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YCJIOBUE PA3SPEIIINMOCTHU KPAEBOU 3AIAYN
N BUOYPKAIINA EE PEINTEHN A

B mpemaraemoit cratbe mjisi cuCTeMbl OOBIKHOBEHHBIX T DEpeHnnaIbubIX YPaBHEHU BTOPOTO I0-
psaKa, K03bdUImeHTs KOTOPOro JAeiCTBUTENbHBI, HEIPEPBIBHBI U HENPEPLIBHO uddepeHupyeMbl Ha
OTpe3Ke, U3yvaeTCsl BOIIPOC Pa3pelInMOCTU JIUHEMHON HEeOJHOPOJHON KpaeBOil 3a/1a9i C BO3MYIIIEHUSIM.
WsBectHO, 4TO paccMaTpuBaeMas B CTaTbe KpaeBasd 3ajada He BCErJla paspellnMa, IIPH YCIOBHH, UTO
MIOPOZKTAIONIasl ee KpaeBas 3aJiada, JJIs CUCTEMbI OOBLIKHOBEHHBIX TUM@EPEHITHAIbHBIX YDPaBHEHUIT
BTOPOTO TOPsI/IKA, HE UMEET PEIIeHNi TPY MPOU3BOJLHBIX HEOTHOPOIHOCTSAX. YCTAHOBIEHA B3ANMOCBI3b
MeZKJIy PAcCMaTPUBAEMON JINHEHHONW HEOIHOPOHON KpaeBOW 3ajadeil ¢ BO3MYIIEHHEM JJIs CHUCTEMBbI
OOBIKHOBEHHDLIX MU DEPEHITNANBHBIX YPABHEHNI BTOPOTO MOPSIKA U aJredPantecKoil CHCTEMOi.
KosdbdunumenTsr aaredbpandeckoil cucTeMbl COCTOAT U3 KOIMDMUITUEHTOB JIMHEITHOW HEOTHOPOTHOM Kpa-
€BOl 3a/]a9M C BO3MYIIEHUEM JIJIsT CHCTEMbl OOBIKHOBEHHBIX Jn(DepeHnaIbHbIX YPABHEHNIT BTOPOTO
nopsijika. Ha ocHOBe B3amMOCBS3M MEXK/ly DPacCMaTpUBaeMoOll KpaeBOil 3ajiadeil n ajreOpamdeckoit
CUCTEMOU HaliIeHO yCJI0BHE Pa3pelIMMOCTH JIMHEHHONH HeONHOPOAHOI KpaeBoil 3a1a49i ¢ BO3MYIECHUEM
JIJIsT  CUCTEMBbI OOBIKHOBEHHBIX UM QPEPEHITNATBHBIX ypaBHEHUT BTOporo mopsaka. Okazamoch, |9To
IIPM  BBIIOJIHEHUM 3TOTO YCJOBUS PA3PENIMMOCTH CYIIECTBYET XOTsd OBl OJHO PpeIeHue JHHEeHHOit
HEOJTHOPOJIHOIM KpaeBoil 3a/1adnd ¢ BO3MYIIEHUEM JIIsT CHCTEMbl OOBIKHOBEHHBLIX A depeHImaIbHbIX
YPaBHEHHII BTOPOTO MOPsJIKa, UMEIOIIee BUJ YaCTUIHON CYMMBI CXOJIIIerocs psja Jlopamna.

KiroueBsblie cioBa: KpaeBas 3ajiada ¢ BO3MYIIIEHUEM, [TOPOXKIAIOIIAsT KpaeBasl 3a/lada, KpUTepuil pas-
PEIIMMOCTH, KPUTHIECKUH cIydail, OndypKaims pernenns, ajiredpanieckas CUCTeMa.

A H. Cramxunkuit®, T.B. [IloBkorwuisic
Tapac Ilesuenxo arwiamarst Kues yarTeik yauepcureri, Kues k., Ykpanna
*e-mail: ostanzh@gmail.com
IITerTik ecenTiy miemiJiMaigik MapThl >K9HE OHBIH, ITEHIiMiHiH OudypKanuscb

Y CHIHBIIBII OTHIPFAH MaKaJsa a KoapduimeHTrepi Keciuiaijie HakThl, y3iticcis auddepernpaliaHaTbiH
eKiHTm perTi Kol auddepeHInaIbK TeHIeyIep Kyiecl YITiH aybITKybl 0ap CBI3BIKTHIK OGIPTEKTI eMec
meTTiK ecebiniy mrermimaimiri 3eprrereni. Makasiaga KapacThIPBIIFAH MIETTIK €CEll OHBI TYBIHIANTHIH
eKiumm perTi XKoif auddepeHnna bk TeHAeyaep Kyieci VIMH TMeTTiK ecemnTiH epKiH OH KaKTapra
coliKec TIentiMi »KOK OOJIFaH Karmailiap/a opKalaH Ierriie oepmeiitiai 6eriii. KapacTelpbLibin OThI-
praH ekiHI perTi koit auddepeHnnaiblk TeHIeyaep Kyiieci YIIH aybITKybl 0ap ChI3bIKTHIK, OipTeKTi
eMec IIEeTTIK ecell YKoHe apHaiibl aJrebpalblK Kyiie apachlHIarbl e3apa OaillaHbIChl aHBIKTATIbI. AJ-
rebpaJiblK KyiteHiH, koaddurmenTTepi exinrmm perTi xKoi auddepeHInamIbK, TeHaeyaep Kyieci yimu
ayBITKYBI 0Ap CHIBBIKTHIK, OIPTEKTI eMec MEeTTIK ecenTin KO3 DuImeHTTepineH Typaibl. KapacThIpbLIbIT
OTBIPFAH IIETTIK eCell IeH ajreOpasblK, JKYHeHiH apachlHJIarbl e3apa OalllaHbIChl Herisinge exiHrmi
perTi kot muddepeHITIaIIbIK, TeHaAeyIep Kyiieci YImH aybITKYbl 0ap CHI3BIKTHIK, OIPTEKTI eMec MeTTiK
ecenTi, memiiMIIK mapThl TadbLabl. OChl MEMIMIIIK mapT OpbIHIAJFAHIa eKIHI peTTi Koit
nuddepeHIaIbIK, TeHICeYIeD KYHeci VIMH aybITKYbI 0ap ChI3LIKTHIK, OIPTEKTI eMec MEeTTIK eCenTiH K-
HakThl JIopaH KaTapbIHbIH, Jepbec KOCHIH/IBICH TYpiH/Ieri eH 6omaca 6ip rmerrimi 6ap 60JaThIHBI TBIKTHI.

Tyiiin ce3sep: aybITKybl Oap IMIETTIK ecell, TYBIHIANTHIH MeTTIK ecel, MemuTiMINK Kpurepniii, Kpu-
BUCTIK Karjail, meniMHuig 6udypKanusics!, aaredpaJiblk, Kyiie.
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O.M. Stanzhytskyi*, T.V. Shovkoplyas
National Taras Shevchenko University of Kyiv, Kyiv, Ukraine
*e-mail: ostanzh@gmail.com
Condition for solvability of a boundary value problem and bifurcation of its solution

In this paper, we study the solvability of a linear inhomogeneous boundary value problem with
perturbations for a system of second-order ordinary differential equations whose coefficients are
real, continuous, and continuously differentiable on a segment. It is known that the boundary
value problem considered in this paper is not always solvable, provided that the boundary value
problem generating it for a system of second-order ordinary differential equations has no solutions for
arbitrary inhomogeneities. The relationship between the considered linear inhomogeneous boundary
value problem with perturbation for a system of second-order ordinary differential equations and
an algebraic system is established. The coefficients of an algebraic system consist of the coefficients
of a linear inhomogeneous boundary value problem with perturbation for a system of second-order
ordinary differential equations. Based on the relationship between the boundary value problem under
consideration and the algebraic system, a condition for the solvability of a linear inhomogeneous
boundary value problem with perturbation for a system of second-order ordinary differential equations
is found. It turned out that if this solvability condition is met, there is at least one solution of a
linear inhomogeneous boundary value problem with perturbation for a system of second-order ordinary
differential equations, which has the form of a partial sum of a convergent Laurent series.

Key words: boundary problem with perturbation, generated boundary problem, the criterion of
solvability, the critical case, the bifurcation of solution, algebraical system.

1 Bsenenne. IloctaHoBka 3agaun

Bormpoc ormpejiesienns yc/ioBuii pasperimMOCTd ¥ OTBICKAHUsT PEIIeHN Pa3HbIX THUIIOB KPaeBbIX
3aJ1a49 SIBJIAETCS aKTyaJbHBIM B T€UEHUE JJINTEILHOIO BpeMeHu. V3ydeHunio pa3HbIX acIleKTOB pac-
cMaTpUBaEMOil MPOOJIEMbI TTOCBSIIIEHO MHOIO HaydHbIX paboT. HerepoBbl KpaeBble 3ajiadm pac-
CMaTPUBAJINCH M UCCIIEJ0BAINCH B paboTe [1]. VI3yueHnio aBTOHOMHBIX KPaeBbIX 3aJ1a9 MOCBAIIEHbBI
paborsr [2-5]. CrabonesnHeiiHble Kpaesble 3aaun paccMoTpenbl B [2]. Ha nporszkenuu jqymresis-
HOT'O IEepHOJa BPEMEHU OCTAaeTCsd aKTYaJbHBIM BOIIPOC OIpEIe/eHNs] YCIAOBUI pa3permMOoCTd 1
HAXOK/JICHUS PEIeHnit Pa3HbIX THIIOB KPAEBbIX 3a/1a4. V3yueHno pa3HbIX aclleKTOB pacCMaTpUBa-
€MOT0 BOIIPOCA MOCBAIIEHO OOJIBITOE KOJUICCTBO HAYIHBIX paboT. V3ydenue ycaoBuii pazpemmmo-
CTH KPaeBbIX 3a/1a9 ¢ BO3MYIIEHHEM JIJIs CHCTeM JIMHEHHbIX quddepeHIma bHbIX ypaBHeHnii [-ro
nopsijika pacemorpeno B [6-9|. Kpaesas 3a/1aua /yist 0ObIKHOBEHHBIX i bepeHIalbHbIX ypaBHe-
HUI ¥ cucTeM THTErpo-anddepeHnnaabHbIX YpaBHEHN, K KOTOPOil IpUMEHEH MeTOJI, YCPETHeHUS,
paccmorpena B [10]. BeipozkienHble KpaeBble 3aati, YCJI0BUs UX PAa3PeNmMocTi, OndypKarmn u
pasBerBJieHus pereruii pacemorpero B [11]. VesoBus paspemnmMoctu ¢1ab0BO3MYIIEHHBIX KPae-
BBIX 3a/1a4 JIJIsi CHCTEM JIMHEHHbIX JauddepeHnnalbHbIX YPaBHEHII BTOPOro MOPSIKa OIPeIeIeHO
B [12,13]. B nanHoit pabore paccmaTpuBaeTcst JTMHEHHAsS HEOITHOPOIHAS KpaeBasi 3a/1a4a ¢ BO3MY-

IIeHIEM
(P(t)z) = Q1) —e@u(t)r = f(t), t € [a,b], (1)
lx(-e) = a+elz(e). (2)

Tyt [a, b] — oTpe30K, Ha KOTOPOM paccMaTpUBaeTCs JIMHEHHas KpaeBas 3a/1ada ¢ Bo3MyInerneM (1),
(2), x = z(t,e) — n-u3mepuMa JBaxK/bl HEIIPEPBIBHO jud depeHimpoBaitas NCKOMasi BeKTOPHAs

bynxuust: (-, ) € C*([a, b] x (0,&0]), 2'(+,€), 2"(-,€) € C*([a, b] x (0,&)).



Yenosre pa3penmMoCcTi KPaeBoit 3aa4u n 6udypKaIms . . . 5)

P(t), Q(t), Q1(t) — xBagpaTHbIe (N X N)— U3MEPUMBIE JICHCTBUTEIbHBIC MATPUIBI-DYHKIAN.
DiemeHTHl MaTpuripl P(t) SBIAIOTCA JIefCTBUTEILHBIMA, HEIPEPLIBHO-MMEPEHIMPYEMBIMEA HA
orpeske [a,b] bynxuusvu: P(t) € C*([a,b]); snementsr Matpun Q(t) u Q1(t) aBisorcst Hempe-
pBIBHBIMEU Ha oTpeske [a,b]: Q(t), Q1(t) € C([a,b]). Marpuna P(t) siBisieTcss HEBBIPOXK JIEHHOIL:
det P(t) # 0.

DieMeHTHl MaTpuiibl P(t) sBISOTCS JAefiCTBUTEIbHBIME, HEIPEPLIBHO g depeHnupyeMbMu
na orpeske [a,b] bynxuusvu: P(t) € C*([a, b]); smementsr Mmatpun Q(t) u Q1 (t) aBsioTcst Hempe-
PBIBHBIMU Ha orpeske [a,b] dyuxmuavu: Q(t), Qi(t) € C([a,b]). f(t) — n-usmepumas Herpe-
pbIBHAsT Ha OoTpe3ke [a,b] Bekrop-dyukius: f(t) € C([a,b]). I, [; — imueiinpe orpanudentsie m-
U3MEPUMBIE BEKTOPHBIE (DYHKIIHOHAIBI, ONPEIEICHHbIe Ha IIPOCTPAHCTBE N-H3MEPUMBIX KYCOTHO-
HeNpepbIBHBIX BeKTOpHBIX dyHKIwmii: [, [1:C([a,b]) — R™. a — m-u3MepuMblii JeficTBUTEIbHBII
BEKTOp: @ € R™; € — MaJIblil HEOTPUIATEIbHBIN TTapaMeTp.

VY kpaesoii 3ajaqu ¢ BosMymienueM (1), (2) ecTb mopoxgaromias Kpaeas 3a1ada:

i

(P(t)l”) - Q(t):lj = f(t)7 t e [a’ b}’ (3)

lx(-,e) = a. (4)

Cucrema juddepeHnuaibHbIX ypaBHeHUT Broporo mopsjka (3) umeer oblee pelieHre Buja:
2(t) = X(t)c+z(t), c € R*™, rae X(t) — (n x 2n)-usmepumas yHaMeHTaIbHAS MATPHIA OJHO-

POJIHO#T CHCTEMBI BTOPOTO HOpsijika (3), KOTOpas COCTOUT U3 2n-JINHEITHO HE3aBUCHMBIX DEICHHIT
b

onuopozuoit (f(t) = 0) cucremst (3); BekTop-byHKIms T(t) = / K(t,s)P'(s)f(s)ds apnser-
¢4 YaCTHBIM pelleHueM cucteMbl auddepeHaabHbIX yPaBHeHHi 83); K(t, s)-(n x n)-usmepumasi

marpuna Kormm |13, 14].
B pesynbraTe neficTBusg IMHEHHOTO M-U3MepIMOT0O PYHKIINOHAIA [ Ha PYHIAMEHTAJILHYIO MaT-
puity X (t) obpasyercs (m X 2n)-usmepumasi mpaMOyrosbHas Marpuna D, rank D= ng, n; <

min(2n, m).
Marpunia D* ectb TpancrnorupoBantoil k marpute D. (2n X m)— usmepumast marpuna D
ecthb nicesoobparroit 1o Mypy-Ilenpoysy k marpune D |7, 15].

Yepes Pp u Pp« obo3Haunm (2n X 2n)- u (m X m)-u3MepuMble MaTPHUIIbI-OPTOIPOEKTOPBI,
IPOEKTUPYIOIHe IpocTpancTa R2™ u R™ na nosb-ipoctrpanctea N (D) u N(D*) cooTBeTCTBEHHO:

Pp: R* = N(D), N(D) = PpR*; Py : R — N(D), N(D*) = Pp-R™.

Pasmeprocts marpunst N (D) pasaa r: dim N (D) = 2n—rank D = 2n—n; = r, a pa3MepHOCTb
marpuiel N(D*) pasua d: dim N(D*) = m—rank D = m—n; = d. Orkyna ciemyer, uro rank Pp =
r, a rank Pp- = d.

DTO 3HAYUT, 4TO MATpUIa Pp COCTOUT U3 I TMHEHHO HE3ABUCUMBIX CTOJIONOB, a MaTpua Pp« co-
crout u3 d jimHeiHO He3aBuCUMbBIX CTPOK. CiiefoBaTesbHO, (21X 2n)-u3MepuMyo Marpuily Pp MOXK-
Ha 3aMeHUTh (2n X r)—u3MepuMoii Marpuieii Pp , KOTopast COCTOUT U3 T JIMHEHHO HE3aBUCUMBIX
cTostbroB MaTpunibl Pp; (m X m)-u3mepumyto Marpuily Pp« MoxKHa 3aMeHUTD (d X m)—nu3MepMoit
marpurieii Pps, KOTopasg COCTOMT U3 TIOJHOf CHCTeMBI d JIUHEHHO He3aBUCHUMBIX CTPOK MaTDHIIBI
Pp- [7].

st mopozk rarorneit Kpaesoit 3ajaun (3), (4) cupase/ymBo yreepzKienue [14].

Teopema 1 (Kpurnueckuii cayuaii) [lycms swvnoansemes ycaosue rankD = ny <
min{2n, m}. Tozda odrnopoonas (f(t) =0, a = 0) xpaesaa 3adaua (3), (4) umeem r, (r = 2n—ny)
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U MOALKO T Aunelino Hedasucumux pewenutd. Heodnopodnas xkpaesas 3adava (3), (4) paspewuma
moezda u moavko moada, kozda eexmop-pynryusn f(t) € C([a,b]) u nocmoannwis eexmop o € R™
YJ06.AEMBOPAIOM YCAOBUE PASPEULUMOCTIIU

Pp:la —=1z(-)] =0, (d=m—mny). (5)

Ipu evmosnenuu smuzx yeaosul kpaesas 3adawa (3), (4) umeem r-napamempuueckoe cemeti-
cm6o aunetino nezasucumoir pewenut x(t, c,) = X, (t)c,+(G[f])(t)+ X (t)Dra, t € [a,b], Ve, €
R", 2de X, (t) — (n X r)-usmepuman mampuya, cmosbury kKomopot o6pasyiom noAnYO Cucmemy r
AUHETHO HE3ABUCUMDIT Peutenuti 001opodnots cucmemv, e6mopozo nopadka (3): X,.(t) = X(t)Pp,;
Pp, — (2n X 1)-usmepumas Mampuya-opmonpoexmop, COCMOAUWGHA U3 T AUNETHO HE3AEUCUMbLT
cmoaburos mampuyv, Pp; ¢, — npouseosvhond eexmop-cmonbey, us npocmpancmesa R™; (G[f])(t),
t € [a, b, - obobwennwi onepamop I'puna, komopwd deticmeyem Ha NPOUIBOALNYIO GEKMOP-

dynruuwo f(t) € C([a, b]):

@I / K(t, 5)P () f(s)ds — X()D"1 / K(- )P (s)f(s)ds.

Heo6xouMo olpeiesinThb, CyIecTBYIOT JIM YCJIOBHs, IIPU BBIIOJIHEHUN KOTOPBIX, KpaeBas 3a-
Jada ¢ BoaMymenueM (1), (2) Gyzer paspermnMa B ciIydae, 9ToO ee MOPOZXKJIAIOIas KpaeBas 3a/ada
(3), (4) me mMmeer pereHuii.

2 VYciaoBug budypkanuu penieHnii KpaeBoi 3aaa4un

PacemarpuBaerca ciydaii, Korma mopoxK/aonias Kpaesas 3agada (3), (4) He uMeeT pereHuii mpu
npou3BoJIbHBIX HeojpHopoauoctsax f(t) € C([a,b]) m a € R™, 10 ecThb, BBINOIHIETCST KPUTHICCKU
ciydait (rank D = ny < n) u B cuity npousBoJIbHOrO BeiGopa Heopunopoanocreit f(t) € C([a,b]) n
a € R™ kpurepuit paspemmmoctu (5) jis HOpoxKaoieii KpaeBoil 3aa4uu (3), (4) He BBIIOJIHSI-
eTcs.

B ny6umkanuu |13] pacemorpena jimHeiiHas HEOIHOPOJHAs KpaeBas 3ajada ¢ BO3MYIIEHHEM
(1), (2) B ciyuae, Korja ee mopoxkjpaworas Kpaesas 3agada (¢ = 0) (3), (4) He nmeer pereHuii.
Torma sytst paccMaTpuBaeMoil KpaeBoii 3a/1a4n ¢ MOMOIIBIO (d X 7)-u3MepuMOil MaTPHITBI

By := Pp:{li X,(-) — l/ K(-,8)P 1 (s)Q1(s)X,(s)ds}, (6)

[OCTPOEHHOIT ¢ TIoMOIIbI0 Koadbdunmentos 3ajaun (1), (2), ObuN OLpPeJIesIeHbl YCJIOBIE Pa3peln-
MOCTH U YCJIOBHE €JIMHCTBEHHOCTH PEIIeHUst, KOTOPOoe UMeeT BUJ| cXojdiierocs psija Jlopana npu
kE=-—1.

Pp, — (r X r)—u3mepuMas MaTpuIa-opTonpoekTop, P :R" — N(By); BY — (r x d)-usmepumas
MaTpulla, colpskeHHas K marpune Bo, Pp: — (d x d)-usmepumasi MaTPUIA-OPTOIPOEKTOD,
Pp: ‘R N (B); (rxd) — msmepumas Marpuiia B asisercs ncesgoobparuoii mo Mypy-Ilenpoysy
K marpure B, [13].

B pa6ore [16] paccmarpuBasmch yeaoBust OudypKaIin perieHns IMITYJIbCHON KpaeBoil 3a1a4n
B CTydae, Korja yciosue Pp: = 0 ne Bomonsanocs. [lostomy 6bita mocrpoena (d X r)-usmepuvas
Marpuia By:

By = Pp{LGi(-) —1 / K(-, $)P~1(s)Q1(s)G1 (s)ds), (7)
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rae (n X r)-u3mepumas Marpura Gq(t) nmeer B
G1(t) = (G[Q1(s) Xo(s)]) () + X () DTH X (-). (8)

B* — (r x d)-m3mepumas MaTpPHIA, TPAHCIOHHPOBAHHAs K MaTpuIe B; Pp — (r X r)-u3mepumast
MaTPHUIA-OPTOIPOEKTOP, MPOEKTUPYIOIIAS r-U3MEPUMOE SBKJIMJIOBO IPOCTPaHCTBO R’ Ha HOJIb-
npocrpancrso N(B;) marpuisl By, Pp.—(d x d)-u3MepuMast MaTpPHIA-OPTOIPOEKTOD, MPOEKTH-
pyolas d-u3MepuMoe SBKJINIO0BO MPOCTPaHcTBO R? Ha HOMb-IIpocTpancTBo N (Bf) mMarpunpl B

B pabore [16] ¢ momomntpio marpui By u By Obun HaiijieHbl yes1oBust OudypKaIuu perieHns pac-
cMaTpuBaeMoil UMITY TbCHOM KpaeBoit 3aia1u. Jlokazano, 1To B ciiyvae, korja yciaosue Pp: Pgs = 0
BBITIOJIHSIETCSI, paccMaTpuBaeMasi UMITYJIbCHAsT KpaeBasl 3ajiada pas3pelnMa U UMeeT pelieHue B
BHUJIE cxojdterocs psja Jlopana npu k = —2.

B nannoii pabore paccmarpuBaercs ciiydail, Korjaa ycnosua Ppr = 0, Ppr Pg; = 0 ne BbInOJ-
HSIIOTCS.

[Tosromy mocTpoena (d X r)-m3Mepumasi MaTPUILA B, = — Pp: B1 Pp,, 1pu BBIIOJIHEHUH OTIpe-
JIEJIEHHBIX YCJIOBHI Ha KOTOpPYIo, 3ajiada (3), (4) OGymer paspemumoii. B aroM ciiyuae perenue
Kpaesoil 3a1a4au (3), (4) wmmercs ¢ momomnipio Merona Bummka-J/liocrepnuka [17] B Buge wacTn
cxopdrerocs psiaa Jlopana npn k = —3.

Nmeer mecTo Teopema.

Teopema 2 [Tycmv nopoorcdarowsan kpaesas 3adava (3), (4) npu npouseosvHulr HE0OHOPOOHOCTNAL
f(t) € C([a,b]) ua € R™ ne umeem pewenutl u das kpaesol 3adavwu ¢ eozmyuenuem (1), (2)
evimoanenst yearosua Pps # 0, Pp: Pps # 0.

Tozda kpaesas 3adaua ¢ soamyweruem (1), (2) paspewuma, ecau 8vNOAHAEMCA YCAOBUE

Pg; Pp; =0 ®)

u ee pewerue npu docmamouHo maroli gurcuposannots seauvune € € (0 &g umeem eud wacmu
cxodswezoca pada Jlopara:

w(e) =Y () (10)

koofppuyuenmo, xy, k > —3, pada (10) uwymesa us coomeememeyrowur Kpaesuir 3aday, 06paso-
sanHvir nocae nodemanosku 6 3adawy (1), (2) pada (10) u npupasrusarus coomsememeyuuL
Koaghpuyuenmos npu Kasxcdom uz cmenened .

Hoxkazaresberso. [logcrasum psn (10) B 3amady (1), (2), u Torma npn Kaykoil crernenn €

IIOJIyYUM COOTBETCTYIOILYIO OJIHOPOJHYIO KpaeByIo 3a/lady.

[Ipu £~ uMeeM OJHOPOHYIO KPAeBYIO 3a/1a4y:

(P(t).’I?L3)I - Q(t)x—3 = 07 te [av b}? (11)

l$_3(', 8) =0.

[To Teopeme 1 Kpaeast 3as1a4a (11) Beeryia paspemnmma u UMeeT r-IapaMeTpIIecKoe MHOKECTBO
pernenunii:

v_5(t) = X,(t)c_s, c_o€ R, (12)
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C_9 — TPOM3BOJILHBIN T-M3MEPUMBIIl BEKTOD, KOTOPBINl Oy/IeT Haii/leH U3 YCJIOBUS Pa3perrmMOCTh
KpaeBoil 331241 IpH £ 2.
I[Ipu £~2 moaydaeM HEOTHOPOIHYIO KPaeByIo 3a/1aty:

(P()2’5) — Q)2 = Qi(t)r—3, t € [a,b], (13)

lx_o(e) =lhz_s(-,e).

CoryiacHO TeopeMbl | yC/I0BHe pa3penmMoCTi HeOHOPOIHO# KpaeBoii 3aja4un (13) uMeer Bu/L:

P {zlxg —l/K (6)Q1 (s)z ()ds}:o, d=m—n. (14)

[Togcrasus B (14) 3uavenue BekTopa =_3(t, c_g), BIpazkeHHOE PaBeHCTBOM (12), mosrydum:

oy {150 =1 [ Ko QU615 b ea =0 (15)

YuaursiBas obosnadenus (6), u3 (15) mosmyanm anreGpantdecKyo CHCTEMY:
B()C,Q = 0. (16)
Aurebpandeckas cucrema (16) Beeryia pasperinma, ee pereHneM ABJIgeTcs T-U3MEPUMBII BEKTOD:
C_9 = PBOC_QT, C_9y € R". (17)

[Mogacrasus (17) B (12), moaydum r-napaMerpuyeckKoe MHOXKECTBO DeIleHuii KpaeBoil 3ajadn

(11):
r_3(t) = X, (t)Pp,c—ar, C_2 € R". (18)
ITo Teopeme 1 Kpaesast 3azaua (13) umeer r-napaMeTprUIecKoe MHOKECTBO PEICHUI:
oty 1) = X(t)eoy + (G[Q1(s)x_s(s))(t) + X () DTl _3(-,¢), ¢4 € R. (19)

[Toxcrasum (18) B (19), Torma r-mapaMerputdecKoe MHOXKECTBO peleHnii KpaeBoii 3a1aun (13) mve-
er BUJL:

To(t, co1) = X(t)eoy + Gi(t) Ppyc—ar, c-1 € I, (20)
riae marpuia Gy (t) mmeer Bu (8).

Hewussectublit BeKTOp ¢_1 OyaeT HailjieH Ha CJIEIYIOINEM Iare u3 yCJIOBHUSI PA3peNInMOCTH Kpa-

eBoit 3aj1a4m, obpasosannoit npu £ 1. IIpu e ! nmeem kpaesyio 3a1ady:

(P()2"y) = Q)1 = Qit)r—2, t € [a,0], (21)
lx_q(e) =lhz_s(e).

Coryiacuo Teopembl | yeoBre paspermnMocTu Kpaesoit 3a1aan (21) ecTh TakuM:

Pp- {llx 2 —l/ K(- Y(8)Q1(s)x ()ds}:O, d=m—mny. (22)
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[Toacrasum (20) B (22), orky/1a, yuanTsBas obozHadenus (6) u (7), mosyanM aarebpaniecKyio
cHUCTeMY OTHOCHTEJILHO HEM3BECTHOIO BeKTOpa ¢_1 € R':

Byc_1 = =By Pgyc_a,. (23)
YcaoBre paspemnMoCcTy aIredpaneckoil CHCTeMbl (23) ABJIACTCA TAKUM:

Pps [~ B1 Pyyc_] = 0. (24)
O603HaumM 3a (d X 7)-H3MEPUMYI0 MATPUIy B MaTpHILy BUJIA:

B, = —P,.B\Pp,. (25)
YuaursiBag obo3nadeHus (25), paBeHCTBO (24) HmepenuIieM B TaKOM BH/IE:

Bic_y, = 0. (26)

BanmmeM r-napaMeTpuiecKoe MHOKECTBO pellleHnil anrebpanteckoii cucreMsl (23):
c_1 = BJ[-Bi1Pg,c_2;| + Pg,c_1,, c_1, € R'. (27)

[Togacrasum (27) B (20), B pesysbraTe HOJIyYUM r-IAPAMETPUIECKOE MHOXKECTBO PEIeHHH KpaeBoit
sajaan (13):

x_o(t, c_1) = X,.(t)Ppyc_1r + [X,(t) By [=B1] + G1(t)|Pgyc_2r, c_1, € R. (28)
CorytacHO TeopeMbl | r-IapaMeTpryekoe MHOYKECTBO KpaeBoii 3a1aun (21) sBiiseTcs TaKOBBIM:

v 1(t, co) = X (t)co + (G[Q1(s)z_2(s)])(t) + X () DT lyw_5(-,€), o € R". (29)
O6o3naunm yepes (n X r)-uzmepumyio Marpuity Go(t) marpuily Buja:

Ga(t) = (G[Q1(s)G1(s)])(#) + X (£) DTG (), (30)
Torja, npuMenss K (29) oboznadenns (8) u (30), mosydanm:

z_1(t, co) = X, (t)co + G1(t) Ppyc—1r + [G1(t) By [—B1] + Ga(t)]| Ppyc—a;. (31)

(31) — r-mapaMerpuveckoe MHOYKECTBO peleHnii kpaesoit 3ajaun (21). Hemssecrnbiit BekTOp g €
R" 6yner naiiien na ciaeytomeM mare. Ipu ¥ mveeM HeoIHOPOIHYIO KPAaeBYIo 33/ady:

’

(P(t)zg) — Q(t)wo = Qu(t)r—r + f(t), t €]a,b], (32)

l$0(‘,€) = llﬂﬁ_l(',g) + .

CorytacHO TeopeMbl | yciioBre pa3permnMocTi Kpaesoii 3a1aun (32) takoBo:

Pp: {llx_l(-) +a— l/ K(-,8) P71 (s)[Q1(s)w_1(s) + f(s)]ds} =0, d=m—n;. (33)
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B (33) nmozxcraBum (31) u, BBIIOJHIB COOTBETCTBYIOIINE IPEOOPA30BAHNS, TOIYINM ajaredpan-
YECKYIO CHCTEMY OTHOCHTEJILHO HEM3BECTHOIO BEKTOpa ¢y € R’

Byco = o — B1Pp,c_1, — [BlB(ﬂ—Bﬂ + Bs| Pp,c_o;. (34)

B (34) By u By — marpuis! Buja (6), (7) coorBercrsento, (d X r)-usmepumMas Marpuna By u
d-u3mepuMasi BEKTOP-(PYHKIIASA 0y OIPeIeeHbl TaKUM 00Pa30M:

b
By := Ppy{liGs(-) — l/ K(-,5)P7'(5)Q1(s)Ga(s)ds}, d=m —ny, (35)
b
oo = Pogla =1 [ K(.P 5@ (5] (36)
YesioBue paspermmoctu aarebpandeckoii cucremb (34) TaKoBO:
PB(’; [(,00 — B1PBOC_1T - [BlBJ[_Bl] + BQ]PBOC_QT:I =0. (37)
[Tomoxxmm
Bgl = BlBJ[_Bl] + BQ, (38)

Bay — (d x r)-usmepumas marpuia. OTKy/ia,
—Pp: B1Pp,c_1, = Pp; [Ba1Ppyc_2r — o). (39)

B (39) mpoussesenme marpuir —Pp: B, Pp,, cornacuo obozHavueHus (25) aBasercs (d x r)-
u3MepuMoii Marpurieil By, ciegoBarebHo, yeaosue (39) paBHOCUIBHO YCJIOBUIO:

Bic_1, = Pp:[Ba1 Ppyc_2, — ). (40)
YesoBue paspermmoctu ajnrebpandeckoii cucrembr (40) TakoBo:
PFIPBS [Ba1 Ppyc_a, — o] = 0, (41)

yenosue (41) ppmosnnsiercs, ecim PpePp; = 0.

YesoBue paspernmmMocTi anredbpandeckoii cucreMbl (40) gBIIseTCs yCJIOBHEM PAa3pemMOCTH aJl-
rebpandeckoii cucrembl (34). CieoBaresibHo, anrebpandeckas cucreMa (34) siBisieTcst pasperin-
MOW W MMeeT r-nmapaMeTPUIeCKoe MHOYKECTBO PElTeHUN:

Co — PBOCO'I‘ + BS_ [QOO — BlpBoc—lr - BQlPBOC_QT], Cor € R". (42)

Buavenne BekTOpa o Bujaa (42) mogcraBuMm B (31), mocie €Wero r-mapaMeTpHuecKoe MHOKECTBO
perenuii Kpaesoii 3aaau (21) SBIISETCS TAKOBBIM:

z 1(t,co) = X,.(t) Ppycor + { X, () By [ B1] + G1(t) } Ppyc_1, + { X, (t) By [— Ba1]+
+ G1(t) By [—B1] + G2(t) } Ppyc—ar + X, (t) By w0, cor € R". (43)
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Cormacao Teopemsl | KpaeBas 3aada (32) uMeeT r-mapaMeTpPHIecKoe MHOXKECTBO PEleHHil:

wot, o) = X(t)er + (GIQ1(8)2-1(s) + F)(8) + XOD* (hwa() +a), er € R, (44)

[Moncrasum x_q(t, ¢o) B (44). O6o3naunm depes G3(t) — (n X r)-U3MEPUMYIO MATPHILy, & Yepe3
G(()O) (t) — n-u3MepuMyt0 BEKTOPHYIO (byHKIIUIO:

Gs(t) == (G[Qu(s)Ga2()])(t) + X () DT1Ga), (45)

(0)
Gy (t) = (Gf(s)])(t) + X (1) D" v, (46)
Torma r-napamMeTpudeckoe MHOXKECTBO DellleHuil KpaeBoii 3a1aun (32) gBJISeTCs] TAKOBBIM:

o(t, ¢1) = X(t)er + G (8) Poycor + {G1 () B [~ By + Go(t)} Pyc_1+

+ {G1(t) Bf [~ Ba1] + G (t) Bf [- B1] + G3(t)} Pgyc_or + G1(t) B o + G (1), ¢1 € R'
(47)

BexTop ¢, 6y/er Haiijen Ha ciaegyionieM mare. [Ipu el nmeem HeomHOPOIHYIO KpaeByio 3a,/1aty:

/

(P(t)ry) — Q)1 = Qi(t)xo, T € [a,b], (48)
lx1(-,e) = liwo(+, €).

CoryiacHO TeopeMbl 1, yCJIOBHe pa3pennMOCTH KpaeBoil 3a/a9i eCTh TaAKOBBIM:

Pp {llxo —Z/K ()01 (s)z ()3}20, d=m—n. (49)

B (49) noxcrasum (47). Ucnosnzys obozuadenus (6), (7), (35), (38) moaydum anrebpandeckyro
CHUCTEMY OTHOCHTEIBHO HEU3BECTHOTO BEKTOpa ¢ € R':

Bycy = 1 — BlBJSOO - Bl-PBoCOr - BleBOC—lr - B?)lPBoC—Zry (50)

B (50) Y1 ABJIAETCd d-U3MepUMOil BeKTOp-(hYHKITHEH, UMeroIeil BUI;:

o1 = Pos GO / K ()P~ ()01 ()G (5)ds]. (51)

B (50) (d x r)-usmepumas marpuia Bs; onpejeieHa TakuM 00pa3oM:
Bsi i= ByB{[~Ba1] + BsB{ [~ B1] + Bs. (52)
YeqoBue paspermmoctu anrebpandeckoii cncrembt (50) ecTh TAKOBBIM:
PBa‘ [801 - BlBar%Oo — B1Pp,cor — Bo1 Ppyc_1, — 331PBOC—2T] =0. (53)
Otkyna, ucnosb3ys oboznadenus (25), mosrydaeM:

Bicor = Pps[Ba1 Ppyc_1, + B31 Ppyc_a + BiBy o — 1. (54)
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(54) — anrebpamdeckas cucTeMa OTHOCHTEIBHO BEKTOpa Cor € R
YesioBue paspermmoctu ajarebpandeckoii cucrembl (54) ciemyoriee:

PEIPBS [B21PBOC,17« + BSlpBocf%" + BlBJQO[) — (pl] = 0. (55)

Yenosue pasperumocts (55) anrebpandeckoit cuctembl (54) BBITOJHAETCS, €CJIM UMEET MECTO
PaBEHCTBO: PE’{ Pp: = 0.

U3 yesoBust paspentumoctu (55) asnrebpantdeckoii cucremsl (54) cieyer paspernmMocTb ajareo-
pantdeckoii cucreMsl (50) OTHOCHTEILHO HEM3BECTHOIO BeKTOpa ¢ € R'.

r-HapaMeTpUIeCcKoe MHOXKECTBO PEIleHuil ajaredbpandeckoii cucreMbl (50) TakoBo:

C1 = PBgclr + B(J)r{% - BlB(J)rSOo - BlpBOCOr - BleBoc—lr - B31PBOC—ZT}7 cr € R (56)

[Togcrasum (56) B (47), B pe3y/abrare 4ero MOJIy4UM T-IapaMeTPHYECKOe MHOYKECTBO DEIIeHUi
KpaeBoil 3ajaqn (32):

l’o(t, cl) = XT(t>PBoclr + [ r(t)B [ Bl] + Gl( )]PBOCOT+
+ {X,.(t)Bf [=Ba1] + G1(t) B [~ B1] + Ga(t) } Pgyc_1,+
+{X,(t)By

[ o[-
[—Bgl] + Gl( BJ[ BQl] + GQ( ) [_Bl} + G3(t)}PBOC—2T+
X, ()Bf [¢1 — BiBF@o] + G1(t) Bf po + G(t), 1, € R". (57)

Coryacao Teopembl | Kpaesas 3ajiada (48) umeer r-napaMeTpruyeckoe MHOXKECTBO pPellleHuii:
z1(t, c2) = X(t)ea + (GlQ1(8)xo(8)])(t) + X () DFlyxo(-), o €R. (58)

(57) nouacraBum B (58). Yuurhiasi patee BBejieHHble obo3Havenust dyuxiwmit (8), (30), (45) u
obosznauns 3a G4(t)—(n X r)-u3mepumyio MaTpurly-QyHKIHIO, 3a G(()l) (t) — n-u3MepUMyI0 BEKTOD-
bYHKIIIO BUJIA:

Ga(t) == (G[Q1(s)G5(9)])(t) + X (1) DT hGs(-), (59)

G (1) = (GQ1 ()G (s))(E) + X () DTLGY (), (60)

3 (58) mosryunM r-riapaMeTpuvdeckKoe MHOKECTBO pellleHril KpaeBoil 3a1aun (48):

z1(t, c2) = X, (t)ea + G1(t) Ppycrr + {G1(t) By [ B1] + Go(t)} Pg,cor+
+ {G1(t) By [—Ba1| + Go(t) By [—B1] + G3(t) } Pg,c_1,+
+{G1(t)Bf [—Bs1] + Ga(t) By [—Ba1] + G3(t) By [ B1] + G4(t) } Pgyc_o,+

+Gi()Bf {1 — BiBi po} + Ga(t)Bf o + Gy(t), 2 € R'. (61)

HewnsBectubiit BekTop co € R" Oyjer Haiijilen Ha CJIeJIyIONEM Iare U3 yCJIOBUsS Pa3PeluMOCTH
KpaeBoii 3a,1a41, 06pa30BaHHON IpH £2,
IIpu €2 uMeeM HEOTHOPOIHYIO KPACBYIO 33144y

/

(P(t)xy) — Q(t)z2 = Qi(t)z1, t € [a,b], (62)
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lxo(,e) = Ly (-, €).
CortacHo TeopeMbl | yc/ioBHe pa3pernMocT Kpaesoil 3agaun (62) ecTh TaKOBLIM:
b
Pp {llxl(') - l/ K(-, S)P_l(S)Ql(S).Z‘l(S)dS} =0. (63)

[Toacrasum (61) B (63). YuursiBas obosnadenus (6), (7), (35), (38), (52), u, moaoxus:

pri= = PoylG ()~ [ K ()P (95168 ()], (64)

By = BlBS_[—Bgl] + BQBS_[—Bgl] + BgBar[—Bl] + By, (65)
B (64) u (65) @9 — d-usmepumasi BekTop-byHknus, By — (d X 7)-u3MepuMas MaTpuia, coorBeT-
cTBeHHO; Torja 13 (63) mosydnM ajrebpanvecKyio CHCTeMY OTHOCHTEIHLHO HEU3BECTHOIO BEKTOPA

C2 € R

Bycy = _BIPBOCU - BQIPBOCOT - B31P30071r - B41P130072¢—
— BlB(_)'_{CPI — BlB(—)’_(,O()} — BQBS_QOO —|— (pg. (66)

YesioBre paspermMocTy ajaredbpandeckoii cucreMbl (66) siBIIsieTCsl TAKOBBIM:

Pps{pa — B1Pp,c1, — Ba1Ppycor — B31Ppyc_1r — Ba1Ppyc_o,—

OTKy/Ia, yIuThiBas, 910 B 1= — Pp: B1 P, paBenCTBO (67) mmeer BuI:

Bicy, = PBg{BmPBOCor + B31Ppyc_1, + By Ppyc_op—
— o+ B1Bi {1 — BiBi¢o} + B2Bi¢o}. (68)

(68) — anrebpamdeckas cucTeMa OTHOCUTEIBHO BEKTOpa 1, € R’ ee yCIoBHe pa3permMoCcTi eCTh
TaKOBBIM:

PEIPB;;{BmPBOCOr + Bs1Pp,C-1, + Bu1 PpyC_0r—
— 2+ BBy {1 — BiBy o} + BaBypo} = 0. (69)

Yenosue (69) BblosHseTes, ecim UMeeT MecTo paeHcTso: Py Py = 0.
Banuiiem pererne aarebpanteckoit cucremsr (66):

¢y = Pp,coy + By {2 — B1Pp,c1r — Bo1 Ppyco, — Bs1 Ppyc_1, — By Ppyc_o,—
— BBy {¢1 — BiBy o} — BaBy o}, car € BT, (70)
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(70) — pemenne anrebpandeckoii cucrembl (66). 3Hasg BEKTOp €2, MOXKHO 3allicaTh I-
HHapaMeTpUYeCKoe MHOYKECTBO PEIleHUil KpaeBoil 3a1a4um

x1(t, ca) = X, (t)Pp,car + { X, (t) By [—Bi1] + G1(t) } P, c1r + { X, (t) By [— Ba1]+
+ G1(t)By [—B1] + Ga(t)} P, cort+
+ { X, (t) By [~ Bs1] + G1(t) By [~ Bar] 4+ Ga(t) By [=Bi] + Gs(t) } Ppyc_10+
+{ X, (t) By [=Bai] + G1(t) By [ Ba1| + Ga(t) By [~ Ba1] + G3(t) By [~ Bi] 4 Gu(t)} Pyca,+
+ X, (t) By {2 — BiBy {1 — B1Bj o} — B2Bj po}+
+ G1(t)Bf {1 — BiB g} + Ga(t) By o + G (). (71)

Bammiem r-napaMeTpruaecKoe MHOXKECTBO DellieHnil Kpaesoii 3agadn (62):
a(t, 3) = Xo(t)es + (G[Qu(s)za(s))) (1) + X(H)DTHhXa(-), cs€ R (72)

[MogcraBum z1(t, co) B (72), ucnosb3yst panee BBejeHHble o0o3Hauenus (8), (30), (45), (59), u
0603HAINB Uepes3 (n X r)-u3MepuMyo MaTpuily-byHKImo G5(t) 1 9epes n-m3MepuMyto BEKTOPHYIO

dyHKIMIO G(()Q) (t) crnemyromue byHKIMN:

Gs(t) = (GQ1(s)Ga(s))(t) + X () DThGul), (73)

GP(t) = (GlQ1()GY () (t) + X ()DL G (), (74)

B pPe3y/IbTaTe MOJCTAHOBKU r-TIapaMeTpuYecKoe MHOKeCTBO (72) permenuit Kpaesoil 3ajgaqdun (62)
OyJileT UMeTh BUJI;:

2a(t, c3) = X, (t)cs + G1(t) Ppycar + {G1(t) By [~ B1] + Ga(t)} Pr,ci,+

+ {G1(t)Bf [=Ba1] + G2(t) By [—B1] + Gs(t )}PBOCOT+
+{G1(t) By [~ Bs1| + Ga(t) By [~ Ba1] + G3(t) By [=Bi1] 4+ Gu(t) } Pp,c1,0+
+{G1(t)By [~ Bu] + Ga(t) By [~ Ba1] + G3(t) By [~ Ba] + Ga(t) By [=Bi] 4 G5(t) } Ppyc—20+

+ G1(t)Bi {2 — B1Bj {1 — BiBf w0} — BoBy o} +
+ Go(t) Bf {¢1 — B1Bi @0} + Gs(t)Bi go + G (1), (75)

BekTop ¢3 € R" Oyjer HaiijeH Ha CJIeIYIONEM Iare.
I[Ipooszkast 3ToT mporecc, npu €F, k > 1 ToayunM HeoHOPOJIHYIO KPAEBYIO 3a/1ady:

(P(t)z;c)l - Q(t)xk = Ql(t)zk—la S [a’ b]? (76)
l.l?k(', 8) = llwk,1(~, 5)7

KOTOpAasl, COIVIACHO T€OPEMBI | MMeeT YCJIOBHE pa3perninMOCTH:

Pp- {llxk . —z/ K(- ($)Q1(s)wp_1(s )ds} =0, (77)
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us3 KOTOpOfI ciaenyer aﬂre6pa1/meCKaﬂ CUCTEeMa OTHOCHUTEJIbHO HEU3BECTHOI'O BEKTOpa Cg:

Bocr, = ¢r — B1Bi {¢r—1 — B1By {¢r—2 — BiBj {r_3—
— BlBa_{(pk,ZL — ... — Bk,4B(—)i_g00} — ... — Bk,QBS_SO()} — ... — Bk,QBS_{(pl — BlBa_(po}—
— Bk—lB(_)‘—QDO} — ... Bk_lBar{gOl - BIBS_SOO} - BkBS_QOO (78)

KOTOpad pa3pernmMa B TOM CJIydae, KOI'JIa BBIIOJIHAECTCA YCJIOBUE
Pg: Pps = 0. (79)

r-IapaMeTprIecKoe MHOXKECTBO pellleHuii ajrebpandeckoii cucrembr (78) nmeer BUIL:

¢r = Ppycrr + By [or — B1Ppycer — Bo1 Py Cii—1yr — ... — BryaPpyc_or—
— BlBJ{@k—l — BlBar{(pk_Q — BlBar{(pk_g — BlBJ{ . } — ... Bk—2BJ@O}_
— ... Bk*QB(—)‘rSOO{SOI — BIB(TQOO} — Bk*lBS_SOO} — ... kalBargO()}—

— ... = By_2Bfvo{e1 — BiBi ¢} — ByBy ¢ol, crr € R™, (80)

3J1eCh

o= ~PoylhGE ) ~1 [ K ()P (95168 5)ds),

G (t) = (GIQu(s)GS Y (s))(8) + X () DTLGT V().

r-lapaMeTpruecKoe MHOXKECTBO pellleHuii Kpaepoii 3aauu (76) uveer By

T(t, cpr1) = Xo(t)cps1 + G1(t) Pycrr + {G1(t) By [—Bi1] + Ga(t)} P,y C—1)r+

+ {G1(t) By [=Ba1] + G2(t) By [—B1] + G3(t) } Py Ci—2)r + ..+

+ {G1(t) B [=B+2)) + Go(t) By [=Bgos)] + - - . + G (t) By [=B1] + Gy (t) } Ppyc_on+
+ G1(t) By - {¢r — BiBy {vx-1 — Bi1By {pr—o — BiBf {¢x-3— BiBy {...} —...—

— By 9B o} — ... — Br_o{p1 — BiBf o} — Br1Blwo} — ... —

— By 1By {1 — BiBy o} — BBy o}t + Ga(t) By {pr—1—

— BiBf {¢r—o— BiBi{ox_3— Bi1Bj{...} —...— By 2Bl o} —...—

— B 2By {1 — BiBy o} — BBy o} — ... — Bu1 By {1 — B1By o} —

— BiBf o} + ... + Gu(t) B {1 — BiBf o} + Grp1 Bf o + G(t),  cpr € R, (81)

C 1moMOIIbI0 METOJIa MATeMaTUICCKOW WHJIYKIIUU JJIT ITPOU3BOJILHOIO HaTypasjbHoro k > 1
MOXKHO JIOKa3aTh, ITO KpaeBas 3ajada Buja (76), KoTopas obpasoBaHa IOC/E TOJCTAHOBKH Psi-
naa (10) B kpaesyio 3ajady (1), (2) u npupaBHUBaHUS COOTBETCTBYMOMUX KOIDMUIMEHTOB IpU
KazKJIOM U3 cTerneneit F, GyeT pazpenmmMa, ecin BBIIOJHseTCs yeiosue (79), 1 IPH 9TOM HMeeT
r—IapaMeTpuIeckKoe MHOKeCTBO pernernii (81).

Cxommocts psijia Jlopana 0Ka3bIBAETCA € MOMOIIBIO TPAIUIIUOHHBIX METOJIOB MaXKOPUPOBa-
uust |17]. Teopema 2 jokazana.

HokazarenbcrBo Teopembl 2 6asupyercs ua Meroje Bumnka-JTrocrepruka [17]. [losyuennsie B
paboTe pe3ysIbTaThl ABIAIOTCsS 0600IIEHIEeM Pe3yIbTaToB, MpUBeJAeHHbIX B |12, 13| 1 cormacoBbiBa-
I0TCs C paHee MOJIyIeHHBIME B TEOPHU KPAeBBIX 3aja4 pesyabratamu [6-9, 13, 14].
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HECEKTOPUAJIBHBIN OIIEPATOP IIITYPMA-JINYBUJLJIL
C IJNCKPETHBIM CIIEKTPOM

Buepsbie ypasuenusi Ilrypma-JIuyBmuist ¢ KoMIuleKCHbIM moTeHnuasom u3ydana M.A. Haiimapx.
M.A. HaiimapKy ysajioch HalTH JOCTATOYHBbIE YCJIOBUsI HA KOMILJIEKCHBII IIOTEHIUAJ, KOIJla COOTBET-
crByromuit oneparop Iltypma-J/InyBmiuisg Ha TOJyocH MMeeT JUCKPETHBIH crekTp. B mambreiimem
pesyabrar M.A.Hajimapka 6b11 ycmiien B paborax B.B. JImackoro. YcmoBust Ha KOMILIEKCHBIHA I10-
rTennyas, upusegernsie B.B. Jlmmckmm, rapanTupyioT aKKpPETHBHOCTH HCCJIEIYEMBIX OIEPATOPOB
[MIrypma-JIuyBuiuis. AKTyaJbHBIM OCTaBAJICSH BOIPOC O CYyIIECTBOBAHUM HEAKKPETMBHBIX OIEPATOPOB
MIrypma-JInyBusias ¢ IUCKPETHBLIM CHEKTPOM. B mpesaraemoii cTaTbe JaeTCs OTBET Ha yKa3aHHBII
Bonpoc. s ypasuenus Itypma—JInyBusis ¢ KOMIJIEKCHBIM IOTEHIINAJIOM IIOCTPOEHO CIIEIUAJILHOE
pertenne, KOTopoe yobIBaeT Ha, OECKOHETHOCTH M TIPH KAXKIOM (DUKCHPOBAHHOM 3HAYMECHUN HE3ABUCUMOIT
[IePEMEHHOIT ABJIsIeTCs 11eJ10i1 (PyHKIME ClieKTpaaIbHOro napaMerpa. VICoap3yst 9T0 pelieHue, moJry 9eHo
obobmienne m3BecTHOt TeopeMmbl B.B. Jluackoro o6 ycioBusix Ha MOTEHIINAJ, TPU KOTOPBIX CIEKTP
coorBercTBytoniero omeparopa Illtypma-JInysusss muckperen, a cucrema KOPHEBBIX BEKTODPOB IIOJIHA
n MuHEMaJIbHA. B orimtaue ot paborer B.B. JIumackoro, BMecTO OrpaHMYEHHOCTH CHU3Y BEIIECTBEHHOIT
TACTH W MOJYOTPAHMTIEHHOCTH MHUMOI 9aCTH TIOTEHIINAIA TPEOYETCsT JIUTITh, ITOOLI 00/TaCTD 3HATEHUTIT
MIOTEHITHAJIA JIeZKaJIa BHE HEKOTOPOI'O yTIJIa IIPOU3BOJIHLHOIO PACTBOPA ¢ OMCCEKTPUCON 110 OTPHUIIATETLHO
BEIIIECTBEHHOI I10JIyOCH.

KuroueBbie ciioBa: clieKTpasibHasg HEYCTONYUBOCTD, JIOKAJU3alus crekTpa, ypasuenue [Iltypma—
JInyBuLIsA, TPUBHAIbHAS MOHOJIPOMUS.
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Bamkypr memiiekeTTik yHuBepcureti, ¥Yda K., Peceit
*e-mail: Ishkin62@mail.ru
Huckperti cnekrpi 6ap IIItypm—JInyBuiiab CEKTOPJIBIK, €MeC OIepaTopbl

Agyramr per xomiuteke norennmasabl  Itypy-JInysusne rengeysnepin M.A. Haiimapk 3eprresi.
M.A. HaiiMmapk KOMILIEKC MOTEHIMA YImiH oraH coiikec keserin IIltypwm-JInyBusuis omepaTopblHbIH
JKapThLIail ecTe JUCKPEeTTI CHeKTpi OoJiraH »Karjaiijia »KeTKUIKTI maprrapabsl Taba ajbl. Keiiin
M.A. Haiimapkreid, Hormkeci B.B. Jluackuiigin »KyMblcTapbiiia KymeiTian. KoMmimeke noreHmmaira
B.B. Jlunckuitmen kenripren maprtrap Iltypm-JInyBuiab omepaTopiapbiHbIH, aKKPETHBTLIIriHE
kermmik Gepemi. JIuckperri cmektpi 6ap IItypm-JInyBumabmin aKKpeTHBTI €MeC OmepaTopIapbIHbIH
O6ap GOybl TypaJibl Mocese ©3eKTi 0OJbIn Kaja Oepii. YCHIHBUILIIT OTBIPFaH MaKasaJd KepCeTiJIreH
cypakka xayan Oepimemi. Kowmmiexe morennmasaer [Itypm-JluyBusms Temmeyl yimiH ImekcizmikTe
KEMUTIH JKOHE TOyeJsICi3 aflHbIMaJbIHBIH op Oip OeKiTiIreH MOHIHJE CIEeKTPJIK apamMeTp/iH OyTiH
dyHKIUsICHI 60aThl apHaitbl TremriMi Kypbuiabl. Ochbl mermrimal Kojgana oTeipbin, B.B. JInmgckwniigin
[IOTEHINAJIFa KONHBLIATBIH IMApTTap TYPAaJbl OEJril TeopeMaCBhIHBIH JKAJIblIAMAChl aJblHIbl. OCh
maprTap opbiHpasaranma cofikec ITypm-JInyBuiib omepaTpbIHbIH CIIEKTPI AUCKPETTi, aa TyOipsik
BEKTOPJIAp Kyileci TOBIK »KoHe MUHUMAJIBI Ooaabl. B.B. JInjackuiiain »KyMbIChbIHA KaparaHIarbl aii-
BIPMAIIBLIBIK, - TOTEHITUAJIIBIH HAKTHI OOJIIriHIH TOMEHHEH IIeHeJIreH 00JIybl HeMece YKopaMaJsl 0eJiriHiyg
JKapThLTail meHearen 60Iybl MapTTAPBIHBIH OPHBIHA T€K KAHA TOTCHIINAJIBIH, MOHIEP KUBIHDI ONCCEK-
Tprca MeH Kefibip Ty3yiH apachblHIarbl OYPBIIITAH THIC JKOpaMaJsl 6¢ OOMBIH/Ia OPAHJIACHLY TaJIall €TiJIeI.

Tyiiin ce3aep: CreKTpJIiK TYPAKCHI3IBIK, CIEKTPAIH Jokaau3aruscol, LItypm-JInysuinis Tereyi, Tpu-
BHAJIBI MOHOJPOMUS.
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Non-accretive Sturm—Liouville operator with discrete spectrum

For the first time, the Sturm-Liouville equations with a complex potential were studied by M.A.
Naimark. M.A. Naimark managed to find sufficient conditions for a complex potential when the
corresponding Sturm-Liouville operator on the semi-axis has a discrete spectrum. later, the result of
M.A. Naimark was strengthened in the works of V.B. Lidskii. the conditions for the complex potential
given by V.B. Lidskii guarantee the accretivity of the studied Sturm-Liouville operators. the question
of the existence of non-discrete Sturm-Liouville operators with a discrete spectrum remained relevant.
The proposed article provides an answer to this question. For the Sturm - Liouville equation with a
complex potential, we have constructed a special solution that decreases at infinity and, for each fixed
value of the independent variable, is an entire function of the spectral parameter. Using this solution, a
generalization of the well-known theorem of V.B. Lidskii on the conditions on the potential under which
the spectrum of the corresponding Sturm — Liouville operator is discrete and the system of root vectors
is complete and minimal. In contrast to Lidskii’s work, instead of bounded below the real part or
semi-boundedness of the imaginary part of the potential, it is only required that the region of potential
values lie outside a certain angle of an arbitrary opening with a bisector along the negative real semiaxis.

Key words: spectral instability, spectrum localization, Sturm-Liouville equation, trivial monodromy

1 BBeaenue

[Iycrb ¢ — KOMILIEKCHO3HAYHAs (DYHKIUA, JIOKAILHO cymmupyemas Ha (0, 4+00) u L — oneparop,
neficreytomuii B npoctpancrse L?(0, +00) no dopmyne Ly = l(y) := —y” + qy na Gynkuusx us
D(L) = D = {y € L*(0,+00) : y,y € AC|0,+00), I(y) € L*(0,+00)}. 3necr AC0,+00) —
MHOYKECTBO (DYHKITHIT, abCOTIOTHO HEMPEPBIBHBIX Ha KaxkaoMm orpeske [0,b], b > 0. lasnee mycthb
D{, — muO)kecTBO dyHKIMiT n3 D, paBHBIX HYJII0 BHE HEKOTOpOro orpeska [0, a] (cBoero jyist Kazkioi
dbyuxun) u ygosrerBopsonux yeaosusam y(0) = y'(0) = 0; Lj — cyxenue oneparopa L B Dj.
Beenewm oneparop M| = JLjJ, tae J — oneparop KOMILIEKCHOTO COIIPSZKEHUS.

Touno Tax e, Kak B ciaydae Bemectsennoro ¢ |1, §17, 4°] nokasbiBaercs, uro oneparop M}
IIJIOTHO OIpeJIeIeH U

(My)" = L. (1)

Caenosarensno, JM{L) C (M})*, To ects oneparop M J-cummempuuen |2, 22°]. B cuny (1)
oreparop L 3aMKHYT, CJiefoBaTeIbHO, oneparop M|, 3aMblkaeM, OITOMY 3aMbIKA€M U ONEPaTOp
L. Oboznatanm uepes Ly 3ambikanue L. meem

(JLoJ)" = L. (2)
Hanee, ucnosb3ys (2), serko nokazars (eM. [1, §17, Tpeyoxenue VI|), uro
D(Ly) ={y € D: y(0)=¢(0) =0, lim (y' —y'Z) =0 aus Beex z € D}. (3)
T—00

Baejiem oneparop L(6) — pacmupenue oneparopa Ly Ha Dy = {y € D : 3/(0) 4+ 0y(0) = 0, rue 0 —
puKCUPOBAHHOE KOMILIEKCHOE YUCJIO MM CUMBOJI 00, KOTOPOMY COOTBETCTBYET KPaeBOe YCIOBUE
y(0) = 0. Takum obpaszom, pu KazxaoM 6 omeparop L(#) — ogromepHoe pacimpenue Ly.

[Ipu BermecrBennbix ¢ u 6 oneparop L(6) Brepsbie Ob11 oapo6HO nsyden . Beitnem [3]. [lepssri
pesyJIbrar B ciaydae KOMIUIeKCHBbIX ¢ 1 @ npunayexkur M. A. Haiimapky [1]: ecom
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a) q(xr) — oo mpu x — +00,

)

6) 0 <argq(z) <~v,ruey <m,

B) lg'(z) = O (¢*(x)), = — 400, t1e 0 < @@ < 3/2,
)

r) ¢'(x) = O(lg'(x)), ¢"(x) = O(lg"(x)), © = +oo,

To crekTp omeparopa L() muckperen. B jasbheiiniem ToT pesyiabrar ObLI yCHJIEH B paboTax
B.B. Jlunckoro [5] u [6]. Tax, uz Teopem 4 u 5 pa6orst [6] caenyer': ecnu p,g € Li [0, +00) n
BDIIIOJIHCHO OIHO U3 YCJIOBUM

(A) lim Reqg=+o0,

T—>+00

(B) lim Imgq = +oo (wm —o0),
T—+00
To criektp oneparopa L(6) nuckperen. Kak nokasano B [6] (eMm. mokasarenncrBo Teopemsr 1), ecoin
Re ¢ orpanmaena causy, To s jioboro y € D(L(0))

(L(O)y.y) = / T (P + alyl?) de — Bly(0) . (4)

+oo
Otcrona, nockonsky y*(0) = =2 [ yy'dz u
0

2y’ | <ely' P+ yl?, e>0, (5)

to npu HekoropoM « Re ((L(0) + a)y,y) > 0 ms Beex y € D(L(#)), To ects oneparop L(0) + «
axkpemueen |7, .V, §3.10]. Bosee Toro, uz roii ke Teopembl 1 ciiefyer, 4To mpu KaxKJIoM A
w3 mosyIockoetn Re A < —ar sedpexrnoe uncao m(A) := dim (Ran(L(0) — A))™ pasio 0. Cueso-
BaTe/bHO, oreparop L(#) + o — m-akKKpeTuBeH, a pU BEIECTBEHHbIX § — J-caMoCopsizKeH. D10
yTBep:KieHre BepHo u i oneparopa —i(L + «) (wmm i(L + «)), ecsm Im g nosyorpanndena, a
Re ¢ yI0BI€TBOPSIET HEKOTOPBLIM YCJIOBUAM, aHAJOTHYIHBIM ycaouaM Cupca B CaMOCONPAZKEHHOM
cayuae [3] (em. dobasmenne, n. /1.1). Ecau ¢ yuosiersopsier yciosuto Haiimapka 6), To Jsierko
noxazars (cum. Jdobasienue, . J1.2), uro omeparop e V/2L(0) me TOIBLKO aKKPETHBEH, HO JIAKe
m-cekropuases |7, i V, §3.10].

KoneuHo, m-akKpeTuBHble (IM-CeKTOpUAsbHBIE — TeM GoJjiee) OIepaTopbl, Garogaps neJIoMy
psAly CBOHCTB® Gosiee yJI00HBI B OOpAIIECHUM 110 CPABHEHWIO C MPOM3BOJBLHBIM (MyCTh JlazKe 3a-
MKHYTBIM) ollepaTopoM. BumecTe ¢ TeM HeaKKpPEeTUBHBIE OLIEPATOPDI JOBOJILHO YaCTO BO3HUKAIOT B
pasim4HbIX pasjenax dbusuku u Mexanuku |9, 10]. Kak npasuio, takue oneparopbl ClEKTPAILHO
HeycTOH4mBLL (eM., [11-15] u uMerormumecst TaM CCBLIKU) ¥ BBUJLY BBICOKOH UyBCTBUTEILHOCTH X
CIIEKTPAJILHBIX CBOMCTB K MAaJILIM BO3MYIICHHAM [T M3YUCHUS IIOCJEIHUX IIPUXOIUTCS IIPUBJIC-
KaTh METO/[bI, MCIIOJIL3YOIINe UHMBUIyaIbHbIE CBOCTBA KAXKIOr0 U3 TAKUX OIEepaTopos |16-22].

IB pa6ore [6] L — omepartop, mopoxiennbiii soipazkennem [(y) ¢ D(L) = {y € L?*(—oo,+o0) : 1y €
AC(—00,+00), l(y) € L*(—00,+00)}. Omnaxo moxazarennctsa Teopem 1, 4, 5 6e3 0coObIX M3MEHEHHIl TePEHO-
csaTes Ha ciyvaii oneparopa L(6) na nosyocu.

2Pe30/IbBEHTHOE MHOYKECTBO JIF060T0 M-aKKPETUBHOTO OlepaTopa, KaK MUHUMYM, COICPIKAT TOIYIIOCKOCTE; Ha
KasKJIOM JLyde BHYTPH 9TOfi [OJIyIIJIOCKOCTU PE30JIbBEHTA UMeET HAMJLYUILyIO (CO CTEeNeHbIo -1) CKopocTh yObIBaHMUs
" JIp.
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[Ipenmaraemast paboTa MOCBAIIEHA NCCIEIOBAIIMIO YCIOBUI AUCKPETHOCTH CIIEKTPa OIEPATOpa
L(0) B cyuae, Korja nmoreHImaln ¢ e mounnen nu ycsosuio 0) Haiimapka, uu ycrosusm (A) nm
(B) JImmckoro, Beneacrsue wero onepatop L(6) e siBasgercsa akkpernBHbIM. Kak mssectno (cM.,
marnpumep |2, . I, . 21]), s sio6oro 3aMkHyTOrO Oneparopa 1, efiCTBYIONIEro B IMIb0EPTOBOM
IIPOCTPAHCTBE H, €ro 4nc/aoBast 00J1acTh

Num(T) = {(Tf,f): feDD),IIf] =1}

SIBJIIETCA BBITYKJIBIM MHOYKECTBOM, IIOSTOMY B CIydae HeaKKpeTUBHOCTH 1’ COBIIaJaeT co Beeil
mwtockocteio C. Mbr mokazkem, aro jazke B ciaydae, korjga Num(L(0)) = C, oneparop L(#) moxer
HMeTh JIMCKPETHBIN CleKTp, ecau cymecrsyer obacts {z € C : |z| > R, |argz + 7| < €}, ne
HepeceKaromasacsa ¢ 061acTbio 3nadeHnii pyHkImn ¢. MeTos; 0CHOBaH Ha ITOCTPOCHUHN CIICNUAIBHOIO
permenus p(x, \) ypaBHeHUs

-y +qy=2Xy, x>0, (6)

KOTOPOE, € OJIHOI CTOPOHBI, Y 10BIeTBopsieT cranjapTabiM BKB-onenkam |23, . 11, § 2|, ¢ apyroii —
pu KaxkJ1oM pukcupoBanHoMm r > 0 sBjsgeTcs 1esoi pyHkmeir A. 9To CBOWCTBO UI'PAET BayKHYIO
POJIb TIPU UCCJIEIOBAHUN PA3JIMYHBIX CIIEKTPAJIbHBIX CBOWCTB oreparopa Lg. Hampumep, merosn
Jlesuncona (cm. [24, IIpunoxkenue 4|) gokazaTesbeTBa (He)IOJHOTBI CHCTEMbI KOPHEBBIX BEKTOPOB
KaK pa3 OCHOBAaH Ha yKa3aHHOM CBOWCTBe (DYHKIIUU .

2 ®opMyJIUPOBKA OCHOBHBIX Pe3yJ/IbTaTOB
Ha dyukImo ¢ HaI0KIM CIIeIYIONIe OrpaHTIeHHIs:

1) Cymecrsyer a > 0, uro g cymmmupyema Ha (0, a), muddepennupyema Ha [a, +00) u ¢ abeo-
JIIOTHO HEIpepbIBHA Ha KayKJIOM oTpeske [a, b, b > a;

2) Ha [a, +00) dynknus |g| nosoxunrensaa u

T
1+0

/ g™ 2dz < oo ®)

a

|arg q(x)| < (6>0), z>a, (7)

3) ®ynxuus (¢~ Y4)"q~V* cymmmupyema na (a, +00).
3uech u Beiofy gasee cuutaem: ¢~/ =1/¢"/", ¢'/n = /g = |q|'/nelterea/n,

Bameuanune 1 Veaosuam 1) — 8) ydosaemeopsem, nanpumep, dynkyua q¢ = re’, 2de r,0 — ee-
WLCMBEHHOZHAUHbLE PYHKUUL, MAKUE, YMO NPU HEKOMopom a > 0

a) q € L'(0,a),
b) r,0 € C*la,+0) u npu ecex x > a |0(z)| <7 /(1+9), r(z) > Coz®, § >0, a> 2,

c) dymmyuu (r=A)"r= 4 4 (07 4+ 10" ) r~ Y2 cymmupyemve ma (a, +00).
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Ecau, nanpumep, r = x%, 6 = cosx?, a > 2, B < a/d+1/2, mo yciosus a) — c) svinmoaren,

1+

npU 9MOM HU MHUMAA, HU 6EUECTNEEHHAA Yacmu GyHKYuL ¢ He ydosaemsoparom ycrosusm (A)
u (B).

Bsesiem obo3naueHusd

s = [ frr

dt, As(x) :/ lg|~Y%dt, x>a,

u joropopumcs, 9o Beroy jganee C, Cy, C, ... — abCcoOTHBIE (TO €CTh He 3aBUCSIIIE OT KaKUX-
b0 TTapaMeTPOB) MOJIOKUTE/IbHbIE [IOCTOSHHbBIE, TOUHOE 3HAUEHHE KOTOPBIX HAC HE MHTEPECyer.
Kpowme toro, ecin y(x, A) — perenne ypasuenust (6), To ee IPOU3BOJHYIO 110 T YCJIOBIMCs 0O03HA~
qaTh y'(z, \).

Teopema 1 [lycmo swnoanens ycaosus 1) — 3). Tozda

(i) ypasnenue (6) umeem pewenue @ = p(x, \), xomopoe
(i1) npu xasrcdom x > 0 asasemea yeaot gynryuetd A nopadka ne eviwe 1,

(iz) ydosaemeopsem ouerke

() = —— exp (—/ \/@dt) (147 N), =2>a, (9)

q()
[rofe, NI < Co (Au() + (N2 — 1)) (10)

(1) ecau 6vinoANHENO DONONHUMEADNOE YCAOBUE
q'(x) = o(q"?(2)), = — o0, (11)

mo das pyrryuu @ cnpasediussl anaso2uHbe Yymeepacdenus: npu katcdom x > 0 Gynryus
o(x,-) — uesas nopadka ne eviwe 1 u

¢ (2, \) = —v/q(z) exp (— /m \/@dt> (1+7r(x,N), > a, (12)

) ; (13)

(111) oboe yowesaruee pewerue ypasrenua (6) omaunaemes om @ AU NOCTNOAHHIM MHOHCU-
meaem, max wmo ¢ ouenkots (9) — (10) onpedeasemes 00no3nawHo.

Iri(z, M) < Gy (Al(;g) + (eOPR) ) 4

Bameuanune 2 Xoma ouenka (9) — (10) npu durcuposarmnom X u bosvwur x cosnadaem c 0bvi-
noti BKB-ouenxot

1 @
o(x, A) ~ W exp (—/a Vq(t) — )\dt) (14+0(1)), x— oo, (14)

ecmov, no kpatinets mepe, dsa coobpasicerus, no komopum ouenka (9) — (10) npedemasasemes boaee
uennot, neorceau ouenka (14). Bo-nepewvix, ouenka (9) — (10) pasnomepna no N, 6 mo epems xax
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BKB-ouenka mepsem cmulca 60Au3U Movex noeopoma’. Dmo obcmoamesvemeo ycyeybaaemcs
ewe mem, Mo NPu COEAGHHVLT HAMU NPeonosodcenuss 1) — 8) mHoocecmso mouer nosopoma
6oobwe ne noddaemcs xkowmpoaro. Bmopot, ewe 6oaee sasicnwd daxmop: oyenra (9) — (10), 6
omaunue om (14), «ne nopmums pewernue — ona pabomaem, cOTPaHAA 6axcHoe ceolicmeso (iy).

TeMm He MeHee, cpaBHEHHE MEXK/Ly YKa3aHHBIMU OIEHKAME He BCEr/la OKa3bIBACTCA B IMOJIL3Y IEp-
Boit. OcHoBHoOI HegocTaToK oreHkn (9) — (10) — ee HeonTuMaIbHOCTD. Ecim A MensieTcst B obiactu,
KOTOpas He IepeceKaeTcs 00JacThio 3HaYeHunii (DYHKIMN ¢, TO TOYEK MOBOPOTa HE BOZHUKAET, I10-
TOMY TOSBJISIETCST BO3MOYKHOCTD IPUOErnyTh Kiaaccudeckomy merony BKB. B cienytomeit Teopeme
YTBEPK/IAETCsI, ITO [IPU HEKOTOPOM yzKecToueHnn ycaoBus 3) onenka (9) — (10) moxker 6bITh CyIiie-
CTBEHHO yJydineHa. U3 jgokazaTe/beTBa TeopeMbl OyJeT BUJIHO, UTO 3TO YJIYUIICHHE JOCTHIaeTCs
nmMerno Omaromapsa meroxy BKB.

Beesiem B paccMorpenne (byHKIMIO ¢, KoTopast Ha |[a + 1,00) coBnagaer ¢ ¢, Ha [0, a| pasua 0,
u Ha (a,a + 1) Takosa, uro (¢)" abcosorHo HenpepbiBHA Ha KaxkaoMm orpeske [0,b], b > 0. Tasee
HOJIOZKHIM

S(R,9) = {)\:Tem: r>R, |f] < 17:5(5}’

I = [ [(@ 2 @ e+

—/Ow\/édt.

1 a+1

o —gld

@ \/W/x ol
M=\ — %

WN =]

Teopema 2 [Tycmwv dynkyus q ydosaemsopsem ycaosuam 1) — 2) u

3) npu wasrcdom A us cexmopa S(R,0) unmeepan I1(0,\) cxodumesa u npu awbom 0" € (0,0)
1(0,7¢®) =0, 1 — 400, pasromepro no |B| < wd'/(1+4').

Tozda npu aobom 0" € (0,09) pewenue , onpedeasemoe ouenrot (9) — (10), umeem npu 604v-
wux R > 0 acumnmomuxy

o, —A) ~ ﬁ exp (Q(2, ) (1+ 0 (I(z, 1)), A€ S(R, ), (15)

pasromepryio no x € [0,00) u |arg A\| < 7' /(1 +0).

[Tonoxxkum

Inln M
p(n, ¢, x) = limsup nln M(n,¢ x,r)

1 )
r——+o00 nr

rie M(n, ¢, x,r) = max |p(z, re?)|. Ucnonssysa dopmyry (15), erko mpoBepuTh, 9TO eCiIi

‘ n<O<¢
q(z) =2 (0< 0 <7 a>2), 10
1 1 1+26
p(n,C,I)zi—l—a P BCEX x20,$<n<§<%.

C apyroit croponst, u3 orenku (9) — (10) cremyer Toabko p(n, ¢, z) < 1. OTcoga BOSHIKAET IIPE/I-
[OJIOZKEHNUE, YTO B cuTyalusx, Korjaa Meros BKB npumenuM, To oH jaer ropaszo 6ojee TOUHY0
onerky, dem (9) — (10). OxHako crpase/inBa

3Tlo ompesiesiennio, ToUKa ay TomyTIpaMoit [0, +00) HA3BIBATCS TOUKOI TTOBOPOTa, ey q(ay) = .



24

O kJacce TOTEHITUAOB ¢ TPUBUAILHOMN. . .

Teopema 3 Ecau gynkyusa q ydosaemeopaem ycaosuam 1) —3), (11) u emecmo (8) swinoanero

ycaosue
Myz® < |g(x)| < Maz® (My, My >0, a>2), z>a, (16)
mo
PN = (@) e (— [ @) gy, 50,1 (17)
0
sup y;(z, )| < exp (oj|A['*T), XeC, (18)
x>0
_ Jql@), v>aq,
Ga(®) = 1, 0<zx<a,

05 — NOAOHCUMENDHDLE TLOCTINOAHHDLE.

Teopembr 1 — 3 MO3BOJISIIOT BBISIBUTH HEKOTOPbIE ClIEKTpaJibHbIe cBoiicTBa oneparopa L(6).

Teopema 4 [Tycmo q ydosaemesopsaem ycaosusam 1) —3). Tozda

1) onepamop L(0) umeem duckpemmwiii cnexmp;

2) ecau emecmo 3) nompebosamv 3'), mo cnexmp beckoneyen,

3) ecau x yeaosuam 1),2),3") dobasumv ewe (11) u (16), 2de v > max{2/6,2}, mo cucmema

Kopresvix 6exmopos onepamopa L(0) noana v MuHuMasvbHA.

3 BuaaromapaocTu

Pabora mepBoro asTopa BBIIOJIHEHA B paMKaX peajH3allii IporpaMMbl passutus Haytwmo-
obpaszoBaTe/IbHOrO MaTeMaTn4ieckoro renTpa [IpuBosmkcekoro dejepaibHOro OKpyra, JIOI. COTJI.
Ne075-02-2020-1421/1 k corur. Ne075-02-2020-1421; Broporo aBropa — npu (GUHAHCOBOIT TTOJIEPIKKeE
P®®U B pamkax nayunoro mpoekta Ne20-31-90999.

(1

(2l

(3]

[4]

(5]

(6]

(7]

References

M.A. Naimark, Investigation of the spectrum and the expansion in eigenfunctions of a monselfadjoint operator of the second
order on a semi-azis (Trudy Moskov. Mat. Obsc., 3 (1954), 181-270) [in Russian]|.

I.M. Glazman, Direct Methods of Qualitative Spectral Analysis of Singular Differential Operators (Israel Program for Scientific
Trans., Jerusalem, 1965).

H. Weyl, "Uber gewdhnliche Differentialgleichungen mit Singularitiiten und die zugehérigen Entwicklungen willkiirlicher
Funktionen" , Mam. Ann. 68 (1910), 220-269.

M.A. Naimark, "On the spectrum of singular nonselfadjoint differential second-order operators", Dokl. Akad. Nauk SSSR 85:1
(1952), 41-44 [in Russian].

V.B. Lidskii, Conditions for completeness of a system of root subspaces for non-selfadjoint operators with discrete spectrum (Tr.
Mosk. Mat. Obs., 8 GIFML, Moscow, (1959), 83-120) [in Russian].

V.B. Lidskii, A non-selfadjoint operator of Sturm—Liouville type with a discrete spectrum (Tr. Mosk. Mat. Obs., 9 (1960), 45-79)
[in Russian].

T. Kato, Perturbation Theory for Linear Operators (Springer-Verlag, Berlin-Heidelberg-New York, 1966).



Kh.K. Ishkin, R.I. Marvanov 25

(8]

[9]

[10]

[11]
[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

21]

[22]

23]

[24]

D.B. Sears, "Note on the uniqueness of the Green’s functions associated with certain differential equations", Canadian J. of
Math. 2:3(1950), 314-325.

R. Mennicken, M. Moller, Non-Self-Adjoint Boundary Eigenvalue Problems (Elsevier, Amsterdam-London, 2003). Zbl 1033.34001

F. Bagarello, J.P. Gazeau, F.H. Szafraniec, M. Znojil, Non-Selfadjoint Operators in Quantum Physics: Mathematical Aspects
(Hoboken: John Wiley and Sons, New Jersey, 2015).

J. Sjostrand, Spectral instability for non-selfadjoint operators (Palaiseau Cedex, Preprint / Ecole Polytechnique, 2002).
E.B. Davies, "Non-self-adjoint differential operators", Bull. London Math. Soc. 34:5(2002), 513-532.

Kh.K. Ishkin, "On the Spectral Instability of the Sturm-Liouville Operator with a Complex Potential", Differ. Equ. 45:4 (2009),
494-509 (Translated from Differ. Uravneniya 45:4 (2009), 480-495).

Kh.K. Ishkin, "A localization criterion for the eigenvalues of a spectrally unstable operator", Doklady Mathematics 80:3 (2009),
829-832 (Translated from Dokl. AN 429:3 (2009), 301-304).

Kh.K. Ishkin, "Conditions of Spectrum Localization for Operators not Close to Self-Adjoint Operators", Doklady Mathematics
97:2 (2018), 170-173 (Translated from Dokl. AN 479:5 (2018), 497-500).

E.B. Davies, "Eigenvalues of an elliptic system" , Math. Zeitschrift 243 (2003), 719-743.

Kh.K. Ishkin, "On localization of the spectrum of the problem with complex weight" , Journal of Mathematical Sciences 150:6
(2008), 24882499 (Translated from Fundamentalnaya i Prikladnaya Matematika 12:5 (2006), 49-64).

Kh.K. Ishkin, "On analytic properties of Weyl function of Sturm-Liouville operator with a decaying complex potential", Ufa
Math. Journal 5:1 (2013), 36-55.

Kh.K. Ishkin, "On a Trivial Monodromy Criterion for the Sturm-Liouville Equation", Math. Notes 94:4 (2013), 508-523
(Translated from Matem. Zametki 94:4 (2013), 552-568).

A.M. Savchuk, A.A. Shkalikov, "Spectral Properties of the Complex Airy Operator on the Half-Line", Funct. Anal. Appl. 51:1
(2017), 66-79 (Translated from Funk. analiz i ego pril. 51:1 (2017), 82-98).

Kh.K. Ishkin, "A localization criterion for the spectrum of the Sturm-Liouville operator on a curve", St. Petersburg Math. J.
28:1 (2017), 37-63 (Translated from Algebra i Analiz 28:1 (2016), 52-88).

Kh.K. Ishkin, A.V. Rezbayev, "Toward the Davies formula on the distribution of the eigenvalues of a nonselfadjoint differential
operator" , Complex analysis, Itogi Nauki Tekh. Ser. Sovrem. Mat. Prilozh. Temat. Obz., VINITI 153 (2018), 84-93 [in Russian]|.

M.V. Fedoryuk, Asymptotic Analysis: Linear Ordinary Differential Equations (Springer-Verlag, Berlin, 1993). Zbl 0782.34001

B.Ya. Levin, Distribution of Zeros of Entire Functions (Gostekhizdat, Moscow, 1956); English transl.,, Amer. Math. Soc.,
Providence, RI, 1964.



ISSN 1563-0277, eISSN 2617-4871 JMMCS. Ne4(108). 2020 https://bm.kaznu.kz

MPHTU 27.31.17 DOL: https://doi.org/10.26577/JMMCS.2020.v108.i14.03

C.E. Aiitxxanos>?* | K.C. Bekenaesa®, I.O. 2Kymary®
'Kazaxcknii HAIMOHAIBLHBIH yEIBepcnTeT nMenn anb-DPapadu, r. Anmvarsr, Kasaxcran
2MHCTHTYT MATEeMATHKE U MaTEeMATHIECKOro Moaenpoanns, . Amvars!, Kazaxcram
3Kaszaxckuil HAIMOHAIBHBI e jarornuecknii yausepeurer nMenn Abas, . Amvarsr, Kazaxcram
*e-mail: Aitzhanov.Serik81@gmail.com

PASPEIHNINMOCTD IICEBJIOTUITEPBOJINMYECKOI'O YPABHEHN A
C HEJIMHEMHBIM I'PAHUYHBIM YCJIOBUEM

Hannasi pabota mocssiiieHa (yHIAMEHTAJIBHON TpobJieMe UCCIe0BAHUS pPa3PerImMOCTH HAYAbHO-
KPaeBoil 3aJaun JIsi KBA3WJIMHEHHOTO ICEBJOTUIIEPOOJNIECKOTO ypPAaBHEHUs (HA3BIBAEMBIX TAKIKe
yDPaBHEHUSAME COOOJIEBCKOIO THIIA) C JOCTATOYHO IVIAJKOW TpaHuiei. B mpemcrabienHoit pabore
ncCIe/lyeTcsl Hava bHO-KpaeBasi 3ajada I KBa3WJIMHEHHOTO ypaBHEHUs IICEBJIOTUIIEPOOIMIECKOTO
THIA C HEeJUHEHHbIM TpaHundHbM ycjoBueM Heiimana-/lupuxsie. B cratbe ¢ momomibio meroya [a-
JIEPKUHA JIOKA3BIBAETCsT CYIECTBOBAHME CJIAOOr0 pelleHns KBA3WJIMHEHHOTO ICeBIOIUIIEPOOIMIECKOTO
ypaBHeHHs B orpanmdennoii obmactu. C wmcmomb3oBanmeM TeopeMm Bioxkenus CoboseBa, MOTyTIeHbI
anpuopHbIe oreHKN pernenusi. [Ipumenenne [ailepKUHCKUX TPUOINZKEHN TO3BOJISIET TIOJIYIUTh OIEHKY
CBEpX BpEMEHU CyIeCcTBOBaHWsA perrenns. /lokazama JoOKaJgbHas TeopeMa O CYIIECTBOBAHWM CJIabOTO
0b6ob1eHHor0 pertennsi. [Ipu jjokazaTesibCTBe CyIIECTBOBAHUsI UCKOMOI'O DPEIeHHsT pacCMaTpPUBAEMOit
KpaeBOil 3a/1a41 UCIIOJIb3YIOTCS AllPUOPHbBIE OlleHKH U TeopeMa Pesumxa-Kongparmmosa. EjuacrsennocTs
cJ1aboro 0OOOIIEHHOTO PEIeHns] HaYaJIbHO-KPAaeBOil 3a/aun KBa3UJINHEHHOTO YpaBHEHUS IICEBIOTUIIED-
60.HI/I‘IeCKOFO TUlla JIOKa3bIBaCTCA Ha OCHOBE IIOJIYYEHHBIX AIIPUOPHBIX OIEHOK M IIPUMEHEHHAd JIEMMbI
I'ponyosnna-Bemnvana. HeobxoguMocTh paccMOTpeHUs W HM3YUeHHs TaKOTO PoJia HAYAJIbHO-KaeBbIX
3ada4 Jid KBa3UJIMHEITHOI'O IICQB,H,OI‘I/IHep6OJH/I‘IeCKOI‘O YpaBHEHUs BBITEKaeT U3 IIPAKTUYICCKUX IIOTpe6-
mocreit. K mpumepy, mpu perrennn auddepeHNIuaIbHbIX  YPABHEHNUH, MOICTUPYIONNX (HDU3UICCKIE
IIPOIECChI, BayKHO, YTOOBI OBLJIO XOPOIee COOTBETCTBHE MEXKJIy BBIODAHHON MOJIEJIBI0 U PeabHBIM
O0OBEKTOM.

KuroueBsbie cjioBa: 1ceBIorunepbonieckne ypaBHeHNsI, HeJIMHEHbIE TPAHIYHBIE YCJIOBUsI, MeTo T ['a-
JIEPpKUHA, CYNIECTBOBAHUE PEIIEHNs, € UHCTBEHHOCTh PEIEeHUI.

C.E. Aitrsxanos!?*, K.C. Bekenaesa®, I.O. Kymarymn3
LOn-Dapabu arsimparsl Kazak yirrTslk yausepenteti, Amvars! K., Kazakcran
2MaremaTnKa ¥KoHe MATCMATHKAIBIK, MOJCILICY HHCTUTY T, A/MaTe! K., Kasakcran
3A6ait arpigarsl Kazak yiITTBIK IeJaroruKaibk, yausepenreri, Aavarsl K., Kasakcran
*e-mail: Aitzhanov.Serik81@gmail.com
ChIBBIKTBI €MeC HIeKaPaJIbIK, IapTThl IICEBIOTNIEPOOJIaNbIK, TeHACY/ iH ITemiMIiIiri

By xymbic kerkijgikTi Teric mekapachl 6ap KBA3UCBI3BIKTHI TICEBIOTHIIEPOOIABIK TEHJEY VIIMiH
(CobosteB TuITI TEHJEYIEP €I TE ATAJATBIH) OACTANKBI-IIETTIK €CENTiH Mmemiayin 3eprreymain ipresi
MoceJIeciHe apHaJFaH. YChIHBLIFaH KyMmbicTa Hefiman-/lupuxiie ChI3BIKTHI €Mec MeKapaJsiblK, MapTTapbl
Gap mceBIOrUIepPOOIATILIK, TUIITI KBA3UCHI3LIKTHI TEHJIEYiHEe apHAJFaH OACTAIKDLI-IIETTIK ecerl 3epTTe-
nemi. Makanaga [ajepkun ofici apKbLIbI IIEKTENreH OOJIBICTa KBA3UCHI3BIKTHI IICEBIONAPabOJIATIbIK,
TeHJeyIiH oJici3 ImenriMiHiH, 6ap Gouysl mosiesieneni. CoOOJIEBTHIH, €Hri3y TeopeMaJiapblH KOJIJIAHY
APKBLIBI IIENTIMHIH alpUOPJILI Oaraiapbl aJblHAbL. [aTepKUHHIH KYBIKTAYTapPhIH KOIIAHY TITETMHIH
6ap 6oy yaKBITBIHAH THIC Darajiaysiap/bl ajyFa MYMKIHIIK Oepesi. OJIci3 KaJjlllblIaHFaH IIENTIMHIH
OGap 0oy KeHiHmeri »KeprigikTi Teopema moseaeHi. KapacThIPBIIFaH IMIETTIK eCenTiH i3 IesiHi
mrerriMinig, 6ap OOJTyBIH JpJIeIey Ke3iHje anpuopsibl Oarasayinap MmeH Pemmnx-Konjparios Teopemach
KoJIaHbLIa bl [lceBmonapabosiaablk, TUIITI KBA3WCBI3BIKTHI TEHJEY VIMH OaCTallKbI-IIeTTiK eCerTiy,
QJICI3 2KaJIIbLIAHFAH MIEMTIMIHIH, YKaJIFBI3/IBIFBI aJbIHFAH allpUopPJIbl Oaratayiap Men I'ponyosur-besmvan
JleMMachl HeriziHe jpoirenaeHe . KBa3suchI3bIKThI ICEBIOTUIIEPOOIAJIBIK TEH/IEY VIITiH 6ACTAIIKbI-IITIETTIK
ecenTep/li KapacThIPy KOHE 3epPTTey KAKETTLIIr NpaKTUKAIbIK MYKTaXK/IBIKTAPJIAH TYbIHIAHIbI.
Mpicasibl, du3uKaJIbK ojepicTepii Moje/bAeiTiH auddepeHIuaiiblK, TeHIeyaep/Ii Ielry Ke3iHje
TaHAJFaH MOJE/Tb MEH HAKTHI O0BEKT apachiHa Oip KAKChI COKECTIK OOTYbI KaXKeTTi 9pi MAHBI3/IbI.
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Tyiiin ce3/ep: rnceBaoruepodoIaIbIK TeHIEYIep, ChI3BIKTHI eMeC MMeKaPaJIbIK MapTTap, lajepKuH oJIici,
merntiMHiH 6ap O0JIybI, IIENIMHIH YKaJIFbI3/IbIEFbL.
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Solvability of a Pseudohyperbolic Equation with a Nonlinear Boundary Condition

This paper is devoted to the fundamental problem of investigating the solvability of an initial-boundary
value problem for a quasi-linear pseudo-hyperbolic equation (also called Sobolev type equations) with a
sufficiently smooth boundary. In this work, we study an initial-boundary value problem for a quasi-linear
pseudo-hyperbolic equation with a nonlinear Neumann-Dirichlet boundary condition. The paper uses
the Galerkin method to prove the existence of a weak solution of a quasi-linear pseudo-hyperbolic
equation in a bounded domain. Using Sobolev embedding theorems, priori estimates of the solution
are obtained. The use of Galerkin approximations allows us to obtain an overtime estimate of the
solution’s existence. A local theorem on the existence of a weak generalized solution is proved. A priori
estimates and the Rellich-Kondrashov theorem are used to prove the existence of the desired solution
to the boundary value problem under consideration. The uniqueness of a weak generalized solution to
the initial boundary value problem of a quasi-linear pseudo-hyperbolic equation is proved on the basis
of the obtained a priori estimates and the application of the Gronwall-Bellman Lemma. The need to
consider and study such initial-boundary value problems for a quasi-linear pseudo-hyperbolic equation
follows from practical needs. For example, when solving differential equations that model physical
processes, it is important that there is a good match between the selected model and the real object.

Key words: pseudohyperbolic equations, nonlinear boundary conditions, Galerkin method, existence
of a solution, uniqueness of a solution.

1 BsBeaenue

[lepBbIM CTPOrUM MaTeMAaTHIECKUM UCCIIEI0BAHIEM 3a/a4d I YPaBHEHWIl, He SIBJISIOININXC yPaB-
nenusimu tuna Komun-Kosasesckoit, siBisiercs nnonepckas pabora C.JI.Cobosiea [1]. Dra xke
pabora 1mpobyuia OOJBINONR MHTEPeC K UCCIEJIOBAHUIO HEKJTACCUIECKNX ypPaBHEHUI, Ha3BaHHBIX
ypaBHEHUSIMI CODOJIEBCKOTO THia. VccaemoBanme 3aad JIsd [ICEBIOTapabOINIECKOr0 TUIA Ha-
4ajioch B KoHIe 1970-x rogax. V3ydeHuto HeJMHERHBIX ypaBHEHUN TICeB10Mapabo/IMIecKoro TUia
HOCBSAIIEHO GOJIbIIOe KoJmuecTBO pador [2]- [22]. MogesupoBanuio busnyeckux mporeccoB, mpu-
BOJSIINX K ypaBHeHusiM Tuiia CobojieBa U, B 9aCTHOCTH, TICEB/IONAPA0OINIECKOTO TUIIA, [TOCBIIIe-
Hbl padorer [6]- [19]. Bompocsl acHMITOTHYECKOrO MOBEIEHHsI PENIeHnil paccMaTpUBAeMbIX 3a1ad
npu GOJILIIMX BpeMeHaX, TEOPHUsl PacCessHusl W YCTONUYMBOCTL PEIIeHUi TUIa YeIMHEHHLIX BOJIH
KakK JIJIsT OJIHOMEPHBIX TaK W JIJIsi MHOTOMEPHBIX ypaBHeHmii Tuna Benmxkamena—bona-Maxonu n
Benzkamena—bona—Maxonn—Broprepca, Poszenay—Broprepca [1], [5]. VccnenoBanuio paspemnmmo-
CTH Ha9aJIbHO-KPAEBBIX 3aJ1a4 /I yPABHEHUH [ICEBI0IapabOINIECKOro U IICEBI0TUIIEPOOTIIECKOrO
tuina cymecrBeHHbIi BKad BHecan Ockonkos A.IL., Anronnes C.H., Koxxanos A.U., Ceemnnkon
A.N., KopmycoB M.O. u MHOTHE JpyTrHue ydeHble.

1.1 IlocranoBka 3aga4u

Pacemorpum B mumunape Qr = {(z,t) : x € Q, Q C R, 0 <t < T} kBasuauHeiiHOoe ypaBHEHUE

O = ) — A= b )2+ f 1), )
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C HeJIMHEHHBIM I'PaHUIHBIM YCJIOBUEM

0% du  Ou
-+ — 4+ K 2y = ['=00 2
52om T an (z,t)|ul” u ) 0, 00 x (0,7), (2)

C HAYAJILHBIMU YCJIOBUSIMU
u(x,0) = up(z), w(z,0)=u(x). (3)

Bnecs ) C R™, n > 3 orpanndenHas o00J1acTh, rpannia 02 T0CTATOTHO TIAJKAA, P U O MMOJOXKI-
TeJIbHbIE KOHCTAHTDBI.
Oyuxryn b(z,t), f(x,t), K(z,t) u up(r) yroBreTBopsier CaeIyOmnuM YCIOBUIM:

0< ko < K(Sﬁ,t) < /ﬁ, 0< Kt(.Z’,t) < ]ﬁ,
0 <b(x,t) <by, 0<b(x,t)<by, (4)
£ (2,050 < Coe™, 7 <1, up(x), ua(w) € W3 (Q).

Onpenenenne 1 Caabvim obobwentvm peweruem sadavu (1)-(3) nasweaemen dynryus u(z,t)

uz npocmpancmea W4 (0, T; W3 () () Lo(T'), xomopas ydosaemeopaem unmezpaibrnomy mosicde-
cmey

’ ou al Pu Ov ou Ov
° o'y duv B -
/0 /Q (615” ! ; (8#8% dr: o, axi) bl )" "urw | ddi
T T
+/ /K(x,t)’u‘0'2uvdrdt:/ /fvdxdt, (5)
0o Jr o Ja

ons ecex v(z,t) € Ly(0,T; Wy () () Lo (T).

1.2 CyurecTBoBaHUE pelleHus

BriGepem B H' () nekoropyto cucremy dyukmmii {V;(x)} obpasyiontyo 6a3uc B JAaHHOM IIpO-
crpanctie. Takas cucreMa 3aBeJIOMO CyINeCTByeT, HockoubKy H' () - cenepabenbhoe nmpocTpan-
crBO. Byjiem nckarh npubinkenHoe perenne 3ajgaqu (1)-(3) B Bue

=3 Crnlt) (), (6)

rie KosdburmeHTsr Ci(t) Uy TCst U3 yCa0BHit
Z it >{ / x} n
k=1
C /Z(N’“ +Zc (t)/K(x £) [t |72 W W T —
mk o 8$z £ mk . ) m k¥*j
—ZCink(t)/b(m)!umt\PQ\Pktlfjdx:/f-\pjdx, (7)
k=1 Q2 Q

O\Ifk ov;
Vil +Z ox; 6:7[:Z

k:l
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k=1 k=1

IIPIYEM  Upng — Ug CHIBHO B H' () 1ipm m — oo. (9)

Bsenem obo3naveHms:

Ch = {Cim(t), .., Coum (D}
akj = /Q [\I’k‘lfj + (V\Ifk, V‘I/])] d$,

- / K (2,t) [t,|7 20,0 ,dl + / b(z,t) |[tme|P 2V U da + / f-¥;dz,
r Q Q

A (C) = fa (G) } G (Gn) = {2 ()}
Torma cucrema ypapuenuii (7) npuHAMaeT MATPUIHBINA BU/T
A0 =G (ém) cr. (10)
Yunozum obe wactu pasenctsa (7) ma Cy,;(t) 1 mpocymMMupyem 06e 9acTH TO/Ty TUBIIerocs PaBeH-

cTtBa 110 j = 1, m. B pe3y/ibrare 1m0/IyduM paBeHCTBO

1d

537 I+ 1V VP + 2% [ K (ol =

:/Kt(w,t)|um]”df+/b(x,t)]u;n|pdx+/f-u;ndx. (11)
r Q Q

OuennM mpaByto 4acTb ToxkjiecTsa (11), HpuMeHnM crie/yIolye HHTEPIOJIAIMOHHbIE HEPABEHCTBA

Op p
1-6 2 2
lullh e < G (IVulg + llull o) 2 Iule™ < €1 (I9ul3q + lull}q) 2.

(p—2)N 2N
=—""—0<1,2<p< N > 3.
FII\e 2p ) ) p N_27 —
Oo o
1-60)c 2 2 \9
lullg < €5 (IVull o + Nul3a) 2 Tulls” < 4 (IVulllg + lul}q) 2 <
p
< G (IVull3q + lull3g) 2 + Co,
N —2(N -1 2(N —1
e § = 2 ( ),0<9<1,2<0<¥,N23,
2p N =2

p
[ ot Ol ar] < i (19000 + unlE0) 2 + 1 Ca
I

/ b, O)|ul, [Pdz
Q

N3

2 2
< by [l 0 < 01 (V8 30+ sl o)
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1 9 1 9
< HfH2Q HulmHQQ < B) ”fHZQ + ) Hu;nH2Q <

Lo 1 2 2
<51 a+5 (190 + lulle) - (13)

[Toncrasiss nosydenuble Hepasencersa (12) u (13) B Toxkaecrso (11), mosyanm
ﬁ-Uwﬁ+wwﬁ+wumm+3i/K@wmrw<
dt Jo' ™ " " odt Jr T -

2 2 2 2 o
< (I9li0 + Nl + Vel + 2 [ Ko Olunlar) +
p
2
+C IVl + Il + 19l + 2 [ Ko 0lundr) 2 4o+ 20:Ca, (1)
T

2
O6osnaunm uepes y(t) = /Hu;,f—k V!, 2+ |V, |!de + = / K(z,t)|ty,|7dl, Torga (14) npumer
o
—_— 0 r
p
dy(t 5
W < o) + ]2 + Coe + 2005,

O6osnaunm 1epes z(t) = e 'y(t) u uarerpupyem or 0 j10 ¢, Oy IUM

C e P2 D
z(t) < 2(0) + 2k,C5 + 1 L C’4/ e 2 [z(s)]2ds.
- 0
[Ipumenus k kKoropomy jemmy ['ponyosia-Bemana-Buxapu [23], ecim
p—2
¢ 1
Cile 2 —-1|< 0<t<T,

p—2’

TOTJIa CIIPaBEJINBO HEPABEHCTBO

2
/[|u;n|2+ YVl |? + IVum|2}dm+—/K(:c,t)|um|"d1“ <
Q 0 Jr

C5€t
< 5
p—2 p—2 p—2

1_052 04 e 2 —1

2 2
Cs = [y, (2,0l + Vs, (2, 0) |50 + Vet (2, 0) 5.0 +

2 !
+—/K@@m4%wwnmm@+ ° . (15)
g Jr 1 Y
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N3 370i1 O1eHKN MOYKHO CJIeIaTh BBIBOJ, YTO cyIecTByeT Ty > 0 Takoe, 9TO

2
/Hu;n!2 + [V, |* + [V *)dz + - / K (, 1) [um|”dl" < Cg, (16)
Q r

st Beex t € [0, T, T < Ty, re nocrosinnast Cg He 3aBucut or m € N,
Temnepn ymuozum pagencreo (7) na Cy;(t) n npocymmupyem 1o j = 1, m. B pesysbrare moiy-
M

1d 1
dt/b(x,t)\umpdx—]—j/ﬂbt(x,t)]u;n\pdx—

2
HulrlrLHQQ + |V, H2Q =

—/K(x,t)|um]"_2umumttdl“—/VumVumttdx—i—/ﬂuZIdx.
r Q Q

[TpounaTerpupyem o 7 ot 0 J10 ¢, TOT I8 TOJYIUM COOTHOIIICHUE
t 1 1 )
(el + 19 0 dr == | o Ot (. O)Fd 4 | bl o)l

——/ /bt x, )|, \dedT—/ /K x, )| um|” 2umumttdFdT—
t
—/ /VumVumttdxdT+/ /f-u;;dxdr (17)
0 Ja 0 Ja

OH@HI/IB&H IIpaBYIO 9aCTb U IIO/CTaBUM B TOKJIECTBO (17), IIOJIy9YUM

1 t
5 [ a3 [ 19 Badr < o,

T
/0 e 2o dr + / IVl |2 g dr < . (18)

13 nosywennsix oreHok (16), (18) BbITEKAIOT COOTBETCTBEHHO CJIC/YIOIIHE YTBEPIK ICHIS:

Uy, orparmaento B L. (0,T; H'()), (19)

! orpammiaento B Lo (0,T; H'()), (20)

m

o

K(z,t)|tm|” ?uy, orpanmaento B Ly (0,T; Ly/(T)), o = > 1. (21)

c—1

u!,  orpammdenno B Lo(0,T; H'(Q)). (22)
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Kpowme Toro, B cuty moctaBIeHHBIX YCJIOBHI Ha P:

U [P, mbox Loo(0,T; L p (R)),2<p <
p—1

N >3 23
N-—2 V7 (23)

3 (19) u (20) coegyer, 9T0 CyMIECTBYET OIOCIIEI0BATEBHOCTD Uy, HOCIIEI0BATEIBHOCTH Uy,
*-cabo cxongmasicst K HeKOTOpoMy asiementy ul, € Lo (0,T; H'(Q)), Te.

u! - — u' *-cnabo B Loo(0,T; HY(Q)).

mg

Ananornansiv o6pasom, u3 (20)-(23) BbITEKaeT, 4TO CYIIECTBYET TaKas I10CJIEI0BATEIbHOCTD
{ur,, } € {u],}, aro v, — w'cnaGo B Ly(0,T; H'()).

B cuny reopembr Pesunxa-Kongpamosa, snoxkenue Wy (Qr) B Lo(Qr) KoMIakTHO. DTO 03HA-
9aeT, UTO MOCTIE0BATEIBHOCTD U, MOXKHO BBIOpaTh Tax, 9to u,, — — u' B HOpMe Lo(Q7), a
SHAUUT CXOJAIIEHCS TTOUTH BComy [24].

U3 (22) crenyer, aro K (z,t)|um|” 2ty € Loo(0,T; Ly (T)), o = 7 > 1 ucxomnres ot
o —
seony B (0,7).
Us orpannientoctu /K (x,t)|um|"2uy, B Ley(0,T; Ly(T)), o = Ll > 1 BbITEKaeT cJia-
0' —

Gast CXOIMMOCTh B 3TOM MPOCTPAHCTBE MOJIIOCTEN0BATENbHOCTH K (T, ) [t |7 2 U,
byukumit x(z,t).
B custy semmbr 1.3, joxkazannoit B [24], cneyer x(z,t) = K (z,t)|ul"?u.
[IpuBeieHHbIE PACCY K IEHUS TTO3BOJISTIOT Tiepeiitu K npeseny B (7). Ho cHagania yMHOKUM Kazk-
noe u3 pasencts (7) ua d;(t) € C[0,T] u npocymymupyem 06e 9acT IIOJIy 9UBIIErOCS PABEHCTBA 110
j = 1, m. 3arem npounTerpupyem 1o t ot 0 g0 T', HosyInM

N Um aH ou &u 8um -
/ / < ( ot20x; Ox; + 0x; 8:@) + 7’“ o b<$7t)‘umt‘ Uit | dedt—

T T
—/ /K(z,t)\um|"_2umudfdt:/ /fudxdt, (24)
o Jr 0o Ja

, K HEKOTODOii

rie p(x,t) = Zd

y‘{I/ITbIBaSI HOJIyquHHe BKJIIOUEHUs] M CXOJUMOCTH, Iepeiiem B (24) K upemeny mpu
m — oo u nomyunMm (5) g v = p. Tak kak MHOXKecTBO Beex dyHKmil p(z,t) mior-
no 8 Wi (0,T; W2(Q)) () Ls(T), To mpesenbHoe cooTHOIIEHHe BbIIOJHAeTCs I Beex v(x,t) €

Ly(0,T; Wy (€2)) () Lo(T).

2N
Teopema 1 [Tycmo evnoanstomes ycaosusa (4), a makorce 2 < p < N o N >3 2<0<
2(N —1)

N —2
nue u(x,t) sadawu (1)-(3), npuvem umerom mecmo caedyrousue 6KAOUEHUA:

, N > 3. Tozda na unmepsane (0,T), T < Ty, cyuwecmesyem caaboe obobusernoe pewse-

u € Loo(0,T; HY(Q)), us € Loo(0,T; HY()),

’ [

uy € Lo(0,T; H'(Q)), [ul”*u € Loo(0,T; Ly(T)), o = > 1.

oc—1
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1.3 EauHCcTBEHHOCTH CJIaOOro 0GOOIIEHHOI0 pPelleHus

[Ipeamonoxum, aro 3ajgada (1)-(3) umeer apa pemenus: ui(x,t) u us(x,t). Torma ux pasHocTsb
u(x,t) = ui(x,t) — us(x,t) ymosrersopsier ycaouio u(x,0) = 0 n ToxecTBY

K ou N PBu v Ou v 9 9
/ /(a—+2 (o m * ;) = ™) Qe = a0 o) o+
t
—|—/ /K(a:, 7) (lua 7wy — |u2|”*us) vdl'dr = 0.
0 Jr

B cuny v(x,t) € Ly(0,T; WH(Q)) () Ly(T), To B KadecTre v(x,t) MOXKHO B3aTh U (7, 1), T.€. T0JI0-
KoM v(x, t) = w(z,t)

/t/ du +§N: _Pu_Dur | Oudu
o Ja 07'UT 87’28951 ox;  Ox; Ox;

—b(z,T) |u17]1”_2u17 — |uar P~ UQ-,—) uT) dxdr+

¢
+/ /K(I,T) (Jur|" 2w — Jus|”?us) u,dldr = 0. (25)
0 Jr
[IprMeHnM crie/yromee HepaBeHCTBO
g |Tuy — Jug|us| < (¢ + 1) (Jug|? + |uz|?) |ur —ug] mpum ¢ > 0.
Torna (25) sanumercs Buje

1 t
5 / [Jur | + [Vu, |* + |VuPldr < Ki(o — 1)/ / (Jut]772 + u2]”~?) uu dldr+
0 0 Jr

t
bl/ / <|u17"p_2 + |u27|p—2) U,Qrdl’dT (26)
0 JQ

OmernM mpaByIo 9acTh HepaBeHCTBa (26), mpuMeHsis HepaBeHCTBO [ebiepa

b(xv 7-) (|ulr|p_2ul7' - |u27'|p_2U27-) qu:BdT S

t
<b(p— 1)/ / (|U1r|p_2 + |U27|p_2> uidrdr <
0o Ja

7”—2 r—2
2r
<b(p-1) / /|u17| r—2 dxdr / /]u27| r—2 d:rdT X
1 1
! r( [ 2
X (/ /uidazch) (/ /uzdde)
0o Ja 0o Ja
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1
[omoxnm r = ~_o? <2+ N _3 N > 3. Torna no teopeme Bioxenus Cobosesa H!(2) C
L.(Q) u HY(Q) C Loy(p—2)/(—2)(2). B s10M citytae, yuurbiBas KJIace INIAIKOCTU pernenuii uy (x, t)u

us(x, 1), IPUXOJUM K OIEHKE

t
<G [ (IVurlio+lulie) dm. @D

b(‘x7 7—) (‘u17|p*2u17_ - ’u27_‘p72u27_) Ule'dT

AnasormaHbIM 00pa30M, OIEHUBAECTCS

(Jur]"™2 + u2]”~?) wu, dldr| <

7"—2 r—2
0'—2 0'—2 or

/ /|u1| r—=2 dxdr / /|u2| r—=2 dxdr X
1 1
¢ - t B
X (/ /urdxdr) (/ /u?_dIdT)
0 Jr 0 Jr

2(N —1 1
%, o < 2+ N9 N > 3. Torma o teopeme Boxkenusi CobosieBa
HY(Q) C L,(I') u HY(Q) C Lov(o—2)/(r—2)(I'). Yuursisas xnacc rajgxkocru pernenuii uy(z,t) u

Us(x, t), IPUXOANM K OIEHKE

[Tonoxkum r =

t
(Jur] 2 + |u2|7~?) i dlr | < C / (IVurli3e + VUl + lurli3g) dr. (28)
0
B cuny (27), (28) mosyunm
! 2 2 2
[l + 90+ 1Vl < € [ (19l + 190l + el ) dr (29)

KOTOpoe B cuity Jiemmbl I'ponyosta-Bennmvana sneder [, (|u-? 4 [Vu,|* + |Vu|?) de = 0 nourn
BCIOJy Ha BpemenHoM nnTepBasie (0,7), 9T0 03HAYAET €MHCTBEHHOCTD CJ1aboro 060BIIEHHOTO pe-
menng. TaknuM oOpa3oM CIipaBeInBa

Teopema 2 [Iycmv evinosnsaomes ycaosusa (4),

1 1
2 24 ——, N2> <24+ ——, N >3

Tozda craboe obobuwennoe pewenue zadawu (1)-(3) na unmepsane (0,T) edurcmeerro.
2 BuaarogapnHocTu

Pa6oTa BBIIIOJIHEHA [IPH IOIECPKKE FPAHTOBOrO (DPUHAHCUPOBAHUA IPOeKTa MuHucTeperBoM obpa-
soBanust u HaykKu Pecnybiukn Kaszaxcran (rpanter Ne AP08052425).
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DIRECT KINEMATICS OF A 3-PRPS TYPE PARALLEL MANIPULATOR

Parallel manipulators with six degrees of freedom and three limbs have a large workspace and less
complex singular configurations compared to the parallel manipulators with six degrees of freedom
and six limbs. This paper is presented to solve the direct kinematics of a novel 3-PRPS type parallel
manipulator with six-degrees-of-freedom, where P, R, and S are prismatic, revolute and spherical
kinematic pairs respectively. The considered parallel manipulator is formed by connecting a moving
platform with a fixed platform (base) through three closing kinematic chains of a PRPS type in
which the prismatic kinematic pairs are active and they are located on a fixed platform and legs. The
constant and variable parameters of the considered parallel manipulator characterizing its geometry and
kinematics respectively are determined. In the direct kinematics, the positions of the moving platform
are determined by the known constant parameters of the links and the given variable parameters of the
active kinematic pairs. An analysis of the obtained equations of the direct kinematics showed that the
variable parameters of the active prismatic kinematic pairs are set free, and these equations are reduced
to a 16" —order polynomial equation with passive kinematic pairs variables. Numerical examples of the
considered parallel manipulator’s direct kinematics are presented, and the results showed that the direct
kinematics equations have four solutions corresponding to the four assemblies of the parallel manipulator.

Key words: parallel manipulator, moving and fixed platforms, direct kinematics.

2K.2K. Baiiryruexos, A.H. Kacunos*
On-Papabu arbiagarsl Kaszak yaTTelK yHEBEpCHTEeTI, AJMaTh! K., Kaszakcran
*e-mail: kasinov07@gmail.com
3-PRPS Typaeri napasies MaHUMYJISTOP/BIH Typa KUHEMATUKAIILIK ecebi

ANTBl epKIHIIK Joperkeci »KoHe VII agrbl 6ap napasieb MAHUIYJIATOpJIap aldThl epKIHIIK JIope-
JKecl JKoHe aJlThl asfbl Oap Mapesieh MaHHUIYJIATOpJapra KaparaHja YIKEH >KYMBIC AJaHbl JKOHEe
KapamailbIM CHHTYJISIPJBIK, KOHUrypalnusichiia ne. Byn kymbicta P, R xome S-inrepinemerni, aii-
HAJIMAJBI KoHe cdepasblK KHHEMATHKAIBIK KYITap. KapacThIpbLIFAH TAPAJIETIIl MAHUITYISITOD
irepiyieMesti KWHEMATUKAJIBIK, OeJICeH Ti OOJIATHIH YKoHE oJIap KO3FaJIMalThIH I1aTdopMa MeH asKTap/ia
opuanackan PRPS tunTi ymr TyHbIKTaymbl KHHEMATHKAIBIK Ti30EKTeD apKBLIbl YKBIIKBIMAJIBI TLIAT-
dopmanbl KbuKbIMaiiTeH 1wardopmamen (Herizben) OipikTipy KosbiMen Kypburrad. [lapasutesi
MAaHUITYJISTOP/BIH, OHBIH NeOMETPUSCHl MEH KMHEMATUKACBIH CHUIIATTAWTBIH TYDPAKThl »KOHE ailHbIMAaJIbl
rmapameTpJiepi aHbIKTaIbl. Typa KHHEMAaTHKa/1a KO3FAJIAThIH I1aT(GOPMaHbIH OPHAJIACYBI Oy bIH IaPIbIH,
OeJrisii TYpaKTDHI IMapaMeTpJiepiMeH 2KoHe OeJICeH Il KMHEMATUKAJIBIK, KYIITAP/IbIH OeplireH aiffHbIMAasIbl
mapaMeTpJepiMeH aHBIKTAIaIbl. Typa KHHeMATHKAHBIH aJbIHFaH TEHIACYIepiH Taamay Oescenmi is-
repijieMesi KHHEMATUKAJIBIK, YKYIITAP/IbIH, allHBIMAJIBI TapamMeTpJiepi 60caThlIFAaHBIH KOPCETTI KoHe OyJI
TeHzeyaep 16—peTTi MoIMHOMUAJIIBIK, TEHJIEY/IEH TTACCUBTI KHHEMATUKAJIBIK, 2KYIITap/IbIH aliHbIMAaJIbLIAD
TeHJeyiHeH KypaJsajbl. KapacThIpblIraH Mapajiieb MaHUIYJISTOPIbIH TiKeslell KHHeMaTUKACHIHBIH,
CaHJIBIK MbICAJIJIAPBI KEJITIPIJINEH YKOHE HOTUKEJIED TiKesell KHHEMaTUKAHbIH TeHJIEYJIePIH/JIe TapaJlIesb
MAaHUIYJISATOP/BIH, TOPT TYHiHiHe coffkec TOPT IIentiM OOJIATHIHJIBIFBIH KOPCETE .

Tyitin ceszzep: napaJsuiesi MaHUIIYJISITOD, *KbLIXKBIMAJIBI YKOHE KO3FaJIMalThiH II1aTdOopMaap, Typa
KUHEMATHKA.
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IIpsimas 3amavya KMHEMATUKY HapaJuieIbHOro ManunyJisitopa suga 3-PRPS

[Tapastebable MAHUITYISITOPHI C IMECTHLIO CTEHNEHSMH CBOOOJBI M TPEMsI HOTAMU HMMEIOT OOJIBITYIO
pabouyIo 30HY M MeHee CJIOYKHBbIe CHHIYJISIPHBbIE KOHMUIYPAIMU 10 CPABHEHHUIO C IHapaslebHBIMHI
MaHUIIYJIITOPAMHI C IECTBIO CTENEHSIMU CBOOOJIBI U IMecTbio Horamu. Jlannas paboTa MOCBSIIEHA
PEIIeHnTo TIPSMON KHHEMATHKHM HOBOTO TMapaJsiiebHOro MaHumyagaTopa Tuna 3-PRPS ¢ mectnio
crerieHsimu cBobozbl, rie P, R u S-npusmarudeckue, Bpariaresbable n cepudecKne KHHEMaTHIeCKHe
mapbl COOTBETCTBEHHO. PaccMaTpmBaeMblil Mapasie/IbHBI MaHUTYIITOp OOpPA30BAH IIyTEM COEIIHe-
HUs [OJBUKHOIM TIaTGOPMBI € HENOJBIKHOM IIaTdopMoil (OCHOBAHMEM) Yepe3 TPH 3aMBIKAIOIIUE
kuneMartudeckue tenu turna PRPS, B KOTOPBIX aKTUBHBI MPU3MATHYIECKNE KUHEMATHYIECKHUE Maphbl U
OHU PACIIOJIOYKEHBI Ha HEIOABIKHOI 1raTdopme n HokKaX. OIpesiesieHbl IIOCTOSHHBIE U IIEPEMEHHBIE
IapaMeTpbl PACCMaTPUBAEMOr0 MapaJJIeIbHOIO MAHUITYISITOPA, XapaKTePU3YIOIIe COOTBETCTBEHHO €TI0
TEOMETPUIO W KUHEMATHKY. B MpsaMoil KUHEeMATHKE MTOJOXKEHUs JIBUKYIIEHcsa mraTdOpMbl OpeIes-
IOTCSl M3BECTHBIME ITOCTOSTHHBIME ITapPaMETPAMHU 3BCHBEB U 33JIAHHBIMUI [T€PEMEHHBIME I1apaMeTpaMu
AKTUBHBIX KUHEMATHYECKUX Hap. AHAIU3 [MOJIyYeHHbIX YPABHEHUI NPSMON KUHEMATHKN [TOKA3aJI, YTO
IepeMeHHbIe NTapaMEeTPbl AKTHBHBIX MPU3MATUYECKUX KHHEMATHYECKHX Hap OCBOOOXKIAIOTCS, W ITH
YPaBHEHHS CBOJATCA K IOJMHOMHUAJIBHOMY ypaBHeHHIO 16 —TO IHopsijgka C IePEeMEHHBIMH ITaCCHBHBIX
KnHeMaTn4decKux nap. lIpemcraBieHsl dmciieHHbIE NIPUMEPHI MPSAMON KHHEMATHKH PACCMaTPHBAEMOTO
IapaJIeIbHOIO MAHUILYJISATOPA, U PE3YJIbTAThl MTOKA3aJIM, YTO YPABHEHHUS IPAMOI KMHEMATHUKH UMEIOT
JeThIpe PeIIeHHs, COOTBETCTBYIONIHE YeThIPEM y3JIaM IapaJlIeIbHOIO MaHUIYISTOPA.

KitroueBnble ciioBa: napaJie/bHblil MAHUITYIATOD, TOABUYKHBIC U HEIIOIBUKHBIC TIIAT(OOPMBI, IPIMast
KHHEMAaTHUKA.

1 Introduction

Parallel manipulators with closed-loop kinematic chains, in comparison with serial manipulators
with open-loop kinematic chains, have high stiffness, carrying capacity, positioning accuracy and
dynamic characteristics [1-7]. Most parallel manipulators with six-degrees-of-freedom have six legs,
i.e. six kinematic chains connecting a moving platform with a fixed platform (base). One of the
problems of parallel mechanisms is a reduction in the number of their legs. With a decrease in the
number of legs, the workspace of parallel manipulators increases and singular configurations are
reduced.

Three-legged parallel manipulators (tripods) are currently being developed. The following types
of tripods are known: 3-URS [3], 3-ESR [9], 3-RRPS [10], 3-RES [11-13], 3-PPSR [14], 3-CRS [16],
3-CCC [17, 18]. We have developed a modern 3-PRPS type parallel mechanism with six-degrees-
of-freedom which in comparison with existing tripods, has a large load capacity. Figure 1 shows
the 3D model of the developed parallel mechanism, where the moving platform 2 is connected to
the fixed base 1 through three identical legs 4-5, 7-8, 10-11 of a PRPS type.

One of the legs 4-5 of this parallel manipulator (Fig. 1), where the hydraulic cylinder 3 moves
the leg 3-4 on the fixed base 1, forms the prismatic kinematic pair A. Link 4 is connected by forming
the revolute kinematic pair B. Link 4 is connected with link 3 by hydraulic cylinder and the moving
platform 2 through the hydraulic cylinder C and spherical D kinematic pairs respectively.

In works [15] and [19], the geometry of this parallel mechanism was studied and the inverse
kinematics was solved. According to the developed principle of forming of parallel manipulators,
the considered parallel mechanism of a 3-PRPS type is formed by connecting the moving platform
2 with the fixed base 1 through three passive closing kinematic chains 4-5, 7-8, 10-11 of a PRPS
type with zero degrees-of-freedom. To describe the geometry and study the kinematics of this
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Figure 1 - 3D model of a 3-PRPS type parallel manipulator

parallel manipulator, two Cartesian coordinate systems UVW and XY Z are fixed at two elements
of each kinematic pairs. The W and Z axes of these coordinate systems are directed along the axis
of rotational and translational motions of the kinematic pairs elements, and the U and X axes
are directed along the direction of the perpendicular ¢, drawn from the W axis to the Z-axis. The
transformation matrix T, = Tji(ajk, ik, bjk, Bik, Cik, Vi) between the coordinate systems U;V; W
and XY} Z, having six parameters has been formed in [19]. The transformation matrix G, of
the coordinate systems fixed at the ends of binary links is called the matrix of binary link, and it
has constant parameters characterizing the geometry of the links. The transformation matrix P;
of the coordinate systems fixed at the two elements of each kinematic pair is called the matrix of
kinematic pair, and it has variable parameters characterizing the relative motions of the kinematic
pair’s elements.

2 Direct kinematics of a 3-PRPS type parallel manipulators

In Figure 2 the leg 3-4 with the chosen coordinate systems, where U; VW] is an absolute coordinate
system fixed at the base 1, and PX,Y,Z, is a coordinate system fixed at the moving platform 2.

This leg has the following constant parameters ;s = 90° c13 = 003, a3 = 0504, a9 =
—90°, 715 and the following variable parameters cs3 = 0304 = s3, c4o0 = 0409 = S5,744 = 04 Other
two legs have similar parameters. Let consider the direct kinematics of a 3-PRPS type parallel
mechanism. Since all three legs 3-4, 7-8, 10-11 have similar constant and variable parameters, for the
convenience of calculating, the parameters a;x, o, bjk, Bjk, ¢k, Vjx are denoted by a;, cv, b, B, ¢i, Vi,
and the lengths of the links 3,4,7,8,10,11 and the angles determining their positions, are denoted
by ss3;, s5; and 64 where 7 is the serial numbers of the legs, i.e. i = 1,2, 3.

We, then, determine the coordinates of the centers of the spherical joints Os; of the moving
platform 2 in the absolute coordinate system U; V;W;

[17 UOQN VOQ@'J WOzi]T = G13i . P3P; . G34i : P?z : P;[la 07 07 O]T7 (7' = ]-7 27 3) (1>
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Figure 2 — Leg 3-4 with the coordinate systems

where G3;, Gy, are the matrices of links, and P4, PE P are the matrices of kinematic pairs.
From the systems of matrix equations (1) we obtain

53¢ * $Y13i — S5¢° SV13i * 50y = Uozl-
—83; * CY13i — S5i * CY13i - S04 = VOQi (2>
C3i + a34i — S5; - s04 = Wo,,

where, s and ¢ denote sin and cos.

Multiplying the first and the second equations of the system (2) on ¢y;3; and s713; respectively,
and add them, we obtain, that all three variable parameters have disappeared. Therefore, these
two equations are interdependent and the variable parameters s3; should be setting.

Then, we set the parameters ss; and for determine the angles 6,; derive the following system of
equations

(U021 - U022)2 + <V021 - V022)2 + (WO21 - W022>2 = a?
(U021 - U023)2 + (VO21 - VO23)2 + (WO21 - VVO23)2 = a? (3)
(U022 - U023)2 + <V022 - V023)2 + <W022 - W023>2 = a?

where a are the distances between the spherical joints O,;. After some transformations, from the
systems of equations (3) we obtain

—S51 852 ¢ 6(7131 - ’7132) - 8041 - 8042 — 531 - 851 - 5041 + 531 - S5 - 6(7131 - ’7132) : 394249
+832 + S51 - 0(7131 - ’Y132) 8041 — S39 - S50 - Ssa — S51 -+ Sz2 - Clya - clyy = Ny,

—551 + 853 - C(V131 — V133) - S0a1 - 5043 — 531 - 551 - S041 + S31 - 553 - (Y131 — Y133) - SOaz+ (4)
+831 * S53 0(7131 - 7133) - 8041 — 833+ S53 - 8043 — S51 - S53 - Clag - clyy = No,

—S552 ° S53 ¢ 0(7133 - 7132) + 8043 - S04z — S33 * S53 - S04z + S5 - S33 - 0(7133 - 7132) - 8040+
+832 - S53 0(7133 - 7132) - 8043 — 832+ S5 - Slgp — S52 + 853 - Clyp - iz = N3,
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where 2 2 2 2 2
N, — a® — 83 — S35 — S5 — S59 + 2+ 531 - 832 - ¢(V131 — V132)
1= 5 ,
2 2 2 2 2
N, — a® — 83 — 85 — S33 — S53+ 2+ 831 * 833 (7131 — V133)
2 = 5 ,
2 2 2 2 2
Ny = a® — S35 — S5y — S35 — S5 + 2+ 530 - 833 - ¢(V133 — V132)
5 .

We use the following expressions t4; = tan(0y;/2), sy = 2ty /1 +1%;, by = (1 —13,)/(1+t%), i =
1,2,3 to the system of equations (4)

D-til—i—E't@—&—F:O, (5)
Q-3 +R-ty+T=0.

where A = AH . t?ll + A12 . t41 + A13, B = Bu . tz212 + Blg . t42 + Blg, C = 011 . tiz + Clg . t41 + 013,
D = Dy - t33+ Dyg - tag + D13, E = Eyy - 135 + Eig -tz + Ei3, F = Fyy - t3 + Fig - tag + Fis,
Q = Qu - th + Q2 tas+ Qiz, R = Riy - thy + Rip - tao + Rig, T = Thy - 3y + Tio - tar + T3,
A = Ny + 85 - 552, Alg = 2-539 - S50 — 2 531 - S50 - 0(7131 - 7132), A13 = Ny — 851 " 852, Bi1 =
2831851 — 2832 851 - 0(7131 - 7132), By =4- 551 55" 0(7131 - 7132)7 Bz = 253155 — 532 551"
C(’Y131 —7132)7 Ci1 = N1 — 351852, C1g = 2+ 532+ S50 — 2+ 531 * S52 '0(7131 - ’7132), Ci3 = N1+ 551 852,
D1 = Ny + 551 - 853, Dig = 2 - 533 - 853 — 2+ 531 - 853 - ¢(V131 — V133), D1z = No — 851 - 853, By =
2'531'551—2'351'833‘0(7131—7133), Eyy = 4'851‘853'6(7131—’7133), Ey3 = 2'531'851—851'833'0(%31—%33),
Fii = Ny — 531+ 851, Fio = 2 - 533+ 853 — 2 531 - 853 - ¢(7131 — 7133), Fiz = No + 851 - 853, Q11 =
N3+ 52+ 553, Q12 = 2533+ 550 — 2+ S50 833 0(7133 —7132), Q13 = N3 — 852853, 11 = 2533853 — 2~
532853 C(V133 — M132), L2 = 4+ S50 553+ (133 — V132), Rig = 2+ 533+ 53 — 2~ 532+ 553 - (V133 — V132),
Ty = N3 — 852+ 853, T12 =2 832 S50 — 2 552 * S53 - 0(7133 - 7132)7 Ti3 = N3 + 52 - S53.

On the base of the Sylvester method [20] from the first two equations of the system (5) we
derive the following matrix

A B C 0
0 A B C
D E F 0 =0 (6)
0 D E F

and get out of the variable t4;. From the determinant of the matrix (6), we obtain

Z G-ty (7)

where the coefficients G; are the 4""-order polynomial equation with the variable t45. Continuing
to use the Sylvester method from the equation (7) and the third equation of the system (4), we
get out of the variable

Q R T 0 0 0

0O O R T 0 0

0o 0 Q R T 0|

o o o ¢ r 7|0 (8)
G G2 Gi3 G Gi5 0

0 G G2 Gis G Gis
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From the matrix (8) we obtain the 16""-order polynomial equation with the variable ¢4

16
> Peeth =0 (9)
k=0

The variable ¢4, is determined from the equation (9), then we can determine the variables 4o
and t43. The formation of coefficients G; and P, of the equations (7) and (9) and their calculation
are based on Matlab. Of all the solutions of the equation (9), we choose those solutions for which
the distances between the spherical joints are equal a.

3 Numerical examples

The following constant parameters a; = 15, ¢; = 7, 71 = 90°, v = 210°, v3 = —30°, a = 74,48 ,
and for each case we set parameters of the legs 4-5, 7-8, 10-11.

Using the obtained values of the angles 6,1, 049, 043, the coordinates of the spherical joints
centers of the moving platform 2 in the absolute coordinate system OUyV W, are determined
(Table - 1, 2, 3, 4).

Table - 1 — s3; =60, (i =1,2,3), s51 = 93,7618, s55 = 91,9882, s55 = 98,2112

041 040 043 Uou; Voui Woui
37.004 | -0.000 118.047
0.235 | 1.255 | 0.125 | 16.681 -28.892 | 52.479
-24.280 | -42.053 | 113.274
-33.993 | 0.000 52.317
1.259 | 0.231 | 0.129 | -18.737 | 32.454 117.593
-24.078 | -41.704 | 113.222
42.970 -0.000 119.282
0.173 | 0.173 | 0.190 | -21.514 | 37.263 118.733
-21.327 | -36.940 | 112.338
42.563 -0.000 119.210
0.177 | 0.169 | 1.208 | -21.717 | 37.615 118.804
12.996 | 22.510 | 54.665
42.563 | -0.000 -75.210
2.964 | 2.972 | 1.934 | -21.717 | 37.615 -74.804
12.996 22.511 -10.665
42.970 | -0.000 -75.282
2.968 | 2.968 | 2.952 | -21.513 | 37.262 | -74.733
-21.327 | -36.940 | -68.338
-33.993 | 0.000 -8.317
1.883 | 2.910 | 3.012 | -18.737 | 32.454 | -73.593
-24.077 | -41.703 | -69.222

o s e ] e ] e ] e ] | e ] | e ] =~
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Table - 2 - S3; = 60, (Z = 1,2,3), S51 = 95, Sgo = 93, S53 = 96

041 042 043 Uoui Voui Woui

-30.438 | 0.000 51.085

1.260 | 0.205 | 0.157 | -20.245 | 35.065 | 115.997

-22.714 | -39.341 | 113.851

41.317 | -0.000 115.145

0.198 | 1.267 | 0.166 | 15.797 | -27.362 | 50.747

-22.323 | -38.665 | 113.724

43.016 | -0.000 | 115.469

0.180 | 0.178 | 0.184 | -21.488 | 37.218 | 116.478

-21.476 | -37.197 | 113.424

43.799 | -0.000 | 115.608

14.046 | 24.328 | 51.813

43.799 | -0.000 | -71.608

2.970 | 2.955 | 1.897 | -21.096 | 36.539 | -72.334

14.046 | 24.328 | -7.813

43.016 | -0.000 | -71.469

2.962 | 2.963 | 2.957 | -21.096 | 37.218 | -72.478

-21.476 | -37.197 | -69.424

41.316 | -0.000 | -71.145

2.943 | 1.874 | 2.976 | 15.797 | -27.362 | -6.747

(]
1
[ 2]
3]
1
[ 2]
[ 3]
1
[ 2]
[ 3]
1
2] 0.171 | 0.187 | 1.244 | -21.096 | 36.539 | 116.334
3]
1
2]
[ 3]
1
2]
Bl
1
2]
3]

-22.323 | -38.665 | -69.724

Table - 3 - S3; = 60, (’L = 1,2,3), S51 = 95, S5 = 90, S53 = 75

011 042 043 Uoui Voui Woui

39.671 -0.000 | 114.799

271 0.216 | 1.196 | 0.155 | 4.890 -8.470 | 49.488

-23.066 | -39.950 | 110.925

42.199 -0.000 | 115.317

0.188 | 0.265 | 0.183 | -20.161 | 34.920 | 94.373

-21.808 | -37.773 | 110.496

-33.398 | -0.000 | 39.372

1.387 | 0.076 | 0.343 | -27.153 | 47.031 | 96.784

-14.864 | -25.746 | 106.756

25.663 -0.000 110.578

13.973 24.202 | 41.118

25.663 -0.000 | -66.578

2.772 | 3.101 | 1.785 | -28.466 | 49.305 | -52.937

13.973 24.202 | 2.882

-33.3984 | 0.000 4.628

1.755 | 3.066 | 2.799 | -27.153 | 47.031 | -52.784

-14.864 | -25.746 | -62.756

42.199 -0.000 | -71.317

2.953 | 2.876 | 2.959 | -20.161 | 34.920 | -50.372

1
1
2

3]
1

2]

3]
1

| 2]

| 3]
1

210370 | 0.040 | 1.357 [ -28.466 | 49.305 | 96.937

| 3]
1

| 2]

| 3]
1

| 2]

| 3]
1

2]

| 3]

-21.808 | -37.773 | -66.496
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Table - 4 — S31 = 60, S39 = 70, S33 = 50, S51 = 105, Sgo = 90, S53 — 75

1]
2]

3l

[4]

(5]

[6]

[7]

(8]

(9]

[10]

[11]

041 042 043 Uoui Voui Woui
30.071 -0.000 122.644
0.289 | 1.145 0.182 | 9.159 -15.864 | 52.945
-26.839 | -46.486 | 110.507
39.184 -0.000 124.916
0.200 | 0.130 | 0.286 | -20.121 | 34.851 96.363
-22.300 | -38.625 | 108.342
-43.370 | 0.000 40.429
1.394 | -0.031 | 0.430 | -26.174 | 45.334 96.963
-16.259 | -28.162 | 103.824
17.332 -0.000 117.940
0.418 | -0.147 | 1.307 | -30.484 | 52.799 | 96.194
8.445 14.627 | 45.455
17.3319 | -0.000 -73.940
2.723 | -2.995 | 1.834 | -30.484 | 52.799 | -52.194
8.445 14.627 | -1.455
-43.370 | 0.000 3.571
1.747 | -3.110 | 2.712 | -26.174 | 45.334 | -52.963
-16.259 | -28.162 | -59.824
39.184 -0.000 -80.916
2.942 | 3.011 2.855 | -20.121 | 34.851 -52.363
-22.300 | -38.625 | -64.342

i o o o o o
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HEN30TEPMUNYECKOE JIBV>KEHUE ITAPA®UHICTON HE®THU B
TPYBOIIPOBO/IE

B nmannoit crarbe MCCIIEIOBAHO HEM30TEPMUYECKOE JIBIKEHIE HapaduHucToil HedTH B TPYOOIPOBOIE
C TepexoJIOM HBIOTOHOBCKON KUJIKOCTU B BSI3KOILJIACTHYECKOE COCTOsiHue. PeoJiormyeckue cBoiicTBa
napaduancToii HeTH (BI3KOCTH, NMPEJETHHOE HANDPSZKEHWE CJIBUTA) B BBICOKOH CTEIIEHM 3aBUCST
or remneparypbl. IIpu ropsiueii nepekadke mapadunucTroii HedTH O TPYOOIPOBOIAM MTPOUCXOUAT
HEN30TEPMUTIECKOE JBUKEHNE C TEIIOOOMEHOM C OKPYIKAIoOIell Cpeoit. ITO MPUBOINT K CHUKEHIIO
TeMIepaTypbl napaduHICTOl HedTH, YBEJUICHUIO BS3KOCTH, HMOSBJICHUIO MPEIEIBHOIO HAIIPSI?KEHUS
C/IBUTA, KPUCTAJIU3AINHN TapaduHa 1 0CaXKICHUIO TBEPBLIX (DPaKIHil Ha BHyTPEHHEH CTEHKE TPyOOIpo-
Boza. Otrokenne TBepbIX (ppakinii HeTH yMEHbBIIAET IPOXOHOE CeYeHne TPYOOIIPOBO/A, IPUBOINAT
K MosiBJIeHNI0 "3acToiHON 30HBbI"C TeIIoBOil m3ossnueil B upucreHHoii obiactu. CTpykrypa HedrTH
M3MEHSIETCST - HBIOTOHOBCKOE CBOMCTBO TIPU BBICOKUX TEMIIEpATypax MEePEXOJNT B HEHHIOTOHOBCKOE
cocrostare. OJHOMEpPHOE MOJIEJIMPOBAHNE HEN30TEPMUYECKOTO JBUXKeHUsl mapaduHucroii HedTH B
TPyOOIIPOBOE TYyTEM TPAIUINOHHOTO YCPEIHEHUSI TEMIIEPATYPBI W CKOPOCTH TIO CEUEHUIO TPYOBI He
[TO3BOJIsIET OObACHUTDH (DU3UKY SABJIEHUS [IEPECTPONKHU 1MOoTOKa. 1losToMy B maHHOIT paboTe mocTpoeHa
JIByMepHas MOJIEIb JIBUKEHUS U TEeII000MeHa, mapadunnctoil nedrtu. Pacuerabie qaHHbIE TOKA3BIBAIOT
[IepexoJ; HbIOTOHOBCKOW 2KMJIKOCTH B BA3KOILUIACTHYHOE COCTOsHUE M3-3a TEIIO0OMeHa mapaduHICTOM
Hedpru ¢ OKpyKaromeit cpegoii. IlosryueHHble pe3ysbraThl CO3AI0T OCHOBY JIJIsi MOJIEJIMPOBAHUS
TEUYCHNIT AHOMAJIBHBIX JKUIKOCTEI ¢ TEIIoMaccooOMeHOM 1 (a30BbIM mepexooM. CoseprKaHne CTaTbu
OyleT MOJIE3HBIM JIJIsl IIUPOKOT0 KPyTa UCC/IeoBaTesell, 3aHIMAIOIINXCS B 00JACTU THJIPOJINHAMUKY 1
TEIJIOMACCOOOMEHA.

Kumrouesnbie ciioBa: HapaCbI/IHI/ICTaH HC(bTb, HCU30TEPMUYICCKOE JIBUXKECHUE, TICPEXO/] HBIOTOHOBCKOW KW JI-
KOCTHU B BASKOILIACTUYIHOE COCTOAHHE.

V.K. YKanb6ac6aes!, J1.2K. Bocunos!?*
K. Corbaer arpigars Kazax yITTBIK TeXHUKAJIBIK, 3epTTey yHHBepcuTeTi, AnMarsr K., Kasakcran
29-®apabu arimarst Kasax yiarTelk yausepcureri, Anmars! K., Kazakcramn
*e-mail: bossinov.daniyar@gmail.com
Ky6bip kemicingeri napaduHai MyHaliibIH N30TE€PMUSIIBIK, €MeC KO3FAJIbIChI

By makasaia KyObip »Kejticingieri napaduHIi MyHAWBIH N30TEPMUSIIBIK, 6MeC KO3FaJIBIChl HbIOTOHIBIK,
CYHBIKTBIK, YKaFaifbiHaH CO3BIIMAJBI TYTKBIP CYHBIKTHIK, YKargaiibiHa aybicybl 3eprremiami. [Tapadun-
Jii MYHAIJIBIH PEOJIOTHSITIBIK, KACHeTTepl (TYTKBIPJIBIK, MEKTIK BIFBICY KepHeyl) TeMIepaTypara X KOrapbl
Jopexkene Toyenmi. [lapaduna myHaiiaer KyObIp Kesijepi 60fbIMEH BICTBHIK, aiijiay Ke3iHjae KOpIaraH
opTaMeH YKbLTy ajJMacy ecebiHeH M30TEPMUSIIBIK, eMeC KO3FaJIbIC OPBIH ajiajibl. Byu mapadunmg MmyHabi-
JIBIH TEMITEPATYPACBIHBIH TOMEH/IEYiHe, TYTKBIPJIBIKTHIH KOFapbLIaybIHA, IIEKTIK BIFBICY KePHEYIHIH maii-
J1a 60JTybIHA, TapadUHHIH KPUCTAJIAHYBIHA XKOHEe KATTHI OOJIIEeKTeP/iH KYObIP/IBIH iITKi KaObIPFachIHA
TYHYBIHA oKeJsiei. MyHaiiIbIH KATThl OOJIMEKTePiHIH KUHAIY Bl KYOBIP/IbIH, KOJIJIEHEH KUMaChIH a3aiiTa-
JIBI, KaObIpra OOMBIHIA YKBLTY OKIMAy/IbIFbI O0ap "TOKbIpay aiiMarbiHbIH "maiiaa 6orybiHa oreme . MyHait
KYPBLIBIMBI ©3repejli - HbIOTOHJIBIK, KACHET YKOFaphl TeMIIepaTypa/ia HbIOTOHJIBIK eMeC Kyiire aybica/Ibl.
Ky6niparst mapaduH I MyHAHIBIH T30 TEPMUSIIBIK, €MeC KO3FATBICHIH TEMIIEPATYPa MEH YKBLITTAMIBIK THI
JIOCTYPJIL TYPJie KYObIP KUMAaChl apKbLIbI OpTaliaJial 6ip eJimeM Il Typ/ie MOJIe/IbJIey aFbIHHBIH KaiiTa Ky-
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PBLTY KYOBLIBICHIHBIH, (DU3MKACHIH TYCIHIpyre MyMKIHIIK Gepmeiini. CoOHAbIKTaH Ja OYJI >KYMBICTa Ta-
paduHII MyHail KO3FAIBICHI MEH YKbLITY aJIMacybIHBIH €Ki OJIIIeM/ 1l MojeJIi caiblH bl Ecenrey jnepekrepi
napaduni MyHAHIBIH KOPIIAaraH OpTaMeH KbLIy aJMacyblHa OailJIaHbICThI HHIOTOH CYWBIKTBIFBIHBIH,
TYTKBIP IJIACTUKAJBIK KyATe aybICyblH Kopceresi. AJIbIHFaH HOTUXKEIED YKbLIY-MAacca aJIMacybl sKOHE
dazablk aybIiCybl 0ap aHOMAaJbIbl CYHLIKTHIH arbIHIapbIH MOJEIbIeyre Heri3 0osaanl. Makaaanbim
Ma3MYHBI THIPOIMHAMUKA YKOHE YKBLIY-Macca ajJMacy CaJachIHIarbl KONTEereH 3epTTeyIIiepre maiaibl
6oJTaIbI.

Tyiiin ce3aep: nmapaduHi MyHail, T30TEPMUSIJIBIK, eMeC KO3FAJIbIC, HbIOTOH/IBIK, CYWBIKTBIKTHIH, CO3bLII-
MaJIbl TYTKbIP CYHBIKTBIK Kar/IalibIHa, aybICYHI.

U.K. Zhapbasbaev!, D.Zh. Bossinov!?*
'K.I. Satbayev Kazakh National Research Technical University, Almaty, Kazakhstan
2Al-Farabi Kazakh National University, Almaty, Kazakhstan
*e-mail: bossinov.daniyar@gmail.com
Non-isothermal paraffin oil flow in the pipeline

In this article, Non-isothermal paraffin oil flow in the pipeline with Newtonian fluid transition to
viscoplastic state is investigated. Rheological properties of paraffin oil (viscosity, ultimate shear
stress) are highly dependent on temperature. During hot pumping of paraffin oil through pipelines,
non-isothermal flow occurs due to heat transfer to the environment. This leads to a decrease in
flow temperature, an increase in viscosity, ultimate shear stress appearance, wax crystallization and
solid particles deposition on the pipeline inner wall. Oil solid particles deposition reduces pipeline
flow area, leads to the appearance of a "stagnant zone"with thermal insulation in the near- wall
region. Oil structure changes - Newtonian property at high temperatures transits to non-Newtonian
state. One-dimensional modeling of non-isothermal paraffin oil flow in the pipeline by traditional
averaging of temperature and velocity over the pipe cross section does not allow explaining physics
phenomenon. Therefore, in this work, a two-dimensional model of motion and heat transfer of paraffin
oil is constructed. Calculated data show Newtonian fluid transition to viscoplastic state due to the heat
exchange of paraffin oil with the environment. Obtained results form the basis for modeling anomalous
fluid flows with heat and mass transfer and phase transition. Article content will be useful for a wide
range of researchers involved in the field of hydrodynamics and heat and mass transfer.

Key words: paraffin oil, non-isothermal flow, Newtonian fluid flow transition to viscoplastic state.

1 BsBenenne

BricokoBs3KHe ¥ BbICOKO3acThiBawomue (napadunucrsie) HedTH Mecropoxkienuii 2Kersibai,
V3enb 1 KyMKo/Ib 3aHEMAIOT 3HAMUTEIBHYIO JI0JII0 B 00bEMe TPAHCIOPTHPOBKH MAIHCTPAILHBIX
HedrenporoioB KaszaxcraHa.

Cepbesble TPYAHOCTH IIPH IepeKatike napaduHucToi HedTH CBA3AHBI C CYIECTBEHHON 3aBUCH-
MOCTBIO BA3KOCTH U [IPEJIEJILHOIO HANIPSIZKEHUS CABUTa OT TeMIepaTyphbl. [Ipu cHUKeHUN TeMIiepa-
TYPBI BOBMOXKHO 3acThIBaHne HedTH B TPYOOIPOBO/IE, HPUBOAIIEE K IIOTHOI OCTAHOBKE HEPEKAIKN
U 3HAYUTEILHBIM 3aTpaTaM Ha ee Bo3oOHoBseHue |1—1].

[Tapadunncras HedTh Mpu BBICOKUX TEMIIEPATYPAX MO[INHICTCS 3aKOHAM HBIOTOHOBCKOI K H/T-
KOCTH, TIOHUZKEHIE TeMIIePaTyPhl IPUBOUT K BOSHUKHOBEHHIO BA3KOILIACTUIHOTO CBOHCTBA HEHbIO-
TOHOBCKOI Kujkoctu |5, 6].

B HemzorepMuyeckoM HedTeNpoBoe N3MEHEHNs TeMIePaTyphl U3-3a TEIIOOOMeHa MOTOKa ¢
OKDYZKaloIIel CpeJioil IPUBOAAT K IIE€PEXO/ly JBHUKCHHs HedTH N3 HBIOTOHOBCKOIO B BSI3KOILIA-
CTUYHOE COCTOSIHUE.
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2 O630p JauTepaTypbl

XapakTepHO#l 0COOEHHOCTBIO MapapUHUCTLIX HedTell Ka3aXCTAHCKUX MECTOPOXKICHUN SIBIIAIOTCS
BBICOKasl BI3KOCTD M3-3a COJIepKaHus acaabTeHOB U CMOJI, TOBbIIIEHHOe HAIIPsizKeHue cipura |7,5].
Hed b MOKeT HMETH BBICOKYIO TEMIIEPATYPY 3aCThIBAHUS (TEMIIEPATyPy HOTEPU TEKYIECTH) B JHa-
nazone or 12 10 30°C' B 3aBUCHMOCTH OT KOJIMYeCTBa cojiep:Kanus napaduna B ero cocrase |9,10]. B
XOJIOJIHBI (3UMHUIT 1 BECEHHE-OCEHHUIT ) TIePHO/T SKCILIyaTarun HedTerpoBo/ia Temieparypa Hedrn
B Tpy0O€e MOXKET 3HAUYUTE/ILHO OTJINYAThCA OT TEMIIEPATYPbI OKpYzKatoteil cpe/ibl. Termoodbmen Hed-
TH C OKPY?KaIoIel cpeioif MPUBOIUT K CHUKEHHUIO TEMIIEPATYPhI, POCTY BI3KOCTH U IPEJIETBHOIO
HAIIPSI?KEHUSI CJBUTA. DTO B 3HAUUTEIHLHON CTEIIEHU TIPOSABJIAECTC B IPUCTEHHON 00IACTH U IPUBO-
JIUT K BO3HUKHOBEHUIO 3aCTONHON 30HBI U yMEHbIIEHUIO pabouero cederus Tpybomnposoa [11].

B pesyibrare nepekadka HedTH 110 TPYOOIIPOBOLY OOJIBIIONO JUAMETPa MEPEXOIUT B IepeKad-
Ky 110 TPYOOIIPOBO/LY C MEHBIIIMM JUAMETPOM C 3aCTOWHON 30HOM. Y Be/JMYeHNe Cpe/iHell CKOPOCTU
MOTOKA M3-38 3aCTONHON 30HBI HE TO3BOJIAIOT OCTBITH MOPIUH YKUJIKOCTU, U TUJIPABIUICCKOE CO-
[IPOTUBJICHUE JJAHHOTO YYacTKa TPYyOOIIPOBOJIa CTAHOBUTCS MEHBIIE, YeM JIOJI?KHO ObITH 10 KJIaCCH-
"eckoit Teopun |1 1].

O tHoMepHOE MOJIETMPOBAHIE PEKUMOB PAbOTHI HEMTEIPOBOIA ITyTeM TPAIUIHOHHOTO YCPEI-
HEHUsI TEMITEPATYPbI U CKOPOCTH 10 CEUEHUI0 TPYOBI HE JIAeT BO3MOYKHOCTU OObSICHUTH TIOSIB/IEHIE
3aCTONHO 30HbI |12].

Kak BujiHo m3 0630pa, yKa3aHHbIe BbIIIE (DAKTHI TOKA3BIBAIOT CJI0KHOCTH HEU30TEPMUYIECKOTO
JIBUKeHUS rapaduHncToit Hedptn B TPyOOIPOBOJIE.

3 Marepuaj u MeTO/IbI

B nanHoil pabore uccieyercs JaMUHAPHBIN pexKuM TedeHus napadpuHucToii Hedpru B TpybOIpo-
Bojie. Mojie/mupoBatue JBUZKEHUsT 1 TEII000MEHa OCHOBBIBAETCS Ha 3aKOHAX COXPAHEHHsI MaCcChl,
UMITYJIbCA U SHEPIUU. 3aMbIKAIOIIMMU YCJIOBUAMU MATeMATHIECKONW MOJIENN SIBISIOTCA 3aBUCH-
MOCTH BSI3KOCTHU, TPEJIEIBHOIO HAIPSKEHHsI, TEILJIOEMKOCTH, TEILJIONPOBOAHOCTH U IJIOTHOCTH OT
remreparypst |7, 10].

3.1 PeoJsiorndyeckne n pu3smKo-XxuMHUIECKHE CBONCTBA

CJ10kHBIE PEOJIOTHYECKIE CBOWCTBA MapaduHUCTON HePTU ONPEIE/IAI0TCA PE3KUM POCTOM BSA3KO-
CTH U TIPEJIeJILHOIO HAIIPsIKEeHHUsI CJIBUTa C YMEHbBIIIEHHEM ee TeMIlepaTypbl. B HadajIbHOM ydacTKe
JIBUKeHUsT B TpyOe rapadunnctas HedThb ¢ BBICOKON TeMIIepaTypoil sSB/IsieTcst HbIOTOHOBCKOM KT
KOCTbI0. B pesysibrare TermioodMeHa ¢ OKPYIKaIoIeil Cpeioi U CHUZKEHUEeM TeMIIepaTypPhbl BO3Pac-
TaeT BA3KOCTD U MPEJIe/IbHOE HAIIPSI?KEHNE CJBUTA, ITO IIPUBOJIUT K MPOSBJICHUIO0 HEHBIOTOHOBCKOT'O
(BSI3KOILIACTUYHOIO) COCTOAHMA NapapUHUCTON HedTH.

B BaskommactuarOM cocrosHnn mapaduHucToi HedTH 3P HEKTUBHYIO MOJEKYISIPHYIO BI3-
KOCTB /i MOXKHO OITHCATb MOJIEJIbI0 OGUHIaMOBCKOil KukocTu [5]:

o=ty + 70 171, @

rae (o — 3ddexTuBHAS MOJIEKYIISPHAS BSISKOCTD, (i, — ILUIACTHYECKAs BA3KOCTB, T( — IIPEJEILHOE
1 /0u; Ou,

HanpsKeHue casura, I = /2S5, - S5, Sij = = + =2

2 81’j a%z
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Qopmyny Bunrama-IlIBeoBa /1 cTalimoOHAPHOTO TEYEHUST BA3KOILTACTUYECKUX CPEJl B TpyOe
MOZKHO IOJIy9IuTh ¢ nomorbio (1) B Buge [12]:

ou
Ty = —To T Hp (E) ) (2>

rjie U — MPOJIObHAS CKOPOCTD, T — pajidajibHast KOOPJANHATA, OTCINTHIBaeMAasi OT OCH TPYOBI.

CHuzkeHre TeMmIieparypbl MOXKET BbI3BaTh KPHUCTAJLIM3AIN0 TapaduHa W BblJIe/JEHAE TeILia
dazoBoro mmepexojia. YdeT o0IIero KoJu4IecTBa CKPhITOTO Teria I MoxKeT ObITH OIIpejie/ieH METOIOM
kaxkyieiica rertoemkoctu |13, 14]. ITo sromy MeTojy KaxKylasics TeIIOeMKOCTb MapaduHUCTOM
HedTH B 30HE KPUCTAJIH3AINN HAXOIUTCA 10 (hOpMYyJIe:

t

f Cl(t)dt + el

ts
= —""—"— 3
P t—ts (3)
rje t;, t; — HadaJ bHOE U KOHEYHOE 3HAYEeHUE TEeMIIepaTypbl oOpaszoBaHus mapaduHa B IOTOKE
HedTH, € — cojiepkanue napaduna B coctaBe HedpTu, [ — yiaeabHas SHTAIbINAA (A30BOTO IIEpexoia
napaduna. B pacuerax 6bumn npunstel [ = 9.8 kkas/kr, ¢ = 0.15, {; = 32°C, t, = 12°C.
OubiTHBIE JaHHBIE TEIIOEMKOCTH HedTH omuchiBaloTcs dopmysioi Kpero |7]:

ai(t) = (53357 + 107.2 - £) /x/pao, o/ (xr - °C), (4)

rjie pPop — IIOTHOCTD HedTH npu Temueparype 20°C.

[Moacrasmsis ¢;(t) B uaTerpas (3), HETPYJAHO HANTH KaXKyILYIOCd TEIJIOEMKOCTh HeDTH B 30HE
KpUCTAJITN3AINN TTapaduHa.

3aBUCUMOCTH TIJIOTHOCTH U TEIIOIPOBOJIHOCTH HEMTU OT TeMIepaTypbl BbIPAXKAIOTCS CTaH-
JmaprHeiME dopmyamu [7]:

A =5.057 (1 —0.00054 - £)/+/pao, Br/(u - °C), (5)
p(t) = paoll + (- (20 — )], xr/n’, (6)

riae ¢ = 0.000738, 1/°C' — koapdurpenT 06bEeMHOr0 paciupenns HedTH.

g napadunncroit HedTu BarKHOE 3HAYECHUE MMEIOT 3aBUCHUMOCTU JTUHAMUYECKON BI3KOCTH
pp(t) 1 IpesebHOTO HANpsiZKEeHUsT cABUra To(t) OT TeMmepaTypbl. IMIUPHICCKIE 3aBUCHMOCTH
fp(t) m 7o(t) mostydensl myTem 0OpabGOTKU OLBITHBIX JIAHHBIX C HCIIOJIb30BAHUEM DErDECCHOHHOMN
mozestu |10]:

pp(t) = 0.3585 - exp(—0.1792 - t), Ila - ¢, (7)

7o = 589.56 - exp(—0.567 - t), I1a. (8)

Kax BuaHO n3 pucyHka 1, 3aBUCHMOCTH JAUHAMIYIECKON BSISKOCTH [i,(t) U IPeIeJIbHOIO HAIIPs-
KeHust ¢Bura To(t), Hauunas co 3Havdenusi remueparypbl 20°C', pesko Bospacraior. [Ipuuem 3uade-
HIUe TPeJIeIbHOIO HAIIPsIKEHUsI ¢/IBUTa, 10 TeMiiepaTypbl 20°C' paBHO HYJIIO, T.e. BI3KOILIACTHIHOE
cocrosinne HedTH HacTymaeT mpu temieparype 20°C.
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Pl/IcyHOK 1 — 3aBucuMocTH IUHAMUYECKON BA3ZKOCTU up(t) U IIPpeJIeJIbHOIO HallPAXKEHUST

capura To(t) oT Temmeparypbl

3.2 IlocraHnoBKa 3amayn

Heunzorepmuueckuit nmorok mapadunuctoil nedru TedeT B 10J3eMHOM TPYOOIIPOBOJIE ¢ BHYTPEH-
HUM juamerpom Dy, jymnoit L, ryryOuHoit 3asoxenus jio ocu H, ckopoctbio U, m HadaIbHOMN
Temmeparypoit tg. iuna tpybornposoga L — HamHOTO 60sbIIE €ro pauaMerpa Dp, a Temieparypa
OKPY2KaloIeil cpeJibl 1, — ropasjio MeHbllle Hav9aabHOll TeMIiepaTypbl Hedtu . Termoobmen nenso-
TEPMUYECKOTO MTOTOKA C OKPYKAIOIIel CpeJioit TPUBOJUT K OXJIayKJIeHUIo napadunuctoii nedTn.
He(i)Tb, ABJIAIONIAACA HBIOTOHOBCKOI KJAKOCTBIO B Ha4aJi€, Ha9YMHaE€T OCThIBaThb, 9YTO IIPUBOJIUT K
U3MEHEHHUIO PEOJIOTUYECKUX U (DU3MKO-XUMUYECKUX CBOHCTB.

Teyenne cunraercs saMuHapHBIM. DyjeM cunTaTh, YTO KOHJIYKTHBHBII II€PEHOC TEILIa 110 Pa-
JInycy TPyOOIIPOBO/Ia, HAMHOI'O MIPEBOCXOJUT €0 BEJUYIUHY 110 JIJINHE U3-3a TEeIIOOOMEHa ¢ OKPY-
JKaroreit cpefoit. [losromy MoXkKHO npeHeOpedh KOHYKTUBHBIM IIEPEHOCOM TeIlIa 110 JIJINHE TPY-
6orposona. Torma cucremy ypaBHeHUiT JBIZKEHUsI W TEIJIOOOMeHa JIBYMepHOi Momenn [15] B cra-
[IMOHAPHOM DezKHMe MOYKHO 3arucarhb ¢ yaeroM (2) u (3) B Bue:

ou ou @4_12 ou 10

Moe T Par = "ax Trar \ar ) T rar ) ®)

dpu  10prv

Lz = 1

52 7 or 0 (10)
ot ot 10 ( 0Ot ou\?

Pyt~ + pepum = — oo T)\E tw |5 ) (11)

B ypasrennsgx (9)-(11) mpuuaTe! coemyroniime 0003HaueHUsA: 2, T — OCeBast U paudabHas KO-
ODJIMHATEL; U, U — KOMIOHEHTBI BEKTOPa CKOPOCTH; D, p, t, To, fip, A, Cp — JABJIEHHE, IIOTHOCTD,
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TeMIeparypa, npe/eabHoe HAIPszKeHne ¢IBUra, KoM UIMEeHT JUHAMUYIeCKON BI3KOCTH, KO3 dpu-
[IMEHTHI TEIJIONPOBOJHOCTH U KaKyIIeicss TelIoeMKOCTH, COOTBETCTBEHHO.
['pajineHT JlaBJIeHIsT HAXOJUTCS U3 YCJIOBHsI COXPAHEHUsT MaccoBOro pacxosa [15]:

Ry
/purdr = poUoR3 /2, (12)
0
rjae Ry — BHyTpeHHHI pajmyc TpyOOIIpOBO/IA.
KoMIIOHeHTBI CKOPOCTH U TeMIlepaTypa IPHHAMAIOTCS HOCTOSHHBIMI Ha BXOJIE TPYOOIIPOBOA:

upu z2=0: u=U, v=0, t=1 (13)

st ckopocTu Ha ocu TPyOOIIPOBO/IA CTABUTCSA YCIOBHE CUMMETPUIHOCTH, & Ha, CTEHKE — YCJIOBHUE
PUTUTTAHNS

upn z > 0, r:O:%:O, r=Ry:u=v=0. (14)

Jliist TemmiepaTypbl Ha ocl TPYOOIPOBOIa CTABUTCA YCJIOBUE CUMMETPUIHOCTH, a Ha CTEHKE —
YCJOBHE TEILIOIEPEaun OKPYZKAIOIICH CpeJioit:

ot ot
>0, r=0:=—=0; =Ry =A==k (t—1,). 15
wpn >0, r=0: 00 =0; r=Ryi-Ag- =k (t—1,) (15)
Besmmunna koaddurmenta remonepeadn k onpejesisiercst 1o dbopmyie |7]:
1 1 1 D;y 1
— = —1 : 16
le OélDl - Z 2)\1 t Dz + OQDQ ( )

i=1
31ech k — koaddunment rermonepegatin HedTU B OKPYZKAIOIIYIO CPEILY; (v, (o — BHYTPEHHUI U
BHENTHNH K0P DUIIMEHTHI Ter1oo0MeHa; Dy — Hapy»KHBIH quamMerp Tpybonposoa; [; — HapyKHbIE
JIMaMeTPhl CJI0EB U30JI1NN; \; — KOI(MDMUIIMEHTHI TEIJIOPOBOIHOCTH MeTa/LjIa U CJI0EB N30SI~
OHHOI'O MTOKPBITHSI.

B slaMuHapHOM pexkuMe BHYTpeHHHI KodbduimenT remioodMena o paseH [7]:

Buemnnit koaddunmenT remmooTiadn as onpejenserca 1o dopmyne Dopxreiivepa-Biacosa

[7]:

(18)

Qg =

D2 In

rjae Ay, — KO3 UIMEHT TEIIONPOBOJIHOCTU TPyHTa, H — TyiyOnHa 3a/I02KeHnsl TpyOOIpoBo/ia.

Cucrema ypasuennit (9)-(12) npu rpammaasix yeaoBusx (13)-(18) permaercss TUCIEHIBIM METO-
oM [15]. Pacuernas obiacts pasbusaercs Ha sj1eMeHTapHbIE sddeiiku co cropomamu Az, Ar;.
Pasnocrable amamorn ypasaennit jnsmxenns (9) u suepruum (11) mosmydensr mo cxeme Kpamka-
Hukosbcona, a pa3HOCTHBIN aHAJJIOT yPaBHEHU (10) — JIBYXCJOWHON CXeMOI BTOPOTO MOPAIKA
TOYHOCTH. I'pa/ineHT naBIeHns OIpe/Ie/IAeTCs METOIOM PACIIEIVIEHIS U3 YCIOBNs COXPAHEHNST Mac-
coBoro pacxona (12).
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4 Pe3yabraTbl n 00Cy2KIeHUE

Pacuernsr nmpoBomunch B MOJEILHOM TPYOOIIPOBOJIE, MMeIomeM JiuHy [ = 45M, BHYTpeHHUi
muamerp Di = 0.04m, ryOuna 3ajoxkenusi tpyoornposoga H = 2.0M, Temieparypa HedTH Ha
Bxojie tg = 25°C, Temmeparypa okpyzKatomero rpyuara t,, = 0°C, mwiorHocTs HedTH Ha BXOjIE
po = 835kr/m3, ckopocth HedT Ha Bxoge Uy = 0.05M/c. Peosornueckue u rerodgpusnieckne
cBoiicTBa napaduHUCTON HeDTH BBIPAKAIOTCS SMIMpUYecKuMu 3aBucumoctamu (4)-(8). Yucmo
Peitnos ica na Bxoje paBao Re = 411, a yucyio [panjgrng — Pr = 42.

Ha Bxose Tpy6ompoBo/ia npod i CKOpOCTH U TEMIIEPATYPbI CINTAIOTCS TTOCTOSHHBIMUI, PABHBI-
MU HavdaIbHBIM 3HadeHudaM. [lo Mepe nBmKenus HedTH TPOUCXOIUT TEILIONEPeada OKPYKaIOIIei
cpejie, TO3TOMY TeMIlepaTypa U CKOPOCTh IMOTOKa OYJIeT M3MEHSATHCsI, KaK M0 CeYeHHI0, TaK U 10
JUIHE TPYOOIIpOBOJIA.

Ha pucynkax 2 - 5 1nmokazanbl pacipe/ie/ieHns IpoJI0/IbHON KOMIIOHEHTBI CKOPOCTH, TEMIIEPATY-
PBI, TUHAMHUYIECKON BSI3KOCTU U TIPEJIeTbHOTO HAIIPSIKeHHs ¢ABUTa B TpyOorpoBoje. U3 pucynka 2
BHJTHO, YTO BXOJIHOH NMPOMUIIB IPOI0JIHLHON KOMIIOHEHTHI CKOPOCTH TPaHC(hOPMUPYETCs, Ha CTEHKE
3HaYEHNEe CKOPOCTU PABHO HYJII0 U MOHOTOHHO MOBBIIIAETCA U JIOCTUTAET MaKCUMAJILHOTO 3HAYCHU S
na ocu. [lo Mepe nBuKeHUd 110 JijTIHE TPYOOIIPOBO/Ia 3HAYUEHUS TTPOJIOJIBHON CKOPOCTH B IIPUOCEBOIT
30H€ PACTyT, a B IIPUCTEHHO 30HE HAODOPOT CHUKAETCH.

CkopocTb, Mlc

P 0.000 0.156 0.311 0.467 0.623 0.779 0.934 1.090 1.246 1.402 1.557 1.713 1.869 2.025 2.180 2.336 2.492 2.648 2.803 2.959

M

CkopocTb, M/c

o0z D000 0.156 0.311 0467 0623 0.779 0.934 1090 1.246 1.402 1.557 1.713 1.869 2.025 2180 2336 2492 2.648 2603 2850
00155 — — = = = = = = =
= — — — — = = = =
i = — =
0,005 - - —
05— 5 10 T 2 30 3 a0 a5
ZMm
Pucynok 2 — Pacmpesesenne IpoiobHON KOMIIOHEHTE! CKOPOCTH B TPYOOIPOBOJIE

DT0 0OBACHAETCS TEM, UTO, BO-IIEPBBIX, MACCOBBII PACXO/] MMOTOKA 10 CEUYCHUIO TPYOBI COXpa-
HSETCS ¥, BO-BTOPBIX, M3-3a CHUKEHUS TEMIIEPATyPhl B IPUCTEHHOI 30He (CM. puc. 3) pacTyT 3Ha-
dqernns kodbduimenta uHaMuaeckoii Baskoctn p,(t) (em. puc. 4). Kpome sroro, npu snadennn
remreparypbl ¢ = 20°C' B IpUCTEHHOIT 30He BO3HUKAET IPeebHOe HAalpszKeHne casura 7o(t) (eM.
puc. 5), KOTOpoe TakzKe HPUBOJIUT K TOPMOXKEHHUIO CKOPOCTH MTOTOKA HedTH.

Pacupejiesienue remmeparypsr (M. puc. 3) HUTOCTPUPYET GOJIBIILYIO JUINHY HAYAIBHOIO yIacT-
Ka, TJIe IMeeT MECTO MOCTOAHHOE 3HAYCHIE BXOIHON TemiepaTyphl tyg = 25°C. D10 MoATBepAK TaeTCs
snavenueM uncia [lexie, pasnoe Pe = 17262, Tak Kak IPOTAXKEHHOCTb HAYAIHLHOTO YIacTKa IPO-
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o4

Temnepartypa, C°

14.99 15.52 16.05 16.57 17.10 17.63 18.15 18.68 19.21 19.73 20.26 20.79 21.31 21.84 22.37 22.89 23.42 23.95 24.47 25.00

20 25

M

Temnepartypa, C°
14.99 15.52 16.05 16.57 17.10 17.63 18.15 18.68 19.21 19.73 20.26 20.79 21.31 21.84 22.37 22.85 23.42 23.95 24.47 25.00
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Pucynok 3 — Pacupenenenune remneparypbl B TPyOOIIpPOBo/Ie

AuHamuyeckas BA3KOCTb, MNa-¢
0.000 0.001 0.003 0.004 0.005 0.006 0.008 0.009 0.010 0.012 0.013 0.014 0.01 : 021 0.022 0.023 0.024

M
OuHaMmnyeckan BA3KOCTb, Ma-c
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Pucynok 4 Pacnpenenenne qunaMudeckoil BASKOCTH B TPYyOOIIPOBO/IE

dbuiis Temueparypsbl onpeengerca uuciaom Ilexse [15].
Ten000MeH Ha CTeHKe CHUXKACT TeMIIePaTypy B IPUCTEHHON 30He, IPUBOIUT K HOABJICHHIO IIpe-

JIEJTBHOTO HAIPSZKEHUS CJBUTA U BI3KOILIACTUIHOTO COCTOsAHNsT Heptr ripu Temieparype t = 20°C.
CHuzkeHre TeMIiiepaTrypbl PacTeT 110 JJIMHE U IPUBOJNAT K YBEJIUIEHUIO TOJIIUHBI 30HbBI JITHAMIIE-
CKOIi BI3KOCTH U TIPEJIEJILHOTO HAIIPsizKeHus casura (eM. puc. 4, 5).

Pacnpejiesierus reMnepaTypbl, TMHAMIYCCKONW BA3KOCTH U ITPEICTHHOTO HAITPSXKEHUS CJIBUTA 10
JTAHE TPyOOIPOBO/Ia TTOKA3BIBAIOT, UTO TI0 CEYEHUI0 B 00acTu TeMieparypsl t > 20°C' napadu-
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npe.qenbuoe HanpsaxeHwe caBura, MNa
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Pucynok 5 — Pacupejesenne mpe/ie/ibHOIO HAIIPSIZKEHNS CJBHUIa B TPYOOIIPOBO/IE

Hucras HedTh 06J1a1aeT CBOMCTBOM HBIOTOHOBCKOMN YKMIKOCTH, TOT/IA KaK B 00JIACTH TeMIIepaTypPbl
t < 20°C — CBOMCTBOM BSI3KOIJIACTUYHOf (HEHBIOTOHOBCKOM) »KUJIKOCTH. Takoe CBOICTBO HEM30-
TEPMUYIECKOIO JIBUKEHUS OObICHAECTCH TeIiooOMeHoM TapadunuucToit nedTn B TPyOOIPOBOJIE C
OKpyZKaroleil cpeno.

Taxum obpaszom, napaduaucTas HedTb ¢ HBIOTOHOBCKIM CBOMCTBOM ITOCTENEHHO MEPEXOIUT B
BA3KOIIACTUYHOE COCTOSIHHE U3-3a TEIIOOOMEHa MeXKJIy TeJIAMH C Pa3HOil TeMIlepaTypoil B cOOT-
BETCTBUU C IPEJICTABIEHUSIMEI BTOPOTO 3aKOHA TePMOJUHAMUKHY [ 15].

5 3akJrodyeHue

1. Peosnormueckue cpoiicTBa (BSI3KOCTb, NpeJeJIbHOE HAIPsI?KEHNE CIBHUra) U TeIIO(hU3nIecKue
cBoficTBa (IJIOTHOCTH, TEIIONPOBOJIHOCTD, TGH.HOGMKOCTB) napadUHICTONR HeTH MOy IeHbl Ha OC-
HOBE OIIBITHBIX JAHHBIX U OOOOIIEHBI B BUJIE IMITUPUIECKUX (DOPMYJI C UCIIOJIB30BAHUEM PEIPecCh-
OHHOM MOJIEJIN.

2. PesysbTaThl pacieToB HEU30TEPMUYIECKOTO JIBUKEHUS B TPYOOIIPOBO/IE TOKA3bIBAIOT U3MEHE-
HUe cocTostHusI napaduaucToi HedTr. HbIoTOHOBCKOE CBOCTBO B HAYAJIBHOM yIacTKe TOCTEIIeHHO
MIEPEXOIUT B BABKOILJIACTUYHOE (HGHBIOTOHOBCKOG) COCTOsSIHUE M3-3a TelioobMeHa HeTH ¢ OKPY-
JKaroIeil cpejioi.

3. Pacripesiesienns CKOpOCTH, TeMIIEPaTyPhl, IMHAMIIECKON BABKOCTH U ITPEJIEILHOTO HAIIPSIZKe-
HUsl CJIBUTA YCTAHOBUJIM 3aKOHOMEDHOCTH HEHM30TEPMUUIECKOIO JIBUKEHUsI TapadpuHucToil Heptu u
BBISIBIJIN 30HBI TOPMOXKEHUSI B IPUCTEHHON 00J1acT TPyOOIPOBOIA.

6 BuaaromapnocTu

Jlannast paboTa BBITIOJIHEHA 3a CUeT CPEJICTB I'paHToBoro puHancupobanus Komurera vayku Mu-
HucTepcTBa obpazoBanus n Haykn Pecriyoaukn Kazaxcran HayIHO-ICCIeI0BATEIHCKON PAOOTHI Ha
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remy NeAPO8855521 "UcenemoBanue mepexoia ABUKEHNsT HbIOTOHOBCKO# YKUJIKOCTH B BSI3KOILITA-
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2ZKAHA TPUITIO/ TYPIETI 3-PRRS ITAPAJIJIEJIb MAHUITYJIATOPIBIH
KVMHEMATUKAJIBIK TAJIZJJAYDBI

Tyi#ibIK KHHEMATHKAIBIK Ti30ek mapasiens MarumyaaTopabis (IIM) GepikTirin 2KorapJiaThIl, KeTeKI
TyitiHgepre Tyciperin KymTi azaiitajbl. 2Korapbl dKYKKOTEPTIMITIK TeH YKAKChl JTMHAMHUKAJIBIK KOPCET-
Kirmrep MyHmail Kyifesep/i oHIIpiCTiH KenTeren caajapbinia KOJIIanyra MyMKIHTiK O6epemai. Kazipri
Ke3Je ToKipubese kobinece CrroapT mardopMachl HEri3iHe Kaca ral aJiThl €PKIHJIK JOPeKest, aIThl
asIKThI MapaJiieJib MAHUILYIATOPJIAp (TEKCOMo ) KOIaHbLIa bl MyHIal mapasiiesb MAHUITYISITODIBIH,
KO3FAJIMAJIBI IJ1AT(OPMACH alThl asAKIEH KO3FAJIBICKA KeITIPIIeTIHIIKTEeH OHBIH YKYMBbIC afiMarsl Kimri
6omaspl. [lapasnens poOOTTHIH XKYMBIC affMAFbIHBIH, VITAIOBIH KBLUIZKBIMAJIBI TaTMHOPMAHBl TipEKITEeH
OailTAHBICTHIPATEIH ASKTAP/IBIH CAHBIH KEMITY apKbLIbI aayFa 6018 bl YIIT agKThl TapaIe b poboTTap
(Tpurmos) HerisiHeH VI epKIHIK Jopexkere me GOJAIBI, sIFHE OJap EPKIHJIK Joperkeci aaThiFa TeH
KBUTKBIMAJIBT TIAT(MOPMAHBIH, KEHICTIKTEr OEpireH KO3FAIBICBIH TOJIBIK, KAMTAMACHI3 €Te aJIMaiiIbl.
ZKywmpicra opraiiceicet PRRS (P - imrepmemeni, R - aitmanmassl, S - cdepayblk KHHEMATHKAJBIK
JKYNTAP) KUHEMATUKAJIBIK, TI30EKTEH TYPaThIH ajIThl ePKIHIK JopeKesi xKoHe yiI asikThl KaHa 3-PRRS
Tpunox Typaeri IIM yebiabina sl ZKyMBICTBIH MaKcaThl MAHHUITYIATOPBIH *KYMBIC afiMarblH aHBIKTAI,
KBLIIAMIBIKTHIH, Typa YKoHe Kepi KUHEeMAaTUKAJBIK eCcerTepiH Ienty OoJibil Tabbuiajibl. AifHaamalsisl
KNHEMATUKAIBIK, Kynrap Oepinren [IM asgkTapbIHbIH KO3FAJBICHIHA IMEKTEY KACAHTHIHIBIFDI OETii,
OCBbITaH OaMJIAHBICTHI KO3TaJMaJsbl IIaTdOPMaHbIH, IeHTpinin KeHictikreri opubsl Xp,Yp,Zp MeH
Garmapeia 1, 0,  AHBIKTAWTHIH TTApAMETPJIEP/IIH APACHIHIATBI TOYEKTED eCKEePLIIl, KYMBIC aifiMarbl
AHBIKTAJIBI. ASKTAD/BIH KOHTYPJIAPBIHBIH TYHBIKTALY TeHJIeyIepineH FKkobu MaTpuriaiapbl KypPbLIIbL,
affHaIMAJIBl KHHEMATUKAJIBIK YKYIITAP/IBIH KTy TeHeYaepl OONbIHITA 0T MaTpUIIaIapra TOJBIKTHIDY
JKacay apKbUIbI, JKBUIIAMJIBIKTBIH Typa JKoHe Kepli KHHEeMATHKAaJbIK ecernrepi mremntsal. Ocpuraiima
aJThl epkiHgik jopexen kaxa 3-PRRS rpunon typaeri IIM Crioapr miardgopMacbiHa KaparaHIa
asgKTap CaHbl AJTBHIJAH VIIKE a3aiThLIJIbI YKOHE lJrepseMesi KHHEMATUKAJBIK YKYIITap/Ibl aifHAJIMAaJIbI
KNHEMATUKAJBIK, KYITApra aJIMacThIPY apKbLIbI 2KYMBIC aifiMarbl yIraiThLIJIbL.

Tyiiiu ce3aep: Tpumnosm, mapasiesb MAHATYISITOP, dKYMBIC aifMarbl, SIKOOM MATPUIIACHT, KOHTY PJIAPIbIH
TYHBIKTAJIY TEHJIeyl, KHHEMaTHKAJIbIK TaJJay.

P.A. Kaiibipos
Kaszaxckuit HaruoHa bHbIN yHUBEpcUTeT M. ajib-Papadu, r. Anmarsr, Kaszaxcran
e-mail: kairov.rustem@mail.ru
KunemaTtudeckuii aHaJin3 HOBOTO TapaJijiesabHoro Manumysistopa 3-PRRS Ttumna tpumnog,

BaMKHyTass KUHEMATUYECKas Iellb yBEJIUYUBACT [POYHOCTD NAPAJJIIbHBIX MaHuIry/iaropos (ITM)
7 CHUKAET HArPY3KU, NMPUJIOXKEHHBIE K BEIYIINM 3BEHbsSIM. BBICOKAs TPY30MOIBEMHOCTH U XOPOIIHE
JIMHAMAYECKNE [TOKA3ATEIN [TO3BOJIAIOT HCIIOJIb30BATh TAKHE CHCTEMBI BO MHOTHUX OTPACIIAX TPOMBIII-
siennocTu. B Hacrosmee BpeMsl Ha IPAKTUKE B OCHOBHOM wHCHoJib3yiorcs [IM ¢ mrecthbio cremensmMu
CBOGOJIBI M ¢ MeCThI0 HOoramu (rexcamnospr) Ha ocHoBe mtardopmbl Ctooapra. [I0CKONBKY MOMBUKHAST
mwrardopma Takoro [IM npuBoguTest B JBUZKEHME MECTHIO HOTAMU, €ro pabodast 30Ha OyjieT HeOOJIBINIOII.
VBenuaenne paboveiil 30HbI MAPAIETHLHOT0 POOOTA MOKHO MOJIYIUTH 38 CIET YMEHBITEHUS KOJUTEeCTBA,
HOT, COCJIMHSIIONUX TOABUKHYIO 11ardopmy co croiikoii. [IM ¢ rpems nHoramu (TpUmopl) 0ObIMHO HMe-
10T TPH CTEIEeHU CBOOOIBI, TO €CTh OHM HE MOTYT HMOJIHOCTBIO 00ECIIEYNTh 33, AHHOE JIBUKEHIE MOOMIBHOIT
mI1aT@OPMBI C IIECTHIO CTeleHsIMI CBOOOALI. B pabore npeacrasien nosbiit IIM 3-PRRS Tuna Tpumnon ¢
[IIECTHIO CTEIeHsIMU CBOOOJIBI U TPEeMsl HOraMU, KayKiasl U3 KOTOPBIX COCTOUT M3 KUHEMATHUIECKO Iern
PRRS (P - nocrymarenbubie, R - Bpamarenbubie, S - cdepuveckne KnHeMaTHuecKue mapbl. Llemnio
paboThI SABJIgETCA oupeesenne padoyueil 30HbI U PEIIeHne MIpIMOi 1 00PATHON KUHEMATHIECKON 3a1adi
ckopoctu [IM. U3BecTHO, 9TO BpamaTeIbHble KHHEMATHYTECKIE TTAPhl OTPAHNINBAIOT JIBUKEHUE HOT JIAH-

(© 2020 Al-Farabi Kazakh National University
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HOTO MapasIIeTLHOTO MAHUIYISITOPA, B CBI3W C ITUM pabodasi 30HA OMPEIesaIach ¢ yIETOM 3aBUCH-
MOCTH MEXKJIy TapaMeTpaMu, ONpeIesaiomuMu nojtoxkenne X p, Yp, Zp u opuenramuio 1,0, ¢ mnenrpa
JBUKYIIEcs m1aTdOpMbl B IIPOCTPaHCTBe. VI3 ypaBHEHMIT 3aMKHYTOCTH KOHTYPOB KHHEMATHIECKUX
rierneif ObLTH MOCTPOEHBI MATPUIILI FIKOOH, pelteHbl MpsiMast 1 oOpaTHast CKOPOCTHBIE 33 1a91 KHHEMATHKI
mnmyreMm JiobaBJieHns B MaTpuily fIKoOu ypaBHEHHUII OrpaHUYeHMsI BpallaTeIbHbIX KHHEMATHIECKUX Iap.
Taxum obpazom, B HoBoMm [IM 3-PRRS Tuma tpumon ¢ mecTbio cTemensMu ¢BOOOIBI OBLIN Y MEHbITEHbI
KOJIMYECTBO HOI' € IIECTH JIO TpeX M0 cpaBHenuii ¢ maardopmoit CTioapra u yBejndeHa pabodas 30-
Ha 3a CIeT 3aMEeHbI TOCTYTATEILHBIX KHHEMATHIeCKUX TTAP BPAIIaTeIbHBIMA KHHEMATHIECKAMI TTAPAMI.

KirroueBsble cioBa: TPHUIIO], TapAJIIEILHBIN MAHUITYISITOD, pabodast 30Ha, MaTpHuIa SIKoOu, ypaBneHus
3aMKHYTOCTH KOHTYDPOB, KHHEMATUYECKHUI aHAJIHIS.

R.A. Kaiyrov
Al-Farabi Kazakh National University, Almaty, Kazakhstan
PhD student, e-mail: kairov.rustem@mail.ru
Kinematic analysis of a new 3-PRRS tripod type parallel manipulator

The closed kinematic chain increases the strength of the parallel manipulator (PM) and reduces the
loads applied to the drive links. High carrying capacity and good dynamic performance allow the use
of such systems in many industries. Currently, in practice, mainly PM with six degrees of freedom
and six legs (hexapods), based on the Stewart platform, are used. Since the moving platform of such
PM is driven by six legs, its workspace will be small. An increase in the workspace of a parallel robot
can be obtained by reducing the number of legs connecting the moving platform to the base. PM
with three legs (tripods) usually has three degrees of freedom, and, they cannot fully provide a given
movement of a moving platform with six degrees of freedom. The paper presents a new 3-PRRS type
tripod with six degrees of freedom and three legs, each of which consists of PRRS kinematic chains
(P - prismatic, R - revolute, S - spherical kinematic pairs). The purpose of the work is to determine
the workspace and to solve the direct and inverse problem of speed of the tripod. It is known that
revolute kinematic pairs restrict the movement to the legs of this tripod, therefore, the workspace was
determined taking into account the relationship between the parameters that determine the position
Xp,Yp,Zp and orientation 1,0, ¢ of the moving platform center in space. The Jacobi matrixes were
derived from the equations of the closed loops, the direct and inverse velocity problems of kinematics
are solved by adding the constraints equations of revolute kinematic pairs to the matrix. Thus, in the
new PM 3-PRRS type tripod with six degrees of freedom, the number of legs was reduced from six to
three compared to the Stewart platform, and the workspace was increased by replacing the prismatic
kinematic pairs by revolute kinematic pairs.

Key words: tripod, parallel manipulator, workspace, Jacobi matrix, equations for the closed loops,
kinematic analysis.

1 Kipicne

Kasipri poboToTexHUKaHbIH KaJIIIbH Tajaay |1—7] kemecini kepeeTin oThIp: 3aMaHayn pobOTTADIbIH
KOOICIHIH, aTKAPYIIhl MEXaHU3MEP] (MaHUILYIATOPIAPbI) allbK, (AHTPOIOMOPMTH) KMHEMATHKA-
JIBIK Ti30€K TYPiH/Ieri CepUsIbIK MAHHUITYIITOPIap 00JIbIT TabblL1abl. CepusIbIK MAHUITYIITOPIAD
oMOebanThl, KeH KYMbIC afiMaKKa »KoHe »KOorapbl MaHeBpJIi 60 IraHbIMEH KeJleci KeMINIKTepre ue:
KYPBLIBIMBI apbICThI OOJIFAHJIBIKTAH OJIAP/IbIH KaTaH/IbIFbl a3, *KYKKOTEPIilITIrT HaIap »KoHe I0-
BUIUAIAY JIOJIJIIN TOMEH.

PoGorrapibiH KmHEMATUKAJIBIK CyJI0aapblH Kacay arbl OajaMaJibl 9J[iC PeTiHjae TYWbIK KH-
HEMATHKAJIBIK Ti30eKKe he HapaJilelb MaHUILYJIsATOPIapAbl KOJIAaHy 00JIbin Tadbuiasl |3, 8—10].
CepusiIbIK, MaHUITY/ISITOPJIApFa KaparaH/ia apaJjiieb MaHUYyIYIsSTOPIAP/IbIH KYPbLIbIMBI KaTaH,
0oJIa Il 2KOHE JIe YKOFaphl KYKKOTEPTIIITIKKE, TO3UINAIAYILIH KOFAPDI JDJIIIriHE XKoHe eJIeyI Te3
OpeKeTTLIKKe ne 60J1a/Ibl.

Besrini ymr askrsl napasiens poborrapra xxararbiagap: 3RRR [13-15] rypueri edepasbik
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MaHUILYIATOP (MYHIarbl R - aliHaJIMa/Ibl KHHEMATUKAJIBIK, YKYII), OHBIH OAPJIBIK AJIThl AlfHAJIMAJIbI
KMHEMATHKAJIBIK JKYIITap/IblH afiHasxy ecrepi 6ip HyKTeje Kublibicabl xkone lenbsra pobor [16].

Y agkThl KoHEe epKIiH/IK JOpekeci ajThlfa TeH IapaJilie/ib MaHUIY/IsATOP/Iap/IbIH, Keioip
typsepi 6ap. Ousapra op ym agrel ESR [17] (myszmarst E - Ka3bIKTBIK KHHEMATHKAJBIK ZKYII),
RRPS [18], RES [19], URS [20] (myrgarer U - omGeban KuHeMATHKATBIK KYIT) TYPIH/erl KeHICTiK-
TIK KMHEMATHUKAJBIK KYIITapra ne napajieib MaHumyasgTopaap kataabl. Ocel [IM Ka3bIKTHIK
JKoHe oMOe0all KHHEMaTUKAJIBIK, KYIITap KOJIAHBLIATBIHIBIKTaH OJIap/IbIH KYPBLIBIMbBI MEeH OacKa-
py Kyiteci Kypaesi 6omagpt. 3RRPS [18] Typaeri IIM 6Gipinmmi kipic aifHaamasibl KO3FaIbc 6apIbiK
napaJijie/ib MaHUIY/IsITOP/IbIH KO3FaJIMalThIH TIpEKTiH IeHOepi OOMbIHINA aifHATybl apPKBLIbI iCKe
ACBIPDBLIAJIbI, COHJIBIKTAH OYJI OHBIH KYPbLIBIMBIH KYpP/IeIeH iPe/Ti.

1-cyper - ?Kana tpunoja typzaeri 3-PRRS mapasiens marumnyastopasiy, 3D Momesi

KapacTsIpbLIbIl OThIpraH ITapaJjeib MaHUIYJIaTop/1a Kipic iarepijiMesi KuHeMaTUKaJIbIK XKy TI-
Tap/biH, 120° OYpBIIIIeH OpHAJTACKAH YIIT OAFbITTay I OOMBIMEH 1repiaMesti KO3Faaybl THIPOIIH-
JIMHJIP apKbLIbI iCKe achIpblIabl. Kipic KmHeMaTHKAJIBIK, KYIITap/IbIH, affHaIMa bl KO3FAJIBICHI VIIT
TUJIPOIUINH/IP/IIH IIITOKTAPBbIMEH Oipre KO3faJlaThiH CEePBOIPHUBOITAD APKBLIBI iCKE achIPbLIA/IbI.
AgrTap/pl XKbUIKBIMAJIBI I1aTdgopMaMer OipikTipeTiHn chepasblK KHHEMATHKAJBIK, YKYIITap OHbIH
KO3FaJIbICHIH IekTeMeli 1. COHJIBIKTaH aaThl XKeTEKTEeMEHIH KO3FaJIbICHIH DAacKapa OTBIPBII KO3FaJI-
MaJIbl I1aTMOPMAHbBIH, Ke3-KeJIreH OepijireH KO3FraJIbIChIH aJIyra 00J1a bl

2 2KyMbIc aiiMarbl

Herizri OgUy VoW, nekapTThik KoopauHaTTap Kyiteci yir OypoimTh 6ekitiiired (0 mirardopMaHbIH
nentrpinge (Cyp.1) Op opranackan. 2Keprimikri PXpYpZp xoopaunarTap xyiieci cepasbk To-
ncanapapit Oy 1, O4 2, Oy 3 IEHTPI OOJIBIN TAOBLIATHIH, KO3TaaMaJIbl 4 maaTdopManbid 2 HyKTecinie
OeKiTiren.
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2-cypert - BekTopJ/iap MeH KooOpAuHaTTap Kyiiesepi

bluraitabiipik yinia bactanksraa zerisri OgUy VoW xone xeprimikri PX pYpZp KoopaunarTap
JKyiiesiepi coiikec KeJies.

Herisri koopaunarrap Kyiiecinen cdepaJiblk Torcaaap/ablH IEeHTPIapbIHA KOILy MaTpHUIlaia-
pol [21,23,24] xymbicTapia Kepeeriiren. TypiieHipy MaTpuriajiapbiHbiH HapaMeTpiiepi 1-kecree
KOPCEeTI/ITeH.

1-xecte — TypJenipy MaTpuraJIapblHbIH, TapaMeTpJiepi

OV o — OX1 Y1: 71 - Og’,boﬁlof :O’O,CO;OTS Ogofg— o
aip = 0410y = a;, by = 0’505 = bi,
O1,iX1,z'Y1,iZu — Oz,iUQ,iVQ,iWQ,i Cl2 = 01,1'0/1,2‘ = 8, (12 = 37”;
P2 = 02,712 = 5

Q23 = 02,1'03,1'7 bys = 0, c3 = 0,
g3 =0, Boz = O34, Y03 =0

azqy = 0304, b3y =0, 34 =0,
a3y =0, B34 =0, 734 =0
OgUgVoWy — OpXpYpZp aop, bop, cop, aop, Bor, Yop

Oy, Uy Vo iWo i — Os,;Us V3 ;Wi ;

03U i V3 iWa i — O4;X4,;Y1i24;

Bipinmii kecrejie Taniaran KOopAnHATTAD KYHeJepiHil TypJIeH/Iipy MaTpUIlaIapblHbIH Tapa-
MeTpJIepl KepCeTiireH, onfia S; KoHe (o, - KaJllblIaHraH KOoOpAnMHaTasap, & - Oipinmi Gesceni
irepsieMesti KHHEMaTUKAJIBIK, KV 11eH Uy eciHiH, apacblHIarbl OYPbITIL.

Bepinreniep:

- 6apJIbIK KOBFa/IaThiH TYHIHIEDP/IH Y3bIHABIKTAPL! Lo, 05, = fi, loy,0., = 94

- ao14, boi,is Coriy 014, Bori, Vo1, abcomoTTik OgUyVoWy KoopaunaTTap Kyiiecine KaTbICTBI
01,,X1,:Y1,2, ;, KoopauHATTAp KYiiesJepiniH OpHaJacyblH aHBIKTAITBIH ITapaMeTpJIep;

- hi = lo, P, i xeprinikri PXpYpZp KoopuHaTTap *KYiiecine KaThICTh chepasblK KHHeMa-
TUKAJIBIK KYNTapbiH Oy ; TOJIAPJIBIK KOOPIMHATAIAPHI;
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- 9P agKTBHIH TYHIHAEP YKoHe KUHEMATUKAJILIK KYITAP TeOMETPUICHIH AHLIKTANTEHIH mapaMeTp-
JIep.
Cdepamsik Torcanapabis, Oy ; KOOpIUHATATIAPHI ObLIaliIa aHbIKTAIa,IbI

—bicyi + 557 — fis7visthy — gisvisths = Uo,,
—bisyi — sicy + ficyistai + gicvisbas; = Vo, 1=1,2,3, (1)
ci +a; + ficha; + gichyz; = Wo, ,

MYHJQ, O23; = Oy + O3;.

AjtHasMaJ bl ToICaIap/IblH MEeXaHUKAJIBIK IeKTeyJIepiHiH ocepiHeH mapaJsiieb MaHUILYIsITOD-
JIbIH, agkTaphl, stan RRS qnajgaimapbl TeK KaHa Ka3bIKThIKTAp OOMBIHINE KO3FaJIaThIH/IBIFbI OeJI-
rii. CoJt 2Ka3bIKTBIKTaP/IbIH TeHJIey/Iepin aay yimiH, (1) skyiienin GipiHim KoHe eKiHII TeH ey Iepin
CofiKeciHIme ¢y; KoHe §7; alJIbIH aJia KeOeHTy apKbLiIbl KOCANBIK

i~ Uoy + 57 - Vo, + 0 =0, (i =1,2,3). (2)
[IM :xyMbIC aiiMarbiH Kepi KHHEMaTHKAJIBIK, ecell OOMbIHIIA KapacThIpaiibiK,. KKo3raiMalibl miar-
. . . . .. T
dbopmanbin kenicrikTeri opHasmacybn Keseci Kipic q = [s1, fa1, S2, 029, S3, O23,]" KomHe MBITBIC

X =[Xp, Yp, Zp, 0, 0, go]T alfHbIMAJIBLIAPBI APKbBLIBI aHBIKTayFa 00/1a/16l. Bi3 Herisri canak »Kyii-
ecinin Uy, V xome Wy ectepine KaTbicThl GipTiHjen OypbLIaThH 1), 0 KoHe ¢ Ditgep OypbIiTa-
poit |12] kommanamers. Kosranmassr mwiardopmansiy, PX pYpZp werisri OgUy VoW, koopaurarTap
JKylieciie KaTbICThl KO3rasibichie Kesieci P = [Xp, Yp, Z p]T OpHAJIACY BEKTOPHI YKOHE 3 X 3 OJITIeM/Ti
Rop Oypbl1y MaTpuiiajgapbl apKbLIbl ObLIaMIIA aHBIKTaYFa 0018 1bI

ti1 ti2 ti3
Rop = Ry(O)Ru()Ra(9) = | tar taor ts |, (3)
t31 t3 t33
1 0O 0 0
Xp tin tiz ti3
Top — , 4
or Yp tor tay tos (4)
Zp t31 13z ts3
MYH/Ia,
t11 = clcp + shslsp, tio = —clsp + swsbep, ti3 = cso,

a1 = s, tag = sy, taz = —s, (5)
t31 = —sbcp + sihclsp, tzo = sOsp + sihclep, tzz = cich.

CdepabIk ToICAIAP/IbIH KOOPANHATAIAPI ObLIAIIa aHbIKTAIAIbI

1 1 1 1 1 1
UO41 h UO42 _ _h/2 UO43 _ _h/2
Vou = Tor 0 Vou, = Tor h- \/5/2 Vous = Tor —h- \/5/2 ' (6)
Wo.,, 0 Wo, 0 Wo., 0

(6)-renueynepaen (2), (4) xone (5) eckepy apKbLIbl KO3FAIMAJBI IIAT(GOPMAHBIH, KO3FATIBICHIHBIH,
HICKTeJIy TeHJICYIepiH aHbIKTAaiMBI3

(Xp + h - tu)C’yl + (Yp + h - tzl)s’}/l +b=0
h h
Xp+§(\/§t12—t11) C’YQ"_ Yp+§<\/§t22—t21) S’}/Q‘f-b:()

h h
XP_§(\/§t12+t11) 3+ | Y —5(\/§t22+t21) sy3+b=0
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T
MyH1a, & — Uy MeH $; BEKTOPJIAPBIHBIH OH OarbITTapPbIHBIH apachlHIarbl OYPHIII, v = 5 + &7 =

3
S HEm=E—g, E=s(0/h).

(7)-Tenmeynep Kyiteciniy eKiHImi TeHIeyiHeH VIMHIT TeH/IeyiH ColKeciHIe aIbH ata ¢y KOHEe

C7y3 KOOEHTY apKbLIbl azaiTaTbid 60/caK, X p ObLIaiila aHbIKTa 8, Ibl
h
Xp= 5 [tn + (33— 402§)t22] + hs(28)t1 — 2bs§ (8)
Hon ocbunait (7)-rengeysiep »Kyileciniy eKiHI TeHjieyiHeH YIMiHII TeH/IeyiH CollKeciHIe aJiIbiH
aJia Sy, XKOHe §7Y3 06J1y apKbLIbl a3aiiTaThiH 00JICAK, Yp aHBIKTANMbBI3

Yp = g [to1 + (1 — 42E)t1a] — hs(28)tas — 2bcE (9)

(7)-rengeynep kyiteciniy Gipinmi rengeyinen (8) xoue (9) eckepe OTBIPBIN Kejieci TeHJey I
aJIaMbI3

2b
(tll + tQQ)Sf + (tlg — t21>C§ = E (10)
(10)-reryieyen (5) Tenseysi eckepe OTHIPBII Kesleci TeHJIey/Il alaMbl3
2b
Acy + Bsp — " =0, (11)

myHaa, A = (et + c)s€ + sisbcé, B = sisls€ — (cp + ch)c€.
(11)-rengeynen ITM op asiFbIHBIH €Ki KypacThIPbLIyblHA CORKEC TENiM/Iep aJlaMbl3,

C
%3:i01<—)+a, (12)
r
myaza, a = tan™' () r = /A2 + B2

biz RRS aumamaiapapin, oH *Kak KypacTbIPbLIYybIHA COKeC KeJIeTiH IIemiMIl KO IaHaMbl3.

Ocbunaitia, Zp, 1 xKoHe ) Toyesicis aitHbIMasbLIApbl 6epy apkpuibl (8), (9) xone (12) Tenme-
yiepiien Xp, Yp KoHe (p Toyesii mapamMeTpJiep/ii aHbIKTaliMbI3.

(6)-Tengeyen cdepaliblK TOICATAP/IBIH KOOPMHATAIAPBIH OblLIaiila aHbIKTaiMbI3

h h3

WO4,1 :Zp_h't?)lu WO4,2 :ZP+_'t31——'t32’
h h\/§ 2 2 (13)
Wo,, =Zp+ 5 31 + S 132

(3)-marpunanbiy Oearial Kacuerrepine 6alTaHbICTBI Kesteci TeHIK OPBIH/IbI

ty = £\/1 —t3, — 13
31 11 21 ‘ (14)

3o = +4/1 — 13, — 12,

Cdepabik TOIICAJIAPbIH, Uos.» Vou. HYKTeJepine (14) TEHTIK OpbIHAAJIA-
et Wo,,  KoopJMHATAIAapBIHBIH — Kejeci  TepT — KOMOMHAIMACHI  coiikec — Kejejil
(4t31, +t30; —ts1, —tso; +t31, —tsa; —ts1, +t32). Ocbl MoHIepmiH imiiHJe TeK KaHA AJFAIIKEI
ekeyl (+t31, +t30; —t31, —t32) Kosrasumasibl I1aTdOpMaHH KazkeTTi opHasacy maprrapbi (7)
KaHaraTTaHIbIPAJbl, SIFHI KeHICTIKTeri Ke3-KeiareH Hykrere [IM meHTpli eH Keu Jeresie exi
bargap/a kere ajajabl. Al Keilbip HyKTesepre Tek Kaxa Oip Garmapia Gapa ajiaibl.
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3 Axobu marpunajgapbiH Kypy

AgKTapabH, KOHTYPJIAPBIHBIH, 0001,10/171'05,@03,1‘04,1‘13 TYABIKTAY TEHJIEYIEPIH KypaMbl3

rp =To,, +8; +ayy; +Cuo; + i + g —hy (15)
MYH/Ia,
1 1
| 0| | ap-cyp+bp-syp-sap
[ rp } = Tor 0| | ap-syp—bp-cyp-sap |’ (16)
0 cp+bp - cap

(16)-Tengeyen KepiHin Typraniaii KoopjuHaTTap Kyitejepinin 6ac HyKTeIepiHiH pajunyc BeK-
TOPJIAPBIH OPBIH aybICTHIPY MaTpUIlaIapbl OOMBIHINA KeJleci Typ/ie aHbIKTayFa 00./1a,1bI

rp = [UpVpWp]" =°1p = 7(aop, bor, cor, aor, Bor, Yor) (17)

7KoHe

T
r,= [UlVlWl} =97 = (o1, bovi, Coriy Qoris Bois Youi)- (18)

AbcosmorTik KoopauHarTap Kyitecirngeri OgUy VoW Kasiran BeKTopIap/IblH KOOpInHATAIaPbIH
Kejieci OyphLTy iITKi MaTpUIAIapbIHBIH KOMEriMeH aHbIKTalMbI3

fi = 05i03; = "Ry ¥'fi = "Ry - "Ry - f; =
| (19)
e R(aom, Bot,is 701,1) ) R(Oélz,z‘; Bz, 712,2‘) ’ Q’lfz*

Keuneci 6esrineysepi enrizeMis y; = 7p1 ; 2KoHe Oepiiren napamerpiepai naitaanansir ¢ = 1,2, 3
asKTaphl VIIH KeJjleci BEKTOPJIapIbl aHbIKTaMbI3

fi = R(QOO, 0, ’}/Z) . R(Q?OO, 9271‘, 900) . z’ifi =

v 0 sy 0 0 -1 i —fi+ 87 sty (20)
=1|su 0 —cy |- 092,i —892,1 0 -1 0 = fi ey 892,1‘ )
0 1 0 —8(9271' —02’1' 0 0 fz . 09271-

A A _O0p. 2i, _0 1, 2P Big
gi = 03,04, ="R3,;7'g; = "Ri; - 'Ry, - 'Ry ;>'g; =

= R(Oéou" 501,1'7 %1,1‘) : R(Oéu,i, 512,1‘, 712,1') : R(OQB,@'? ﬁ23,z’a 723,1')3’igz’ =

CY; 0 S7Yi 0 0 —1 09371‘ —89371' 0 g;
=1svu 0 —cy |- chy; —sby; O | sbs; cbs3; O 0| = (21)
0 1 0 — 5(9271' —69271' 0 0 0 1 0

—0; - 5% - s(0a; +05;)
=1 gi-cvi-s(ba;+6s:) |,
Gi - c(ba; +65;)
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__ hi - cp;
h; = POy; = "Rp - "hy = R(ai, B, 7) - | hi-soi | - (22)

mynga, o1 =0, g2 = &, 3 = =3

AbcomorTik OgUyg VoW, Koop,zu/IHaTTap Kyitecine KarbicThl, (15)-TeHaeyaeri Kajaran BeKTopiap
AHBIKTAJIAIbI.
YakpIT OoiibIHIIA (15)-TeHIey/IeH TYBIH/bI AJIaMbI3

Ip=Tpo,, +8 +ayy; + Cu; + ;i + & — hy (23)
HEMECe T, ,, A1/2/j, Cor2,; BEKTOPJIAPBIHBIH TYPAKTHI €KEHJIITIH €CKePe OTHIPBII, MBIHAHBI AJTaMbI3
I"p:é,-xe17i+927iXfi—|—wi><gi—wp><hi (24)

MyHJA, I'p = [Uop, VOP,WOP] [19on ﬁpVO ﬁpWO] - KO3FaJIMaJIbl I1aT(OPMAaHbIH, [IEHTPIHIH,
HYKTECIHIH CBISBIKTBIK ZKbLIAM/IBIFI; 81, = 81, €1,; - CBI3BIKTBHIK ZKaJIIbIJIAHFAH YKBIJITAMIBIKTAD-
JTBIH, BEKTOPJIAPHI; 927i = 92,1'62,1* - OYPBIMTHIK, YKAJIIBIIAHFAH KBLIJIAM/IBIKTAP/IBIH, BEKTOPJIAPHI;
ey, - -1 Oescenni OYPBIMNITHIK OCTIH OIpJK BEKTODBI; w; - -1 apaJjblK TYHIHHIH OYypPBIMITBIK
JKBLIIAMJIBIFBL;, Wp = [wpUO, Wy, prO}T - KO3FaJIMaJIbl IJIaT(MOPMAaHbIH, OYPBIIITHIK, YKbLIIAM ThI-
FBIHBIH, BEKTOPBI; Bapibik BekTopaap adcomortik OgUyVyW, koopauHarTap KyiteciHe KaTbICThI
AHBIKTAJIFAH.
(24)-TenmeyiH €Ki XKarblH apaJblK TYHIHHIH BEKTOPBIHA CKAISD KobeiTemi3

giT Tp =5 giT -e1; + giT . (022 x £;) + giT (wy X gi) — giT (wp x hy) (25)

HeMece BeKTOPJIap/blH, 03apa OPHAJIACYBIH €CKepPe OTBLIPLII, MbIHAHBI AJ1aMbl3

g Ip =35 (8 -ei) + 0z ey,(f; xg) —wp - (hi x g). (26)
Keuteci Genrineynepsi enrizemis

. P .. T

X = [ip, wp|, = [31, 02,1, S2, 022, 83, 92,3} (27)
Kone (26) Terjey 1l Keieci MaTpUIAJIbIK TYpre KeJaTipemis

I X=1J,-4, (28)
MYH/Ia,

ng (hl X gl);

Ju=| g7 (hyxg) )
T

gs (hg x g3) 63

gl -enn e, (fixg) 0 0 0 0
Jq = 0 0 gg c €12 62 2 (f2 X gg) 0 0
0 0 0 0 gg - €13 6221173 : (f3 X gg) 63

Jx xone Jg MaTpuIamapsl Kipic KeHe MIBIFBIC YKaJIIBIIAHTaH KOOPANHATAIAPAbI OallTaHbICThIPa-
THIH YIK0OM MaTpuIaIapbl OOJIBIT TAOBLIAIH.
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4 KbLIIaMIObIKThIK TAJIIAY

4.1 KbuUIaMaBIKTBIH, Typa KUHEMATUKAJBIK, eceli

Kerexrmi Ty#ingepmin >KbIIAMIBIKTAPLIH Oepil, KO3FaJaMaJjbl ILIaTGOPMAHBIH, KbLIIAMIBIFBIH
aHBIKTAY VIIiH, (28) MaTpUIAJIBIK TOYeJILTK KeTKIIKCI3. Jyx MaTpUIachiH TOJIBIKTHIPY YIITH, Ke-
JIecl TeHJey Il KapacTbIPaiibIK

04, = OP + h;. (29)
(29)-Tengeymi yakpIT GoiibiHIIa aud depenimaiiay apKbLIbl KeJecl TeHJIey 1l aJaMbl3
VO4’1- = f‘p + wp X hz (30)

Ajltnavasbl KWHEMaTHKAJIBIK, KYIITap/IblH IIeKTeyIepine 6aillaHbICThl, cepasblK KHHEMATH-
KaJIbIK 2KYITap/IbIH KbLIIAM/IbIKTapbl Vo, ; OpKallianjia aifHajiMa bl KHHeMATHKAJIBIK 2K YITap/IbIH
afiHaJry ocTepinin GIpJIK BEKTODJIADBIHA €5, YKOHE €3, MepIeHuKy/Iap 6o/a el Engernte (30) Ten-
JIeyJIiH €Ki YKarblH €y ; BEKTOPBIHA CKaJIAp KebeiiTeMi3

0=ey; -Ip+ey, (wpxh) (31)
BekTopsapapin e3apa opHagacyIapbiia 0aillanbICThl KeJecl TenIey/I ajqaMbl3
€ Tp+(h; xey;) wp=0 (32)
(32)-TeHgey i MaTPUIIAJIBIK TYPJIE Ka3aMbl3
Jg - X = 0g,3 (33)
MYH/IA,

e;l (hl X 6271>T
Jg = e%:Q (hl X 82’1)T

6%173 (hl X 8271)T

(28) xome (33) remueynepai Gipre »KasaMbl3, COHbIMEH Oipre J, MaTpHUIACHIHA TOJIBIKTBIPY
ZKacaiMbl3

Jo-X=1Jc-4, (34)
MYH/Ia,
I g1z g1y g1z Nig Ny N1z |
92z 92y g2z Noy Ny USP
93z 93y 93z N3y N3y UEY
Ja = ,

—cy1 —s11 0 hiz-sy —hiz-eyn hiyy-eyi—hig - sm

—cy2 —sy2 0 ho, 872 —ho, ey h2y ~cYa—haos - 572

| —CY3 —S73 0 hz,-sy3 —hs, oy h3y ccy3—hs, - 573 ]
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—g-sbt1 f-g-sls, 0 0 0 0
0 0 —g- stz f-g-sts 0 0
0 0 0 0 —g -8tz f-g-slzs
J. = |
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0 |

Sha3; = sin(by; + 0s,), sbs; =sinbs;, ¢y, = cosy;, sy =siny, i =1,2,3.

4.2 KbuigaMObIKTBIH Kepi KHHEMaTUKAJIBIK, ecebi

ZKbL1aMIBIKTBIH Kepl KuHeMaTHKaJIbIK ecebinin Makcarsl 3-PRRS mapasiieas MaHUIy I TOP/IbIH
Gesriyii opHasacybl Ke3iHIe KO3rajaMaJibl IIaT(OpMaHbIH, 6eplIreH *KbLIIaMIBIKTaAPbIH KaMTaMa-
CBI3 €Ty VIIiH, aJIThl }KeTEeKTErIIITIH KAasKeTTl »KbLIJIaMILIKTAPbIH aHbIKTAaY OOJIBII TaObLIAIb.

Toyesciz aiftHbIMaIBLIADABIH Zp, 1) XKoHe O Gesriii monepin (5) TeHey i eckepy apKbLibl (8),
(9) :xone (12) renueynepre Koitbit Toyesii X p, Yp KoHe ¢ allHbIMAJIBLIADIBIH MOH/IEDIH aHBIKTAYFa
6omnaapl. Keseci Gesrineyni enriseitik X = (Zp, U, 9], OHJIa KeJjieci TeH/IIK OPBIHJIbI

X=J.-% (35)

0Xp 0Xp  0Xp Dp 0Xp  0Xp O
0Zp 0 | 9p o 90 | 9p 00

8Yp aYp 8Yp 890 aYp aYp ) 890

7, ov " op ob o0 "oy 96

1 0 0
J, = (36)
0 1 0
0 0 1
99 9% 9
L 0Zp oY 00 i
(28)-reneyen (35) eckepy apKbLIbl MBIHAHBI aJIaMbl3
q=J,"Jc-%x-J; (37)

(28)-remikreJ, MaTpuUnACHIHBIE oumieMi 6 X 3, cos cebenTi 01 MaTPUIAHBIE Kepl MaTpuia-
CBIH aHBIKTAY VIIIH OHBI 3 X 3 eJIMeMre KeJITipeMi3, arHu YIIT aifHaJIMaJIbl YKeTeKTeri TYWiHIep/Ii
KO3FaJITKAH Karaaiiga yIIl iirepjeMesti KeTeKTeriin TyHingepai 6eKiTin KosMbI3 »KoHe KepiciHire
YIII iATepJeMesti JKeTeKTeTi TYyHiHaep/l KO3raaTKaH Karaaiia yin affHaaMabl XKeTeKTerinT TyH-
ingepdi OeKiTill KOSIMBI3.
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5 CaHapIK MbIcAJIgap

TypaxTel mapamerpJiep/iia Kejeci MoHjepinge: a; = 15, b; = 8, ¢ = 5, f; = 60, g; = 70, h =
43 TIM kyMbIC aifiMarbl aHBIKTAJJIbI. 3-CypeTTe LIrepJieMesi KHHEMATUKAJIBIK, YKYIITap bl OEKiTiIl
KoliraH karjaiiga s; = So = s3 = b0 xkoHe Zp 0 men 170 apasbIrbiHjia 5 KaJaMbIMEH, aj 1
KoHe f ekl nukI GoitblHIa —7/2 MeH 7/2 apasbirsiaia 7/50 KagaMbl GOMbIHIIA ©3repTe OTBIPHIIT
napaJiie/ib MaHUIYJISTOP/IBIH Kepl KHHeMaTHKaJbIK ecebi |21] mremmisai, erep Gepiiren nykreje
HaKTbI Oy, mremimepi 6ap 6osica barjapiaMa KeHicTikke HykTe Kosibl. Cyperre KbI3bl1 "o xoHe

koK "*" Goitbiamra [TM »KyMmbIc afiMarbIHbIH, €Ki Oarapbl KOPCETIINEH.
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3-cypert - 2KyMbIc aiiMarb

4-cyperre Zp 60 men 135 apasbirbiaia 15 KagambiMeH, a ¢ ykoHe 6 exi 1uk/1 6oibrHma —7m /2
MeH 7/2 apaJbirbiagia /50 Kagambl GOMbIHIIA ©3repTiareH. 4-CypeTTeH repiemeri KHHeMaTHKa-
JIBIK 2KYIITap/IbIH ©3repyiHiH BepTUKaAJ OaFbITTarbl XKYMBIC aliMarbIHbIH ©3TepyiHe ocep eTeTiH/IirH
Oaiikayra 00J1a b, AFHU 1ITepJieMesi KUHEMaTHKAJIBIK, XKYIITap/IblH apa KAlTbIKTHIFbI KaKbIHIaraH
JKaraaiia napaJie b MaHuITy IS TOP/IBIH, YKOFaprbl KaKTarbl JKYMBIC aiiMarbl KeHele 1i, a1 apa Ka-
IIBIKTHIKTAD aJIbICTaraH YKaraii1a TOMEHI'] XKaKTarbl XKYMbIC aiiMarbl KEHEHeTIH N H Kope ajlaMbI3.
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4-cypert - irepJiemMeli KHHEMATHKAJIBIK >KYITap/IblH »KYMbIC aiiMarblHa dcepi

Manuryssiropbl 6esrisii 6ip KasblliKa ajblll KejaeMis (Kecre 2) yKoHe GesiceHjii KMHEMaTHKAJIbIK
JKynTap/sl 6esrisi 6ip KbLIIaMJIBIKIIEH KO3FAJTKAH Kafjaiia (Kecre 3) KO3raaMalibl miargop-
MAaHBIH JIE3JiK KbLIJaM/IBIKTAPbIH aHbIKTaiiMbI3 (KecTe 4).

2-KecTe — 93’1‘ Mangpi (9271 = 9272 = (9273 = O, 7853, S1 = S92 = S3 = 60 )

03,1 03,2 033 03,1 03,2 033

1,8061 | 2,3347 | 1,8387 | 7 1,8387 | 1,8061 | 2,3347
1,8061 | 2,3347 | 1,8387 | 8 1,8387 | 1,8061 | 2,3347
1,8061 | 2,3347 | 1,8387 | 9 1,8387 | 1,8061 | 2,3347
1,8200 | 1,8200 | 1,8387 | 10 | 2,3347 | 1,8387 | 1,8061
1,8200 | 1,8200 | 1,8387 | 11 | 2,3347 | 1,8387 | 1,8061
1,8200 | 1,8200 | 1,8387 | 12 | 2,3347 | 1,8387 | 1,8061

O O = | W N —

3-kecte — Kipic mapamerpJiepi

51 [ 021 | 52 | 022 | 53| 23

1002 [-1]02 102
0 |02 [0 (020 |02
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1002 [-1]02]-1]02
0020 [02]0 [02

O[O0 U = | W N —
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02 |-1]02 [-1]02
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4-kecte — [nirbic mapaMeTpepi

% Py, ¥ Py, ¥ Pw, w Py, w Py, w Pw,

1 |2,3158 | -2,1329 | 19,3205 | -0,2341 | -0,1473 | -0,0159
2 [2,0717 | -1,0081 | 18,1863 | -0,2094 | -0,1317 | -0,0142
3 10,2441 | -0,2248 | 1,1432 | -0,0246 | -0,0155 | -0,0016
4 10 0 24,4475 | 0 0 0

5 |0 0 22,7647 | 0 0 0

6 |0 0 1,6828 | 0 0 0

7 10,6892 | 3,0720 | 19,3295 | 0,2446 | -0,1290 | -0,0159
8 10,6166 | 2,7481 | 19,3295 | 0,2446 | -0,1290 | -0,0159
9 10,0726 | 0,3238 | 1,1432 | 0,0257 | -0,0136 | -0,0016
10 | -3,0051 | -0,9391 | 19,3295 | -0,0105 | 0,2572 | -0,015
11 | -2,6883 | -0,8400 | 18,1863 | -0,0094 | 0,2472 | -0,0142
12 | -0,3168 | -0,0990 | 1,1432 | -0,0011 | 0,0291 | -0,0016

6 KopbITbIHIBI

Kywmpicra tpurnon Typaeri 3-PRRS TIM xyMmbic afimMarbii aHbIKTay Ke3iHIe KO3FaJIMAJIbl ILIAT-
dopMaHBIH ITeHTpl KeHicTiKTeri 6eyriii 6ip HyKTere Tek KaHa eki barmap/aa 6apa aJlaTbIHIBIFLI OeI-
riyii 6osbl. Besrisi 6ip BepTHKaJ »Ka3bIKTHIKTAFbI TapaJliie b MAHUITYJIATOP/IbIH KYMBIC aiiMarbl
meHbep 0OoJIATHIH/IBIFBI AHBIKTAJJIBI YKOHE COJI MEeHOEp/IiH, iMiHJeri MaHUuIy IS TOP/IbIH, TeHTPIHIH
KO3FaJly TPAeKTOPHUSICHI KOPCETL/IJI. iarepeMesi KHHEMATUKAJBIK, YKYIITap/IbIH KO3FaJIbIChl BEPTH-
KaJI OarbITTarbl >KYMbBIC aliMarbIHBIH, VJIFaIObIHA OCEP eTeTiHiiri 6erii 60116l MaHuyIaTop by
JKBLIJAM/IBIFBIHBIH, Typa »KoHe Kepi KWHEeMATHKAJIbIK ecerrTepi el >KoHe calbICThIPbLIJIbI, CIH-
IYJIAPJIBIK, KOHMDUTY PAIUsIaH alblC aiilMaKTap1a MIeniMIepIiH a0COMOTTIK allaKThIFLL 5% acKam
JKOK.
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APPLYING THE KNOWLEDGE BASE OF CWE WEAKNESSES IN
SOFTWARE DESIGN

The article deals with the issues of organizing software weaknesses by the software architect at the
stage of its design using the developed ontological knowledge base of CWE weaknesses. The main
goal of this research is to analyze the software defect system based on CWE and develop an ontology
model (knowledge base) of this system for software architects. The use of artificial intelligence tools,
in particular the development of knowledge bases based on weaknesses, will provide new opportunities
for searching and researching software weaknesses. This model being developed will be useful for
application by software developers, researchers in the field of software design and cybersecurity, as well
as teachers of educational institutions that conduct courses in software development technology and
information security. For developers, this model can serve as an assistant and reference when designing
software, since weaknesses are organized by a well-known security tactic, helping the designer to embed
security during the design process instead of detecting weaknesses after the software has been created.
Researchers will be interested in studying and applying software weaknesses in their work. Teachers
can use this model as a reference when studying and discussing security vulnerabilities in software
design or architecture, as well as the types of errors that can be made during software development.
The functions of the software architect are analyzed, and an example of the built ontological knowledge
base of CWE weaknesses is given.

Key words: CWE, software weaknesses, ontology, knowledge bases, software architect, Protege,
Semantic Web, SPARQL.
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'K .2Ky6anos areianarsl Axrebe oHipsik yHuBepcnTeri, AkTebe K., Kazaxcran
29ymue Kmmment Oxpus arsiagarsl Cobus ynusepeureri, Cobus k., Bosirapus
*e-mail: sartabanova88@gmail.com
ITporpammananbik, kacakTamanbl xkobastayqa CWE osicizgikrepi Typasibi
6is1iMm 6a3achiH KOJIJaHY

Bepinren makasama mporpamMmMalibik xKacakTama coynermicinin CWE oiici3 kakTapbii 611yain qaMbiran
OHTOJIOTUSIIBIK, 6a3aChlH KOJIJIAHA OTBIPBIIN, OHBI »KobaJjay Ke3eHIHJe NMPOrpaMMAJIbIK, »KacaKTaMAaHbIH,
QJICI3/IINIH  YIBIMJIACTBIPY MoceJiesiepl KapacThIpbLiadbl. Bys 3eprreyiain Herisri makcarbl - CWE
Herizinjieri mporpaMMasIiblK, KacaKTaMa aKay/IapblHBbIH »KYHECIH Tajijiay »KoHe IMTPOrpaMMAaJIbIK, Ka-
caKrama COyJeTHIepl YIIiH OChl KyfieHiH oHTosorust Mogesin (6Glrim Gasacbin) »kacay. zKacadspl
WHTEJUIEKT KYPaJJIapblH KOJJIAHY, aTall afTKaH/a, 9JICI3JIIKTepre Herizjesren 611iM 6a3achblH JaMBITY
IPOrPaMMAJIBIK, YKACAKTAMAHDIH OJICI3/IIKTEepin i3/1eyTe KoHe 3epTTeyre Kana MyMKiHmikTep oepemi. By
93ipJIEHreH MOJIEIb IIPOrPpaMMAJIbIK, YKacaKTaMaHbl 931pJeyIiiep/iid, TporpaMMalsIblK KacakraMa MeH
KNOepKayilci3ik caachlHIaFbl 3ePTTEYINIEep/iH, COHJai-aK ITPOorpaMMaJIblK KacaKTaMaHbl 93ipJiey
TEXHOJIOTHSICHI MEH aKIapaTThIK KAyilCi3IiK KypCcTapblH YKYPri3eTiH OKY OPBIHJIAPBIHBIH, OKBITYIIBLIA

© 2020 Al-Farabi Kazakh National University
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pbiHa Taitgaasl Oosaael. Bya Momens o3ipseymriiepre TpOrpaMMAasbIK, KacaKTaMaHbl 2Kobasrayia
KOMEKIII »KoHe aHBbIKTAMAJIBIK 00J1a asiaJibl, OfTKEH] 9JICi3iKTep Oe/rii Kayincis/iik TaKTUKAChIMEH Yii-
BIMJIACTBIPBLIFAH, JU3aHEPTe MPOrpaMMaJIbIK, KacaKTaMa YKacaJFaHHAH KeHiH oJIci3 xKepJiep/ii Taby IbiH,
OpHBIHA 2K0baJiay MPOIeciHIe Kayinci3maikTi eHrizyre KoMeKTece i. 3epTTeyIijepre 63 KYyMbICTaAPBIH 1A
IPOTPAMMAJIBIK, YKACAKTAMAHDBIH OJICI3/IriH 3epTTey KoHE KOJJIAHY MOcesejepi KBI3BIKTHI OOJIaIbI.
OxpITyIIBLIAp OY/T MOJENBl MPOTPAMMAJILIK, KACAKTaAMa JTH3afHBIHBIN HEMECe ApXUTEKTYPACHIHBIH,
9JICI3 TYCTapbIHIAFbl KAyilCI3/iKTi, COH/Iali-aK IIporpaMMaJIbIK 2KacaKTaMaHbl 93ipJiey Ke3iH/le XKacaJlybl
MYMKIH KaTeJIKTeP/IiH TYpJepiH 3epTTey KoHe TAJKbLIay Ke3iHJe aHbIKTAMAJIbIK MaTepuasl peTiHjie
KoJiana ajajpl. [IporpaMMalbiK yKacakTama coyJeTHiiciniy, dpyHknusaapbl Taaganaas, CWE oiciz
JKaKTapbIH OLITY/IiH OHTOJIOTUSLITBIK, Oa3aChIHBIH, MBICAJIBI KEeJITipiJINeH.

Tvyitin cespgep: CWE, nporpaMMasibik, 2KacakTaMaHbIH 9JICI3iri, oHTOIOTHs, OiiM Ga3ackl, mporpam-
MaJIbIK, JKacakTrama coyseririci, Protege, Semantic Web, SPARQL.

2K.E.Capra6anosal™*, B.T. Tuvurpos?, C.M.Capcumbaesal
L AkTIo6MHCKII pernonaabuelil yausepcuter umenn K.2Kybanosa, r. Akrobe, Kazaxcran
2Cocumitckmit yausepcurer umenu Cparoro Kmmvenrta Oxpuackoro, 1. Codus, Boirapus
*e-mail: sartabanova88@gmail.com
IIpumenenue 6a3bl 3Hauuii ciaabocreit CWE B npoekTupoBanumn
HIPOrpaMMHOTO ObecredeHus

B crarbe paccMarpuBaroTCsi BOIPOCHI OPraHU3aIiy CaabocTeil TpOrpaMMHOIO OOeCIIeYeHrs] apXUTEK-
TOPOM TMPOTPAMMHOTO ODECIEYEeHMsT Ha ITale ero MPOEKTUPOBAHUS C MPUMEHEHHEM DPa3pabOTaHHOI
oHTOJIOrM4YecKoit 6a3pl 3HaHuii ciabocreii CWE. OCHOBHOIl 1esIbI0 JAHHOTO HCCJICIOBAHUS SBIISETCS
aHaJIM3 CHCTEeMBbl JepeKToB mporpaMMmHoro obecuedenusi Ha ocaobe CWE u paspaborka mojesn
onToI0orMK (6a3bI 3HAHUIT) ITON CUCTEMBI JIJIsi ApXUTEKTOPOB MTPOTPAMMHOTO obectievenust. [Ipuvenenne
CPEJICTB UCKYCCTBEHHOI'O HHTEJJIEKTA, B YaCTHOCTH pPa3pabOTKy 0a3y 3HAHMM HA OCHOBE CJIabocTeil
JIaCT HOBBIE BO3MOXKHOCTH TOWCKA W MCCJIEIOBaHMs cabocTeit mporpaMMHOro obecredennus. Jlammast
paspabaTbiBaeMast MOJIEJIb OYJIeT [oJIe3Ha B IPUMEHEHUN Pa3pabOTIMKAMU IPOIPAMMHOIO 00eCIe eH s,
HCCIeIOBATEIIM B OOJIACTH TPOEKTUPOBAHUS ITPOrPAMMHOIO OOecIevdeHnss u KubepObe30macHOCTH,
a TakyKe IIPEHoaBaTessiM yIeOHBIX 3aBEJCHUN, KOTOPBIE BEILyT KyPChl TEXHOJOIHH pa3paboTKH
IPOTPAMMHOTO ObecIieteHnst u 1Mo UHMOPMAIMOHHOH Oe3omacHocTu. PaszpaboTinkaM maHHAsT MOIE/Tb
MOZKET CJIY?KUTDH IIOMOIIHUKOM W CIIPABOYHHKOM IIPHA IIPOEKTUPOBAHUM IIPOIPAMMHOIO 00ECHEeYeHUs,
[IOCKOJIBKY cjiabble MecTa OPraHu30BaHbl U3BECTHOI TAKTUKON 6€30IIaCHOCTH, IOMOTasi IIPOEKTUPOBIIUKY
BO BCTpaAMBAaHNN OE30MACHOCTU B TEUEHME TPOIECCa MMPOEKTUPOBAHNS BMECTO TOTO, YTOOBI OOHAPYKUTH
ciaabble MecTa IOCJe TOro, KaK IporpaMMHOe obecredeHune Obuio co3mano. VcciemoBaressim Oyzer
MHTEPECHBI BOTIPOCHI U3YIEHUs U TPUMEHEHUsT CJIab0CTel TPOrPaMMHOTO 0DECIICUIeHNsT B CBOMX PADOTAX.
[IpenomaBaresin MOTYyT WCIIOJB30BATh JAHHYIO MOJEIb B KadeCTBE CIPABOYHOIO MaTepuasia IpH
U3yYIEHNN U OOCY?KJIEHUU OE30IMAaCHOCTH 10 CJIAOBIM MECTaM JU3ANHA MM APXUTEKTYPBI IIPOTPAMMHOTO
obecriedennst, a TakyKe THIIOB ONHOOK, KOTOPBIE MOT'YT OBITH CZEJIaHbI BO BPEMsl pa3pabOTKHU IIPOrPaMM-
noro obecrievenus. [Ipoanamm3npoBanbl GYHKINT apXUTEKTOPA IPOTPAMMHOTO 00ECIIEUCHHST, TTPUBEICH
pUMEpP TIOCTPOECHHOM OHTOJIOTUYIECKOl Oa3nl 3nanmii ciaadbocreit CWE.

Kirouessie ciaoBa: CWE, ciiaboctu mporpaMMHOTro obecIiedeHust, OHTOJIOrUsI, 6a3bl 3HAHUIT, APXUTEK-
TOp mporpammHoro obecnevyenust, Protege, Semantic Web, SPARQL.

1 Introduction

Each organization makes sure that the software purchased and the software products developed
are protected at all levels. To protect all their software products, companies adhere to the rules
and standards of information security, as well as international recommendations, at all stages of
development. To solve these problems, the developer community and MITRE Corporation created
an international list of CWE software weaknesses. However, this information is not structured and
there are contradictions in structuring these weaknesses by concepts, which leads to problems in
the work of system users. These problems make it difficult to protect resources from cyber-attacks.
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The analysis of publications [I—1] shows that one of the promising approaches to improving the
efficiency of both search and analysis of information is an approach based on the construction of
ontologies of the subject area. The authors propose an approach to implementing the organization
of software weaknesses using ontology.

2 Architectural concept of CWE

A software architect is a person, whose main activity is to manage the process of creating, designing,
developing and maintaining software. The main responsibility of the software architect according to
international requirements is to develop or select the most appropriate architecture for the system
(or systems), such that it meets the needs of the business, meets the requirements of stakeholders
and achieves the desired results under specified restrictions. The functions of the architect are
shown in Figure 1.

describes the “ (approves \o pmei = P ——
( )| ] monitors compliance with -
‘information system ./ ‘development tools . i -

— y =y - th_e_z__sglected arCh'tem’f"?. <" /monitors requirements at
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Q ‘ “.approach
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presenting information about |
the project -
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._based on availabl..,
& ‘- —

Software architect

: E— e —— " can make critical
“ collaborates with the (supports control over the | L UL A
. leaders (customers] 5.9fhf\rare Iite,cycle -

motivates colleagues ".
- [team) /

Figure 1 -~ Software Architect Functions [5]

In accordance with the Professional Standard in the Republic of Kazakhstan, the software
architect has the following responsibilities: evaluating and analyzing systems, developing system
solutions, developing I'T strategies, concepts and architecture of information systems, introducing
innovations in business processes, advising on the selection and implementation of optimal systems,
from the point of view of the IT strategy of the enterprise, information technologies and using
investments in information systems with maximum benefit. Its main goal is to develop a software
architecture. The work functions of the software architect include [0]:

1. Creating Software Architecture Variants;

2. Assessment of software requirements and selection of software architecture option;

3. Documentation of software architecture and implementation of software tools;

4. Assessment of the possibility of creating a project architecture and identification of key scenarios;
5. Manage methods, interactions, and software upgrades;

6. Control over selection of software architecture option, implementation and maintenance of
software tools.
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3 The proposed ontology

An ontology is a system of objects, their properties, and relations between them for a certain area
of knowledge. Special languages are being developed to work with ontologies, the most modern
of which is the W3C consortium’s OWL language. Information in the ontology is stored in OWL
format, in the form of triplets. OWL is an information (knowledge) representation language that
can be used to describe ontologies both in the semantic web and in various applied information
systems. |7, 8]

A Query Language for RDF (RDQL) and Protocol and RDF Query Language (SPARQL)
are currently available for executing queries to RDF stores. SPARQL is one of the recommended
semantic web technologies for publishing data to the Internet [9].

The knowledge base development process was divided into the following stages. - Defining
classes in the ontology;

- The organization of classes in a certain hierarchy;

- Property definition;

- The content of the instances of the class "CWEEntries»;

- The content of the instances of the class "CVEEntries»;

- The content of the instances of the class "CAPECEntries»;
- Checking the consistency of the knowledge base.

The architectural concept is represented as a graph. This concept includes 12 categories, each
of which consists of classes, variants, bases, and composites. The category structure is shown in
Figure 2.

Any ontology contains a header and a body. Figure 3 shows the title of the ontology (knowledge
base), added an annotation, you can add comments, and configure the import of the ontology. The
ontology body contains descriptions of classes, properties, and individuals.

The "owl:Class" class is introduced in the OWL language. Classes are organized in a hierarchy
using the "rdfs:subClassOf"property. Two complementary classes are important: "owl:Thing a
superclass of any OWL class; "owl:Nothing a subclass of any OWL class. An instance of any
OWL class includes an extension of the "owl:Thing" class. The extension of the "owl:Nothing"
class is an empty set. Class descriptions are the building blocks for defining classes using axioms.
To define classes and form various axioms, there are a number of constructs: "rdf:ID defining a
named class; "rdfs:subClassOf" is extensional one class is entirely included in the other extensional;
"owl:equivalentClass" is extensionally two classes coincide; "owl:disjointWith extensionally two
classes do not intersect.

Classes are the main component of the OWL ontology. Classes can be named, disjoint, and
hierarchical. When creating classes, the Protege editor initially already contains the "Thing"class
- which is a class that represents a set containing all the objects in the subject area.

In the created knowledge base, the Thing class contains the following classes: CWEEntries
- the main class under study, CAPECEntries, and CVEEntries. CWEEntries contains Software
weaknesses, CAPECEntries-attacks related to the corresponding weaknesses, and cveentries-
vulnerabilities.

An ontological graph is a bipartite graph whose vertices are concepts of the domain, and whose
arcs are relations between them. An ontological graph is an information model of a domain that
has the form of an oriented graph, whose vertices are classes, and whose arcs are relations or
connections. Figure 4 shows the ontological graph obtained as a result of constructing the domain
ontology in the Protege 5.5.0 editor [10].
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<& CWE (http://www.semanticweb.org/Zh/ontologies/2018/6/ CWE) : [DAZR\CWE_45.owl]

File Edit View Reasoner Tools Refactor Window Mastro Ontop Help

& CWE (http-//www.semanticweb.org/Zh/ontol 2018/6/CWE) ~ Search_..

|Actwe ontology = | Entities = | Classes x ‘ Object properties = ‘ Data properties = ‘ Individuals by class x ‘ Property matrix = | Individual Hierarchy Tab = | DL Query = | OntoGraf = | SPARGL Query x |

Ontology header: = M & § Ontology metrics: [0 = 15

Ontology IRI hitp:ifwww semanticweb.org/Zhiontologies/2018/6/CWE

Metrics
Ontology Versien IRI Axiom 8296
Logical axiom count 5578
Annctations Declaration axioms count 1206
rdfs.comment  [type: xsd sring] Class count 9
CWE™ s a community-developed list of common software security weaknesses. It senves as a common language, a measuring stick for software Object property count 7
security tools, and as a haseline for 1, mitigation, and efforts Data property count 40
Individual count 1146
rdfs:comment  [ftype: xsd:string] Annotation Praperty count 1

Easily find a specific software weakness by performing a search of the CWE List by keywords(s) or by CWE-ID Number. To search by multiple
keywords, separate each by a space. N
Class axioms

SubClassOf 6

Figure 3 — Title of the ontology created by the knowledge base

The knowledge base you create consists of weaknesses, vulnerabilities, and attacks [11]. Since
the knowledge base is implemented from the point of view of the architectural concept, the main
class is CWEEntries. This class consists of the main view class, which includes 12 subclasses

(category). The Categories class contains CWE records that contain a set of other records that
share a common characteristic. [12]

Figure 5 shows the category content modeled in the Protege environment.
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Figure 5 — The structure category

Each category includes classes, bases, variants, and, if there are composites.

The category has the following format: description - brief description-specified in the
annotation), category ID - specified as a data property (data properties - ID), object property
? views__member. This property associates each category with the corresponding classes, bases,
variants, and composites (that is, those that belong to a particular category).

Properties (rdf: Property) in OWL are relationships that bind classes or individuals. All
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CWEEntries have two main objects:

1) object properties - properties of objects (owl:ObjectProperty) are relationships between two
classes or individuals;

2) data properties - data type properties (owl:DataTypeProperty) - this property defines the
relationship between the individual and the data value (numerical constraints).

The main properties of object properties include: references (designed to indicate the
vulnerabilities available for a certain weakness), categories member (this property is necessary
for the relationship of each bases, variants, classes, compound with the corresponding categories),
related attack patterns (this property indicates the relationship of weaknesses with possible
attacks).

Properties of data properties include: id, modes of introduction, common consequences,
likelihood of exploit, demonstrative examples, applicable platforms, weakness ordinalities,
detection methods. |13, 14]

4 Application of the knowledge base

There are four types of data queries: default query, literal query, class instance query, class object
property query. Below are various types of queries written in SPARQL.
Query 1 - a general standard query, It defines the structure of the knowledge base and shows
the list of main objects.
Inquiry 1. Generic Standard Query:
PREFIX rdf: <http://www.w3.org/1999/02/22-rdf-syntax-ns# >
PREFIX owl: <http://www.w3.0rg/2002/07/owl# >
PREFIX rdfs: <http://www.w3.org/2000/01 /rdf-schema# >
PREFIX xsd: <http://www.w3.org/2001/XMLSchema# >
SELECT 7?subject Tobject
WHERE { 7subject rdfs:subClassOf ?object }

As a result of this query, a list of the main classes that are subordinate to the CWEEntries
class in our ontology is displayed.

Query 2 - a query based on class object property data, It identifies the knowledge base elements
associated with that property and shows the relationships between weaknesses through a specific
object property.

Inquiry 2. Objects associated with a property of type categories incudes:
PREFIX db: <http://www.semanticweb.org/Zh /ontologies/2018/6/ CWE# >
PREFIX rdf: <http://www.w3.org/1999/02/22-rdf-syntax-ns+# >

PREFIX owl: <http://www.w3.0rg/2002/07/owl# >

PREFIX rdfs: <http://www.w3.org/2000/01 /rdf-schema# >

PREFIX xsd: <http://www.w3.0rg/2001/XMLSchema# >

SELECT 7x ?property 7y

WHERE { ?property rdfs:subPropertyOf* db:views includes.

?property rdfs:domain 7x .

?property rdfs:range 7y .

}

The result of the second query is to display the relationship between categories and objects that
are subject to categories using the categories includes property.



7Zh.E. Sartabanova et al. 79

Query 3 - Demonstrates the query based on the data type property. Defines the
likelihood of exploit property values for all categories and displays the list of categories and
the corresponding value for these categories of the likelihood of exploit property. Inquiry 3.
likelihood of exploit property values for categories:

PREFIX db: <http://www.semanticweb.org/Zh /ontologies/2018,/6/ CWE# >

PREFIX rdf: <http://www.w3.org/1999/02/22-rdf-syntax-ns# >

PREFIX owl: <http://www.w3.0rg/2002/07/owl# >

PREFIX rdfs: <http://www.w3.org/2000/01 /rdf-schema# >

PREFIX xsd: <http://www.w3.org/2001/XMLSchema# >

SELECT 7t 7y WHERE

{// 7x db:categories member 7t.

7x db:likelihood of exploit 7y

¥

As a result of the third query, a list of values of the likelihood of exploit property for categories
objects is displayed.

5 Conclusion

CWE projects are hierarchical classifications and are used primarily in this capacity. They provide
a way to formally describe information security phenomena for use as a common language. The
main focus is on common use, so MITRE attracts specialists from both the scientific community
and industry to develop it. These projects serve as an important tool for constructive interaction
in the field of information security.

The authors have designed an ontological model of these weaknesses from the point of view of
the architectural concept. The article considers the possibilities of using the ontology of software
weaknesses.

The developed software is integrated with the Protege ontology editor, which is used for
ontology design and maintenance. As a result, a system has been created that provides an effective
filling of the knowledge base with knowledge, has an ergonomic interface for expanding the existing
model, combines the ability to convert new changes in the SID standards to the OWL language and
the ability to visualize the schemes of structural models of paths, knowledge of which is extracted
from the used database.

Queries for selection by condition, in the case of an ontological database, are made in SPARQL.
It is a language for querying data represented in the RDF model, and it is also a Protocol for
transmitting requests and responses.
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OBb OJJTHOM ITPOCTPAHCTBE YETBIPEXMEPHBIX YNCEJI

Buepsbie Teopust derbipexmMepHbIx unces Obita BBemena Y.P. amuabromom B 1843 1, KoTOpasi HA3LIBA-
ercs Teopueil KBATEpHUOHOB. B JaHHONl TeOpHH YMHOXKEHHE sBJISeTCS HEKOMMYTATHUBHON oreparuei,
BCJIEJICTBHE U€T0 HE YIAJIOCH MOCTPOUTDH TIOJHOIEHHDBIN MATEMATHIECKUIT a3 (DYHKITMOHATLHBIX ITPO-
crpancTs. B 2003 rogy Oblia omyOIMKOBaHa HOBasl TeOPHsT (DYHKITHI YeThIPEX TePEMEHHBIX Ka3aXCKIMHI
maremaTukamu b. Maykeesbim 1 M.M. AGEHOBBIM, I/ie BBOAUTCA KOMMYTATUBHOE YMHOYXKEHHUE, KOTOPAst
IIO3BOJISIET PENIaTh TPEeXMEPHBIE MOJIEIN MEeXaHUKI aHAJMTHIECKIM MEeTOJIOM. BoJee IoTHOe U3/102KeHne
noBoit reopun M.M. AGenos omyo6siukosas B 2019 romy B Buze monorpaduu. B xoze passurus maHHOI
teopun M.M. A6enoBeim n1 M.B. I'a606acoBbiM OBLIN HailJIeHbl BCE YEeTHIPEXMEPHBIE IIPOCTPAHCTBA C
KOMMYTATUBHBIM yMHOYKEHHEM, KOTOPBIM IPUCBOEHBI obo3Hadenns M2 - M7, u nogsBuiach HEOOXOIH-
MOCTDb WMCC/IEJIOBAHUS JAHHBIX MPOCTPAHCTB. JlamHas pabora m3ydaeT OJWH M3 STUX TPOCTPAHCTB, a
MMEHHO IPOCTPAHCTBO dYeThIpexMepHbIx uuces Mb. Ilesnbio mcciemoBanmus gaHHOl PabOTDLI SIBJIAETCS
U3yYEeHNEe CBOMCTB IETHIPEXMEPHDIX 1nces mpocTpancTsa M5 u obocHoBamme ero 3naanMoctu. B padore
IIOJIyY€eHbl HOBBIE Pe3YIbTAThI 00 anredpe mpocrpancTsa M5, BBeJeHB! pa3/IMYHble HOPMBI B METPHUKH,
PacCMOTPEHBL CBOMCTBA YUCJIOBLIX IIOCJIEI0BATCILHOCTEH.

KuroueBsbie ciioBa: 4eThIpexXMepHOe YHUCJI0, CIIEKTD, COOCTBEHHOE 3HAYEHNE, CUMILIEKTUYEeCKUI MO/TYJIb,
CIIEKTPAJIbHAST HOPMA.
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Tept esiiemai cangapabiH, 6ip KeHICTIri TypaJsibl

Tept enmmemi cangap Treopusicbin ajrar pet B. P. Tamuibron 1843 Kbkl €HIi3/11, OHBI KBATEPHUOHIAD
TEOPUSCHI JIET aTaIbl. ByJT TeopusTa eHri3iien KoOelTy epekeci KOMMYTATUBTI eMeC, COHIBIKTAH (DYHK-
IMUOHAJIIHI KEHICTIKTEP/IiH, TOJBIKKAHIBI MATEMATUKAJIBIK TAIIaybl icke achbipbIMaIbl. 2003 KbIIbI TOPT
eeM/Ti canaap GYHKITNICHIHBIH KaHa TeopusachbiiH MaremMatukTep b. Moykees mer M. M. O6eHoB armThr,
oJ1ap KOMMYTATHUBTI O0JIATHIH KOOEHTY eperKecin eHri3/ii, OyJ1 Teopusi MeXaHUKAHBIH, VIIT OJIITEMI MOJIETb-
JIepiH aHAJMTUKAJIBIK, OJIICIIEH IIenryre MyMKiHIIK Oepesi. 2KaHa TeopusiHbIH TOJBIK, Ma3MyHbIH M. M.
O6enoB 2019 XKbLTbl ©31HIH MOHOrpaduUsChHIa 6ACHII MIbIFapIbl. Byl TeopusiHbl 3epTTEy HGAPBICHIHIA
M.M. O6enos xone M.B. Tabbacos M2 - M7 GesrisieyiMen epekinesieHeTiH, KOOEHTy eperkeci KOMMyTa-
TUBTI OOJIATBHIH OAPJIBIK TOPT OJIIEM/I KeHICTIKTep i aHBIKTaIbl, OChI Opaiijga TabbLIFaH KeHICTIKTep/Ii
3epTTey KaXKeTTiri Tybinaaasl. Byt xkymbicTa ochbl KeHicTikrepin 6ipi, aran aiitkamnga M5 tept esmemi
camH/1ap KEHICTIirl 3epTTe/reH.

By xymbicreie, MakcaTbl M5 KeHicTIriHIH TOPT eJIIeM/li CaHJIapPbIHBIH KACUETTEDIH 3epTTey YKOHE

OHBIH, MAHDBI3IBLIBITEIH HETi3/1ey OOJBIT TAaOBLIAIbI. 3ePTTETIN OThIPFaH KymbicTa M5 KeHicTirimimg
areOpachl XKailbIH/1a YKaHa HOTHKeJIep aJIbIH/Ibl, OPTYPJIi HOpMaJjap MeH MeTpUKaJIap eHri31i//1, CaHIbIK,
Ti30eKTep/[iH, KacheTTepi KapacThIPhLIIH.

Tyiiin ce3aep: ToPT eJmeM/Ii caH, CIIEKTP, MEHIIIKTI MOH/IEP, CUMILIEKCTI MOJTYJIb, CIIEKTPAJIIBI HOPMA.
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On one space of four-dimensional numbers

The theory of four-dimensional numbers was first introduced by W.R. Hamilton in 1843, which is called
the theory of quaternions. In this theory multiplication is a non-commutative operation, as a result
of which it was not possible to construct a full-fledged mathematical analysis of functional spaces. In
2003, a new theory of functions of four-dimensional variables was published by Kazakh mathematicians
B. Maukeev and M.M. Abenov, where commutative multiplication is introduced, which allows solving
three-dimensional models of mechanics by the analytical method. A more complete presentation of the
new theory was published in 2019 by M.M. Abenov in a monograph. While developing this theory,
M.M. Abenov and M.B. Gabbasov found all four-dimensional spaces with commutative multiplication,
which were assigned the designations M2 - M7, and it became necessary to study these spaces. This
paper studies one of these spaces, namely the space of four-dimensional numbers M5. The purpose of
this paper is to study the properties of four-dimensional numbers of the space M5 and substantiate its
significance. In this study, new results are obtained on an algebra of the space M5, various norms and
metrics are introduced, and the properties of number sequences are considered.

Key words: four-dimensional number, spectrum, eigenvalue, symplectic module, spectral norm.

1 Bsenenue

BruiepBble npocTpaHCTBO YeThbIpexMepHbIX duces ommcas Y.P.lamuibron [1], Koropsil Ha3Bax 910
IIPOCTPAHCTBO MPOCTPAHCTBOM KBaTepHUOHOB. OH BBEJI OIEpAINy CJOYKEHUsI, BBITHTAHUA, YMHO-
JKEHUsI U JIJICHUsS] MEXKJLy YeTBIDEXMEPHBIMH YucjaaMu (KBATEPHUOHAMH) M HOCTPOUT HEKOMMY-
TATUBHYIO ajrebpy derbipexmepHbix uncen |2—12]. Cormacuo teopeme @pobennyca |13, 14|, mose
KBATEPHUOHOB $IBJISIETCS €IMHCTBEHHON acCOMUATUBHON, HO HEKOMMYTATUBHON ajaredpoit 6e3 me-
mureseit Hyna. B 2003 romy kasaxcranckme maremarukun Maykees B. u Abenos M.M. omy6/iu-
koBaJ MoHOorpaduio |15, B KOTOpoii ompe/ e/ HoBoe MPOCTPAHCTBO Y€ThIPEXMEPHBIX UUCEIT C
ACCOIMATUBHON M KOMMYTATUBHOI ajrebpoii ¢ gemurenamu Hy/d. lannas Teopust okazaiach mpo-
nayktuBHO u B 2019 romy A6enos M.M. omy6smkosas monorpaduto [16], B KOTOPOil TOCTPOEHDI
COOTBETCTBYIOIIUE aredpa U MaTeMATHICCKUN aHAJIN3 Ha OCHOBE YeThIPEXMEPHBIX YUCE]I, KOTOPYIO
aBTOP HA3BaJl «YE€TBIPEXMEPHON MATEMATUKON».

YerwipexmepHas MaTeMaTUKa TO3BOJISIET PACCMOTPETH ITPOCTPAHCTBO YETHIPEXMEPHBIX THCET
KaK eCTeCTBEHHOE PACIIMPEeHne POCTPAHCTBA OJHOMEPHBIX M JBYMEPHBIX (KOMILJIEKCHBIX) YHCEII.
Kaxk crencrsue, Bce 6a30BbIe omepaiinn, paboTaioIme B Teopur PYHKINH efiCTBUTEILHONO U KOM-
[JIEKCHOTO MTepeMeHHbIX |1 72|, coXpaHsaiTcst 1 B HOBOM MPOCTPAHCTBE .

B nmanpreitmem A6enos M.M., coBmectro ¢ ['abbacosbim M.B., omucas Bce aHU30TpOIIHBIE de-
ThIpEXMEPHbIE ITPOCTPAHCTBaA, KOTOPLIE ABJIAIOTCA aCCOIMATUBHBIMU WU KOMMYTATUBHBIMHU C JI€J/I1-
resisivmu Hysist [25]. Takux mpocTpaHCTB OKa3aaoch MIECTh W UM ObLIN IIPUCBOCHBI OOO3HAYEHIMST
M2, M3, M4, M5, M6, M7. Bce 3t mpocTpancTBa TakKzKe MOXKHO PacCMaTPUBATh KaK pPaciIupeHue
JIEHCTBUTEIHHOTO 1 KOMILIEKCHOTO TpocTpaHcTB. B padote | 16| mogpobHo onncana deTbipexyMepHast
MaTeMaTHKa HaJl mpoctpancTBoM M3. B jmannoit pabore Mbl UCC/IelyeM OJIMH U3 3TUX ITPOCTPAHCTB
UMEIOITII OTIMIUTE/ILHBIA UHJIEKC TTPOCTPAHCTBA, Kak M.

OcCHOBHBIM OTJIHYNEM IIpOCTpaHcTBa M) OT mmepBoHavaIbHOrO pocTpancTBa M3 aBisiercs To,
qro B 3anucu X = x1J1 + w9 Jy + x3J3+ 144, Gasucuble smeMentsl Ji, Jy € Re, a Jo, J3 € Im B TOM
embicie, 9to Jy - Jy = Jy - Jy = Ji, Jo - Jo = J3 - J3 = —J; [10]. D10 umeer orpeiesieHHbIE TIPERMY-
mecTBa B (pU3nveckoM CcMbIciie, Tjie Ji, Jo, J3 MOXKHO PAcCMOTPETh KaK TpexMepHas KOOp/InHaTa
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(z, y, z) B IpocTpaHcTBe, 4TO 00bscHsET J; € Re, Jo, J3 € I'm, a Jy Kak BPEMEHHON MOKa3aTeb
(t) KOTOPBIii (bUKCUPYET MEPeBUKEHUsI TeJIa 10 BPEMEHH.

SamMeHa pUHA/IEKHOCTEH TPOCTPAHCTB J3 U Jy 1 APyroe ompeesieHre orneparun yMHOKEHHST
IPUBOJISAT K M3MEHEHHWIO BHUJa OCHOBHOI MaTpHIIbI YE€THIPEXMEDPHOIO 9YHCJa, 9TO B CBOIO OYepeb
IIPUBOJINT K M3MEHEHHIO BU/Ia CIIEKTPa 1 COOCTBEHHBIX 3HAYEHUIT, 8 TaAKKe CIIEKTPAJIbHON METPUKH.

2 Marepuaj U1 MeTOJIbI

2.1 AarebpauyeckKue orepanuu

Pacemorpum MHOXKECTBO deTbIpexMepHbIX uncen X = (T1,Tq, X3, T4), T T; € R, 1 = 1,2,3,4,
KoTOpoe obo3HaunM uepe3 Mb.

Hpa ancna X = (r1,x9,23,24) 1 Y = (Y1, Y2, Y3, Y4) CIUTAIOTCS PABHBIMU, €CJIA T; = Vs, § =
1,2,3,4.

[Tpu sTOM, onieparuu CJI0KEHUS U BHIYUTAHUSA BBEJIEM KaK MOKOOP/IMHATHOE CJIOYKEHUE U BBHIUH-
TaHWe, KOTOPbIE SBJISIIOTCS ACCOMMATUBHBIMU U KOMMYTATUBHBIME. ONEpannio yMHOKEHHUS Olpe-
JiesisieM Tak, YToObI OHa, ObliTa, aCCOIUATUBHON U KOMMYTATUBHOIA.

Onpenenenne 1 Ilpoussedenuem wucesr X = (1,9, x3,24) uY = (Y1, Y2, Y3, Ys) HA306EM HUCAO
Z=X-Y = (z1, 2,23, 24), 20e

21 = T1Y1 — T2Y2 — T3Y3 + TaYa
Zg = ToY1 + T1Y2 — Taly3 — T3y (1)
23 = T3Y1 — TaY2 + T1Y3 — T2Ya4
Zy = T4Y1 + T3Y2 + ToYs + T1Ya

Teopema 1 Bsedennan onepayus YmHoHcenus Yyoo8ACMBOPAEM, CACOYIOULUM YCAOBUAM.:

1. XY =Y X (Kommymamusnocms ymmortcenus);
2. (X-Y)-Z=X-(Y Z) (accoyuamusrocmo ymnocrcenus);

3 (X+Y)- Z=X-Z+4+Y -Z (covemamesvnocmo YMHOACEHUA OMHOCUMENDHO CAONHCEHUA),
onsa mobwx X,Y,7Z € R*.

JlokazaTeabCTBO IIPOBOINTCS HEIIOCPEICTBEHHO IIPOBEPKOIL.

Yucio (21, 0,0,0) Gyuem Ha3bIBATE JEHCTBUTEIBLHBIM YUCJIOM, & 9UCIO0 (T1, T, 0, 0) — KOMILIEKC-
HBIM YHCJIOM.

N3 coornomennii (1) ciepyer, 9To npu yMHOKEHHN JEHCTBUTEIBHOIO YUCJIA ¢ HA YETHIPEX-
MepHO€e YHC/I0 TIPOUCKOUT MOKOOPIMHATHOE YMHOXKEHUe Ha a, TO ecThb (a,0,0,0) - (z1, x9, 3, 14) =
(ax1, axq, axs, axy).

Cuietytorue derbipe 9ncia Ha3bIBAIOTCs OasncHbiMu dnciaamu: J; = (1,0,0,0), Jo = (0,1,0,0),
Js = (0,0,1,0), Jy = (0,0,0,1).

Torpa j060e derbipexmeproe ducyio X = (1, Tg, T3, T4) MOKHO IPEJCTABUTE B BUJIE PA3JIOKE-
ous 110 0a3ucHBIM auciaaM X = xq1 - J; + 2o - Jo + 23 - J3 + 14 - Jy.

Onpenenenne 2 Cumniekmuseckum mooysem wemuipexrmeprozo wucaa X = (1, T, x3,T4) 6
npocmparcmee M5 nazvieaemes deticmeumenvroe 4ucao:

1X| = {‘/[(xl —x)? 4 (22 + w3)2} [z + 24)° 4 (20 — !L’3)2}' (2)




84 A.T. PaxbiMoBa 1 JIp.

Torma MOIY/Ib KOMIUIEKCHOTO 9ucia & = (1, T2, 0,0) paBen

|z = /|21 + 23].

Onpenenenne 3 Yucao X* = (x}, x5, x5, T}) Ha306eM CONPANCEHHDIM YUCAOM K YEMBIPETMEPHO-
my wucay X = (x1, To, T3,14), €CAu:

sk

r] = (xl + 23+ x5 — x4) + 2291374,
. _ 2, .2 2

Ty = Ty ( x — x5 + x5 — £E4) — 2217324,
* 2 2

vl = x5 (—af 4+ 23 — 25 — 2]) — 2z2004,

. 2, .2, .2 .2
Ty = T4 (—xl + x5 + x5+ x4) + 2x12973.
Coomeememeento, CONPANCEHHBIE YUCAA K OA3UCHDIM YUCAAM UMEIOM, 6UO:
* * * *
J]. — J17J2 — _J27J3 — _J3, J4 — J4
2
ColpsizKeHHOe 9IUCJI0 K KOMILIEKCHOMY duciy © = (I, xe,0,0) umeer Buy |x|” (z1, —x9,0,0).

Jlemma 1 ITyemo X € M5, mozda X - X* = |X[*J,.

JlokazbiBaeTcs HEIIOCPEIACTBEHHOI IIPOBEPKOIi.
[Iycrs X = (x1, 29, X3, T4) — YTBIPEXMEPHOE YUCJIO, MOJLY/Ih KOTOPOrO OTJIndeH oT HyJis. Torya
%

4
yMHOXKas obe dactu pasencrsa X - X* = | X|"J; Ha uncio W nostyanm X - |X_|4 = J;. Yucio

1 Ty xy Ty T
X! <|xl4’ | ||t | ¥
Ha30BeM OOpPATHBIM UHCJIOM K X.
Y 1
Toraa onepanuio Ae/IeHUs] YeTHIPEXMEPHBIX THCEJI OIIPEIe/ UM KakK San Yy . X! WX Y,

ecn | X| # 0.

Teopema 2 [Tycmv X = (x1,19,73,24) € R, a X' = (y1,%2,93,y1) — obpamnoe wucaro x X.
Tozda anemernmo, 06PAMMHO20 YUCAA BVPAACAIOMCA CALOYIOUWUM 00PA3OM.:

( 1 ( Ty — T4 . T+ 24 )
y1 =3 y
2 (.7}1 — 1‘4)2 + (1’2 + $3)2 (56’1 -+ .7)4)2 -+ (1’2 — 333)2

1 ( To + X3 4 To — I3
Yo = —3 )
2 ((El — $4)2 -+ (1'2 -+ $3>2 (1‘1 -+ 1'4)2 -+ (5172 — 1'3)2
y 1 ( To + I3 To — T3
3= "3 - )
2 \(z1—24)’ + (w2 + 23)° (21 4+ 24)" + (w2 — 73)°
1 T — Ty T+ Ty
Ya = o\ 2 7 T 2 2
(21— 24)" + (22 + 23) (21 + 24)" + (22 — 23)
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HoxkazarenbcTBo B cuty dopmysier (3) n onpesesiennst 3, HAXOAUM 9JIEMEHTBI 0OOPATHOTO YUC/IA
1
X~ (y17y27y37y4>
1 zy (23 + 235 + 25 — 23) + 2091374

|X_|4 ' B [(m —x) 4 (2o + 333)2} . [(961 + 24)° 4 (25 — x3)2}

=

1 2 (223 + 223 + 222 + 227%) + x4(—4x 24 + d2073)

2 [($1 - $4)2 + (IQ + 353)2] : [($1 + 954)2 + $2 - Is ]
_1m ((z1 — 24)° + (29 + 23)° + (21 4+ 24)° + (22 — x3)2)
2 [(301 - 334)2 + (w2 + xs)ﬂ : [(301 + 564)2 (22 — 333)2}

11’4((1’1 — 2y + (zg+ x3)° — (21 + 24)° — (22 — ZC3)2)
2 (w1 — 22)® + (w2 +23)°] - [(1 + 20)? + (22 — 23)°]

+

1 ( T1 — Ty n T+ X4 )
=5 2 2 2 2
2 ([L’l — 1'4) + (Z’Q + 563) (1'1 + 334) + (fBQ — 1’3)
OcrajbHbIE 9JIEMEHTHI HAXOIATCS aHAJOTUIHBIM 00pa30M.

Oupenenenne 4 emvipermeproe wucio naszveaemes necviposcienioim, ecau |X| # 0, u 6ol
poorcdennvim, ecau | X| = 0.

Omuriem BbIpozKjieHHbIe uncia. 13 ypasuenuns |X| = 0 nosyduMm, 4ro CyIecTByrOT J[Ba THUIIA
BBIPOZK/ICHHBIX YHCE B PACCMATPUBAEMOM IIPOCTPAHCTBE, & MMEHHO, THCjIa BUIA (¢, Ca, —C2,C1) 1
(c1, o, Co, —C1) TIPH TIPOU3BOJILHBIX JEHCTBUTENIBHBIX €1 U Ca.

Yucma Buna (¢, Cz, —C2,¢1) HA30BEM BBIPOKJICHHBIMU UHCIAMU [IEPBOIO THIIA, a JHCIa BUJIA
(c1,Ca, Co, —C1) — BBIPOXKJIEHHBIME YUCJIAMHU BTOPOI'O THIIA.

OueBniHO, €IMHCTBEHHBIM BBIPOXKJICHHBIM YHCJIOM, OTHOCSIIMMCS 1 K IIEPBOMY, ¥ KO BTOPOMY
tuity ssistercst aucyo 0 = (0,0,0,0). O6o3HAUNM MHOKECTBO BCEX BBIPOXKJIEHHBIX YHCEJ MIEPBOIO
turta depe3 O, a MHOXKECTBO BCEX BBIPOXKJIEHHBIX YnCes BTOPOro Tuia depe3 Op.

Teopema 3 Buipooicdennvie wucia 06aadarom caedyrowumy, ce0ticmeamu.:

1. Ecau X,)Y €O, mo X+Y €O, X-Y €O, XY €0;.

2. Fcau XY € O, mo X +Y €Oy, X —-Y €Oy, XY € Oyy.
3. Ecau X € O, Y € O, mo X -Y =0=1(0,0,0,0).

4. Ecau X € O, Y ¢ OrUOp, mo X Y € Oy.

5. Ecau X € Or, Y ¢ Oy UOp, mo X -Y € Oyy.

JlokazaTejbCTBO IIPOBOINTCS HEIIOCPEICTBEHHOI IIPOBEPKOIL.
[TepexoanM K OIpeIeIeHIIo CIIeKTPa YeThIpexMepHoro dncia. ComocTaBuM KazKI0My 9eThIpex-
MepHOMY uuciay X = (x1, Tg, T3, T4) HEKOTOPYIO MaTpuily F(x) cieyromero Buja:

1 —X2 —I3 Xy
T2 T —Ty —X3
4 (X> - T —X T —X (4>
3 4 1 2

€Ty T3 To I
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Orobpaxenne F': X — F(X) aBasercs B3anMHO-OTHO3HAYHBIM. JleficTBUTEIBHO, IBYM pas-
HBbIM 9ucjaaM X U Y COOTBETCTBYIOT pa3Hble MATPHUIILI U JUUIA JII0OO0H MaTpHUIlbl yKa3aHHOTO BHIA
MOYKHO HAUTH COOTBETCTBYIOIIEE TETHIPEXMEPHOE TUC/IO.

Teopema 4 Omobpasicenue F' : X — F(X) daa npoussosvnwx wemvipexmepror wucen X, Y
obaadaem cAedyoUUMU CBOTICMBAMU:

1. X))+ F(Y);

XtY)=F(
cX) = cF(X) dan mwobozo c € R;

F(
F(
F(XY) = F(X)F(Y);
£

2
3.

4. F(X7Y) = FY(X);

5. det (F (X)) = |X[*;

6. det (F(X)+ F(Y)) = |X +Y/|*;
7. det (F (X)) = |aX]*;

8 det (F(X)F(Y)) =|XY|";

9. det (

det (F71 (X)) = |X7Y", 2de X — nesvipoorcdenmoe wuco.

HokaszaresbecrBo Caoiicrsa 1) u 2) odeBunnbl. JlokazkeM cBoiicTBO 3).

r1 —T2 —x3 X4 Y Y2 —Y3s  Ya

F (X) F (Y) _ ) ) —Ty —I3 Y2 U1 —Ys —Y3 _ B
T3 —T4 T —X2 Yz —Ya o —Y2 7
Ty X3 T2 X1 Ya Y3 Y2

rjae B - PEIYJILTUDPYIOIIad MaTpHUILA. Brerancianm sigeMenTo MaTPHUILbL B:

bii = 1y — Toy2 — X3Y3 + Tays = 215 bia = T1Yo + oY1 — T3Ys — TaYz = 22;

bis = —21ys + Toys — T3y + Tayp = —237  bia = —T1ya — Tays — T3Yo — Tals = —24
bat = Toy1 + T1Y2 — TaYs — T3Ys = 22;  bao = —Toys + T1Y1 + TaYs — T3Y3 = 21;
bag = —ToYs — T1Ys — Taly1 — T3Y2 = —21;  bos = Toys — T1Y3 + TuYo — T3y = —23;

b31 = w3y — Tay2 + T1Y3 — Toys = 237 bz = T3ya + TuY1 + T1Ys + ToYs = 24;

bss = —T3ys + Tays + T1y1 — Tayo = 215 bza = —T3ys — TaYs + T1Ye + T2y1 = 29

ba1 = xay1 + T3y2 + Toys + T1Ys = 245 bag = —TaYo2 + T3y1 — ToYs + T1Y3 = 235

bag = —x4Y3 — T3Ys + Toy1 + T1Y2 = Z2;  bas = TaYs — T3Yz — Tayo + T1Y1 = 21,

rie z = (21,29,23,24) = X - Y.
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1
Jokaxkem cBoiictBo 4. [To dbopmyie (3) X! = _|X| 7X*, ciesoBaTenbHo,
(x71)1 = Wﬁcl (xf + a5+ 7§ — 90421) + 2wow3y,
1

(z7), = Wm (=] —

2., .2 2
Ty + x5 — $4) — 2x17324,

2

(47)y = gy (% a3 — a3 — o) — 2y

2]
(=), =

COOTBETCTBEHHO MaTpHUIla

()
F(x = " 2
W=,
(™),
a MaTpuiia
xr1 —XT2
T3 —XT4
T4 I3

Wm (—x% + x% + x§ + xi) + 2x17923,

—x3 T4
—Ty —T3
xry —I2
Ty I

VMHOXKast 9TH MaTPUIBL APYT Ha Apyra noaydnm, uro F (X1 . F(X) = E, rae E — equnudnas
MaTpHIla, 9TO JOKA3bIBAECT TpedyeMoe.
Hokaxxxem cBoiicTBo 5. Ilo onpenenennio gerepMuHanTa

a1
detF (X)) =x1| —x4
T3

Boerauciss onpegesuresin B m0cC/Ie/IHEM PABEHCTBE YOEXKIAeMCs, ITO

—Ty —T3 Tg —Ty4 —I3
Ty —Ty |+ T2| T3 Ty Ty |—
€2 € Ty X2 €

To T1 —T3

— T3 | Tz —Ty —T2
Ty T3 T

I —Ty4 —I3 Ty —Ty4 —T3
*

—Xy I —X2 | = Ty, T3 I —X9
T3 T2 I Ty T2 I
To —Ty4 —X3 To T —Xy

*
T3 T —X2 | = —Tg, T3 —T4 I
Ty X2 T T4 T3 L2

Torma det F (X) = @0} — w0ty — a2 + x40 = (x-2%), = | X|*.

€
€2
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HokaxkeMm cBoiicTBo 6. Vcnonn3ys coiictsa 1) n 5) mveem
det (F(X)£F(Y)) =det(F(X+Y)) =|X +Y|"

Jlokazare/ibcTBa CBOMCTB 7, 8, 9 BBINOJIHAETCS aHAJOTUYIHO.

Takum 00pazoM, MexKJy IPOCTPAHCTBOM YETHIPEXMEPHBIX YHCeT U IPOCTpaHcTBoM (4 X 4)-
MaTpull Buja (4) cymiecTByer OHEKIus, KOTopas COXpaHseT apudMeTHIecKue olepalii, TO eCTh
CYIIEeCTBYIOIIAsA OMEKITHS sIBISIETC TOMOMOP(I3MOM.

Omnpepesieane 5 Cnexmpom 4emuipermeprozo wucia X Ha3vi6aemcsa cOBOKYNHOCMb TaAPAKMEPU-
cmuueckur wucea coomsememeyrowet mampuyove F(X).

CocraBuM XapaKTepPUCTUICCKOE YPABHEHHE [ ONPEICICHUS CIEKTPa YeThIPEXMEPHOrO IhCIa
X = (21,29, 73, 74):

Ty —H  —T2 —I3 Ta
T2 Ty — M —T4 —x3 —0
T3 Ty T1—H T2
Ly T3 T2 Ty —p

Boraucymm onpesiennTesib XapaKTEPUCTUIECKOTO YPABHEHUS:

pt = dayp® + 2 (327 — a3 — af — a7) pP+
+ (—4af + da125 + 4oy + 427 + 8x2x3x4) p+xl + a5+ 73 + T —
— 2xtw) — 22323 — 2xTw; — 2x5a3 — 2x5x; — 2w3a] — Sx1wawzry = 0. ()
[lepermiieM ypaBHeHUE CIIEIYIOMNIM OOPa30M:

pt — Awp® + 2 (Sx% — x5 — 25— xi) p? + (—4x‘;’ + 4a 23 + 4o123 + 4oyt + 8zox3Ts) pt

+ [(961 — x4)2 + (22 + xs)z} [(xl + x4)2 + (22 — x3)2} = (.
Pemmasi ypaBrenue (5) HaAXOJUM YeThIPe XapaAKTEPUCTUIECKUX YUCJIA Y€TBIPEXMEPHOIO YHC/Ia X

p1 = xq — x4+ (o + x3) 14,
Mo = X1 —$4—($2+$3)i, (6)
ps = x1 + x4 + (T2 — x3) 1,
pg =21 + x4 — (T — x3) 0

Taxum 06paszoM, crekTp derbipexmeproro ducia X = (xq, g, T3, T4) COCTOUT U3 YETHIPEX IO~
[IAPHO KOMILIEKCHO-CONPsA?KeHHbIX uncest Bujia (6). Obosnaunm crmextp [nciaa z depes A(X) u
paccmorpum orobpazkenne S @ X — A(X).

Teopema 5 Omobpasicenue S ABAAEMCA B3AUMHO-0OHOZHAYHHM U OMOOPAACEHUEM HA, MO ECTNL
buexyuet.

HokazarenbcrBo [lycrs X # Y, nokaxkewm, aro Toryga A(X) # A(Y). omycrum nporusHOe,
Torja 9To o3Hauaer, u4ro f; () = w; (y), i = 1,2,3,4, ciemgoBaresbHo,

Ty — 24+ (T +23)i = y1 — yYa + (2 + y3) 4,
Ty — 2y — (T2 +x3) i = Y1 — Ya — (Y2 +¥3) 4,
1+ 24+ (T2 — 23) i = Y1+ Ya + (Y2 — y3) 4,
1+ — (T2 —x3)i = y1 +ys — (Y2 —y3) i
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HepeHeCH IIpaBbl€ 9aCTU B JIEBYIO 9aCTb U IIPpUBEIA HO,ZLO6HI:>I€ 9JICHDI ITOJIYyIUM

(x, —v1) = (x4 —ya) + (22 — y2) + (23 — y3)) i = 0,
() —v1) — (24 —ya) — ((v2 — y2) + (253 — y3)) i = 0,
() —y1) + (w4 — ya) + (22 — y2) — (v53 — y3)) i = 0,
() —y1) + (14 —ya) — (72 — y2) — (25— y3)) i = 0.

Orcrofia oty aum
- =0, 20—y2=0, 23 —y3=0, 24 —ys =0

win X —Y = 0. Mbr nosiyuusn nporusopeune ¢ yeaosuem X # Y.
O6paTHO, OKaKeM, 4TO JII0OOMY CIIEKTDPY, COCTOSIIEMY 13 ducesi Bija (6) MOXKET COOTBETCTBO-
BaTh OJTHO U TOJIBKO OJIHO YeThIpeXMepHOe Yucyo. /leficTBUTEIbHO, TyCTh

p=a+bi, p=a—b, ps=c+di, p,=c—di
eCThb CIIEKTP HEKOTOPOTo 4YeThipexmMepHoro uucia. Torma us dopmya (6) ciemyer, 9o

a+c c—a _b+d _d—c
= = .

CraencrBue 1 FouncmseenHvM HUCAOM, UMEIOWUM HYAEB0T cnexmp aAsAsemcs wucio 0 =
(0,0,0,0).

Sameyanue 1 Cne%mpa,/vm basucrox wucen aeamomes A (Jy) = (1,1,1,1), A (J2) = (i, —i,1, —1),

A(J3) = (i, —i,—1,1), A(Jy) = (=1,—-1,1,1).
Teopema 6 /i a06020 wemvipexmeprozo wucaa X = (xq1, e, T3, T4) CNPAGEIAUBO PABEHCTNEO
|X|4 = M1 M2 {30 M.
HokazarenbcrBo. 13 coorromenwuit (6) ciemyer, 4To
p - e = (1 — 954)2 + (z2 + 353)2, ps - pra = (1 + $4)2 + (z2 — $3)2-
Cl1e/10BATEIBHO, W3 PABEHCTBA, (2) CIEYeT fiy - flg - s - fia = | X |*.
CaencrBue 2 |Ji| =1, |L| =1, |J3| =1, |J4] = 1.
Teopema 7 Cnpasedausnl caedyrouwgue coOmHoULeHUA:

Lo (X £Y) = p(X) £ (V) dan mobmx X € R Y € R, i =1,2,3,4;

(
2. wi (X -Y) = pi (X) - (YY) 0na mobwxr X € R, Y € RY, i =1,2,3,4;
3o (b-X)=b-p;(X), dan mobwxr X € R*, be R, i =1,2,3,4;
4o s (XY = (s(X)) ™" daa mobozo mesviposrcdenmozo X € R, i =1,2,3,4,
5. 1 (X™) = u(X), dna mobwxr X € R, i=1,2,3,4, n € N;

2de 11;(X) — i-vd Komnonenm cnexkmpa 4emupermeprozo wucaa X .
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Hoxka3zaresibcTBo. CripaBe/yInBOCTL COOTHONIEHHS 1) OYeBHIHA.
Hokaxxem coornomtenne 2). Coracuo (1) u (6)

p1 (X YY) = (2101 — Toys — T3Ys + Talys — T1Ys — Tay1 — LoYs — T3Y2) +

(21Y2 + T1Yy3 + Toy1 — Toys + T3y — T3Ys — TaYo — T4Y3) - 1,

pr2 (X -Y) = (2191 — Taya — T3y + Tays — T1Ya — Tays — Taly3 — T3Y2) +
(—x1Ys — T1Y3 — ToY1 + ToYs — T3Y1 + T3Ys + TaYo + T4Ys3) - 1,

p3 (X YY) = (2191 — Toy2 — T3y + TaYa + T1Ys + Tay1 + T2y3 + T3ya) +
(T1y2 — T1Y3 + Tay1 + Toys — T3Y1 — T3Ys + TaYo — TaY3) - 4,

pa (X -Y) = (2191 — Tay2 — T3y3 + Tays + T1ys + Tay1 + T2ys + v3Y2) +
(—T1y2 + T1Y3 — Toy1 — ToYa + T3y + TaYs — TaYo + Tays) - i

AmnaJjiorn4no,
p1 (X) = (21 — 24) + (22 + 23) - 4 p (Y) = (y1 —ya) + (y2 +y3) - 1,
p2 (X) = (21 — x4) — (22 + 73) - 1, p2 (YY) = (n y4) (Y2 + ys3) - 1,
ps (X) = (z1 + 24) + (22 — 3) - 1, ps (YY) = (y 1+y4)+(y2—y3) (3
pa (X) = (21 + 24) — (22 — 73) - 1, pa (Y) = (g1 +ya)— (y2 — y3) - 0.
Torna

p (X) -1 (V) = (z1y1 — 22y2 — T3Ys + Tays — T1Ys — Tay1 — TaYs — T3Y2) +
+ (12 + T1Y3 + Toyr — Taya + T3Y1 — T3Ya — TaYo — Tayz) -1 = (T - Y),

po (X) - po (Y) = (191 — ay2 — T3Ys + Tays — T1Ys — Talyy — ToYs — T3Ya) +
+ (=21Y2 — T1Y3 — ToY1 + Toys — T3Y1 + Tays + Tayo + Tay3) -0 = po(T - y),

ps (X) - ps (YY) = (z1y1 — ay2 — 3ys + Taya + T1Ys + Tath + T2y + T3Y2) +
+ (12 — T1Y3 + Toy1 + Toys — T3y — T3Ya + TaYo — Tays) -1 = p3(T - Y),

pa (X) - poa (YY) = (1y1 — 2oy2 — 3y3 + Taya + T1Ys + Taty + T2y + T3Y2) +
+ (—21Y2 + T1Ys — Talh — ToYa + T3Y1 + TaYs — Tayo + Tays) -1 = pa(T - y).

CootHorenne 3) cjeyeT U3 COOTHOIIEHU 2).
Hokaxkem coorHomenue 4). Uz coornomenust 2) ciemayer, aro p; (X - X7') = p(X) -
wi(X 1. C apyroit croponst X - X 1 = J;. U3 coornomennii (6) caemyer, uro p; (J1) = 1 mia Beex

i =1,2,3,4. Cnegosaresnho, u; (X 1) =

Mz‘(X )
CoorHortierne 5) TakyKe CJIeyer u3 COOTHOUIEHUs 2).
Ornpeie/ B CIIeKTP YeThIPEXMEPHOTO IUCIa HAXOAUM €TI0 CIIeKTPaIbHYI0 HOPMY.
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2.2 OmpenesieHrne HOPMbBI B 4YeTbIpEXMEPHOM HpocTpaHcTBe M5

Oupenenenne 6 Yemvpermeproe npocmparcmeo Ha3vi6aemes HOPMUPOSGHHIM, ECAU 6 HEM 30-
dana MeKomopas Hopma, KOMopas YoosAemeopaem caedyouum ycrosuam [15]:

1) [|X]] >0, | X]|| = 0 moeda u moavko mozda, kozda X = 0,

2) |IAXN] = [AL- [1XT],

S NX+ Y[ <X+ Y]

1
Jlemma 2 || X, = 5 <\/(a:1 — x4)2 + (2o + 903)2 + \/(9@1 + m4)2 + (zg — $3)2) ABAACTNCA HOPMOT

yemuvipermepro2o npocmparcmea M.

JlokazaTejbCcTBO. B KauecTBe J0Ka3aTe/IbCTBA IIPOBEPSAEM BBIIIOJIHEHUE YCJIOBHIT OIIpeieie-
Hus 6. [lepBbie jiBa yc/ioBUsT OMEBUIHBI, JOKAXKEM HEPABEHCTBO TPEYTOJIHLHUKA.
st ymobcTBa paccCMOTPHUM JIBa Pa3AeIbHbIX HepaBeHCTBA:

(A1By — AyBy)* >0, (C1Dy — 02D1)2 >0,

rine Ay, Ay, By, By, C1, Cy, Dy, Dy — Ipou3BoJIbHBLIE BEIECTBEHHbIE YnC/ia. PacKpbiBaeM CKOOKU
1 10CjIe aJiredpandecKux Ipeodbpa3oBaHmil MOy IaeM

241A3B1By < A*By® + A9 By, 2C,CyD1 Dy < C2Dy” + Co* Dy

2 2

HobaBum Kk obenm wactsim mepBoro HepasencrBa (Aj;As)” + (B1Bj)”, m BTOporo HepaBeHCTBA
2 2

(C1C2)" + (D1 D), n u3BjieKas KOPEHb HAIUIIEM

A1Ay + BBy < \/(1412 + B1i?) (A% + Bs?),

C1Cy+ DDy < \/(012 + D12) (022 + D22)-

VMHOKEB Ha 2 1 106aB/IsAs K 00€NM JacTsM 1epBoro Hepasencrsa A%+ As? + B2+ By? u BTOporo
HepaBEHCTBa 012 + 022 + D12 + D22, COOTBETCTBEHHO I IIOBTOPHO U3BJIEKad KOPEHDb ITOJIy4INM

\/(Al + A2)2 + (B1 + 32)2 < \/1412 + By + \/1422 + By?,

\/(01 + 02)2 + (D1 + D2)2 < \/012 + Dy% + \/Cz2 + Dy?,

OTKY/Ia CJIe/TyeT

1 1
§\/(Al + Ao)’ 4+ (By + Bo)* + 5\/(01 +Co)* 4+ (D + Do) <

1 1 1 1
5\/1412 + B * + 5\/012 + Dy? + 5 A+ By + 5\/ Cy? + Dy?

Bsesiem cieytomue 3aMeHbl TEpEMEHHDIX:

Ay =21 — x4, Ay = Y1 — Yu,, B1 =22+ 13, Bo=ys + 3
Ci =21+ 24,00 = y1 +ya, D1 = 20 — 23, Dy = 9o — y3

HO,JCT&B.HHH X B BblIpazKeHU A ITOJIYIUM
IX + Yo <Xl + 1Y lle

Jlemma, goKaszamHa.
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Onpegenenue 7 Cnexmpanrvhnoti nopmoti saemenma X € R* npocmpancmea M5 nasweaemcs
HEOMPUYAMENDHOE YUCAO:

1

P e P O B I

Omncanue crieKTpaJbHONR HOPMBL U ee CBOHCTB GoJiee OIpoOHO IpuBeieH B pabore |16].

JIemma 3 || X||; = Vo2 + 22 + 232 + 242 Asasemca nopmoti 4emuipermeprozo npocmpancmea
M.

JokazaTesbcTBO. B KavecTBe JI0Ka3aTe/IbCTBA IPOBEPUM BBITIOJIHEHNE YCJIOBUI OTIPE/IeICHUS
6. Pacemorpum ciiejryroriee HepaBeHCTBO

(1y2 — 3623/1)2 + (r1y5 — 96391)2 + (z1ys — 964?/1)2 + (x2ys — x3y2)2 + (woys — 96492)24'

(w3ys — x4y3)2 > 0.

PackpbiBas cKOOKM IepernuiineM cJeyIonmM o0pa3om

201102y + 22191 T3Y3 + 221Y1T4Ys + 2T0Y2X3Y3 + 2T2YaTaYs + 203Y3T4Ys <
< (z192)” + (21y3)? + (21ya)” + (2231)” + (22y3)” + (2234)*+
+ (903?/1)2 + (x3y2)2 + (x3y4)2 + (95491)2 + (5'34?/2)2 + (m4y3)2.

HoGasmsist (x1y1)°, (€212)°, (€3y3)°, (23y3)°, (£4y4)” K 0GEMM 9aCTIM HEPABEHCTBA 10Ty YAEM
(z1y1 + T2y2 + T3Y3 + 33494)2 < ($12 + 35" + x5” + $42) (y12 +u0” +ys® + y42)

B3gB KOpeHb 1 YMHOXKUB Ha 2 TOJTydaeM

21y1 + 2T9ys + 203ys + 224ys < 20/12 + 392 + 132 4 142 - V12 + yo? + ys? + ya?
NJINn
(T4 y1) + (22 +2)* + (23 +y3)° + (24 +y1)° <

< .’1712 + $22 -+ 1’32 + 1742 -+ 2\/.%12 + 5622 + 3332 + .’1742 . \/y12 + y22 + y32 —+ y42+
+yi® + o’ +ys’ +

YTO KBUBAJICHTHO
X +Yp < 1X]lz+[Y]p
Jlemma, JoKa3amna.

Onpenenenne 8 Eskaudosoti nopmoti anemenma X € R* npocmpancmesa M5 nazweaemes neoms-
PUUAMENLHOE YUCNO:

4
1
1Xllp = Var2 + o +as? v o = 5y | D gl (8)
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Teopema 8 Meoicdy cnexkmpanvhot (7) u eskaudosoti (8) mopmamu cnpasedausv, caedyrousue
HEPABEHCMEBA

1
EHXHE < Xl < 1X1 -

HoxkazarenbcTBo. Pacemorpum ciemytomue HepasenctBa 0 < A2 — B2 < A | tie 0 <
|B| < A. [obasnss ko Bcem dactaM HepasencTs A momyanm A < A + VA% — B? < 2A, nim
2A< A+ B+4+2vA?2— B>+ A— B < 4A. U nocjie HECJIOXKHBIX TIPe00Pa30BAHUI 110y IHM

1
V2

O6oznaunm A = Z?:l 1%, B =2 (1124 — To13), Tie X = (11,79, 23, 74) € R*, u (9) nepenurmem
CJIEJTYFOIIUM 00Pa3oM

\/ZS%<\/A+B+\/A—B>§\/Z (9)

4 4 4
1
2 < = T2+ 2 (x1x4 — T273) + ;2 — 2 (1124 — T2T <
; =35 Z (@124 213) ; (@124 213)

i=1

9TO PaBHOCUJIBHO

1
EHXHE < Xl < I1X1 e
Teopema gokaszaHa.
Jlokazanmnast Teopema yTepzkaaet, aro HopMel | X || un [| X ||, sxBuBansenTre. Takmm o6pasom,
YeThIPEXMepHOe TIPOCTPAHCTBO RY ABJIsIeTCst HOPMUPOBAHHBIM TIPOCTPAHCTBOM.
O6o3naunmM depes Ny TOJAMHOKECTBO YeThIPEXMEPHBIX YUCEJI, YIOBIETBOPSIOIIIX YCIOBUIO

L1y = T2T3

Teopema 9 (ceoticmea Hopm) Mroscecmeo anemernmos Ny 3aMEHYMO 0MHOCUMENHO YMHO-
AHCEHUA U CNPABEONUBHL CACOYIOULUE PABEHCTNEA:

1. 0 o6z X,Y € No | X|lp = 1Kl 1X -Vl = 1X - 1Y Nl 11X - Y1l = 1] Y]

2. 0an mobvir XY € O ||X|p = V2| Xlle, IX -Ye =2 [IX]lc - V], IX-Yp = V2
XM g - Y1 s

3. dan mobuz XY € On |X|lp = VEIXo 1X Yo = 2+ [ Xl - [Vl XVl =
VI Y I

HokazaresnbecrBo. Ilycth X, Y € Ngu Z = X - Y. Torna us onpejesienust 1 yMHOXKEHUS
TTOJTY IUM

212y — 2023 = (2134 — Tox3) (YT + ¥5 + 43 + U3) + (Yaya — yoys) (2] + 23 + 23 + 27) =0,

TO ecTb Z € Ny. 3aMKHYTOCTH Ny OTHOCHTE/THHO YMHOXKEHHS JTOKA3aHa.
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Jokazem mepsoe yrepzxaenne. Pasencrso || X||, = || X, mpu X € Ny crenyer us coorno-
ITIeH ST

1
110 = 5 (VIXIE — 2101 = 2az2) + IXTE + 260101 — ) )

Haiee

Xl =
1

=3 (\/[(xl —xq) (1 — 1) — (w2 + 23) (Y2 + y3)]* + [(w2 + 3) (y1 — ya) + (21 — x4) (2 + y3)°+

o400 () 0 = 20 = g+ [z = 20) G+ 90) + o+ 200 = ]

PackpoiBag ckoOK1 1 IpUBE/Id MOAO00HDBIE UJIEHBI IOy INM

1

110 =5 (/1o =0+ (o2 + 22 [0 = 90" + G+ ]+

VG422 + (02— 297 [+ 1) + (2 - y3>2]) = IXUY s = IX NIV e,

Tak Kak X,Y € Ny. Tperbe paBeHCTBO CJie/lyeT U3 MEPBHIX JIBYX.
Hokazkem Bropoe yrBepxaenue. [lycts X = (x1, 29, —x9,21) € O;. Torma

IXllo = /2t + 23, 1X[lp = v2¢/a} +a3.

Ecm Y = (917927 _y2ay1) € OIa TO
XY = (21‘1y1 — 2x2y2, 2-1'2?/1 + 2-751:92, —2.7}2y1 — 2.7)1y2, 2$1y1 — 2.7}2y2) .

CrenoBaresbHO,

1
[ XYl = 5\/16(33191 — 2ay)” + 16(zy1 + 192)” = 2] X[ o[V |l -

TpeTbe paBeHCTBO cjiejlyeT U3 MepPBbIX JABYX. TeopeMma, joKa3aHa.

Takum 06pa3oM, Ha BBIPOKIEHHBIX UHNCIAX CIEKTPaJIbHas HOPMa IOCTUTAET CBOENO OTHOCH-
TeJILHOIO MUHUMYMa, Ha MHOKeCTBe Ny OHa JOCTUTAET CBOETO OTHOCUTEILHOTO MAKCUMYyMa, 1 COB-
naJIaeT ¢ €BKJIMJIOBON HOPMOIA.

2.3 YucaoBas IIoCJjie 10BaTeJIbHOCTDb M €€ IIpe/aeJ1

OHpe,Z[eJ'IeHI/Ie 9 Hycmb %CLOdeOJ\/Ly HAMYPaLoHOMY HYUCAY T NOCTNABAEHO 6 COOTMBEIMCMEUE HEKO-

((n) (n) (n)

n
mopoe wemwipexmeproe wucao A a;’,ay’,as ,afl )). Cosokynmnocms anemernmos A

n = 1,2,..., na3vi6aemca nocacdosamesvbHocmvlo YeMmulPeLMEPHBLL YUCEA, UAU NPOCTO NOCAE-
dosamenvrocmuvio. Kaorcowii anemernm A™ nazwsaemcs sremenmom amoti nocaedosamesvHocma,
a MUCAO L — €20 HOMEPOM.

Unciiosyio nociieoBaTebHOCTb ¢ ementamu A obosmammy { AM™} [7].



O6 0/1HOM ITPOCTPAHCTBE YeThIPEXMEPHBIX . . . 95

Omnpegnenenne 10 [locaedosamenrvnocms 4emuviperMepHbLr YUCEN {A(”)} ABNAEMCA CTOOAULET -
CA, ECAU CYULLCTNBYEM MaKoe Yemupermeproe wucio A, wmo dasa mobozo € > 0 natidemes marot
HOMED Ne, HMO OAA BCET N > N BLINOAHACNCA HEPABEHCTNEO HA(”) - AHA < €. Ilpu amom vemui-

pexMepHoe wucAo0 A Hasuneaemces npedesom nociedo8amessHOCTNUY YEMbLPETMEPHLT YUCEN {A(”)}.

YerbIpexMepHbIe I0CIEI0BATE/IBHOCTU, He SIBJISIOIINECS CXOISIIMMICH, HA3bIBAIOTCA PACXOIsI-
IITAMUCS.

Teopema 10 [locaedosamenvrocmsp 4emobiPeLMEPHHLL YUCEN {A(”)} crodumes mozda U MoAvKo
moeda, xozda Kasncdas KOMNOHEHMA CXOOUMCA KAk 00HOMEPHAA NOCACIOBAMENDHOCTID.

JlokazaTeJibCTBO.

1. IlycTb 1mocsie/10BaTeIbHOCTD YeThIPEXMEPHBIX YUCe/T {A(”)} CXOJTUTCS K IUCTY A, TO 10 orpe-
Jgenenuio 10 mosrydaem HA(”) — AH o < € AL BCEX 1 > M. PackpsiBas A™ 1 A Ha KOMIIOHEHTBI,
IOJTY TUM

1 n n 2 n n 2
—\/<a§)—ai)—a1+a4> +<ag)+ag)—a2—a3> +

2
+§\/(a§)+ai)—a1—a4> +(a§)—aé)—a2+a3) < e (10)

s (10) cremyer

2 2
\/(agn) — ai") —a; + a4> + <a§”) + aé") — a9y — (13) < 2€,

2 2
\/(agn) + ain) —ap — G4> + (aé”’ — aén) —as + ag) < 2e.

Brimonum Hecs1oyKHbIE afaredpandecKue orneparum

(a§”> —a" —a + a4) < 4e,
(aé”) + a™ ay — a3)2 < 462,
(aﬁ"’ + ain) —a; — a4)2 < 4é€?,
(aé") —al" —ay + a3)2 < 4é%,

) <2,

) o) <

al — al) + (af{" — a4) < 2,
)+ (7~ )

< 2e.
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[Tocte cymMmmupoBaHUs U BRITUTAHUS TTOJTYIUM
‘aﬁ”) — a1’ < 4e, ‘aé") — GQ‘ < 4e, ’aé") — ag‘ < e, ‘ai") — a4‘ < Je.

2. IlycTb Temepb moC/I€I0BATEHBHOCTD YETBIPEXMEPHBIX YUCET {A(“)} cxouTed K auciay A
IIOKOMIIOHEHTHO KaK OJHOMEpPHBIE 110CJIe/I0BaTeIbHOCTH, T.€.

(n) _
3

a§”> —al‘ <€, ’aén) —ag‘ < €, ’a @3‘ <, ‘afln) —a4’ < €.

[IpoBojst mpesbLIyIe ajiredpantieckue ONEPAIlMi B JIPYTYI0 CTOPOHY, HECJOYKHO IOJIYUHUTD
OIIEHKY

5\/<ag)—ai)—a1+a4> +<a(2)+a§)—a2—a3> +

+§\/<ag)+ai)—a1—a4) —|—(a§)—ag)—a2+a3) < 2e.

nin HA(”) — AHC < 2¢. Teopema jt0Ka3aHa.
Takum 06pa3oM, eciiim pacXoIUTCss XOTs Obl OJHa KOMIIOHEHTa IOCJIEI0BATEILHOCTH YeThIPEX-
MEPHBIX YHCEJI, TO MOCJIEI0BATETbHOCTD SIBJISIETCS PACXOISIIIEHCS.

n 1 5n+5 1

Ipumep 1 IIycmo A™ = [ —; —; ; , 9Ma NOCALIOBAMEALHOCTVG CTOOUMCA, AKX

a”’ n n nd
Kax crodames 6ce womnonenmol lim, o, A™ = A =(0, 0, 5, 0).
, 1 5n+5 nd
Ilpumep 2 Iycmv A™ = (sin n; —; ———; — |, ama nocaedosamervrocmo pacrodsuaacs,
n n4 en

maxw vax nepebu’l INEMEHM, NOCACIOBAMENDHOCTU ABAACTNCSA paC$0dﬂU4U.}VLC.ﬂ.

3 3akirouenue

B jmanHoit ctaThe NpUBeJIEHO ONMCaHue TTPOCTpaHcTBa M5 deThIpeXMepHBIX YUCesI, B KOTOPOM BBe-
JIEHBI OTIEPAITNHU CJIOYKEHUS, BLIYUTAHUS U YMHOXKEHUs, a TaKzKe OIpesIesIeHbl X CBOMCTBA KOMMY-
TATUBHOCTH, &CCOIMATUBHOCTU YMHOYKEHUS U COUETATEIbHOCTU YMHOXKEHUS OTHOCUTE/ILHO CJIOXKe-
ausi. OnupejiesieHbl HOPMbI 1 METPUKA B PACCMATPUBAEMOM IIPOCTPAHCTBE M JIOKA3aHBI CBOWCTBA
HOPM.

UcenenoBanbl mocae10BaTEIbHOCTA YETHIPEXMEPHDBIX THCEN, OPEJIe/IeHbl X CBOHCTBA, & TaK-
JKe JIOKa3aHbl KPUTEPUN CXOTUMOCTH. Pe3ybTaThl MpoJielaHHOl pabOoThl MMOKA3bIBAIOT, YTO IIPO-
CTPAHCTBO YETBLIPEXMEPHBIX unces Md dBJIgeTcs eCTeCTBEHHBIM PACITUPEHNEM COOTBETCTBYIONINX
[IPOCTPAHCTB BENIECTBEHHBIX U KOMILJIEKCHBIX YHUCE/I.
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USING THE BOUNDARY ELEMENTS APPROACH TO SOLVE
THE PROBLEMS OF LIQUID FILTRATION VIA THE DAM

The work deals with the method and programs to calculate the liquid filtration via the dam, with
allowing for the events of their possible damage. On the base of the boundary elements approach the
method to calculate the flow of a liquid via the dam in the presence of a watertight fitting member was
conducted. Using the numeric test, the free boundary position at the liquid filtration via the dam with
the defected upper and lower basins was received and provisional analysis with the outcomes, received
in the event of the defect of the upper dam basin only, was conducted. The primary free surface position
has been determined arbitrarily. The boundary elements disposition drawing for the soil unit at the
stream with the free area via the barrage with the defected upper (at the top) and lower barrage basins
has been developed with allowing for reaching the optimal computing time. The boundary elements
disposition drawing for the soil unit at the stream with the free area via the barrage with the defected
upper (in the middle) and lower dam basins has been developed for the same considerations. The
application was created in Delphi 7 visual programming environment. The main calculated outcomes
were compared for the potential at the stream with the free area via the barrage with the defected only
upper basin made earlier and for the barrage with the defected upper and lower basins. The outcomes
show that in the event with the upper dam basin defect there is more wetting of the soil than in the
event with the defect of both dam basins. It can be explained by the fact that the liquid stream at the
defect lower dam basin will be faster and wetting of the soil will be less. The results of submitted paper
can be useful in engineering practice for designing the soil dams.

Key words: liquid filtration, dam, barrage, defected basin, wetting, boundary elements approach.
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Berer apkpliibl CYUBIKTBIKTAP/AbI CYy3y €CelTepiH Hielry YIIiH
IIeKaPAJIbIK, 3JIEMEHTTED 9/iCiH KOoJJaHy

2KymbicTa BIKTUMAJ 3aKbIMJAHY YKarjailjlapblH eCKepe OTBIPBIN, JamMba apKbLIbl CYJbIH Cy3iayiH
ecenrTey ofici men OGargapamachl KapacTeipbliran. [llekapasibik ssieMeHTTep 9JIiciHe cyiiene OTBIPHIII,
cy OTKI30efITiH IeKapaJIblK, 3JIEMEHT DOJIFaH Ke3Jie OereT apKblIbl CYHBIKTHIKTHIH CY3iIyiH ecentey o/iici
yebiabLIa bl CaHIIBIK KCIIEPUMEHT apKbLIbl >KOFAPFbI YKOHE TOMEHIT ObeTep/iiH 3aKbIMIaIybIMEH
JamMba apKbLIbI CYHBIKTHLIKTHI CY3y Ke3imme 60C MeKapaHblH YKargailbl aJablHabl KoHe JaMOAHbIH TeK
JKOFaprbl Obedi 3aKbIMIAHFAH YKaF/1ail/la aJblHFaH HOTUXKEJIEPMEH CaJIbICTBIPMAJIbl TaJJIay »Kypriziiii.
Boc 6errin 6acTankbl OpHBI €piKTi Typae aHbIKTaaabl. OHTAHIBI ecenTey yaKbITHIHA KO JKeTKIi3yIi
ecKepe OTBIPBII, YKOFapFbl YKOHE TOMEHT1 ObedTep/i 3aKbIMJIail OTHIPHIN, JamMba apKbLIbl epKiH OeTi
6ap CYHBIKTBIKTHI CYy3yTre apHaJjfaH IMeKapaJsblK dJIEMEHTTEPIiH opHaJacy rpadukrepi camabraabt. Jlom
OCBIHJIal cebernrrep OONBIHITA OOTEeTTIH OPpTAChIH/IA YKOHE TOMEHT Obedinie 3aKbIM DacTaraH XKaraaia
OereT apKbLIBI epKiH 6eTi 6ap CYHBIKTBIKTHI CY3y VIIMH MIEKaPAJIbIK, 3JIEMEHTTEP/IIH OpHAJIACY KecTeci
xkacaapl. Delphi 7 Busyasmier Oarmapiamasiay opTachiHja OargapiiaMaJiblK, KacaKTaMa yKacaslibl.
AJIbIHFaH HOTHXKEJIEPIEH JTaMOaHbIH TEeK »KOraprbl Obedinin 6ereri 3aKbIMIAHFaH Karaaiaa, J1aMOaHbIH,
eki Obedinin 3aKbIMIAHYBIHA KAPATAHIA, TOTMBIPAKTHIH KOOIpeK Cymanybl Oalkaaamasl. By maMOanbIy
CBIHYbI MeH TOMeHT1 Obedi OoFaH Ke3jie Cy afblHbl Te3ipeK YKYpeJli »KoHe TOIBIPAKTBIH CyJaHybl a3
60J1a/TbI. YCHIHBLIFAH YKYMBICTBIH HOTHKEIEP] 2Kep 6ereTTepin kobajay Ke3iHe NHKeHeP K ToKipubeie
raiiiaabl 60JIybl MYMKIiH.

Tyitin ce3mep: CyHBIKTHIKTHI Cy3y, JdaMba, 6erer, KopIiay, 3aKbIMIaJFaH OacceiiH, cyay, MeKapasblk,
3JIEMEHTTED 9JIICI.
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IIpumeneHne MeToqa TPAHUYIHBIX JIEMEHTOB
JJIS perieHus 3aga4v pUuAbTPAIUN XKUJKOCTE yepe3 JaMoy

B pabore paccmoTpenbl MeTo/IMKa W IporpaMma pacdera (pUIBTPAINA BOJBI depe3 jJaM0y ¢ y4eToM
CJIydaeB BO3MOZKHOI'O IIOBPEZKJI€HU . Ha OCHOBE METO/la I'PAHUYIHBIX 3JIEMEHTOB IIPEIJIOZKEH METO/ IJId
pacdera PUIBTPAINN KUJAKOCTH Uepe3 TaMOy TPU HAJIUIUN BOJIOHEITPOHUIIAEMOTO TPAHUTHOTO JJIe-
MenTa. [IyTem dmc/IEHHOrO 9KCIIEPUMEHTA MTOJIYIEHO MOJIOZKEHUE CBOOOIHOM IpaHUIlbl IPU (DUILTPAIII
JKUJIKOCTH depe3 JaM0Oy ¢ MOBPEXKJICHNEM BEPXHEr0 W HUKHEr0o 0hedOB M TPOBE/IEH CPABHUTETHLHBII
aHaIn3 C pe3yabTaTaMU, IOJYYeHHBIMH B CJIy4Yae MOBPEXKJIEHUsI TOJHKO BEpXHEro Obeda 1amObl.
IlepBuaHOe MOO)KEHTE CBOOOIHON TTOBEPXHOCTH OBIIO OMPEIECHO MPOU3BOILHO. [TocTpoensr rpadukn
PACITOJIOXKEHUsT TPAHNIHBIX JIEMEHTOB JJI (DUIHTPAINN KUIKOCTU CO CBOOOIHOI MOBEPXHOCTHIO Yepe3
J1aMOy € TTOBPEKICHUEM BEPXHET0 U HUYKHETO ObeOB C yIeTOM JIOCTHKEHUS ONITUMAJILHOTO PACIETHOTO
Bpemenn. [lo Tem ke coobparkenmsiM OBLT MOCTPOEH TPadUK PACITONOKEHNS TPAHUIHBIX IJIEMEHTOB
Jts PUIBTPAIIT KUJIKOCTH CO CBOOOTHOMN ITOBEPXHOCTBIO Uepe3 JaMOy B CIIytuae HavdaJa MOBPEKICHUS
B IEHTpe W HIKHero Oneda mamObl. Pazpaborano mporpammmoe obecredenne B Cpejie BU3yaabHOTO
nporpammupoBanusi Delphi 7. I3 mosrydeHHBIX pe3yJIbTATOB BUJIHO, YTO B CJaydae, KOTJa IPOU3OIILIO
MTOBPEXKIeHNEe JTAMOBI TOJTBKO BEpXHEro Obeda JaMOBI MPOUCKXOAUT OOJIbITee CMAINBAHNE TPYHTA, TeM
B CjIydae C TOBpeXKIeHHeM 00onx O0bedoB JaMObI. DTO OODBICHSIETCS TEM, YTO KOIJA MTPOMCXO/UT
o0soM u HUKHEro Obeda TamMObI MOTOK BOJLI Oy/EeT WIATH OBICTPEE U CMavUBAEMOCTH T'DYHTa OyIeT
MemnbIre. Pe3ynbraThl mpeacTaBaeHHoil paboThl MOTYT OBITH TOJIE3HLI B WHXKEHEPHOH MpaAKTUKE TPHU
IPOCKTUPOBAHUY I'PYHTOBBIX IIJIOTHH.

KuroueBsbie cjioBa: OuibTpaliyst KUJIKOCTH, 1aMba, 3arpazkieHne, MOBPeXKIeHHbIN 0acCeiiH, CMadnBa-
HHUe, MeTOJ] 'PAHUYHBIX 3JIEMEHTOB.

1 Introduction

The liquid filtration via ground barrages plays very significant role in the National economy [1,2].
The data presents that more than half of all casualties caused by destruction of ground barrages
occur owing to the liquid filtration.

Thus, when planning and developing the ground barrages it is necessary to conduct filtering
calculation, in the course of which the depression bend position in the edifice corpus should be
determined; to determine filtering stream gradients and rate of filtering speeds [3,4]; to determine
the filtering expenditure via the barrage corpus and its base. Currently there are many suggestions
for the filtering calculation techniques via the ground dams [5].

Nevertheless, analysis of situation, when the barrage sequence defects are probable, is of great
significance [6,7]. it is more common that the most wash upper and lower dam basins are defected.

The work is aimed at creation of the method and programs to calculate the liquid filtration
via the dam, with allowing for the events of their possible damage, and developing the method to
calculate the flow of a liquid via the dam in the presence of a watertight fitting member.

2 Problem setting

Let us consider the problem of liquid filtration via the dam with waterproof embedded elements.

The considered medium is smooth and isotropic, then the problem is resulted in the Laplace
equation Au = 0 regarding the speed potential u with boundary conditions: ¢ = 0 on the
impermeable boundary(because the bottom is solid (u,) = 0) i.e. on the surface layer of soil
and rocks (AF surface in Figure 1); u = const on ABC and EF surfaces of the spongy medium;
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u = x9 on DE filtration surface where the liquid goes via the soil and flows downward; u = x5
and ¢ = 0 on the free surface (CM and LD). KL is an inset element. Among other things, the
exact position of the free area is unknown, and determining it is a part of the process to solve the
problem.

The boundary conditions in the problem of liquid filtration via the dam:

ABC:u=H. :q=0,u=x9;LD : q=0,u = x3;

DE :u=ux,EF:u=HE;AF :q=0; ML :q=0,u= xs.

Count surface

Figure 1 - The boundary conditions in the problem of liquid filtration via the dam

To numerically calculate the problem, the primary free area position is set arbitrarily, and
moreover, in all parts of its accepted condition ¢ = 0 [8]. Found for each nodular point of the free
area value of the potential is correlated with the liquid surface height if the difference between them
is more than the maximal admissible error, this difference is added with the algebraic approach
to the height of the surface at the respective nodular point and a new iteration is performed. If
necessary, the potential values at the internal points are determined after identifying the real free
surface position.

3 Mathematical model and results of numerical calculation

The division into boundary elements in the problem of liquid filtration via the dam is shown in
Figure 2. Position scheme of boundary elements for the soil unit in liquid filtration via the dam is
as follows:

J=16:¢;=0;, j=79:u;=0,1; =10,20:¢; =0, u; = x9; 7 =21,24:u; =0,5.

The division into boundary elements in the problem of liquid filtration via the dam is shown
in Figure 2. The heights’ upstream and downstream are 0.5 and 0.1 m respectively, regarding the
surface of reference. The boundary conditions are of the following form: v = 0,5 on the surface
facing the flow (node 21-24), ¢ = 0 on the bottom (impermeable) surfaces (nodes 1-6); u = 0,1
on the surface directed downstream (sites 7-9), and ¢ = 0 on the free surface (10-20 nodes). At
the primary stage of calculations, the free surface shape was chosen arbitrarily flat and equally
arbitrarily identified position of the surface. The ultimate free surface position will be received by
iterations. The problem is solved by the boundary elements approach.
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07
Figure 2 The scheme of position of boundary elements

77777 1 iteration
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--- 4 iteration
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----- giteration
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Figure 3 — The preliminary estimated results of the problem of filtration of a liquid via a
dam with a waterproof embedded parts

Figure 3 shows the estimated results of the problem of filtration of a liquid via a dam with a
waterproof embedded parts.The position of the free area was found after the 11" iteration |7, 8].

During the numerical calculation of the problem, the primary free surface position is determined
arbitrarily, and, among other things, in all points of this surface ¢ = 0 convention is accepted [9].
The potential value,which was determined for each nodal point of the free surface, is correlated
with the liquid surface height [10].If inequality among them is more than the maximal admissible
error, this inequality will be algebraically compiled with the area height in the relevant nodular
point and new iteration will be conducted [11-13].

Figure 4 presents the boundary elements division in the issue on the stream with the free area
via the unit from spongy material. The upper and lower basins heights form 0,5 and 0,1 accordingly
concerning the reference area.

The ultimate free area position was received after the 6 iteration.

Consider in more detail the filtration problem via the edifice with defect in the spongy medium
entrance (Figure 5), where ABCK section is a fragment of the barrage (defected area of the
barrage). Respectively the boundary circumstances for the issue of the liquid current via the
barrage will be unequal.

Arrangement of the boundary elements for the ground block at the current with the free area
via the barrage with the defect in its top point is in Figure 6, with the defect in its middle point
is in Figure 7.

Let’s regard in details the issue on the filtering via the barrage with the defected upper and



Using the boundary elements approach to solve ... 103

=L6 g=0, =79 u=0.1, =1020 g=0.u=x»  j=21.24 u=0.5

Figure 4 — The boundary elements arrangement drawing for the soil unit

u=c %n:r=H‘

\*\.”

A

Reference plane

ABC:uw=H,;. AK:u=H, CD:u=ux,, g=0, DE: x=x,, EF:=Hg KF.gq=0

Figure 5 — Boundary conditions in the issue of the liquid current
via the barrage with the defect

a)

b)

21=20

24=1 2 3= 3 0=7

=13 u=0.5, =4,6 g=0, j=7,9 u=0.1, j=1020 =0, u=x2 j=21,24 u=0.5
a)-(x=02,x =0,2) B 2R 208

Figure 6 — Arrangement of the boundary elements for the earth block with the damage
(beginning of the damage at the top of the dam)
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24=]1 2 3=4 9 6=7

j=L3 =05,  j=46 g=0, j=7.9u=0.1. j=10.20 g=0.u=xs  j=21.22 u=0.5

j=2324 =03
D-(x) =03,x =03) 2)-(x)=04,x =0,4) 3)-(x) =05 ,x =05)
Figure 7 - Arrangement of the boundary elements for the earth block with the damage

(beginning of the damage — middle point of the dam)

lower basins of the spongy medium, where ABCK, LEF sections are the upper and lower dam
basins’ fragments accordingly. Thus, the boundary conditions for the issue on the liquid stream
via the barrage will be different (Figure 8).

u=consr=H;

Reference plane
ABC:w=H. AK:v=H. CD:u==x..g=0, DE:n= Xy, EF:u=Hr, LF:u=Hp KL:gq=0

Figure 8 — The boundary conditions in the issue on the liquid stream via the barrage with
the defected basins

The boundary elements disposition drawing for the soil unit at the stream with the free area via
the barrage with the defected upper (at the top) and lower barrage basins is presented in Figure
9. The boundary elements disposition drawing for the soil unit at the stream with the free area via
the barrage with the defected upper (in the middle) and lower dam basins is presented in Figure
10.

The application was created in Delphi 7 visual programming environment. The program
comprises all necessary data and resolutions of the issue. Figures 11 and 12 show corresponding
betwixt the calculated outcomes for the potential at the stream with the free area via the barrage
with the defected only upper basin made earlier and the barrage with the defected upper and lower
basins.

Lines nomenclatures for Figures 11 and 12 are as follows:

an event of the undefected dam:;
.............. an event with the defected upper dam basin (23 = 0, 3; 2] = 0, 3);
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a)

23 1
16
3
11
24= 2 3=4 5 6=7 § 9=10
b)
21=20
22
23 1
16 5
3
11
U= 2 3=4 5 e=7 8 o=10

w05, =46 ¢=0. j=79 w01, j=1012 u~0.1, j=13,20 /0. uyx j=21.24 u;0.5

s

=1,
a)-(x)=02,x =06) W -Fi =03,5" =0.5)

Figure 9 — The boundary elements disposition draw for the soil unit with the defected basins
(beginning of the defect at the barrage top)

a)

]

e, =

5

-H"\. -""!-\_
T TS
= —
= & =1

()
o
]
f

=
=13 =03, =18 o=t =78 petl. =1000 vedt, J=T320 ol uw

=2 u=0.5j=282 u=0

E;j—:'_x:'=n,2..1'f =067 h}—{:c.__ =IZ1I._’L.:c._r =05)
The boundary elements disposition draw for the soil unit with the defected

Figure 10 -
basins (beginning of the defect in the barrage middle)

an event with the defected upper dam basin (23 = 0,4; 2] = 0,4);

________ an event with the defected lower and upper dam basins (23 = 0,2; 2% = 0, 6);

— -+ — - an event with the defected lower and upper dam basins (25 = 0,3; 2% = 0, 5).

The outcomes of the modeling and computer test present potential of considerable effect of the
barrage washout areas on the wetted barrage capacity and, adequately, on the filtrate consuming

even at concerning small defect sizes |14].
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aj

21=20

b)

21=20

Tt
bt
Lt

3
11
24=] 2 =4 5 =T § =10

F13 u=05, j=4.6 q70. _j=r w=0.1, =1012 w=0.1, j=13,20 g0, ux

=21.22 u=0.5 j=23.24 u=0.5
a)-(x; =0.2,x5 =06) b)-(x =03.x’ =05)

Figure 11 — Corresponding of the calculated outcomes for the potential at the stream with
the free area via the barrage with the defect in the upper basin top only and via the barrage with
the defect in the upper and lower basins top

08 4
0.7 4
08 o
05 4

04 -

Height, m

0.3 1
0.2 4

0,1 +

0 0.1 02 0.3 0.4 05 06 0.7
Distance, m

Figure 12 — Corresponding of the calculated outcomes for the potential at the stream with
the free area via the barrage with the defect in the upper basin middle only and the barrage with
the defect in the upper and lower basins middle
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4 Conclusion

Using the numeric test, the free boundary position at the liquid filtration via the dam with the
defected upper and lower basins was received and provisional analysis for comparing with the
outcomes, received in the event of the defect of the upper dam basin only, was conducted. The
outcomes show that in the event with the upper dam basin defect there is more wetting of the
soil than in the event with the defect of both dam basins. It can be explained by the fact that the
liquid stream at the defect lower dam basin will be faster and wetting of the soil will be less [15].
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MOJIEJINPOBAHUNE KOHIIEHTPAIIMMOHHOM KOHBEKIIUN
P PA3JINYHBIX JABJIEHUAX I COCTABAX
TPEXKOMIIOHEHTHOM 'A30BOM CMECHU

B naHHON crarhe paccMaTpUBAETCH MATEMATHYECKOe M KOMIIBIOTEDHOE MOJEJUPOBAHNE BJIMSIHUSI
JIABJIEHUST W COCTaBa TPEXKOMITOHEHTHOI Ta30BOil cMecH Ha KOHIEHTPAIMOHHYIO KOHBEKITHIO HA OCHOBE
pemenust cucreMbl ypasuenuit Hasbe-Crokca, ypaBHeHUsI HEPA3PBIBHOCTH U YPABHEHUIl Jijisi KOHIIEH-
TpaIyuu KOMIIOHEHTOB TPEXKOMIIOHEHTHOI 1a30Boil cMecu. Vcceayerces: mporiece, KOrja TsKesblil 1a3 u
JIETKWI Ta3 HAXOMATCA B BEPXHEIl YacTH OrpaHMYEHHON MOJOCTU (POPMBI IapaJsleelniesia, a CPeJIHIi
ra3 HAXOJUTCsl B HUKHell yactu. Hucjienable pacuersbl ObLin poBesensl jisi cucrem 0.55Ar+0.45 He- Ny,
0.66 Ar+0.34He-No, 0.55C05+0.45He-No Ha paBHOMEPHOH MpPSAMOYTOILHON ceTke. B BHIe pHUCYyHKOB
ObLIa IIPeJCTaB/IeHA JIUHAMUKA WU3MEHEHUsI KOHIEHTDPAIWii aproHa M JUOKCHJA yIJIepoja Jiis 3TUX
CUCTEeM IPHU PA3JUIHBIX 3HAYEHUSIX JABJIEHHUS. Pe3y/IbTaTbl YHCAEHHOTO HUCCJIEIOBAHUS IIOJIYYEHBI C
nomorpio 3D 4nciieHHOro ajropurma, ocyiecTBieHHOro Ha 6aze D3Q27 Momesn MeTo/ia PereTodHbIX
ypasrernii Boabrvana (LBM) B ammpokcnmanuu Barmnarapa-I'pocca-Kpyka (BGK). IIposenennbie
pacyeThl OKAa3bIBAIOT, YTO B TPEXKOMIIOHEHTHBIX I'a30BbIX CMECHAX IIPU ONPECJIEHHBIX JIABJICHUSX U CO-
cTaBaX BO3MOXKEH CJIOYKHBIN MaCCOIEPEHOC, CBSI3aHHBIN ¢ BOSHUKHOBEHUEM KOHBEKTHBHBIX BO3MYIIEHMUIA.
Jlj1st TPOBEPKY YUCJIEHHOIO AJTOPUTMA, Pe3yJIbTAThl, HOIyYeHHbIEe B JAaHHOI cTaThe, ObLIN CPABHEHBI C
pesyJibraTaMu, HOJIyYeHHbIMU SKCIIEPUMEHTAJIBHBIM IIyTeM, U I0Ka3aJ/Ii XOPOIllee COrJIACOBaHMUe.

Kurouessbie cooBa: /Inddysus, KOHIEHTpAIMOHHAST KOHBEKIINSI, JaBIeHNEe, HEYCTOWINBOCTD, PEITETO -
HBIIT MeToJT BosibimMaHa.

A.C. YKymomi'*, B.H. Kocos?, B.A. Carenosa', A. Acbiibexybrt
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YIIIKOMIIOHEHTTI ra3 KOCIIachbIHJAaFbl 9P TYPJIi KbICBIM M€H KypaMmra 0ailjlaHbICThI
KOHIIEHTPAIUSIJIBbIK, KOHBEKIIMSHBI MO/JIeJIAey

Byn makamaga Hasee-Croke tengeysep »kyiieci, ysuiicci3fik TeHzeyl *KoHe YII KOMIIOHEHTTI KOCIA
KOMIIOHEHTTEDIHIH KOHIEHTPAIUsAJIAPbIH CHIIATTayFa apHAJFaH TeHJEYJIep/Ii IIenry Herisinje yIIKOM-
IIOHEHTTI Ta3 KOCHACBIHJATBI Op TYPJi KBICBIM MEH KOCIa KypPaMbl ©3repiCiHIH KOHIICHTPAIIAAIIBIK,
KOHBEKIINs YPJiciHe ocepiH MaTeMATHKAJBIK KOHE KOMIILIOTEPJIK MOJEIAey OasgHmaaaabl. Aybip
ra3 2KoHe JKEHIJ ra3 mnapaJuresenumes (GOPMACBIHIAFBI IMEKTEYIl OPTAHBIH KOFAPIbl KArbIHIa, aJl
OpTAallla THIFBI3IBIKTAFBI ['a3 TOMEHT] YKarblHIa OPHAJACKAH YKarIaiarsl mporece 3eprreei. CaHibik
ecenrreyiep 0.55Ar+0.45He-Ny, 0.66Ar+0.34He-No xome 0.55C02+0.45He-Ny  kyitenepi  yrmin
OIPKAJIBIIITHI TIKOYPBINITHI TOP/Ia YKYpriziii. KbelcbIMHBIH Op TYpJii MoH/Iepi OepijireH Ke3Jieri araaMbIIl
2Kyiiesiep YIIiH aproH KoHe KOMIPTeK JIMOKCHIbI KOHIIEHTPAIUSIaPBIHBIH, €3rePic JUHAMUKACHI CypPeTTED
Typinme kepcerineni. Cangpik 3eprTey HoTIzKeaepi Barnarap-I'poce-Kpyk (BGK) ammpokcumarusics:
KOJIJIAHBLIFAH BosbiiMad TopJbl Tergeyaepl oziciniy (LBM) D3Q27 momeni Herisinge Kypbuiras
3D camablk ajgropuTmi KemerimeH asbiaraH. 2Kyprisijaren ecenrteysiep OOMBIHINA, YITKOMIIOHEHTTI
ra3 KOCHAJApbIHAa Oeirisii 6ip KBICHIM MeH KypaM YIMH KOHBEKTHUBTI aybITKyJIapMeH OailaHbICTbI
Kyp/esai mMaccarapaay 0oy MyMKiHgiri aHeKTasaabl. CamablK aJropuTM/I TEKCEPYy MaKCATBIHIA Oy
MaKaJIaHbl 2Ka3y OapbICHIHJIA AJbIHFAH HOTUKEIEeD SKCIEPUMEHTAJIBI XKOJIMEH aJILIHFaH HOTHKEIePMEH
CAJIBICTBIPBIIBINT OTBHIPBII, YKAKCHI KeJTiciM OepreHin aram oTy Kepek.

(© 2020 Al-Farabi Kazakh National University
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Simulation of concentration convection at different pressures and compositions of
a three-component gas mixture

This article discusses the mathematical and computer modeling of the influence of pressure and
composition of a three-component gas mixture on concentration convection based on the solution of
the Navier-Stokes equations system, the continuity equation and equations for the concentration of
the mixture components. The process is investigated when heavy gas and light gas are in the upper
part of the parallelepiped, and gas with intermediate density in the lower part. Numerical calculations
were carried out for the systems 0.55Ar+0.45He-No, 0.66Ar+0.34He-No, 0.55C05+0.45He-Ny on
a uniform rectangular grid. The dynamics of changes in the concentrations of argon and carbon
dioxide for these systems at various pressures were presented in the form of figures. The results of the
numerical study were obtained using a 3D numerical algorithm implemented on the basis of the D3Q27
model Lattice Boltzmann equations method with Batnagar-Gross-Crook (BGK) approximation. The
performed calculations show that complex mass transfer is possible, associated with the occurrence of
convective disturbances in three-component gas mixtures at certain pressures and compositions. To test
the numerical algorithm, the results obtained in this article were compared with the results obtained
experimentally and showed good agreement.

Key words: diffusion, concentration convection, pressure, instability, Lattice Boltzmann method.

1 BBeaenue

Nccnenopanme KOHIEHTPAITMOHHON T'PABUTAIIMOHHON KOHBEKIINA B MHOTOKOMIIOHEHTHOM Ta30BOit
CMeCH sIBJISeTCs aKTyaJIbHOM 3aj1ateit Ha cerogusianii 1edb. JI. Musnep, T.Crnepaunr nu E.M»siicon
[1] upu ucciaenoBanun repmodddekTa B TPEXKOMIOHEHTHBIX I'a30BBIX CMECAX B BEPTHKAJbHBIX
P Yy3NOHHBIX KaHaax OOHAPYKUJIN, 9TO U3MEHEHHEe TeMIepaTyphbl BOJIN3U IPAHUIbl pa3jesa
ra30B JJIsI PsIJia CHCTEM UMEJIO BUJI HEPEryASpPHBIX KOJEOAHN, XOT 0XKIIAI0Ch €6 MOHOTOHHOE Ha-
pactanue. Takoe 1oBejieHre Ta30BbIX cMeceil pu Janddy3un CBI3aHO ¢ UHBEPCHE IIJIOTHOCTH Bbl-
3BAHHON HEYCTOMYMBOCTHIO MEXAHMIECKOTO paBHOBecusi cMmecu. JlamabHeifee meTaabHOE UCCIEI0-
Banue Juddy3MOHHON HEYCTONIMBOCTH € IOMOIIBIO SKCIEPUMEHTATBLHBIX MeTOI0B B paborax |2—0(|
[IOKa3aJ10 CYIIeCTBEHHOE BJINSHUE HA NHTEHCUBHOCTh KOHBEKTUBHOI'O CMEIICHUs TAKUX I1apaMeTpOB
KaK JIaBJIEHUE, UCXO/IHBI COCTaB CMECH, TEOMETPUIECKUX XapaKTePUCTUK (O y3nOHHOTO KaHAIa
U yIJla ero HakKJIOHA.

[Tpu onpejie/IeHHBIX CUTYAIUAX CBA3aHHBIX C YBEJIUYEHUEM YHC/Ia KOMIIOHEHTOB Ia30Bo# cMecH,
U3MEHEHUN T'eOMeTPUYECKUX XapaKTEPUCTUK KaHaJIOB, U T.JI. IIPOBeJeHNE IKCIEPUMEHTOB CTAHO-
BUTCs 3aTPYAHUTEILHBIM U JIOPOTOCTOAIUM. B Taknx ciiydasx BaykKHOoe 3HaYeHHe IPHobpeTaroT
YUC/IEHHBIE METO/bI uccieoBanus. CyIecTByeT MHOXKECTBO pabOT 110 UCCTIETOBAHUIO ITPOIECca C
[IPUMEHEHHEeM Pa3/IMYHbIX YUC/IeHHBIX MeTosioB |7—10]. Bee su paborsl umeror obmmii Xxapakrep
- OIUCBHIBAIOTCS JIUITH 3MMEKThI Oe3pa3MepHbIX BEJINYNH, TaKUX Kak dncio [Ipanmaris, aucio Ps-
Jstest, aucyo I'pacroda, anciio JIbonca u 1.71., Ha ucciepyeMblii mporecc. OIHAKO 3aBUCHMOCTD 9THX
BEJIMYUH OT TEPMOIMHAMIIECKIX TapaMeTPOB He yunThiBatoTcsd. OCHOBHOE OT/IMYNE STUX paboT —
BBIOOP METOJIOB UNCJIEHHON peasim3alini.

Hesbro mamHOl pabOTHI ABJSETCS ONUCAHUE YUCICHHBIM ITyTEeM BJIUAHUSA JIABJICHUS U COCTABA
ra30BOil CMeCH MCCIeIyeMOro o0beKTa Ha IPOIecC KOHIEHTPAITMOHHOM KoHBeknuu. Jlo macTos-
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mero BpeMenu apropamu pabot [11,12] 6buio nposejero 2D ducjieHHOE MOJIEJIUPOBAHIE BIIHSTHUS
YKa3aHHBIX BBIIIE TEPMOJIUHAMUIECCKUX TapaMeTPOB Ha MHTEHCUBHOCTH KOHBEKTUBHOI'O CMEIIEHNs,
BBI3BAHHOI'O HEYCTONIUBOCTHIO MEXAHUIECKOIO PABHOBECHS UCCIeyeMoit cucrteMbl. JIjist omucanust
paccMaTpUBAEMOro (PU3UKO-XUMUIECKOTO MIPOoIiecca HanboJjiee TOYHO, B JAHHONW paboTe TPOBOIAT-
ca 3D umcnennoe momesnmmpoBanne. OHO ocyiecTBisgeTcs Ha O6aze D3Q27 mMojenmn pemerodaHoro
metosa Bosbivana (LBM) [13].

JI1s1 TPOBEPKH IHCJIEHHOT'O aJITOPUTMA, PE3Y/IbTaThl, TOJIYIeHHBIE B JIAHHO cTaThe, ObLIN CpaB-
HEHBI ¢ Pe3y/IbTaTaMU, Oy YeHHBIMU SKCIEPUMEHTAIBHBIM IIyTeM, U MOKA3aJIi XOPOIIee COrIaco-
BaHUe.

2 IlocTraHoBKa 3ama4u

Wccnemyembrit iporiece paccMaTpuBaeTCsd B OIPaHMYEHHON 00J1acTH B (popMe IapaJiieernniie/ia
(Pucynok 1). B BepxHeit wacTn mapasuiesienuie/ia HaXOsaTCsl JIETKUA Ta3 W TsKeJIblil ra3, a B
HUZKHENH 9acTu — CpeJinuii 1o mioTHocTu ra3. Yucma 1, 2 u 3 B pucynke 1 obo3navaior JIerkuii,
TAZKCJIBIA U CPEAHUN Ta3bl, COOTBETCTBECHHO.

Pucynok 1 - Ilenesas obactb

CucreMa BO3MYIIEHHBIX YPABHEHUI B TPEXMEPHOM IIPOCTPAHCTBE B MPHUO/IMKeHnNn Byccrnrecka
AMEET CACYIONMNNA BUJ;

Ou, v, dw_

Jdxr 0Oy 0z

%—Fu@—kv@—kw@:—l&n ( 62 82 )
ot ox dy 0z p Oz 8:102 8z2
@—Fu@—kv@—k 81}— 18p (—+i i)
ot or Oy 0z pay 022 )"

ow ow 8w+ ow  19p 0w +82 +82w B
a " or oy Vor T pa: \a:2 T a2 T 92

—g[1+ Be, (Cr = C7) + P, (C2 = G5,

ac,  8c,  aC,  aC, . (90, &0, PG, (20, 0, PG
o or Ty TV T 022 o | 02 02 o T o2 )
0C; | 0C, 0C,  0C, . (°C OFC PG\ . (00 0 86

ot Vor oy TWar T 8z2 T By | 022 o2 oy | 92 )’
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Cy +Cy+C5 =1,
rJie U, U, W — KOMIIOHEHTBI CKOPOCTH, P — JIABJICHIE, ) — IJIOTHOCTD, 1’ — Temueparypa, C; — KOHIIeH-
Tpanus i-ro KOMIIOHEHTa, Uy — KUHeMaTHIecKast BA3KOCTh, DJ; — npakTuieckne KosdhurmenTot
quddysun, ¢ — Bpems, a — koabduiment repmouddysuu, C! — 3HaUeHHe STAJIOHHON KOHIIEHTPa-
I[N -T0 KOMIIOHEHTa, (¢, — KoaddummenT odovemuoro pacimupenus 1isg Cy, Seo, — KoahdunneHT
obwemnoro pactmpenus jig Cy. Ceasp npakruieckux kosdduunentos mddysmn DF; ¢ koad-

dbunmentamu B3anmmoit audbdysuu D;; [11] onpeesnsercs cOOTHOMEHUIMM:
D — Dy [C1 D3y + (Cy + C3) Dis D — C1Ds3 [Dy1y — Dy
1= D ) 2= = D )

D, = Dys [Co D5 +l()C1 + Cs) Dm]’ Di = —

C2D13 [D12 - D23]
D )

D = C1Dq3 + Cy D13 + CsDs.

CucreMa ypaBHEHUIT UMeeT CJIEIyIOIne HadaJbHbIe I TPAHIMIHBIE YCJIOBHS:
u =0, v =0, w=0, nput=0, 0<x<L 0<y<W 0<z<H

Ci1=0, Cy=0, C3=X3 mput=0, 0<z<L 0<y<W, 0<z<H/2
ClzXl, CQZXQ, 03:0, HpI/ItZO, OS(L‘SL, OSySW, H/QSZSH

u =0, v =0, w =0, %Ci:O, mpux =0, 0<y<W, 0<z<H
x
oC;
u =0, v =0, w =0, 3 =0, npuz=L, 0<y<W 0<z<H
x
oC;
u =0, v =0, w =0, 3 =0, mpuy=0, 0<e <L, 0<z<H
Y
aC;
u =0, v =0, w =0, 3 =0, mpuy=W, 0<x<L, 0<z<H
Y
oC;
u =0, v =0, w =0, 5 =0, mpuz=0, 0<ao <L, 0<y<W
z
aC;
u =0, v =0, w =0, 5 =0, npuz=H, 0<x<L, 0<y<W
z

Cucrema ypaBHEHUIT MOXKET ObITH IpUBe/ieHa K 6e3pa3MepHOMY BUJLY € HCIIOJIH30BAHUEM CJIEJYIO-
mux 0e3pa3MepHbIX BEJTNYNH:

=yt = ==

L?y W? H7
u v w e
uw=—0v"=—= w'=— U= —;
U U Uo T H

. pL?
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« Uf
Le” _D_;‘j7 Pl" = —, (2)
ACH? AC,H?
GT01 9/801 1 7 GTC2 _ g/BCQ . 2 7 (3>
vj vy
N = GTCQ’ tt = Oé_t‘
GTcl H?

rjie u*, v*, w* — 6e3pazMepHble KOMIIOHEHTHI cKopocTH, Uy — XapakTepHas CKOPOCTh,p* — 6e3pas-
MepHoe fasienue, Cf — Ge3pazMepHast KOHIEHTpaIus i-ro Komnonenta, AC; = CRax — Cmin - Cmax _
MaKCUMAaJIbHOE 3HAYEHUE KOHIEHTPAIINH i-T0 KoMIoHeHTa, C™™ — MUHUMA/ILHOE 3HAYMeHHe KOHIIEH-
Tpalun -ro KOMIIOHEHTa, t* — 6e3pasmepHoe Bpems, Pr — uncio [lpanaris, Le — aucio JIbtouca,
Gr — aucyo 'pacroda.

VpaBHEHUsT TPUHUMAIOT CJIEIYIONNi 6e3pa3sMepHbIil BU/I:
ou*  ov*  owt 0
Ox* + oy* + ozx
ou*  ou* Ou* Lou* op* Pur vt Ot
R e i T (ax*2 T T 82*2)

ov* L Lot Ov* w vt Op* T Pr 0?v* N 0?v* N 0*v*
ot* ox* oy* oz Oy* ox*2  OJy*2  0z*2
ow* L ow* L ow* L ow* 8p Pw*  *wr  Pw* 2
= Pr — Pr(C7 + NC;
o Vo Ty T e T T T (81’*2 oyt 82*2) Gro PHCTHNE).
oCy Locy L 0CY LOCY
+ + 0" tw o=

- o T oy 9z
| (Cr 0T PCT\ 1 [(C;  0C:  9Cr
“ 2 )+ )
Leyp \ Ox*2  Oy*2  Oz*2 Leyp \ Ox*2  Oy*2  0z%2 )
oc; | .0C;  0C; oG
ot o oy Y o
LR 0 PO 1 (0 P05 90
(T 5 ) * 7o g =)
a.’L‘*Q ay*2 82*2 a.’II*Q ay*2 82*2

Leyy Less
3

Y (CAC+C)) =1
=1

1 9%C3 02Cy 92Cy 1 9%Cy 02Cy 92Cy
Jnddy3nonnbie deHbI ( zZ + 57 !

Ters \ 922 + 8Z*2 Tear \ 922 + 9y + 8z*2> B IIpaBoOil yacTu
ypaBHEHUIT KOHIIEHTPAIN KOMIIOHEHTOB OY/IyT pacCMaTpUBaTbCs B KadecTBe NCTOUYHUKOB. O003Ha-
UM UX 9€Pe3 g1 U ¢2 COOTBETCTBEHHO.

Bespasmepnble HadaibHbIE U TPAHUYHBIE YCJIOBUS:

u* =0, v* =0, w'=0 mput*=0, 0<z"<1/2, 0<y*<1/6, 0<2"<1

Ci=0, C;=0, C=1, mput"=0, 0<2"<1/2, 0<y*<1/6, 0<2*<1/2
Ci=1 C;=1, C;=0, nmput"=0, 0<2"<1/2, 0<y"<1/6, 1/2<2" <1

gci =0, mpua* =0, 0<y*<1/6, 0<2*<1
x*

u :O, v :07 w :07
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oCt

u* =0, v =0, w* =0, 8120, mpu ¥ =1/2, 0<y*<1/6, 0<2"<1
x

u* =0, v* =0, w* =0, 5 =0, npuy* =0, 0<z"<1/2, 0<2"<1
y*

u* =0, vt =0, w* =0, 5 =0, mpuy*=1/6, 0<z2"<1/2, 0<z" <1
y*

u* =0, v* =0, w* =0, 0*20’ npu 2" =0, 0<2"<1/2, 0<y*<1/6
2

u* =0, v* =0, w* =0, 5 =0, mpuz=1, 0<z"<1/2, 0<y*<1/6
Z*

3 YucJuaeHHBIT MeTO/

Yucstennoe penienne B JaHHON padbore ctpoutces Ha D3Q27 Mojesnn perreTodanoro meroaa bosbiva-
ua |13]. Pemerounoe ypasuenne Bosbipvana B annpokcumarun Barnarapa-I'pocca-Kpyka (BGK)
BBITVISIJIAT CJIEJIYFOIITUM O0Pa30M:

[i(Z + &AL, t+ At) — fi(@
hio(Z + ;AL t + At) — h;,

t) — At _fi(fvt);}f;q(fﬂt) +F’Z

5 hi o (Z,t)—hi% (Et
W(F 1) = At [_%

+ Qi,a]

riae fi, hio — dynknum pacnpesgeneHus CKOPOCTH M KOHIEHTPAIMN KOMIIOHEHTOB, €; — JUCKPeT-
Hag pemeTovHas CKOPOCTb, Tf, Tho — BPeMd pejakcanmu, [ — KoOMIoHenT BHemtHeil cuibl, () o
OTBeYaeT 3a UCTOYHUK (o,/\t- pelerodHblii mar 1no spemenu, f; !, hfi — paBHOBeCcHasT PYHKIU
pacipesiesieHnsa CKOPOCTU U KOHIIEHTPAITUN COOTBETCTBEHHO.

Pasnosecubie (bYHKLLI/II/I OlIpeJieJIEHbI CJIETY IOIITUMN CbOpMy.)'IaMI/IZ

- 2

. e. utd —eq.eq

eq e;uc? 9< i ) 3 ulu
Jit =wip 143 c? +§ ct 2 2

R 2
— € ,&/’6(] —eq req
egud 9 ( @ ) 3 u®lu
hf‘fl:w,-Ca 1+3 D) + = 1 - = 5
' c 2 c 2 c

riae ¢ = Az /At, Az u At pereTouHblii mar 1o IPOCTPAHCTBY 1 BPEMEHU, KOTOPbIE PABHBI €/IHHHUIIE.
Jlasee nmokasaHbl 3HAYEHHUsT BECOB 110 BCEM HaIlPABJIEHUSIM:

8/27, 1=0,
" 2/27, i=1-6,
) 1/54,  i=T-18,
1/216, i =19 — 26,
B mogemn D3Q27 (PucyHok 2) aucKpeTHbIe CKOPOCTH BBIYHUCIISIIOTCS 10 eIy IoMIeil ¢hopmyie:
(0,0,0)c, 1 =0,
. (£1,0,0)¢, (0,4£1,0)¢, (0,0,+1)c, 1=1-—6,
C ) (£1,£1,0)¢, (0,£1,+1)e, (£1,0,£1)c, 1="T7-—18,
(£1,+1,£1)c, 1 =19 — 26,
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24 w

15 48 22
21 0

Pucynok 2 - Mogens D3Q27

B jannoii paboTe Jiisl alllIPOKCUMAIIMY BHENIHe cuibl b = 09 Bey (C1 — C) + Pe, (Cy — C,)]
B LBM wucnonbayerca cxema, npejyiokentas ['yo u ap. [15]:

(1 2 [0 0]

o 2 4
27y cs s

JJtst anmpokcuManuy uCTOUHUKOB ¢, B LBM ucnosbsyercs cxema, npeioxkennas Cera [10]:

1
oo — Wi 1-— «
Qi = < QTh,a)q

YpaBHeHue 3BOJIONNN JIEJTUTCA Ha J[Ba I1ara, CTOJKHOBEHNE U PACIPOCTPAHEHUE:

(7 _ féy
_fl<x7t) fz (.Z',t) +E ,
Tf

hio(T,t) — BEL(T,
<_ 7( ) 7( >+Qi,a>a

Th,o

L fi@t) = fi(Z, 1)+ At (

>

ia(Z,t) = hio(Z,t) + At
2. fi(@+ &ALt + At) = fi(T,1),
hio(Z+ EGALE+ AL) = hyo(Z,1).

[Tocsie BTOpOTO MIara HEOOXOUMO OOHOBUTH MaKpOIapaMeTpbl (ILJIOTHOCTh, CKOPOCTh, KOHIIEH-
TpaIysi) 1O CJIeLYIONUM (hOPMYIaM:

26

26 26
p=> I p7=Zﬁ€i+%ﬁ, CQZZ(hi,aJr%Qi,a).
=0 =0

1=0

JI1s 3aMbIKaHUS CUCTEMbl ypPaBHEHUI ObLIN UCIIOJIB30BAHbI CJIEIYIONIE I'PAHNIHBIE YCJIOBHS.
YcjioBre HyJIEBOI CKOPOCTH JIJI BCEX CTEHOK:

fi(Zw,t + At) = fi(Zy, t+ AL), € -1 >0,
Venoepue Helimana it KOHIIEHTPAIUN Ha, BCEX CTEHKAX:

hioTw,t + At) = h_jo(Tu, t + At), & -7 > 0.
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4 PesynbTaThl U1 00CYy>KI€HUE

Yucstennble pacderbl ObLin 1poBejieHbl it cucrem 0.55Ar+40.45He-No, 0.66 Ar+0.34He-No,
0.55C05+4-0.45He- Ny Ha paBHOMEPHON MpsiMOYTOJIbHON ceTke paszmepom 30x10x60. Hucsa mepet
XUMHUIECKIMU dJIEMEHTaMI COOTBETCTBYIOT KOHIIEHTPAIUSIM KOMIIOHEHTOB B MOJIbHBIX JIOJISIX B UC-
CJIeJTyeMbIX Ta30BbIX cMecsX. JlaBimenne BeiOMpasioch B puamnasone p ~ 0.5 + 2.5 Oupu T = 298 K.
[[Tar mo Bpemenu npunumalsics paBabiM 0.001 cexkyw. Borauncimrenbnass obacth umeer (hopmy
mapaJuiesienuiesia, JIMHa, mupuHa 1 Bbeicota KoToporo pasubl 0.025 m, 0.003 M m 0.17 M co-
orBeTcTBeHHO. Heobxoanmble (pusndeckne mapaMeTpbl KOMIIOHEHTOB T'a30BbIX CMecell yKa3aHbl B
Tabmure 1.

Tabomma 1 —  QPusnyeckue napaMeTpbl KOMIIOHEHTOB I'a30BbIX CMeceil TIpu
po = 0.1 MIla, Ty = 298 K

Kommnonentst | p, nY, DY,, DY, DY, Mouistpras
(kr/m?) | 107° 1074 10~ 10~ macca m,
(ITa c) (m?/c) (m?/c) (m?/c) 1073
(kr/MOJIB)

CO2(2)+ He(1) — Ny(3)

CO, 1.9753 1.463 44.009

He 0.18 1.946 0.584 0.713 0.165 4.003

No 1.25 1.766 28.016

Ar(2) + He(1) — Ny(3)

Ar 1.662 2.215 39.944

He 0.18 1.946 0.708 0.7437 0.221 4.003

No 1.125 1.766 28.016

O6o3uaunm gepe3 Kp = % n Kt = Tlo oTpaBoYHble KOI(MDMUITMEHTHI 10 JTABJIEHUIO U TeMIIe-
paType, COOTBETCTBEHHO. 3J1€Ch, po U 1{ — JaBjIeHne U TeMIepaTypa IPU HOPMAJILHBIX YCJIOBUIX
(po =010, To =298 K), pu T — nasyienue u remueparypa ombita. C IIOMOIIBIO HOIPABOYHBIX
KO3 DUIMEHTOB HAXOIATCS TapaMeTphl dKcnepuMenTa. [[oTHoCTh KOMIIOHEHTOB K TTapamMerpam
OIIBITA TTPUBOUTCH 110 (popMmy.JIe:

. Py
' KpKt’

rjie pY - IIOTHOCTH 4-I'0 KOMIIOHEHTA TIPU HOPMAJILHBIX YCJIOBUsX. J[MHaMUUecKas C/IBUTOBAs Bsi3-
KOCTh K ITapaMeTpaM OIIbITa IIPUBOIUTCA 110 (hOpMy.Ie:

i =Y Kt2,

rjae T]? - JHaMH4YeCKasd BA3KOCTDb 1-I0 KOMIIOHEHTA IIpu HOPpMaJIbHBIX YCJIOBUAX. (DopMlea JJIA
HaXO0zKJICHU A KHHEMATUIECKON BA3KOCTH:

Vf = Z Cz%?
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rie C; - KOHIIEHTpaIs ¢-10 KOMIIOHeHTa. B3anmuble KoaddurmenTs! quddy3un onbita ompejie-
JISIIOTCS CJIe Y IOIIMU (bopMyJIaMu:

Diy = D% Kt? Kp, D13 = D% Kt? Kp, Dy = D3 Kt Kp,

re ng - ko3 durnmenTs auddy3un Mpu HOpMAJIbHBIX yeaoBusx. [IpakTudeckue KoahOUIMeHTw!
b dysnu Df; HAXOAATCs COOTHOIIEHUSIME (1). Koappurmenrsr 06beMHOr0 paciinpenns BbIUuC-
JISTIOTCS CJIEJTYIONUM 00pa30oM:

my — s

H

mg — Mg

Bey, = I

(C’lml + Csz + C3m3) ,/802 = (C1m1 + Cgmg + Cgm3> s
rje m; - MOJIIpPHasi Macca i-I'0 KOMIIOHEHTA.

C mOMOIIIBIO BBINIEyKA3aHHBIX [TapaMeTPOB OIbITa MOYKHO BBIYUCIUTH HEOOXOINMbIE Oe3pasMep-
Hble Bemansbl (2), (3). Ha pucyrkax 3-5 mpejcraBiieHbl pe3yibTaThbl YHCIEHHOTO MOJIETMPOBAHIST
P Y3UOHHONO ¥ KOHBEKTHUBHOIO cmernerust st cucreM 0.55Ar+0.45He-No, 0.66 Ar—+0.34 He-
N3, 0.55C0,+0.45He-Ny. DKCIEpUMEHTAILHOE HCCICIOBAHIE 3TUX CHCTEM OIIMCAHO B paboTax
[3; 5; 6]. Ha pucynke 3 upejcraBieHbl H30HOBEPXHOCTH KOHICHTPAIMM aproHa JIJIsi CHCTEMBI
0.55Ar+0.45He- N5 1ipu pas/indHbIX 3HAYEHUSX JaBjieHus. B cucreme HaOsojgaercs guddysn-
ounblit nporecc. Ha pucynke 4 mzobpazkena JuHaMuKa U3MEHEHUs] KOHIICHTPAIMU aproHa Jijis
cucrembl 0.66Ar+0.34 He- Ny. CpaBHenre pUCYHKOB 3 U 4 MOKA3bIBAET, YTO € YBEJIMICHUEM KOJIU-
JecTBa KOMIIOHEHTa ¢ HAauOOJIbIIEl MOISAPHON Maccoil B UCXOJIHOM COCTaBe CMeCH, MHTEHCUBHOCTH
€ro IepeHoca CTAHOBUTCS 3HAYUTETBHO OOJIbINE, YeM JJIs CHCTEMbI ¢ MEHBIINM UCXOJHBIM COJIEep-
»kaHneM aprora. Ha pucynke 5 nokasana JuHaAMUKa W3MEHEHUS KOHIIEHTPAIINN THAXKEI0T0 Ta3a JJIs
TPOMHOI CHCTEMBI, TJIe MECTO aproHa 3aMeInaeT JIUOKCH]I yIjIepojia. B aTom ciydae 3aMeTHO, 9TO
yBeJINUEeHNEe JIABJICHUS BJIUSET Ha CTAOMIBHOCTD MEXAHUYIECKOIO PAaBHOBECHUs. DTO ITPOUCXOIUT B
CBA3U € TEM, YTO MOJIsIpHAsI Macca JUOKCHJIa YIyIepojia OOJIbIlle MacChl aproHA.

Takum ob6pa3oM, POBEIEHHDBIE SKCIEPUMEHTHI MOKa3a/1, YTO B TPEXKOMIIOHEHTHBIX I'a30BbIX
CMeCsIX TIPU OIPEJIeJIEHHBIX JIaBJIEHUSIX U COCTaBaX BO3MOYKHO BOBHUKHOBEHUE CJIOYKHOTO MAaCCOIIe-
peHoca, CBSI3aHHOI'O C BO3BHUKHOBEHUEM KOHBEKTUBHBIX BO3MYIIEHUIL.

a o B

Pucynok 3 - Jlunamuka usmenenusi Kourenrparuu B cucteme 0.55Ar+-0.45He- N,
npu: a) P=0.5MIla; 6) P=1.5Mna; B) P=2.5Muna.
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Pucynok 4 - Jlunamuka usmenenus kourentpanuu B cucreme 0.66 Ar+0.34 He-No
npu: a) P=0.5MIla; 6) P=1.5Mna; B) P=2.5Muna.

5

0
04—
0.09°

Pucynok 5 — Jlunamuka usmenenusi Kourenrparuu B cucreMe 0.55C0,+0.45He- Ny
npu: a) P=0.5MIla; 6) P=1.5Mua; B) P=2.5Muna.

5 3akJrouenue

Ha ocnoBe mpoBejieHHBIX UCC/IeI0BAHNN ObLIN CeIalbl HUYKEC/Ie/IYIONIE BHIBOIbI.
Brira pazpaborana MmaremaTutdeckas MOJIEb JIJI MOJIE/IMPOBAHUS CJIOZKHOT'O MacCOIEPEeHOCa B
TPOMHBIX TA30BBIX CMECSAX IPU PA3JIMIHBIX JABIEHUIX.

Beur pazpaboran 3D umcienHbrit aaroput™m Ha O6aze D3Q27 mMojenn peneTodHOro MeToja
Bonbivana i MojempoBaHusT MacCOIEpeHoca KOMIIOHEHTOB KOHIIEHTPAIUd B OTPAHUIEeHHOI
1oJ10¢TH (hOPMBI HTAPAJLIIE/ICITNTIE/IA.

Ha ocHOBe 4YMCIEHHOrO MOJIEIMPOBAHUS TPEXKOMIOHEHTHBIX cMeceil 0.55Ar—+0.45He-No,
0.66Ar+0.34He-N5, 0.55C05+0.45He- Ny, uccienoBanbl BJIMSHUE JIABJICHUS W HCXOIHOIO COCTa-
Ba KOMITOHEHTOB Ha yCTOWIMBOCTH Jnudy3UOHHOIO IIporiecca.

Taxum o6pa30M, ITIOCTaBJICHHBIC 3a/la491 BBLIIIOJIHEHDbI IIO/JIHOCTDLIO.
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4) Aunoranus oobemom 150-500 ¢10B Ha PYCCKOM, Ka3aXCKOM M aHIJIMHACKOM si3blKaxX. CTPYKTypa aHHOTAIIUK
BryiogaeT B cebs cremyione OBA3SATE/IBHBIE nymkrer: "BerynureabHoe ¢ioBO 0 TeMe HCCIETOBAHNSA.
"Ilesib, OCHOBHBIE HAIIPABJIEHNS] W WU HaydHOro mccienoBanus. "Kparkoe ommcanne HaydHONW M IPAKTH-
qeckoil 3nadmmoctn paborsl. "Kparkoe ommcanme meromosornu uccnemoBanus. "OCHOBHBIE Pe3yIbTATHI 1
AHAJIN3, BBIBOJIBI MCCJIEJ0BATENLCKOI paboThl. "IleHHOCTH NPOBEJIEHHOrO MCC/IeN0BaHNs (BHECEHHBIH BKJIaI
JIAHHOH paboThl B COOTBETCTBYIOIIY0 00sacTh 3Hanuil). "[IpakTudeckoe 3HaueHne UTOroB paboTHL.

5) Kurroueble ciioBa/c/ioBOCOUETAHNUS - KOJIMIECTBOM 3-5 HA PYCCKOM, KA3aXCKOM U AHTIMACKOM SI3BIKAX.

[Mocnenyromast crpanuia (HOBast):

CranmapTHble pasjesbl cratbu: BBegenne, O630p aureparypsl, Marepuan u MeToabl, Pe3ysibrarel
u o6cyxaeHue, 3akiodenue, Biarogapuocru (eciu umerorces), Caoucok jgureparypsl (Ha3BaHUs
pas3/Ie/IOB HE MEHSITD)

6) Beenenue. Beeierne coCTONT U3 CIIEAYIONAX OCHOBHBIX 3/1eMeHTOB: 'OBGOCHOBaHNE BHIOOPA TEMBI; AKTY-
AJIBHOCTH TEMbI NJIN HpO6J’IeIVILI. B O6OCHOBaHI/II/I BbI60pa TEeMbI Ha OCHOBE OIIMCaHUA OIIbITa HpeﬂﬂleCTBeHHI/IKOB
co00IIAeTCs 0 HAJIMIMU TIPOBJIEMHOl cuTyanuu (OTCYTCTBHE KAKUX-THOO0 UCCIEIOBAHUI, MOSBJIEHNE HOBOTO
o0beKTa U T.J1.). AKTYyaJbHOCTb TEMbI ONPEIE/ISeTCs ODIUM HHTEPECOM K M3YUYEHHOCTH JAHHOIO OOBLEeKTa,
HO OTCYTCTBHMEM HCYEPIILIBAIOIIINX OTBETOB HA WMEIOIIMECs BOIPOCHI, OHA JOKA3bIBAETCS TEOPETUYECKON MIIn
MPaKTUIECKOH 3HAYMMOCTBIO TeMbl. "Omnpeenenune o0beKTa, IpeaMera, Meei, 3a1a9, MeTOIOB, MOIX0/I0B,
TUTIOTE3Bl M 3HAYEHMs Bameil paborol. Ilesb mcciemoBanns CBA3aHa C JIOKA3aTEILCTBOM TE3MCA, TO €CTh
HpeﬂCTaBHeHHel\{ Hpeﬂl\leTa nccjIeJ0BaHud B I/I36paHH01\l aBTOpOl\fI acCIIeKTe.



7) OG30p Jmreparypbl. B pasmene 0630p smreparypbl JOKHBI OBITH OXBAYEHBI (DYHIAMEHTAJIbLHBIE W
HOBBIE TPY/IBI 110 UCCJIEYeMOli TeMaThKe 3apybesKHbIX aBTOPOB Ha aHIVIMACKOM #3bIKe (He MeHee 15 Tpy/oB),
aHaJn3 TaHHBIX TPYIOB C TOUKU 3PEHUs UX HAYIHOTO BKJIAIA, & TAKKe MPOOETbl B UCCIEIOBAHNN, KOTOPHIE
Ber monosasiere B cBoeit crarbe. HEJIOITYCTUMO namnvne MHOXKECTBA CCHIIOK, HE UMEIOIINX OTHOIIEHUST
K paboTe, WM HEYMECTHBIE CYKICHHUS O BAIMNX COOCTBEHHBIX JTOCTUKEHUSX, CChLIKNA Ha Bamm mpeapiye
paboThI.

8) MarepuaJyi u MeTOAbI. Pas3jiesn JOMKEH COCTOSATh M3 ONMUCAHUS MATEPHAJIOB M XO/a pabOThI, & TAKKe
TTOJTHOTO OTIMCAHUST WCIIOTB30BAHHBIX METOIOB. XAPAKTEPUCTUKA MM OTMCAHUE MaTepuaja MCCTICTOBAHMIS
BKJIIOYAET €ro TMPeICTaBIeHNe B KATeCTBEHHOM U KOJTMIECTBEHHOM OTHOIIEHNN. XapPAaKTEPUCTUKA MaTepraa
— o/ 13 (HAKTOPOB, OMPEIESIONINI JOCTOBEPHOCTDL BBIBOJOB M METOJIOB MCCICIOBaHUSA. B aTOM pasjese
OIMCHIBAETCS, KaK pobseMa Oblia udydena: moipodnas uHdopmaims 6e3 MOBTOPEHHsT paHnee OmyOTnKOBaH-
HBIX YCTAHOBJIEHHBIX IIPOIEYD; UCIOIb3YeTCs HICHTH(hUKAIA 000pyI0BaHust (IPOrPAMMHOIO 06ECIIeIeH s )
U OIMCAHUE MATEPUAJIOB, C 003aTeIbHBIM BHECEHIEM HOBH3HBI [IPH UCIIOJIH30BAHUN MATEPUAJIOB U METOJIOB.
Hayumas mMeTomonorns J0KHa BKIIOYATH B Ce0sl: - NCCIIEIOBATENBCKIN BOIPOC(-bl); - BBIIBATAEMYIO THUIIO-
Te3y (TE3WC); - ITANBI NCCIETOBAHNUST; - METO/IbI UCCIIEIOBAHMNST; -~ PE3YJIBTATHI MCCJIEIOBAHMS.

9) Pesyabrarbl m obcyx)aeHune. B srom pasjesne npuBoisiTCs aHAIN3 U 00CYKIIEHNE 110y YeHHBIX BAMU
pe3yJIbTaTOB UccaenoBanust. [IpuBoIsITCS BBIBOJBI IO TIOJIYYEHHBIM B XOJI€ MCCJIEIOBAHUS PE3yJIbTATAM, Pac-
KPBIBAETCs OCHOBHAsA CyTh. U 9TO OJMH M3 caMbIX BayKHBIX Pa3/eJiOB CTaTbU. B HeM HEOOXOIMMO IIPOBECTH
aHaJIN3 PE3YJILTATOB CBOEH pabOThI U 00CYKICHNE COOTBETCTBYIOMINX PE3YJITATOB B CDABHEHUH C IIPEIBIILY-
MU paboOTaMM, AHATH3aAMI W BBIBOIAMMI.

10) Bakmarouenue. O600IIEHE U TI0J[BEJIEHIE UTOrOB pabOThI Ha JAHHOM JTalle; II0JTBEPXKIEHIEe UCTUHHO-
CTU BBIJIBUTAEMOIO YTBEPZKJICHUsI, BHICKA3AHHOI'O aBTOPOM, M 3aKJIOUEHHE aBTOpa 00 M3MEHEHHH HayTHOI'O
3HAHUSA C YIETOM IIOJIYYEHHBIX Pe3Y/IbTATOB. BBIBOJIBI He JIOKHBI ObITh abCTPAKTHBIMU, OHU JIOJZKHBI OBIThH
MCIOIB30BAHBI [1J1si 000DOIIEHNsT PE3yIbTATOB UCCIEI0BAHNS B TOW WJIM MHOI HAYTHO 00JIACTH, C OMUCAHIEM
TIPE/ITOYKEHNIT MIM BO3MOYKHOCTEH JaibHefieit paboTsl. CTPYKTypa 3aK/II0OMEHUsT JOPKHA COIEPIKATD CIIETy-
forme BOPOChl: KakoBbI mein m MeTo bl uccremoBanns! Kakume pe3yabraTsl moaydenbl! KakoBbI BHIBOIBI!
KakoBb! IepcrekTuBLI 1 BO3MOXKHOCTH BHEIPEHUST, TPUMEHEHUsT PA3PabOTKN !

11) Buiaromapuocru (eciu umerorcsi). Hanpumep: Pafora BblosHeHA OPU HOJJIEPKKE IPAHTOBOrO bu-
HAHCHPOBAHNS HAYYIHO-TEXHUIECKHUX IIPOrPaMM U IIpoekToB MuHncrepcTBoM Hayku n obpasoanus Peciy0-
mukn Kasaxcran (rpaar «Hanmenosaume tembr rpanTay, 2018-2020 rogpr).

12) Coucok nureparypsi/References. (06a crucka, eciin cTarbsi Ha PYCCKOM WK Ka3axCcKoM. Ecsn cra-
Thsl HA AHIVIMIACKOM, TO TOJBKO OJIMH CIUCOK 1O cTIi0 Yukaro). CIMCOK MCHOJIB3YeMOil JInTepaTyphbl, MK
Bubamorpadguaeckuii cniucok coctout n3 He Menee 30 HAMMEHOBAHWIA JTUTEPATypbl, 1 13 Hux 50% Ha anr/Iwii-
CKOM s3bIKe. B cilydae HaJu9us B CIIUCKE JINTEPATYPBI paboT, MPEACTABIEHHBIX Ha KUPHJLIAIE, HEOOXOIIMO
[IPEICTABUTD CIUCOK JIMTEPATYPhI B JIBYX BapUAHTAX: NEPBbI — B OPUTHHAJIE, BTOPOl — POMAHU3UPOBAHHBIM
andasuroM (TpaHcmTEpaIys ). POMAHU3NPOBAHHBII CIIMCOK JINTEPATYPHI JIOJZKEH BBITJISIETh B CJIELYIOMIEM
Bujie: aBTop(-bl) (TpaHCMTEPAINs) — HA3BAHME CTATHU B TPAHCJUTEPUPOBAHHOM BapUAHTE [I€PEBOJ HA3BA-
HUsI CTAThH HA aHIVINHCKUIT SI3bIK B KBAJ[PATHBIX CKOOKAX|, HA3BAHNE PYCCKOS3BITHOIO HCTOYHHKA, (TPaHCIUTe-
parst, Jnb0 aHIINIICKOe HA3BAHKE - CIIH €CTh), BBIXOIHbIE JAHHBIE ¢ 0003HAYCHUSAMI HA AHTTTUHACKOM SI3bIKE
(rom, B kpyriibix ckobkax) — crpanunbl. Hanpumep: Gokhberg L., Kuznetsova T. Strategiya-2020: novye
kontury rossi- iskoi innovatsionnoi politiki [Strategy 2020: New Outlines of Innovation Policy|. Foresight-
Russia, vol. 5, no 4 (2011): 8-30. Cnncok surepaTypbl npeacTassercs mo mepe muruposanus, 1 TOJIBKO
Te pabOThI, KOTOPBIE MUTHPYIOTCs B TeKcTe. CChIIKN Ha JTUTEPATYPY ODOPMIIAIOTCS B KBAIPATHLIX CKOOKAX C
yKazaHueM HoMepa jmreparypbl. Cruiib odopmiennst "Crucok jimreparypbl”Ha PYCCKOM U KA3aXCKOM SI3bIKe
corytacao ['OCT 7.1-2003 "Bubsmorpaduyeckas 3anuck. bubauorpaduaeckoe onucanue. Obiue TpeboBaHmst
n upasuia cocrapieHus" (rpeboBanne K m3nanusaM, sxoasumx B nepedenb KKCOH). Crmib odopmitenus
"References" poMaHM3MPOBAHHOrO CIUCKA JIATEPATYPHI (CM. BBIIIE), & TAKKE MCTOUYHUKOB Ha AHTJIHHCKOM
(IpyTOM MHOCTPAHHOM) SI3BIKE JIJIST €CTECTBEHHOHAYIHBIX M TEXHWIeCKMX Hampasjennii cornacao Chicago
Style (www.chicagomanualofstyle.org).

B janHOM pasjiesie HeOOXOMMO yIECTh:

a) IIuTupyroTcss OCHOBHBIE HAYTHBIE Ty OJIMKAIINHN, TIEPETOBBIE METOIBI UCCJIEOBAHNS, KOTOPBIE TPUMEHSIOTCST
B JIAHHOI 00/TACTH HAyKM W Ha KOTOPBIX OCHOBaHa paboTa aBTOpA.



6) M36eraiiTe Ype3MepHBIX CAMOIUTHPOBAHMIL.
B) M36eraiire upeamepubix ccpliok Ha nybsmkanuu asropo CHI'/CCCP, ucnosnbayiite MUPOBOIi OIBIT.

r) Bubaunorpadudeckuil cnucox moJKeH cojepKarh (byHIaMeHTaIbHble U HAanboJee aKTyaJbHbIE TPYJIbI,
OTYOJTMKOBAHHBIE M3BECTHBIME 3apYOEKHBIMI aBTOPAME U MCCJIETOBATEISIMA IO T€Me CTaThH.

6. ZKypuas mpuaep:KuBaeTcs eIIHOr0 CTHIA U MOITOMY MPEIbABISET Pl 00MUX TpeboBaHmit K 0hOPMIICHIIO
pabor. Vcxomuplii (HEOTTpaHCIMPOBAHHBIN) tex-hail/T JOKEeH NEJTMKOM MOMEIATHCS B TOPU30HTATBHBIX PaM-
Kax 9KPaHa 3a BO3MOYKHBIM UCKJIIOUEHIEM MATPHUIL U TaOJIAIL U TPAHCIUPOBATHCA 0e3 mporecToB INTEX 2: u
COODIIEHNIT O KPATHBIX W HEOIIPEJIEIEHHBIX METKaX, OOJIBINNX MEPEIOJTHEHHBIX U He3aIllOJTHEHHBIX OoKcax. He
CJIEJIYeT OIPEIEIATh MHOIO HOBBIX KOMAaH/I, N300peTas COOCTBEHHDIN CIeHT. ABTOPBI MOT'YT IIOATPYKATH JAPY-
rue CTaHapTHBIE CTUIEBDIE TAKEThI, HO TOJBKO Te, KOTOPbIE He BXOJAT B IPOTUBOpPEYNE ¢ MakeTamu amsmath
u amssymb. EcrecrBenno daiis, Kpome BCEro mpovero, JIOIKEH ObITh MPOBEPEH Ha OTCYTCTBUE TPAMMATH-
YeCKUX W CTUJINCTUIECKUX omuboK. CTaThh, He YIOBIETBOPSIONIE 3TUM TPEOOBAHUIM, BO3BPAIIAIOTCI HA
JIOPAbOTKY.

DTaIOHHBIN 00pa3er] paboThl ¢ JeMOHCTpaImeil rpaduK, ¢ TpeaMOysIoil yCTpanBaomeil PeTaKIio, CIIMCKNT
TUNUIHBIX OIMMOOK O(MOPMJICHUST U METOJABI UX YyCTPAHEHWS MOXKHO IMOJIYYNTH B PEJAKIMM WM Ha CaiTe
KasHY nwm. anp-Papabu http://journal. kaznu.kz.

7. T'pacduueckne daiiyibl ¢ pUCYHKAMHU JOJIKHBI OBITH TOJBKO KAa4eCTBEHHBIMI YepHO-OeibiMu B (popMmarTe .eps,
JInOO BHITIOJIHEHHBIMU B JIATEXOBCKOM (popmare. Pucyrku B 9Tux popMaTax me/1aioTcs, HAIPUMEp, ¢ IIOMOIIHIO
MOITHBIX MaTeMaTndecknx rmakeroB Maple, Mathematica niau ¢ momompio nakera Latexcad. KagectBennbie
rpacdudeckue pailyIbl caeaHHbIe IPYTUMI TPadUIeCKUMI TPOrPAMMaMI JIOJIXKHBI OBITH CKOHBEPTUPOBAHDI B
dopmart .eps ¢ momombio Adobe Photoshop mn konseprepa Conversion Artist. Bee pucynku mo/mKHBI OBITE
y2Ke UMIIOPTUPOBAHHLIMI B tex-hailil 1 MpeICTABISIIOTCA B PEIAKIINIO BMECTE ¢ OCHOBHBIM (DAMTIOM CTATHU.
I'paduaeckne popmarsl, OTIUIHBIE OT BBIEYKA3aHHBIX, OTBEPTAOTCSI.

Penaxmust BupaBe 0TKa3aThCs OT BKJIIOUEHUS B pabOTy PUCYHKA, €CJIN aBTOP HE B COCTOSTHUU 00ECTICINTH €ro
Ha/JljIezKalllee KadecTBo.

YBazkaeMble IUTaTeIN, Bbl MOXKETe TONNCAThC Ha Harr kypHas , Becrank KazHY. Cepusa maremarnka, me-
xaHuKa, nHpopMaTuka“, Koropsblii BkiatoueH B katajgor AO Kasnoura® ,TASETHI U 2KYPHAJIBI“. KosuuectBo
HOMEPOB B 1o — 4. VHeke Jiisi WHAUBUIYAJIbHBIX MMOIUCINKOB, MIPEJIPUITUN U OopraHus3amuii — 75872, mojmc-
Has 1eHa 3a roj — 1200 TeHre; WH/EKC JbIOTHOM MTOJITUCKU JIJI CTY/IeHTOB — 25872, mojmucHas 1eHa 3a rojl JIjist
cryaenTos — 600 Tenre.
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