and from the side of the host
(returning the car) (Figures 1 and 2). The modules are sorted by priority, how critical is their
inclusion in the minimum viable product (MVP).

The following diagrams show the use cases that each actor can do.

7 System architecture design of proposed system

Figure 4 demonstrates system design of proposed system. The main actors like Customer,
Staff, Host are included in the system design architecture. Also, the back-end server, database,
load balancer can be seen as a part of the system design. The Machine Learning (ML) server
and middleware API which connects the backend server with ML server is also an essential
part of the system.
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8 Discussion and future research

Despite the difference in the state of carsharing between international players and Kazakhstan
carsharing services are more likely to gain larger recognition in the coming years. Since
the need for human mobility is growing and governments are looking for more sustainable
solutions to human mobility the future of carsharing market is largely positive. However,
there is a lot more that must be done in terms of creating a supporting urban infrastructure
for carsharing solutions, including the creation of normative documents regulating these
services in Kazakhstan than internationally. According to some of the world’s reputable
consulting agencies technology will revolutionize and disrupt the car sharing market.
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Figure 4: System architecture

Different smartphone solutions are expected to improve the use of carsharing services.
Hence, Deloitte states that "...the future will further transform from automobiles to
automobility, which will unleash new levels of convenience and efficiency for all road users
by promoting the relationship between cars, infrastructure, and users"(Deloitte, 2020). A
recent case study on Netherlands have stated that "...the increasing diffusion of carsharing
in recent years is supported by technological innovations like smart keys, GPS services, as
well as the widespread use of smartphones"(Munzel, Piscicelli, Boon, Frenken, 2019).

However, the degree to which citizens are likely to opt for carsharing usage highly
depends on how supportive the government policies are and if the sufficient infrastructure
was created. Thus, for most of the countries a carsharing is still a niche phenomenon. A
study of 58 households in Norway states that "...policies should combine Electric Vehicles
(EVs) and car-sharing, e.g., in Oslo, the focus of promoting EVs should include shared EVs,
and in Rotterdam, improved charging infrastructure would be effective" (M.C.Svennevika,
Dijkb, Arnfalke, 2020).

The studies show that successful projects in carsharing around the world, including
those initiated exclusively through private initiative, have been supported and facilitated by
government agencies and built on a solid regulatory framework. Another key success factor
is a well-chosen sustainable business model and the availability of investment opportunities
(European Economic Comission UN | 2020). This is supported by another study that
suggests that to promote the carsharing culture "...regulation should focus on shaping
favorable conditions for a connected multi-modal transportation system instead of specific
regulations for each carsharing business model" (Munzel, Piscicelli, Boon, Frenken, 2019).

Although Kazakhstan’s carsharing market is developing there are many limitations
observed as a result of a comparative analysis. Thus, different factors might affect the
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adoption and development of carsharing in Kazakhstan:

- in comparison with European countries, the distances between cities in Kazakhstan are
larger and even if carsharing develops, it is more likely to occur in large cities (Nur-Sultan,
Almaty, Shymkent);

- the regulation of carsharing by normative documents remain limited, so a clear
understanding of how carsharing service providers operate has not been formed. In this
regard, some data is provided by the UNECE report (European Economic Comission UN |
2020);

- in comparison with numerous studies carried out in some of the world’s biggest cities
like Tokyo, Paris etc. we can observe the lack of empirical data for Kazakhstan on the
motivation, limitations,and potential of carsharing. This limits the development of this type
of service.

These outcomes might be limited with the scope of the study since for this article only
few cases were observed from both local and Kazakhstani carsharing providers. However,
it certainly illustrates the visible difference in the status quo of carsharing between early
adopters and Kazakhstan. There is little data available on what is the motivation towards
personal car ownership versus carsharing, as well as socio-demographic and cultural factors
that have never been accessed in the literature for a national context. This can be a direction
towards further research on this topic. As a suggestion focus group interviews could be
conducted with all the beneficiary of carsharing services, including potential customers and
government parties. This can give a bigger picture of the future of carsharing in Kazakhstan
and suggest ideas for improvement of the current status quo. Finally, as studies suggest
"...understanding the effects of carsharing when combined with other existing travel modes
is an important pre- requisite for decision-makers for them to be able to positively utilize
the benefits of carsharing services"(Matowski, Pribyl, Pecherova, 2021). Therefore, future
empirical studies must be conducted on behavioral patterns of carsharing adopters and non-
adopters in Kazakhstan, including the research of above-mentioned limitations.
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INTEGRATION OF THE LABVIEW 2019 DEVELOPMENT TOOL IN
WORKING WITH MICROCONTROLLERS

When connecting various sensors to microcontrollers, there are problems of the data received from
them arise: analysis, data visualization, transmission and storage on remote storage media, etc This
usually requires additional connection to microcontrollers of modules with the necessary functions.
The way to use applications developed using the LabVIEW tool in the microcontroller operation
scheme is one of the simple and reliable solutions in such cases. The study proposes to analyze the
developed connection diagram, the wireless data transmission algorithm and their processing, using
the example of connecting the GY21 sensor module, the ESP32 NodeMCU hardware platform and
the application developed in the LabVIEW 2019 environment. The main technical characteristics of
these modules are also given. Software products created using this LabVIEW software package can
be supplemented with code fragments developed in other traditional programming languages, such
as C / C ++, Pascal, Basic, FORTRAN. Conversely, you can use modules developed in LabVIEW
in projects created in other programming systems. Thus, LabVIEW allows you to develop almost
any application that interacts with any kind of hardware supported by the PC operating system.
Using the technology of virtual instruments, a developer can turn a standard personal computer
and a set of arbitrary control and measuring equipment into a multifunctional measuring and
computing complex that allows remote control and monitoring via the Internet.

Key words: LabVIEW, ESP32 NodeMCU, sensor module GY21, ARDUINO IDE, Wireless data
transmission.

JL.A. Horanaxkos®, 2K.2K. Baiiryauexos, 2K.T. 2Kymarresa
Oi-Qapabu arsigarsl Kazak yirreik yansepeureri, Kazakcran, AjnMars! K.
*e-mail: d.dogalakov@gmail.com
MukpokoHTpoJLIEpJIEpMEH >KyMbIc »Kacay Ke3ingie LabVIEW 2019 o3ipiiey KypaJbia OipikTipy

JHaraukrep/in 6apJiblK TYpJIepiH MUKPOKOHTPOJLIEPJIEpre KOCKAH Ke3Jle, oJap/laH aJIbIHFaH Jie-
pPeKTep/Ii OJIaH Opi OHJIey MIHJETTePl TYBIHJIANIbI: Taa1ay, JepPeKTep/Il BU3yaTu3aIusiay, Kallbl-
KTarbl aKlapaT TacbIFBIIITap/ia Oepy »KoHe cakTay koHe T.06. By ojierre MEKPOKOHTPOJLIEPJIED-
re KaKeTTi DyHKIUAIaphl 6ap MOy Ibaepre KOChIMINA KOCBLIYIBI KazkeT erei. MuKpoKoHTpoII-
sgepJiepin 2KyMbic cysbacoinga LabVIEW kypasibra Kosigana OThIPBIN XKacaaral KOChIMITa apIbl
naiiangany ojici MyHail karmaiiapia KapanaibiM KoHe CeHIM I menmimaep/iin 6ipi 60/1bim Tabbl-
namel. 3eprreyae GY21 maramk momymin, ESP32 NodeMCU ammaparThik miraTdhOpMACHIH KoHe
LabVIEW 2019 opracbinia kacajraH KOCBIMIIIAHBI KOCY MBICAJIBIH/IA, YKaCAJIbIHFAH OallJIaHbIC CYJI-
6achli, JAEpEeKTePi CHIMCBHI3 Oepy KoHe OHIey AJTOPUTMIH Tayaayabl yebnbliaanl. Conmaii-ax,
OCBhI MOJIYJIbJIED/IIH, HEri3ri TeXHuKaJsblK cunarramaitapbl kearipiaren. Ocet LabVIEW 6arnapia-
MAaJIbIK KeIeHIH KOJIJIaHa OTBIPBIN sKacasran Garmapiamansik enimuep C/C++, Pascal, Basic,
FORTRAN cugkrsl 6acka JocTyp/i barmapiamMariay Tiagepine Kacaaral Kojl yY3iHaimepiMeH To-
JBIKTBIPBLTY Bl MyMKiH. Kepiciame, LabVIEW-re kacasran mMoayiabaepsai 6acka GargapJamasiay
JKylienepine »Kacaarad kobamap/ia KOIIanyra 001aIbl.

Ocpuraiima, LabVIEW nepbec KOMIIBIOTEP/IIH, OIEPAIUSIBIK, KYyieci KOJIalThIH Ke3-KeJIreH alla-
pPaTTBIK, KypaJJapMeH ©3apa OpeKeTTeCeTiH Ke3-KeJINeH KOCBIMIIAHbBI YKacayFa MYMKIHJIK Oepe/i.
Buptyaaasr acmantap TeXHOJIOTHSACHIH KOJIIAHA OTBIPBII, 931pJIeyIn CTaHIapTThI 1epOec KOMITHIO-
Tep/ii ¥KoHe epikTi HGakbLIay-eJey *KabIbIKTapbIHBIH KUBIHTHIFBIH Internet apKbLIbl KAITBIKTAH
Oackapyra KoHe OaKblIayra MYMKIH/IIK OepeTin Kot (hyHKITHSIB OJIIIIey-eCenTey KellleHine affHali-
JIBIPA AJIaIbl.

Tyiiin ce3aep: LabVIEW, ESP32 NodeMCU, GY21 garuuk mozymni, ARDUINO IDE, nepexrep-
JIi CBIMCBI3 2Ki0epy.

© 2022 Al-Farabi Kazakh National University
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WNurerpanusa nncrpymenta pazpaborku LabVIEW 2019 B pa6oTe ¢ MUKPOKOHTPOJLJIEpAMU

IIpy noax/IIOYeHNM BCEBO3MOXKHBIX JATYMKOB K MHUKPOKOHTDOJIIEPAM BO3HHUKAIOT —3a/Ia9H
JajbHeiiell nux 0OpabOTKM IMOIYyIaeMbIX OT HUX JIAHHBIX: aHaJIM3a, BU3YAJIU3AINNA JAHHDBIX,
nepeadl U XpaHeHHs Ha YAAJeHHBIX HOCHTENAX mHdopmanuy n T.4. aa 3Toro Kax mpaBmiio
TpedyeTcs JIOMOJHUTEIbHOE MOJK/IOMEHNE K MHKPOKOHTPOJIIEpAM MOIYJeH ¢ HeOOXOIUMBIMU
dbyuxmmavu. Crocod MCMONMb30BaHNS TPUIOKEHHH, pa3pabOTAHHLIX € TOMOIIBIO MWHCTPYMEHTa
LabVIEW B cxeme paboTbl MEKPOKOHTPOJIJIEPOB, SIBJISETCS B TAKUX CJIYUALX OJHUM U3 ITPOCTHIX
U HaJIEKHBIX pernennit. B wuccremoBannnm pasdbupaercss paspaboTaHHAsT CXeMa MOIKIIOYUEHIT,
JITOPUTM OECIIPOBOJIHON ITepelavdl JAHHLIX U UX 00paOOTKH, Ha IPUMEPE HMOIKIIOUCHI MOIYJIsI
natanka GY21, anmaparuaoit mardopmsr ESP32 NodeMCU u npumoxkenust pa3pabOTAHHOTO B
cpesie LabVIEW 2019. Tak>ke mpuBOJATCS OCHOBHBIE TEXHUYECKHE XapaKTEPUCTUKU YKA3AHHBIX
mogysteit. IlporpamMMmubIe TPOIYKTBI, CO3/MAHHBIC C HCIOJbL30BAHUEM JAHHOTO IIPOTPAMMHOTO
komritekca LabVIEW, MoryT OBITEH JOMOHEHDBI (hparMeHTaMy Koja, pa3paboOTaHHBIMI Ha JPYTUX
TPAJUIMOHHBIX sA3bIKax nporpammuposanus, nanpumep C/C++, Pascal, Basic, FORTRAN. 1
Ha0b0POT MOXKHO UCIOIL30BATH MOTy/H, paspaborammsie B LabVIEW B mpoekTax, co31aBaeMbIx
B Jpyrux cucremax nporpammuposanus. Takum obpazom, LabVIEW mnozsossier pazpabarbiBaTh
TPAKTUIECKN JIIOObIe TPUIOKEHNsI, B3aWMOJEHCTBYIONINE C JIIOOBIMA BHUJIAMHU  AIMMAPATHBIX
CPEJCTB, MoJIepKIUBaeMbIxX oreparnuonHoil cucreMoit IIK. Mcnonb3yst TeXHOIOrMIO BHPTyaIb-
HBIX TPUOOPOB, pPa3pabOTINK MOYKET MPEBPATUTDL CTAHIAPTHBIA ITEPCOHATIBHBII KOMIBIOTED M
HA0OP MPOM3BOJBHOIO KOHTPOJIBHO-U3MEPUTEIHLHOTO 000PYIOBAHUS B MHOTOMYHKIMOHAIBHDII
U3MEPUTETLHO-BBIMUCINTE/ILHBI KOMILIEKC, JOITYyCKAIONNIT y/IaJleHHOe YIIPABICHIE 1 HAOJIIOICHIE
4gepes Internet.

Kiarouessie ciaoBa: LabVIEW, ESP32 NodeMCU, moxysis garauka GY21, ARDUINO IDE,
OecrpoBo/IHAS TTepeiada JAHHBIX.

1 Introduction

LabVIEW (Laboratory Virtual Instrumentation Engineering Workbench) is a
specialized, flexible programming environment used to create unique utilities and applications
for measuring instruments. LabVIEW is a data collection, analysis and processing system that
includes powerful tools for visualizing results. It is also used to control technical objects and
technological processes [1].

Currently, LabVIEW is widely used in the following areas [2]:

— Automotive industry;

— Telecommunications;

— Aerospace industry;

— Semiconductor industry;

— Development and production of electronics;

— Extractive industry;

— Shipbuilding industry;

— Biomedicine;

ESP32 NodeMCU is a highly integrated, combined (Wi-Fi + Bluetooth) chip designed
for solutions that require the lowest power consumption figures, shown in (Fig. 1).

ESP32 NodeMCU supports the entire stack of Wi-Fi 802.11n and BT4.2 protocols,
providing this functionality via SPT / SDIO or I?C / UART |3].
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ESP32 NodeMCU Module Specifications:

CPU: Xtensa Dual-Core 32-bit LX6, 160 MHz nim 240 MHz (10 600 DMIPS);
Memory: 520 KByte SRAM, 448 KByte ROM;

Flash: 1,2,4...64 Mb;

Wireless: Wi-Fi: 802.11b/g/n/e/i, no 150 Mbps ¢ HT40;

Bluetooth: v4.2 BR/EDR u BLE;

Manufacturer: Espressif Systems;

Figure 1: Module ESP32 NodeMCU

The GY21 humidity and temperature sensor module based on the SHT21 sensor is a
high-precision module for measuring temperature and humidity, shown in (Fig.2). It has a
very low error in its class: when measuring temperature, it is 0.4%, and humidity is 2%.

Due to such a low error and universal I2C interface, this module is suitable for temperature
and humidity measurement in industrial areas [4].

GY-21 Specifications:

— Sensor: SHT21

— Interface: 12C

— Sensor operating voltage range: 1.9 - 3.6V

— Module supply voltage: oV

— Current consumption in measuring mode: 300uA

— Standby current consumption: 0.15uA

— Humidity: operating range: 0 to 100%

— Measurement accuracy: +3%(max),0 — 80%

— Temperature: operating range: —40to 4+ 125°C

— Measurement accuracy: +0.4°C'(max), —10to85°C

— Factory calibration
— Built-in battery discharge detector (sets the flag if the supply voltage drops below 2.25 V)
— Built-in heater for self-diagnosis of sensors
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Figure 2: Sensor module GY21 (SHT21)

2 Material and methods

The algorithm of actions of our circuit is as follows: Sensor module GY21 (SHT21) connected
to the ESP32 NodeMCU Module will transmit temperature and humidity parameters to it
according to the program executed on the ESP32 NodeMCU Module. To do this, we will
develop the necessary program (sketch for uploading) in the Arduino IDE [5]. The received
data, already available in the RAM of the Module ESP32 NodeMCU, upon request from the
application developed in LabVIEW, will be read and processed on the computer via the TCP
IP protocol wirelessly.

Our experiment starts with assembling a circuit diagram, which were designed in the
program Fritzing [6]. The connection diagram of the GY21 humidity and temperature sensor
module to the ESP32 NODMCU v.3 hardware platform is shown in (Fig. 3).

ESP32 NodeMCU v3
ESP8266

GY-21 (SHT21)

Figure 3: Connection diagram

The next step is to write a sketch in the Arduino IDE program.

Arduino IDE is an integrated development environment for Windows, MacOS and Linux,
developed in C and C ++, designed to create and download programs on Arduino-compatible
boards, as well as on boards from other manufacturers.
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The ESP8266 WiFi.h library was used to work with the ESP32 hardware platform
interface:

— The library "Sodaq SHT2x.h" was also connected to work with the selected module
of the humidity and temperature sensor GY21;

— Protocol for data transfer between ESP32 NodeMCU and the main control program:
TCP IP;

— Number of data transmission port: 8000;

— Size of data transmission packet: 12 bytes;

When forming a data packet of temperature and humidity readings before sending to the
control program, its size (in bytes) may not be constant due to the dimension of the readings
themselves, for example, the temperature may be T' = —12°C' or 0°C' or 25°C, respectively for
temperature readings we must to allocate 3 or 1 or 2 bytes. To do this, we set the maximum
packet size for send 12 bytes, taking into account the humidity readings and other possible
parameters in the future, and in the case of missing bytes from the data, we fill our packet
with characters ("non-breaking space"code Alt + 255) up to 12 bytes.

Below in (Fig. 4) and (Fig. 5) there is a listing (code) of the program loaded into the
memory of the ESP32 NODMCU v.3 module:

ESP32NodeMCU_WiFi_Server with_SHT21_working | Arduino 1.8.10 — O x

Paiin Mpaeka Ckety Wncrpymentsl Momows

ESP32NodeMCU_WiFi_Server_with_SHT21_working
// PaBouas Bepcua (06.12.2020) Ioranaxos I.A. A
#include <ESP8266WiFi.h>

#include <Wire.h>
#include <Sodaq SHT2x.h>

#define SERVER_PORT 8000 // Port 8000 NodeMCU LabVIEW

const char* ssid = "Darkhan"; // WiFi NodeMCU Login

const char* password = "dog44dias": // Password WiFi NodeMCU Login IP: 192.168.5.84
//const char* ssid = "Redmi Darkhan"; // WiFi NodeMCU Login

//const char* password = "Redmi2018"; // Password WiFi NodeMCU Login IP: 192.168.43.21
WiFiServer server (SERVER PORT) ; // object server port 8000

e // counter

void setup ()

{ pinMode (16, OUTPUT) ; // 16 Output LED NodeMCU
Wire.begin(); // Initialization
serial.begin (115200); // Serial Communication
Serial.println("");
Serial.println("™"):
WiFi.begin (ssid, password) ; //Login WiFi password
while (WiFi.status() != WL CONNECTED) //Login Serial Monitor -> Login

{ serial.print("->"):
delay (200) ;
i

Serial.println(""):

Serial.println ("WiFi Successfully Connected"); //Login WiFi

Serial.print ("NodeMCU IP address: ");

Serial.println (WiFi.localTIP()); // IP NodeMCU WiFi Router
server.begin () ; // TCP NodeMCU Server LabVIEW Client

Serial.println("NodeMCU as a Server Role Started"); v

Figure 4: Listing of the program for loading into the ESP32 NODMCU v.3 module (beginning)
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ESP32NodeMCU_WiFi_Server with_SHT21_working | Arduino 1.8.10 = ] X

Paiin Mpaska Ckety UnctpymenTsr Momolus

ESP32NodeMCU_WiFi_Server_with_SHT21_working

} ~

void loop() //LED 16
{ WiFiClient client = server.available():; // LabVIEW Client NodeMCU
if (client) // LabVIEW Client if
{ Serial.println("Hi...New Client"); // Client Serial Communication
for(i=0;i<2;i++) // LED NodeMCU 3 NodeMCU Computer
{ digitalWrite (16,HIGH) ;
delay (50);
digitalWrite (16,LOW) ;
delay (50) :
1
while (1)
{ while(client.available()) // LabVIEW Loop
{ digitalWrite(16,HIGH); // LED NodeMCU
delay (20) ;
digitalWrite(16,LOW) ;
delay (20) ;
uint8 t data =client.read();
Serial.write(data); // Serial Communication
switch (data) // data
{
case 'a': // data="a' LabVIEW case
client.print (" "
break:;
case "B // data="b' NodeMCU to LabVIEW

String Res = String (SHT2x.GetTemperature())+"/"+String (SHT2x.GetHumidity());
int LengthRes = Res.length();
for (int i=0; i < 12-LengthRes; i++){

Res=Res+" ";

i v

Figure 5: Listing of the program for loading into the ESP32 NODMCU v.3 module
(continuation)

Further, in the development environment LABVIEW 2019 in the "Block diagram" we
create a general block diagram of the operation of our control program, (Fig. 6).

Part 1 describes the instructions and settings required to connect to the ESP32
NODMCU using the TCP IP protocol. To scan the network and determine the IP address
assigned by the WI-FI network to the ESP32 NODMCU, the free Hercules SETUP utility
was used [7].

Part 2 executes command "b" — sending a request for data transfer to the ESP32
NODMCU module.

Part 3 and part of Part 7 output the temperature and humidity readings to special
separate areas of the program interface in the form of graphs.

Part 4 reads the system time and generates a new line according to the specified format.

Part 5 and Part 6 describes an algorithm for dividing the received data packet of 12
bytes into two parts, to separate the temperature and humidity readings from it separately.

Part 7 describes the procedure for writing the finally formed data line to a text file at
the specified path.
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® (SHT21):

Figure 6: Algorithm of the control program in the LABVIEW 2019 environment

The control program interface developed in the LABVIEW environment is shown in
(Fig. 7).

The panel displays: selectable shared wireless network (WI-FI), the IP address received
by the ESP32 NODMCU from the network and the graphics of the read data;

| File Edit View Project Operate Tools Window Help
SE@N ®
I ~
‘ WI-FI IP (sh21): System data/time:
RedmiNote4 < |
Temperature 32,1 ) Humidity 13,93 Plato

40,00 715

16,75}
16,50-}
1625}
16,00-}

3 15751

Figure 7: The interface of the control program in the LABVIEW 2019 environment
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Read and transmitted temperature and humidity data from the ESP32 NodeMCU to the
main control program on the PC. Writing data to a text file with a time interval of 1 second
is shown in (Fig. 8).

| meteodata — BaokHoT = O X

Qaiin lNpaeka QPopmar Bua Cnpaska

12/07/2020 18:16:33 T=26,69°C H=26,05% 2
12/07/2020 18:16:34 T=26,70°C H=26,05%
12/07/2020 18:16:35 T=26,71°C H=26,06%
12/07/2020 18:16:36 T=26,73°C H=26,03%
12/07/2020 18:16:37 T=26,72°C H=26,02%
12/07/2020 18:16:38 T=26,77°C H=26,01%
12/07/2020 18:16:39 T=26,76°C H=26,01%
12/07/2020 18:16:40 T=26,77°C H=26,01%
12/07/2020 18:16:41 T=26,79°C H=26,01%
12/07/2020 18:16:42 T=26,78°C H=26,00%
12/07/2020 18:16:43 T=26,80°C H=26,02%
12/07/2020 18:16:44 T=26,76°C H=26,04%
12/07/2020 18:16:45 T=26,79°C H=26,04%
12/07/2020 18:16:46 T=26,80°C H=26,03%
12/07/2020 18:16:47 T=26,718°C H=26,04%
12/07/2020 18:16:48 T=26,90°C H=26,07%

Figure 8: Received data written to text file

You can also use other GPIOs on the ESP32 NodeMCU board to turn on or off peripheral
equipment such as relays [8].

3 Results and discussion

The proposed scheme of collaboration between the LABVIEW environment and
microcontrollers for data transmission and processing allows you to exclude the purchase
of additional output and recording devices. At the same time, the volume of data received
can be significantly increased, and their consolidation and visualization in applications using
other additional tools of the LABVIEW environment becomes convenient and practical. The
selected mechanism for using the LABVIEW environment in integration with microcontrollers
is also planned to be used in other tasks related to technical vision for controlling relays and
electric drives on electric vehicles [9]. One of the examples of such solutions is the using NI
LabVIEW software and the NI Vision Development Module to develop a system to monitor
the Paris RER. The key element of the infrastructure of the transport system are rails. After
the installation of the controls, their position may change depending on the conditions of
the environment, for example, the temperature. This integrated system measures these rail
position changes [10].

4 Conclusion

This article presented the joint operation of the LabVIEW 2019 software package and one of
the ESP32 NodeMCU hardware platforms with the GY21 module connected to it. The main
technical characteristics of these devices are described, as well as commands for connecting
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and transferring data between them. The great opportunities inherent in the graphical
programming and execution environment of LabVIEW 2019 programs (various libraries,
integration and data exchange components, visual components) generally show and provide
unlimited opportunities for software developers, both for research tasks (data collection and
analysis), and for automation of various technological processes. This practical example we
have analyzed confirms this.

(1]
2]
(3]

4]

(5]
(6]
[7]
(8]

Bl

[10]
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POST-EDITING FOR THE KAZAKH LANGUAGE USING OPENNMT

The modern world and our immediate future depend on applied intelligent systems, as new
technologies develop every day. One of the tasks of intelligent systems is machine (automated)
translation from one natural language to another. Machine translation (MT) allows people to
communicate regardless of language differences, as it removes the language barrier and opens
up new languages for communication. Machine translation is a new technology, a special step in
human development. This type of translation can help when you need to quickly understand what
your interlocutor wrote or said in a letter.

The work of online translators used to translate into Kazakh and vice versa. Translation errors are
identified, general advantages and disadvantages of online machine translation systems in Kazakh
are given. A model for the development of a post-editing machine translation system for the Kazakh
language is presented.

OpenNMT (Open Neural Machine Translation) is an open source system for neural machine
translation and neural sequence training. To learn languages in OpenNMT, you need parallel
corpuses for language pairs. The advantage of OpenNMT is that it can be applied to all languages
and can handle large corpora. Experimental data were obtained for the English-Kazakh language
pair. Experimental data were obtained for the English-Kazakh language pair.

Key words: Opennmt, neural machine translation, turkic languages.

JI.P. Paxumona, A.2K. Z2Kymycosa*
Ou-Papabu arbingarsl Kazax yirTelk YHusepcureri, Kazakcran, AnMars! K.
*e-mail: alia  94-22@Qmail.ru
OpenNMT kemeriMmeH Kasak TijliHe mocTpeaakTpJey

Kagzipri osem 2kone 6i3/1iH 2KaKbIH O0JIAITAFBIMBI3 KOJIIAHOAIbI HHTEIEKTYAJJIBI XKYiiesepre Oaii-
JIAHBICTBI, OTKEHI KaHa TeXHOJIOTUsAIap KYH CaflblH JJaMbIl KeJteri. VHTennexkTyai bl xKyiiesrep/iis,
MinerTepinin 6ipi - 6ip TabUFK TLNIEH eKiHITICIHE MAIINHAJBIK, (ABTOMATTAH/BIPBIIFAH) ay1apMa-
HBI KOJIJIAHBII ayaapy. MamuHaabk aygapya (TIIik ayapya) ajaMaapra TUIZIK aiflbipMaIbLIb-
KTapra KapaMacTaH OallJlaHbIC 2KacayFa MyMKIHJIK Oepe/ii, OTKeH] 0J1 TIIIK TOCKAY bLIJIbI XKOBIII,
KapbIM-KATBIHAC YIINH YKaHA TILIepl ama ibl. MarmmHa bk, ayrapMa - OyJ1 2KaHa TeXHOJIOTH, aJIaM
JIaMYBIHIATBl epekIne KajgaM. AymapManbin Oy Typi ci3re oHIIMeIeCyTiHiH XaTTa He YKa3PanbIH
HeMece He affTKAHBIH Te3 TYCIHY KarKeT OOJIFaHIa KOMEKTECE aJiaIbl.

Onyaiie ayIapMalbLIaP/IbIH XKYMbICHI OYPBIH Ka3aKilara YKoHe KepiciHine ayaapbliaTbia. Aymrap-
Ma KaTeJepi aHbIKTaJIJIbl, OHJIAH-MAITNHAJIBIK, ay/lapMa KYHeCciHin Ka3ak, TITHIEr KaJlbl apThIK-
IIBLIBIKTaPbl MEeH KeMIIIiKTepi KeaTipial. Kazak Tisine apHaran eHJiey1eH KeliHri MallnHaJIbIK,
ayzapMa yKyieciH a3ipJiey MojieJri YChIHBLIFaH.

OpenNMT (Open Neural Machine Translation) — HelipoH ManTMHACBIH ayapy *KoHe HEfpOH per-
TIriH OKBITYFa apHAJFaH alblK OacTanksl kyite. OpenNMT-se Tingepai yitpeny yimin cizre Ti-
JIK JKyITapra mapaJsiesb Kopiycrap Kaxer. OpenNMT-TiH apThIKIIBUIBIEFBL - 0J1 6APJIBIK, TiIIep-
re KOJJIAHBIIA ATajbl KOHE YIKEH KOPIyCTap/bl Oackapa agajbl. JKCIEPUMEHTTIK MOJIIMeTTep
AFBLIIIBIH-KAa3aK TiI »KYObI VIITIH aJIbIH/IbL.

Tvyitin ce3zep: Opennmt, HePOH MaIMHAIBLIK, ay1apMa, TYPKi Tiagepi.

JI.P. Paxumona, A.2K. 2Kynycosa*

Kaszaxckuit HanponaibHbIN yHUBEpcuTeT nMenu ajib-Papabu, Kasaxcran, r.Ajimars
*e-mail: alia_94-22@mail.ru
IMTocTrpemakTupoBanue OJisi KA3aXCKOIO sI3bIKA € mcnoJb3oBannem openNMT
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CoBpeMeHHBIIT MUp U Hallle OJimKaiiiee OyJyIee 3aBUCSAT OT HPHUKJIAIHBIX WHTEJIEKTYaAJTbHBIX
CUCTEM, TaK KaK HOBDLIE TEXHOJOTUN PA3BUBAIOTCS ¢ KaKIbIM aueM. OIHON U3 38789 NHTETIEKTY-
AJIBHBIX CHCTEM SIBJISETCS MAIMHHBIA (aBTOMATH3MPOBAHHBIN) MEPEBOJ] C OJIHOIO €CTECTBEHHOTO
si3p1Kka Ha Apyroil. Mammuaneit nepesog (MII) mossonser omsim OBIATHCST HE3ABHCHMO OT
pa3uuns S3bIKOB, IOCKOJIBKY 3TO YCTPAHSAET s3bIKOBOW Oapbep U OTKPBIBAET HOBBIE SI3BIKU
obrmennsi. MammuHaHbIit TEPEBOJT - 9TO HOBAsT TEXHOJIOTHSI, OCOOBIH ITAr B PA3BUTUH TEIOBEKA. DTOT
THII [I€PEBOJIA MOXKET TIOMOYb, KOIJIa HY>KHO OBICTPO MOHSTH, 9TO BaIll COOECETHUK HAIUCAJ WU
CKa3aJl B IHUCHMeE.

Pabora ommaitH-TIepeBOIINKOB, MCIOJb3YEMBIX IS TIEPeBOfa Ha Ka3aXCKHUil A3bIK W 0OpaTHO.
BruisiByienbr  ommmbku  1epeBojia, JaHbl O0IMHE TPEUMYIIeCTBAa W HEJIOCTATKU OHJIAWH CHCTEM
MaIlMHHOTO TIePeBO/Ia Ha Ka3axCKOM sa3bike. IIpescTaBiena Momenb pa3pabOTKM CHCTEMBI TTOCT-
PE/IAaKTUPOBAHUS MAITHHHOTO TIEePEeBOJIa, JIJIsT KA3aXCKOTO sS3bIKa.

OpenNMT (Open Neural Machine Translation) — 1o cucrema ¢ OTKPBITBIM HUCXOIHBIM KOJIOM JIJIst
HEHPOHHOTO MAIMHHOTO MEPEBOa U 0OyUYeHUsd HEHPOHHOI MocienoBaTebHOCTH. st o0ydeHus
a3k B OpenNMT mykubpl mapasiiebable KOPIyca JIIst S3BIKOBBIX map. llpemvymtecTBom
OpenNMT gBjsercss mpuMeHeHne KO BCEM A3bIKAM W MOXKET paboTarh ¢ GogbmmMu Kopirycamu. B
craThbe paccMarpuBaerca odydennst Tiopkckue sa3bpiku B OpenNMT. Bouto mosxydeno skcrepuMen-
TaJbHbIE JAHHBIE JIJIT AHTJI0-Ka3aXCKOTO S3BIKOBOI TMaphl.

Kuarouessbie cioBa: Opennmt, HEHPOHHBIA MAIIMHHBIA IEPEBO/I, TIOPKCKHUE A3BIKMI.

1 Introduction

Tiirkic languages, a language family, spread over the territory from Turkey in the west
to Xinjiang in the east and from the coast of the East Siberian Sea in the north to
Khorasan in the south. The speakers of these languages live compactly in the CIS countries
(Azerbaijanis — in Azerbaijan, Turkmens — in Turkmenistan, Kazakhs — in Kazakhstan,
Kyrgyz — in Kyrgyzstan, Uzbeks — in Uzbekistan; Kumyks, Karachais, Balkars, Chuvashs,
Tatars, Bashkirs, Nogais, Yakuts, Tuvans, Khakass, Mountain Altai — in Russia; Gagauz — in
the Transnistrian Republic) and beyond its borders — in Turkey (Turks) and China (Uighurs).
Currently, the total number of speakers of the Turkic languages is about 120 million.

The Tiirkic languages are similar in structure and meaning. This can be seen in the

following table:

Table 1. Words of Turkic languages

Ancient | Turkish | Turkmen| Turkmen| In Kyrgyz | In In Tyvan

Turkic Kazakh uzbek Uyghur

Ana ana/anne| ene ana aHa Ene Ona Ana Aga
/ana/

Burun Burun burun borin MYPBIH murun Burun burun Hyyayx
/murin/

Qol Kol qol qul KOJI Qol qo‘l kol Xox
/qol/

Yol Yol yol yul 2KOJI Jol yo'l yol OPYK
Jol/ (o)

Semiz Semiz semiz simez cemis semiz Semiz semiz Cemuc
/semiz/

But languages are different from other languages, they have special characteristics:
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the law of harmony;

lack of a category;

e special word order.

Therefore, when translating, the Turkic languages give out morphological, lexical, and

semantic errors.

To evaluate errors, we will use well-known translation machines, such as: Google, Yandex:

proximity of the lexical structure;

agglutination — a series of affixes;

lack of auxiliary words (prepositions);

Table 2. Online transfers completed in February 2021 y.

Source text for translation into

Name of machine translation

Tiirkic laneuace systems and translation results disadvantages
guag Yandex Google
Taubim 6ysbire3, Oy munem ran- | Meet my family | Meet me, this is | Google Translate pays

soum (Tatar language)

my family

attention to punctuation.
If there is an exclamation
mark at the end of a
sentence, this is correctly
translated as "meet"
otherwise it is incorrectly
translated as "meet" .

CusHu TOOPUKIIDIIKD MKA3IT Oe-
pur (Uigur language)

Let
congratulate
you

No translation

me

There is no
translation
It accepts
language.

Uyghur
in Yandex.
both Tatar

Memni »xepre xaparma (Kazakh
language)

don’t put me on

the ground the ground

don’t put me on

Translate phraseological
units into a straight line

By Tyrpmma ram xam Oysurim
mymkuH emac (Uzbek language)

It’s all in
tugrida and can
not be found

the question

This is out of

Yandex translation could
not translate the word
"tugrida" and completely
lost the meaning of the
sentence

Birsey icmek istiyorum (Turkish
language)

I want to drink

birsey something

I want to drink

In the translation of
Yandex, the word
"something" replaced

by the word "birsey" .

its

This article discusses training parallel corpus in Opennmt. The advantage of Opennmt is

universal applicability to different languages, including the Turkic languages.
We also get the results of computational experiments for the Kazakh language.
The rest of the paper is organised as follows:

— Section 2 provides an overview of previous work carried out in this area.
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— Section 3 presents Opennmt for Kazakh-English, English-Kazakh language pairs.

— Section 4 presents experimental NMT results for Kazakh-English, English-Kazakh
language pairs.

— Section 5 presents conclusions and suggests directions for future work.

2 Previous scientific work

In our country, in Kazakhstan, MT (machine translation) of the Kazakh language has been
developing since 2000. Professor U. A. Tukeyev was one of the first to study machine
translation. He managed to create a scientific school that is actively engaged in research
in the field of MT. Among domestic students, one can note the study of models and methods
of semantics of machine translation from Russian into Kazakh language [1], a statistical model
of the alignment of English-Kazakh words using the machine translation algorithm [2].

To improve the morphologies of the Turkic languages, vocabulary training on a parallel
corpus was used [3-6]. Learning on the parallel corpus of the English-German language pair
in Opennmt, studied in foreign works. In this work, 50k vocabulary was learned for each pair
and it was shown that in Opennmt Bleu was 17.60 |7]. Opennmt showed a better result than
in the Nematus Bleu system by 0.5. Also, the architecture and applicability of Opennmt in
other areas were considered.

3 Opennmt for Turkic languages

To build a neural network, the project uses the capabilities of the Torch deep machine learning
library [8].
Opennmt in the model contains the following parameters [9-10]:

e encoder type: transformer;
e decoder type: transformer;
e position encoding: true;

e enc_layers: 6;

e dec layers: 6;

e heads: 8;

e rnn_size: 512;

e word vec size: H12;

o transformer ff: 2048;

e dropout_ steps: [0];

e dropout: [0.1];
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e attention dropout: [0.1];

e train steps: 100000.

Encoder Decoder | «<—— | Attention
Model
Optimizer — I —— | BeamSearcher
Data Trainer Translator
I I
Preprocess Train Translate

Figure 1: Building an Opennmt Model

4 Results

A Kazakh-English language pair was used for training. 109,772 sentences were used in the
corpus. These proposals were taken from the website [11]: Akorda, Primeminister, mfa.gov.kz,
economy.gov.kz, strategy2050.kz. Of these, it was taken for train 80000, test 20000, validation
9772.1t took 36 hours to train at Opennmt.

Table 3. Obtained result in Opennmt for the English-Kazakh language pair

Language pair Speed tok/sec BLEU
Kazakh-English 4185 20.56
English-Kazakh 4185 20.05

As you can see in the table BLEU is less compared to other languages as for English-
German, English-French pairs. Because the structure of the language of the Turkic languages
is different from these languages. More parallel data is required to improve this metric.

5 Conclusion

This article covered learning parallel corpuses in Opennmt. In the experiment, it was used
for the English-Kazakh language pair. To improve the translation, you need to add sentences
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to the corpus for the English-Kazakh language pair. In the future, corpora will be developed
for English-Turkic language pairs and training according to this system.

(1]

(2]

(3]
(4]
(5]

(6]

(7]

(8]

B

[10]
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INFLUENCE OF THERMAL EFFECTS TO POLLUTANT DISPERSION IN
IDEALIZED STREET CANYON: NUMERICAL STUDY

In this work, we numerically investigate the process of atmospheric air pollution at various values
of the road temperature in idealized urban canyons. To solve this problem, the Reynolds-averaged
Navier-Stokes equations (RANS) were used. Closing this system of equations required the use
of various turbulent models. The verification of the mathematical model and the numerical
algorithm was carried out using a test problem. The results obtained using various turbulent
models were compared with experimental data and calculated data of other authors. The main
problem considered in this paper is characterized as follows: estimation of emissions of pollutants
between buildings using different types of hedge barriers (continuous and intermittent) at different
temperatures. The results have shown that the presence of hedge barriers along the roads
significantly reduces the concentration of harmful substances in the air. The use of a grass barriers
with a total height of 0.1H leads to a decrease in the concentration level to a section X = 0.05H
by more than 1.5 times compared with the case of a complete absence of protective barriers. In
addition, the temperature conditions (in this case, Ty = 305K) also reduce the concentration value
by almost 2 times. Increasing the temperature at the side of the road using the barrier reduces
the spread and deposition of pollutants.

Key words: Air pollution, RANS, mathematical model, hedge barriers, concentration,
temperature.

A. Ucaxos™, T. dur?, II. Omaposa!
19s-Qapabu arpiiarst Kazak yirreik ynusepeureri, Kasakcran, AaMaTsl K.
2Municexc yausepcuteri, Y ani6puTanus, JIOHIOH K.
*e-mail: alibek.issakhov@gmail.com
N neanganran kellle KAHBOHBIHAAFBI JIACTAYIIIBI 3aTTAPABIH, JUCIIEPCUSICHIHA 2KbIILY
ad dexkrTicinig acepi: CanapikK 3epTTey

Byn XywmplcTa aya TeMIepaTypachbIHBIH, OPTYPJl MOHJIEPIHJE KOJJIBIH HIeaIH3alisIaHraH
KaJIAJIBIK KAHBOHIAPBIHIAFBI ayaHbIH JACTAHy MPOIECi CaHJIbIK 3epTTeiareH. By Mocesneni mrermy
ymin Peiinonpnc oprama Haspe-Croke temgeynepi (RANS) kommambuiaer. Bym Tenumeymep
Kyftecin Kaby opTypsi TypOyJIEeHTTI MOENbJEep/i KOJMJAHy/Ibl KakeT eTTi. MareMaThuKasbIK,
MOJIEJIb MEH CAHIBIK AJTOPUTMIII TEKCEPY TECT TAICHIPMACHI KYPriziam. Op Typsi TypOymeHTTi
MOJIEJIbJIEP/l KOJIJIAHY APKBLIbI AJIbIHFAH HOTUKEJIep 3KCIHEPUMEHTTIK MOJIIMETTEpMEH JKOHE
0acKa aBTOPJAPIBIH, ECElTeyIePIMEH CAJIBICTHIPLLIALL. DByl KYMDBICTa KAPACTLIPBLIFAH HEri3ri
MIHJET KeJiecijielt cuaTTa a/ibl: 9p TYpJi TeMIeparypa MOHJEPIHJIe 9P TYPJl el Kejaeprijepin
(y3aikeis »koHe y3imicci3) KoJZaHA OTBIPBIN, FUMAPATTAD APACHIHJIAFBI JACTAYIILL 3aTTaPIbIH
IIBLIFAPBIHIBLIAPBIH  Oaragay. 3epTTey HOTHKeNIepi »Koymap OOfbIHIa Keaeprijepain OoJTyb
ayaJlarbl 3UAH/IbI 3aTTAP/IbIH KOHIIEHTPAIUACHIH e19yip TOMEHIeTeTiHIH KOPCeTTi.
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2Kanner 6uikriri 10 cM 6oJtaTsin Kejaeprizepai Kosgany Kopranbic Kejaeprijiepidiy TobIK, 6oimay
JKarIailbIMEeH CaJIBICThIPFAaH/Ia IMOFBIPJIaHy AeHreiinin X = bem KumackiHa jeitin 1,5 ece TemeH-
neyine okeneni. CoHbIMEH KaTap, Temmeparypa Karjaitnapel (Oyn karmaiina Ty = 305K) kon-
IEHTpaIst MOHIH 2 ece azaiTajibl. TOCKAyBLIIBIH KOMETriMeH »KOJI YKUETIHJIEri TeMIiepaTypaHbIH,
ZKOFAPBLIAY Bl KATEPJI 3aTTapIbIH, TAPAIYBIH KOHE TYHIBIPBLIYLIH a3aiiTaIbl.

Tyitin ce3mep: Ayanbiy jacranybl, RANS, MaremMarukalbK MOJeJb, IONTIK Kejeprijiep, KOH-
[EHTPAIMs, TEMIIEPATYPA.
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B macrosmeit pabore UHCIEHHO WMCCAECIOBAH IIPOIECC 3arps3HEHUs aTMOC(EPHOrO BO3/yXa B
MICATN3UPOBAHHBIX TOPOJCKAX KAHBOHAX JIOPOTU TPU PA3IUIHBIX 3HATUCHUAX TEMIIEPATYPHI.
s perieHust TOM 3a/1a4M HMCIIOJIL30BAJINCH yCpeaHennbe 1o Peitnosnbiacy ypasnenus Hasbe-
Crokca (RANS). 3akpbiTe 3TOH CHCTEMbI ypaBHEHUI MOTPEGOBAIO UCIONb30BAHNST PA3INIHBIX
TYpOYJIEHTHBIX MoJjeseil. Bepuduranusa mareMaTHdecKOfl MOJIEJN ¥ YUCJICHHOTO aJrOpUTMa
IPOBOJINIACH C MCIIOJB30BAHUEM TECTOBOH 3ajatin. Pe3yabTaTsl, MOy IeHHBIE ¢ UCIOJIH30BAHIEM
Pa3JINYHBIX TYPOYJIEHTHBIX Mojesieil, ObLIM COIOCTABJIEHBI C SKCIIEPUMEHTAJIHHBIMU JTAHHBIMI
U pacyeTHBIMU JAHHBIMH Jpyrux apropoB. OCHOBHas 3ajiada, paccMarpuBaeMasi B IaHHOI
paboTte, XapakKTepu3yeTcs CAeAYIOMNM 00pa30M: OIEHKA BBIOPOCOB 3arps3HSIONINX BEIIECTB
MEXKJLy 37[aHUSIMU C HCIIOJb30BAHUEM DA3IMYHBIX THUIIOB TPaBSAHBIX 6AphePOB (HEIPEPBIBHBIX U
HPEPBIBUCTBIX) MIPU PA3IMIHBIX 3HAMEHUSIX TEMIIEPATYPBI. Pe3yIbTaThl NCCIEI0BAHUIT TOKA3AIIN,
YTO HAJIMYME YKUBOH M3rOPOJIM BJOJb JOPOr 3HAYUTENHLHO CHUYKAET KOHIIEHTPAIMIO BPEIHBIX
BelecTB B Bo3jyxe. Vcrnosb3oBaHue »KUBOM wm3ropojum obmieir BbicoToit 10 ¢M TpPUBOIUT K
CHUZKEHNIO YPOBHSI KOHIIEHTpanmu 110 cedenuss X = bHcM Oosee dyeM B 1,5 pasa 1o CpaBHEHHIO
CO CJIydaeM TIOJIHOTO OTCYTCTBHUS 3aluTHLIX OaphepoB. Kpome toro, Temmeparypubie ycoBust
(B mamnom ciaydae Ty = 305K) Takike CHIXKAIOT 3HAYEHWE KOHIEHTPAIMU TMOYTH B 2 pasa.
[loBbimmenne TemuepaTypsl Ha 0004UnUHE JJOPOTH C IIOMOIIBIO 0apbepa YMEHbBIIAET PACIIPOCTPAHEHUE
7 OTJIOJKEHHE 3JI0KATECTBEHHBIX BEIECTB.

Kirouessbie ciioBa: 3arpsisaenue armocdepHoro Bo3ayxa, RANS, maremarudeckast MOJIEIb, Tpa-
BAHBIE OAPbEPBI, KOHIIEHTPAIINS, TEMIIEPATYPA.

1 Introduction

In large cities, air quality has been an urgent problem in recent decades, as poor air quality
can worsen people’s health, and the main reason is constant traffic. Most people working in
large cities are more likely to go to medical institutions with complaints of problems with
the respiratory system. Consequently, people with birth defects and pathologies are at risk
— in this case, in addition to death, cardiovascular disorders, cancer of other serious diseases
are possible |1, 2, 3]. Therefore, the search for ways to reduce the percentage of pollution
along the roads is an urgent problem of mankind today. The constant increase in the number
of vehicles in large cities remains the main cause of air pollution [5]. Moreover, the level of
pollutants in densely populated cities increases especially strongly during certain periods [6].
To do this, there are a number of methods for reducing air pollution, such as alternative fuels
and electric vehicles (EV), and solid barriers can be used to neutralize harmful substances in
the air. In addition, hedges reduce noise levels by being a natural signal source, giving the
city aesthetic appeal and characterizing its ecosystem services.
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Various types of barriers are often used to improve air quality in urban canyons |7, 8, 9].
In addition, subsequent studies assessed the impact of protective barriers on air quality along
roads [10, 11, 12, 13|. Trees |14, 15|, hedges [16], green roofs and facades [17] can be protective
barriers, solid barriers are also used as low boundary walls [18, 19] and noise barriers |20,
21]. The presence of parked vehicles along the road is considered to be another important
factor for improving air pollution control methods, which, in turn, works like a barrier and
significantly reduce the concentration of pollutants in the air [22]. Herbal barriers play a role
in solving such problems; city streets reduce dispersion of pollutants [23, 24].

Vegetation barriers also reduce roadside air pollution by affecting local turbulence and the
natural dispersion of pollutants generated during driving [25]. In the paper [26] indicates the
best roadside safety barriers to reduce air pollution along roads in urban environments. The
main purpose of using protective grasses and artisanal barriers is to mitigate the impact of
pollutants by quantifying spatial changes in different pavement configurations. To determine
the effectiveness of the barriers to the dispersion of pollutants into the atmosphere, CFD
is used, where the barrier from natural wind flow plays the main role. The results show
that obstacles increase turbulence and wind speed, and can also reduce the concentration of
exhaust gases in the urban environment.

The proposed study assessed the effect of a protective barrier on the level of air pollution in
an urban environment |27], taking into account the effect of temperature on the carriageway.
Complex urban structures with improved infrastructure, especially during seasonal periods,
such as winter seasons accumulate more heat, while in summer, on the contrary, more energy
is spent for cooling than rural areas [28, 29|. All these factors affect the heat exchange of the
air flow in the urban environment and lead to the urban heat island effect [30, 31]. It turned
out that the value of the concentration depends not only on the total amount of malignant
emissions, but also on the temperature of the walls, road and source, an analysis is required
that has the following parameters: building geometry, type of pollutants and barriers, wind
flow conditions, barrier porosity and temperature, which have a significant impact on urban
air quality. Thus, to improve air quality, the effectiveness of two various cases of road safety
barriers was evaluated various temperatures.

The main goal of this paper is to study the effect of various temperatures when using
different types of protective barriers as a possible mitigation for different pavement layouts
that are commonly found in the real world. The most dangerous threat to urban canyons
comes from stagnant situations, that is, when a surface inversion is accompanied by a
weak wind flow. All physical and mathematical assumptions were validated by computer
simulations.

2 Materials and methods

2.1 Mathematical model

The system of RANS, which is simulated by the ANSYS Fluent, and used to construct
a mathematical model of the flow of liquid and gas. Various RANS turbulent models were
used. The implementation of the test problems was based on the existing experimental data of
well-known authors. The 3D cases are presented as test problems, for which a non-stationary
state model was formed to analyze the gas flow in the L x B « H urban street zone.
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Ethylene (C2H4) was used as a pollutant for this problem [32]. The computational model
of atmospheric air pollution in the idealized urban canyon road for various temperature
values based on the RANS equation, the equation for the transfer of pollutants and the
energy equation.
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where g is the dynamic viscosity, w; is the velocity; P is the pressure; p is the density,
T is the temperature, v is the molecular diffusion coefficient, y is the thermal diffusivity,

!y,

f = pg(T — Ty) where g is the specific force of gravity, uju; and are Reynolds averaged
velocity stresses and turbulent heat flows, respectively.

2.2 Numerical scheme

A numerical model for the presented problem was simulated by using the SIMPLE method
(Semi-Implicit Method for Pressure-Linked Equations) [33-36]. This method is applied in
many studies or investigations to solve many problems of hydrodynamics and heat transfer
and served to create a whole class of numerical methods. All variables that were used in this
simulation are completely dimensional size.

2.3 Model validation

Based on experimental studies [32], a test problem was implemented to verify the chosen
mathematical model. The domain of the test problem is shown in Figure 1. The air flow
rate under isothermal conditions is Vj,;; = 1m/s. The tracer gas ejection rate was 3.0L/min
using a mass flow controller. The source of the emission of the pollutant was located at the
bottom center of the object under consideration and the emission velocity at the source was
Viource = 0.01923m/s. The emitted contaminant was used identical to the experiment. The
source line measures 0.01 x 0.26 meters. Similarly, to the test problem, for dimensioning, the
constant H = 1m will be introduced (the length of the area where the main pollution occurs).
To determine the best holding abilities, several solid barriers were built with different heights
Hy, = (0.05m,0.1m,0.2m, 0.3m and 0.4m).
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Figure 1: Test case geometry view of the cavity with herbal continuous barriers

As a computational grid, it was used a grid with a refinement to the center of the canyon,
where the source of the ejection is located. To obtain more accurate results, high-quality grids
were used in the area where velocity and kinetic energy are measured and neglected in fine
grids in areas where vortex formation is not observed. As mentioned earlier, when performing
the test problem, an unstructured mesh was used with a clustered to the buildings (side walls)
— 0.005m, to the surface of the earth — 0.0025m, to the source of pollutants — 0.001m, to
the upper wall (sky) — 0.0048m. The total number of elements and the general view of the
computational grid are presented in Table 1 and Figure 2.

To simulate the test problem, the following boundary conditions were adopted, which is
shown in Figure 3. The total calculation time for speed is 1800s with dt = 10s increments.

Numerical results were compared with measurement and computational values in three
control lines. For the mean velocity — exactly in the middle of the considered region in the
line x = 0.5H, and for concentrations in three lines — x = 0.95H, x = 0.5H, x = 0.05H.

As seen in Figure 4, several turbulence models were used for predicting mean velocity and
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Figure 2: Computational grid

Table 1: Total number of elements and nodes for test cases

Variants of Test cases | Elements Nodes
Without barrier 3491125 654944
Barrier 0.05 m 3033302 569837
Barrier 0.1 m 3103267 582834
Barrier 0.2 m 3242149 609064
Barrier 0.3 m 3379810 634887
Barrier 0.4 m 3519383 661186
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Figure 3: The schematic view of the cavity with herbal continuous barriers
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concentrations. From the obtained results the k — ¢ RNG turbulence model shows the values
that are closest to reality for this problem. Thus, further this turbulence model will be used
in order to obtain computational values as close to reality as possible.

The presence of barriers with various heights significantly affects the spread of pollutants.
An increase in the barrier height leads to an increase in the concentration near the source
(x = 0.5H); however, on the opposite side (z = 0.95H ) it noticeably decreases. As can be seen
from the obtained results, a continuous type of barrier with a height of 0.05H and 0.1H, the
spread of the pollutant proceeds clockwise and is distributed evenly over the entire specified
area. At heights of 0.2H, 0.3H, and 0.4H, the nature of the movement of the pollutant
changes: the direction of propagation changes in the opposite direction (counterclockwise)
until reaching the height of the barrier, then the nature of the movement changes again to
clockwise movement. Barriers show the ability to retain a pollutant within the source area
(between barriers).

The results show that a barrier with a height of 0.1H has a higher contaminant retention
capacity compared to a barrier height of 0.05H. However, low height barriers (e.g. 0.05H)
offer less air flow obstacle than higher barriers (e.g. >= 0.1H) due to the unobstructed path
of removal of the substance emitted from the source in the middle of the region under study.
Since a barrier with a height of 0.1H showed the best results, which show less concentration
value, it was chosen to study the effect of temperatures on the behavior of the pollutant.

Figure 6 shows the effect of different temperatures for a barrier with a height of 0.1H. The
results obtained show that an increase in temperature near the building and roads surface
in the urban settings leads to an increase in pollutants in the study area. In addition, the
speed of movement of the pollutant differs depending on. Temperatures 301 K and 303K and
without temperature show the general nature of the flow movement, and at a temperature
of 305K one can see how the distribution pattern of pollutants changes in the three control
lines.
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Figure 4: The mean velocity (U) profile at the 2 = 0.5m and y = 0.15m for various turbulence
model
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Figure 6: The mean concentration profiles with temperature

3 Conclusion

In the present study, several 3D models of a street canyon were built and analyzed. After
carefully studying the influence of various mathematical models on the pollutants dispersion
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rate, a model was chosen that showed the best results when compared with experimental
values in [32]. With the help of the chosen k& — ¢ RNG turbulence model, all subsequent
problems were numerically solved: an urban canyon without any internal obstacle — a barrier;
a canyon with a solid barrier on either side of the pollution source. The height of 0.1H
was chosen as the most optimal height of the barrier, as a height with the properties
of simultaneous retention of pollutants from the pedestrian zone and the properties of
satisfactory ventilation of the whole region. This height was applied for a continuous type of
barrier when analyzing the effect of temperature on the nature of changes in the pollutant
flux in a given study area.
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