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ON A DIAGONAL SYSTEM OF THE FIRST-ORDER PARTIAL
DIFFERENTIAL EQUATIONS FROM TWO INDEPENDENT VARIABLES

A diagonal system of three first-order partial differential equations in two independent variables
is considered. The equations entering into the diagonal system are independent from each other,
therefore, the compatibility condition of the system does not arise. We consider the asymptotic be-
havior of solutions at an infinitely distant point, with respect to some parameter. The main place
in the system is occupied by a nonlinear first-order partial differential equation, the remaining
equations are adjoining equations, the solutions of which contain the initial value of one indepen-
dent variable as a parameter. The attached equations are chosen appropriately, and the solution
to the system is already studied, which already has an internal connection. The adjoint equations
are linear first-order partial differential equations. Using the fact that the zero solutions of the
characteristic equations are asymptotically stable on Lyapunov, the conditions when the set of
three differential equations, considered as a diagonal system of partial differential equations of the
first order, has a solution with certain initial values and is an infinitesimal function in the vicinity
of an infinitely remote point are described . Methods of the theory of functions and differential
inequalities in the theory of first-order differential equations are used.

Key words:differential equations, diagonal system, first order partial derivatives, asymptotic be-
havior.
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Osi-Papabu areiagarbl Kazak yaTTelK yHUBEpcuTeTi, Ajimarhl K., Kazakcran
Exi Toyesici3 alinbimaJsibl 6oiibIHIIIA GipiHIni perTi mepbec TybIHABLIBI AuddDEePEeHITNATIBIK,
TeHAey/IepiH AUaroHaJIbAbIK >Kyheci TypaJjbl

Exi Toyenciz aiiHbiMaJibl OOMBIHIIA VI TEHIEYJEH TYPATBHIH OipiHmm perTi mepbec TyBIHIBLIbI
muddepennuanIbK, TeHAEYAepIiH Kyiieci KapacTuIpbLiaabl. Jlnaromasabik Kyiere Kiperin
Tenjeyep Oip-Oipinen Toyesnciz OOJFaHIBIKTAH, >KYWEHiH VHIeciMIiIiK MApTBIHBIH KaXKeTi
bosmaiinel.  Kampait ga  6ip mapamerp OOMBIHINA —IMEKCI3  aJblc  HYKTEIEri IMeIriMHIH,
ACHUMITOTUKAJIBIK, TOpTiOI KapacTeipbuiaiel. 2Kyitemeri merisri opbiHia, Oipinmi perti gepbec
TYBIHIBLIBI OEHCHIBLIKTEI AudDepeHnuaiIblK, TeHIey OOIBIT TabbLIAIbI, KAJFaH €Ki TeHaeyaep
mermiMiepi 6ip Toyesici3 afHBIMAJBIHBIH, aJFAIlKbl MOHIH ITapaMeTp PpeTiH/e KapacTbIPpaThIH,
yJiecteri Oipiumi perti gepbec TYBIHABLIBI JAuddEepEeHIHAIBIK, TeHALYIep OOJIbIIT TaObLIA b
Ytecreri 6ipinmii perTi gepbec TYBIHIBLIBL TrhdepeHInaIbIK TEeHJIeYIep bIHFARIBI TYPIe TaHIall
aJbIHAIBL A, €HMAl imKi OailylanbpicTapbl 0ap TEHIEYJEPICH TYPATBHIH KYHEeHIH MIemnriMi OKbII
3eprTenemi. YJecteri Teneysaep Oipiamm perTi mepbec TYBIHABLIBI CHI3BIKTEI And(epEeHITHAIbIK,
Ten eysep 6oJiblil TabbLaabl. OJIapIbiH Coiffkec CUIATTAY I TeH IeyJIePIHiH HOJIJIIK IIelliMIepiHiH
JIsiiyHOB OO¥BIHINIA ACHMIITOTUKAJIBIK OPHBIKTBLIBIKTAPBIH Al a/aHblll, AHBIKTAJFaH OeJrii
6ip asramkbl MoHIepiMeH Oeplarer ymr auddepeHIaiIblK TEeHIEY/IIH »KUBIHTHIFbI, OipiHIIi
perri gmepbec TYBIHABLIBI uddOEPeHITNAIIbIK, TEeHIEeYJIePIiH INarOHaJIbIK Kyiteci TypiHme
KapaCTBIPBLIBII, MEKCI3 aJbICTAFbl HYKTEHIH aiMarbiHIa IermiMi mekci3 a3 GyHKIus 60IaThIH
maprrap cunartagarad. PyHKIUsAIap TEOPUSCHIHBIH KoHe Oipiamm perTi maepbec TybIHIbLIbI
b depeHnnaIbIK, TEHIEYIED TEOPUSICHIHBIH, TOCLIIEP] KOJIIaHBLIFaH.

Tyiiia ce3mep: quddepeHuaIbK TeHIey/Iep, TNaroHaJIbIK XKyiie, repoec TybiHabLIap OipiHIIi
PeTTi, aCUMITOTUKAJIBIK TOPTII.
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O6 oxHoit AuaroHasibHON cucteMe nuddepeHTNaATbHbIX YPABHEHUN C YaCTHBIMU
MPOU3BOHBIMHY MEPBOTrO IMOPSAKA OT JABYX HE3aBUCHUMBbIX IT€PEMEHHBIX

PaccmarpuBaercs jauaroHajbHas cucrema u3 Tpex nuddepeHuaabHbIX YPABHEHUI ¢ TacTHBIMU
[IPOU3BOJIHBIME [IEPBOIO TOPSJIKA OT JIBYX HE3aBUCUMBIX I[TE€PDEMEHHBIX. Y PABHEHUS, BXOJISIINE
B JIMArOHAJIBHYIO CHCTEMY JPYr OT Jpyra HE3aBUCHUMBI, IIO9TOMY YCJIOBHS COBMECTUMOCTU
CHCTEMBI HE BO3HHUKAET. PaccMarpuBaercss aCUMITOTHIECKOE MTOBEJICHNE PellleHnil Ha OeCKOHEeTHO
yIAJeHHON TOYKEe, OTHOCUTEIBHO HEKOTOpOro mapamerpa. OCHOBHOE MECTO B CHCTEME 3aHUMAET
meqmHeHoe nd depeHnuaibHoe ypaBHEHHE ¢ YACTHBIMU ITPOU3BOJIHBIME TIEPBOTO  MOPSJIKA,
OCTaJIbHbIE YPpaBHEHUA ABJIAIOTCA IIPUCOECINHEHHBIMU YPDaBHEHUAMM, PEHICHUI KOTOPBIX CO/IepzKaT
HavajbHOE 3HAYEeHUE OJIHOI0 HE3aBHCHUMOIO IIEPEMEHHOr0 KakK mapamerp. llpucoeuHeHHbIE
YPABHEHUST BBIOMPAIOTCST TMOAXOMSANINM 00Pa30M, U M3yUAETCsl PEIIEHNEe CUCTEMbI, y2Ke HUMEIOIIee
BHYTPEHHIOIO CB#A3b. lIpucoennenuble ypaBHEHUs ABJIAIOTCA JUHEHHbIME AuddepeHnnaabHbIMU
YPABHEHUSIMA C YACTHBIMHU [POU3BOJIHBIMU IIEPBOTO  IOpsijKa. VCHosb3ysi, 9TO HyJIEeBbIE
perieHuss  XapakKTepUCTUICCKUX ypaBHeHI/Iﬂ ABJIAIOTCA aCHUMIITOTHUYECKU yCTOfI‘{I/IBI)IMI/I 110
JISIyHOBY, ONUCHIBAIOTCSI YCJIOBUSI, KOTJIA COBOKYITHOCTH TpeX JudepeHInalbHbIX yPABHEHUIA,
paccMaTpuUBaeMbIX KaK JHarOHajbHas cucreMa IuddepeHnuaabHbIX YPABHEHUIT € YaCTHBIMU
[IPOUBBOIHBIME TIEPBOTO MOPSIJIKA MMEET PEIIeHUe C ONPEJeEHHBIMA HAYAJTbHBIMI 3HAYECHUSIMU
U gBJIFETCAS OECKOHEYHO MaJjoifi (yHKIMer B OKPECTHOCTH OECKOHEUHO VIAJEHHOW TOUKM.
IIpumensirorcst  MeTojbl Teopun QGYHKIMIE u  audpepeHualbHblX HEPABEHCTB B TEOPUU

,HI/I(l)(bepeHLLI/Ia.HBHbIX ypaBHeHI/Iﬁ C 9aCTHBIMU ITPOU3BO/IHBIMU IIEPBOr'O IOPAIKa.
Kirouesble ciioBa: ﬂI/I(b(I)epeHHI/IaJIBHBIe YpaBHeHusi, JguaroHaJjJibHasl CHCTEMa, YaCTHbIE

IIPOU3BOJAHBIC IIEPBOT'O IMOPAJKa, aCHMIITOTUYIECKOEC IIOBEICHUE.

1 Introduction

Without pretending to completeness, we note some works, whose interests more or less in-
tersect with questions on the subject of discussion. As known, the problems of a differential
equation with first-order partial derivatives in the analytical case were considered in [1-2].
The first- order partial differential equations in the nonanalytic case were considered in [3-7].
There is a guide to first-order partial differential equations [8]. Also note some useful works
under the subject of investigation [9-22]|. Some information on the subject is available in
books [23-29).

The study of system of the first-order partial differential equations in the nonlinear case is a
difficult task, since, generally speaking, the characteristic system is not developed. The pa-
per considers a certain diagonal system of the first-order partial differential equations, which
arises as a result of differential inequalities. Using the methods of the theory of functions
and differential inequalities in the theory of the first-order partial differential equations, the
behavior of the solution is studied.

2 Materials and research methods
On the plane of variables (z,y) € R?, the set

S=((z,y):0< 2z < 400, ¢ — Lx <y <d+ Lx)
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is defined, where ¢ < 0, L > 0, d > 0. The first-order diagonal system of partial differential
equations is considered

9D = (by(x)y + ha(z,y)) 2
5= (@(M+hﬂw% ) 5 "
= (ba(w)y + hs(x, 1)) 2;

(bi(x)y + M (z,9)) 5 € C*(E),
(a(ohy -+ ba (00, 22) ) 2 € C2(B),

(b3(z)y + hs(z,y)) g‘; € C?(E); where E is a convex domain in R* containing the point 0, the
projection of which onto the (x,y)—plane contains S. Denote by I = [0, +00). The variable
xel.

The diagonal system (1) is considered with initial values

0(0,y) = wi(y), wi(y) € C?
w(0,9) = ¢(y), ¢(y) € C? (2)
v(0,y) = wa(y), wa(y) € C?
where y € (¢,d);
The equation
00 ol
9 = (bi(@)y + hi(z,y)) oy (3)
has a characteristic equation
d
% = —bi(z)y — hi(x,y) (4)

(4) we consider under the initial condition y(zo) = 7y, (0, 7y) € S, and we assume that the
solution y = y(x, zo,Y,) is defined on the set I . The equation

au 6u 8u
consider under the initial condition
u(0,y) = ¢(y) (6)

where ¢(y) € C2, (0,0,¢(0),¢'(0)) € E; as known, problem (5), (6) for small z, |y| has a
unique solution u(x y) of class C?(.9). The equation

ov

o = (o + Il ) 7

has a characteristic equation

dy

e —bs(z)y — hs(w,y) (8)
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Considering (8) under the initial condition y(zo) = yo(xo, Yo) € S and assume that the solu-
tion y = y(x, xo, Yo) is defined on the set I.

Theorem. If in the diagonal system of first-order partial differential equations (1) the fol-
lowing conditions are satisfied:

(A) b(z) € C*(I), x € I =[0,+00), h; (95 y) € C*(9), hi(x,0)=0;i=(1,3);

(B) hg(a:,y,u,g—”;) e C*(E), hy(0,0,u, ay) = 0 and satisfies the Lipschitz condition with
respect to (u,2%) in the domain E; there is an inequality UpgUyy — uiy # 0 and the so-

u, oy

@) > 0 of equation (5), with the initial value (6), can be continued for

lution u(x,y,u
x>0, (z,y) € S,
(C) The inequality holds by(z) < by(x) < bs(x), v € L|b(x)] < Kap(z), = € I;

Y(x) € C(I),¢(x) > 0, hm Y(x) =0, f P(x)dr = +oo;

xT

By definition, q(x) = [ 1(
0

Bﬂ 1737 61 < 07 ﬁ3 < 07
(D) Inequalities hold: hy(z,y) < hg(x,y, ,6y) < hy(z,y), (x,y) € S;

There are limits lim -t f
z—+o0 4 (x) 0

. _ C . 6@ _ . |eu
(B) [hi(z,y)l = d(x)lyl, 7 = 1,3; 6(x) € C(),d(z) > 0, lim Feg = 0; |5 < K,
ho(z,y, ,8y)‘g;‘ = Ké(x )|y| (—1xf é’gT) (1) = P, and the inequalities f; <

0
B < 3 are satistied;

Then there exists a solution 0(x,y), u(x,y), v(z,y) of system (1), with initial value (2) such
that

VO (z,y) +ud(z,y) + v3(x,y) = 0 as xg — +o0.

Proof. Consider the solution u(z,y) of equation (5) with the initial value u(0,y) = ¢(y).
By condition u(z,y), the solution is defined for # € I and y € (—4,5) C (¢, d), where a
sufficiently small number § > 0. Consider equation (4) and solutions y = y(z, xo, 7o) of equa-
tion (4), where (29, 70) € S. From conditions A) and E) It follows that the zero solution to
equation (4) is asymptotically stable as z — +oo. In fact, in (4), the equation of the first
approximation has the form

dy
= —b
dx i(z)y

From condition A), C) it follows that for solving the equation of the first approximation we
have the estimate

()| < [yeo) o105

Using this estimate to represent the solution of equation (4) in the form of an integral

equation, found by varying an arbitrary constant, for any ¢ € (0, @) we obtain the estimate

ly(z)| < |y(zo)|ePriola@)—a(zo)]

This implies the asymptotic stability of the zero solution to equation (4). We assume that
asymptotic stability occurs for the initial values |go| < d. Take w;(y) and the integral
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Y00 (z,y,x0) of equation (4) satisfying the conditions g—z > 0, 0(0,y,x0) = wi(y), wi(y) <

¢(y) and go € (—4,9).

Then 6(z,y) = 6(z,y, o) is a solution of equation (3) satisfying the condition 0(0,y) =
wi(y), (x,y,0,0,) € E, and (x,y, x9) — 0, x9g — +00.
Consider equation (8) and solutions y = y(z,zo,yo) of equation (8), where (zg,79) € S.
Similarly to equation (4), it is established that condition A) and E) imply that the zero
solution to equation (8) is asymptotically stable as x — +00. We assume that asymptotic
stability occurs for the initial values |yg| < J. Take ws(y) and the integral yo = v(z,y,x¢)
of equation (8) satisfying the conditions g—; > 0 and v(0,y,x0) = wa(y), ¢(y) < wa(y) and
Yo € (—9,9). Then v(x,y) = v(z,y,xo) a solution of equation (7) satisfying the condition
v(0,y0) = wa(y), (z,y,0,6,) € E, and v(z,y,xo) — 0, x9g — +00.
By virtue of conditions C) and D), the inequalities hold

8u)) ou ov

(el + Inle0)) 5 < (bz<x>y oo, 5 ) 58 < oy + ) -

in the domain E. By the choice of w;(y), wa(y), the inequalities holds:
wl(y) < @(y) < CUQ(y), y e <C7 d)a (l'7y) S S)

Consequently,
VP (z,y) +u2(z,y) + v2(x,y) — 0 as xg — +00.
The theorem is proved.

3 Results

The paper considers a diagonal nonlinear system of first-order partial differential equations.
The equations in the system are interconnected by differential inequalities and have initial
values, the set of which is the initial values of the system and the initial values of the associated
equations are selected appropriately. It is proved that the diagonal system under certain
conditions has an infinitesimal solution in a neighborhood of an infinitely distant point.
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ON CONTINUOUS SOLUTIONS OF THE MODEL HOMOGENEOUS
BELTRAMI EQUATION WITH A POLAR SINGULARITY

This paper consists of two parts. The first part is devoted to the study of the Beltrami model
equation with a polar singularity in a circle centered at the origin, with a cut along the positive
semiaxis. The coeflicients of the equation have a first-order pole at the origin and do not even belong
to the class Lo(G). For this reason, despite its specific form, this equation is not covered by the
analytical apparatus of I.N. Vekua [1] and needs to be independently studied. Using the technique
developed by A.B. Tungatarov [2] in combination with the methods of the theory of functions of a
complex variable [3] and functional analysis [4], manifolds of continuous solutions of the Beltrami
model equation with a polar singularity are obtained. The theory of these equations has numerous
applications in mechanics and physics. In the second part of the article, the coefficients of the
equation are chosen so that the resulting solutions are continuous in a circle without a cut [5].
These results can be used in the theory of infinitesimal bendings of surfaces of positive curvature
with a flat point and in constructing a conjugate isometric coordinate system on a surface of
positive curvature with a planar point [6].

Key words: Beltrami equation, equation with a polar singularity.

1Y P. Kemep6aesa, °T.E. A6ayaxurosa, SA. Acamu
! bus.-Mar.r.K., ara oKbITymbl, E-mail: ulbi-70@mail.ru
2pu3.-MaT.F.K., gorent, E-mail: gulzhanae@gmail.com
Os-Papabu arbiHgarbl Kazak yaTTk yHuBepcureri, Ayimars! K, Kazakcran
3mpodeccop, E-mail: amirassadi@gmail.com, Buckoncun yuusepcureri, Mamucon, AKIII
ITonsapabik epekimedtiri 6ap moaeapai BeabTpamu TeHaeyiuiH ysimicci3 merriMmaepi

Kapacteipeirr oreipran eHOek eki OesimHen Typajsl. DBipinmm 6estimi 1eHTpi KoopauHaTasIap
bac HYKTeCiHJe OpHAJACKaH OH KaK KapThl OChCI3 JIOHIeJIeKTe OepiireH  IOJISAPJIBIK
epexiresniri 6ap mozenbai beabrpamu TeHmeyin 3eprreyre apaaaraH. KapacThIpbLIFAH TEHIEY/IIH
ko3 durmenTepinin KoopauHaTajgap 0ac Hykrecinmae OipiHmm perrti mosrocrepi 6ap kome ojap
Lo(G) wnacoiama xarmaiiner. Congpikran 1.H.Bekyanby [1| amaimTukasblk anmapaTbIMeH
KaMTBhIIMaFaH JKoHe Keke 3eprreyai Kaxer eremi. A.B. Tynrarapos [2| xkacaran Kypjeni ozicti
[3] »xoHe DyHKIMOHAIIBIK TALIAYIbIH [4] Teopusichl oiicTepiMen yitsectipe oTbipbi, Besrpamn
MOJIEJIJII TEeHJEYIiHIH [MOJIAPJIBIK ePeKInesiri 6ap y3/ikci3 memiMaepinia TypJepi ajabHabl. Byt
TeHJIeyJIep TEOPUSICHIHBIH, MEeXaHNKa MeH (pu3MKalla KOITereH KOJIAaHbICTaphbl 0ap. 2KyMbicThIin
exinmm OGesiMiHIe TEHJIEY/IiH TIenriMi KapacThIpbLIFaH JIOHreaekTe y3iaicciz OosraTwhiHgail eTimr
ko durmentrep Tanmagagbl [5]. Byn HoTmrKesepai THIFBI3ABIK HyKTeci 6ap KHUCBHIKTBIFBI OH,
AKBIPCHI3 a3 ULJIEeTIH 6eTTep TEOPUSICHIHJIA, YKOHE THIFBI3/IBIK HYKTECI Oap KUCBIKTHIFBI OH OeTTepie
U30METPHUSLIIBL TYHRIHIEC KOOPAUHATTADIbI KYPACTBIPY YIIIH KoJganyra 6osmaust [6].
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Hacrosmas paborta cocTonT u3 aByx dacteii. [lepBas 9acTh TOCBAIIEHA UCCIETOBAHNIO MOIETHHOTO
ypaBHeHUsI BejibrpaMu ¢ IOJISIPHOI OCOOEHHOCTBIO B Kpyre C IIEHTPOM B HadaJjie KOODJIMHAT,
C pa3pes3oM BJIOJIb IOJIOXKUTEIbHOI mosryocu. KoadduimenTsl paccMaTpuBaeMOro ypaBHEHUsT
UMEIOT TIOJIIOC IEPBOTO IMOPsiIKA B HAYAJBHON TOYKE KOODIWHAT W HE MPUHAJJIEKAT J1arXKe
kiaccy Lo(G). Ilo oroii npudunne, HecMOTps Ha CBOH creruduUIecKuil BUI 9TO ypaBHEHUE HE
oxBaTbiBaeTCss aHaautuaeckum ammapatrom V.H. Bekya [l| m HyXmaercss B caMOCTOSTEIBHOM
uccaenoparuu. Vcmoab3yst Meronuky paspaborannoii A.B.Tyrrataposeim [2| B coueranun c
MeToslaMu Teopun (DYHKIMIT KOMILJIEKCHOIO IlepeMeHHOro [3] u dbyHKIMoHAIBHOro aHaxu3a [4]
IIOJTy9€HBI MHOTOO0OPAa3ust HEIIPEPHIBHBIX PEIIEHUI MOJIEIBHOTO ypaBHEHNs BebrpamMu ¢ moJisspHOil
0COOEHHOCTHIO. Teoprsi ITHX ypaBHEHUI HMEET MHOTOYNCICHHBIE MPUJIOXKEHUsI B MEXaHWKE U
dusuke. Bo BTOpOit 9acTH cTaTHU BOZHUKINIE TTPOU3BOJIbHBIE TTOCTOSIHHBIE TIOI00PAHDBI TaK, ITOOLI
[OCTPOEHHBIE PelleHrsl ObLIN HEIIPEPBIBHBL B Kpyre 6e3 paspesa [5]. DTu pesysabrarsl MOTYT ObITH
UCIIOJIB30BaHbI B TEOPUU OECKOHEYHO MAJIBIX U3TMOaHMIl TIOBEPXHOCTEN TOJI0KUTETbHON KPUBU3HBI
C TOYKOI YIJIOMIEHUS W HPHU IIOCTPOCHUN COIPS?KEHHO M30METPUUIECKON CHCTEMBI KOODJMHAT Ha
HOBEPXHOCTHU [OJIOXKUTEJNbHOI KPUBU3HBI ¢ TOYKON yiuiomienus [6].

Kuarouesbie ciioBa: ypasHenue BenrbTpaMu, ypaBHeHnue ¢ MOJIAPHON 0COOEHHOCTHIO.

1 Introduction and review of literature

The fundamentals of the theory of generalized analytic functions (representations of the first
and second kind, a generalized Cauchy formula, expansions into generalized Taylor, Laurent,
and other series, as well as the theory of corresponding boundary value problems), with
which the present work is closely related, were constructed by the famous mathematician
LN. Vekua [7] - [9] in the case when the coefficients of elliptic systems are summable to
a power of more than two. N.K. Bliev [10, 11| extended the theory of generalized analytic
functions to cases where the coefficients and free terms belong to the fractional spaces of
O.V. Besov. In the work of M.O. Otelbaev and K.N. Ospanov [12], the generalized Cauchy-
Riemann system from the space obtained by the completion of infinitely smooth functions is
investigated. A.B. Tungatarov [13] found in explicit form the right inverse operator for the
Beltrami differential operator 0 —ud (an analog of the well-known operator 7" from [1]) for the

case p(z) = i, 0 < B < 1. The solutions of the corresponding Beltrami equation are called -

analytic functions. Ricardo Abreu-Blya, Juan Bori-Reyes, Dixan Pena-Pena and Jean-Maria
Villiers [14]-[16] investigated the solvability of analogues of the Riemann boundary value
problem and a number of related questions for such functions.

Let R>0and G={z=re¥:0<r <R, 0< ¢ <2r}. In the area G we consider
equation of the form

. b —
0.V — getiea,y + W2y MOy (1)
2z 2z
where 0 < 3 < 1 is a ellipticity condition,

a(p), bly) € C0,27], a(p+27) = a(p), bly+27)=b(p).

The equation (1) if 5 = 0, a(p) = 0 will be used in the study of infinitesimal bendings
of surfaces of positive curvature with a flattening point, in the neighborhood of which the
surface has a special structure [6], [17]. The coefficients of the equation (1) do not even belong
to the class Ly(G). Therefore, using the known methods of the theory of generalized analytic
functions [1], [18], it is not possible to prove the existence of continuous solutions to this
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equation. The theory of the equation (1) for § = 0, a(y) = 0, b(y) = Aexp(iky), where A
is an arbitrary complex number and k is an integer number, is constructed in [19], [20]. A
variety of continuous solutions of the equation (1) was obtained in [21], [22]; the boundary
value problem for the jump for one particular case of the Beltrami equation was considered
in [23].

2 Material and methods

2.1 Beltrami model homogeneous equation with a polar singularity

We proceed to solve the equation (1).
Equation (1) in the polar coordinate system is written as

ov i ov 1 —
o 0BG+ L@V + UV =0

Finding continuous solutions of the last equation by the method of separation of variables

(1-5)

Vi(r,p) =T(r)- ¥(p), (2)

where T'(r) = T(r), T(r) € C[0, RINC*(0, R], ¥(p) € C[0,27], we get the following system:

(1= BT (r) = AT(r) =0, )
V(¢) = 15 (ale) + V)~ U T =0 )

where A\ > 0 is a real parameter.
A

The solution of the equation (3) is the function T'(r) = A -rl— B, where A is a real
number.
We seek the solution of the equation (4) in the form

v = Po)ep (15 (Aot [ atan))

Substituting the function W(p) into (4), we obtain the equation for Py(y) :

Pi() — Ax(¢)Pa(p) =0, (5)

where
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Thus, the solution of the equation (1) has the following form

A

Va(r. ) = 11— B Py() exp ( g+ B(so))) ,

i
1+ 8
where Py(¢) is the solution of the equation (5).

Now let’s start solving the equation (5).
Integrating the equation (5) we obtain

P

Pu(o) = / B + o,

where ¢ is an arbitrary complex number.
Hence

/ M) Ba()dy = / A7) / )Py (1 )dyadey + 75 / A7)y

0 0 0 0

Using (8) and (7) we obtain the following equation

Pi(p) = (BAP)) () +exxi(@) + ca,
where

(Brf)(p) A)\

0 0
Further we use operators of the form

(B3f)(9) = (BA(BAN)(@)(9), (Bif)(9) = (BABY /)(@)(),

Tulp) = / ATy, (k=2,50).

The following easily verifiable relations hold for these operators

(B ) () (@) = Dkya(0),  (Baca)(p) = ealra(e),

. k
Bppy(p)] < (b @) R

< T PR, D) <
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where |flo = || fllcpo.2n)-
Applying the operator (B)f)(y) to both sides of equality (9) and using (10), we obtain

(BaPx(9)) () = (BiPy) () + &l s(e) + ealna(p)

From (9) and (12) the following equation follows

Py(¢) = (B3P\) () + ex(Ix1(0) + Is(9) + ex(1 + Lia(0))

Applying the operator (B, f)(¢) to both sides of equality (13) we obtain

(BAPy)(0) = (B3PA) () + ea(Ins(@) + s () + ea(Inz(@) + Iia(e))

From (9) and (14) we get

Py(¢) = (BIP\)(¢) + (I () + Lus(p) + Lus(9)+
+ea(14 Da(p) + Ina(y))

Repeating this process, we have

n—1

Py(p) = (ByP)(9) + & > Luaki(9) + ex(1+ > Liak(e))

Passing to the limit in (15) as n — oo, and by (11) we obtain

Pr(¢) = exPri(p) + exPra(e),

where Py 1(p) = > 0 Inar—1(9), Paa(@) =14+ 3771 Doaw(e).

Using inequalities (11) Py1(p), Pr2(y) we obtain the following expressions:

Poi(9) — Ax(9) Pra(p) =0, Py ,(0) — Ax(@)Paile) =0,

[Pri()] < sh(|Ax]g @), [Pra(e)] < ch(|Ax] @),

Pralip) — 1= / A Pa(Ddr. Pule) = / () Pra(7)dy

From the second equation (19) and (17) it follows

(12)

(13)

(14)

(16)

(17)

(18)



U.R. Kusherbaeva et al. 15

Pra(p) = 1= Pri(p) Z Dok-1(p)—

k=1
o)

—Py2(p) mek(s@) + /AA(V)]A,zk—l(W)PAJ(V)dW

0

where n > 1 is a whole number.
Passing to the limit in (15) as n — oo and using the inequalities (11), (18), we get the
identity

[Pra(@)]” = [Pra(p)” = 1 (20)

It follows from (6) and (16) that any solutions of equation (1) can be found by the formula

A

Valre) = L= (@Paale) + enPrale) x exp 500 + Bl ) 1

Using the formula (17), we find

A

o=V =rl -8 exp <Z@+ZM%BB(SD)) ((1 + m()\SOWLa(@))) X

X (EPA1(P) + aePra(9)) + iAx(e) (@ Pri(9) + G Pra(9) )

2(1 - p)

Obviously, the following relation holds 0:V € L,, 1 < p < A 0<A+p8 <1
2(1 —
Similarly, the following relation holds 0.V € L,, 1 <p < %, 0<A+p08<1.

We use the theorem of I.N. Vekua from [1] : if 0;:V € L,, p >, then there is 0,V and also

belongs to L,,.

2(1-p)
T 5O<>\+ﬁ<1 So

the function Vy(r, ) will be a solution of the equation (1) from the class C(Go) N W, (G),

Therefore, by definition we get V' € W)(G), 1 < p <

2(1 —
l<p< %, 0 < A4 < 1 where W} (G) is the space of S.L. Sobolev from [I] and G|

is a region of G with a cut along the semiaxis {z =re"”? :r >0, » =0}
Thus, we have obtained the lemma.

Jlemma 1 Equation (1) has the solutions from the class C(Go) N W, (G), where 1 < p <
2(1-p)

el 0 < A+ < 1. Any such solutions can be found by formula (21).
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2.2 Construction of continuous solutions of the Beltrami model equation with a polar
singularity

Now we proceed to the construction of continuous solutions of the equation (1) in G. It
follows from (21) that in general case we have that Vy(r, 0) # V)(r, 27). Therefore, we choose
the numbers ¢, and A from (21) so that the following equality holds

V)\(’T’, O) = V)\(T, 27’(’) (22)
For this purpose, substituting (21) in (22), we obtain

A1 (A)ex + Az (N)ey =0, (23)
where Aj(\) = Py1(27),
Ag(X) = Pyo(27) — exp (;iﬂg(/\ + d)) ,d = BS:T)‘

Expanding on the real and imaginary parts of a complex number ¢, and expressions A (),
Ay(A) and then substituting them in (23), we obtain the following system of homogeneous
equations with respect to unknowns c; and c:{, where c; and c;'\ are real and imaginary parts
of the complex number ¢, respectively.

‘ (RePM(QW) + Re (PM(ZW) — exp (—2772' (A + d)))) +

118
+c, (ImP)\’1<27T> —Im (P)\72<27T) — exp <— 1212()\ + d)))) =0,
c\ (ImP,\,l(27r) +Im (P/\,2<27T> — exp (— 12_7:% (A + d)))) _
2me

—c, (RePM(%) — Re (PM(QW) — exp (— e B(A + d)))) = 0.

This system is linear and homogeneous with respect to c; and c:. Therefore, it has a
nonzero solution if [Ay(A)[> — |A1(A)[> = 0. Thus, equation (23) has a nonzero solution only
when |As(A)] = |A1()N)|. This equality is equivalent to the equation for A :

27 2T

1+5<)\+d)) — ImPy5(2) sin (1 +B(>\+d)> =1 (24)

Since, by virtue of (20) |Py2(27)| > 1, then for each integer k£ > 0 there exists a solution
of the equation (24) A = A; belonging to the segment [k, k + 1]. Let k be an integer, k <
A < k41 and \g be a solution to equation (24). Then |A;(Ax)| = |A2(Ax)| and the equation
A1 (Ar)ek + Az (Ag)ex = 0 has a nonzero solution ¢, which is found by the formula

ReP, 5(2) cos (

- (25)

o — L, if Al(/\k) :O,
T A Ok — DO )ar, if Ar(\) £0



U.R. Kusherbaeva et al. 17

Here «ay is an arbitrary complex number. Therefore, for each integer k£ the function

Ak
1
Va(r, ) = 11 = B (@ Py () + e, 2(p)) X exp <m(/\k<ﬂ + B(@))) (26)
will be a solution of the equation (1) from the class C'(Go) N W, (G), 1 <p < - and

satisfies the condition (22). Thus, we have obtained the theorem.

Teopema 1 If \y + 8 > 1, then for any integer k > 0 the equation (1) has solutions from
the class C*(G). These solutions can be found by formulas (26) and (25), where Xy is the
solution of the equation (24) from the interval [k, k + 1].

Teopema 2 If \g+ [ < 1, then the equation (1) always has solutions from the class C(G) N
2(1 —

W) (G), where 1 < p < % These solutions can be found by formulas (26) and (25),
“ o —

where A is the solution of the equation (24) from the interval (0;1).

3 Conclusion

In conclusion, we note that in the article we construct varieties of continuous solutions of
the Beltrami equation with a polar singularity in a circle centered at the origin, with a cut
along the positive semiaxis. In the second part of the article, the arising arbitrary constants
are chosen so that the constructed solutions are continuous in a circle without a cut.
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DISCRETE ITERATED HARDY-TYPE INEQUALITIES WITH THREE
WEIGHTS

Discrete, continuous Hardy-type inequalities are of great importance and have numerous
applications in harmonic analysis, in the theory of integral, differential and difference operators,
in the theory of embeddings of function spaces and in other branches of mathematics. In recent
years, weighted estimates for multidimensional Hardy-type operators have been intensively studied,
which have an important application in the study of boundedness properties of operators from a
Lebesgue weighted space to a local Morrey-type space, as well as in the study of bilinear operators
in Lebesgue weighted spaces. The discrete case of Hardy type inequalities with three weights is an
open problem. An inequality involving an iteration of the discrete Hardy operator is traditionally
considered difficult to estimate because it contains three independent weight sequences and three
parameters at their different ratios. In this paper we prove some new discrete iterated Hardy-type
inequality involving three weights for the case 0 < p < min{q, 6}.

Key words: inequalities, Hardy-type operator, weight, sequences, discrete Lebesgue spaces.
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JLLH. T'ymmtes areingarst Eypasus yirteik yausepeureri, Hyp-Cyaran k., Kazakcran
Yur caiMakThl JJUCKPETTI uTepalusijiaHFal Xapau TUIITI TeHCI3aiKTep

Huckperti, y3imiccis Xapau TUNTI TEHCI3IIKTEPl TapMOHUKAJIBIK, aHAIN3/Ie, WHTETPAIbIK, (-
depeHITNATIBIK, YKoHe alfbIPBIMIBIK OIEPATOPIAP TEOPUACHIHIA, (DYHKIIMOHAIILIK, KeHICTIKTep/Ieri
€HTI3y TEeOPHUSICHIHIA KoHe DacKa a MaTeMATHKAHDBIH 00/TIMIEPIiHIe KONTEreH KOIIAHBICTAphl Oap.
CoHFBI KBLIJIAPBI KOII OJIIeMI Xapu THITI OlepaTOpJIap/IblK CaJMaKThl OaraJiaysiapbl KAPKbIH-
JIBI TYPJIE 3epTTey/e, srau oyiap Jleber camMakTsl KeHicTirinen Moppu THIITI JIOKAJIbI1 KeHicTiriHe
IeHeIMIITIK KACUeTTEPIiH 3epTTey e, COHbIMEH KaTap Jleber caiMakThl KEHICTITiHIIerl OUCHI3bIKTHI
orepaTopJapabl 3epTTey/e KOAJAHbLIAJIBI. YT CAJIMAKTBl Xap/iM TUMTI TEHCI3MITiHIH JUCKPETTI
JKarIaiibl allblK Mocejie OO TabbLIaAbl. OJIETTe, IUCKPETTI Xap/Iu OlepaTOPbIHbIH, UTepallisi-
ChbIMEH 0OJIATHIH TEHCI3MIKTeP/Ii 6araay KUbIH JIeT CAHAJIA b, OUTKEHI OHBIH KYPaMbBIHIA YIIT TOY-
eJICi3 caJIMaKThI Ti30eK YKOHe Op TYpJil KaTbIHACTAFbI YIII mapamMerp b6ap. By makaimaga 6i3 keitbip
JKaHa YIII CaJIMAKThl JIMCKPETTI nTepanusaanrad Xapau TuiTi rercizaikri 0 < p < min{q, 0} xar-
JAbl YITH JID/IeJIeMis.

Tvyitin ce3nep: rencizaik, Xap/u TUITi orrepaTop, cajaMak, Tizoexrep, auckperti Jleber kemicTiri.
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JluckpeTHble, HEMPEPHIBHBIE HEPABEHCTBA THITA Xap/ i UMEIOT OOJIBITOe 3HAYEHNE U MHOTOYNCIeH-
HbIE IIPUJIOZKEHUS B FAPMOHUYECKOM aHAJN3€e, B TEOPHUSX MHTErPAJIbHBIX, JuddepeHaibHbX 1
Pa3HOCTHBIX OIIEPaTOPOB, B TEOPHUM BJIOXKEHUN (DYHKIMOHAIBHBIX [IPOCTPAHCTB U B JAPYIUX pa3-
JeJlaX MaTeMaTUKd. B mocjemnne rofbl MHTEHCUBHO UCCJIEAYIOTCS BECOBBIE OIEHKH JIJIsi MHOTO-
MEPHBIX OIIEPATOPOB THUIA XaP/IU, KOTOPbIE NMEIOT BayKHOE IIPUJIO?KEHNE B UCCJIEIOBAHUN CBOWCTB
OTPAHUYEHHOCTH OIIEPATOPOB U3 BECOBOI'O IIPOCTPAHCTBA Jlebera B JIOKAJIbHOE IPOCTPAHCTBO THUIIA
Moppu, a TakKe B HCCJIEI0BAHUU OWJIMHEHHBIX OIEPATOPOB B BECOBBIX IpocTpaHcTBax Jlebera.
JluckpeTHBIi ciydail HepaBeHCTB TUIIA XapIu ¢ TPeMsl BeCAMHU SIBJISIETCS OTKPBITON MpO0/IeMOii.
HepagencTBo, BRIOUaOIee nTeparuo IUCKPETHOTO OMEPaTopa Xapiau, TPAIUIMOHHO CINTACTCS
TPYAHBIM JIJIsI OIEHKHU, TOCKOJIBKY OHO COJEP’KUAT TP HE3aBUCHUMBIX BECOBBIX ITOCJIEI0BATEIHLHO-
creil U TpU mapamerpa, PU UX PA3IUIHBIX COOTHOMIEHUSIX. B 9TOl cTaThe MbI JIOKA3bIBAEM HEKO-
TOpOe HOBOE JIMCKPETHOE UTEPAIMOHHOE HEPABEHCTBO THIIA Xap/u C TPeMsl BecaMu JJjisl CJIydast
0 < p < min{q, 0}.

KitioueBbie ciioBa: HEPABEHCTBO, OIEPATOD TUIA Xap/Id, BEC, MOCIEI0BATEIbHOCTH, JUCKPETHOE
npocTpancTso Jlebera.

1 Introduction

Let 0 < p,q,0 < 0o and ¢ = {@x}32; be a non-negative sequence, u = {u; }3°,, w = {w; }2,
be positive sequences of real numbers, which will be referred to as weight sequences. We
denote by 1, the space of sequences f = {f;}2, of real numbers such that

j=1
00 1
1l = (Do lusfil?)” < +00, 1<p <o,
j=1
In this paper we characterize the following discrete Hardy-type inequalities:

(Set(S]a S #)) < e(Suhb) s v € b 1)
n=1 k=n i=k

for the following cases:

a) 1 <p < min{q,0} < oo,
b) p € (0,1] and p < min{q,0} < oo,

where C' is a positive constant independent of f.
Note that our result in case b) is especially interesting, since a continuous analogue of
inequality (1) doesn’t exist in this case.

2 Literature review

Since last century, one-dimensional discrete, continuous weighted Hardy inequalities have
been investigated intensively in various functional spaces. The results of these works can
be seen in the books of such authors, as for example B. Opic, A. Kufner, L. Maligranda,
L.-E. Persson and N. Samko ([1]-[3]). In recent years, the general cases of the discrete,
continuous weighted Hardy inequalities are investigated. For example the papers [4]-[15] have
been devoted to the continuous analogue of discrete Hardy-type inequalities (1). An interest
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in this type of inequalities are caused by their applicability to spaces of the Morrey type
([16], [17]). Moreover, the characterizations of these inequalities can be applied to research
weighted inequalities for Hardy’s bilinear inequalities (|18]-[20]). However, the discrete Hardy-
type inequality (1) is study very little. For example, see the papers [21] and [22], where in
particular, in [22| a criterion for the fulfilment of inequality (1) was obtained for the case
O<g<b<p<oo,p>1.

3 Material and research methods

The research methods are as follows: in this paper a method of partition of the sequence of
elements of the Hardy operator on the part in each point is developed, which allows us to
effectively estimate the sum on the parts. Note that such "blocking technic" was developed in
[4]. During the estimate, various classical inequalities are used, such as Minkowski inequality,
Holder inequality and the following elementary inequalities:

Ifa; >0,1=1,2,....k, then

(iai>a§§:a?, 0<a<l, (2)

and
(zk:ai>a22k:a?, a>1. (3)

In the proofs of our main results we will need the following well-known version of the
discrete Minkowski inequality:

Lemma. Let {a;;}, i =1,2,...,n < 400, j = 1,2,...,m, be a positive matrix. Then the
inequalities

n m
(XX
i=1 j=1

1

) =X (Sl g

j=1 =1
and
(> ] ) =X (X lawl) " 5)
=1 j=1 j=1  i=j

hold, where o > 1.
Convention: The symbol M < K means that M < cK, where ¢ > 0 is a constant
depending only on unessential parameters. If M < K < M, then we write M ~ K.

4 Results and discussion

4.1 Main result

Our main result reads as follows.
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Theorem. (i) If 1 < p < min{q,0} < oo, then the inequality (1) holds, if and only if

Ay < oo, where L 1
s (et (36t) ) ()’

r>1

Moreover, C' =~ Ay, where C' is the best constant in (1).
(i) If p € (0,1] and p < min{q,0} < oo, then the inequality (1) holds, if and only if Ay < oo,
where

Ay = sg;l) (Z (Zg@s) ) supuk .

Moreover, C' = Ay, where C' is the best constant in (1).
Proof. Necessity: Suppose that the inequality (1) holds with best constant C' > 0.
(i) Let us show that A; < co. Let 1 < r < N < oo and take a test sequence f= {fs}s 1

suchthatfs—()forl<s<7‘ands>Nandfs—up forr <s <N < 0.
Then

Il = (S0 ) = (e ) = () ©)

S=T

By substituting f in the left hand side of inequality (1), we can deduce that
N o0 o] >~ 1 T N N . 6 1
I(f) = (Z%’;(Z ‘SOkai q) >9 2 (Z%’;(Z’%Zﬁ q>q>0 >
=1 k i=k n=1 k=n i=k
RPN r r o 1 N )
)q>92<2w2<2¢2>q>8<2ufp>. (7)
k=n i=r

From (1), (6) and (7), it follows that

r r 0.1 N 1
C>(Sel(3Xet)) (X w”)”, forall 1<r<N.
n=1 k=n i=r

Since r > 1 is arbitrary, passing to the limit as N — oo, we have that

Al—sup<2w (Z(pk> >1<§uip/);,§0. (8)

r>1

(71) Let us show that Ay < co. Now for 1 < r < k < oo we assume that g = {gs}32,, where
gs = 0 for s # k and g, = u; ' for s = k, where uy # 0. Then

gl . = uge* - e = 1. (9)

Substituting ¢ in the left hand side of inequality (1), we find that

1= (St (Sl a)) = (et (o)) ot vz
s=n =5 n=1 s=n

Sy
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D=

supu,;l, Vr > 1.
r<k

1= (Yu(Xe))
n=1 s=n
Therefore
1@ 2 s (Yt (3 et)) supoit = 4, (10
n=1 s=n r=

r>1

From (1), (9) and (10), we have that

1

Ay = sup (iwﬁ(igp?)zy supu; ' < C. (11)
n=1 s=n

r>1 r<k

Sufficiency: Now, we prove that the inequality (1) holds. Let 0 < f € [,,, be such that

ifi < 0. (12)

Let 00
ki :=inf{k € Z: Zf’ <24},
i=1

then .
ok1-1 < Zfi < 9k
=1

We consider the sequence {ji}, where j;, are defined by

Jer=min{j > 1:) " fi < 2h Ry

=]
We note that .
Jr=min{j>1:> fi<2M}=1

i=j
For all £ > 1 it yields that

Yof<h N (13)
1=Jk 1=jk—1

Therefore the set of natural numbers N can be written
N= kgl[jkajk+1 —1].

Moreover,

jm+1_1 jm+1_1

ok1—m+1 i f; = Z fi+ i fi < Z £ o= (maH -y > o

i=Jm—1 i=Jm—1 1=Jm+1 i=Jm—1
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Hence,
jm+1*1
< N fi o m> 2,
i:jm_l
]m+2 1
him = g F — g g <9 N m > 2
—]m+l 1
We have that
Ja4+1—1
ofi—1+l — okt — 4. ok1=2 4 Z fi.
i=ja—1
Then we obtain that
jm+2_1
it cg N i, m> 1 (14)
1=jm4+1—1

Therefore, in view of (13),

0
0o 00 0o oo Jkr1—1 00 0o q
q q
P 3 (] Y ) S IREL0 5(% o7 e
n=1 s=n =35 k=1 n=jj s=n =35
0
0o Jk+1—1 Jm+1—1 00 q\ ¢
Y u(y Y a(xa)) -
k=1 n=j m=k s=max(n,jm) 1=Jm
0
oo Jrt1—1 Jm+1—1 q
S3II Do o )
k=1 n=j m=k s=max(n,jm)
Hence, by applying (14) we have that
o~ °
0o Jr+1—1 00 Jmy1—1 Jm+y2—1 a
<O D wn| D X el X fi) ] (15)
k=1 n=j m=k s=max(n,jm) 1=Jm+4+1—1
We must now consider the cases # < g and 6 > ¢ separately.
4.2 The case 0 < q
(i) Let 1 < p <60 < q. By applying (2) in (15), we find that
. o , 9
[e’e] ]k+l 1 ]m+1_1 4 jm+2_1

GZZZ 2. >

k=1 n=jk s=max(n,jm) 1=Jm41—1
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Now, by changing the orders of sums, we get that

Q>

00 Jm—+2—1 m Jek+1—1 Jm+1—1
[
<4y | > Z Swnl > e <
m=1 \i=fm41—1 k=1 n=ji s=max(n,jm)
. 0 9 [
0o Jmy2—1 ja—1 Jmy1—1 m Jr+1—1 Jmy1—1
%
oy (L ) (T e s e
m=1 1=Jm+1—1 n=ji s=n k=2 n=j S=Jm
. 0 2]
00 Jm+2—1 Jo—1 Jm41—1 q Jm+1 1 Jm41—1 q
0 0
m=1 \i=jm41—1 n=ji n= J2 s=jm
. % 0 Q
00 Jm42—1 Jo—1 Jm+1—1 q Jm+1 1 Jm41—1
6 [%
m=1 i:jm+1—1 n=ji n= ]2
. 0 . 0
00 Jm+42—1 Jm+1—1 Jm41—1
S 4 fz gps )
m=1 \i=jm41—1 n=ji
so that
X 0 . 22
0o Jm+2—1 Jm+1—1 Jm41—1
m=1 1=jm+1—1 n=ji
Therefore, by using Holder’s inequality and (3) in (16), we obtain that
6 0 6
00 Jmy2—1 P jmi1—1 Jm+1—1 a [ Jmi2—1 v
0 § E ' P § 0 § : q § : —p’
m=1 1=Jm+1—1 n=j s=n 1=Jm+1—1

9 0
0o Jm42—1 P Jm41—1 Jm41—1 q 00
(% —p
E E | fi - sl sup E Wh E p? E u;
m> — .

m=11=jm4+1—1 = n=ji s=n 1=Jm+1—1
0 o\ 7 1\’
o) q 00 p’
p 0 q -p'
< (o) (s (et (30a) ) (7)) = Canri)
=1 r=l n=1 s=n i=r

Hence,

I(f) < Aill fllps if 1<p=<0=<q.

IN

IN

IN
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(i1) Let 0 < p < 1. We start with the inequality (16):

p.Q
oo Jm+2—1 P jmy1—1 Jm41—1 q
6 -1 6
I(f)<<§ E fi- - uy Ewn E A
m=1 \i=Jm+1—1 n=1 s=n

By applying (2) with 0 < p < 1, we obtain that

sS=n

%
oo Jmt2—1 g 0 Jm+1—1 Jmt1—1 %
rs S5 ) () 54 (S ) s

j’m+1 - 1§igj'm+2 -1 N
n=j1

00 Jmg2—1 , 0 jy1—1 Jmt1—1 a
(S ) () S ()

Jm4+1—1<k s=n

SAR
|
=

o0 jm+2_1

Jm+1—1 Jmy1—1 2
1° < ;P su W? q su wll <
D35 ) (T (X ) ) | <

m=1 i=jm1-1 L\ n=n Jm1—1<k

“ . R '
< (;mw) sup ;wﬁ (; ¢§> supuy'| = (el 1)
so that
I(f) < Aol fllpus if p<0=<gq, (18)

where p € (0, 1].

4.3 The case 0 > q

(i) Let 1 < p < ¢ < 6. We start with the inequality (15). First we raise both sides in (15) to
the power 1 <1, i.e.,

g4 2
oo Jrt1—1 oo Jmy1—l Jmy2—1 N ol
0
UOEEDID IR DD DR I DN
k=1 n=j m=k s=max(n,jm) 1=Jm+y1—1
Next we apply (4) in the inner sum with o = g and obtain that
N

0
00 00 Je+1—1 Jm—+1—1 a Jma2—1

I <4 DAY D Wl DD e ook ,

k=1 | m=k n=jg s=max(n,jm) 1=Jm+1—1
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Using (5), we get that
0 97 b
o0 m jk+1_l Jm+1—1 q Jm42—1
<y 13 Y W ! o ofi| | <
m=1 | k=1 n=ji s=max(n,jm) 1=Jm4+1—1
; 01 %
00 Jmy2—1 m Jk+1—1 Jmy1—1 q
<4y | D> A [ D W 2 I
m=1 \i=jm4+1—1 k=1 n=ji s=max(n,jm)
q
0o Jm+2—1 Jm+1—1 Jmi+1—1 a]?
<o (S ) [T (e
m=1 1=Jm+1—1 n=j1 s=n
so that
. 89 9
oo Jm42—1 Jm+1—1 Jm+1—1 q
< S ) IS wn(z wZ) (19
m=1

Hence, by using Holder’s inequality,

SAS)

0o Jrmta—1 Jma2—1 o

rH <SS 1wl >oou? Yoow

m=1 \i=jm+1—1 i=jm+1—1 n=ji

Therefore, by applying (3) with ao = %, we obtain that

RSAS)

o0 jm+2*1

Jm+1—1 Jm+1—1
Z Z | fi - wgl? sup Z WfL( Z ¢§>

m=1i=jmi1—1 m2l\ g

QI

1(f)

IN

=

o\ 7 1

oo r r . 00 o
(;’fiui‘p> sup ;wi (;903) <Zup>

RS

IN

so that

I(f) < A1l fllpw, when 1 <p<g<8.

(11) Let 0 < p < 1. We start with the inequality (19):

q
: P
Jm42—1 P

m=1 \i=jm4+1—1 n=1

i~ 11 11 g
1q(f)<<z Z fiou-ug! i WZ( i 903>

D=

q

q
. 999
Im—+1 -1 q
q
§ Ps
s=n
00 P

= (A4l )

T

IN

(20)
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By applying (2) with 0 < p < 1, we obtain that
q 2]
0o Jm+2—1 p Jm4+1—1 Jm4+1—1 q
RUES ol U5 STITE I ESRE O o1 & o)
m=1 \i=jm1-1
By using (3), we get that

o) jm+2_1

< (S Ifup

m=1i=jm41—1 = n=ji

ks
w0
=
=}
<
3
NE
L
&
I
VY
.
3
| Mt
L
S
0 Q
N~
Ql
w0
e
o
<
=~
—
(VAN

Q|
S

= (Al £la) "

r>1

bl
=
N
(-
S
»
N——
0
o
o]
<
|

< <Z]f2uz\p> sup sz
i=1
so that

I(f) < Ax||fllpws if P<q<0, (21)

where p € (0, 1].

The estimates (17), (20) and (18), (21) were obtained under the condition (12). Let
M={fel,,:3IN =N(f) >0and f; = 0,7 > N}. Since f from M satisfy the condition
(12) and the set M is everywhere dense in [,,, then the estimates (17), (20) and (18), (21)
are satisfied for all f € [, ,. Therefore from the inequalities (8), (17) and (20), we get C' ~ A,
and from the inequalities (8) and (18), (21), we get C' &~ A,, where C is the best constant in
(1). The proof of Theorem is complete.

5 Conclusion

In conclusion, we have established necessary and sufficient conditions on functions v and w
are ensuring boundedness of a discrete Hardy-type operator from a weighted sequence space
L, to a weighted sequence space for a wide range of the numerical parameters p, u and 6.
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ON A COMPARISON THEOREM FOR STOCHASTIC
INTEGRO-FUNCTIONAL EQUATIONS OF NEUTRAL TYPE

In this paper, we will discuss a comparison result for solutions to the Cauchy problems for two
stochastic differential equations with delay. On this subject number of authors have obtained
their comparison results. We deal with the Cauchy problems for two integro-differential equa-
tions. Except transient- (or drift-) and diffusion coefficients our equations include also one integro-
differential term. Basic difference of our case from the case of all earlier investigated problems is
presence of this term. We introduce a concept of solutions to our problems and prove the com-
parison theorem for them. According to our result under certain assumptions on coefficients of
equations under consideration, their solutions depend on the transient-coefficients in a monotone
way.

Key words: stochastic differential equation, comparison theorem, Hilbert space.
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By makamaga xigipic ocepsi eki croxacTUKaJIBIK IuddepeHnua bk, Teqaeyiep yirin Ko
ecebl mmemiMaepiH CabICThIpY ecebi KapacThipbuirad. OCbl CHAKTBI €CENTepiH IIentiMIepin
CAJIBICTBIPYTa KATHICTHI KOIITEreH aBTOPJIAD €3 HoTMKesepin auasl. Makasaga defitapan THOTI eKi
CTOXACTUKAJBIK NHTETPAJIBIK-1rnd depennmanabk Tenaeyaep yurin Komn ecebi KapacThIPbIIFaH.
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B pmammoit crarhe paccMaTpuBaeTcs 3ajada cpaBHeHUs perneHuit 3ajad Komm i aByx
croxacTuieckux M depeHnuaabHbIX YPABHEHUI ¢ 3ama3apiBanneM. B 910l 001acTi MHOXKECTBO
aBTOPOB TOJYYUJIN CBOW PE3YJILTAThl, KACAIOIINECH CPABHEHUS PeIIeHnii TOM00HBIX 3a/ad.
B nmammoit pabore paccMmarpuBaioTcsa 3ajaan  Komm i ABYX  CTOXACTUYUECKUX WHTETPO-
nuddepeHnmaIbHBIX ypaBHeHuii Hefirpasbroro Tuma. [Tomumo kosddunmenta croca (nepenoca)
u kodddurmenta auddy3un, paccMaTpuBaeMble YPABHEHUSI COMEPIKAT TaKyKe OJUH HHTErpo-
muddepermanbabil wieH. Hajmane 317010 HHTErpabHOrO WieHa SBJISETCS OCHOBHBIM OTJINIAEM
9TOIl 331291 OTO BCEX PaHee UCCIIeLyeMbIX 3ajad. [l Hammx 3a/1a1 BBO/IATCS TOHATUS PEIIeHni,
JIUTsT KOTOPBIX JIOKa3aHa TeopeMa cpaBaerust. COTIaCHO MOy YeHHOMY De3YJIbTaTy, IIPH HEKOTOPBIX
[IPEJIIIOJIOZKEHUSIX Ha KOI(D(MUIMEHTHI pacCMaTPpUBAEMbIX YPaBHEHU, WX peIleHus MOHOTOHHO

3aBUCAT OT KOI(DDUIMEHTOB TEPEHOCA
KuroueBbie ciioBa: croxactuueckoe udepeHnuaabHoe ypPaBHEHUE, TeopeMa CPaBHEHUsI,

rIIb0EPTOBO TTPOCTPAHCTBO.

1 Introduction

In the given paper the following Cauchy problems for two neutral stochastic integro-
differential equations

d(ui(t,x) —|—R[bi(t,x,ui(a(t),f),g)dg) = fi(t,u;(a(t), ), z)dt "

+o(t,2)dB(t), 0 <t < T,z R ic{1,2}

ui(t,z) = ¢i(t,x), —r<t<0,zcR r>0iec{l,2}, ( 1%)

are studied, where T > 0 is fixed, [ is one-dimensional Brownian motion, f;: [0,7] x
XxRxR? - R, i€ {1,2},0:[0,T]xR? = Rand b;: [0,7] xRIx RxR? — R, i € {1,2}, are
some given functions to be specified later, ¢;: [-r,0] x R? — R, i € {1, 2}, are initial-datum
functions, a: [0,7] — [—7, +00) is a delay function. For solutions u; and usy of these problems
a comparison theorem is proved. According to the obtained result, if f; > f5, then u; > us
with probability one. A comparison problem for solutions to stochastic differential equations
in finite-dimensional case has firstly arised in [141]. A comparison theorem for equation of the
form d&(t) = f(t,&(t))dt + o(t,&(t))dB(t) has been proved in this work by A. V. Skorokhod.
According to this theorem, under certain assumptions, a solution of the equation above
is monotonously non-decreasing function, depending on drift-coefficient f. A more general
presentation of the comparison theorem is given in [11], [13]. Variations of these results have
been proposed in [2| — [10]. The aim of the given work was to prove the comparison theorem
for solutions of problem (1) —( 1*).

2 Literature review

For the first time, the problem of the comparison of solutions of stochastic equations in the
finite-dimensional case arose in [14]. It is proved in it that, under certain assumptions, the
solution of the equation is a monotone non-decreasing function of the transfer coefficient.
A more general form of the comparison theorem is given in [10] [13]. Variations of these
results were proposed in [1], 2], [3], [5], [7]-]9], [L1]-|25]. Comparison theorems for solutions of
stochastic partial differential equations with a multidimensional Wiener process are presented
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in [3]. In [6], a proof is presented of a comparison theorem for solutions of the Cauchy problem
for stochastic differential equations with a multidimensional Wiener process in a Hilbert
space. The aim of this paper was to prove a comparison theorem for solutions of problem (1)
using ideas from [6] and [14]. This result plays an important role in studying the existence and
uniqueness of a solution to this problem under non-Lipschitz conditions on drift coefficients.

The structure of the article is as follows: Section 2 contains the statement of the problem,
3 — preliminary facts and auxiliary results, 4 — proof of the main theorem.

3 Material and methods

3.1 Comparison theorem for stochastic differential equations in the finite-
dimensional case
We consider the Cauchy problem of the form

d(ui(t,a:) —l—/bi(t,m,ui(a(t),g),f)df) = filt,ui(a(t), z), x)dt + o(t, x)dB(t),

Rd
0<t<T,zeRic{1,2},

wi(t,z) = ¢i(t,x), —r <t<0,i€{l,2},
where  one-dimensional Brownian motion. We regard the following conditions to be fulfilled:
1. a:[0,T] — [—r,+0o0) belongs to C'*([0,T]) with 0 < o/ < 1.

2. fi: [0,TI]xRxR? =R, i€ {1,2},0: [0,T]xRxR? — [0,00], b: [0, T] xR x R x R% —

— R are measurable functions.

3. The initial-datum functions ¢(¢,z,w): [-r,0] x R? x Q — Ly(RY), i € {1,2}, are
Fo-measurable random variables and such that

E sup |¢:(t, -)||i2(Rd) < 00,1 €{1,2}, E sup ¢*(t,x) < oo;.
—r<t<0 —r<t<0

4. b, satisfy the Lipshitz condition in the third argument of the form

|b(t,$,u,§) - b(t,l‘7l/, £)| < l(t,x7§)|u - V|7
0<t<T, {z,& cRY {u,v} CR,

where the conditions are valid for the function [

2(t,x,€) 1 P(t, ,§) d
oiltlgT/(/ OR dé‘)p(m)dm <7 OZ?ET/—/)(O d¢ < oo,z € R*.  (3)

Rd R4 Rd
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5. There exists a function b;: R? x R? — [0, 00), such that

2
/ ( / b1<x,§>d§) pla)dr < oo, / by(z, €)dE < 00, € RY;
]Rd Rd Rd
such that
sup |b(t,x,0,8)| < by(xz,§), x € R? ¢ € RY. (4)
0<t<T

6. The function f;, o, ¢ € 1,2, satisfy the conditions of linear growth and Lipschitz in the
second argument, that is, there are L > 0 such that

|fi(t,u, )| + |o(t,u,z)| < L1+ |ul), 0<t<T,ueR, z€ R?, (5)

| fi(t,u, 2)—fi(t, v, 2)|[+o(t,u, ) —|o(t,v,x)| < Liu—v|, 0 <t < T {u,v} € R, 2 € R% ic1,2

(6)

Let u=wu;, =i, b=y, [ = fi, 1€ {1,2}.
Definition. A continuous random process u;(t, -,w) : [—r, T x Q@ — R, i € {1,2} is called
a solution to (1) — ( 1*) provided

1. It is F;-measurable for almost all —r <t <T.

2. It satisfies the following integral equation

ui<t7 ) = ¢(07 ) + /b(07 K ¢(_T7 5)7 é)dé - /b(t7 K ui<a(t)7 5)7 f)df

+/fi(s,ui(a(s), 1), )ds + /J(s,ui(a(s), ),)dp(s), 0 <t < T, ie{l,2},
ui(t,) = o(t,), —r <t<0,ie{l,2}. (7)

3. It satisfies the condition

T

T
E/Hui(t, N it < 50, E/ui2(t,~)dt< no,i € {1,2}.
0 0

The following theorems are true.
Theorem 1. Denote by u = w;, f = f;,i € 1,2. Assume that the conditions (1)—(6) are
satisfied. Then (7) has a solution continuous with probability one, unique in the sense that if
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u(t,-), v(t,-), 0 <t < T are two continuous solutions to (7), then P{ sup |u(t,-) — v(t,-)| >

0<t<T
0} =0.

Theorem 2. Suppose that conditions (1)—(6) are satisfied. Suppose further that
ui(t,x),0 < t < T,i € {1,2} are continuous (with probability one) solutions to problem
(7). That, if fi(t,u,-) < fo(t,u,-) for all 0 <t < T the condition u(t,z) < us(t,z) are
satisfied.

Proof of the theorem 1. In order to prove existence and uniqueness of solution to
(7) we use the method of successive approximations. The idea of the proof is to construct a

sequence of approximations, which converges to the solution u. From now on x is supposed
to be fixed. Let

and for n € {1,2, ...} define u(™ as

Rd

wmm»—¢ww»+/wa»¢&ﬂ®@m¢—/wanw“”m@@»®&

t

+ /f(s,u(”_l)(&(s), ), - )ds + /J(s,-)dﬁ(s), 0<t<T, (9)

0 0
uM(t, ) = o(t, ), —r <t <0, (9%)

1.1 Firstly let us choose a small 0 < 7} < T and prove that sup El|u™(t, - >||%2(Rd) has
0<t<T!

a bound, independent of n. We obtain

2
sup Ellu™ (¢, )|I7,ze) < SE|(0, )|I7,a) + 8E

0<t<Th

/ B0, -, b(—r €).€)|de

La(R4)

2
12 swp E / b(t, - u™ D (a(t), ), &)|de
0<t<Ty
R La(R?)
t t 2
+8 sup E / £ (s,u™ V(a(s), ), -)|ds +8 sup E / o (s, )dB(s)
O==h 0 Lz (R9) O==h 0 Lz (R9)
4
=8E[|6(0, )|}, + DS 0<t < T. (10)

j=1
From (2) and (4) we have

|b(t’ ’u7§)| < |b(t7 ,U,S) _b(tv a07§)| + |b(t7 a07§)| < l(ta ,§)|U| +X(7§)7
0<t<T,ueR, R



Stanzhitskii A.N. et al. 35

Then we obtain

2
Sh 8E/<}R 16(0, z, p(—1, &), )]d§> dr < 16E (m/l(o,x,§)¢(r,§)d§> dx
+16 (2, 6) dg dx < 16(R 12(0,2, ¢ d{dm)EHqﬁ( B,z
JUx J]7
+ 16 X(a:,f)df d:c,
I

2
S,=2 s B [ <N i 00). ) e < o [ [ 105
Rd d

Rd R4

2
« OE?SPTIE’|U(H_1)(&@)7 ')22<Rd)+4/@/><(%5)d5> dx. (11)
RE R

According to properties of «, there exists a point 0 < t* < T3, a(t*) = 0. Then

sup Elu™Y(a(t), I, g < Oig*EHU(”_l)(a(t% M mey

0<t<Ty
+ sup  Elu" V() )ll7,@ < sup Ello(t, )7,@e + sup Ellu" V() g
t*<t<a(Ty) —r<t<0 0<t<Ty

and we get from (11)

0<t<T —r<t<0
Re R

v f (R/ \(, €)de

If t* does not exist, then «(t) < 0 for all ¢ and further conclusions are obvious, because

Sy < 4( sup //lz(ta%f)dfdx) ( sup Ello(t, )7, @ +OS?<PT E[u"Y(t, ')H%Q(Rd))

sup Bllu" "V (a(t), I, m = sup Elé(t, )7, e
—r<t<0

0<t<Ty

In order to estimate S3, we take (5) into account and obtain

¢ 2
S3 =8 sup E/ /\f(s,u("U(a(s),x),x)]ds dxr < 167, sup E//( S, )
0<t<Ty AV 0<t<T: b
R
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a(Ty)

+L2(u(”1)(a(s),x))2> drds < 16Ty (T1 sup /nQ(t,x)dx—l—LQ / E|lu" (s, ~)H%Q(Rd)ds)
U141
Rd —r
Ty
<1672 swp [ gP(ta)de 416273 (r sup o, N+ [ BN ) e )
0<t<T1 —r<s< )

For S; we conclude

t

Sy =8 sup //( 2(s, x)ds) do < 8/HU ”L2 Rd)ds
0<t<Ty 0

Rd

Let denote

S(T1) = 8E[|6(0, )7, (ga) + 16 //52 (0,2,€) d§d$>E||¢( Lo

d Rd
2
20 [ (R/ x(x,f)d€> dz + 4( s [ F(t,x,§>d§d:c> sup Blo(t, I, g
0<t<T —r<t<0
RE Rd Re R
+16T7 sup /7}2(15, x)dz +16rL*T) sup Ello(t, - )7, @) + 8/||0 )7, ey dt < 0.
0<t<Ty —r<t<0
R4

Then from (10) we obtain

sup E||u™(t, DI, ®ay < S(11) +4< sup //12 (t,x,& dfdx)
0<t<Ty o<t J Rd
R

X sup EHu(nil)(@ ')HLQ(Rd) + 16L2T1/EHU = ( ) ')HLQ(]Rd)dt' (12)
0<t<T )

If n =1, then from (12) we have

sup E||U( (t, )HL (R9) < S5(T) +4< sup //l2 (t,z,§ d§dx>E||ng( )||L2 Rd)
0<t<Ty 0<t<T J. 2
R
Ty

+mﬁﬂ/EW@Jﬁme
0

For an arbitrary n € {2,3, ...} we obtain

sup Ellu™(t, )|, < S(T1)

0<t<Ty

144 sup //ZQ(t,x,f)dfd:L’ +...
0<t<T
R? Rd
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T
—|—16L2T1/S(T1) 1+4 sup //l2(t,:c,£)d£dx
0<t<T

R4 R4

+<4OZ?£T//Z2(t,x,§)d§dx>

R4 R4

vt (1mm [ [ 0mgcis)

R4 R4

n—3
14. (4 sup //Zthfdfd:c> ]ds
0<t<T

R4 R4

T

ds + 16L*T, / (16L*T\(Ty — s))S(T1)

n—2

X

n—3

1 (16227, (T — 5))
1S S(Ty) |1+ 4 sup //ZQt:cﬁdﬁdx]ds
0<t<T

+...+16L2T1/
(n—3)! S

n—1
(4021%//? (t, & dgdx> [(402@//ZZ(t,x,é)dfdx>EH¢(0> ML ey

Rd R4 Rd R4

+ 16L°T, <4 sup //ZZ(t,a:,f)dfdx>
0<t<T

Rd R4

T
/ [( s [ [Fe dsdx)Eucm My + 162273 [ Bo(o ->u%2<Rd>ds] dr
0

Rd R4

n—2

+16L2T1/EH¢( N, gayds

n—3 Th

(16L2T1 (40215T//l2 (t,x,& dédw) /(T1 —7)

Rd Rd 0

Ty
[( OiltlgT//ZQ (t,2,§ d§d$>EH¢( )Hiz(wﬁlGLQTl/EW(O, ')H%z(md)d‘s’] dr

Rd R4 0

) 2 (Tl—T) *
Foot (6D G@%//‘”f%“>/7f7v‘

Rd R4
Ty

[( OiltlgT//ZQ (t,2,§ d§d$>EH¢( )Hi(wﬁlGLQTl/EW(O, ')H%za@d)dsl dr

Rd R4 0

(g | o) T

Rd R4

T
[( OiltlgT//ZQ (t,2,§ d§d$>EH¢( )Hiz(wﬁlGLQTl/EW(O, ')H%Q(Rd)d‘g] dr
0

Rd R4
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n—2 T
<4Oiltl£T//12 (t,z,¢ dﬁdx) 16L2T1/C(T1)d8+ (4021;£T//12(t,x,£)d£dx>

Rd Rd 0 Rd Rd

T
x 16 L*T} / (16L*T(Ty — 5))C(Tv)ds + .. ( sup / / P(t,x, ¢ dgda;) 16L°T}
0<t<T
0 R4 R4

Ty n—4
(16L*T\ (T — s))
X / (; — 5 C(Ty)ds + 4 sup. / / 2(t,z,€)dédz | 16L°T,

R4 R4

-3

o [ QORI o + o, [ LTI,

Rd R4

(4 sup //12 (t,z,¢ dfdm) 16L*Ty
0<t<T

Rd R4

16L2T1 L — )

E[lp(0, )17, gayds

n—29 T
<4 sup //12 (t,x, ¢ dfdx) 16L°T / (16L°Ty(Ty — 5))E[|6(0, )|, a)ds
0<t<T
0/

ose<r S (n—3)!

2 ) n—3
16L2Ty(Ty — s
o+ <4 sup //ﬂ(t,x,g)dgdx> 16L2T1/( (T3 —5)) E[¢(0, )|l eds
0

0<t<T
Re R4

Ty n—2
16L2T, (T, —
+<4 sup //ﬂ(t,x,g)dwx)lGLQTl/( (;(_12)!8)) E[¢(0, )|}, gads
0

1 (162273 (T7 — )"
— S
16 LT —
* 1/ (n—1)!

E[¢(0, )z, mads. (13)

where C(T1) = S(Th) + (4 sup [ [ PP(t,2,&)dédr |E[(0, - |17, ga)- It is easy to see that

0<t<TRd Rd
if 77 is small enough and assumption (3) is true, then the the right-hand of (13) is not more
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than
Ty
16L2T1 : S(Tl) . f exp{16L2T1(T1 — S)}dS
S(Th) n 0
1—4 sup [ [Ptz §)dEdx 1—4 sup [ [12(t,x,§)dEdx
0<t<TRd Rd 0<t<T'Rd Rd

Ty
16 L2Ty - 16 LTy (Ty — d
C(Ty) - exp{16L*T?} 1 Ofexp{ (T — s)}ds

1—4 sup [ [Pt x,§)dEdx 1—4 sup [ [Pt x,§)dEdx

0<t<T Rd Rd 0<t<TRd Rd
(S(T1) + C(11)) - exp{16L*T7} + (exp{16L*T7} — 1)E[|¢(0, -)II3, 50, 0
1—4 sup [ [12(t,x,§)dEdx ”

0<t<TRd Rd

E[[6(0, )7,

Thus there exists ¢(77) > 0 such that for an arbitrary n € {1,2,...}

sup Elu™(t, )[I7, g < c(Th). (14)

0<t<Ty

1.2 Second let us prove that (u(”) (t, ) e{l,2,.. }), 0 <t < T, is convergent. In order

to do it we estimate 021<pT1 Ellu™ (¢, ) — uM(t, I, @ay m € {0, 1, }

If n = 0, then we obtain, taking into account estimate (14),

sup Bllu(t, ) —u(t, )70 <2 sup Ellu®(t, )|, g

0<t<Ty 0<t<Ty

+ 2B[|¢(0, +)|I7, gy < o0

If n €{1,2,...}, then we obtain, taking into account estimates from 1.1,

sup Ellu (2, ) — ut(t, )2, ge) < (sup JA x&d&dw)

0<t<Ty 0<t<T
Rd R4

x sup Efa™ V() = u(t, )17, @) +2L2T1/E||U(”_1)(S> ) = u™ (s, )7, zads

0<t<Ty
0
< <z s [ z2<t,x,5>dsdx+2L2Tf) sup BluD(t, ) = I < -
0<t<T s 0<t<Ty
R

< < sup //l2 (t,x,& dfd:v—l—2L2T2) sup E|u@(t, ) —uM(t, -)Hi(Rd).
0<t<T o 0<t<Ty
R

Due to assumption (3) and choose of small Ty, sup [ [ 1*(t,x,§)dédx + L*TF <
0<t<TRd Rd

N[ =

)
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therefore (2 sup [ [ 1P(t,z, &)dEdr + 2L2T12> < 1 and we conclude

0<t<T'Rd Rd
lim su \/E u(t, ) —ulm(t, )7
i OStngl H ( ) HLQ(Rd)
n—1 ?
~ i sup B (uEHD(E, ) — uO(t, -))
mMN—00 0<¢<Ty i—m—1 2(R2)

i+1 ) — e
<, S Lo B0 00

i=m—1 O<t<Ty
< \/ sup Elu®(t, - ) —uO(t, )”L2 (R4)
0<t<Ty
n—1
x lim Z ( sup // txﬁdfdx—l—2L2T2) =0.
m,n—00 S 0<t<T
R4 R4

Thus, ( M(t, - )n e {1,2,. }) 0 <t < 1Ty, is a Cauchy sequence. Consequently, there
is a limiting function u(t, -) € LQ(Rd) 0 <t < Ty, such that

lim sup Elu™(t, -) — u(t, )HL2 r) = 0.

n—oo OStSTl

(15)
From (14), it follows from Fatou’s Lemma that

sup Blu(t, )7, @ < c(Th).
0<t<Ty

The function u is F;-measurable as a limit of F;-measurable functions.

1.3 Next we show that u(t¢, -), 0 < t < T}, solves the equation (7). To this end, we need
to pass to the limit in the identity (9). Taking into account (15), we have

2

lim sup E /(b(t S um D (a(t), €),€) —blt, -, u(e(t),€),€))dé

n—00 0<4<T) Lo

< ( sup //12 (t,z,& dgd:r;> lim sup Elu™ Yt ) — ult, '>H%2(Rd) =0,

0<t<T =00 0<t<Ty
]Rd ]Rd

2

lim sup B / (f(s,u" D (a(s), ), ) — f(s,u(a(s), -), -))ds

n—o0 OStSTl

0 La(R%)

a(Th)
2 : (n—1) _ )2
< LTy lim / El[u""(s, -) = u(s, )|z, @ads

< L*T? lim sup E[u™V(t, ) —u(

n—oo OStSTl

t, MLy =0
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Therefore, passing to the limit in (9), we have

ult,-) = 60, -) + / b0, - (1. ), E)dE / bt - u(a(t), €), €)de

Rd
t t

—I—/f(s,u(a(s), ), ~)ds+/a(s,~)dﬁ(s), 0<t<Th,

0 0

— the solution to (7) on [0, 73]. This procedure can be repeated in order to extend the solution
to the entire interval [0, 7] in finitely many steps, thereby completing the proof.

Proof of the theorem 2. Let prove the desired result under the hypothesis M1. From
now on, suppose that x is fixed.

2.1 Let us solve the problem

d(“?(tv ) +/b2(ta -,uﬂa(t),f),f)df) - fQ(taUQ(a(t)v ')a ')dt+a<t7 )dﬁ(t), 0<t S Ta
us(t, - ) = ¢o(t, -), —r <t <0,

i.e. satisfy the following identities

(Ug(t, )+ /62<t7 7u2(a(t)7£)7£)d£> - <u2(07 )+ /62(07 ' 7u2(a(0)7£)7§>d§>

R4 R4
t t

= /fg(s,UQ(a(s), ), -)ds+/a(s7 )dp(s), 0 <t <T, (16)
us(t, - ) = dolt, -), —r <t <0. (16%)

Let ug solve the problem

U3(t7 ):¢1(t7 ')7 _TStSO,

i.e. satisfy the following identities

(u?’(t? ')+ /b1<t7 '>u2(a(t)7§)a§)d§) - <U3(0, ')+ /b1(07 72@(@(0),6),5)(1&)

R4 R4
t t

:/f1<s,u2(a(s), 0, ~)ds+/a(s, NdB(s), 0 <t < T, (17)

0 0
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Ug(t,)ngl(t,), —TStSO (17*)

Subtracting (17) — (17*) from (16) — (16*), we obtain

(UQ(t? ) - U3(t, : )) + /(b2<t7 ’ ,U,2<Oé(t),§),§)d§ - bl(t7 ' 7u2(04(t),§>,£)>d§

UQ(t7 ')—U3(t, ):?2(t7 )_Cbl(t7 ')/7 —r<t<Q0,

<0

therefore us < ug with probability one.

Now let consider u4 — a solution to

U3(t,):¢1(t,), _TStS()?

i.e. is defined from

<U4(t, ) +/b1(t7 ’ ,U3(Oé(t>,£),£>d§> - (U4(0, )+/b1<07 ’ ,u3(a(0),§),§)d§>

R4 R4
t t

= /fl(s,ug(a(s), ), -)ds—i—/a(s, )dB(s), 0 <t <T, (18)

0 0

ug(t, ) =ou(t, -), —r<t<0. (18%)
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Subtracting (18) — (18*) from (17) — ( 17*), we conclude

(U3(t, ) - U4(t, ’ )) + /(bl(tv ' 7u2(04(t), g)? f)dé - bl(t7 ’ ,u:;(()d(t), 5)7 é))dg

Rd

/ fils,ua(als), -), -) = fi(s,us(als), -), - ))ds, 0 <t < T,

J/

v

<0

u3<t7 ')—U4(t, ) :¢1(t7 )_¢l(t7 ) :O7 _TStSOa
therefore uz < uy with probability one. Continuing in a similar way, one obtain a sequence
(un,n €{2,3,.. }), fulfilling

Uy <uz <uy < ..o <u, <.

°

where u,, n € {5,6,...}, is defined as

(Un(t, ')+ /bl(ta '7un—1(a(t>7£)7§>d§> - (un(ov ) + /b1(07 '7un—1(a(0)7€)7£)d£>

R4 R4
t t

= /fl(s,unl(a(s), ), - )ds + /J(s, )dp(s), 0 <t <T, (19)
0 0
un(t, ) =¢1(t, -), —r <t <0. ( 19%)
2.2 Hereafter we argue in a similar way as in the proof of theorem 1. We establish that
(un,n €{2,3,.. }) is convergent. In order to do it, we prove that

lim sup Elju,(t, -) — u(t, )”L2 &y = 0,

where u; is defined from

<U1<t7 ')+ /b1<t’ '7u1(a(t)7§>7§)d§) - (ul(()? ')+ /bl(o’ 72“(04(0),5),5)(1{)

R4 Rd

4 t
—/fl(s,ul(a(s), 5 -)ds+/a(s, )dB(s), 0 <t <T, (20)

0 0
U,l(t, ):¢1(t7 ), —r§t§0 (20*)
It follows from the proof of theorem 1 that there exists a constant ¢(7) > 0 such that
sup E|us(t, )| ey < (1) and sup Efu,(t, Sl ey < o(T) forn € {3,4,...}. The rest

0<t<T 2( 0<t<T 2

of the proof is similar to the case of theorem 1.
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4 Results and discussion

As mentioned in the introduction, comparison theorems play an important role in the study
of solutions with non-Lipschitz coefficients, in the study of the behavior of solutions at in-
finity, for optimal control of stochastic systems ([1],[2],[4],[5], [7]-9], [11]-[25]). However, for
equations with a delay of the neutral type, such studies have not been carried out before. This
is due to the fact that lag is among the stochastic derivative, and therefore it is impossible
to apply the classical Ito formula of differentiated functioning. Namely, on the application of
Ito’s formula, the proof of the classical comparison theorems is constructed.

5 Conclusion

Thus, the paper considers the existence, uniqueness and comparison theorems for stochastic
functional-differential equations of neutral type with variable delay. When obtaining these
results, the methods of stochastic and functional analysis were used, namely, the principle
of compressed mappings, monotonicity methods, coupling method and others. Using these
methods, we obtain local and global theorems on the existence and uniqueness of initial
problems for stochastic functional differential equations with variable delay of a neutral type,
as well as theorems for comparing two solutions. In the future, this method will allow us to
obtain similar results for equations with unbounded operators, in particular for stochastic
functional differential equations of the neutral type of partial differential equations.
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Ob OZHOM ITEPEOITPEJIEJIEHHOM BECOBOM
JNOPOEPEHIIMAJIBHOM HEPABEHCTBE TUITA XAPIUN
BTOPOI'O IIOPAIKA

Kaccnaeckoe ogmomMepHoe HHTErpaIbHOe HEPABEHCTBO XapI, HECMOTPSI Ha, OJHOMEPHOCTH, TMEET
MHOTOYHNCIEHHBIE TTPUIOXKEHNS BO MHOTUX paszenax maremMatrnku. Haunnas ¢ 1930-x TomoB craam
WHTEHCUBHO WCCJIEIOBATHCS BECOBLIE BAPUAHTHI HEPABEHCTBA XAap/iM, OJHAKO IEPBBbIE YCIEXW,
obLn mosydensl B 1969-1970 rogel. B macTosiiee BpeMsi OJHOMEPHOE HHTETPAJILHOE BECOBOE
HEPAaBEHCTBO Xap/iM, MOYUTHU NP BCEX 3HAUYCHUSX TAPAMETPOB JIOCTATOYHO XOPOIIO UCCJIEIOBAHO.
Hapsny ¢ murerpaibHBIM HEpaBEHCTBOM He MeHee BarkKHOe MeCTO 3aHmMaeT auddpepeHnuaIbHoe
BecoBoe HepaBeHCTBO Xapmu. mddepennmaabaoe BeCOBOE HEPABEHCTBO Xap/IW M3ydaeTCs Mph
Pa3/IMYHBIX TI'PAHMYHBIX YCJIOBUSIX Ha TIpaHUIle 3aJaHHOro wuHTepBaJia. (OJHAKO, 3ajaBaeMble
rpaHUYHbBIE YCJIOBUsI 3aBUCSIT OT TIOBEJIEHUsI BECOBBIX (DYHKIINU HA KOHIAX UHTepBaJia. Kpome Toro,
UCCJIeOBAHUE 3aBUCUT OT TOTO, SIBJISIETCS JIM HHTEPBAJ KOHEYHBIM MJIM OECKOHEUHBIM, TIOCKOJIBKY
WHTErpaJbHOe TOBEJACHNE BECOBLIX (GyHKIUI 3aBucuT oT ciaydad. CymecTBYIOT pa3indHbIe
pOOIEMbI, OCOOEHHO B TIEPEOIPEIEIEHHOM CIydae, T.€. KOT/Ia INC/I0 TPAHUIHDBIX yYCJIOBHUIl BBIIIIE,
qeM MopsioK jtuddepenninposanns. B manHoit cratbe 3ajatua UCCIeyeTcss Ha KOHETHOM OTPe3Ke
U CYUTAETCs, 9TO OCOOEHHOCTH BECOBBIX (DYHKIMU COCPEIOTOYEHBI HA OJHOM KOHIE MHTEPBAJA U
TPAHUYHBIE YCJIOBUS SIBJISIOTCS MIEPEOIPEICICHHBIMMI.

KiroueBbie ciioBa: BecoBoe nddepeHnuaabHOe HEPABEHCTBO Xapiu, BecoBble (QyHKIUH,
rpaHnYIHOe 3HAYEeHMe (DYHKINH, MepeorpeeeHHble TPAHUTHbIE 3aa41, JOKAJIBHO abCOTIOTHO
HeIlpepbIBHAA PYHKIUS.

LA K. Anmesa, 2A.0.BaitapbicTanos
L nokropant, E-mail: a.aina70@mail.ru
2.-m.r.k., E-mail: oskar 62@mail.ru
JLLH. T'ymunie arbiggarsl Eypasust yiarreik, yausepcureri, Hyp-Cynran k., Kazakcran

Exinmri perti ken maprThl Xapau TUIITEC CAIMAaKThl AuddepeHNaIIAbIK TeHCI3AIK Ty paJibl

Kiraccukanpix 6ip esmemai Xap/y HHTErpasiiblK TeHCi3/iri O6ip eJrmeMIijiirine KapamacTaH,
MaTeMATHKAHBLIH, KOITEereH OeJiMIepinae opTypai KoJsganbicrapbl 6ap. 1930 kburman Gacrar
Xapan TEHCI3MITIHIH caJMaKThl HyCKaJapbl KApKBLIHILI 3epTTese 0acTaabl, Oipak ajrallKbl
KeTicTiKkTepi, arum opbingaty kpurepuitepi 1969-1970 xpuimapnr anbragel. Kazipri yaksirra
6ip emmemai Xapam caJMaKTbl TEHCI3Mr mapaMmeTpsep/in, OapJjblK —MOHJEPiHIE JIepJIiK
JKETKLIKTI  TypJie »KaKChbl 3€pTTeJreH. Xap/u WHTeI'PaJJIbIK TeHCI3MiriMen kKarap Xap/u
b pepeHImaIbIK  CaJIMAKThl TEHCI3Ir 16 MaHBI3Ibl OPBIH ajaJibl. XapIu/iiH CaJIMAKThI
b depeHImaIblK  TeHCI3miri OepijireH MHTePBAJIIbIH, IIEKAPACBIHIA OPTYPJ IIeKaPAJIBIK,
maprrapia 3eprrenedi. Asaiina, GepiareH ImekapasblK, MIAPTTAp CAIMaKThl (DYyHKIMAIAPIbIH
WHTEPBAJIJIBIH IIeTKI HyKTeJjepinjeri Ttoprinrepine Oaitanbictbl. CoOHBIMEH KaTap, ecell
UHTEPBAJIJIBIH IIeTKI HYKTeJEPiHiH aKbIpPJbl HEMeCe AKbIPCHI3IbIFbIHA OallJIaHbICTBI, OUTKEHI
caJIMaKThl (DYHKIUIAP/IbIH UHTErPAJIIBIK, TOpTinTepl opTypi 6osaasl. By karmgaitna oprypJi
MocesIeep TYBIHIANIbI, ocipece KO MapTThl Karaaiiia, arHu OepiareH MmeKapasblK IapTTap
canbl auddepeHnuaaiay peTiHeH Kom 0osraH Kesze. bysr Makaiamga ecen akbIPJIbl HHTEPBAJIIA
3epTTENIMN, CcaaIMaKThl (DYHKIUATAPILIH EPEKIIeTiKTepi WHTEPBAIILIH Oip »Kak IeKapachlHIa
MMTOFBIPJIAHA/IBI YKOHE IEKAPAJIBIK, ITIApTTAP KOIIIAPTTHI OOJIBIT TaOBLIA IbI.

Tyiitin ce3mep: Xapau caaMakThl gudOEpeHnnaIblK TeHCI3AIr, caJMaKTbl TEHCI3IIKTED,
(YHKIMSAHBIH MIEKAPAJIBIK MOHI, KOII MMAPTTHI [EeKAPAJIBIK, €CelTep, JIOKAJIl adCOTITTI y3iaicci3
DYHKIHA.

(© 2020 Al-Farabi Kazakh National University
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On an overdetermined weighted differential inequality of Hardy-type of second order

It is well known that the classical one-dimensional Hardy integral inequality has various appli-
cations. Since the 1930s, weighted versions of Hardy’s inequality are intensively studied, but the
first results of the criterion-type were obtained in 1969-1970. The one-dimensional weighted Hardy
inequality is rather well studied for various parameter values. Hardy’s weighted differential inequal-
ity has the same level of importance as the integral one. Hardy’s weighted differential inequality
is studied under various boundary conditions at the ends of a given interval. Meanwhile, the
boundary conditions depend on the behaviour of the weight functions at the ends of the inter-
val. Moreover, the study depends on whether the interval is finite or infinite, since the integral
behaviour of weight functions depends on the case. There are various problems, especially in the
overdetermined case, i.e. when the number of boundary conditions is higher than the order of
differentiation. Our study relates to the case of a finite interval, when the singularities of the
weight functions are concentrated at the same end of the interval and the boundary conditions are

overdetermined. ) ) ) ) ) )
ey words: weighted differential Hardy inequality, weighted functions, the boundary value of a

function, overdetermined boundary value problems, a locally absolutely continuous function.

1 BBenenue

[Iycts I = (0,1), w - HempepbiBHAsT W HeoTpurareabHas (YHKIHUS, & ITOJOKUTEIbHBIE

dyHKIMU v U 7, COOTBETCTBEHHO HEINPEPbIBHAA U HENPEepLIBHO JuddepeHiupyemMas Ha
1—p/ ) —1_ 1

unrepsane [, v'77 € Li(I) m qua moboro a : 1 > a > 0 dynkiua v~ = | WHTerpupyemMa Ha

unrepBase (a, 1), tae 1 < p’ < oo.
d d
Tonozkum D2 f(t) = Lr(t) L2 GOy DLE() = (t)%.
IIlyctb 1 > T > 0,1 <p< oo,]T (0,7) m Lz (r) = L2 ,(r; I7) MHOMXKeCTBO (DyHKIIE

: o Pl
f I — R nokajbHO abCOTIOTHO HEIpepbIBHBIX Ha [p BMecte ¢ dynknueit D, f u s

1
oo

P
KoTOpbIX || D2 f||,0 < 00, Tae ||glpe = (f v(t)\g(t)]pdt) - HOpMa BECOBOI'O MPOCTPAHCTBA
T

Lyo(I) = Ly, B cuny manoxennbix yenosmit va dyuximit v, 7~ s mo6oro f € L2 (r)
CYIIECTBYIOT KOHEUHBIE CJIEJThI %irré DIf(t) = DLf(T), Pn& ft) = f(T).
— —

ITosroxxum
L'RIZ,(r) = {f € L2,(r)  (T) = 0.D}f(T) = DLf(0) = 0}.

PaccmoTpum HEpaBeHCTBO

T T
/u \Pdt<CT/v (M| D2f(t)[Pdt, fe L'RL: (r). (1)
0 0

HepasencrBo nipu r = 1 umeer Bu

T T

[unspa < cx [o@ir@pa fe R ) ®)

0 0
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Hepasencrso Buyia (2) paccMarpuBajioch BO MHOIHX paboTax (CM. HUZKEIPUBEICHHbI
qmreparypHbiil 0630p). Hepasencrso (1) orsmvaercs or HepaBencTsa (2) HagnauneM (yHKIMI
r~' = 1 Ecmu dynknus 7' He nHTerpupyeMa B OKPECTHOCTH HyJIsl, TO M3 Pe3yJIbTara
no HepaBeHcTBY (1) He cielyer Kak CJeJICTBUE Dpe3y/abraT 10 HepaseHcTBy (2). B
pabore [1| mepaBercTBo (1) paccMaTpuBasoch B GECKOHETHOM IIPOMEKYTKE C IPUMEHEHHEM
PE3YIBTATOB K BONPOCY OCIMILIAIIN A bEPEHITUATBHOIO YPABHEHHsT T€TBEPTOIO TTOPSAIKA,
korja GyHKIus 7' MOXKET MMeTh HemHTerpupyeMble OCOOEHHOCTH. B JaHHON craTbe
paccMaTpuBaeTcd ciydail, Korjga (byHKIUS 71 MOXKET UMEeTh OCOGEHHOCTH B OKDECTHOCTH
HyJis. OCHOBHOI1 11eJ1bI0 pabOTHI SIBJIETCs TIOJIY YeHne HEOOXOIMMOrO U JOCTATOYHOIO YCIOBHST

BBIIOJIHEHNsT HepasencTsa (1).

2 O630p JuTepaTypbl

UccnenoBanne BecoBbIX audpepeHnnalibHbIX HEPABEHCTB Xap/u BBICOKOTO IMOPSIKA BUJIA
(2) mpu pasaMYHBIX I'PAHUYHBIX YCIOBHIX HAYAINCH B Hadajge 80-X rOJOB MPOILIOrO BeKa.
['paHuvHble yCIOBUSI HA3BIBAIOTCS IIE€PEOIPEICTIEHHBIMU, €CJIH KOJNYEeCTBO HE3aBUCUMBIX
IPAHUYHBIX yCJIoBHil Oosibie mopsjaka guddepennuposanns B HepaseHncrse. CHadasa
paccMaTpuBasioch BecoBoe g depeHnnaibHoe HePaBeHCTBO IEPBOrO HOpsiKka. B sTom
ciIydae, 3aj1a9a ¢ OlPEJIeJIeHHBIMU TPAHUYHBIMU YCJIOBUAME ObliIa SKBUBAJIEHTHA U3BECTHOMY
BECOBOMY HEPABEHCTBY XapJiH, & IePEeoTpe/IeJICHHBI CJIydail OKa3aIcs OTKPBITOI IPpobIeMOii.
DTy 3ajady BHepBble permi dernickuii maremarnk P.Gurka u mosrydeHHbIH MM pe3ysbTar,
u jpyrue ero o6obmmenus omybimkoBaHbl B Kuure [2|. I B cBA3M ¢ BasKHOCTBIO ITOIf
3ajia4n B Teopun i depeHnnaibHbIX OrepaTopos, B paborax [3], [4] moaydensr pasinanbie
SKBUBAJICHTHBIE KPUTEPUHU BBIOJHEHUS BECOBOIO D EPEHITAIBLHOIO HEPABEHCTBA Xap i
B IepeolpejiesieHHOM ciydae. B paborax [5], [6], (7], [8],[9], [10], [11] wmouyuens:
KPUTEPUH BBIIOJHEHUS HEPABEHCTBA BH/A (2) BBICOKOIO MOPSJIKA Ha KOHETHOM OTPE3KE C
OIpeIeJIEHHBIMU TPAHUIHBIMU 3HaYeHusIMU. Bostee obiast curyanus paccMOTpeHa B paborax
[12], [13]|. HepaBencrso Buma (1) mag Broporo u Gojiee BBICOKOTO TOPSIIKOB Ha KOHETHOM
OTpE3Ke B IEPEOIPE/IeICHHOM CIydae MCCaeoBanbl B cepun pabor [14],[15],[16], [17]. Xora B
9TUX paboTax MOJIydeHbl HEOOXOUMBIE U JIOCTATOYHBIE YCJIOBUS BBIIOJHEHNS HEPABEHCTBA,
OJIHAKO TaM He JaHbl OLEHKU Jisl HAWJIydllell KOHCTaHThI HepaBeHcTBa Buja (2). Iasa
4 kunrm [18], [19] nocsiena wmccseoBaHUIO HepaBeHCTBa BHJa (2) WIS TPOM3BOIHBIX
BBICOKOT'O TIOPsIJIKA B ONPEJICJICHHOM ¥ B [IEPEOTIPE/ICJICHHOM CJIydae M B KOHIIE JaH KpPaTKuii
aHaJIN3 MOJIy9IeHHBIX pe3yabraros. llepeonpesenenusrii ciayuait Ha orpeske I = (0, 00)
uccsieoBan B paborax [20], [21]. B pabore [20] HepasencTso (2) ncesre10BaHO IPH PA3IAIHBIX
cooTHOIEeHNAX rpanndubix 3uadennit dyuxmuu f: f(0), f/(0), f(o0), f(00), a B pabore
[21] wmccieioBasnCh HepaBeHCTBA BBICOKOIO IIOPsijKa IPH HEKOTOPBIX I€PEOIPE/IeJEeHHBIX
IPAHUYHBIX 3HadeHusX. B paborax [20],|21] maiizensl KpuTepuy BLIIOIHEHUsS HEPABEHCTBA
(2), HO UpU OIEHKE HAWJIYUIIeHd MOCTOsTHHOM B (2) He yKasaHbl 3HAYEHUs KOHCTAHT
SKBUBAJIEHTHOCTH. MBI, HUCHONB3ys MeTofbl paborbl [20|, BBIYMCIsIEM BCe KOHCTAHTHI
SKBUBAJICHTHOCTH. VIcTopus Bompoca 10 HepaBeHCTBAM Xapjy U IMOJIyYeHHbIE Pe3yJIbTaThl
MozkHO Hafitn B Kuurax [2], [18], [19], [22]. Kak summo n3 L'RL (1) Mbr Gy1em ncC/eioBaTh
nepasenctso (1) Tombko Tpu ciemyiomux rpanmunbix sHadenusx f(T) = DMf(T) =
0, D} f(0) = 0 dbynkmun f € L2, (r). B pabore [1] mepasencrso (1) paccMarpuBaiocs Ha
OECKOHETHOM TTPOMEKYTKE.
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3 Marepuaji u MeTObl

Metosbl nuccienoBanus cieLyIonme: UCIOAb3Ys 3a/JlaHHble TPDAHUYHbIE 3HAUEHUs, (PYyHKITTIO
fus L/ RLZW(T) IpeJcTaBasgeM B BUJIe HEKOTOPLIX MHTEI'PAJIbHBIX COOTHOIICHUI, a 3aTeM
UCIIOJIb3YS U3BECTHLIE Pe3yJIbTaThl 110 BECOBBLIM HepaBeHCTBAM Xap/id W 10 BECOBOIA
OTICHKE MHTETPAJIbHBIX OIEPATOPOB IOJIydaeM HeoOXomMble orneHKu. [IpuBeseM u3BecTHBIC

yTBEP:KIeHUsI, HeOOXOIMMbIe HAM [PU JIOKA3aTeJILCTBE BBIOJHEHNsT HepaBeHcTsa (1).

[Iycrs 0 < a < b < oo. U3 pesyabraros paborst [23], [cTp.42-45] caexyer
Teopema A. ITycmov 1 < p < 0o. Tozda
(i) nepasercmeo

1
£ b 1

(/b“(m)</xf(t)dt>pdm) p < C(/v(t)fp(t)dt>p, fz0

a a
BYINOAHEHO TM020a U MOALKO mozda, Ko20a

b

ae= o ( fotone)

r

1
r =2
I’y

(/vlp/(t)dt> < 00,

a

3=

1oL
npu omom AT < C < pr(p/)V AT, 2de C -nauaywwas nocmosannan 6 (3).
(i1) nepasercmeo

-

P b 1

(/b“(l’)</bf(t)dt>pdx> < C(/v(t)fp(t)dt>p, f=0

a a
BHINOAHEHO Mo20a U MOoAbKO moz2da, Ko2da

r b L
p

A™ = sup. (/u(m)dm) (/vl—P'(t)dt> < 00,

a T

=

npu asmom A~ < C' < p%(p’)iA*, 2de C' -HAUAYMUWGA NOCTNOANHAA 6 (4).

[IycTn
b t / 1

Ay = s ( /y u(z)dz) ( / Ul_p/(t)< / r_l(x)dm)pdt>

3=

Ax = sup < /y u(z)( /y rl(x)dx>pdz>;( /b Mi’(t)dt)pll.

Creyroree yTBepzKIeHNE CJE/IyeT U3 Pe3yIbTaToB paboTer [24] .
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Teopema B. [lycmv 1 < p < oo. Tozda nepasencmaeo

b 1

(/bu(z)(/bf(t)/tr1($)dasdt)pdz>; < C’(/v(t)fp(t)dt>p, >0 (5)

a

BHINONHEHO M0200 U TOABKO M020a, Ko20a ma:v{Al, Ag} < 00, NPU IMOM

maz{A;, Ay} < C < Sp%(p’)imaa:{AbAg}, (6)

2de C' -nauryvwas nocmosnnas 6 (5).

4 OcHOBHBIE Pe3yJIbTAThI

/
ITo ycnosuio v'™7 € Ly(I). Ilosromy cymiecTByer equncTBennas touka op € (0,7) raxas,
4TO 1

T o
/vl—p'(t)dt = /vl—p'(t)dt.
o 0

Ilycrs dyukims pr(-) TakoBa, 91O

T pr(s)
/fulp’(t)dt = / VI ()dt, 0<s<T. (7)
s 0

Ouesu/HO, 4TO (DYHKIMS pr JIOKAILHO abCOMIOTHO HENpepbIBHAs, HEBO3PACTAIONIAs U
tlir%l pr(t) =0, %1_{% pr(t) = T. OueBnno, aro or = pr(or).
L

Huddepennupyst obe gacru (7) mmeem
—0' 7 (5) = 0" P (p()) pp(5), 01 (5) = 0" (p(s)) ] 07 (5))] (8)

nouru st Beex s € (0,7).
Baenem obosnauenns

A(p, T, o) = P /y u(z)dz( /T v (t) ( /t r‘l(:)s)d:)s>pdt)p_l,

or Y Yy
Y Y P T p—1
Ay 5(p,T,0) = sup /u(z)(/rl(x)dm> dz(/vlp/(t)dt> :
T>y>or
or z Yy

Agi(p, T, o) = ( /T vl—p’(t)< j r‘l(x)dx)pdt>p1 7u(z)dz,

o o 0
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Yy or or p/ p—l
Ago(p, T o) = sup /U(Z)d2</vlp/(t)</r1(x)da:> dt) ,
0<y<UT0

Yy t

Ays(p, T, 0) = R 7u(z) (7T_l(x)dx> pdz < / T (t)dt) p_l,

Y z 0

A(pa T7 U) = max {Al,l(f% Tv O)a Al,?(pa Ta U)v A2,1(p7 T7 0)7 A2,2(P7 Ta 0)7 A2,3(p7 Tv 0)}

Teopema 1. ITyemv 1 > T > 0,1 < p < oo. Torma HepasercTBo (1) BBITOJHEHO TOIJIA 1
TOJIBKO Torna, Korga A(p, T, 0) < 0o U Pl 9TOM HMEET MECTO OICHKA

1
§A<p7 T7 U) S CT S 2 8pp(p/)p71 ' A(pa T7 U)a (9)

riae Cp - Hanmstydias mocrostaaas B (1).

HokazarenbcrBo Teopembl 1. Tocrarounocrs. Ilycrs A(p,T,0) < oo. Ilokaxkewm
seinosienne Hepasencrsa (1). Tak kax f(717) = D;f( )= le(O) =0nana f € RL, (1, T),

to unrerpupysa D?f(t) = g(t), t < T, umeem D! f(z) = —fg t)dt wmu D} f(x fg dt

T
aasBeex 0 < x <Tmu f g(t)dt = 0. danee upencrasnenne D} f(z) = — [ g(t)dt ucnonszyem

xT

upu T > x > op u D} f(x) = [ g(t)dt npu 0 < x < op. Torga

C—x

t

f(2) / /Tg dtdr = /g(t)/r_l(x)da:dt, (10)

z
npul' >z > orn

t or or z or

o(t) / = (2)dadt — / o(t) / v () dadt — / o(t)dt / 72z, (11)

or or z

f(z) =

\’ﬂ

npu z < oy.
Ucnonssys (10), (11), nveem

P or T t

/Tu |pdz—/ / / x)dxdt dz—i—/u(z) /g(t)/rl(x)dxdt—
_ 79@)7 2)dadt — / / (2)dz PRy (12)

z t 0 z
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[Ipumensis Teopemy B, kak B Teopeme 3.1, mosydaem

T T t

p
F = /u(z) /g(t)/rl(a:)da:dt dz < 8p(p' )P~ x
or P P
T
x max { A1 1(p,T,0), A12(p, T, J)}/U(t)|g(t)\pdt. (13)
or
Tenepn, onenum F5 :
or T t P or or or P
F, < 3p1[/u(z) /g(t)/frl(x)d:cdt dz+/u(z) /g(t)/rl(a:)dxdt dz+
0 or or 0 2 t
or or p| Z p
T / u(z)( / r_l(x)dx> / o(t)dt dz] = 3N (Fyy + Foa + Fos). (14)
0 z 0
[Ipumenss nepasenctso ['enbiaepa, nmeem
or T t »
Fy, :/u(z)dz /g(t)/r_l(x)dxdt <
0 or or
or T t o qp-1 T
< /u(z)dz[/vl_p,(t)</r_l(x)dw> dt] /v(t)\g(t)]pdt: (15)
0 or or or
T
— Aua(p.T.0) [ w(Olgt)Pie
or

st onenku Fh o, Fh 3 npuMensieM TeopeMy A.

Fyp = / u(2) / o(t) / v (2)dadt| dz < p(p )P~ Ana(p, T, o) / olg@Pdt,  (16)

z

/ g(t)dt

[Moncrasnss (15), (16) u (17) B (14) nmeem

Ao (0, T, 0) / o(t)lg(t)Pdi+

oT

p oT

dz < ()" Aga(p. T, 0) / o(B)|g(t)Pdt. (17)

Fhs = 7u(2) (77«—1(95)@)]0

z

F, < 3rt

+p(p )" (Aza(p. T, 0) + Aas(p, T’ 0)) / v(t)lg(t)\pdt]- (18)
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D1y onenky u onerky (13), mozgcrasiss B (12), oy anm

T

[uelr@rd: <2850y A o) [o@IDi 0P £eWR D). (1)

0

Tax xax L'RL. ,(r,T) C W7, (r,T), To u3 (19) creayer, uro mepasencrso (1) BBIIOIHEHO
C OIIEHKOM

Cr <2-8p() " Ap,T, o) (20)

Juist Hanstydeit nocroguuoit Cr B (1).
Heobxomumocts. Ilycrs wepaserncTso (1) Bbimosneno ¢ nammydiieit nocroguuoil Cp > 0.
[IycTb

K (o0, T) = {f € Li(or,T) N Lyu(op,T) : f>0,f#0},
K1 ,(0,00) ={f € Li(0,07) N Lyu(0,07) : f<0,f#0}.

[Tokazkem, 9T0 Kaxkiaomy fi € Kft o(or, T) natinerca fo € Ky ,(0,07), obpatno asa fa €
K1 ,(0,00) maiinerca f; € K (o, T) raxue, aro mna f(t) = fi(t),t € (o0, T) u f(t) =
T

f2(t),t € (0,0r) Bomonnsiercs coornomenne [ f(t)dt =0 u
0

/ﬁ ww—2/mwmuww=2/mwmaww. (21)

Mot fr € K (o7, T) nonoxnm fo(x) = —fl(Pfl(x))%7 z € (0,07).

Torna fo < 0 u npoussea 3ameny p~ ' (x) = t, umeem

T T @) [ )
/ﬁww— /ﬁ@<mguwﬂmwi—/ﬁwlﬂ”ﬂp@m—

v 7 (p(t))
/ A gy = / fi() (22)
v )
37ech B TmoceHEM paBeHCTBe ucrob3oann (8). U3z (22) caemyer f |fo(z)|de < co m

T
f fi(t)dt + f f2(t)dt = [ f(t)dt = 0. Oustb, ¢ mOMOIIBIO 3aMeHbl p~ () = ¢ U UCHOJb3Ys
0

cooTHoreHns (8), mveem

‘/m o) /
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v (plt) 120
/\fl e OO /m oty ol

- / APyt

Otkyna crenyer (21). O6parno, mia fo € K (0, 07) nonoxum

v P (2)

filz) = —falp™ (@)W

CuiejtoBaTesibHO, ffl(t)dt — UfT|f2(t )|dt = ffl )dt + fo Jdt = }f(t)dt = 0.
or 0 0

AnanornanaeiM 00pa3oM BhITIONHSETCS 1 (21).

Cosokymocts dyukiwii f(t) = fi(t) upu t € (op,T) u f(t) = fat ) upu t E (0,07),

fo
T
rae f1 € Kfp(UT,T), f2 € Ki,(0,07) n 17191 KOTOPBIX BHITIOHACTCST I f( f fi(t)dt +
0
f fa(t)dt = 0 u coornommenue (21), obosuatmm depes K ,(0,7).
[To ycmoBuio mepasencrso (1) Bemmosmsiercsa. Tak Kak yCJIOBI/Ie f € LRW} (r,T)
SKBHUBAJICHTHO ycjoBHio D2 f = g € IN/W(O, T)= {g € L,,0,7) fg t)dt = 0}

To u3 (1) u (12) caexyer, aro HepaBeHCTBO (1) SKBHUBAJIEHTHO HEPABEHCTBY

/Tu(z) /Tg(t)/tr_l(x)dxdt pdz+7u(z) /Tg(t)]r_l(x)dxdt— 79(75) 77“_1(x)dxdt—
/ dt/ dz < CT/TU(L‘)|g(t)|pdt, g € L,,(0,T) (23)

[puaem, mammymme nocrogruube B (1) 1 B (23) cosnaaoT.
Ouesnano, uro K ,(0,7) C L,,(0,T"). Ilostromy HEpaBeHCTBO (23) BBIIOJIHEHO /I BCEX
g € K1,(0,T). Tak xax naa g € Ky ,(0,7) ¢g(t) = ¢1(t) upu t € (or,T) u g(t) = g2(t) upm



A.2K. Anuesa, A.O.BaitapnicTanos 55

€ (0,0r), e g1 € K{ (07, T), g» € K ,(0,07), 10, noxcrapisis g € K1,(0,T) B (23),
TOJLY THM

T T t

/ u(z)( / o) / r‘l(x)dxdt>pdz

z

+/u (/ )/ Yz )dxdt+ |g2 |/ x)dxdt+ (24)

oT

+/!g2 Idt/ H(z)d ) dz<CT/v )g@)Pdt, g € K1,(0,T). (25)

0

Tak kKak Bce ciaraemble B JIeBOi dwacTu (25) HeoTpumaresibHble, TO ¢ yderoMm (21),
BBIIIOJIHEHbI HEPaBEHCTBA

T T ¢ T
/u(z)(/gl(t)/r—l(x)dmdt> dz < QC'T/ Olg(t)|Pdt, g1 € K{ (o7, T),

o T t

/u(z)dz(/gl(t)/ Yz )d:z:dt) <20T/Tv (B)gr(t)Pdt, g1 € K (or,7),

0

/ (/’92 \/ da:dt) dz<2CT/v )| g2(t)|Pdt, 92 € K7, (OO’T)

0
or

/u(z)(/r_l(x ) (/|92 |dt> iz < QCT/v(t)|gg(t)|pdt, g2 € Kp)(0,07).

z

W3 nepBoro nepaBeHCTBa Ha OCHOBAHUM TeOpeMbl B, cO BTOpOro HEpPaBEHCTBA B CHUJTY
HepaBeHCTBa [ejibiiepa, a ¢ TPeThero n IeTBepTOr0 HEPABEHCTB Ha OCHOBAHWM TEOPeMbl A
[OJIyYaeM HUZKHIOI OIEHKY HocTogHHOM Cr, oObeiuHsid 9TU OleHKn u ¢ yderoMm (21), B
UTOTe TIOJTY9aeM OIEHKY

1
§A(p7 T7 U) S CT7

koropas BMmecte ¢ (20) maer (9). Teopema 1 mokazana.

5 3akJroueHue

[empio paboOThI ABJIAETCA MOJyYEeHUEe HEOOXOIUMBIX M JOCTATOYHBIX YCJIOBHUI BBITIOJHEHUS
nepaseHcrBa (1), Jljast  J0CTHZKeHWsI TIOCTABJIEHHON —II€JIM  WCIOJIb30BAJIUCH — BECOBbIE
HEpaBEHCTBA Xap/u W THUMA XapJId € siJIpOM U IIOJyYeHHbIE Pe3yJIbTAThl MOI'YT OBIThH
HPUMEHEHBI JIJI YCTAHOBJICHUS OCHUJIISIINOHHBIX CBONMCTB AU(EPEHITNAIHLHOTO YPaBHEHUS
YETBEPTOrO IMOPAJIKA B OKPECTHOCTH KOHEYHOW O0cO0O0il TOYKM M, CBA3aHHBIE C HUMH,
CHEKTPAJIBHBIX XapPaKTEPUCTUK HEKOTOPBIX JIMdepeHITnaIbHbIX OlepaTOpPOB.
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6 BuaaromapHocTu

Pabota BobITIO/IHEHA TP TI0/1JIEPKKE TPAHTOBOIO (DUHAHCUPOBAHUS ITPOEKTOB MUHUCTEPCTBOM
obpasoBanus u Hayku Pecrybiaukn Kasaxcran (rpant Ne AP05130975, 2018-2020 rogpr).
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NMHTEI'PAJIBHOE YPABHEHUVE B TEOPUN OIITUUMAJIBHOTI'O
BBICTPOJENCTBUS JINMHENHBIX CUCTEM C OTPAHUYEHUAMUI

[Ipennaraercss Meros  perieHusi  3aJa9d  ONTUMAJIBHOIO  OBICTPOJEHCTBUS I JIMHEHHBIX
OOBIKHOBEHHBIX M(bDepeHInaIbHbIX YPABHEHN ¢ KDAEBBIMHU YCJIOBUAMU U3 33 TAHHBIX MHOYKECTB
[pu HaJMIun (Pa30BbIX U UHTEIPAJIBHBIX OIDAHWYEHMIl, & TaAKXKe TOJIOHOMHBIX CBsizeil. B oryimune
OT W3BECTHBIX METOJOB DEIIeHUs] 3aJadi OINTHUMAJIHLHOIO OBICTPOJECTBUS pa3paboTaH HOBBII
moAxo/T K mpobsieMe OBICTPONENCTBUS B BHUE NPUHINIA [MOTPyKeHudA. [IpumHIun morpykenns
CO3JIaH Ha OCHOBE WCCJIE/IOBAHUS PA3PEIINMOCTH U TOCTPOEHUE ODINEro PEeIeHusl MHTerpaJIbHoe
yPpaBHEHUSI.

OCHOBHBIMU PE3yJIBTATAME SIBJISFOTCS:

— HEeOOXO/MMOE M JIOCTATOYHOE YCJIOBUSI CYIIECTBOBAHUS PENICHHUs OJJHOIO KJIacca MHTErPAJILHOIO
YPABHEHUS U IMOCTPOEHUE €ro ODBIINEro PeIeHust;

— BBIJIEJIEHIE BCEX MHOYKECTB YIPABJICHU, KAYKIbI 3JIEMEHT KOTOPOTO MEPEBOUT TPACKTOPUIO
CHCTeMBbl W3 JIIOOOr0 HAYAJIBHOTO COCTOSIHUSI B JIIODOE JKEJIaeMOe KOHETHOe COCTOsTHUE JIIst
JINHEWHBIX CHUCTEM;

— mpeJjlaraeMblil MPUHIWIT [IOTPYZKEHUs IIO3BOJIAIONINIT CBECTH WCXOJHYI0 KPAEBYIO 339y
ONTUMAJIBLHOTO  OBICTPOAEHCTBAE C OTrPAHUYCHUSMHU K CIEIUAJBHON HAYAJIBHON — 3ajade
ONITUMAJILHOIO YIIPABJICHUST;

— HeOOXO/IMMOE U JIOCTATOYHOE YCJIOBHS CYIIECTBOBAHUSI JIOIYCTUMOIO YIIPABJIEHUSI;

— pa3paboTaH aJIrOPUTM PeIeHusl 3aa9i ONTUMAJIbHOTO OBICTPOIEHCTBYS ¢ OrPAHUICHUSIMU JIJIsT
JIMHEWHBIX CUCTEM JIFOOOr0 TOPSIKA.

[Monyuernble pe3yiabTaThl SIBJISIIOTCA PEMICHUSIMUA aKTYaJbHBIX MPOOJEM TEeOPUU ONTHMAJIHLHOTO
OBICTPOJICIICTBIS C OIPAHNICHUSIMU MMEIOIIIEe MHOTOYUCJIEHHBIE TTPUJIOKEHIS.

Paspaboran HOBBIII MeTOJ pelleHus 3aJa9y ONTUMAJIBHOTO OBICTPOJIEHCTBUSI JIMHEHHBIX CHCTEM
C KpPaeBbIMU YCJIOBUSIMH, TIPU HAJUIUEN (PA30BBIX, WHTEIPAJIbHBIX OTPDAHUYEHWUI W T'OJIOHOMHBIX
ceazeii. Cozmana oO0Imasi Teopusi KPAeBBIX 3aad ONTUMAJJIHHOTO OBICTPOIEHCTBUS UMEIOIIAst
MHOT'OYUCJIEHHBIE TPUJIOXKEHIE B €CTeCTBEHHBIX HAYKAX, TEXHUKE, SKOHOMUKE.

[IpuniunraapbHOE OTIUYHE [PEJIAraéMOro MeTO/Ia OT MU3BECTHBIX METOJIOB COCTOUT B TOM, UTO
UCXOJIHAS 3a/a4a [IOTPYKAeTCs B 3aJ1a9y yIIPABJISIEMOCTU C yIIPaBJIEHUsIMUA 13 (DYHKIMOHAIbHBIX
IIPOCTPAHCTB C MOCJIEIYIONNM CBEJIeHNEeM K HAYAJBHON 3aJlade ONTUMAJIBHOIO YIIPaBJIEHUSI.
KuroueBbie ciioBa: OnrumanbHOe OBICTPOEHicTBIE, (hA30Bble M MHTETPAIBHOTO OTDAHMIEHUS,
POJIOHOMHBIE CBSI3U, IPUHITHIT TIOIPYKEHUsI, THTEIPAJILHOE YPABHEHNE.
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IIlenesreH ChI3BIKTHI XKYHeJIepaiH, THIMII Te3 9cep €Ty TEeOPUSIChIHAAFbl MHTETPAJIABLIK TeHIeY

(© 2020 Al-Farabi Kazakh National University



60

C.A. Aiicaranues, I.'T. Koprebaii

PazasblK, KoHEe WHTETPAJIIBIK IMeKTeyaepi, COHmaii-ak TOJOHILIK OailanbicTaphl 6ap OOIATHIH
OepiyireH JKUBIHIAPJAH IIEKAPAJbIK, MAPTTApbl 6ap CHI3BIKTHI KaparaiibiM 1uddepeHInas bk
TeHjleyJiep YIIiH TUIMJI Te3 opeKeT eTy eceDiH Ielnry o/ici YCbIHbLIaAbl. THIMII Te3 opeker ery
ecebin tenrymin Oenrisi omicTepine KaparaHia, OATBIpY KArUIaChl TYPiHIE THIMII Te3 9peKeT
eTy mpobIeMachiHa KaHa Ke3Kapac o3ipyeni. BaTsipy Karuaachl MHTETPAILIK, TEHICY/TIH YKAJIIbI
MIENTMIH KYPYy KOHE IIIeNTM/IJIINH 3epTTey Herisinje KypblIraH.

AJIBIHATBIH HEri3ri HOTHXKeJIep:

— 6ip KJIACCTBI MHTETPAJIIBIK, TeHJIEY/IEPIiH MeniMiHiH 6ap OOJIYbIHBIH KAXKeTTl XKoHe YKeTKIIKTI
MIAPTTAPBI YKAHE OHBIH, YKAJIIIBI TIEMTMIH KYDPY;

— opbip 37eMeHT] CBI3BIKTDHI KYHEHIH TPAeKTOPUACHIH Ke3 KeJITeH 0ACTANKBI KYHIEH Ke3 KeJITreH
KaJlaraH COHFBI KYHTe aybICTHIPATHIH DACOPYILIH OAPJIbIK KUBIHIAPBIH TAHIAY;

— YCBIHBLIFaH OATBIPY KAFruWIachl IEKTeyepi 6ap THIMII Te3 dcep eTy/IiH OacTalKbl IIeKapaJIblkK,
ecebin TuiM il GacKapy/IbIH apHaiibl 6acTankbl ecebiHe KeTipyre MyMKIHIIK Oepe/ii;

— MYMKIiH OOJIATBIH OACKAPYIbIH KAXKETT] KOHE YKETKITIKTI IapTTapsl;

— Ke3 KeJITeH PEeTTi ChIBLIKTHIK, YKYyHesaep YImiH mekTeyaepi 6ap TuiMai Te3 ocep ery ecebiH ety
AJITOPUTMI D31pJIeH/ .

AJiblHFaH HOTHIKEJIEP KOIITereH KOChIMINajapbl Oap 0oJiaThiH MeKTeyiepi 6ap THIMJIL Te3 ocep ery
TEOPUSICHIHBIH, ©3€KTI MOCeIeJIePiHiH MerrimMi 60 b TabbLIa b

DazajblK, KOHE WHTETDAJJIBIK IIEKTeyIepi, COHIa-aK TOJOHIBIK OaflaaHbicTapbl Oap OosaThIH
OepinreH KUBIHIAPIAH ITEKAPAJBbIK MapTTapbl 0ap CHI3LIKTHI KapamaibiM quddepennmaiibK,
TeHJIeyJ/Iep VIIiH THIM/II Te3 9peKeT eTy ecebiH IMIeNy/IiH KaHa d/1ici Kypblirad. 2KapaTblIbICTAHy
FBUIBIMJIAP/Ia, TEXHUKaJA, SKOHOMHUKAJIA KOIITEreH KOCBhIMINAJapbl Oap THIMJII Te3 ocep ery
MIEKAPAJIBIK, €CEIITEPIHIH YKAJIIIBI TEOPUSICHI KYPBLIIbI.

Y CuIHBIIFAH OIiCiH Oe/ril oaicTepaeH TPUHINITHAIL albIPMAIIBLIBIFEI OACTAITKBI €CeIl THiMIi
bacKapy/IbIH 6acTAIKEI ecebite KeaTipiaeTin (pyHKIMOHAIBIK KUBIHIa aHBIKTAIFAH OACKapyIapbl
b6ap GacKapbIMJIBLIBIK, ecebiHe KesTipiieii.

Tyitia ce3nep: Tuimii Te3 ocep ery, daszablk MEKTEYIEP, TOJOHOMIBLIK, OailjIaHbIicTap, OaThIpy
KaFUIaChl, HHTETPAJIIBIK, TEHJIEY.

1S.A. Aisagaliev, 2G.T. Korpebai
'Dr.Sci., professor, E-mail: Serikbai.Aisagaliev@kaznu.kz
2Master Student, E-mail: Guldana.Korpebay@kaznu.kz
Al-Farabi Kazakh National University, Almaty, Kazakhstan
Integral equation in the theory of optimal speed of linear systems with constraints

We propose a method for solving the optimal speed problem for linear ordinary differential
equations with curve conditions from given sets in the presence of phase and integral constraints,
as well as holonomic connections. In contrast to the known methods of solving the problem of
optimal performance, a new approach to the problem of performance in the form of the principle
of immersion is developed. The immersion principle is based on the study of solvability and the
construction of a General solution of the integral equation.

The main results are:

— necessary and sufficient conditions for the existence of a solution of one class of integral equation
and the construction of its General solution;

— selection of all sets of controls, each element of which translates the trajectory of the system
from any initial state to any desired final state for linear systems;

— the proposed immersion principle allows reducing the initial boundary value problem of optimal
performance with restrictions to a special initial problem of optimal control;

— necessary and sufficient conditions for the existence of acceptable management;

— an algorithm for solving the optimal performance problem with constraints for linear systems
of any order has been developed.

The results obtained are solutions to current problems in the theory of optimal performance with
restrictions that have numerous applications.
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A new method is developed for solving the problem of optimal performance of linear systems with
boundary conditions, in the presence of phase, integral constraints and holonomic connections. A
General theory of boundary value problems of optimal performance has been developed that has
numerous applications in the natural Sciences, technology, and Economics.

The principal difference between the proposed method and the known methods is that the initial
problem is immersed in the manageability problem with controls from functional spaces, and then
reduced to the initial optimal control problem.

Key words: Optimal performance, phase and integral constraints, holonomic relations, immersion
principle, integral equation.

1 Bsenenue

PaccmarpuBaercsa ciemyromast 3ajiada  ONTUMAIBLHOTO OBICTPOIEHCTBUS: MUHUMU3UPOBATH
dyHKIMOHAT

t1

J(ZE(), u('),ZL‘(),ZL'htl) = /]. -dt = t1 —tg — ’L’I’Lf (1)

to

Ha MHOXKECTBe PeIleHul ypaBHeHU’

= A(t)x + B(t)u(t) + p(t), tel=[ty, t1] (2)
C KPaeBbIMU YCJIOBUAMUI

(xz(to) = xo, x(t1) =x1) € So x Sy, So C R", S; C R", (3)
Ipu HAINYINN (Pa30BBIX OTPAHUIEHUIT

z(t) € G(t) : G(t) ={z € R"|w(t) < L{t)x < o(t), tel} (4)

nHTerpaJibHbIX OI‘paHI/I‘IGHI/IfI

gi(@(),ul(), wo, 21, t1) < ¢j, j=1,ma, (5)
gj(x(')vu('t)v:p()’xhtl) = Gy, ] :m1+1am2 (6)
i) uC)mo, ) = [ (650 #(0) +5(0) e, =T @

a TaKzKe C y49€eTOM I'OJIOHOMHBIX cBA3en

Lj(a(t), u(t),t) = e;(t)x(t) +r;(t) =0, t €I, j=1p, (8)

C Or'paHUYC€HNAMU Ha 3HaYCHUA YIIPpaBJICHUA

u(t) € U {u() € Lo(I,R™) |.u(t) € V(1) € R™ s t e 1,} 9)



62 C.A. Ajicaramues, I.'T. Kopne6ait

rae (*) — sHak TpaHcrnoHupoBaHusi, fp— (QUKCUPOBAHHBIH MOMEHT BpeMeHu, t; — He
dburcuposan, t; > ty. 3mecy A(t), B(t) — MATPHUIIBI IOPSKOB 1 X 1, I X M COOTBETCTBEHHO,
C KyCOYHO HelpepbiBHbIMU 3jieMenTamu, p(t) € Lo(I, R™) — 3anannas ¢yukims. [Ipu
yKa3aHHBIX yCJI0BUsX juddepeHnuaabioe ypaBaerue (2) nMeeT eMHCTBEHHOE PEIeHHUE JIJIst
moboro durcupoBarnoro u(t) € U(t) m mia moboit HavaabHON TOUKM To € Sp, DyHKIHS
x(t) = x(t; to, xo,u), t € I abcomoTHA HEIPEPhIBHA.

B kpaesom yciosun, Sy, S; 3aJaHHbIe OrPAHMYCHHBIC BBIITYKJILIC 3aMKHYTLIC MHOXKECTBA,
u3 R". B dazosom orpanmvenun, L(t),t € [ — 3agaHHas MaTpHUIA HOPSIKA S X N C
HeIpepbIBHBIMU dj1eMeHTaMu, w(t), ¢(t), t € I 3amaHHbBIe HENpPEPbIBHbIE BEKTOD (DYHKIMHI
s x 1. B mmterpampubix orpanmuennsx, a;(t),b;(t),7 = 1,ms — 3amaHHBIe KyCOYHO -
HelpepbIBHbIE BeKTOp (yHKIuU n X 1, m X 1 COOTBETCTBEHHO. B TOJIOHOMHBIX CBA3AX
e;(t), rj(t), 7 = 1,p — wenpepsbiBuble BekTop dbyHkimu n X 1, 1 x 1, coorsercrsenno. B
OrpaHUYEeHNN Ha 3HadYeHWs yrpasjenus, V (t), ¢ € I — 3a1aHHbIe OrPAHUYCHHBIE BBITYKJIbIE
3aMKHYTOE MHOXKeCTBO n3 R'™.

Creyer OTMETUTH, 9YTO WHTErpajibHble OrpaHuueHust B Buje (5H), IyTeM BBeJEHUs
JIONOJIHATEIBHBIX 1epeMeHnbix d; > 0,  j = 1,mj, MoryT OBITb 3allicaibl B BHJIE
g;(x(),u(-), xo, x1,) = ¢; — dj,j = 1,my. Oboznauum 4epes ¢; = ¢; — d;, j = 1,my,. [ycrs
BEKTOP C = (C_h ,%) I‘,ZLGC_]‘ = Cj—dj,j = 1,m1, a = Cy, ] =m, +1,m2, dj > O, j = 1,m1.
[IycTs MHOXKECTBO

Q={ceR™|gG=c;—d;, d;>0, j=T,m, &G =c;, j=mi+1Lm}
rje d; > 0, j = 1,m; — Hen3BecTHBIE YHCIIA.

Onpepenenne 1 /s 106020 durcuposarnozo ti,t; > to, mpotixa (u(t), T, T1) € U X Sy X
S1 nazwveaemes donycmumuvie ynpasaeruem oas zadavwy (1)-(9), ecau kpaesas sadaua (2)-(9)

¢ oepanuenuamy umeem pewenue. Mroowcecmso 6cex donycmumolr ynpasaenut 0003 HauM
wepes >, CU X Sy x Sy

Bagmada 1 Hatmu neobxodumvie u docmamownvie f CYWECNE0SGHUA pPewerull Kkpaesot
sadavu (2)-(9) npu Pukcuposarmnom ty.

Bamernm uto ecmm y o, =0, (- mycToe MHOXKeCTBO, TO KpaeBas 3ajlada ONTHMATLHOTO
6uicTposieiictust (2)-(9) He umMeer perenust Tpu GUKCHPOBAHHOM 1.

Banaua 2 Hatimu donycmumoe ynpacaenue (U(t), To,T1) € Y, CU x Sy x Si.

Kpaesasg 3ajada (2)-(9) HasbiBaercsi 3ajadeil yIpaBageMOCTH MPU (DUKCHPOBAHHOM
ti,t1 > to, vae gomycrumoe yupasienue (u(t), To,T1) € Ztl, [IEPEBOJIUT TPACKTOPUIO
cucreMbl (2) UCXOJAIIYIO M3 TOYKH To € Sy B MOMEHT BpeMeHU fg, B TOYKY T; € Si B
MOMEHT BDEMeHH ti, ¥ BBIIOJHEHbI: BKJOYeHwne Z(t;u, To,71) € G(t), t € I; paBeHcrBa
0, (F() (), T, T) = j = g, Ty(x(),0) =0, j = Tp, te L.

* *
Omnpenenenne 2 Jonycmumoe ynpasaenue (u.(t), x5,x7) € Y5, , wnasvieaemcs

ONMUMaNLHOM Ynpasaenuem 0as zadavu (1)-(9), ecau ty, — to = tHll%l [t1 — to).
1>to
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Banaua 3 Hatmu onmumanvrvie ynpacaenue (u.(t), xg, =i) € >, ., 2de (5, 77) € Sp X
Sty (b u xg,27) € G(), t € N, gijla(),ua(), 25,27) =G, J = 1,me, Tj(z.(t), 1) =
07 te Ila ] = 17p7 [l = [th tl*]

Oynriwsa z.(t) = x.(t,ue, xh,27), t € I} = [to,t1.]- Ha3BIBaCTCA ONTHMATBHOIN
TpaekTopueil s 3amaau (1)-(9).

B crarbe mpejiaraercst MeTO PeIllleHHs YKa3aHHBIX 3aJad IIyTeM [HOCTPOEHUs OOIIEro
peIleHrs MHTEIPAIbHOIO YPaBHEHHsI CJIEJIYIONIEro BUIa

t1

Kw = /K(t*,t)w(t)dt =B, t.el=][tt], (10)

to

rie K(t,,t) = K(t) — u3BecTHast MATpUIA MOPsIJIKA 7y X T € 97eMeHTaMu u3 Lo, t, € [to, t1]
— durcuposannas Touka, w(t) € Ly(I, R™) — uckomast dbyukiuu 5 € R™.

Bamaua 4 Hatimu mneobzodumvie U JOCTAMOUHBIE YCAOBUA CYULLCTNEOGAHUA PEULEHUSA
unmezpaavrozo ypasrenus (10) das aobwx [ € R".

Bagada 5 Hatmu obwee pewenue unmezpasvnozo ypasuenue (10) das awobvr § € R™.

Pemenns 3aiad 4, 5 HO3BOJISIOT BBIJIEJUTH BCE MHOYKECTBA JIOIYCTUMBIX YIIPABICHHN
>, Juid 3ajaunm  ynpapisgemoctu (2)-(9) um  mocrpouth pemenus  sagaan  (1)-(9),
npu duxkcupoBanHom ti. Hawmmenbiee snavenue ti, , t1, — tog > 0 oupemensiercs
IIOCJIEIOBATE/ILHBIM PEIIeHneM 3a1adn yipasisgemocta (2)-(9) merogom jesternus “romasam’”
3Ha4YeHuii ty.

2 O630p JuTepaTypbl

Teopust sKCTpeMaIbHBIX 3a/a9 B 6AHAXOBOM IIPOCTPAHCTEE, PENICHNs 3891 OITUMAILHOIO
yIpaBJIeHUsI U ONITUMAJILHOTO ObIcTpo/ieiicTBre cofepxkarcs B |1, 2, 3]. Teopernueckast ocHoBa
pelennst 3aja9u ONTUMAIBLHOTO ObICTPOJECTBYS B BUJE NPUHIMIIA MAKCHMyMa HMEeTCst
B [3]. Tlpunnun mMakcuMyMa CBOJUT DPeIIeHHE 3aJadi ONTHMAJILHOIO ObICTpOjeiicTBUS K
penieHnio KpaeBoil 3ajaun cucreMbl JuddepeHuaibabiX ypaBaenuii mopsiaka 2n. OgHako
pelienne KpaeBoi 3ajadu IPUHIAIA MAKCUMyMa, IIPAKTUYECKN HEBO3MOMKHO JIJIS CUCTEMbI
nopsjika n > 2. B jmannoit pabore mpejiaraeTcs COBEPIIEHHO HOBBIM T0JIXOJI K PENICHUIO
3a/[a91 ONTUMATBLHOIO OBICTPOJEHCTBUSI MyTeM CBeJIeHMs MCXOTHON 3a/adi K HAIaIbHON
3aj1a4e CIeluaJ bHOrO BUJIA.

Uurerpanbroe ypasaenue (10) 0THOCHTCS K THITY HHTEIPaJIbHBIX ypasHenuit @pejroabma
epBOro  pojia. Pa3pemmMocTb W HOCTPOEHHE PelleHHsl WHTErpaJbHOIO  yPaBHEHUsI
@DpearosbMa IEPBOrO pojia OTHOCATCS K THUILY CJIOKHBIX IPobJeM MareMaTuku. VzsecTHbIE
Pe3yILTATHI 110 PA3PENIMMOCTH WHTErPAILHOIO YPABHEHNE OTHOCUTCS K CJIydalo, KOTIa Apo
cummerpudso [4, 5, 6]. TTosromy pemenust 3aa4 4, 5 ABISIOTCS aKTYATBHBIM KaK JIJIS TEOPUH
UHTErpaJbHbIX YPABHEHUN TaK U €€ MPUJIOKEHNUI.

OmiesbHbIE PE3YJIBTATHI [0 UCCJIEI0BAHUIO HHTErpajibHoro ypasHenus (10) u perermst
3asaun yupasisgemoctu (2)-(9) npusegenst B [7, 8, 9]. HekoTopble pe3ysbTraThl 10 PEIIeHNIO
3aJ1a9M ONTUMAJILHOTO ObicTposeiicTBue (1)-(9) comepxkarcst B paborax [12, 11, 12) 13].
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3 MarepuaJj 1 MeTOoIbl

BBong obosnadenns

aq (t) b1 (t)
A= .. ) Bo=| ... |, ) = (au(®),...,ap(t), bj(t) = bju(t),...,bm(t)),

iy (¢ b, (t)
dbyuxmmonan (7) 3amuiiem B BUJIE

t1

g@uwwmnuzﬂmwmﬂﬂwwmm

to

IIycte BexTop dbynkuus n(t) = (ni(t), ..., nm,(t)), t € I, Tae

t

) = [ Ao(r)a(r) + Bolr)u(r)ldr.

to

Torma
n(t) = Ag(t)z(t) + Bo(t)u(t), tel, (11)
n(te) =0, n(t1) =c€ Q, (xg,x1) € Sy x S, u(t) € U(t), (12)

rie Ao(t), Bo(t) MaTpuIsl ¢ KyCOUHO-HEIPEPBIBHBIMU SJIEMEHTAMIE MOPSIIKOB My X 1, Mg X 1M,
coorsercTBenno. Terneps 3a1ata onTuManbHOrO ObicTpoeiicTBus (1)-(9) 3amumiercs B Buje:
MUHUMU3UPOBATEH (DyHKITHOHAJT

t1

J(EC),ul+), xo, x1,d, ty) = /1 cdt =ty —ty —inf (13)
IIPU YCJIOBUSIX

§ =AW+ Bi(t)u(t) +a(t), tel, (14)
c0=( 0 ) =025 ) e = (572 )~ =

P = (1,,0nm,), Pi&(t) € G(t), u(t) € U(t), (xg,x1) € So X S, (15)

e, T(P&) = DPE(t) +r(t) =0,

rie
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" (t) = (:;Eg) ﬁ<t>—<’(gg ) deTl={deR™ |d>0),

Aq(t), Bi(t), D(t), r(t)- maTpunst nopaakos (n+ms) X (n+ms), (n+mso) xm, pXn, px 1
coorBercTBenno [i(t) € Lo(l, R™™?), Oy, — upsMoyroibHas MaTpuna mnopsjika k X g ¢
HYJIEBBIME dJIEMEHTaMu, [,, — e IMHIIHAS MATPUIA TOPSIKa 1 X 1.

Paccmorpum unTerpasbaoe ypashenue (10). Pemenus 3amaa 4, 5 mator ciemyrorine
TEOPEMBI.

Teopema 1 Hnmezparvnoe ypasnernue (10) npu awbom durcuposanrom € R™ umeem
pewenus moada u moavko mozda ko2da Mampuya

C(to,tl):/K(t*,t)K*(t*,t)dt (16)
nopadka ny X Ny ABAAEMCA  NOAOKHCUMENLHO — onpedesennoli, 2de () —  3nax
mpaHcnoHuposaHUA.

Teopema 2 [Iycmv mampuua C(tg,t1) noaoscumenvno onpedeaennan. Tozda obuee
pewenue unmezpaavrozo ypasherus (10) onpedeasemes no gopmyae

w(t) = v(t) + K*(t., 1)C™ (to, 1) — K*(t*,t)()_l(to,tl)/K(t*,t)v(t)dt, tel, (17)

2de v(+) € Lo(I, R™) — npoussoavhasn dynryus, [ € R™ — aobot eexmop.
Pacemorpum stnaeiinyio ynpasisiemyto cucremy (em. (14))

g =At(t)y+ BiQwi(t) +u(t), tel, wi()e LI, R™), (18)

y(to) = &(to) = &o = (20,0) € So X Oy, y(t) =&(t) = (z,¢) € S1 x Q. (19)
Pemenns nmuddepennnanbaoro ypasaenns (18) nmeer Buj
t t
y(t) = O(t, 10)o +/@(t,T)Bl(T)M(T)dTJr/q’(t,T)ﬁ(T)dT7 tel, (20)
to to
e ®(t, 7) = 60,(t)0; (1), 01(t) — dbynmamentambhas MaTpUIA peNIeHmil JTHHEHHOL
onmoposHoii cucremsl 1) = Ay (t)n. Ilockombky y(t1) = &1, To u3 (20) caeayer
t t
/q)(toyt)Bl(t)UJl(t)dt = a=®(to,t1)&1—& — /cb(to,t)ﬁ(t)dt- (21)
to to
Takum obpazom, ynpasienne wq(-) € Lo(I, R™) siBjisiercsi pellieHueM HHTErpajbHOro
ypasuerusi (21). Kak cienyer uz (10) g pemennst uHTerpajbHOoro ypashenus (21)
npumeHnMbl Teopembl 1,2) tie K (t,,t) = O(to,t)Bi(t) , f=a, w(t) =wi(t), ta=1to €=
[to,t1], m1=n+me M =m.
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Teopema 3 Ilycmv mampuua

t1

W(to, ) = / B(to, 1) By (£) B: (£)D* (to, 1) dt (22)

to

nopadka (n + ma) X (n + mg) noaocotcumenvro onpedesernan. Toeda ynpasaenue wi(:) €
Lo(I1, R™) nepesodum mpaexmopuio cucmemvi (18) us 410600 navarvhol mowku §y € R
6 ar0boe Koneunoe cocmosnue & € R™™2 moeda u moavko mozda, xozda

wi(t) € Uy = {wi(-) € Lo(L, B™)|wi(t) = v(t) + Ty (t)§o + Ta(t)61+

L) + My ()2t v), teT, Wo(t), v() € Lo(I, R™)}, (23)
20e
Ti(t) = —B1(t)@ (to, t)W 1(t0,t1) Th(t) = ik( )P* (to, )W (to, t1) P (to, t1),
My(t) = =B (t)®" (to, t1) W~ (to t1) (to,t1),
(24)
iy (t) = — B (D) (t0, )Wt 1) / B(to, )p(t)dt,
Qynruyua z(t) = z(t,v), t € [-pewenue dupdeperyuarvrozo ypasHerus
S A(t)s + Bitu(), (k) = 0, v() € Lo(I, B™). (25)

HoxkazarenbcTBo. JJokazareabcTBO TeOpeMbl cie/lyer u3 teopeM 1,2. B camom jerte, u3
(10) mpu K (tg,t) = P (to,t)B1(t) umeem (21). Torma (em.(16))

1 t1
C(to, t1> - / K(to, t)K*(to, t)dt - / (I)(to, t)Bl(t)Bik(t)(I)*@o, t)dt — W(to, tl)
to
CJIe,ZLOBaTeJIbHO, JJId CYIIECTBOBaHUA PEIIECHUA NHTEI'PAJIbHOT'O YPaBHEHUA (21) HeO6XO,HHMO

u jocrarodno, arobsl marpura W(tg,t1) > 0. Kak cienyer u3z teopembl 2, yupasjeHue
wy(t), t € I onpenensercs o dopmye (17). Torma

wy (t) = v(t) + K*(to, )W to, t1)a — K*(to, t)W_l(to,tl)/K(to,t)v(t)dt =

= o(t) + B ()" (to, )W (Lo, £1)[D(to, t1)E1 — &0 — / D(to, )FE(t)dt]—
—Bf(t)cb*(to,t)w—l(to,tl)/cb(to,t)Bl(t)v(t)dt =

=v(t) +T1(t)& + To(t)&r + 1u(t) + My (t)2(t1,v), tel, Vv, v(-) € Ly(L, R™),
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rae marpunst 11 (t), Tu(t), Mi(t), t € I — oupenensiiorcs cooTHormenusamu (24),

t1
/(I)(to,t)Bl(t)U(t)dt = @(to,tl)Z(tl, U), U() S LQ(I, Rm)
to
z(t,v), t € I — pemenne nuddepernnanbaoro ypasaenus (25). Muoxkecrso Uy mopox naercs,

Korjia npousBosibHasg GyHkiusg v(-) € Lo(I, R™) mpoberaer Bce 3JIeMEHTHI IPOCTPAHCTBA
Ly(I, R™). Teopema joka3zana.

Teopema 4 [Iycmv mampuya W(tg,t1) > 0. To2da pewenue Jupdepenyuarvrozo
ypasnernua (18) coomeemcemeyrowee ynpasaeruro wi(t) € Uy onpedeasemes no dopmyae

y(t) = z(t,v) + B ()& + E2(t)1 + Ha(t) + Ma(t)2(ty,v),t € 1, (26)
2de

By (t) = ®(t, to)W (t, t)W (to, t1), Eao(t) = ®(to, )W (to, )W (to, t1)P(to, t1),

To(t) = /Cb(t,T)ﬁ(T)dT—CD(t,tg)W(tg,t)W_l(to,tl)/@(to,t)ﬁ(t)dt,

to to
t

Mg(t) = —(I)(t, to)W(to, t)W_l(to, tl)(I)(tQ, tl), W(to, t) = / CI)(t(), T)Bl(T)Bik(T)(I)*(to, T)dT,
W(t, tl) = W(to, tl) — W(to, t), tel. (27)
HoxkazarenabcrBo. Kak cienyer uz (20) dyukmusa y(t),t € I upu wy(t) € U; paBHa
y(t) = O(t, to)&o + / O(t, 7)By(T)wy (1)dT + /(I)(t, T)p(T)dr =
= fb(t,to)&)—i—/ <I>(t,T)Bl(T)[U(T)—i—Tl(T)fo—i-TQ(T)&—i-ﬁl(T)+M1(T)z(t1,v)]dT—i—/ O(t, T)u(r)dr =

to to
t t

= ©<t»t0)50+/cb(th)Bl(T)U(T)dT+q’(tato)/¢(t0,7)Bl(T)T1(T)dT§0+

to to
t t

Lt t) / B(ty, 7)By(r)T(r)drt, + B(t, ) / B(ty, 7) By (7)1 (r)dr+

to to
t t

—f—q)(t,to)/@(tO,T)Bl(T)Ml(T)dTZ(thU)—f-/@(t,T)Bl(T)ﬁ(T)dT,t el

to to
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OTcioa ¢ y9eToM TOro, 9To:
t t
/@(t,T)Bl(T)v(T)dT = z(t, 1), /CD(to, 7) By (7)1 (7)dT =
to lo
t

= /<I>(t0,T)Bl(r)[—B;‘(r)é*(to,r)W1(t0,t1)]dr = —W(to, )W (to, 1),

/ B(ty, ) By (1) To(1)dr = / ®(to, ) B (7) [ B} (1) (to, T)W " (to, 1)@ (to, 1) ]dr =
= W (to, )W (to, t1)®(to, t1),
/ D(to, 7) By (1) Mi(7)dr = / (to, 7) B (1)[~Bi (1)@ (to, )W " (to, )@ (t0, t1)]dT =

= —W (to, t)W ™ (to, t1)®(to, 1),
D(t,t9)Eo — D(t, to) W (to, )W " (to, t1)&0 = P(t, to)[Ln — W (to, )W~ (to, t1)]60 =
= ®(t, to){L, — [W(to, t1) — W(t1, t1)]W L (to, t1) Yo = ®(t, to)W (t, t1)W (o, t1)o,
nostyanm opmyist (26), tae Fi(t), Eo(t), fig, Ma(t),t € I oupemensaioTcs COOTHOMEHUSIMU

(27). Teopema mokazana.

Jlemma 1 ITycmo mampuua W(tg,t1) > 0. Jlas mozo wmobw dynwuus y(t) = &(t), t € 1
HE0OLOOUMO U DOCTNAMOYHO BVINOAHEHUE CACOYOULUL COOMHOULEHUT:

wl(t) = Ul, wl(t) = U(t) S U(t) C LQ(I, Rm>, U1 NnU 7é @, (28)
p(t) = L) Pry(t) € V =A{p() € Lo(L, B*) | w(t) <p(t) <(t), tel}, (29)
L(Py(t),t) = DPy(t) +r(t) =0,t € I,(xg,21) € Sy x S1,d € 11. (30)

JIemma 2 [Tyemv mampuua W (tg,t1) > 0. Toeda zadaua onmumarvrozo 6vicmpodeticmeus
(1)-(9) axsusarenmma caedyroweti zadave: Munumusuposams GyHKUUOHAA

J(y (), u(-)o(), p(-), (w0, 1, d) =/1~dt =t —to = inf (31)

npu YcAo06UAT

Ji(y(), u-)o (), p(-), w0, 21, d) =

t1

= / [lwi(t) = u(®)* + [p(t) = L) Pry(t)|* + | DPry(t) + r(1)[*]dt = 0,

to



WMurerpanbaoe ypaBHEHUE B TEOPUU ONTUMAJIBHOTO OBICTPOIEHCTBUSL. . . 69

Z=A1(t)z+ Bi(t)v(t), =z(to) =0, wv(-)€ Lo(I, R™), (33)

(xo,21) € So x S1, p(t) e V(t), u(t)eU(t), dell, (34)

ede dynryuu wi(t), y(t), t € I onpedeasromea popmyaamu (23), (26) coomsememeenio.

3.1 IIpeobpaszoBanue

Kak ciemyer u3 jieMmbl 2 cymiecTBOBaHue JOIYCTUMOTO yIIPABJICHUA TPU (DUKCUPOBAHHOM ¢
CJIeJIyeT U3 PelIeHrud 3a/a491 OINTUMAJILHOIO YIIPaB/JICHUd: MUHUMU3UPOBATD (DYHKITNOHAJT

t1

T(y(), u()0(), p(), 0,21, d) = / Fi(g(t), t)dt — inf (35)

to

PN YCJIOBUAX

z2=A1(t)z + Bi(t)v(t), z(to) =0, tel=/[tyt1], (36)

v(-) € Ly(I, R™), (z0, x1) € So x Si, plt) € V(1), u(t) € Ut), d € 11, (37)

rie
q(t) = (Q(t), Z(tv U), Z(tla U))’

0(t) = (u(t),v(t),p(t), xg, 1, d),
Fi(q(t),t) = |wi(t) — w(t)* + [p(t) — L(t) Pry(t)[* + [DPry(t) + r(t) [,

byuum  y(t),wi(t),t € I onpenenstorcss dopmynamu  (26), (23) cooTBeTCTBEHHO,
507517‘/7 F(P7y7t) us (15)7 (29)7 (15)

Beejiem ciieryromiue 0603HaMeHUs:
X =UXLY(I,R™)xV xSox Sy xII,, H= Ly(I, R™)X Lo(I, R™)x Ly(I, R* ) x R"x R" x R™*,
LS(I,R™) = {v(-) € Lyo(1, Rm)| | v |I< p, p>0— mocraTodno GOJIBIIOE TUCIIO},
I, ={de R™||d| <p}, 6 € X, X CH,

rije X — OrpaHuvYeHHOe BBIIYKJIOE 3aMKHYTble MHOXkKecTBO B H,H — ruwinbepToBo
npocrpancTBo. Onrnmusannonsast 3aa9a (35)-(37) MoxkeT ObITh TIPEe/ICTABICHA B BHJIE

ty

T00)) = /Fl(q(t),t)dt Stnf, 0() € X C H.

to

[Tycrs muoxkectBO X, = {6.(-) € X|J1(0,) = Glél)ff Ji(0(-))}-
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Jlemma 3 [Tycmo mampuya W (to, t1) > 0. Jas mozo wmobu kpaesas 3adava (2)-(9) umena
pewenue, Heobxodumo u docmamouno, wmobv, 3naverue Ji(6.(-)) = 0.

JloKazaTe/IbCcTBO CJIe/lyeT U3 JIEeMMBI 2.

Bamernm qro: 1) dysximonar Ji(6), 6 € X — BIIyKIIbIiA 1 cJ1a60 TTOIYHEIIPEPBIBEH CHIZY
B X, X — ciabobukommnakTHoe MHOKecTBO. CriefoBarenbro, Ji(0), 6 € X nocruraer HuzKHeid
IpaHy Ha MHOXKeCTBe X, MHOXKecTBO X, # @, @ — mycroe MHOXKecTBO; 2) ITockobKy
snauenue Ji(0) >0, 6 € X, 1o Bosmoxubl ciaydan: a) Ji(6,) = elél)f( Ji(0) = gél)l{l Ji (0) =0;

b) Ji(0.) > 0. B cayuae, J1(0.) =0, 0, = (U, Vs, Dy, Ty, T1,d) € X, — OUTUMATBHOE PEIICHUE
sajaan (35)-(37), Tpoitka (u(t) = U, To = Ty, T1 = T;) € ), JIOMYCTUMOE yIDABJICHHE JITsT
sajgaan (1)-(9). Ecm Ji(0.) > 0, 0. € X,, 10 ), = ©, ©- nycroe MHOKecTBO. Kpaesast
sajada (2)-(9) He mmeer perienre mpu GUKCHPOBAHHOM .

Teopema 5 [Tycmov mampuua W(tg,t1) > 0, dynxuyua Fi(q,t) onpedeaena u nenpepuiéro
no cosokynrocmu nepemenuir (q,t) emecme ¢ YACMUYHHMU NPOUEOOHBLMU MO .

Tozda Pyrrxyuonan (35) npu ycaosusx (36), (37) nenpepwvisho Jduddepenyupyem no
Dpewe, 2paduernm

J1(0) = (J1(0), J1,(0), J1p(0), iz (0), 1, (0), J1a(0)) € H

6 10601 mouke 0 € X svuucasemesn no dopmyae

J1u(0) = Fru(q(), 1), Ji,(0) = Fro(q(t),t) = Bi(0)e(t), J1,(0) = Fip(q(t), 1),

1y(®) = [ Fufa®.)t, 71,0 = [ Fula®0dt. 50) = [ Fatato). 0, (39

2de z(t), t €1 — pewenue duddepenyuarvrozo ypasnenus (36), a dynrwyus (t), t €l -
PEWEHUE CONPAHCEHHOT, CUCTNEMDL

t1

Y= Frlg(t),t) = A (0w(), v(t) = - /Flzm)(Q(t),t)dt- (39)

to
Kpome mozo, epaduenm Ji(0), 0 € X ydosaemsopaem ycaosuro Junwuua
[1(01) — J1(02)]| < K[|01 — O], V01,0, € X, (40)
2de K = const > 0.

JlokazaTesIbeTBO AHAJIOTHIHO TeopeMbl MOKHO HaiiT B [10].
Crponm mnocsienoaressbHoCT @y, = {Uy,, Up, P, g, 27, dp}, n = 0,1,2, ... mo asropurmy

Up4+1 = Pu [un - anJ{u(en”a Up+1 = PL‘; [un — Oy {y(en)L
Pn+1 — Pv [Pn - ant]{p(en)]v x8+1 = PS() [ffg - an‘]{x()(en)]a

41
1 = Py [0 — an by (B0)]s duss = P, [d, — carJLy(6,)], (41)

P

n=0,1,2.,0<e <a,<2/k+2 >0,

rae Po [] - npoeknus Touku na muoxectse €2, K = const > 0 u3 (40).
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Teopema 6 [Iycmov evinoanenv, ycaosus meopemvi 5, nocaedosamesvnocms {0, C X
onpedeasemes no gopmyae (41). Tozda:

1. nocaedosamenvnocmo {0,} C X asasemea munumusupyrowed, lim Jy(6,) = Ji. =
n—oo
inf J,(0);
fex 1(0);

CA CA CA CA
2. 0,=0., 0.6 X., U,— Ui, Pp—Ds, Up—Uy, T{ — ), T§ — 27,

dy = die 1 —00, O = (U, Vs, s, T, 7, di) € X

3. cnpasedausa caedyrouian cKOPOCML CXOOUMOCTIU

OSJl(Qn)—Jl*Sﬁ , n=12, ..., cg=const > 0; (42)
n

4. 0aa mozo, wmobw 3adava (2)-(9) npu durcuposarnom ti,t; > to umesa pewenue,
neobrodumo u docmamoyuro, wmobw lim Jy(0,) = Ji. = J1(0,) = 0.
n—oo

3.2 IlocTpoeHune penieHus 3aaa491 OIITUMAJIBHOTO OBICTPOAECTBUSA

Kak ciemyer uz jiemmbl 3, jijisgt TOro 9todbl t1, — tg = min [t1 — to] T.€. Pa3HOCTb t1, — ty ObLIA
t1>t0

HanMEHbIINM 3HadenneM yHkiponasa (1) npu yeaoBusx (2)-(9) He00X0AUMO U JOCTATOTHO
BBIIIOJIHEHUST CIIEJLYIOIIUX YCJIOBHIA:
1) marpuria W (to, t1.) mopsiyika (n+ms) X (n+ msy) ObLIA TOJIOKUTETHLHO OIPEIEIeHHOIT;
2) snauenns J1(0,.(-)) = 0. CrenoBaresbHo, HeOOX0AUMO ITOOBI 3HAUYCHHE T > t,. [lycTh
t1, t; > 0 mHauMeHblee 3HaUCHME 1] TJE trln>1£1) W (to, t1) = W (to, t1) > 0. Bamernm, uto ecyin

marputa W (tg, t1) > 0, To marpuna W (tg,t;) > 0 npuscex t; > t1. U3 ycnosuit W(tg, t1,) >
0, W(to,t1) > 0 cnenyer ty, > t1. I3 memmbr 1-3 u Teopem 1-6 corepryer ey onuii aaroputm
PeIeHns 331491 OITUMAJIBLHOIO ObICTPOIEHCTBHS.

Crponrest Kakoe-aubo JIOIMyCTUMOE YIIPABJIEHHE 10 METOJLy W3JI0KeHHOMY Bbite. Jljis
STOTO JIOCTATOYHO BHIOPATL HEKoTopoe 3Hadenue ty = t9, ¢) > ¢, wmaiitu pemrenue
onTumuzanuonHoit 3agaun (35)-(37). Ilycrs naiinena touka 0, = 0,(1%) € X, Jy(0,) =
J1(0.(19)) = ng)f( J1(0). 31ech BOBMOKHBI JiBa CJTydas:

a) Ji(0.(19)t) > 0;

b) J1(0.(t9)) = Ji. = 0. [lasnee, paccMaTpuBaeTcs B OTJeILHOCTH, ciydan a), 6). B ciyuae

a) BeIOUpaeTCs HOBoe 3HaueHue t; = 2t), a B caydae

6) nosoe 3uavenue t; = (to +tY)/2 u .0, Huxke npuseennt JBa aJropuTyMa HaXOXK ICHUS
SHAYCHUS t1,, T1€ L1, — g = trln>12 (t1 —to)-

A. Ilycth m3BecTHO 3HaueHme ti,t; > tg, e trm? W(to, t1) = Wo(te,t1) > 0. B srom
1>to

caydae, 1esnecoobpasHo BeIOpaTh 3Hadenue t; = miy, m = 1,2,... Ciemgyer oTMeTuTh,
aro ecan 3Hadenust Ji(0.(miy)) > 0 g mobbix m = 1,2,... TO 3aJada ONTUMAJIBLHOIO
ooicrpogeiicrus (1)-(9) me nmeer permenust. B ciyuae korga npu m = my., J1(0.(m.t1)) =0,
HEOOXOUMO BBIOpPATh t1 = &1(m, — 1+m.)/2 = (m, — 3)&; = m, &y, M, = m, — 1. Haiitn
suavenns Ji (6, (T,t;)) myrem permenue ontuMaiabaocTn 3agauu (35)-(37). 3mech BOZMOKHBL
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cayaan: 1) Ji(0.(M.ty)) > 0;  2) J1(0.(M.t1)) = 0. B cayuae Ji(0.(myt1)) > 0 Heobxomumo
BLIOpATD 11 = {1(m, — 5 +m,)/2 = (m, — $)t1, a B cayuae Jy(0.(m.t;)) = 0 HeoOxommmo
BeIOpaTh t; = ti(m, — 1 + m, — %) = (m, — %)fl u 1.1 [loBTOpsist JAHHYIO TPOIEYPY
MOKHO HaiiTH CO CKOJIb YTOJHON TOYHOCTBIO 3HAUCHHUE T = 1, rjie ¢ — ONTUMAaJbHBIH MOMEHT
BPEMEHT.

B. Ilycts snavenue t1,t; > tg, T7e tmiP W(to, t1) = Wi(tg,t1) > 0, smbo maTpuna
1>to

W(to,t1) > 0 jgua moboro t; > to. B atom ciydae, BbiGupaem suadenue to = 19, rje
W (to,tY) > 0. Haxomuwm snadenne J; (6, (1)) myrem pemenns onruMusanmonbii 3amatn (35)-
(37). Bosmokunr caywan: a) Ji(60,(t%)) > 0; B) J1(60.(17)) = 0;

Paccmorpum cityuaii a). B aTom citydae soibepenm snadenue t; = 2t0, naxonum snauenue
J1(0.(2t)). Ecim snavenne J;(0,(mtl)) > 0, m = 1,2,..., To 3ajaua ONTUMAJILHOTO
ouicTposieiicTus (1)-(9) He umeer pemenus. B ciyuae, korga upu m = my., J(0,(m,t9)) = 0.
Beibepenm ¢ = t9(m, — 14 m,)/2 = (m, — )1,

Pacemorpum cirywaii 6). B stom cayuae J;(60.(t))) = 0, Boibepem t1 = (to+t))/2, nposepum
Gyaer su marpuna W(tg, t1) > 0, t; = (to+1Y)/2. Ecim W(tg, t1) > 0, To HaX0 UM 3HAYEHHIE
Ji1(0.(t1)), e t1 = (to + 19)/2. B ciayuae Ji(0.(t1)) = 0, t1 = (to + t9)/2, T0 BBHIGEPEM
t = # + /2 = (t, + 3t}) /4 n rak nasee.

3.3 Pemnenus MmoaesbHOI 3aga4uu

PaccmoTpuM  crenmyroniyro  3aady  ONTHMAJIBHOIO  OBICTPOJIEHCTBHUS: MUHUMH3NPOBATH
dyuKIIMOHA

t1
J(u,tl):/l-dt:tlémf (43)
0

IIPU YCJIOBUSX

T1=2T9, To=u, tel= [O,tl], (44)
z1(0) =1, 22(0) =0, x1(t1) =0, x2(t1) =0, (45)
u(t) € U ={u(:) € Lo(I,RY)| —1<u(t)<+1 us tel} (46)

g nanHoro npumepa

(33 o () e () () e ()

OTCYTCTBYIOT d)a30BbIe " MHTEerpaJibHbIe OI'PaHYeHud, TOJIOHOMHBIC CBA3U, MHOXKECTBa SO ==
{(1,0)}, S; = {(0,0)} conepzkar eguncrBentble ToUkH. B BekTopHOit hopme 3a1a1a (44)-(46)
3aIUIIEeTCsT B BUJIE

J(u,tl) =t — mf

&= Ax+ Bu, z(0)=uxz9, x(t1)=x1, t€l=10,t], u(t)eU.
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[Tockombky n(t) =0, t € I, To &(t) = x(t), t € 1. Jluneitnas ynpasisgemas cucrema (18)

JJIdd JaHHOI'O IIpUMEPa 3allUIIeTCAd TaK

y = Ay + Bw1<t>7 y(o) = 2o, y(tl) = I, te Ia wl() € LQ(I7 R1)7
e & = To, & = x1. MaTpurist

1 ¢ 1 —7
A(t—T) At —Ar At
O(t,7)=e , € _(O 1), e —(0 0 ), Oy () =e".

Borauciium ciretyioniie BeKTopbl 1 MaTpuisl (em.(21)-(27)):

a=(0,t1)z1 —x0 = —10 = ( _01);

t1 3
oo
W (0,t,) = /e—AtBB*e—A*tdt: ( 3 tal ) >0, t >0,
-5 1
0 2

Y
t1

Nt
[t

Wil (O, tl) = <

12t 6
Ti(t)éo = Th(t)zro = —B*®"(0,)W1(0,t1)x0 = B
1 1
s _ 12t 6 6 2
To(t)& = To(t)zy =0, My(t) = —B*®*(0,£)W=10,,)®(0, ;) = (-7 —p+oh
1 1 1 1

t3+2¢3 -3t ¢

E\(t)& = Ei(t)zo = B(t,0W (L)W (0,61) = (o', ), Ea(t)ér = Ea(t)a: =0,

tl
2t3—§>t2t1 —t345t1t2
M2<t): _(I)(taO)W(t7tl)Wil(Oatl)(I)(O:tl) = ( 6t2i16tt1 73t2t41r2tt1 >
3 9
Torna
12t 6 12t 6 —6t 2

wy(t) = v(t) + (? - E) - (g - E)Zl(thv) + (? + 5)22(75170)7

() B 423 — 3t,t2 287 — 3t*y
v =(210). m0=ao+ TN EEE D
—t* + t1t? 6t% — Gtt 6t% — Gtt
(— )t v), palt) =2t o)+ ——— + (g alt, o)+
1 1 1

—3t% + 2tt,

( t% )Z2<tlvv)'
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Basava onruMasbaoro yupassienus (35)-(37) umeer Bu

t1 t1 t1
12t 6
300 = [ Filaride = [ w0 —uolar= [ 1o+ G - )+
ty (47)
0 0 0
+(F = )zt v) + (B + Bzt o) —u()’dt — inf
2= Az+ Bo(t), 2(0)=0, v(-) € Ly(I,R"),u(t) €U, (48)
riae 0 = (u,v), ¢ = (u,v, z(t,v),z(t;,v)).
['pajmenT dpyukimonasia. YacTHble TPOU3BOIHOE
aFl(‘]? t) o 8F1(Q7t) o aFl(qa t) o
ou - 2(’LU1, _u>7 v - 2(1()1, _u)7 Oz - 0’
Tty 2wl m ) gy T Aw WG Fa) te

['paguent dbyukunonana Ji(0) = (J;,(6), Ji,(0) € H, e

_ 9F(q(t), 1)

7.0 = 20 RIGN))

) J{U(Q) - v - B*¢(t),

rae z(t,v), t € I — pemenne nuddepennuanbaoro ypapuenus (47), a dyuknus ¥ (t) perierne
COIIPAZKEHHON CUCTEMBI

t1

b= A", Pty) = _/wdt _ (wl(u))

0z (t1) Pa(th) )
i ' t1 49
V1(ty) = —/%dt, Uo(ty) = —/%dt.

MI/IHI/IMI/ISI/IpyIOH_H/Ie I10CJ/Ie10BaTC/IbHOCTI
Up+1 = PU[un - anJ{u(eu)]a Up+1 = Up — Oénjiy(en)v n = 07 17 2... ) (50)

vie 0, = (up,v,) € X, a, < HL%’ e >0, [y~ mocroguuas Jlummmurma (em. (40), I = k)
[TocTpoenne perieHns 3aa91 ONTHMAJIBLHOTO OBICTPOAEHCTBHs. 3aMEeTUM, UTO MaTPHILA

W (0.4)) = ( CIC TR ) )

—12/2

s siroboro t; > 0. Oupenennm tq, > to 0 AJITOPUTMY
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B. Bruibepem snadenme t; = 8. CTpouM JONYCTUMBIC YIPABJICHHUA IIyTEM ITOCTPOCHUS
MUHUMHU3HPYIOMUX 1ocaeoBarebaocreii (50) ¢ yuerom (49).

a). g mammoro mpmMepa upu t; = 8 onTuMmasbHOe perenue 3asgadn (47), (48)
cIieyronee:

~1  0<t<17/8,
W) =v. ()= +1 17/8 <t <49/8, w; (t)=v.(t), te[0, 8.
—1  49/8<t <8,

Buauenne Ji(0,) =0, 6, = (u.(t),v.(t)), te€I=]0,8].
6). Boibepem t; = 8/2 = 4. Jlng 3uadenuii 1 = 4, onTUMaIbHBIM perienueM 3ajadn (47),
(48) Gymer

-1 0<t<5/4,
Wer (1) =V () =< +1  5/4 <t <13/4, wy (t)=vu (t), t€][0, 4]
—1  13/4/8 <t <4,

Buauenne Ji(0.) = 0,0, = (w4 (), v4:(t)), t € 1]0,4].
B). Beibepem t; = 4/2 = 2. Jlnga 3uadenus ¢ = 2. OnTuMabHBIM DeIIeHHEM 3a/a49u
(47),(48) sBrsiercs:

—1 0<t<1,
Wasre (1) =V (1) = { 11 1<t<o Wi (t) =Vaux (t), t€[0, 2]

Buauenue Ji(Ou) =0, o = (Ui (t), vini(t)), t €1 =10,2].
OnrumanbHast TpaeKTopus s 3agaan (44)-(47):
1-£2 0<t<l1 —t, 0<t<]1
T1x t) = * t) = 27 - ' L2 t) = * t ’ B :

1 (8) = 1 (1) { £ _opio 1<t<2 O =ve ¢ 9 1<i<2
OTHU pe3yJbTAaThbl COBHAJIAIOT C pe3yJbTaTaMM, IOJYIEHHBIMH C ITOMOIIBIO PUHITAIIA
makcumyma JL.E. [Tourpsiruna |3, ayis suadenuii n = 2. B ommyaun o IpUHIKAIIA MAKCHMYMa,
JIAHHBIN MeTOJI TIO3BOJIAET PelaTh 3a/[a9d ONTHUMAJIBLHOIO OBICTPOJIEHCTBUSA JIJIA CUCTEMBI
JIFOOOTO TopsIKa n > 2.

4 PesynbTaThbl 1 00Cy2XKJI€eHUE

OCHOBHBIMU PE3yJIbTATAMU SABJISIOTCS:

— HeoOXOoJMMOe M JIOCTaTOYHOE YCJIOBUS CYIECTBOBAHUS PEIIeHUs OJJHOIO KJacca
MHTETrPAJILHOTO YPaBHEHUS M IIOCTPOEHUE €0 ODIEro PereHusd;

— BbIJIeJIEHNE BCEX MHOXKECTB YIIPaBJeHUIl, KaXKJblil 3JIeMEHT KOTOPOI'O IIEPEeBOJIUT
TPAeKTOPHUIO CUCTEMBI M3 JIOOOTO HAYAJIBLHOTO COCTOSHUS B JIIODOE KejaeMoe KOHETHOe
COCTOAHME /I JIMHEHHBIX CUCTEM;

— [OpeJlaraeMblii IPUHIMII TOIPYZKEHUA ITO3BOJIAIONINN CBECTH HCXOJHYIO KPAaeBYIO
3a/1a1y OITUMAJILHOIO OBICTPO/IEHCTBIE C OTPAHUYCHUSIMU K CIIEINAIbHON HAYAJILHON 3a/1a1e
OIITUMAJIbHOI'O YIIPaBJIeHUS;
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- HeO6XO,I];I/IMOG 1 J0CTATOYHOE YyCJIOBUA CYIIECTBOBaAHUA JOIIYCTUMOI'O YIIPDaBJICHUA,

- pa3pa60TaH AJITOPUTM  penieHud  3a/a49  OIITUMaAJIbHOI'O 6bICTpO,HeIL/'ICTBI/IH C
OI'PpaHUYICHUAMMI JIJILA JIMHEMHBIX CHCTEM JII0OOr0 IOps KA.

HO.HyLIeHHbIe pe3yJIbTaTbl  ABJIAIOTCA PEHICHUAMMN  aKTyaJIbHbIX HpO6JIeM Teopun
OIITUMaJIBHOI'O 6bICTpO,Z[€IU/ICTBI/IH C O'paHMY€eHUAMN UMEIOIMEe MHOT'OYHCJICHHBIC ITPUJIOZKCHU .

5 3akJroueHue

Paspaboran HOBBIII MeTOJ PeIIeHHs 3aa9d OINTUMAJJIbHOINO OBICTPOJAEHCTBUS JIMHEITHBIX
CHCTEM C KPAaeBbIMH YCJIOBHUSIMU, IPH HaJIUINn (Ha30BbIX, HHTErPAIbHBIX OTPAHUICHUN M
rOJIOHOMHBIX cBsi3eil. Co3mana o01ast Teopust KpaeBbIX 3a1a9 OITUMAJIBHOTO OBICTPOIECTBHST
MMeEOIas MHOTOYNC/IEHHBIE TIPUJIOYKEHIEe B €CTECTBEHHBIX HAyKaX, TEXHUKE, SKOHOMUKE.

[IpuHNUNIMaIbHOE OT/IMYHE IPeIaraeMoro MeTO[a OT H3BECTHBIX MEeTOJ0B COCTOUT
B TOM, YTO HCXOJIHas 3ajiada IOrpyKaeTcsd B 3aJady yIPaBIAeMOCTH C YIIPaBICHUSIMN
n3 (QYHKIMOHAJIBHBIX IPOCTPAHCTB C TOCJEAYIONINM CBEJICHHEM K HadaJbHON 3aj1ade
ONTUMAJILHOTO YIIPABJICHUSI.
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O BBIPOXK/IEHHBIX KPAEBBIX SAJTAYAX HITYPMA-JINYBUJLJIA HA
IFrEOMETPUNYECKUX I'PA®AX

Annortanus. [lonsTie BHIPOXK/IEHHBIX U HEBBIPOKIEHHBIX KPaeBbIX 3a/1a4 BBesl B.A. Mapdenko.
Hespipoxk iennbie KpaeBble 3a/1a4u COTJIACHO Kiaccudukanuu Bupkroda jeasares Ha peryisipHbie
7 HeperyaspHble TPaHUIHbIE YCIOBHUS. B mannoit paboTe MPUBEIEHBI MPUMEPHI BBIPOXKIEHHBIX
U HEBBIPOXKJIEHHBIX KpaeBbix 3azad Illrypma-JluyBuwuist ¢ Heperyisipubivu 10 Kupxrody
TPAHUYIHBIMU YCJIOBUSIMEU Ha rpade-3Be3e. YKa3aHHbIC MPUMEPBI 0000IIAI0T Pe3YIbTATBI paboT
B.A. CagoBaudero u ero coaBropoB, a Takxke paborbl B.E. Kanryxwuna ¢ coasropammu. [liist
oneparopa Ilrypma-JluyBuuiss ¢ cuMMeTpudHbIMEA KO3(MDDUIMEHTAMI Ha OTpe3Ke IMOI00HBII
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Irypma-JIuyBuiuiss, B 3aBHCHUMOCTH OT CBOWCTB IIOTEHIUAJA MOYXKET UMETh JIUCKPETHBIH WJII
HENPEPBIBHBIN CIIeKTp ObLI panee orMmeden B MoHorpadguu b.E.Kanryxuna u M.A.Cansibekosa.
Tam ke usydueHsl Ga3uCHBIE CBONCTBA CHUCTEMBI COOCTBEHHBIX M IIPUCOEIMHEHHBIX (DYHKIUI
B MPOCTPAHCTBE KBAIPATUIHO-CYMMUDPYEMbIX (DYHKIINI HEPEryaspHBIX M0 Bupkrody KpaeBbix
zazaq [Hlrypma-JInyBuiuist Ha KOHEYHOM OTPE3KE.
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Angarna. Osreme KoHe e3rerie eMec IMeTTiK ecenrepiid, Tycimirin B.A. Mapuenko
enrizgi. Oasremme emec 1erTik ecenrep bBupkrod KiaaccuduKalusiChlHA COWKEC PEeryJispJibl
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On degenerate Sturm-Liouville boundary value problems on geometric graphs

Abstract. The concept of degenerate and non-degenerate boundary value problems was introduced
by V.A. Marchenko. Non-degenerate boundary value problems according to the classification of
Birkhoff are divided into regular and irregular boundary conditions. This paper gives examples of
degenerate and non-degenerate Sturm-Liouville boundary value problems with Birkhoff irregular
boundary conditions on a star graph. These examples summarize the results of V.A. Sadovnichy
and his co-authors, as well as the work of B.E. Kanguzhin with co-authors. For the Sturm-Liouville
operator with symmetrical coefficients on an interval similar effect was observed degeneration in
the works of M. Stoun. In the case of higher-order differential operators with symmetric coefficients
on the interval, the degeneracy effect is indicated in V.A. Sadovnichy and B.E. Kanguzhin. The
effect when the same Sturm-Liouville boundary value problem, depending on the properties of
the potential, can have a discrete or continuous spectrum was previously noted in the monograph
by B.E. Kanguzhin and M.A. Sadybekov. The basic properties of the system of eigenfunctions
and associated functions in the space of quadratically summable functions of Birkhoff irregular
boundary value Sturm-Liouville boundary value problems on a finite interval were also studied
there.

Key words: degenerate boundary value problems, non-degenerate boundary value problems, reg-
ular and irregular boundary conditions, Sturm-Liouville boundary value problem, star graph.

1 BBeneunune

Cuenytoras cucreMa JudepeHnajibHbIX YPpaBHEHUI ¢ TIaJIKUMI KoM dUIMeHTaMu
= U1 (@p41) + @1 (ps1 ) Upia (Tp11) = Api1(@p41), 0 < 2pir < Ly,
- Ug/),(xp) + Gp(7p)Up(Tm) = AUp(p), 0 <) <y,
— U{/(ﬂh) -+ C]1<IIJ1)U1(Il) = )\Ul(l'l), O<a < ly.

C yCJIOBHSIMHI BUIa (2)

Up1(1) = U1(0) = ... = U,(0), (2)
! (1) =U{(0) + ... + UL(0)

u yesousiMu Buga (b)

(a5 UY V(1) + as@ipUs (1) + .+ agzpa-p U D(1)

WE

Wi(Ut, ..., Uptr) = (3)

Il
—

J
+ as(ng)Uzgi_ll)(O)] 0, s=1,...,p+1

MOKeT OBITh MHTEPIIPETUPOBaHa KaK 3a/ada Ha cOOCTBEeHHBbIe 3HadeHus oreaTopa IIITypma-
JImyBusiss Ha reomerpudeckoM rpade . llpuduem, B KadecTBe reomerputieckoro rpada
S = {V, E} Boicrynaer rpad-3sesna. Muoxkecrso V' mpejicraBiisier MHOYKECTBO BEpIIHH,

sanymepoBaHHbIX 0T 0 710 p + 1. Bepmmua (p + 1) HasbiBaeTcsi BHYyTpEHHEHl BepIIMHOI
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rpada. YcsioBusi Buja (a) 03HAYAIOT, YTO BO BHYTDEHHEH BEPIIUHE BbITOJIHAIOTCS 3aKOHBI
Kupxroda [1]. Bepuunet 0, 1, ..., p Ha3bIBaOTCsI rPaHUYHBIMU BepiinHamu. Ycesosus suja (b)
UHTEPIPETUPYIOTCA KaK IPAHUYHbIC YCIOBUA. J[JIs1 MOTHOTHI U3/I0KEHIS TTPUBEJIEM MATPHUILY
emexknoctn | 2| rpada-ssesapt S = {V, E'}. PasmepHocTs MaTpuiis! eMexkaocTn (p+2) X (p+2)
U OHA MMeeT BU]L

0o 0 0 .. 0 0 1
0 0 0 .. 0 0 -1
0 0 0 .. 0 0 -1
-1 1 1 ... 1 1 0
Mnoxectso E o3HagaeT MHOKECTBO OPHEHTHPOBAHHBIX YT €1, ...,€p+1 I'pada . Ipn

i =1,...,p nyra e; HalrpaByeHa OT BepimHbl (p+ 1) K Bepruee i. B 1o ke Bpemst Hanpasienne
JIyTu €, BeIOpaHo oT Bepumusl 0 K Bepiiuue (p + 1). [uua xyru e; canraercs pasHOI [;.

Ilpu p = 1 zamaua (1), (2), (3) cosmamaer c¢ 3amadeit Ilrypma-JTuysBuiasa Ha
KOHEYHOM oTpe3ke. [lomobHble 3ajaqm 1mojpobHO wu3ydeHbl B Monorpadwmsax [3], [4].
CoracHo pesysbraTaM yKasaHHbIX B MoHorpadusx [3], [4] B ciaydae mocrarodno riaakux
ko3(duimentos uddepennnaibubix ypapHenuii (1) mpu p = 1 BO3MOXKHBI TOJBKO
CJIELYIOIIUE JIBE BO3ZMOXKHOCTH:

1) smbo cymecrByer He Gojiee CUYETHOIO YHUC/Ia COOCTBEHHBIX 3HAYEHUIl, HE MMEIOIIUX
KOHEUHDBIX IPEIEIbHBIX TOYEK;

2) b0 Kazkji0e KOMILIEKCHOE YHCJIO ABJISIETCs COOCTBEHHBIM 3HAYEHUEM.

Boubie Toro, nepsblii cay4ail pa3sduBaeTcsa Ha JBa aJbTEPHATHBHBIX CJIyYasi:

— cobCTBEHHBIE 3HAUEHUsT BOOOIIE OTCYTCTBYIOT (K IpuMepy, 3ajada Kormn);

— COOCTBEHHDLIX 3HAYCHHUI CUYETHOE YHCJIO € eJUHCTBEHHON MpeIeabHON TOYKON Ha
GeckoneyHocTH (K npumepy, 3ajada Jupuxie).

[Tokazano, uro npu p = 1 HeT Takux 3aja4 Ha COOCTBEHHBIE 3HAYEHUS, Y KOTOPHIX €CTh
cOOCTBEHHBIE 3HAYEHUsI, HO UX TOJIBKO KOHEYHOE YUCJIO.

Cayuait p > 1 mamo usyden. B pabore [5] mpu p = 2 BbluesieHbl Tak Ha3bIBaeMbIe
HEBBIPOZKJICHHBIC KpaeBble 3a/ladil Ha CcOOCTBEHHBbIC 3HadeHus. B paGore [6] mpu p =
2 U3yYeHbl BO3MOMKHBIE CJIydau, KOIJA IOSBJISIOTCS BBIPOXKIEHHBIE KDPAEBble YCJIOBHUSL.
B gacTHOCTH, [OKa3aHO, YTO BBIPOXKJIEHHBIE KPAEBble 3aJ@4i HEBO3MOYKHBI, KOTJA HEeT
onuHakoBbix 10 JymHe ayr [6]. Ilpy p = 1 BBIpOXKJEHHbIE KpaeBble 3aJadu Jiisl
muddepeHnuanbHbIX ypaBHEHHI MOPsijIKa BBIIIE J[Ba UCCIeI0BaIuCh B paborax |7, 8, 9, 10,
11, 12, 13]. Bompochr CXOMMOCTH CIIEKTPATBHBIX PA3/IOXKEHHIT BEIPDOXKIEHHBIX KPAEBBIX 3a,1a
Mrypma-JluyBusuist MozKHO Haiitu B MoHorpadun [14].

B nannoit crarbe ucciemyercst 3aaada (1), (2), (3) mpu p > 1 Ha npejmer cylecTBoBaHus
BBIPOZKJIEHHBIX 3aJ1a4. [IpuBOJAATCS KOHKPETHBIE IIPUMEPDI, WIIIOCTPUPYIOIINE T€ U HHbIE
BO3MOZKHbIE PACIIpejiesieHnsi COOCTBEHHbIX 3HaYeHnil Kpaebix 3a1ad (1), (2), (3).

2 Ilpumep, Korjga cuekTp Kpaesoii 3azauu (1), (2), (3) npu npousBosabHOM p > 1
3aI0JIHIEeT BCI0O KOMILIEKCHYIO IMJIOCKOCTh

ITycts p — dukcnposannoe HaTypaabHOE 9HCIO, He pasHoe eaunune. Ilycrs dymknmm q; €
Ly[0,0;) upu j = 1,2,...,p+ 1, tne [; - nymna gyru e; € E. IIpernosoKnm, 4T0 CyIecTByer
nyraes € ;1 < s < p Takagd, 94T0



82 Kanryxun B.E., CentoBa A.A.

1) ls = lp+1;
2) ¢s(ls — ) = qpy1(7) B Lo(0,111).
B Takom ciyuae cupaBeyinBO yTBEpIK/IEHUE.

Teopema 1 Ilpednososrcum, wmo ycaosus (3) 3amenersv. Ha CACOYIOULUE 2PAHUNHDLE YCAOBUSA

Upa0) + Us1) = 5 (@li(1) + BiUI(L)
Upeal0) = V(1) = 52 (Wi(1) + V(1) n
S (agUs(1) + byU(1) = 0, j—1,.p— 1

z;éip

NPU NPOUBONBHYIL YUCAAT O, B, Vi, Eiy Qij, bij. To20a npoussoavnoe komnaekcroe wucio A
asanemes, cobemeentom snaveruem 3adavu (1), (2), (4).

JokazarenbcTBo. DukcupyeM IPOU3BOJILHOE KOMILIEKCHOE YrcJIo A. Ilokazkem, 4UTO
onnoponHast 3agada (1), (2), (4) umeer HeTpuBnaIbHOE perenne. HeTpuBuaabHbIM pereHrem
YKa3aHHOW 33/1a9M sABJISAETCA CJeTYIONil Habop (pyHKIINIi.

Ilycrp Ha Beex myrax e; € E, kpome e 1 e,41, bynkimit U;(z, \) = 0. Teneps Bibepem
Us(z,\) 1 Upa(x, \) Ha qyrax es u e,41 coorBercrBenno. 13 cucremst (1) BbITekaer, 110

{_ I;I-i-l(x, A) + @1 () Upyi (2, A) = AUpya(x,A), 0 <2 <lpp, (5)

—US”(JZ,)\) + C]s(l’>U5(1},)\) - )\Us($, )\), O<z< lp-i-l'

31ech yuareno, 9to ly = l,1.
B 1o xe Bpems ycaoBus (2) nupuMyT B

U, (1,\) = U'(0,\).

p+1

{Up+1(1, A) =0, U, 0,\) =0,

Beesiem dyukmnuro-rnorennua mo gpopmyie

q(x) _ QP+1 (x) Ipu 0 S X S lp+17
qs(z — lpy1) mpu lpig < < 20,44

1 paccMoTpuM auddepeHimaabHoe ypaBHeHNe Ha HHTEpPBaJIe

—V"(x,\) + q(x)V(x,\) = AV (z,N), 0<x< 2. (7)
K ypasuenuto (7) mobasum ycrosus Komm B Touke & = l,41.

V(lps1,\) =0, V'(lp11,\) =1 (8)

[Morenrman q(x) sBisgerca CHUMMeTPHIHON (DYHKIHEl OTHOCHTEIBHO TOUKH T = lyy1.
HeiictBurensro, npu 0 < x < l,4; BepHO paBeHCTBO ¢(Z) = ¢py1(x), a upu q(2l,41 — ) =
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¢s(lpt1 — ). Tlo ycnosmio teopemsr 1 Beitekaer ¢(z) = q(2l,+1 — x) B Lo(0,2l,41). Ecim
¢(x) CcMMMETPUYHO OTHOCUTEIBHO & = l,41, TO perienne 3a1a4qu (7)-(8) aHTHCHMMETPHIHO
OTHOCUTEJIBHO & = 41, TO €CTh

V(z,\) =—=V(Q2lp —2,)), 0<x<2l),. 9)
fcuo, aro V(z, \) He MoxkeT ObITh TpuBHaIbHOI Ha [0, 2,4 1] dyakumeit. Tlomoxnm
Upi(z, A) =V (z,N), mpu 0 <z <y,

Us(z,\) = =V (211 —x, A), mpu Ly <z < 2l,41.

Takum  obpasom, onpefenennsie bynkipn  Uppi(z,\) u Ug(z,\) npeacrasisgior
HerpuBHasibHble perenust 3agaqn (5), (6). C apyroif cTOpOHBI, BBITOJHEHWE I'DAHUIHBIX
ycsioBuii (4) He BBI3BIBAET COMHEHUii, B Cuily cBoiicTBa cuvMmerpun dyukimn V(z, ) Ha
0, 2,41]. Takum obpasom, TeopeMa 1 MOTHOCTBIO JTOKA3AHA.

Bameuanue 1 Teopema 1 ocmaemcsa 6 cune, €cAu CYWECMEYEM HECKOAvKo O0y2 €5 CO
ceoticmeamu 1) u 2).

B caedyrowem nyrnkme yxasan npumep kpaecot dadavu (1), (2), (4), xozda napywenue
na dyee es ycaosue 2) npusodum x QUCKPEMHOCTIU CNEKMpPA.

3 IIpumep HEBBIPDOXKIEHHOW C HeperyJasipHbiMu 1o Bupkrody kpaeBbiMu
ycaoBusimu 3azaqdn (1), (2), (3)

HamomuuM, 49T0 perysisipHocTh 10 Bupkrody TIpaHUYHBIX YCJIOBHHA OOBIYHO HE 3aBUCHUT
or krodbdunuenros uddepennmanbaoit cucrempbr (1). To ects, ecau nHabop ycsosuii
(3) perynsipen no Bupkrody mupu omnom Habope kodddunuentos cucrembr (1), To oH
OCTAETCS PEryJIAPHBIM U IIPU BCeX JAPYyIrux Koadgduimentax. B HacTogmeM MyHKTe ITOKazKeM,
9YTO TpUMEp, [PHUBEJEHHDbII B TPEJBIAYINEM IIyHKTE, COOTBETCTBYET HEBBIPOXKIEHHOM
Kpaesoil 3asade. To ecrb Hpu HEKOTOPOM BbIOOpEe KOI(DMUIMEHTOB cuCTeMbl ¢;(x;),1 =
1,2,...,p+ 1 cuekrp 3amaqn (1), (2), (4) auckperen. OTcioa cieyer, 9To CIEKTPaIbHbIe
coiicrBa Kpaesoit 3amaunm (1), (2), (4) CWIBHO MEHMIOTCS TIPH IIEPEXOje OT OJHUX
k03 durmenTos cucrembl (1) K gpyrum. Kak m3BecTHO, KpaeBble 3aJ1a91 ¢ PEryJIsIPHBIME 110
Bupkrody rpaHudHbIMI yCJIOBEAMEU 00JIa1aI0T YCTONIMBBIMU CIEKTPAILHBIMU CBOWCTBAMHU.
CanenoBaresibHo, Kpaeag 3agada (1), (2), (4) mpencrabisger TpuMep HEBBIPOXKIEHHO
(IMCKPETHOCTD CIIEKTPA) € HEPeryJIsPHbIMU 110 BUPKrody rpaHuuHBIME YCJIOBUIMU 331a49K
Ha coOCTBeHHBIE 3HaUeHusd. [lycTh p - pukcupoBanHoe HaTypaabHoe dncio. [Ipemnonaraem,
qaro ¢; € Lo[0,0;] mpu j = 1,2,...,p + 1, tme l; - mymma ayru e; € E. Ilpennonoxum, 91o
CylIecTByeT Jyra e, € E Takast, 4ro
1) ls = lp+1> S S p;
2) @pi1(2) =0, gs(x) = a qna Beex © € Ly(0,1,41).

Baeck n nanee a — dbukcupoBanHoe dncio. [Ipesmonoxknm, aro yeaosus (3) 3aMeHeHbl Ha
CJIEIYIONIE TPAHUIHbBIE YCJIOBUS:

Up11(0) + Us(ls) = 0, U1 (0) = Ul(ls) = 0,

. | (10)
Uj(l;) =0, j#s, 1<j<p.
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Teopema 2 Kpaesas 3adaua (1), (2), (10) umeem duckpemmnwi cnexmp npu q; = 0, j # s.

JokazaresbcTBO. Bplnminem xapakTepucTHIECKUiT opeiesnTess Kpaesoil 3agaqau (1),
(2), (10). Ipu j # s u j # p+ 1 pemenus Uj(x, \) uinem B Buje

Asin VA, — xj)‘

Uiz, \) =
]< ) Sin\/Xl]-

Ecmu j = s, to pemenue Ug(z, \) uimem B Bujie

sin vV — ax,

Us(x,\) = Acos VA — azs + By Ny

Ecmm j = p + 1, 1o pemtenne Uy, q(x, \) uimeM B Buje

sin \/X(lp—i-l — Tpt1)

Ups1(z, A) = Acos \/X(lpntl — Tpi1) — Bpia N5\

IIpuuem
By =B, — AVX ) ctg VAl

i#£s
1<i<p

Teneps u3 nepBbix AByX yesaopuil (10) mosmydmMm cucremy JByX ypaBHeHHit orHocuTebHO A
u B,.
tg VvV Al
< cos VA1 + tg VAL Z ctg \/le) A— %Bﬁ—
%

sin v — al
+Acos VA —aly + Bp———=—" =0,
VA —a

A (\/X sin(VAp1) — VAcos(VALy1) Z ctg(\/le)) + B, cos(VAlpy1 )+
J#s
+AVA — asin(V\ — aly) — By cos(VA — aly) = 0.

Takum obpasom, xapakTepucrudeckuii onpeseaurens A(N) uveer Bu

@11 A12
a1 G22

A(N) = £ 0.

3/1eCh

a1 = cos(V A1) + cos(v/A — aly) + sin(vMpy1) 3 ctg(VAL),

J#s
sin(v/ A — aly) B sin(\/leH)
VA—a VA 7
a1 = VAsin(VAl1) + VA — asin VA — aly — VA cos(V A1) Z ctg(VAL),

i#s

Q12 =

agy = cos(V A1) — cos(v/ X — als).
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Orcroia ciiejiyer yTBepzKJieHne TeopeMbl. 3aMeTuM, 4To Kpaesad 3ajada (1), (2), (10)

qacTHBI coydait 3amaqan (1), (2), (4). Caegosaresnsro, npu a = 0 u Iy = [, crekrp 9Toi
38141 3aI0JIHSET BCIO KOMIIJIEKCHYIO IIOCKOCTD. TeM caMbIM Moy daeM, 9To Kpacsasi 3a,/1ada

(1),

(2), (10) He sBisieTcss KpaeBoil 3ajauell ¢ peryasgpHbIMU 110 BUPKrody rpaHuaHBIME

yeaoBusiMi.  JIpyrue [pUMepbl BBIPOXKJIEHHBIX, HEBBIPOXKIEHHBIX KDAEBBIX 3a/lad MOYKHO
Haiitu B pabore [5].
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OBPATHAS 3AJAYA JJI4d OIIPEIEJIEHUS ITIPABOII YACTU
IICEBAOITAPABOJIMYECKOI'O YPABHEHUN A

B mammoit crarpbe wucciemoBana obparTHas 3aj@ada  OIPENEJIEHUs DeleHns W HEen3BEeCTHOM
[IPaBOil YaCTH, 3aBUCAIIEH TOJIBKO OT IPOCTPAHCTBEHHBIM IT€PEMEHHBIM Il JIMHEHHOIO IICEB/I0-
1apaboIMIeCKOr0 YPaBHEHHUS TPETHEro MOopsjiKa. B oOpaTHBIX 3aJ/ladax BMeCTe C HAYaJILHBIMU
U TPAHUIHBIMU YCJOBUSIMHU 33Ja€TCs TaKXKe JIOTOJHUTe bHAast WHMOpPMAIWs, HEOOXOIUMOCTh
KOTOPO#1 0OyCJIOB/IEHA HAJUINEM HEM3BECTHBIX KOI(MD(MUIMEHTOB MM MPABOW YacTU yPABHEHUS.
B pabore B kadecTBe MONOJHUTENHHONU HHMOPMAINA PACCMATPUBAECTCH HHTEI'DAJIBLHOE yCJIOBUE
nepeonpesienerns. OOpaTHble 3aJadd  OIpeJe/ieHusl [paBoii  4dactu  JuddepeHnuaabHOro
VPaBHEHHUS] BO3HUKAIOT IIPU MaTEMATUIECKOM MOJCTUPOBAHUU HEKOTOPBIX  (PU3MICCKUX
MPOIIECCOB B TOM CJIydae, KOIJa IIOMHMO peIleHus ypaBHEHUs TpeOyercss BOCCTAHOBUTH
JIeficTBUE BHEITHUX HWCTOYHUKOB. Ha CeromHsnraumil JIeHb WMCCIEIOBAHUS MPAMBIX U OOPATHBIX
3a7a9 A ICEeBAONAapabOInIecKnX ypaBHEHN! OypPHO PA3BUBAIOTCA B CBA3U C HOTPEOHOCTSAMU
MOJIEJINPOBAHMUS ¥ YIPABJIEHU: I[IPOIEccaMy B Teluiopusnke, THIAPOJUHAMHUKE U MEXaHHUKE
crutonHoi cpespl. [lomobHble TiceBoTapadontIeckne ypaBHEHUs PacCMaTpUBacMble B JTAHHON
paboTe BO3HHMKAIOT IPU OIUCAHUU IIPOIECCOB TEIJIOMACCOIEPEHOCa, IPOIECCOB JIBUKEHUE
HEHBIOTOHOBCKUX YKUJIKOCTEl, BOJHOBBIX IPOIECCOB U BO MHOTHX Jpyrux obsactax. C mMOMOIIbIo
pa3JIOKeHUsT B PSAIAbl JOKA3AHBI TEOPEMbI CYIECTBOBAHUS U €INHCTBEHHOCTU KJIACCHIECKUX
pertennit JaHHONW 3aJadu. Pe3yabraToM JaHHONW PabOTBHI sIBJISIETCS PeIleHue, IPeJICTaBIeHHOe
B BUJE psifia, UTO IIO3BOJISIET IIPOU3BOAUTH HEOOXOJIMMBbIE YHCJIEHHBbIE pacdeThl C 3aIaHHOM
TOYHOCTBIO.

KmroueBbie caoBa: O6parnas 3ajada, I[ceBronapaboIMuecKue ypaBHEHUs, TeopeMa
CYIIIeCTBOBAHUS U €JMHCTBEHHOCTU PENIeHus, KJIACCUIeCKOe PelleHue.

IX. Xommerm, 2A. Iskip
Lp.-m.r.x., gonent, E-mail: konat_k@mail.ru
2marucTpant, E-mail: ajdossakir@gmail.com
Ou-Qapabu areiagarel Kazak yiarTeik yauBepcureri, Ajamarsl K., Kazakcran
IlceBmo-mmapabosiayiblK TE€HJIEy YIIIiH OH, >KaFbIH aHBIKTAay Kepi ecebi

Byn makasmajga yimiHm peTTi ChI3BIKTBHI IICEBAONAPAOOJIAIbIK, TeHJeY VIINiH IIelliMiH KoHe
KEHICTIKTIK aiffHbIMAJIBIIAH TOyeJi OH 2KaFfblH aHBIKTAy Kepi ecebi KapacTwipbLiaibl. Kepi
ecernrrepie OACTAITKEI YKOHE TMEKAPAJIBIK, TapTTapMeH Koca, Oesrici3 KoadduimenTrep Hemece O,
JKarblHa OailJIaHBICTBI KOCBHIMINA aKiaparrap Oepijiei. ATaJIMBIII KYMBICTa KOCBIMINA aKIapar
periHjie MHTEerpasiblK KOCBIMIIA IapT KapacThIpbLiajbl. JluddepeHualiiblk TeHJIey/IiH OH
JKarblH aHBIKTay Kepi ecenTepi Keitbip pu3mKaIbIK, KyObLIBICTAPIBIH, HAKTHIPAK, aliTKAHIA TeHIEY
MIENTMIHIH CBIPTKBI YKbLIY KO3JIEPIH KAJIbIHA KEJITIPY/iH MaTeMaTUKAJbIK MOJEJIH YKacaraH]ia
Tyeragaianpl.  Kazipri tamma Kputy (QU3NKAChl, THAPOJAMHAMHUKA, TYTAaC OPTAa MEXaHUKACHI
KYOBLIBICTAPBIH OacKapy KoHe MOJesaeyre OaillaHbICThI TICEBIONAapadOIAIbIK TEHIeyaep VI
Kepi JKoHe Typa ecernTepiii 3epTTey KapKbIHIbI JlaMy YCTiHje. Byl )KyMbICTa KapacThIPbLIATHIH
rceBonapaboIaIbIK, TeHJIeyIepre YKCAC TeHIEY/IeD YKbLITy KOHE XKbLIY aJIMacy, HbIOTOH/IBIK, eMecC
CYHBIKTAPIBIH, KO3FAJIBICHIH, TOJKBIH KoHE 0acKa /1a KYObLIBICTAPIbl CUIIATTAYIA KOJIIAHBLIA B
Karapra xikrey oici kemerimen, OepifreH ecemnTiH, KJIACCUKAJBIK, IIENTMiHiH 6ap O0Iybl yKoHe
JKAJFBI3JBIFL TYPAJIbl TeopeMaJjap ajesaeHai. KapacThIpblIblll OTBIPFaH YKYMBICTBIH KaTap
TYpiHJeri memntiMi Keibip CaHbIK, ecerTeyIep/iiH, HAKThl MOHJIEPIH aJlyFa MYyMKIHJIK Oepes.
Tyiiiu ce3aep: Kepi ecerm, niceBaomnapabosiaibik TEHIEY, MEMMHIH 6ap 00y bl KOHE YKAJFBI3IbIFbI
TypaJIbl TEOPeMa, KJIACCUKAJIBIK, IIEITiM.

(© 2020 Al-Farabi Kazakh National University
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The inverse problem for determining the right part of the pseudo-parabolic equation

In this paper the inverse problem of determining a solution and an unknown right-hand side that
depends only on spatial variable for the linear pseudo-parabolic equation of the third order is
investigated. In inverse problems, together with the initial and boundary conditions also consider
an additional information, the need for which is due to the presence of unknown coefficients or the
right side of the equation. In this paper, as additional information the integral overdetermination
condition is considered. Inverse problems of determining the right-hand side of a differential equa-
tion arise in the mathematical modeling of some physical processes in the case when, in addition
to solving the equation, it is necessary to restore the action of external sources. Today, studies
of direct and inverse problems for pseudo-parabolic equations are rapidly developing due to the
needs of modeling and process control in thermophysics, hydrodynamics and continuum mechan-
ics. Similar pseudo-parabolic equations to considered in this paper arise in the description of heat
and mass transfer processes, processes of motion of non-Newtonian fluids, wave processes, and
in many other areas. Using series expansion, the existence and uniqueness theorems of classical
solutions to this problem are proved. The result of this work is a solution presented in the series

form, which allows the necessary numerical calculations to be performed with a given accuracy.
Key words: Inverse problem, pseudoparabolic equations, theorems of the existence and uniqueness

of the solution, classical solution.

1 Bsenenue

[Tom obpatmoit 3ajadeil i ypaBHEHHIl € YaCTHBIMU IPOU3BOJIHBIMU B HACTOSIIEH
pabote rmojpa3yMeBaeTCsd Takas 3ajlada, B KOTOPOH BMecTe ¢ perieHueM Tpedyercs
OIIPEJIE/IUTH MPABYIO 9acTh uian (1) TOT uin uHON KodpdunuenT (Ko3hduUIreHTs) camoro
ypaBHeHHs. B o0paTHBIX 3ajadax BMeCTe C HAYAJIbHBIMU U TPAHUIHBIMU YCJIOBHUSIMH,
XapaKTePHBIMU JJIsI TOM W/ WHON MTPSIMOi 381891, 3a/1aeTCs JIOTIOTHATeIbHAast H(MOPMaII,
HEOOXO/IMMOCTb  KOTOPOI  0OYCJIOB/I€Ha HAJMIUEM HEU3BECTHBIX KO MUIIMEHTOB WK
paBoit yactu ypasHenus. /lonosnuresnbias uHdOpMAaIns, KOTOpas Ha3bIBAETCS yCJIOBUEM
[IePEOIIPEJIeTICHUSI, MOXKeT ObITh IIpejcTaB/ieHa B pasjndHbix dopmax. Hampumep, ecim
U3BECTHO 3HAYEHHE WUCKOMOTO pEeIIeHWsT B OIPEJE/JIEHHON MOMEHT BpPEMeHH, TO 3TO
JIOTIOJTHUTE/THHOE yCJIOBUE Ha3biBaeT (pUHAJIBHBIM IepeoripeaeneaneM. OJIHAKO YacTO Kak
MHTErpaJj OT HCKOMOTO pereHus. VIMeHHO Takoe yc/IoBre Tiepeolpeie/leHnsT pAcCMaTPUBAaETCS
B CTaThe.

UccnenoBannst TpsMbIX W OOpATHBIX 3a/ad JIJIsi TICEBI0NapaboInIecKnX ypaBHEHUN B
PA3JIMYHBIX TTOCTAHOBKAX Pa3BUBAIOTCS OYPHO B CBA3M C MOTPEOHOCTAME MOJIETUPOBAHUS
[IPOTIECCOB  MEXaHWKHU CILUIONIHON cpejbl. 1lomobnbie 1ceBonapabomyecke ypaBHEHUS
paccMaTpuBaeMble B JAHHOM paboTe BO3HUKAIOT IIPU OMUCAHUU IIPOIECCOB JIBUKCHUS
HEHBIOTOHOBCKUX KUJIKOCTEH, BOJHOBBIX IPOIECCOB W BO MHOTUX JIpyrux objactax. Tewm
CcaMbIM UCCJIeJIOBAHUE TaKUX 3a/1a9 SIBJISIETCS aKTyaTbHBIM.

2 O630p JuTepaTypbl

K mwacrosimemy BpeMeHU MOABUJIOCH 3HAYUTEIBHOE KOJUYECTBO PADOT, TOCBAIIECHHBIX
UCCJIEJIOBAHUIO  OOPATHBIX 3aJlad € WHTErPAJBHBIM  YCJIOBUEM Iepeolipejiesiennsd. B
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OOJILIITMHCTBE pabOT, MOCBAMIEHHBIX UCCACIOBAHUAM B 9TOH 00/1aCTH, M3ydaauch OOpaTHBIE
3ajaun Jiig ypasHeHuil napabosmdeckoro tuna (Cm. Hampumep [1]-]9] u 6ubauorpadun
B HuX). B ommume OT yKasaHHBIX pPabOT HaMU wuCCieayercs obpaTHas 3ajada s
rceBonapabomaeckoro ypasuenusi (ypasuerns tuna Cobosesa). ObparHble 3a1a9u s
[ICEBJIONAPA0OIMIECKUX YPABHEHUN MCC/Ie/I0BAINCh KpaliHe MaJio, OJIHaKo Oubjmorpadun
o »ToMy Bompocy Moxkuo Haiitm B [L0]-[11]. Dusmueckne npmMeHeHHsT MOJOOHBIX
HCeBIonapaboInIecKiX ypaBHeHud MOKHO Haiitu B paborax [17]-[19].

B ngamnoit  paGore  mW3ydYeHBI ~ BOIPOCHI  CYIIECTBOBAHWS  €IUHCTBEHHOCTHU
KJIACCUYIECKOTO pereHnsi oO0paTHOW 3a/iadu OIpe/Ie/IeHUsT MIPaBOil YacTu sl JIUHEITHOTO
MICeBIOTapabOINIeCKOr0  ypPaBHEHUS TPETbero IOPs/Ka C WHTErpajbHBIM  yCJIOBAEM
MIePEOIPeJIeTIeHUSI.

2.1 IlocranoBka 3aJa4n

B npsamoyroseanke Qr = {(z,t) : x € (0,1),t € (0,7)}, T < 0o, pacCMOTPUM CJIETYOILY O
0OpaTHYIO 3a/1a4y OlpejesieHns npaBoil vactu f(x) nceBaonapabomaeckoro ypaBHeHUs

Up — Upy — Uz = f(2), (2,1) € Qr, (1)
u ero pemenust u(x,t), yJI0BIETBOPAIONIEr0 HATAILHOMY YCJIOBUIO

uw(z,0) = p(x), x€]|0,1], (2)
HEJIOKAJILHBIM TIEePUOIMICCKIM yCIOBUAM

u(l,t) =0, ugy(0,t) = u,(1,¢t), t €[0,T7, (3)

1 MHTETrpaJIbHOMY YCJIOBUIO IIE€pEOIIpeJIe/ICHUA

T
/ u(z, t)dt =¢(z), x€|0,1], (4)
0
rie ¢(x) n ¢ (x)—3anannpie Gynknum, a u(z,t) u f(r) uckoMbre.

Onpenesnienne 1 Kaaccuueckum pewenuem obpamuoti kpaeot 3adavwu (1)-(4) nazosem

napy {u(z,t), f(2)} dymwyuu u(z,t) € Cry (Qr)NCyY (Qr) v f(z) € C0,1],
ydosaemeoparowux ypasnenuto (1) 6 Qr, yeaosuam (2), (4) 6 [0, 1] u yeaosuam (3) 6 (0,7
6 00DIYHOM CMBICAE.

[Tycrs s dyukiwn ¢(x), ¥ () BBIIOJIHAIOTCS YCIOBUS COMJIACOBAHUS
p(1) =0, ¢'(1) = '(0), (1) =0, ¢'(0) = ¥'(1) (5)
CrupaseyiuBa, ¢JIe/Iyomasi TeopeMa O CyIIeCTBOBANUSA PEITCHHS .

Teopema 1 ITycmv ewnoansiomes ycaosus 6 (5) u p(z), Y(x) € C3[0,1], ©"(1) =
O"(1), ¥"(0) = " (1). Toeda obpammnas 3adauwa (1)-(4) umeem kaaccuueckoe pewenue

(ulz,t), f(x)) € Cy (Qr) x C'[0,1].
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HokazareabcTBo. Perenne 3ajaqu OyjieM HCKaTh B BHJEC PA3JI0KEHHUSA I10 CIEIUATBHO
BBIOpAHHOMY 0a31cy U3 CHUCTEMbI (DYHKITUI

2(1—xz), {41 —=z)cos2mnzx} ", {4sin2wnz} . (6)

Dra cucrema paccMorpera B paborax [15]-[16], rme ObLIO MmOKa3aHO, YTO OHA 3aMKHYTA,
MUHAMaJIbHA 1 00pasyeT 6asuc Pucca B Ly (0, 1). Cucrema (6) He siBIsieTcst OPTONOHAIBLHOII,
u Jyist Hee B [16], 6buta BhIMcana GMOPTOroHATbHAs crcTeMa (DyHKIUIT

9]
n=1"

1, {cos2mnz} {xsin2mna} . (7)

Cucrema (7) uCHOJMB3yeTCs HaMU Jlajlee Jyis JOKA3aTeJbCTBA €JIMHCTBEHHOCTH DEIeHNUSsT
3aja9n U onpejeserns Koaddurmentos B psaja no dysximam (6). Tak kak cucrema (6)
obpasyer Gasuc Pucca B L (0,1), To pemenue u(z,t), f(r) 3amaun (1)-(4) Oymem uckarsb
B BUJIC DsIJIOB

u(z,t) = 2uo(t)(1 — x) + i 4uy, (t)(1 — x) cos 2mnax + i Aoy, (t) sin 2mne, (8)
n=1 n=1
flx)=2f(1—2)+ i 4f1,(1 — x) cos 2mnz + iélfgn sin 2mna. 9)
n=1 n=1

[oncrasas (8) n (9) B (1)-(4), moayunm craegyomue 3aa9n JJis HAXOXKICHUA (DYHKIAIT
up(t), uin(t), ugn(t) m mocToauueX fo, fin, fon:

47%n? fin

0(8) = fo, (1) + g (t) = —
uO( ) f07 uln( )+ 1 —|—47T2n2U1 ( ) 1 + 4m2n2
(10)
47%n? fo 4dmtn 4dmtn
Lot ———— U9y (t) = n nlt ——u ().
o) + et = T s T T () + T ()

UO(O) = Yo, uln(o) = Pin, u2n(0) = Pon,

T T T (11)
Almwﬁ_%aﬁUm@ﬁ_wmzlu%@ﬁ_¢%

Ob6imee perernst 0ObIKHOBeHHBIE Jud depernuaibabie ypapaerus B (10) coorBeTcTBEHHO

fln an?n? t

uo(t) = fot + Co, urn(t) = yrcnels Cype Trintn?

L A A72n? .
n n _ _anZn?_ ™ - 2.5
- 4f§ 2 4f§ 3T Cone a2t mcmt@ 1+ dm?n? 5
m°n m™n m°n

U2, (t)

e Co, Chpn, Con, fo, fin, fon - IpousBo/bHBIE TOCTOSTHHBIE. OHI OIPEIEISTIOTCS 13 YCJIOBHUS
(11)

2/)ln - Q)OlnT

_ _4n2p?2 1 4 472n? ’
P_elg%ﬂ}_%é%L+T

Co = ®o, Cin =
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2 9\ 2 20 2.2 202
it (L', i) L
T™n TN TN
Copn, = 1+ 47202 {1 axe? o ] Ly
— — e 1+4+474n
4r2n?2
(12)
2 _
Jo= —(¢0 QO()), Jin = 47T2n2<P1n - 47T2’fl201n,

T2 (
13)
fon = 47r2n2<,02n — 47*n2Cy,, — dmney, + 4mnCh,,

e 00, Pin, Pon T Vo, Yin, Yo, — COOTBETCTBEHHO KOI(PMDUIMEHTHI Pa3/IoKeHUs (QyHKIIHi
o(x) up(x) B pag no cucremam (7):

1 1 1
wo = / o(x)dz, v, = / o(x) cos 2mnxdr, @9, = / o(z)x sin 2rnadr,
0 0 0

o = /01 Y(x)dzr, Y1, = /01 () cos2mnazdr, )y, = /01 (x)z sin 2rnxde.

[oxcrapnsis  Haiimenubie KodbGUIUEHTB  Uo(t), U1, (1), Uon(t) w1  fo, fin, fon B (8)-(9),
HOJIy UM perenus obparnoit 3agadu (1)-(4)

2 T)

u(z,t) = p(r) + QWTSOO g ACY,, [ — 1] (1 — z) cos 2mnz+

\ (14)
™
40,5, sin 2mnx + 4. ——— 4y, te 7" sin 2mna,
Z 2 :| ; (1 —l—47‘r2n2)2 1
flx)=—=¢"(x)+ Co+ g Cy, cO8 2N + E Cs,, sin 27Tz (15)
n=1 n=1
472n?
Fﬂeo‘n:mgl, Vn € N.

Tenepnr uccsieyem nosydennbie pertenusi (14)-(15) m uxX OpoOM3BOJHBIE BXOJSAIINX B
ypasaenne (1) Ha cxommmocTu. VIHTerpupyss 1O YacTaM TpH pa3a BbIpaKeHHe s
koadpummentos Cy, B (12) ¢ ydaerom yemosuit p(z), ¥(z) € C3[0,1], ¢'(0) = ¢'(1) mn
YP'(0) = ¢'(1) momyanm

wln - SplnT o 1

Cy, = =
T e )5, + T [l —e T

[0, +T / [ (x) = Tp(x)] cos 2mnade =
o (16)
1
1 —eonT]6,+T 87T3n3 (wln n ) .
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rje gpln, wln —KOI(pDUIHEHTBI  pas3jIoKeHns (DYHKITH gp’” ( ), ¥"(x) B pam Pypbe 10
1 1+4rn
cucreme (7) TIpU KOCHHYCAX W CHHYyCaX, & 0, = — = +—7T <2, Vn € N.
o 42n2
B (12) Ha ocHOBaHUU

AHaJIOrHYHO, MHTErPUPYS 110 9acTsM TPH pa3a Bbipazkenue jyist Co,
0) = ¢"(1) nmeem

yenosuit ¢(x), P(z) € C°[0,1], ¢(1) =0, 9(1) =0, ¢"(0)=¢"(1) ny"(0)

4mn
Yan = pond’ = Woln (02 [1— e T] —§,T - 7]
Oy, = + ~
Op [l =T+ T
<¢2n <P2n > +3 <¢SL) — gpg?T) 1 an
T S
1 Gll—e ™~ 0T e ] o m
. 5 [1 — e*U”T] +T (%n — ©Oin T) .

272n? (1 4 4m2n?)

e goéi), 1/15:2— ko3(durmentsl pasnokenust bysxuit @ (x), " (z) B pag Pypee 1o
cucreme (6) Ipyu CHHYCaX U KOCHHYCAX.

[To ycosuio reopembl, byukiuu ¢ (x) u)” (x) venpepsisabt na cermente [0,1], To B cuy

HEpaBEHCTBa Beccemna JJIgd TPUTOHOMETPHUYICCKOI'O PAla, CXOAATCA WU CJACAYIOITUEC DAIbI

- 3)|2 2 - 3)|2 9 .

ST <Gl @0 D[] <G I @)1y 00 . i=1.2. (18)

n=1 n=1
[Moncrasnss (16) u (17) B (14), (15), moay<IuM cOOTBETCTBEHHO

92 _
ulz,t) = () + thﬂ o
—ont __ .
- crnT 6 +T 87T3n3 <¢1n n > [6 1} (1 13) Cos 2mnx+
(i)
: [e=" — 1] sin 27na+
(19)

On [1 —e T 4T 8m3n3

(v —e0T) [ et] — 6T e T] R
T (L o) . T [e - ] sin 2mnx+

=
i

1 (wln nT)t —o b - 9
(1 + 472 n2) [—eoT]o,+T  sond oo
Y1 — P11
flz) = +<p0+26 1= o] +Tcos27mx+
471'7’L 2 —onT —onT (2())
oo o — ©,, T mcm [5n [ — € ] —0,Te ]
n=1 Oy [1 — e+ T
Pampr (19) u (20) npu mobom (7,t) € Q MasKOPHPYIOTCA CXOATIIM PAIOM
] g
(21)

Tl

n=1
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Caenosarennio psiel (14), (15) B cury reopembl Beifiepiirpacca cxoaarcst abCoONIOTHO U
paBHOMEPHO B 3aMKHyTOH obsiactu QQ u dynxumn u(x,t), f(z) nenpepssubl Ha (. Temepn
UccIeyeM Ha CXOAMMOCTU PSIOB JIJIs UX IPOU3BOIHLIE.

Teneps 1o wrennom puddepennupys psaa (19) onus pas o mepemMeHHOM ¢ U jiBa pa3a
110 IIEPEeMEHHOM I, TTOKasKeM, 9TO IOJIy9eHHBIE IIPU 110 YieHHOM auddepeHnnpoBaHIT PsIbl
CXOIATCS abCOMIIOTHO U PABHOMEPHO Ha (.

u(x,t) = 2%(1 —x)+

o (00— T) 43 (62— 2T)

—ont .t
Z 4 S L= e o] 4 T . 87r3n3e sin 2rnx+
n=1 n
3 3
f:4 ( gn) — S0§71)T> [57% [1 — e*anT} — 0,1 - e*anT} ( ) —ont gip 9 n (22)
ya 21202 (1 + 4m2n?) 6ol —e T+ T Op)e€ sin 2mnx
- 4mn 1 (djln nT) —ont —ont] o}
2 e e o g T wow ¢ T onte " sin2mna,
)
1 <¢1n B nT) —ont :
Uz (T, 1) 24 1= o], —|—T S8 [e nt— 1] 47n sin 2mnax

3 3
4 (e
nz::l [1—eT]6,+T ' 8m3n3 [

e (ol - i) 3 (v - )
Z o[l —e T+ T " 2mn

n=1

e~ — 1] 47*n*(1 — z) cos 2mnz—

[e="* — 1] sin 2mna— (23)

(wm - nT) [62[1— e T] —6,T - e T]

4 . —ont o 1 . 2 B
; (1 + 47%n?) 5,1 —eonT]+T [6 } sin 2mnx
Z : te "' sin 2mna,

= (A 47r2n2) [1—eonT]o, +T 2mn

—ont

( (3) ¢§3)T>
e

Uzt (T, 1) 24 — (3, T e — 1] (—0op) 4mn sin 2nx

- (v - )
Z l—eUnT5 T &m3n3

[e=t — 1] (—0,) 4n*n®(1 — x) cos 2mnz—
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<7/’1n - nT> [62[1—e o T] —6,T - eT]

—ont 2
24 (1+4r2n2) Sn[l—e I+ T —0,) e 7" sin 2mrna — (24)
n=1 n
3 3
i 1 <() QO()T>[_gt t—a’ti|.2
' e " — oute” °" | sin 2mnw,
- (1+ 47T2n2) 1 —eoT)6, +T 2mn

KOTOpBIe TIpH 000M (2,1) € (Q MarKOPHPYIOTCs PATAMH

o o]+ [l + [ul| = el e [l
lue| < C(T) Z 3 +Z A +Z 0o
n=1 n=1 n=1
o |ol)| + o] + [l ]wln ]wm
ttea] Jte] < C(T) | S0 - Z Z
n=1

CXOoMMOCTD TIOCTIEHUX PSATIOB CJIEYIOT U3 CXOAMMOCTH psioB (18) u onenku

%( ) ;(1+2( 2)),@—1,2,/@—2,3.

Torma ma ocHoBanum npusHaka Beiieprirpacca cxomgarcss abCOTIOTHO W PABHOMEPHO Ha,
(). CnemoBarebHO, 3aKOHHO ,ZLH(b(bﬂDeHLLI/IpOBaHI/Ie paga (14), 1 OQYHKIUT Uyy, Upyr W Uy
HEIIPEPBIBHBI B 3aMKHYTOI obactu ().

2

k k

Teopema 2 [Tycmv  evnoanaomes ycaosus 6 (5) u donoanumenvno ¢(x), P(r) €
C30,1], ¢"(1) = ©"(1), ¥"(0) = ¥"(1). Toeda xaaccuueckoe pewenue obpamnoti 3adayu
(1)-(4) eduncmesenmno.

Jloka3aTreabCTBO €JUHCTBEHHOCTHU. [IpejosioKum, 4UTO CyHNIeCTBYeT JBe pa3Hble
perternst {u(x,t), fi(x)} u {us(z,t), fo(x)} 3amaan (1)-(4). Oboznadnm pasHocreit u(x,t) =
ug(w,t) — uy(x,t) u f(x) = folx) — fi(x). Torma byukuun u(z,t), f(z) yrosrersopsior
YDaBHEHHUIO

ﬂt - ﬂ:ca: - ﬂmct - f(x)a (l‘, t) € Qa (25>
I'PaHUIHbBIM YCJIOBUAM
u(1,t) =0, u,(0,t)=1u,(1,t), t 0,17, (26)

1 HYJIEBBIE HadaJIbHbIEe N MHTEI'DAJIbHbIEC YCJIOBUSI

u(z,0) =0, /OTﬂ(a:,t)dtzo, z € [0,1]. (27)
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Ucnonb3yst 6uoproronanbubiii K (6) 6azuc (7), BbraucammM
1
fio(£) — / (e, 1), (28)
0
1
U (t) = / u(x,t) cos 2mnxdr,n = 1,2, ..., (29)
0
1
TUop (1) = / t(z,t)rsin2rnxdr,n = 1,2, ..., (30)
0

_ 1 _ — L = - .
fo:/o f(x)dz, fln:/o f(x) cos 2mnzdz, an:/O f(x)zsin2mnxdr, n=1,2,....

Huddepennupys dbopmyiy (25) onun pas 1o ¢ u yaurbiBas ypasuenue (1), numeem

1 1 1
ug(t) = / U(z, t)de = / Uy (, t)d —I—/ Uggr (7, 1)dx + fo.
0 0 0

Beraucsisist mocsieiHeit MHTErpast U yIuThIBasg paHudHble ycaous (26),(27), moaydnm, 9To
Uo(t) yIoBIeTBOpSIET ypPaBHEHUIO

g (t) = fo (31)

7 KPaeBbIM YCJIOBIAM

T
o (0) = 0, / o (1) dt = 0. (32)
0
Ob6ee perterne ypasaerne (31) nmeer Buj

uo(t) = fot + Ko,

rjie Cy TPOU3BOJIbHAS TIOCTOSTHHAS. Y UUTHIBAsI, UTO 9TO PEIIeHUe yIOBIETBOPSET YCJIOBUIM
(32), naxommm Ko = 0, fo = 0 u crenosarensno ig(t) = 0.

Huddepennupyst (29) mos 3HAKOM MHTErpaJjia OJIMH pa3 U yauTbiBas ycjosust (26), (27),
3aKJII0YAEM, UTO Uy, (1) yIOBIETBOPSIET YPABHEHUIO

Am%n? fi
i (+ 1, (1) = n 33
Wn(t) + 1+ 47?2712u1 *) 1+ 4m2n? (33)
1 KPaeBBbIM YCJIOBHAM
T
i (0) = 0, / i (2,1) dt = 0. (34)
0

Ob6ee perierne ypasaerus (29) nmeer Bu

_ fln —%t
Un(t) = 55 + Cme e,
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rie Cp,— npousBosibHag TocTosiHHasi. Venonab3yst yciosust (34), moaydaem, uro Ky, =
0, fin=0mu,(t)=0ymn=12....
AHAJIOTMYHO 1OJIyYaeM CJIYIONLYIO 3a1ady s Uy, (1)

N 4mn? jzn dtn  _ dtn
o) ¥ T g D) = T g+ T g O F T (69)
T
0

KOTOpasl TaKyKe UMeEeT TPUBUAJIBHOE PEIeHne Uy, (t) =0 mug n = 1,2, ...

B pesyabrare mosyumin, [ro st Jsoboro durcupoBantnoro t € [0,7] dyukimm
— r o o0 : o0
u(x,t), f(x) oproronansusl cucreme gyuxuuii {1, {cos2mnz} ", {rsin2wnx} ~ }, Koropas
ABJISIETCA 3aMKHYTON ¥ 1ostHoit B Lo (0,1). Torma u(z,t) = 0, f(x) = 0. Equncreennocts

penreHud 3a/ia49n JJ0Ka3aHa.

3 MeToanl uccjiegoBaHUsI

B pabore wucciesoBaHbl COBPEMEHHBIE METOJbI PEIIeHUs MPIMBIX U O00OpaTHBIX 3a/ad
JIJIsI YpaBHEHHMII B YACTHBIX INPOMW3BOJHLIX. B dacTHOCTH ¢ moMOIbio MeTtogamu Pypbe n
AIIPUOPHBIX OIIECHOK JIOKa3aHbl CyIICCTBOBaHHA W C€IMHCTBCHHOCTL KJIACCHUYECKOI'O PEHICHMWA
UCCJIeIyeMOI 3a/1a49U.

4 3akJiro4dyeHue

B pabote mcciemoBana ojlHO3HAYHAS Pa3pPENINMOCTb OJIHON OOpPATHON 3aJatuu OIIpejIe/IeHIUsT
KO3 UIMEeHT MpaBoil YacTu, 3aBUCAIIEHl OT IIPOCTPAHCTBEHHBIM II€PEeMEHHBIM  JIJIst
JIMHEHOTO  TICeBJI0-TIapabOIMIecKOro  ypaBHEHWs TpPeThero Iopsiika. B KadecTBe
JIOIIOJIHATEIbHOM MH(MOPMAIIN PacCMaTpPUBAETCd MHTErPaJbHOe YCIOBHE ITEPEOIPE Ie/IeHNUS.
[TonobHbIe ypaBHEHUsI paccMaTpUBaeMble B JAaHHOH paboTe BO3HUKAIOT IIPU OIMUCAHUN
[IPOTIECCOB  TEILIOMACCOIIEPEHOCa, IPOIECCOB JIBUKEHUE HEHbIOTOHOBCKUX — KUJIKOCTEId,
BOJIHOBBIX IMIPOIECCOB M BO MHOrmX Apyrux obsactax. C momoripio Dypbe j10Ka3aHa
TeopeMa CYIeCTBOBAHMS KJIACCHIECKOTO peIleHuil JaHHON 3ajgadu. Vcrmoap3ys crennaabHo
BBIODAHHOM 0a3mcy W MeTOJIOM allPUOPHBIX OIEHOK TaKyKe JOKa3aHbl €JINHCTBEHHOCTD
perenns. Pe3yabraThl gaHHONW pabOThI MOTYT OBITH HMPUMEHEHBI JIJIA PEIIeHns] Pa3JInIHbIX
oOpaTHBIX 3aJa4 JJjIsI JIMHEHHBIX ¥ HEeJIMHEITHbIX YpaBHEHUIT MaTeMaTuIecKoil (DU3nuKuM.

5 BuaaromapHoctu

Pabora BbINOJIHEHA TIpU TOJJIEPYKKE TPAHTOBOIO (DUHAHCUPOBAHUS HAYIHO-TEXHUIECKIX
nporpaMM u 1poekToB MunucrepcrBom Hayku u obpazoanusi PecrnyOnuku Kaszaxcran
(rpant Ne AP05132041 "Teopusi u MeTOIbI DEIICHUS MPIMbBIX U OOpPATHBIX 3ajad Jiis
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MATHEMATICAL MODELING OF THE PROBLEM OF COMPRESSION
OF A ROCK SAMPLE WITH FRICTION AT THE END

Analytical solutions of the problem of the stress-strain state of the environment around the work-
ings with non-uniform compression in the elastic-plastic formulation, with account for transbound-
ary deformation are few. Some solutions of the problem under the conditions of Tresk and Coulomb
plasticity are obtained.

In these solutions, there are simplifying assumptions that the area of inelastic deformations cover
the entire contour of the mine, the angle of internal friction is zero, etc. The features of the post-
limit deformation of rock masses near underground mines consist on the formation of destruction
zones around the mine workings, zones of plastic and elastic deformation, covering the part of con-
tour or the entire contour depending on the boundary conditions and contour profiles, and a given
law of the state of the environment. The mathematical description of the process of formation of
inelastic deformations areas near the workings and obtaining a solution by the analytical method
is rather difficult. Due to the lack of knowledge of this problem to date, it is advisable to use
numerical methods of mathematics and mechanics using modern information technology and tech-
nology. The article presents mathematical models and results of solving a geomechanical problem
based on information technology and the finite element method. The developed procedures and
programs allow solving with the help of modern computers a wide class of mining tasks in which
it is required to determine the stress-strain state of the rock mass weakened by mine workings in
different mining and geological conditions.

Key words: geomechanical tasks, field structures, mathematical models, array heterogeneity, rock
properties, rock samples.

13 K. A6upuinaes, 2M.O. Horaiibaesa
Tex.r. /., npod., E-mail: abderkinbek@mail.ru
2ara oxpITyInel, E-mail: mnogaibayeva@gmail.com
osi-Dapabu areiagarel Kazak yiarTk yauBepcureri, Anvarsl K, Kazakcran
Byiiip meringe yiikesici 6ap Tay >KbIHBICTAPBIHBIH, YJITiJIEPiH ChIFy ecebin
MaTEeMaTUKAJIBIK, MO/IEJIbIIEY

1

[lekapagan Tbeic gedopMaIusiiapIbl eCKepeTiH OIpKAJIBINTBI e€MeC CBhIFBLIY Ke3iHIeri KeH
Ka30aJapbIHbIH  affHAJIACHIHIATBl  CEPIIMII-TIACTUKAIBIK KONBIIBIMIATEI OPTAHBIH KepHEeYJIi-
nedopMarusiIagral Kyl TypaJibl eCcenTepiH aHaJIuTHUKAJBIK ImrentiMaepi ere a3. Tpecka men
KymoHHBIH TIaCTUKAIBIK, XKaFJalbIHarbl €CeNTiH, Keibip mermiMaepi anbinasl. By merriMaepe,
cepiMai emec aedopManns aiiMarbl OHIMHIH 6apJIbIK >KUEriH KaMTHIbI, 1MKi yAKeaic 6ypbIibl
HOJITe TeH KoHe T. 0. ceklial Kapamaiibim 6oskamMmap 6ap. Tay-keH MaccUBTEpiHIH Kep acTh
KazbamapbiHa KaKbIH MeKapaIaH THIC IepOPMAIAAIAHYbIHBIH €PeKINeTiKTepi MbIHAIA: Tay-KeH
Ka30aapbIHbIH affHaJaChIHIa KApay aliMaKTapbl, KUEKTIH MIeKapaJIbIK, MapThl MEH TpoduIine,
COHJIAM-aK OpTa KAFJANBIHBIH OepilireH 3aHbIHA OalJIaHBICTBI KUEKTiH OOJITH TOJBIK KHEKTi
KAMTUTBIH ILJIACTUKAJIBIK JKOHE CepriMIl JedopMalus afiMakTapbl maiiia 06ojajbl. ©HiMiepre
JKAKBIH CEPIIMCI3 J1epOpMaIs OPTACHIHBIH, KYPBLLY IIPOIECCIHIH MAaTeMATHKAJIBIK, CUIIATHl MEH
AHAJINTUKAJIBIK, OJIICIIEH IIeNTMiH Taby eTe Kyp/iesai O0JIbIT TaObLIa/ bl
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Kaszipri tamma ocbl mpobsieManbliH a3 3epTTesyiHe OalJaHbICThl Ka3ipri 3aMaHayd aKIapaTThIK,
TEeXHUKa MEH TEeXHOJIOI'MAHDbI IIaﬁ,ZLa.HaHa OTBIPBIII, MaTeMaThUKa MEH MeXaHUKaHbIH CaHIbIK
oJicTepiH maitananran kKeH. Makasana akmapaTThIK, TEXHOJOTHS YKOHE COHFBI 3JIEMEHTTED 9/Iici
HETi3IH/Ie TEOMEXaHWKAJDBIK €CENTep/l IMENTYIiH MaTeMAaTUKAJIbIK MOJCTbACPl MEH HOTHZKeJepi
KeJITiplired. O3ipJieHreH Mporeypa MeH MporpaMMajiap Kasipri 3aMaHayd KOMIIbIOTEPJIEeDIiH,
KOMeriMeH 9PTYPJI Tay-KeH TeXHUKAJBIK, KOHe Tay-KeH I'e0JIOTUsIbIK, JKaraaiiiapia Ka3basapMen
9JICipereH Tay-KeH MacCHBiHiH KepHeyTi-medopMaIusaIanral Kyfin aHbIKTay bl TaJall eTeTiH Tay-
KeH OHJIIpici ecenTepiHiy KeH KJIACHIH IMIEIIyre MyMKIHIK Oepe/ii.

Tyitlin ce3aep: TreoMexXaHUKAJBIK €CeNTep, KEHOPHBIHBIH KYPBIIBIMbBI, MaTEeMATUKAJIBIK,
MOJIEJIBJIED, MACCUBTIH OIpKeJIKieMeCTiri, Tay YKbIHBICTAPBIHBIH, KACHETTEP], Tay KBIHBICTAPBIHDIH,
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MareMmaTuyeckoe MOJeJIMPOBAaHUE 33/ia4N CXKaTusl 00pas3iia ropHbIX IIOPO/,
C TPEHUEM Ha TOPI@Aax

2

AHajmuTruecKue perieHusl 3aa9u O HAIlPSI?KEHHO-/1e(DOPMUPOBAHHOM COCTOSIHUH CPebl BOKPYT
BBIPAOOTOK IIPU HEPABHOMEPHOM CXKATHH B YIPYLO-IIACTHYECKOW IIOCTAHOBKE C YIE€TOM
3ampeiesIbHOrO  1epOPMUPOBAHUST MAJIOUNCTCHHBI. [lOJydeHbl HEKOTOPBIE DEIIeHus 3aadn
B ycaoBusax tactuanoctn Tpecka m Kymoma. B aTmx penrennsx WMMEIOTCS  yIIPOIIAIOIIEe
[IPEJIIOTIOKEH ST, ITO O0JACTbh Heynpyrux JedopMalinii OXBATBIBAIOT BeCh KOHTYD BBIPAOOTKM,
yIroJl BHYTPEHHErO0 TpeHusi paBeH Hysat0 u jip. OCOOEHHOCTH 3alpejiesIbHOrO J1epOpPMUPOBAHUST
MMOPOJHBIX MACCUBOB BOJIM3U IOJ3EMHBIX BBIPAOOTOK 3aKJOYAETCS B TOM, YTO BOKPYTD TOPHBIX
BBIPAOOTOK 0OpPa3yIOTCs 30HBI PA3PYIIEHUs, 30HBI ILUIACTUYECKUX U yOPYIUX JgedOpPMAaIinii,
OXBATBIBAIONINX YaCTh KOHTYypa WJIM BECh KOHTYD B 3aBHCHUMOCTH OT TI'DAHUIHBIX YCJIOBHIA
u npoduiieit KOHTypa, & TakKe 3aJ[@HHOI0 3aKOHAa COCTOdHMA cpelibl. Maremarudeckoe
omnmcanue mporecca dopmuposanue obsacreii Heyupyrux gedopmarnuii BOIM3M  BBIPAOOTOK
U TOJyYeHUs] PpeIeHus AHAJUTUICCKUM METOIOM IPEJCTABIISETCS JIOCTATOYHO CJIOKHBIM.
B cBa3zm ¢ Maso m3ydeHHOCTH JAHHOI TPOOJIEMbl HA CETOMHSAIIHUN JI€Hb, IeJIeCO0DPa3HO
WCIOJIB30BATh YUCJEHHBIE METOJbl MATEMATHKH W MEXaHWKW C WCIOJIB30BAHUEM COBDEMEHHOI
I/IH(:I)OpM&HI/IOHHOﬁ TEXHUKU U TEXHOJIOI'UU. B CTaTbe IIPHUBEJIECHbI MaTeMaTHUYIeCKue MOJIe/In U1
pe3y/IbTaThl PEIIeHUs] IeOMEeXaHUIeCKOl 3ajadu Ha OCHOBe HMH(OPMAIMOHHOW TEXHOJOIUU U
MeTOJ[a KOHEUYHBIX 3JIEMEHTOB. Pa3paboTaHHBIE TPOIEIyPhl W IIPOrPAMMBI TO3BOJISIIOT PEIIaTh
C TIOMOITBIO COBPEMEHHBIX KOMIBIOTEPOB IIMUPOKHN KJIACC 3aJad TOPHOIO IIPOM3BOJICTBA, B
KOTOPBIX TPEOYEeTCsT OIPEIEJISITh HAIIPSKEHHO-/1ehOPMUPOBAHHOE COCTOSTHUE MTOPOJIHOTO MACCUBA,
0CJ1abJIEHHOTO BHIPAOOTKAME B PA3HBIX TOPHOTEXHUYIECKUX U TOPHOI€OJIOIMIECKUX YCIOBHSIX.

KimioueBble ciioBa: reoMexaHUYIecKHe 3a/a9l, CTPYKTYPBI MECTOPOXK/IEHUs, MATEMATHIECKUEe
MOJIEJIN, HEOTHOPOHOCTh MaCCHBA, CBOMCTBA 1TOPOJ], 00PA3IIbl TOPHBIX ITOPOJ.

1 Introduction

In the national economy of the Republic of Kazakhstan, the mining industries occupy one of
the most important places in their role in social production, economic importance and social
factors. In this regard, in order to create effective and reliable designs of mines and quarries,
the development of an environmental monitoring system for the environment in the field
of mining must be comprehensive, combining basic and applied sciences. In the Republic,
one of the priorities is to increase the rate of extraction and supply of natural resources to
the markets in order to use the current high global demand in the interests of the country.
The competitiveness of mining enterprises is mainly ensured with large volumes of mineral
extraction. Their high-performance work is achieved on the basis of introducing into practice
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the results of scientific research to create new and improve existing technological schemes
with the inclusion of cyclical and continuous technology, rational equipment, full expansion
of the field of application of advanced technological solutions, as well as the use of advanced
forms of organization and management of mass mining works.

The rapid development of information technology is currently placing new demands on
traditional, well-established areas of knowledge, one of which is geomechanics and the devel-
opment of subsoil. In connection with the depletion of mineral resources located at accessible
depths, the main direction of development of the mining industry will be the further develop-
ment and improvement of methods and methods of mining with involvement in exploitation
of fields with complex mining and geological conditions, great depth of development and
long service life of pit walls and underground workings. The modern level of development of
the mathematical apparatus for solving problems of geomechanics and computing technology
allows us to automate the design of workings, take into account all the details of the array
structure, achieve greater reliability of design solutions that ensure minimal amounts of over-
burden work, safe working conditions, and rational use of the subsurface and land resources
which becomes relevant in a market economy.

2 Review of literature

At the present stage of development of information technology, the most popular computa-
tional methods for assessing the stress-strain state of a rock massif and various structures
are the methods of finite elements [1-11] and boundary elements [12-14]. As is well known,
the boundary element method (MGE) is well suited to stress concentration problems or
to infinite regions, and the finite element method (FEM) provides a cost saving procedure
in many three-dimensional problems for finite regions. The simplicity of the mathematical
theory, the ease of generalization in solving the problem and the applicability to physically
and geometrically non-linear problems make the FEM more attractive, while for the MGE
this is still the subject of research. The finite element method (FEM) is a synthesis of the
latest achievements of continuum mechanics and numerical methods of mathematics. It has
received extremely wide application in various fields of physics and technology, mainly in the
analysis of the stress-strain state. Fundamentally new FEM opens in the mechanics of rocks
and soils. Before its appearance, the solution of geotechnical problems was possible only in
an elastic formulation, or by means of limiting equilibrium - and then under fairly simple
boundary conditions. Most of the elastic-plastic problems are not amenable to an analytical
solution, as a result of which, in many cases, the loads on the soil are artificially limited to the
elastic phase of deformation [15-25]. The current literature on FEM is extremely extensive
and literally every entry into the scientific and technical libraries brings new information in

this field.

3 Objects and research methods

Mining enterprises, unlike many other industrial facilities and structures (metallurgical,
machine-building, chemical plants, etc.) are natural-technological complexes. The parame-
ters and indicators of the economic efficiency of mining enterprises are determined for this
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level of technology mainly by natural factors (structure and size of deposits, terrain, hy-
drological conditions, etc.) and their permissible environmental impact. It should be noted
that at the present stage of development of mining science it is the differentiation of mining
science, the emergence of its new industries and divisions on the basis of its integration with
related fields of science and technology. Search and scientific substantiation of the methods
of rational and integrated use of the subsoil, ensure their comfortable working conditions and
optimal state of the environment.

The latest stage in the development of mining science should be associated with the de-
ployment of the scientific and technological revolution (STR). Scientific and technological
revolution, as is known, has set new problems for humanity: environmental protection and
depletion of mineral-fuel resources. These problems are particularly relevant for the mining
industry and science, without deciding which, the further production use of mineral resources
can become socially ineffective. It should be noted that in the areas of mining the geograph-
ical environment is sharply deteriorating, a method of open-cast mining causes great harm
to it, an increase in the share of which is planned in the near future. The effectiveness of the
method is already currently minus large inevitable costs of reclamation of disturbed land.
Hence the formulation before science of a fundamental change in the technology of mining.
This is especially true because modern technology does not allow developing deposits in the
deep bowels of the earth, as well as with a low mineral content. Therefore, it is so impor-
tant to develop fundamentally new methods and means of mining, to avoid the movement of
masses of waste rock, to exclude the presence of a person under the ground, to dramatically
increase labor productivity. This is a real task, as there is an internal training and maturity of
mining science to enrich it with the latest achievements of the fundamental sciences, on which
meringue a fundamental shift in the technical base of mining production can be achieved. In
world practice, technical progress is primarily related to the orientation on the widespread use
of self-propelled mining equipment: the development of self-propelled drilling, loading-hauling
and transport equipment, self-propelled bucket loading-hauling machines (PDM) with both
diesel and electric drive. The development of information and communication technologies,
the widespread introduction of automation and remote control of mining machines and ag-
gregates are priority areas for the improvement of underground technology. Differentiation of
mining science on the basis of its integration with related fields of science and technology and
at the same time is a synthesis of mining sciences into a single system of knowledge for finding
methods for the rational and integrated use of the subsurface, providing comfortable working
conditions and an optimal state of the natural environment. The goal of mining science is
not only to describe, explain the conditions of means and methods of exploration for mining
and primary processing of minerals, but mainly in finding ways to improve and change them
to facilitate working conditions and increase production efficiency. Mining science today is
a complex, developing complex of scientific disciplines. All processes and phenomena occur-
ring during the exploration, mining and processing of minerals contain internal and external
contradictions, the discovery, study and resolution of which is the main task of mining science.

The general trend of mathematization of sciences has not bypassed mining sciences, but
today for solving most major mining problems there are not enough mathematical tools,
because the task, for example, of developing fields is to create self-organizing multi-factor
systems, and later on self-programming auto steps. At the present stage, the tasks arising,
for example, in the development of mineral resources, can be quantitatively solved only in
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relation to certain, ideal deposits. Therefore, in order to impart practical significance to such
"quantitative"decisions, the assumptions underlying the analysis should, in accordance with
accepted values, be consistent with natural conditions [1-5].

4 Mathematical media models

In the process of formation in the massif of open or underground mine workings, the natural
stress-strain state is disturbed. Zones of non-elastic deformations appear around the workings
for various purposes. Of particular importance are the patterns of deformation of rocks beyond
the limits of strength associated with loosening (irreversible increase in volume), weakening
(decrease in resilience) and hardening. These patterns largely determine the nature of the
stress-strain state of the rock mass near the workings, especially with the combined mining of
mineral deposits by open and underground methods in mutual influence on each other [6-13].
We write Hooke’s law for the conditions of plane strain ({2 = 0) in the following form:

o1 = EH(Z-Zl + VH€3)/(1 — Vlg[), (1)
03 = EH(Eg + Vﬂgl)/(]- — Vlg[)

where (IT), vi; — are the "flat" analogs of the Young’s modulus E and the Pausson coefficient
v, related to them by the relations: 1 = /(1 — v?), vy = v/(1 —v).

Considering that the ultimate strength of the medium under consideration in the field of
compression is described by the Coulomb criterion:

01:S+0'3Ctg6 (2)

where S = 2cctg(m/4 — ¢/2) — is the uniaxial compression strength; ctgd = (1 +sinyp)/(1 —
sin p); ¢, ¢ — grip and angle of internal friction.

In the field of tension, we supplement the criterion o3 = T, T' is the tensile strength. After
simple transformations, we obtain descriptions of the limits of strength through the main
deformations - compression are considered positive:

[(Fner — S)(1 —vpcetgd)/(ctgd —v) —vnS|/En —e3 =0 (3)

T(]_—Vlg[)/EH—VH{:‘l — &3 =0 (4)

In the coordinates €; and 3 equations (3) and (4) have the form, respectively, of straight
lines A’'B” and D’A’ (Fig. 1, a). Thus, in region 1 within the limits of circuit D’A’B’, according
to the known deformations €, u €3 of stresses o1 and o3, can be found by formulas (1). Outside
the contour of A’B’C’, other equations of the connection of deformations and stresses act.

Let in the process of loading the deformed state of the element of the medium reached
a certain point E on the border of the elastic zone (Fig. 1a). Consider the laws of further
plastic deformation occurring at a constant minimum principal stress. An increase in the
strain €; (i.e., shortening of the element of the medium in the direction €) is accompanied
by a decrease in the strain e3 (expansion in the perpendicular direction). The full vector
of plastic deformations ¢, (E'F’ in Fig. 1a) consists of two components: €1, u €3, and the
interrelation of these components is determined by the adopted law of flow.
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Figure 1: The law of the state of environment

If we accept €3, = —e1, the shortening in the direction €; will be equal to the elongation
in the direction 3, and the volume of the element of the medium during plastic deformation
will remain unchanged. Such plastic flow can be called equilibrium. In a more general case,
the relationship between the components of plastic deformations can be characterized by the
ratio of the form

€3y = — ctg Beqy. (5)

The angle g in Fig. 1a determines the degree of loosening during plastic flow; the value ctg g
can be called the dilation coefficient. When 5 = §, formula (5) corresponds to the principle
of normality (the associated law of flow).

Moreover, if the deformations of the medium element ; and 3 characterize the point F’
in Fig. 1a, then they can be represented as a sum of elastic and plastic components:

€1 =¢€1, +€1,; €3=¢€3, +E3,; (6)

The elastic components ¢;, and €3, are the coordinates of the point E’ and are determined
from the elastic formulas (1) when the value oy is substituted in them on the elastic boundary
by the Coulomb formula (2). Substituting the values €1, and €3, and value 3, thus obtained
from formula (5) into equations (6), we obtain a system of two equations, which having solved
relatively o3 and 1, we find the voltage value o3 corresponding to this deformed state:

o3 = [En(e; +e3) +S(vn — 1)]/(1 — victgd + ctgd — vn). (7)

To determine the value of o1, a family of connection graphs o; and e; should be specified
for plastic deformation under the conditions o3 = const of Fig. 1b. If in the process of
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deformation resistance remains constant (perfect plasticity), then the graphs o7, —e; have
the form of horizontal lines (solid lines in Fig. 1b), and the value £ itself can be calculated
from the previously determined value 3 using formula (2).

For rocks that are weakened in the process of transboundary deformation, for example, a
family of graphs shown in Fig. 1b, by dashed lines, may be prompted. These graphs charac-
terize the environment, the resistance of which in the process of plastic deformation decreases
from the initial value, determined by formula (2), to the residual value

o1 = min[(S + o3 ctgd), (8" + o ctgd')], (8)

where S” and ¢’ — residual strength characteristics (S” < S, §' < §). The developed models are
implemented in the form of numerical procedures for cases of plane strain in the deformation
variant of the theory of plasticity based on the finite element method.

The main procedure of the finite element method considers the medium as elastic and
reduces to solving a system of linear algebraic equations for unknown displacements

{u} : {F} = [K|{u}, (9)

where [K| — the stiffness matrix of the system; {F'} — vector of nodal forces.

Since the study of the stress-strain state of the rock mass, taking into account transcen-
dental deformability, is a non-linear problem, we have obtained new developments in the
combined procedure for the general case, when the law of the state of the medium is given
on the basis of the proposed model [14-16].

5 Research results

For the quantitative and qualitative assessment of the FEM solution using the above algo-
rithm and the program developed on a PC, the test problem of uniaxial compression of the
sample with friction on the ends was solved. Due to the presence of two axes of symmetry,
only a quarter of the area is considered (Fig. 2a). The axes of symmetry in the deformation
process do not bend, and shear stresses are absent along the axes of symmetry. Three top
nodes are set to move down equal to 0.018. Properties of the elements: = 100Pa, v = 0.3,
v=0,c=0.1Pa, p = 30°.

The problem is solved according to the developed program in two versions: in the first
version, the state law obeys the associated flow law; in the second, a softening medium with a
dilatation coefficient A = 3 is considered. In Fig. 2b and 2c¢ show the shapes of the deformed
sample obtained as a result of calculation on a PC. To ensure equilibrium, these forces must
be equal in magnitude and opposite in direction to given external forces, and in those nodes
where external forces are not specified, they are equal to zero. In general, the sum of the nodal
forces applied to the region in the x and y directions to ensure equilibrium must be zero.
When solving each specific problem by checking, the fulfillment of the equilibrium condition
was established.

To verify the fulfillment of the state law, we provided for printing not only the actual
stresses found in the elements, but also the "theoretical" stresses calculated using the formulas
for the adopted state law and the found strains. The quality of the solution can be estimated
from the proximity of the values of the actual and theoretical voltages in Fig. 3a and 3b
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Figure 2: Test task: a — design scheme; b — form of the sample after loading with the associated
law of flow; ¢ — form sample in a softening medium

where the medium-strength datasheets and the actual stresses in the elements (points) are
shown. In elements 2 and 4, the calculated deformations 1 and 3 are smaller than the limiting
elastic deformation for a given stress 3, therefore, they are in the elastic state. The remaining
elements are in inelastic state. From Fig. 3a, b and from the calculation results it follows
that the state law is satisfied for a given accuracy, the coaxiality of the main stresses and
strains is maintained. Next, we check the fulfillment of the given law of flow, for example,
on element No 10. The stresses in the element are equal:o; = 4.9, 03 = 0.39, and the
deformations: o; = 0.0070, 03 = —0.0097. Under plane deformation, according to Hooke’s
law, the elastic components of the deformations under such stresses are: ¢/ = 0.0043, ¢} =
—0.0016. Accordingly, the plastic components are equal to:

el =61 —e] =0.0027; &} =¢e5 —ef = —0.0081 (10)
As you can see, the ratio of plastic component strain
A = |eh/el] = (0.0081/0.0021) = 3 (11)

isexactly equal to the given (associated) law of flow, characterized by A = 3. In the considered
problems the found solution is unique. In principle, the solution of a plastic problem may not
be the only one: for example, stretching an ideally plastic rod with a load equal to the yield
strength of a material will not have a single solution. At the same time, stretching this rod
to a given strain will have a single solution.

6 Conclusion

The developed mathematical models, procedures and programs allow us to solve with the help
of modern computers a wide class of mining tasks in which it is required to determine the
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Figure 3: The stress state in the elements: a - with the associated flow law; b - in a softening
environment

stress-strain state of the rock mass. The components of the natural stress field are represented
as dependent on the geomechanical structures of the field, and are taken into account in the
program using boundary conditions. In this case, the boundary conditions can be specified
in the form of zero or nonzero nodal forces or displacements (or mixed conditions). Array
heterogeneity is taken into account by model by introducing various strength and deformation
characteristics E, v, 7, ¢, ¢ (modulus of elasticity, Poisson’s ratio, density, adhesion, and angle
of internal friction). Surfaces of weakening and breaking in an array are imitated by layers
of elements with corresponding lowered strength properties.
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The stress state of an element of a thick-walled pipeline is studied under conditions of power and
corrosion effect in the statement of plane deformation. The material of the element under the
influence of external loads goes into an elastic-plastic state. The corrosive effect of the pumped
medium leads to softening of the material in the plastic zone. This softening of the material is taken
into account by a special inhomogeneity function in the Tresca-Saint-Venant plasticity condition.
The elastic-plastic problem in the axisymmetric setting (uniform pressure) and non-axisymmetric
setting (non-uniform external pressure along the contour) is considered. The problem is solved by
the method of sharing static and physical equations for the considered elastoplastic material and
the perturbation method in the theory of an elastoplastic body. An assessment of the strength and
bearing capacity of a thick-walled element under corrosive force effect is given.
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WcenenoBano HAINPSIZKEHHOE COCTOSTHUE 3JIEMEHTa TOJCTOCTEHHOTO TPYDOIPOBOJA B YCIOBUIX
CHUJIOBOTO ¥ KOPPO3MOHHOTO BO3JEHCTBHUS B IIOCTAHOBKE ILIOCKOW nedopmarmm. Marepuas
9JIEMEHTa T1I0J JefiCTBUEM BHEIIHUX HAIPY30K IEPEXOIUT B yIPYTOILJIACTHIECKOe COCTOSHHUE.
KopposunonHnoe Bo3zeiicTBre mepeKaumBaeMOil Cpebl MPUBOIUT K PA3ylIPOYHEHUI0 MaTepUaJIa
B IUIACTUYECKOH  30HE. DTO  pasynpodHeHHe MaTepuaja — yIATHIBAETCA  CIEIUATbHOM
dyukImer HeogHOPOAHOCTH B ycjoBum iactuanoctu Tpecka-Cen-Benana. Paccmorpena
YIPYTOIUTACTHYECKAsl 3a/aua B OCECUMMETPUYHON MOCTAHOBKE (PABHOMEDHOE JIaBJIEHHE) WU
HEOCECUMMETPUIHON [MOCTAHOBKE (HEPABHOMEPHOE 110 KOHTYDY HAPYKHOE JaBJICHHE). 3ajada
pellieHa MeTOIOM COBMECTHOTO HCIOJIb30BAHUS CTATUYECKAX U (DU3NIECKUX YPABHEHUN JIsi
paccMaTpUBaEeMOro  YIPYTOILUIACTHYECKOTO MaTepuaja U METOJOM BO3MYINEHWIl B TEOpUU
YIPYTOIIACTUYIECKOr0 Teja. Jlama ONeHKa MpOYHOCTH M HeCyieil CrtocOOHOCTH TOJICTOCTEHHOTO
3JIEMEHTA [IPU KOPPO3UOHHO-CUJIOBOM BO3JIEHCTBUN.

KimroueBble cJj10Ba: TOJICTOCTEHHBIN JIEMEHT, YIPYTOIIACTUIECKOE COCTOSHIE, KOPPO3UOHHBIE
[TOBPEXK/IEHUS MaTepuaJia, IJIacCTUYecKas HeOIHOPOIHOCTh, (DYHKITHS PAa3yIPOYHEHUS.

1 Introduction

According the normative documents [1, 2| in engineering practice, when calculating, as a rule,
elastically deformable elements of pipelines are considered. At the same time, with an increase
in external loads, the material of a thick-walled element passes into an elastoplastic state.
Most pipelines are operated with prolonged exposure under increased loads in aggressive work
environments. The corrosive effect of an aggressive pumped medium leads to damage and
microcracking of the material during operation. In the plastic zone, as a result of corrosion-
force action, a softening of the element occurs, which leads to a significant decrease in its
strength and bearing capacity. The danger of exposure to aggressive media on the material
working under load is due to the fact that in such cases the pipelines fail in a very short
time, sometimes even with accidents. In this regard, this work is devoted to the study of
the stress-strain state, strength and load-bearing capacity of the elastic-plastic element of
a thick-walled pipeline under conditions of force and corrosion, which leads to the material
softening in the plastic zone.

2 State of the problem

The effect of large loads and aggressive working environments (containing hydrogen sulfide,
mercaptans), penetrating into the volume of structural elements, leads to their damage |3, 1].
The effect on the strength of the material of an individual crack or the final system of cracks in
the framework of the linear theory of elasticity is the subject of linear fracture mechanics [5].
Nonlinear fracture mechanics [] involves the analysis of the criteria and properties of material
ductility in the vicinity of the tip of a single crack. Corrosion damage to the contact zone of
the element material under high stress and corrosive environment leads to the appearance of
many defects and microcracks, the account of the overall impact of which is not possible in the
framework of fracture mechanics. Mathematical models and criteria describing the occurrence
and development of scattered microdamages are formulated mainly within the framework
of continuum mechanics [7]. Different types of corrosion affect on different parameters of
metal structures. For example, the general mechanochemical continuous corrosion of metals
leads to a loss of weight and volume of the material without significant loss of its strength
[8]. The calculation of the decrease in the wall thickness of a pipeline subject to general
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mechanochemical corrosion in the framework of the linear theory of elasticity is given in [9].
Moreover, the process of metal loss is significantly extended over time. In case of intergranular
and transcrystalline corrosion, on the contrary, the mechanical properties of the metal change
practically without loss of its weight [3]. The combined action of corrosion and static tensile
stresses leads to a gradual decrease in the resistance to plastic deformation and a decrease in
the plasticity limit in ductile metals, carbon and low alloy steels, and various alloys [10]. The
decrease in the mechanical properties of the material during loading due to the accumulation
of damage and defects can be taken into account in the framework of the plasticity theory
of inhomogeneous bodies [11, 12, 13]. In [11, 12, 13], to take into account the accumulation
of damage to the material, it was proposed to introduce a special softening function (radial
inhomogeneity of strength characteristics) in the criteria used for plasticity of the material for
axisymmetric and some plane problems. In [14], modified plasticity criteria were used, which
can take into account the accumulation of material damage in the case of more complex
boundary conditions under which plastic inhomogeneity should change in accordance with
the change in the elastoplastic boundary. In this paper, this is exactly the approach taken.

3 Solution of the problem

3.1 Basic assumptions and relationships

The element of a thick-walled extended pipeline is in flat deformation conditions. Consider
the cross section of a pipeline with an internal circuit ag + f1(r,0) and an external circuit
1 4+ fo(r,0) in the polar coordinate system r, . The material of the pipeline is considered
perfectly elastic-plastic.
The equations of equilibrium of the pipeline have the form:
do, 107, o, — 0, or, 100 Tr
+ 2 0 9:07 9+__9+2_0:O (1)
or r 00 r or r 00 r
Here are o,, 0y, 79 the components of the stress tensor. In the elastic region, Hooke’s law
is valid for a homogeneous, isotropic linearly elastic material:

= (1 + noy — ny0u). ©)
Where 0;; and ¢;; are the components of the stress and strain tensors, E — is the elastic
modulus, p — is the Poisson’s ratio, d;; — is the Kronecker symbol.
As a condition for the transition of the material into a plastic state, we accept the Tresca-
Saint-Venant condition, which is widely used in the calculation of plastic deformable metal
structures

(00 — 0,)? + 477 = 4K (3)

where K, is adhesion coefficient.

The material strength parameter K, in condition (2) characterizes the plastic inhomogene-
ity formed as a result of varying degrees of damage to the material due to the force-corrosion
effect and distributed over the thickness of the plastic zone, similar to the outline of its
boundary. At the boundary of the plastic zone, the value K, is constant: K, = K;. The value
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K, is a special softening function, depending on the coordinates r, # and loading parameters
To, 6 [1 —1]

K, = K,.(r,ro,0,0) (4)

Here 1y, § — is the axisymmetric and nonaxisymmetric loading parameters: ro = ro(Fy, Py +
PQ),5:5(P1—P2).

The problem is solved by the method of joint use of static and physical equations for
the considered elastoplastic material. In the non-axisymmetric formulation, the perturbation
method is applied [15]. The solution is searched for in the form of series by degrees of a small
parameter, which is the parameter ¢

oy = i 50l = o% + Z ol K, = Z KW = KO+ Z 5K,
0 1 0 1

v v
ry = E 0"r, =rg+ E 0“1y,
0 1

where 7, is the desired elastoplastic boundary.
Linearizing equations (1), (3) and introducing, according to (1), the stress function F' =
E(r,0)

1F®) 1 2FW , DR2FW) , o [(10FW
O_(V):_ (v) _ (v) _ (_ 50 )7 y:07172’“,(6>
T

— oy = Ty =
! r Or r2 062 7 0 orz 0 or

we obtain in the plastic zone an inhomogeneous partial differential equation for the function

F¥(r,0) :

O2FW) OF W) OPFWw)
7’2 — T -

or? or 062 [0, v=0 (7)

where ) is the right side of the corresponding linearized relation:
L

L warcon,

JO= 260, f0 =2k, U0 — - (s
0

The solution of equation (7) F®) is determined taking into account static or geometric
boundary conditions.

In the elastic region, the stress function ®(r,#) satisfies the biharmonic equation (V? is
the Laplace operator)

V2V20 = 0. (8)
The solution of equation (8) with r, mf can be represented as
®,, = (C1r"™ + Cor™™ + Csr™ 2 + Oy (r)) cosmb, m=0,1,2,..., 9)

where ©,,(r) = r™Inr at m = 0,1; p,,(r) = r~™2 at m > 2. Constants C; — Cy are found
from the boundary conditions.
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Figure 1: Design scheme for a thick-walled pipe element in an axisymmetric setting

3.2 Thick-walled element in an axisymmetric setting

First, find the axisymmetric state of the pipeline element. The axisymmetric problem for a
thick-walled element is known in elasticity theory as the Lame problem. Assuming in the
initial equations 7 = 0, doy; /00 = 0, OK?/0§ = 0, § = 0 we obtain the Lame problem in
the accepted formulation (Fig. 1).

The axisymmetric boundary conditions on the internal and external contour of ag and 1
and the conjugation conditions on the contour of rq have the form (square (round) brackets
at the indices mean belonging to the plastic (elastic) zon

Jﬁn}:PO at r = aop; O'?T)IP at r=1,

[oﬂ = [0—3} =0 at r=ry,

(10)

Here big [ . ] brackets means a jump of a given value when crossing through the specifical
boundary.
In the axisymmetric (zero) state of a thick-walled element, the softening function in the
plastic zone K? depends on the current radius r and the boundary radius r
K? = K.(r,m0) = (Ko — K1) f(r,m0) + K; (11)
Where K, and K is the value of the Stre_ngth of the material on the inner contour of the
element and on the elastic-plastic radius 7o, f(r,79) — some core with properties f(ap, 1) = 1,
f(ro,m9) = 0. Such properties of the core allow us to describe the decrease in the value H?

not only by the radius, but also depending on the position of the boundary radius ro. As a

core f(r,rg), one can take the core [12], which well describes the softening of the material

during loading (Fig. 2). It has the form f(r,7y) = %_T)) (n — nonlinearity parameter).
r™(1 —ag

Using equilibrium equations (1), plasticity condition (3), and also axisymmetric boundary

conditions and conjugation conditions (10) we find all stress components and the radius of



114 A.M. Alimzhanov, K.Zh. Shetiyeva

r

du Fs ro 1

a,=0,7; n=3;
v=0,4

Figure 2: Decrease in the strength parameter K depending on the position of the elastoplastic
radius ry according to the presented softening function K, (r,ro)

the plastic zone rg.

To
o= Po2 [ Kol = oy 2KY oy =0 12

ao

U[(JT) 2 1 0
0 :P+K1TO 1:Fﬁ , T(TG):O

%)
The radius r( is implicitly determined from the equation

To
PO—P+2/7"_1KSdr+K1(1 ) =0 (13)

ao

In the absence of corrosion damage, the parameter K? = K, and radius of the plastic
zone 1o are found from the equation

Py— P +2K, (m (T—O) —i—%(l—r%)) —0 (14)

Qo

Numerical calculations were performed using formulas (11) — (14) with the following data:
w=0,34; £ = 110GPa; AP = P — Py; E = 3667K;. According to numerical results, the
presence of corrosion damage affects the elastic-plastic state of the thick-walled element.
The greatest interest is the relationship AP = AP(ry) between value of uniform pressure
AP and the radius of the plastic zone ry (Fig. 3). This dependence is determined by the
thickness parameter ag and the softening parameters of the material n, v = Ky/K;. From
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a,=0,7; n=3:
1 (v=1); 2(v=0,7); 3 (v=0,4)
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1 (n=6); 2 (n=3); 3 (n=1)

Figure 3: The relationship between the value of uniform pressure AP and the radius of the
plastic zone rq for various thickness parameters and softening parameters of the material n,
Y= KO/Kl

the calculations it follows that the presence of corrosion damage (v < 1) leads to an increase
in radius ry. Moreover, all curves with v < 1 have one maximum point with an abscissa
ro = T«, where ag < r, < 1. In the absence of damage (v = 1), the radius r, = 1. The
existence and uniqueness of maximum points follows analytically from the nonmonotonicity
and convexity of the function AP = AP(rg).

The maximum point characterizes the moment of loss of the bearing capacity of a thick-
walled element. Corresponding to the maximum point, pressure AP, (AP, < AP) and radius
r. (r. < 1) are limiting for the destruction of a thick-walled element. The value r, depends
significantly on the thickness parameter aq : in a thinner element, it is located closer to the
inner surface (Fig. 3). The obtained results can serve as an explanation of the phenomenon
of premature failure of structural elements with corrosion damage.

We denote the relationship between external loads P, Py and radius r¢ as g(P, Py, 79) = 0.
Then the existence of a maximum point on the interval ag < ry < 1 is expressed as an
additional equation dg(P, Py, ry)/0ro = 0, which has the form: K, (ag, ) — Kir3 = 0.

The bearing capacity of a thick-walled element is determined as follows. From the two
transcendental equations g = 0, dg/drg = 0, we first find the critical radius r,, and then the
critical loads at which the thick-walled element is destroyed.

With the known softening parameters and given external loads, it is possible to establish
the optimal (minimum permissible) thickness parameter aq for a thick-walled element of two
equations g = 0, dg/0ry = 0. Calculations show that the bearing capacity of the element is
significantly reduced in the presence of corrosion damage, for example, when the thickness
d=1—ay=0,4 is reduced by 12-15%. The bearing capacity of an element that allows only
elastic deformation is lower by 34-50% in comparison with elastoplastic elements. It follows
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from the calculations that the bearing capacity of the elements increases most effectively
when their thickness increases only to d = 0.4 + 0.5.

3.3 Thick-walled element in a non-axisymmetric setting (outward pressure uneven in
contour)

Figure 4: Design scheme for a thick-walled pipe element in a non-axisymmetric setting

Consider an extended thick-walled element loaded with an external pressure that is not
uniform along the contour P (). The cross section of an element with an inner radius a¢ and
an outer radius of 1 is in plane deformation (Fig. 4).

External pressure is elliptically distributed along the contour and can be written as

P(6) = P[1 — ¢ cos 20| (15)

where P = (Ppax + Puin)/2 is the averaged uniform pressure, § = (Ppax — Puin)/(Pmax + Prin)
— a parameter characterizing the deviation of external pressure from uniform.

The solution is sought in the form (5) at v > 0. The zero solution for ¥ = 0 was found
in the previous part of the paper. Find a solution at v = 1. The function F® in (7) is
represented based on the static boundary conditions (15) on the outer contour of the element:
FO = R(r) cos 26.

Solving (7), we find the function F'!) in the plastic zone:

r

FO = AiRi+Ri/Mdr cos20, i=1,2, (16)
v(r)

ap
where A;R; = A| R, + AyRy = 7(A; cos(v/3In7) + Aysin(v/3lnr), V(r) — is the Wronskian
of the solution system R;, V;(r) is the determinant obtained from the determinant V' (r) by

replacing the i-th column with a column with a single nonzero element 2K @ cos~1 20 located
at its end.
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Using (6), (16) we find the stress components in the plastic zone. They must satisfy the
linearized boundary conditions on the inner contour

a[(rl]) =0, T[%)] =0 at r=ap. (17)

The components a[(rj]), 0[(9[]), [(7,9]

determined from (6), (9). They satisfy the given static boundary conditions on the external
contour (15) and two linearized conditions of stress conjugation o, and 7.5 on the boundary
of the plastic zone:

of the stress tensor in the elastic region of the cylinder are

o)1 =0, [rig] =0 at r=r. (18)

As a result, we obtain the boundary-value problem for an elastic ring of radius ry and 1
under the following boundary conditions:

U[(TI}) = —Pcos 20, T[EQ} =0 at r=1.

Solving this problem, we find the stress components in the elastic region.

The equation of the boundary of the plastic zone r, is sought in the form r, = rq + 7.
To determine the value of r, we use the linearized conditions for the conjugation of the
components oy and K, on rq :

do dK?
{&Lwﬁquo,{Km *J:Oatr:m, (19)

dr * dr

where will we get it

do? do? dK?
= ooy (G- ) = e

Then for 1 we will have r = @(rg)ro cos 20, where (1) is a function of 7y :

I R
X+ X+ 7

_ —P
©(ro) = X0:4(1_T(2)+T02_T§)W7

1
N=6—4(ri+ry3) +r5+ryt, A= 5(12+120¢2 —a)?

K,
X = (10—47’8—4r()_2—r§—r()_4+oz1N)W><

X [<\/§cos(\/§ln ro) + sin(\/glnfr’o)> By + (cos(\/gln 7o) — V3sin(v/31n r0)> BQ] :

K. .
Xo = —2(4 —drj + 15 — 7"64)W x (sin(v/31n 7o) By + cos(V31nry)By),

1_% 207 B, = —sm(\/_lnro—g)——sm(\/_lnro—g)

7 =4K,, K,=(K,— K))
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By :—cos(\/_lnro—g)——cos(\/_lnro—g)

In the homogeneous case we have: X — the same thing, X; = X, = 0, H? = H, b =g
X, =X,=0, K'=K,, KW =0, Z=4K,.

Moreover, the radius ry corresponds to the homogeneous case.
The equation of the boundary of the plastic zone r, takes the form:

rs = ro(1+ dp(rg) cos 20).

The solution exists under the condition ro(1 — dp(rg)) > ap.
The bearing capacity of a thick-walled element can be determined from the transcendental
equation

r. =1o(1+ d0p(ro)) (20)

First, from (20) we find the radius ry. Substituting the found radius 7y into equation
(13), we obtain critical loads at which the plastic zone reaches some "critical" points of the
thick-walled element.

In the absence of corrosion damage to the element, r, = 1 should be taken in equation
(20) and equation (14) should be used. The critical points in this case (marked with zeros in
Fig. 4) are on the external contour of the element in the directions of the minimum external
pressure P, . In the presence of corrosion damage to the element, the critical points (marked
with crosses in Fig. 4) are inside the element on circuit 7, in the same directions. Reaching
these crosses with at least one point of the plastic zone will lead to the destruction of the
element. As can be seen from Figure 4, the plastic zone is elongated in the directions of
action of P,;,. Damage to the material leads to an increase in the size of the plastic zone.
The degree of damage to the material depends on the size of this zone. The element has the
greatest damage in the directions of action of P,;,. Therefore, the softening of the element
depends both on the size of the plastic zone and on the orientation of its boundary.

4 Conclusion

The stress-strain state of an elastoplastic element of a thick-walled pipeline is studied under
conditions of force and corrosion using a special softening function (plastic inhomogeneity)
in the plasticity condition of Tresca-Saint-Venant.

The elastoplastic problem for a thick-walled element in an axisymmetric formulation (with
uniform external and internal pressure) and non-axisymmetric formulation (with an external
pressure uneven in contour) is considered. The problems are solved by the method of sharing
static and physical equations and the perturbation method in the theory of an elastoplastic
body.

An assessment of the strength and bearing capacity of a thick-walled element under
corrosive force is given.
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STRESSED-DEFORMED STATE OF TWO DRIFTS IN A TILTLY
LAYERED CRACKED ARRAY IN THE CONDITIONS OF ELASTIC
DEFORMATIONS OF ROCKS

In the study, based on a homogeneous anisotropic mechanical-mathematical model of an inclined,
finely layered array with a biperiodic system of slots, the patterns of distribution of elastic stress-
es and displacements near two drifts of arbitrary profile shape and depth by the finite element
method under conditions of plane deformation have been systematically numerically investigated.
The calculation was carried out by converting weakened rocks with two excavations in elasticity to
an equivalent homogeneous medium. It is difficult to solve the problem of the initial static stress
state of two-diagonal workings on a rock weakened by two-period cracks by the analogous method,
therefore it was solved by the generalized method of plane deformation using the first and second
isoparametric elements by the finite element method. Methods for dividing the area specified by
the finite element method into parametric quadrangular elements and numerically determining the
stress-strain state of double workings are given.

A computational algorithm has been developed and a software package has been developed for
studying the elastic state of adjacent cavities of arbitrary depth and shape. A multivariate numer-
ical calculation and analysis of the influence on the components of stresses and displacements near
cavities, geometrical, physical parameters of rocks was carried out.

Key words: drift, isoparametric element, transtropic array, finite element method.
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Exi miTpekTiH cepniMai Tay >KBIHBICTAPBIHBIHBIH, 2KapbIKTAPhl MACCUBTI CaJIMaKThl KabaTTarbl
KepHEeYJIiK-1e(opMaIusJIbIK, >KaF Jaibl
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Seprreyme OumepmoATHI  CAaHBLIAyJIAp Kyiteci Oap Kesbey, KykKa KabaTThl MACCHBTIK
6ipTeKTI AHM30TPONTHI MEXAHUKAJIBIK-MATEMATUKAJBIK MOIEIIH aja OTBIPLII, YKA3BIKTHIKTHII
JedopMmarusiiany KaralblHa MEeKTi JIEMEHT 9JIiCiH KOJIJIAH/IBIK, }KOHe TePEHIKTIH eKi MTPeKTiH,
MaHafbIH/Ia CEPIMJII KepHeyJIep MEH OPBIH aybICTBIPY/IAP/IbIH, 3aHIbLIBIKTApPbl XKYiea Typ/e
zeprresi. Tay KBIHBICTAPBIHBIH I'€OMETPUSIBIK, (DU3UKAJIBIK IIapaMerpjepine KepHeyjiep MeH
OPBIH ayBICTHIpYIap KOMIOHEHTTEPIHE 9cep €Tyl CAHJBIK eCelTey *KoHe Tajay *KYprisiimi.
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Koc kaszbamen omciperiireH Tay KBIHBICTAPBIH KATAHIBIFBI YKAFBIHAH IKBUBAJIEHTTI OipTEKTI
oprara KejTipy ecebi apKbLIbl »Ky3ere acbipblLibl. CajMaKThl €Ki IEepUOIATHI KapbIKTapMeH
OJICIPETIJITEH Tay YKBIHBICHIH/IA KOJIJEHeH KUMACKI P TYPJIi KOC JINarOHAJIBIK Ka30aHbIH OaCTaIIKbI
CTATUKAJIBIK, KEPHEYJIIK KYIH aHAJIUTHKAJIBIK OJICTEPMEH IeNry Kypedi OOJFaHIbIKTBIH ecell
IMEeKTI 3JIeMeHTTep 9iciMen OIpiHIm KoHe eKiHIm M30mapaMeTpJiK 3SJIeMEeHTTEPl KOJIAHDIII,
JKaJIbLIaMa YKa3bIK JedopMarius mapTeiaga merriam. [TlekTi semenTTep o/1ici apKbLIbI Oepiiren
OOJIBICTBI TOPTOYPBIMITHI U30MAPAMETPJIK dJEeMEHTTEPre 0Oy KOoHE KOC Ka30aHbIH, KEePHEYJTiK-
J1ebOpMaIUSIIBbIK, KYITiH CAH/IBIK AHBIKTAY YKOJIIAPBI KeJITipiyI.

Ecenrey anropurMmi KoHe epKiH TepeHJIIK MeH MIMMHHIH iprejec KybICTAPBIHBIH CEPIiMIl KyHin
3eprTeyre apHaJran OarJapIaMaJiblK KeIleH YKACAJBIH/IbL. 1ay KBIHBICTAPBIHBIH [eOMETPHUSIIBIK,
buU3UKAIBIK TTapaMeTpiepiHe KepHeyJIep MeH OPBIH aybICTBIPYJIap KOMIIOHEHTTEPiHe ocep eTy/i
CaH/IBIK, €CENITeY 2KOHE TaJJIay YKYPTri3iii.

Tyiiia ce3aep: mTpek, U30MapaMeTpJiK 3JIeMeHT, TPAHCTPOIIThI MACCUB, MIEKTI 9JIEMEHTTIK 9IiC
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Hanpskenno-1edopMupoBaHHOE COCTOSIHUE ABYX IITPEKOB B HAKJIOHHO CJIOMCTOM
TPEIUHOBAThIM MAaCCHUBE B YCJIOBHUAX yNpyrux aedopmanusax mopos

B pabore Ha 0CHOBe OJHOPOIHOI AaHM30TPOIHON MEXaHHKO-MAaTEeMATHIECKON MOJE/IN HAKIOHHOI'O
MEJIKOCJIONCTOTO MacCCHUBa C JIBOSIKOIEPHO/INYECKON CHUCTEMOIl INesieil CHCTEeMATHYIeCKN YHCJIEHHO
HCCJIEJIOBAHO 3aKOHOMEPHOCTH DAacCIIPe/leIeHnsl YIPYIUX HAIIPSKEHW U IIepeMeleHnit BOIM3n
JIBYX IITPEKOB IIPOM3BOJIBHON (DOpMbI IpoduUiIst M IVIyOMHBI METOJOM KOHEUYHBIX 3JIEMEHTOB B
YCJIOBUSIX TIIIOCKOI Jiechopmanun. Pacder ObLI OCYIIECTBIICH € IIyTEM IIPEBPAIICHUS OCTa0ICHHBIX
TIOPOJ, C ABYMsI PACKOIKAMU IO YIPYTOCTH K SKBUBAJIEHTHON OTHOPOIHOM cpere. Pemars 3amagay
Ha4YaJILHOI'O CTATUYECKOI'O HAIIPSIZKEHHOI'O COCTOSIHUS JIBYX/IUArOHAJILHBIX BBIPAOOTOK Ha IIOPOJIE,
0CJIA0JIEHHON JIBYXIIEPUOIHBIME TPEIINHAMHU 110 aHAJOIMYEeCKIM METOJIOM TPY/IHO, 110 STOMY ObLIa
perieHa ODODOINEHHBIM METOJIOM IIJIOCKOH JlepopMalui C HCIIOJIB30BAHUEM IIEPBOI'O U BTOPOIO
N30IAaPAMETPUYIECKIAX 3JIEMEHTOB METOJOM KOHEUYHBIX 3JIEMEHTOB. [IpuBeieHbl ClIOCOObBI JieeHms
IUIOIIA/IN, 3a/@HHON METO/JIOM KOHEYHBIX 3JIEMEHTOB, Ha IIapaMeTPUYECKHE YeTHIPEXYTrOJbHbIE
9JIEMEHTHI M YNCJIEHHOIO OIIPEJIeJIEHUs] HAIPSKEHHO-/1e(POPMUPOBAHHOIO COCTOSIHUS JIBOMHBIX
BBIPADOTOK.

Paspaboran pacdeTHBIII aJropuTM ¥ COCTaBJIEH IPOI'DAMMHBIA KOMIUIEKC I U3YYeHUs
YIPYTOro COCTOSIHUS COJIMZKEHHBIX IOJIOCTEH IIPOM3BOJILHON riyOomabl 1 ¢opmbl. [Iposesen
MHOI'OBapPUAHTHBII YHCACHHBIA pacdeT M aHAJIN3 BJNSHUS Ha COCTABJISIONINE HAIPSZKEHUNH u

repeMeIennii BOJIN3M MOJI0CTel, TeOMETPOMYECKNX, (DU3UIECKUX TapaAMETPOB TIOPO/I.
KiroueBbie ciioBa: IMITpeK, M30MapaMeTPUYECKUNl 3JIEMEHT, TPAHCTPOIHBI MacCHB, METO/I

KOHEYHbIX 3JIEMEHTOB.

1 Introduction

In the last century, the works of Soviet and foreign scientists mainly carried out theoreti-
cal studies of the VAT of underground cavities in an isotropic massif. Using the symmetry
of the biharmonic solution and based on the special properties of the harmonic functions
O.Muller [1], K.Stocke [2], the corresponding classes of problems are considered. G.V.Kolosov,
N.I.Muskhelishvili [3] successfully solved the theory of functions of a complex variable in solv-
ing plane problems in the theory of elasticity of an isotropic body.
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The analytical function proposed by Appel made it possible to consider the state of a single
and multiply connected isotropic body with circular holes. An orthotropic medium with a
doubly periodic system of round holes was considered by L.A.Filshtinsky [4], and such a body
with elliptical holes by A.S.Kosmodamiansky, M.M.Neskorodev [5]. A.S.Kosmodamiansky
studied the SSS of an anisotropic elastic body with three and infinite rows of holes and
based on these solutions Zh.S.Erzhanov, K.Kaydarov, M.T.Tusupov [6] studied the effects
of slot systems on the static stress state of the underground working out. Zh.S.Erzhanov,
Sh.M.Aytaliev and Zh.K.Masanov [7| proposed a computational mechanical-mathematical
model of elastic deformation of an anisotropic massif with doubly periodic gap systems,
and by solving the reduction problem, we obtained elastic constants of a transtropic body
equivalent in stiffness to the main an array with gaps, depending on the elastic properties of
the latter and the geometry of the gaps. Based on this model, the static initial elastic state
of mostly single underground deep-seated cavities was studied using strict and approximate
methods.

A significant contribution to the development of the theory of FEM and their applica-
tion to solving complex problems of statics and dynamics of the mechanics of a deformable
body was made by scientists L.Segerlind [8], B.Z.Amusin, A.B. Fadeev [9], Zh.S.Erzhanov,
T.D.Karimbaev [10], Sh.M.Aytaliev, Zh.K.Masanov, R.B.Baimakhan, N.M.Makhmetova [11]
and others.

2 Finite elemend method

The elastic static stress and deformable state of two shallow cavities in a heavy transtropic
massif is studied depending on the degree of discontinuity by adhesion of shallow inclined
layers at an angle ¢. We denote by H the depth of the workings with the distance between
their centers 2L.

The equation of the generalized Hooke law of an anisotropic array with cavities under
generalized plane deformation relative to the Cartesian coordinate system Ozyz (Figure 1)
is written as

{0} = [D){e} 1)
where {o} = (0,,0.,0..)7, {e} = (ex,62,722)T, [D] = [di], (i, = 1,2,...,5) is strain coeffi-
cients [7].

Here EZ 12, G3(k = 1,2) effective elastic constants of the transtropic massif, equivalent
in stiffness to the anisotropic massif with gaps that depend on the elastic constants of the
latter Ey, vy, Go(k = 1,2) and slot geometry a, w, iw.

The cross-sectional area ABCD of the drifts during plane deformation is divided using n
nodes into m isoparametric design elements (Figure 1b). A basic resolving system of 3n-order
FEM algebraic equations is compiled with respect to the projections of node displacements
and it is solved under the following boundary conditions:

base of the BD settlement area ABCD non-deformable

u=w=0 (2)



Azhikhanov N.T. et al. 123

the lateral sides of AB and CD under the influence of the weight of the rocks move only
in the vertical direction due to the absence of the influence of the cavities

u =0, w=w(z). (3)

H o

Figure 1: Calculation scheme for studying the stress state of an anisotropic array a) spatial
view; b) flat view; ¢) a plane with a periodic system of slots

The investigated computational domain with cavities is automatically divided into
isoparametric elements using the FEM 3D program in the Delphi object-oriented environ-
ment. Each node is affected by vertical force by weight.

Solving the basic system of FEM equations with respect to component displacements with
boundary conditions 2, 3 by strict methods is difficult; Therefore, it is solved in the paper
by the iterative Seidel - Gauss method with the upper relaxation coefficient with a given
accuracy [12].

An attractive feature of this method is the following: firstly, the system stiffness matrix is
compiled only once [K] and its elements and column matrix elements are used during iteration
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{U}; secondly, when k + 1 iterations for unknowns w11, (m = 1,2,...,3,n), uy, us, ..., U,
values needed at k + 1 iteration, and for w,, o, ..., us, value at k iteration.

To verify the correct operation of the developed algorithms and software systems, the test
problem of the elastic stress state of a circular cavity in an anisotropic array with a horizontal
plane of isotropy under conditions of plane deformation and hydrostatic stress distribution in
an untouched medium is solved. Due to the symmetry of the problem, a quarter of the region
with a cavity is divided into 342 isoparametric elements using 380 nodes. The basic system of
1140-order equations is solved using 1000 iterations. The difference between the displacement
values at the characteristic points of the contour obtained by iterative and known rigorous
methods is not more than 1-2%.

When calculating the values of the components of displacements and stresses near ad-
jacent drifts of various depths () and the profile shape in a slit-like transtropic massif
with incomplete adhesion of layers (w/a = 2.5,3,4,6,00) and inclined plane of isotropy
(p =0,30°,45°,60°,90°) the study area was divided into 2064 elements with 2189 nodes.

The calculation results of the study are presented in the form of diagrams; they are ana-
lyzed in detail regarding the effect of incoming parameters on the elastic state of underground
structures.

Other things being equal, the parameter w/a significantly affects displacements near cav-
ities of various shapes; with its decrease, the values of the latter increase (Figures 2,3).
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Figure 2: Displacement contours u (mm) around cavities of different profiles.
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Figure 3: Isolines of vertical displacements w (mm) around cavities of different profiles.
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126 Stressed-deformed state of two drifts in a tiltly layered cracked array ...

3 Results
Given 12 points in anisotropic rocks weakened by two elastic periodicities, the value of the

change in the tangential stress oy/vH in Table 1 was obtained, depending on the proximity
of the minerals, the frequency of the stress crack and displacement.

Table 1: Change in displacement depending on the transverse angle ¢in the horizontal plane

p=20 p = 30° p = 60° © = 90°
u

Left fossil " » " » " » W

1 -0,002 | -1,03 | 0,099 | -1,421 | 0,267 | -1,057 | -0,002 | -0,51
2 -0,004 | -0,992 | 0,085 | -1,407 | 0,318 | -1,058 | 0,006 | -0,483
3 -0,007 | -0,877 | 0,077 | -1,278 | 0,353 | -0,955 | 0,009 | -0,408
4 -0,008 | -0,71 | 0,069 | -1,059 | 0,359 | -0,777 | 0,008 | -0,311
5 -0,008 | -0,525 | 0,047 | -0,799 | 0,321 | -0,579 | 0,005 | -0,209
6 -0,004 | -0,374 | 0,043 | -0,592 | 0,285 | -0,407 | 0,002 | -0,126
7 0,001 |-0,317 | 0,063 | -0,511 | 0,263 | -0,315 | -0,001 | -0,096
8 0,005 | -0,371 | 0,089 | -0,564 | 0,246 | -0,332 | -0,004 | -0,125
9 0,007 |-0,52 | 0,102 | -0,739 | 0,219 | -0,462 | -0,008 | -0,207
10 0,008 |-0,703 | 0,11 | -0,976 | 0,197 | -0,658 | -0,01 | -0,307
11 0,004 |-0,871 | 0,11 |-1,2 0,197 | -0,847 | -0,014 | -0,404
12 0,001 |-0,988 | 0,113 | -1,361 | 0,224 | -0,983 | -0,01 | -0,481
) NGRS © = 30° © = 60° © = 90°

Right fossil " ” 07 " " " " W

1 0,002 | -1,031 | 0,378 | -1,485 | 0,501 | -0,823 | 0,002 | -0,51
2 0,004 |-0,992 | 0,396 | -1,507 | 0,567 | -0,853 | -0,006 | -0,483
3 0,007 | -0,877 | 0,372 | -1,374 | 0,584 | -0,8 -0,009 | -0,408
4 0,008 |-0,71 | 0,312 | -1,13 | 0,547 | -0,678 | -0,008 | -0,311
5 0,008 | -0,525 | 0,237 | -0,842 | 0,467 | -0,508 | -0,005 | -0,209
6 0,004 | -0,374 | 0,153 | -0,593 | 0,368 | -0,36 | -0,001 | -0,126
7 -0,001 | -0,317 | 0,082 | -0,47 | 0,273 | -0,283 | 0,001 | -0,097
8 -0,005 | -0,371 | 0,041 | -0,5 0,204 | -0,29 | 0,004 | -0,125
9 -0,007 | -0,52 | 0,045 | -0,65 | 0,174 | -0,363 | 0,008 | -0,207
10 -0,008 | -0,703 | 0,099 | -0,868 | 0,2 -0,475 | 0,01 -0,308
11 -0,004 | -0,871 | 0,185 | -1,11 | 0,274 | -0,611 | 0,014 | -0,404
12 -0,001 | -0,988 | 0,297 | -1,33 | 0,382 | -0,731 | 0,01 -0,481

4 Conclusion

When the cavities are at different levels, the stress distribution is very difficult; they change
with growth w/a. At an angle of inclination of the plane of isotropy ¢ = 0,90° (and slit planes)
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of a slit-like massif with cavities, all other things being equal, both stress and displacement
are distributed around them symmetrically with respect to the vertical axis Oz and grow
with the depth of the structures stresses decrease, displacements increase with decrease w/a;
when ¢ # 0,90° both stresses and displacements are symmetrical about the vertical axis Oz.
With a length of 5D or more, where D is the largest diameter of the cavities, the mutual
influence of the structures is negligible.
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STUDY OF FORCED VIBRATIONS TRANSITION PROCESSES OF
VIBRATION PROTECTION DEVICES WITH ROLLING-CONTACT
BEARINGS

Many seismic isolation and vibration protection devices use asan essential element the various
types of rolling-contact bearings. The rolling-contact bearing is used for creation of moving base
of body protected against vibration. The most dynamic disturbances acting in the constructions
and structures have highly complex and irregular nature.

This article considers the oscillation of a solid body on kinematic foundations, the main elements
of which are rolling bearers bounded by the high order surfaces of rotation at horizontal dis-
placement of the foundation. It is ascertained that the equations of motion are highly nonlinear
differential equations. Stationary and transitional modes of the oscillatory process of the system
have been investigated. It is determined that several stationary regimes of the oscillatory process
exist. Equations of motion have been investigated also by quantitative methods.

In this paper the cumulative curves in the phase plane are plotted, a qualitative analysis for sin-
gular points and study of them for stability is performed. In the Hayashi plane a cumulative curve
of body protected against vibration forms a closed path which does not tend to the stability of
singular point. This means that the vibration amplitude of body protected against vibration is not
remain constant in steady-state, but changes periodically.

Key words: protection against vibration,rolling-contact bearing, nonlinear vibrations, cumulative
curves, singular point.
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T.F.J1., npodeccop, Y.A. ZKonnacbeKkoB aTbIHIAFbI MEXAHUKA YKOHE MAITMHATAHY UHCTUTYTHI,
Amvarter k., Kazakcran, E-mail: kuat  06@mail.ru
2okprTymb, AGait arsiarsl Kasak yiITTHIK IeIaroriKaIblK, YHIBEPCHTET,
Aumvarer K., Kazakcran, E-mail: sultanovaa.86@Qmail.ru
TeHcesmMeni TipeKKe OpHaJIaCThIPbLIFAH AiPlJIIeHKOPFay KOHIABIPFBICBIHBIH, MIXKOyp
TepbeJticiHil eTmesi mpolieccTepin 3epTTey

1

Kermreren gipifenkopray KoHe CeHCMOKOPFay KOHJBIPFBLIAPBIHIA HEri3ri 3JIEMEHT peTiHje
OPTYDJI TYPAEri TeHceIMei TipekTep KoJaHa bl Tencesvesnti Tipek JIipiajgeH KOPraJaaThiH JIeHere
KO3FaJIMaJibl TabaH rKacay VIIH KOJIAHBLIAABL. T'maparapra »KoHe KypbLIFbLIaApra ocep eTeTiH
JTHAMHUKAJIBIK, YHBITKBITYIAaP/IBIH, KO eTe Kyp/esi koHe XKyiteci3 cumarrapsa 6071a/161.
Bepinren makamajia, TabaHbl TOPU30HTAIL OAFBITTA OPBIH AyBICTHIPFAH JKAFbIIAiiIarbl, HErisri
SJIEMEHTI KOFapbl JPpexesi aiiHajy OerTepiMeH IIeKTeJreH TeHce/IMe i Tipek 0oJaThiH
KUHEMATHKAJILIK, TabaHra OPHATLIIFAH KATTHI JeHeHiH Tepbesici KapacThIpbLiaabl. Kosramabic
TeH/eYl alTap/IbIKTall ChI3BIKTHI eMec auddepennuaabablk TeHaey domaant. 2Kyitenin Tedbemmerti
MIPOIECCIHIH CTAITMOHAP/IBI JKOHE OTIesi peXuMjepi 3eprrenai. Tepbeamesti TpoIecCTePIin
Gipuerie pexkumiepi 6ap exkemiri TarafbrHaa bl Ko3raabic TeHieyi CaHIbIK 9J1iC apKbLIbI 12
3epTTEeI.
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Byn xywmpicTa, das3agblK Ka3bIKTHIKTA HWHTErPAIbILIK KHCHIKTAP YPTBI3LIIFAH, €peKIe
HYKTEJIepre camaJjbl TaJiay/aap KACAJJIBIHBII KOHE OJIapIAbl OPHBIKTBLIBIKKA 3€PTTEreH. Xasich
JKa3bIKTBIFBIH/IA JIPIJeH KOpFaJaTblH JeHEHIH WHTErpasibJblK KUCBIFBl TYWBIK TPAeKTOPUS
JKacailJibl KoHE OJI OPHBIKTBI €peKIe HYKTere yYMTBhIIMAaW bl By dipligeHKopraiaThbiH JeHEeHIH
TepOeTiCiHIH, OPHBIKKAH PEXRUMICTI aMILUTUTYAACHIHBIH, TYPAKTBI  OOJIMANTHIHIBIFBIHBIH,OHBIH,
MIePUOJITHI ©3TEPETIH/IIrH Oimipei.

TyitiH ce3aep: aipingeHKaprailThiH KOH/BIPFBI, TEHCEJIME TipeK, ChI3BIKTHI eMec Tepbesticrep,
WHTErPaJIb/IbIK KAChIKTAap, epeKIle HyKTesep.
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2npenogasarens, Kazaxcknit Harmona ibHbIIH TIeJarormgecKuii yausepenteT nvenu Abas,
r. Anmvarer, Kazaxcran, E-mail: sultanovaa.86@mail.ru
WccnenoBanue rnmepexoaHbIX HPOIECCOB BBIHYKJIEHHBIX KOJe0aHmii BUOPO3AMIUTHBIX yCTPOMCTB
Ha OMopax KadeHUs

Bo MHOrmx BHOpPO3AIUTHBIX U CEHCMOBAIUTHBIX YCTPOICTBAX, B KAUECTBE OCHOBHOI'O IJIEMEHTA
HCTOJIB3YETCS OMopa KadeHUs pasandHoro suja. Omnopa KadeHdsl MPUMEHSETCS JJIS CO3IaHUS
[IOJIBUKHOTO OCHOBAHUST BUOPO3AIUINAEMOTO Teja. BOJBIMMHCTBO JAHUMUIYIECKUX BO3MYIIEHHUIA,
JIEHCTBYIOIIMX B COOPYZKEHUSIX W KOHCTPYKIUSIX, HOCAT BECbMa CJIOXKHBIII U HEperyJsisipHbIii
XapaxTep.

B mammoit cratbe paccMaTpuBaiOTCs KOJIEOAHNMS TBEPAOrO Tejla Ha KHHEMATHIECKUX OCHOBAHUSAX,
OCHOBHBIMHU 3JIEMEHTAMU KOTOPBIX SABJISAIOTCS MMOJBUYKHBIE OIOPBI, OTPAHNIEHHBIE TIOBEPXHOCTIME
BpAIIEHUST BBICOKOI'O TOPsJIKA IIPU TOPU30HTAIBLHOM CMENEHUH OCHOBAHUS. YCTAHOBJIEHO, UTO
YPABHEHUSI JIBUYKEHUsI SIBJISIOTCS CHUJIBHO HeJMHEeHbIME JudepeHInalibHbIMU Y PABHEHUSIMUA.
WccretoBanbl  cTalimoOHapHbIE U I[EPEXOIHBIE DPEXKMMBI  KOJI€DATETBHOIO IIPOIECCa CUCTEMBI.
VCTaHOBJIEHO, 9TO CYIECTBYET HECKOJBKO CTAIMOHAPHBIX PEXKUMOB KOJIEOATEJHHOTO IIPOIECCA.
VpaBHeHus ABUKEHUs ObLIN UCCJIEIOBAHBI TAKXKE KOJTMIECTBEHHBIMU METO/IAMHU.

B nmammoit pabore, TOCTPOEHO WHTErpajbHbIe KpUBBbIe Ha (a30BOHM IIJIOCKOCTH, ITPOBEIEHO
KaueCTBEHHOE aHAJIM3 Ha OCOOble TOYKM WM WCCJIEJOBAHO WX Ha yCToH4YmBOCTb. Ha miockocTu
Xasicu mHTerpasbHasi KpuUBas BHOPO3AIUINAEMOro Teja o0pa3yeT 3aMKHYTYIO TPAaeKTOPHIO,
KOTOpasi HE CTPEMUTCS K yCTOHYIUBON OCOOOI TOUKe. DTO O3HATAET, UYTO AMILIUTYIa KOjaeOaHmst
BUOPO3AIIUAIIAEMOTO TeJa B YCTAHOBUBIIEMCS PEKUME HE OCTAETCS MOCTOSTHHOMN, & MePUOMIeCKH
MEHAIOTCA.

KimtoueBbie cJioBa: BUOPO3AIUTHBIE YCTPOMCTBa, OMOpa KadeHWUsl, HeJUHEHHble KOJIOAHUSI,
WHTErpaJjbHbIe KPUBBIE, 0cO0ast TOYKA.

1 Introduction

The tasks considered in this work have arisen from the problems of earthquake-resistant
constructing.

The essence of the matter is that the protection of building structures from the destructive
forces of nature, appeared in earthquakes, is carried out almost exclusively by strengthening
the structures nowadays. The taken measures, although they provide the seismic resistance of
the facilities under construction to a certain extent, lead to a rise in the cost of construction
in seismically active areas, depending on the seismic zone score. Therefore, along with further
improvement of measures to increase the seismic resistance of building structures, clarifying
the parameters of seismic effects and the values of the calculated seismic loads, the search
for new effective methods of seismic protection is of great relevance.

First of all, these searches are carried out by developing new structures and their elements
that ensure reliability and high economic efficiency of construction in seismic areas.
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The use of devices called seismic insulating foundations involves the counteraction of
building structures to seismic forces not by improving the strength properties of structures,
but, as it is done in a wide variety of vibration protection systems, by reducing the seismic
load on the protected objects. This is quite new for the earthquake-resistant constructing.

In work [1] we gave a review, a classification and the comparison of the devices designed
to reduce the seismic load on buildings and which are the integral part of their foundations.
Two classes of seismic isolating devices have been identified, which are the example of the
direct transfer of vibro-isolation principles to constructing.

These are foundations with elastic support elements and dynamic dampers of seismic
vibrations. Two classes of shock absorbers of a different kind have been established:

1. Foundations with servomechanisms, which include rigid supports with an indifferent
or even unstable equilibrium position (balls, rollers, vertically arranged spars, etc.) and
servomechanisms that return the building to its equilibrium position; at the same time, a
compromise solution is often given, combining rolling or sliding bearings and elastic shock
absorbers that replace servomechanisms;

2. Kinematic foundations, in which, as in foundations with servomechanisms, the seismic
isolation is carried out not due to the elasticity of the shock absorber, but using supports
of a special geometric shape; a building, a structure installed on such supports, has a stable
equilibrium position, when removed from that position it oscillates with a frequency that
depends [1,2] mainly on the geometric dimensions of the supports and the acceleration of
gravity (for this reason, such devices are called kinematic [2] and [3| gravitational seismic
isolation systems);

3. The most acceptable and promising from an engineering point of view, as noted in [1, 3],
is the newest class of seismic isolating devices — a class of supporting kinematic foundations
that favorably differ from other types of seismic shock absorbers in cost-effectiveness and
simplicity of technical solution.

The kinematic supports developed in connection with the requests of earthquake-resistant
constructions can be used as shock absorbers in vibro-isolation systems of various machines
and equipment, and as elements of devicesas well.

This article [19, 20| considers the oscillation of a solid body on kinematic foundations,
the main elements of which are rolling bearers bounded by high-order surfaces of rotation
at horizontal displacement of the foundation. Equations of motion of the vibro-protected
body have been obtained. Stationary and transitional modes of the oscillatory process of the
system have been investigated.

The work contains geometrical analysis of non-linear vibrations of vibro-protective sys-
tems on rolling bearers bearing elements of which are restricted by high order spherical
surfaces in transition regime.

2 Literature review

Rolling bodies of various types are applied as the main element in many vibro-protective and
seismo-protective devices.

The work [4] contains systematic depiction of non-linear systems analysis method, de-
scribed by differential equations of second rate. This work contains also topological and
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graphical methods, applicable for calculation of autonomic and, especially, non-autonomic
systems.

In the work [5] the author focuses attention on decision of tasks on determination of orders
of initial conditions, leading to various stable stationary decisions. In the work [6] the author
considers problems of self-oscillations of various mechanical systems, particularly, examines
in detail self-oscillations of rotors.

The work |7] studies the features of vibrational motion of an orthogonal mechanism with
disturbances, such as restricted power in the presence of a fixed load on the horizontal link.
Dynamic and mathematical models were prepared, and the operating conditions’ fields of
existence for the vibration mechanism in terms of the driving power were defined.

This paper [8] presents results of modelling of vibrations of rigid rotor caused by the
degradation of hydrodynamic bearings. Model is composed applying equations of nonlinear
hydrodynamic forces and measured parameters of a real rotary machine.

In order to study the resonance of a rotating circular plate under static loads in magnetic
field, in the work [9] the nonlinear vibration equation about the spinning circular plate is
derived according to Hamilton principle. The algebraic expression of the initial deflection
and the magneto elastic forced disturbance differential equation are obtained through the
application of Galerkin integral method.

This paper [10] presents a new semi analytical approach for geometrically nonlinear vi-
bration analysis of Euler-Bernoulli beams with different boundary conditions. The method
makes use of Linstedt-Poincar’e perturbation technique to transform the nonlinear governing
equations into a linear differential equation system, whose solutions are then sought through
the use of differential quadrature approximation in space domain and an analytical series
expansion in time domain.

In the work [11] a systematic method is developed for the dynamic analysis of the struc-
tures with sliding isolation which is a highly non-linear dynamic problem. According to the
proposed method, a unified motion equation can be adapted for both stick and slip modes
of the system. Unlike the traditional methods by which the integration interval has to be
chopped into infinitesimal pieces during the transition of sliding and non-sliding modes, the
integration interval remains constant throughout the whole process of the dynamic analysis
by the proposed method so that accuracy and efficiency in the analysis of the non-linear
system can be enhanced to a large extent.

The paper [12]| features a survey of some recent developments in asymptotic techniques,
which are valid not only for weakly nonlinear equations, but also for strongly ones. Further,
the obtained approximate analytical solutions are valid for the whole solution domain. The
limitations of traditional perturbation methods are illustrated, various modified perturbation
techniques are proposed, and some mathematical tools such as variational theory, homotopy
technology, and iteration technique are introduced to over-come the shortcomings.

The effects of neglecting small harmonic terms on estimation of dynamical stability of the
steady state solution determined in the frequency domain are considered in the paper|13].
For that purpose, a simple single-degree- of-freedom piecewise linear system excited by a
harmonic excitation is analyzed. In the time domain, steady state solutions are obtained by
using the method of piecing the exact solutions (MPES) and in the frequency domain, by
the incremental harmonic balance method(IHBM). The stability of the solutions obtained in
the frequency domain by IHBM is determined by using Floquet-Liapounov theorem and by
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digital simulation of the corresponding perturbed motion.

In the paper[14 |the nonlinear response of a base-excited slender beam carrying an at-
tached mass is investigated with 1:3:9 internal resonances for principal and combination
parametric resonances.

3 Material and methods

3.1 Equations of the motion

Let us consider the principle of work of the kinematic foundation of moving supporting
elements, which is a rolling bearing with bounded surfaces of rotation of a high (n) order
(Fig.1).

On the Figure 1, the object I is a rolling bearing with bounded (top and bottom) surfaces
of rotation, expressed by formulas

N = aﬁ?a Y2 = Cl29071n (1)

and having a common axis of symmetry; but objects 2 and 3 are stationary base (foundation)
and inner coat of the vibro-protected body.

Equations (1) are referred to the coordinate system associated with the rolling bearings
(See Fig.1). The curvature radius of the vertices of these surfaces at n, m > 2 tends to infinity,
i.e. there is straightening of the bearing surfaces. Let us denote the horizontal offset of the
bases as Zo(t). As Z(t) we denote a displacement of the upper body, supporting on the rolling
bearing.

Figure 1: Scheme of rolling bearingswith higher ordersurfaces

The equation (2) can be reduced to an equation in dimensionless form [19]:

T+ P(x —x9) —x = —x0(t), (2)

where
1

O(z — x9) = Npy(x — m)n — 1 (3)
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1 1 1
N, = . 4
n—\l/ﬁH( n—1 al + n—1 a2> ( )

3.2 Periodic solutions and their stability

Let us study the vibrations of a body at harmonic horizontal displacement of the lower base

7o(t) = Qsinpt, (5)

where () and p — dimensionless amplitude and frequency of perturbations.

Assuming that in the case of harmonic oscillations, a component of the fundamental
frequency, having period 27 /p, dominates over the higher harmonics. Periodic solution and
first derivative of the equation (5) can be approximately represented as,

x = asinpt + bcos pt, & = ap cospt — bpsin pt, (6)

Let us suppose that the amplitudes a and b are functions of time and slowly vary depending
on t.
For the nonlinear term of the equation (2), Fourier series expansion looks as:

1 1

O(z—x0) = N,Cn = Lginn — 1 (pt4~) = Z Bog_1sin(2k —1)pt+ Dog_1 cos(2k—1)pt, (7)
k=1
where
n—2
b (a—Q) 2(n-1)
C={a—QR+0 tgy=——. By 1= N,Kon ,
(a—Q) 97 -0 2k—1 T 0P 4 1)
b )
Doy = Ny Koy R Ko = \/Lgk_l + M3,

(a= Q2+ 2 1)

21 1 2w 1

1 1
Lojp_q = ;/sinn — Lapsin(2k—1)pdyp, Moy 1 = ;/sinn — 1) cos(2k—1)vdrp, ¢ = pt+.
0

0

Substituting (6), (7) to (2) and equating to zero the individual coefficients of the terms,
containing sin pt and cos pt, we have

da 1
T (p* +1) = N, K, p— b= X(a,b),

(@ Q2+ 2= 1)
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LD | I I L | @-Q+rQ = Y(ab). 9)

(e — Q) +122(n — 1)

Let us consider the steady state, when amplitudes a(t) and b(¢) in (6) are constant, i.e.

da db

= X(a,b — =Y =0. 1
= X(ab) =0, 5 =Y(ab) =0 (10)
In light of these conditions, from equations (9) we can get that the set amplitude ag = A,

bo = 0 of the periodic solution z(t) is determined by the formula
. 1

= —— |N,Ki(A-Q)n—1 11
21 1( Q) +@Q (11)

Let us derive the conditions for the stability of periodic solutions. We will consider small
deviations ¢ and 7 from the amplitudes ay and by and will find out, when these deviations

(with increasing time) are close to zero.
From equation (9) we get

% = Oélg + Qal],
(12)
d
== Big + Bon,
Where
. (n - 2) 1 WO
a1 = m]gc_g(ao - Q)b()?
—2) W,
=0V )
(13)

— {0y - (2D B - 02

n—2 W
B = —%{(n_i)og(ao—Q)bo};

where




136 Bissembayev K., Sultanova K.

The characteristic equation of the system has the form:

A = (o1 + Bo)A + a1 B — anfpy = 0. (14)
The stability condition is given by Routh-Hurwitz criteria, i.e.
a1+ﬂ2:0, (041:0,B2:0).

a8y — ey >0

to

[(p* + 1) — W) {(p2 +1) — nWOJ > 0. (15)

The singular point, i.e. steady system state, is a center.
The boundary of unstable periodic solutions of equations (9) is determined by the curves.

Wo

PP=Wy—1, p*=
n—1

—1 (16)

and stability areas are determined by the following inequalities [19]

W
PP — (Wo—1)>0,p* —( 01—1)>0,
n p—
(17)
W
PP —(Wy—1)<0, p>—(—=—1)<0.
n—1
4 Simulation Results:Geometric analysis of the integral curves
From equation (9), we have
Y (a,b)da — X (a,b)db = 0. (18)
_ X oY _ : :
As due to equations (9) = + 5= 0, the equation (9) becomes integrable, and its
a
complete integral has the form
c? 2 1 -
_(p2+1)7+anchn—1 —p*Qa = E, (19)

where F — constant of integration. In order to examine the integral curves in the neighborhood
of a singular point, we move the origin of coordinates to this particular point ag, by introducing
new variables £ and 7, namely:

a:ao—i-& b:b0+77'



Study of forced vibrations transition processes ... 137

Then the basic system of equations (9) takes the form,

dg n—21[1 3. 5 1, 1 5] Wh
= il _ 2p - 3 22
7 a1£+a2n+(n_1)p [2 0&” + (a0 — Q)& + Sbon” + € + 5 2
(20)
dn n—2113 9 1 o 1 o 1 5| Wy
= 21 Z(an — b “(ag — Z —e3| 28
where the following relations are used
. n—2 WO 1 2 1 2 o NnKl . NnKl
W—Wo—(m)c_g {(GO—Q)ﬁ‘i‘éf +bo77+§77]7 W=——75, Wo=——%5
Taking into account that by = Odue to the equation (9), we get
g _ n—21 N, Ky 1, 14
dt_a2n+<n—1)p 3n_4[(ao Q)en+ &N+ 5w
(ap—Q)n—1
(21)
dn n—21 N, K4 3 5 1 o 1 5 1.4
= e+ () et - Q€+ e - @i 5+ 56
(a—Q)n—1
where
_ 1 NnKl = 1 NnKl
A= (" +1) - o | 5125 (P +1) - p—
(00— @) =1 (n = 1)(ag — Q) — 1
Equations (21) are integrated. As a result of integration we obtain
= 5 5 o m—=21 N, K, S DVEN
$r€” — aan +(n_1)]—9 3 =1 (00— QE + (& )| =F (22)

(GO—Q)n_l

where F' — constant of integration.

In order to classify the type of singular points, we calculate the roots of the characteristic
equation (14):

_ By £ /(o1 — (2)% + a3y

Al2 5

where from



138 Bissembayev K., Sultanova K.

AL, A=tV awf, oy + By =0.

The dependence curve between () and Ay is presented on Fig. 2. Let us divide the curve
into three parts 1, 2, 3 (as shown in Fig. 2): the boundaries of each part are determined by

the points D and B, for which,
A _ NnKl n—29 NnKl
p2 +1 p2 + 1’

L= De -1 n\Z/( N K

(n—1)(p* + 1)p? n—1)(p*+1)

These areas correspond to the following special terms:

1. Center (agf; < 0)

2. Saddle (s > 0)

3. Center (a1 < 0)

We shall consider the case when () = 0.014081. Here there are three possible states of
equilibrium (Fig. 2); data for the respective singular points are shownin Table 1.

Table 1. — Singular points (Fig. 3)

Singular | Ag A, Ao L1, o Classification
point

1 -0.055919 +1.209¢ Center

2 0.045107 1.552 F1.139 Saddle

3 0.015344 +18.965¢ Center

Directions of the integral curves at the singular points (node and saddle) can be found
by the following expression

—(oq = Ba) £ /(o1 — 2)? + 4062ﬁ1'

20[2

Hi2 =

Integral curves of equation (9) can be easily obtained by using equation (19) for different
values of E. The results are shown in Fig. 3. We see that in a conservative system, each
integral curve forms a closed trajectory, which does not tend to a stable singular point.

This means that the amplitude and phase fluctuations angle in a steady state do not
remain constant, but vary periodically. Thus the phase fluctuations can outperform an ex-
ternal force and be behind it. If a closed trajectory does not cover the origin of coordinates,
so the angle of advance and the angle of retard are mutually compensated after passing the
representation point over a closed trajectory, and an oscillation will be synchronized with
an external force. On the other hand, if the origin of coordinates is located inside a closed
trajectory, so as a result of each cycle, there will be a phase difference of 27 radian, and
oscillation will not be synchronized with the external force.

a. The integral curves of the system, corresponding to the point D (Fig. 2).

Assuming that @ = 0 in equations (9), we have

d  a

da b
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0 0L 0z 0
Einematic perturbamons

Figure 2: Amplitude response curve for harmonic vibration

or after integration
a® + b* = const.

Consequently, the integral curves form a family of concentric circles with a center at the
coordinate origin, so that the singular point (in this case - the origin of coordinates) is a
center.

Figure 3: Cumulative curves for harmonic vibration

Period T, necessary in order to the representation points a(t) and b(t) make one revolution
along a closed trajectory, is defined by the expression.

B ds B pds B 2mp
T_f VX2(a,b) + Y2(a,b) _7{[102— (W—=DJA  p2— (W 1)
(23)
ds = /(da)? + (@), W = —niL
An—1

Now let us suppose, that the initial condition is given by the point a(0), b(0) located on a
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n—1

NnKl
Pl
seen from the equations (9), the representation point a(t), b(t) in this case remains in its
initial position. This means that the oscillation frequency coincides with the frequency of the
external forces. Then from equations (9) we can see that the representation point a(t), b(t)

)7 — 2 then the period T will be equal to infinity. As can be

circle of radius A = (

n —
N, K
is moving circumferentially in the counterclockwise direction when A > (— n i)n —2 and
p
N K n—1
in the clockwise direction — when A < (—2—=)n — 2,
p*+1

In the first case, the oscillation frequency is higher than the external force; in the second
case, the pattern will be reversed. So we can conclude, that the oscillation frequency varies
depending on A and coincides with the frequency of an external force only in the case where

n—1
)n—2‘

N, K
A= (5—

p*+1
b. The integral curves of the system, corresponding to the point B (Fig. 2)
In this case, from equations (11), we obtain

n—1
n—1)p*+1 N, K _
g="_ )(229 ){ 1 ]n 2 g0,
p (n—=1)(@*+1)
(24)
n—1
n(p®+1) -1 [ Ny K ]n—Z
ag = A= :
P’ (n=1@*+1)
Let us investigate nature of the singular point B. From (21) we have
_ 2+1
Gy =—(n=2"——=, 5 =0,
Where from A; = Ay = 0. Then equation (21) takes the form
¢ 1, 14
7l C1(Coén + 55 5N );
(25)
d 1
=L = SCU(8CoE? + Cur” + &0 + %),
Where
3n —4
2 2 _
p°+1 I n—21[n-D@pE*+1)]n—2
R e e LA
p pn—1 (Nn K1) (26)
NnKl
Co = :
i [m— D+ 1)]
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Substituting dz = —~vdt, we get

s C, , 1
rial/ 7(00£n+ 577+277)

(27)
d?] Ol

kA 2 3
7 27(3005 + Con® + & + &°).

Integral curves in the plane &, 17 approach to the origin of coordinates, touching the straight
line n = 0. Applying the substitution n = £, we have

d C.C C
d—§—$1§— 10152——153 1353
z Y
(28)
%:_SClCog_xz__g +0100 2£+Cl 4.9
dz 27 2y 2y

Now the integral curves in the plane £x approach to the origin of coordinates, touching
the straight line & = 0. Next, using the substitution £ = z1y;, equation (28) is reduced to the
form:

dy1 30100 Cl 30100 01 01
&= o Yi + 2r1y1 + 27:511/% T:vfyf > TiYy — > 7Y
(29)
d:Cl 30100
P 2 1Y — { 23y + Coxiyr + $1y1}

Tangents to the integral curves at the coordinate origin on the plane z, y; are determined
by the Theorem of Bendixson [4]

C1Cy

11 (21 + y1) =0 (30)
However, in the equation tangents x; = 0, y; = 0 degenerate at the coordinate origin of

the plane &, n, therefore, we consider only the integral curves, having at the coordinate origin
1Co

a tangent x, + y1 = 0. For this purpose, we apply the transformation

C1Cy

= (29 — )

Then equation (29) takes the form

301G

d, Ty + 373 + yi (2, y2)

~y
. (31)
d C,C
Y2 10 _ 219 + y%?ﬁ(m%yl)
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where ¢(x2,y1) and ¥(z2,y1) are polynomials relatively zo and y;. Equation (31) can be
presented as:

y1—2 = —6xy + B(x2,11) (32)

where B(x2,11) consists of the terms of higher degree relatively z5 and y;. Bendixson inves-
tigated the differential equation of the form

x/"@ = ay + bx + B(z,y) (33)
dx
and determined, that if a < 0, m — an odd number, then the origin of coordinates is a saddle
point.
For equation (32) we have m = 1 (odd number) and a = —b < 0 so, the singular point
(x2 = 0,y; = 0) is a saddle; and the integral curves tend to it, having tangents xo = 0,y; = 0.
Thus, as a result of all the transformations we have

Cl CO 2

i, n=1:& =2y = (

0100)2 3

=z = (12 — 41
As it was mentioned previously, tangent y; = 0 in the plane &, n reduces to the origin of
coordinates; tangent x5 = 0 enters the curve

_CICO 2

C.C,
£ = ¥ n=(——
v

)%y (34)

and we can assume, that it represents the integral curves in the neighborhood of the origin
of the plane &, 7.

Fig. 4 (in the corresponding coordinates) represents the tangent x5 = 0.

In conclusion we shall note, that this singular point is a saddle-node: as it can be seen
from the equations (25), the representation point £(t),7(t) with increasing time is moving
along the integral curve along the direction, indicated by arrows.

5 Conclusions

Peculiarities of integral curves of vibro-protective systems on rolling bearings in absence of
rolling friction are investigated. Special points of integral curves ar defined and it is ascer-
tained that special points are centre, saddle and centre. The special point D (in this case the

point of reference) is centre. Oscillation frequency (fig.8) changes depending on A and coin-
n—1

cides with frequency of external force frequency only in case, when A = (N, K, /p>+1)n — 2.
The special point B is regarded as sadle-knot.
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A7

= D35 a (1]
2

Figure 4: Integral curves in respective coordinates: a special point suits the point B in Fig. 2
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KINEMATIC ANALYSIS AND SYNTHESIS OF THE LEVER MECHANISM
OF CRANK PRESS STAMPING

Expanding technical and technological capabilities of forging and stamping machines and equip-
ment can be carried out by introducing new designs of actuators with wide functionality. These
features are provided by the crank lever mechanisms of the press. This article presents a kinematic
analysis and synthesis of a six-lever mechanism for stamping a crank press with a forging feed
mechanism. We propose an analytical method for kinematic analysis of the mechanism, which
allowed us to implement a numerical calculation program in the integrated Maple environment.
Methods of kinematic synthesis of the six-lever crank press mechanism based on the standard-
square approximation, as well as the synthesis of the four-lever crank-slide forging feed mechanism
have been developed. All the required constant geometric parameters of the stamping mechanism
are determined; as a result, the mechanism implements the specified law of motion of the working
slider with high accuracy. The comparative analysis was carried out in the ASTAN-2014 environ-
ment.

Key words: crank, press, linkage, the slider, the treatment of materials by pressure.
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Kociuai mpecctin niHTipeKTi mraMnbuiay MexXaHu3MiH KMHEMATUKAJBIK TAJIAAy >KOHEe
cCuUHTE3/Iey

1

Y craabIK-IITaMIIbLIay MAITHHAJIAPHI MEH KAOIBIKTAPBIHBIH, TEXHUKAJDBIK, YKOHE TEXHOJIOTHSIIBIK
MYMKIHTIKTEPIiH KeHeATy i KeH (pyHKIHOHAIIB MYMKIHIIKTEpl 6ap aTKapyIibl MeXaHU3M/IEP/IiH,
JKaHA KYPBLIBIMJIAPBIH €HTi3y ecebineH Kyprizyre OosaJibl. MyHIa# MyMKIiHIIKTEpre IpecTi,
KocHiHl WiHTipeKTI MexaHu3Mmuepi me. Bysn makasgama coryael Oepy MexaHw3Mmi 6ap KOCHIH/I
MIPECTi IMTaMITbLIAYIBIH, AJITHIOYBIHIB UIHTIPDEKTI MEXaHM3MIHIH KUHEMATHKAJIBIK, TAJIAybl 2KOHE
cunTesi Oepinrern. Mexanu3amai KWHEMATUKAJIBIK, TAJIAAY VIMIH aHAJTATHKAIBIK OIiC YCBIHBLIFAH,
oy wunaTerpasabik Maple opTachiHga CAHABIK ecenTey OaraapiaMachlH  Ky3ere acbhIpyra
MyMKiHIK OGepmi. Opralia KBaJIpaTThIK KYBIKTAy, COHJAW-aK COFyIbl OepyiH TepT OybIHJIbI
KOCHIH/II-’KYT1PTKI MEeXaHU3MIHIH CHHTe31 HeriziHje KOCUIH MPeCTiH, aJaThIOybIHb MEXaHU3MIHIH
KMHEMATUKAJIBIK cuHTe31l omicrepi o3ipienmi. lrammburay Mexanu3minin 6apJblK i31ecTipiserin
TYPAKThl T€OMETPUSAJIBIK TapaMeTpsiepl aHbIKTAJJIbI, HOTUXKECIH/Ie MEXaHU3M KYMBIC KYTipTKici
KO3FAJIBICHIHBIH, OepiireH 3aHbIH XKOrapbl JIRJJKIEH icke acbipajbl. CajbICTBIPMAJIBL TAJIAY
ASTAN-2014 aitmarbiHa KYPris3iji.

Tyiiin ce3mep: KocuiH, mpecc, WIHTIPEKTI MEXaHW3M, YKYTIPTKi, MaTepUaJIapibl KbBICHIMMEH
OHJIEY.
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Kunemaruyeckuii aHajM3 U CUHTE3 PBIYA>KHOI0 MEXaHU3Ma MITAMIOBKU
KPHUBOIIUITHOTO TIpecca

Pacmmpenne TeXHUYECKNX U TEXHOJOTHIECKUX BO3MOXKHOCTEH Ky3HEUHO-IITAMIOBOYHBIX MAITAH
u 000pPyA0BaHUS MOXKHO IPOBOJUTH 33 CYET BHEJIPEHUs] HOBBIX KOHCTPYKIIHI HCIIOJIHUTEIbHBIX
MEXaHU3MOB C IMUPOKUMHU (PYHKIHMOHATLHBIMUA BO3MOXKHOCTAMU. TaKUMKU BO3MOKHOCTSIMU
00J1ajlaeT KPUBOIIKITHBIE PBIYAXKHBIE MEXaHU3MbI IIpecca. B JIaHHOI cTarbe IIpejcTaB/ieH
KMHEMATUYeCKUNl aHaJn3 W CHHTE3 IIeCTU3BEHHOI'O PBIYa’KHOI'O MeXaHW3Ma IITaMIIOBKHU
KPUBOIIUIIHOIO IIPecca C MeXaHM3MOM I0JI[add HOKOBKH. llpesjaraercs aHAInTHIeCKUi
MeTO/JI KMHEMaTH4YeCKOI'o aHa/l3a MeXaHHU3Ma, KOTODPBIN II03BOJIMJI Peat30BaTh IIpOrpaMMy
YHUCJICHHOTO pacdeTa B MHTerpupoBanHoit cpeje Maple. Pazpaboranbl MeTO/IbI KHHEMATHIECKOTO
CHHTE3a IIECTU3BEHHOTO MeXaHW3Ma KPHUBOIIAITHOTO IIpecca Ha OCHOBE CPEJ/IHEKBaIPATUYECKOTO
MpUOJIMKEHNsI, TAaKyKe CHHTe3a YeTHIPEX3BEHHOI'O KPHUBOIIUITHO-IIOJI3YHHOTO MEXaHU3Ma IOATn
mokoBku. OTpeJiesieHbl BCe UCKOMbBIE IMOCTOSIHHBIE TEOMETPUYICCKHE MMapaMeTPhl MeXaHH3Ma
MITAMIIOBKH, B pe3yJbTaTe MeXaHU3M C BBICOKOH TOYHOCTBIO peajii30BbIBaeT 3aJaHHBLIH 3aKOH
JIBUKeHMsT pabodero noJidyHa. CpaBHUTEIbHBIN aHa/m3 poBesieH B cpejge ASIAN-2014.

KitmroueBbie cjioBa: KPUBOIINII, [IPECC, PBIYAXKHBIA MEXaHU3M, MOJI3YH, 00PabOTKA MaTepPUAJIOB
JaBJICHUEM.

1 Introduction

To increase the competitiveness of forging and stamping equipment, it is necessary to increase
its operational characteristics (accuracy, durability, efficiency, high manufacturability) while
reducing overall development and production costs |1, 2]. This encourages the transition to
modern design methods based on mathematical modeling of ongoing processes throughout
the technological cycle and rational use of modern CAD tools. Expanding the technical and
technological capabilities of forging machines and equipment can be carried out by introducing
new designs of actuators with wide functionality. These features are provided by the crank
lever mechanisms of the press. The development begins with solving the problems of kinematic
synthesis and analysis of mechanisms.

2 Literature review

The development of new machine mechanism designs, including crank presses ||, begins
with solving problems of analysis and synthesis based on mathematical modeling. When
implementing the technological process in crank presses, it is necessary to provide a specified
cyclogram of the movement of the working slider: fast ascent, dwell, slow descent. Research on
crank presses considers two ways to achieve this goal, the first is to synthesize a mechanism
with a single degree of freedom |2, 3, 4, 5|, where these properties are embedded in the
properties of the kinematic chain, the second is the solution of this problem due to the
additional freedom of the kinematic chain, which are called the hybrid press system [6].

M. Erkan Kyutyuk’s work [6] provides a review of the scientific literature on the analysis
and synthesis of hybrid mechanisms of crank presses. In this paper, we consider a seven-way
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lever mechanism with two degrees of freedom (2 DOF), in which one degree operates on the
basis of a DC power motor (for the implementation of the main technological process), the
second — on the basis of a servomotor to provide a cyclogram of the technological process.

In many other studies, hybrid press systems are based on five-link and seven-link mech-
anisms with two degrees of freedom. The first study of this kind was performed by Dulger
(originally Tokuz) and Jones in a hybrid configuration |7, 8, 9]. The constant-speed engine
and servomotor were combined by a differential transmission, which further drives the crank
mechanism [7].

Yuan and others explored the two combined machines having seven links, two DOF linkage
[10]. Ouyang et al. proposed a five-link lever mechanism consisting of a five bar linkage, an
AC CV motor and a frequency controller, an AC brushless servo motor and a servo amplifier
with a gear transmission, a shift encoder, a flywheel and a belt [11]. Zhang proposed a hybrid
five bar mechanism [12].

Connor et al. have presented a study on the synthesis of hybrid five bar path generating
mechanisms using genetic algorithms [13]. Dulger et al. have presented a study on modeling
and kinematic analysis of a hybrid actuator; a seven link mechanism with an adjustable
crank [14]. Yu has offered a study with HM system using five bar mechanism [15]. Li and
Zhang have applied a seven bar linkage configuration with kinematics analysis and optimum
design of hybrid system [16]. Li and Tso have presented a seven bar mechanism [17]. Tso and
Li have later used a seven bar mechanism to investigate the stamping capacity and energy
distribution between the servomotor and the flywheel with different motion inputs [18]. Tso
has again used a seven bar mechanism. A control system with iterative learning control and
feedback control techniques was developed [19].

In all these mechanisms, the issue of providing the necessary cyclogram for moving the
working slider is solved by controlling two or more engines and, accordingly, the problems of
dynamic synthesis of drive control functions are solved.

The implementation of a technological cyclogram using a mechanism with a single degree
of freedom requires a significant complication of the structure of the lever kinematic chain,
the so-called Assur groups [20, 21]. In the works by A. Tuleshov [2, 3, 4, 5] a kinematic chain
(structural group) of the fourth class is used for the synthesis of the crank press mechanism.

In [3], a vector method for kinematic analysis of crank two-rod presses has been developed
on the basis of four-link groups [2|. As a follow-up to these studies, a vector model of the
time diagram of the automaton was developed |[2], which allows solving various dynamic
problems by changing the parameters of the time cyclogram of its mechanisms, including the
analysis of the mechanism using the Matlab / Simulink platforms [5]; based on this, it was
possible to expand the motion scenarios for the slider with servo inputs. In [1], the authors
used simulations to compare a conventional press with a power transmission using a crank
mechanism and a press with an FEM yoke mechanism (Chval and Cechura 2014) [22].

3 Material and methods

3.1 Structural analysis

Figure 1 shows a kinematic diagram of the stamping mechanism under consideration with a
feed-and-removal mechanism of the processed material. The structural formula of the mech-
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anism has the form [20].

Figure 1: Kinematic schemes of the stamping mechanism

I(1) = IV(2,3,4,5) = 11(6,7) = 11(8,9).

A special feature of the mechanism is that the modified contour BB'C”C' is a parallelo-
gram and the ABB’ triangle is equilateral. This imposes certain conditions on the movement
of individual joints: joint 2 makes a forward movement on the plane and joints 3 and 4 occupy
the same angular positions.

The following symbols for the coordinates and dimensions of joints were introduced: r
— length of crank 1; a — height of ABB’ triangle; [ — length of parallel connecting rods
BC = B'C’; ¢ — angular coordinate of crank 1; ¢ — angular coordinate of two connecting
rods 3 and 4; S — linear coordinate of slide 5; e — eccentricity of slide 5, i.e. the deviation of
the trajectory of the center of gravity of the slider from Oy axis; b — distance between ball
joint C' and the center of the slide 5 along Ox axis; [; ; — the length of the leash triangular
joints, where i = 4.7 takes the number value of the joint j = 1,2 — number of sides on a i
triangle; [; — the length of the i-joint; ; — angular coordinate of the i-joint; Sg — movement
of slide 9 parallel to the axis Osx.

3.2 Kinematic analysis

The kinematics equations of the Stephenson mechanism I(1) = IV(2,3,4,5) in the crank
press structure have the form |2]

rcosg +lcosyy =e
{ (1)

rsing —a+Ilsiny = -5
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Solutions of equations (1) with respect to S = S(¢), ¥ = 1 (p) are obtained explicitly

S =a—rsinp £ /12— (e—rcosp)?

i = +arccos [%(e — 7 cos gp)] (2)

The signs 4+ correspond to different assemblies of the mechanism.
The first and second derivative (analogs of speed and acceleration) are written as

S'= —rcosp—lcos -’
' siny = —%singp

_ T (4)

S" = rsing + Isine - ? — lcostp - "
" sin) + cosp - P = —7cos®

Solutions of equations (3) and (4) with respect to the first and second derivative are
written as

1o T () = g = D) 0 0, kr, k=1,2,3,...
w(%@) w lsin(z/;)’ Sm@b)?ﬁ ) w;é ) , ) 4y 9y
2° Ti(p)=S8"=—r c?sgo —1- T, () cosp,
3° qu’((p):zﬁu:_smw [gcoscp—(T{b)?cosdz], siny #£0, v#0, kr, k=1,2,3,...
4° Tg((p):S,/:TSingp—'—l’(T&)zsinzﬂ—l'TlCOSw.

()

In real crank presses, the eccentricity e = 0, the above formulas are slightly simplified
and the algorithm for kinematic analysis of the mechanism is recorded

. S=a—rsinp+ /1> —12cos? ¢
1) = & arccos [% coS go]

( 2 g

S'= —rcosp+ ilid 4

90 24/1? —r2cos? p

rsin

V' =F (6)

12 —r2cos?

\
(

2 2
. COos @ rTsimT @ Ccos @
S// — + 2 _
s @ r < —12 — T'2 (3082 © 2([2 _ T2 C082 (’0)3/2>

30
cos @ 2 sin? o cos ¢

" _ Il: _
kw ' ( 2—r2cos?p  2(I2 —r2cos? p)?/2

Next, we make the kinematics equations for the following mechanism structures I7(6,7) =
I1(8,9). To do this, write down the coordinates of the joints B" and C” :

xg=rcosp+b, yp =rsinp—a, xo=e+b, yo =2S9. (7)
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Let us write the equations of the geometric connection of a B’DC” triangle:
(xp —2p)* + (ys — yp)* = I3,

(xp — x0)* + (yp — yor)* = Uy,
The solution of this system of equations with respect to two unknowns xp and yp can be
represented as [1]

B+ +vVB? - AC
(xp)ia = 1 . (yp)12=c(zp)i2+d, (8)

where A =1+ B=c(yp —d), C =1% + (yp — d)* — 1%,

C_JIC/—.TB/ d_lil—lig—l—m%/—x%,%—yél—y%/

— 5 5 Yor 7£ Ypr. (9
Yor — Ypr 2(yer — ypr) )

Let us write similar geometric connection equations for the group I1(6,7)
(zp —2x)” + (yp — yx)* = I&,

(25 = 20,)" + (yx = y0,)* = 171,
The z0,, yo, coordinates are calculated, then the solution of this system of equations
with respect to two unknowns xx and yx can be represented as

_ B+VB*—AC

(K )12 1 . (Y2 =clzk)i2 + 4, (10)

where A=1+c* B=c(yp —d), C =a% + (yp —d)* — 12,

2 2 2 2 2 2
C_xoz—lUD d_lﬁ—l71+x02—$0+y02—y[)

P ) Yo 7£ Yp- (11>
Yo, — Yo 2(y0, — yp) ’

Let us determine ¢; angle of the angular position of joint 7 (O2P) using the formula

@7 =27 — fBr +tan”! IK = Y0, (12)
TK — xOQ

Now let us write the kinematics equations for the rocker-slider mechanism 1(7) = 11(8,9)
in the following form

TN = To, + l7cosp7 +lgcosys, Yn = Yo, + l7sin 7 + lgsin ps.
Given that we have the kinematics equation xnx — xp, = Sy and yy — yo, = hyg = const
Sg = l7 cos 7 + lgcos g, l7sin @7 + lgsin pg = hy. (13)
Whence

] hg — 17 sin 7

i +kr, k=0,1,2,3,..., Sy =l7cos 7+ lgcos g, (14)
7

pg = Esin
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3.3 Choosing the law of motion

It is required to carry out the synthesis of the crank press reproducing the specified law of
motion, Sy = Sy (p) on the site 0 < ¢ < 27.

Let us assume that it is necessary to implement an equidistant law of motion of the slider
to the crank press. Then the analog of the slider accelerations has the form |1, 21]

" . Qo at 0§¢§075(py7
Tsule) = { —ag at 0,59, <@ < @y, 15)
where ag = const is the amplitude of the acceleration analog.
Using the unit function, equation (15) has the form
Ty (p) = ao — 2a06(p — 0, 5¢), (16)
0 at o<y . . . .
where (¢ — o) = { 1 at o> is the Dirac unit function.

By double integrating 7¢,,(y) function we get the position functions (18) and the analog
of the slider speed (17)

Ton () = aop — 2a0(p — 0,50,)d( — 0,5¢,) + C, (17)
Su = Tsu(p) = 0,5a00” — ao(p — 0,5¢,)*3(p — 0,5¢,) + Cop + D, (18)
where C, D — are integration constants defined from initial conditions, if ¢ = g = 0,

Tsnr(p0) = 0, Thy(p0) = 0, then C' =0, D = 0.
From the boundary condition Tsys(0g) = Tinax, We determine the amplitude of the accel-
eration analog

ap = 4Tmax/¢§. (19)

3.4 Kinematic synthesis of the stamping mechanism

From the kinematic scheme of the six-lever crank press stamping mechanism, we have [5]

S(p) =Ts(p) = a—rsing £ /12 — (e — 7 cos p)2. (20)

The task of kinematic synthesis is to determine the constant parameters of the six-lever
mechanism a, [, r, , ¢ from the minimum functional conditions [5]

IS(¢) = Su(@l = min (21)
The solution of the synthesis problem based on functional (21) has difficulties related to
the nonlinearity of functions (2) (or (20)) and (18). Therefore, we apply another method
related to the implicit representation of the kinematics equation of the mechanism and its
transformations. To do this, we exclude the angle ifrom equation (1), then we get

P=a?>+ 5% +e*+r*—2aS — 2ar - sinp + 257 - sing — 2re - cos ¢ (22)
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Replace in equation (22) S with S; + Sy and ¢ to ¢; + o to account for the reference
point S; and p;, =1,2,..., N

I =a®+ (Si+ S0)* + € + 1% = 2a(S; + So) — 2ar - sin(y; + o)+

+2(S; + So)r - sin(p; + o) — 2re - cos(p; + @o) (23)

We define the deviation function, which expresses the degree of proximity of the movement
of the working joint and reproduced by the mechanism (21), in the form

A, =Ai(pi,Sy), i=1,2,...,N, (24)
where
Ai(pi, Si) = a® + (Si +80)* + € +1? = 1> — 2a(S; + So) — 2ar - sin(p; + @o)+ (25)
+2(S; + So)r - sin(p; + o) — 2re - cos(v; + o)
After transformations of the last expression, we get, assuming Sy = 0
A; = Bofoi + Prfri+ Pafai + Pafai + Pafai + Psfsi — Fi (26)
The following symbols are introduced here:
foi=1 fu=25i fu=sing; fs=cosp; fu=25i;
fii = Sising;;  fs = Sicospy; Fy = 52 (27)

Po=a?>+e2+1r>—1% P = —2a; P,=2re-sinpy— 2ra- cospy;
P3; = —2re-cospy — 2ra-sinpy; Py =2r-cosyy;, P;=2r-singpy; F;, = Si2

Thus, the 5 required parameters of the lever mechanism of the crank press r, a, [, e, ¢y are
determined using 6 parameters Fy, ..., P5. For the compatibility condition of the P, and P

PPy P Ps

Py = Pse + 5 Py = —Pie+ 5 (28)
From here the value of the eccentricity can be found e
P, PP Py PPs
-2 _ =2 29
‘=B 2m T TR 2p (29)
and the equation written down
Py(P} + P2) = 2(PyP, + P3Ps) (30)

The rest of the required parameters can be found from the ratios (27)

1 1 P
a:—ﬁpl; 7"25\/ P+ P2 tg‘ﬂ():ﬁ% l:\/a2+62+7’2—P0 (31)
5

To determine Py, Py, Ps, P, Ps, we apply the method of quadratic approximation |4], which
consists in determining the minimum sum of square deviations for the positions of the mech-
anism N taking into account (26), i.e.

C=A2=0. (32)

min
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The necessary conditions for the minimum (32) can be obtained by differentiating C' by
P

J

N
0A, |
2 Ai— = =0,...
> igp, =0 =08 (33)

oc
op;

1=

0
Substitute in the equations (33) A; and its derivatives ——-, which are calculated according

op,
to (26). As a result we get a system of linear equations with respect to the desired parameters
P07P27P37P47P5

(( PoX- [+ PuY fufoi + PoY foifoi + PsY faifor + Py faifoi + Ps Y. fsifoi = . Fifoi
PoY forfri+ LY [+ Py foifii + B3 fsifui+ Pud fuifri+ Py fsifii =Y Fifu
PoY forfoi+ PrY frifoi + Po Y foi> 4+ PsY faifoi + PoYy faifoi + P5 Y fsifoi = > Fifai
PoY foufsi+Pry frifsi+ Pod foifsi + Psd fa> + Py faifsi + P5 Y fsifsi = > Fifsi
PoY forfsi+ Py frifai + Pod foifui+ Psd. faifui+ Poy fo+ Py fsifu = Fifu

L PoY. foufsi+ Py frifsi+ P2 foifsi+ Psd. faifsi + Pud faifsi+ Py fo; = Fifsi

(34)

The system (34) must meet the minimum condition (32). Let’s find from the first 5
equations of the system (34) coefficients P; (i=0,2,3,4,5) expressed in P

R:Ci+dipl7 i:0,2,...,5 (35)

Substitute (31) in the coupling equations (28) with (22), then we get one equation with
respect to P,

P1[<C4 —+ d4P1)2 -+ <C5 + d5P1)2] = 2[(C2 + d2P1)<C4 —+ d4P1) + (Cg + d3P1>(C5 + d5P1)], (36)
which is converted to a third-degree equation

Plg(di + d%) + P12(204d4 + 205d5 - 2d2d4 — 2d3d5>+

+P1 (Ci + Cg - 202d4 - 2d204 - 2C3d5) = 2(6204 + 0305) (37)

Solving this cubic equation, we find P;, and then using the formula (35) we find
Py, Py, P3, Py, P5 coefficients. Then, based on the formulas (27), the desired parameters of
r,a,l, e, oo mechanism that implements the law (2) or (20) are determined. Thus, the prob-
lem of synthesis of this crank press mechanism by the quadratic approximation method is
fundamentally solved.

3.5 Kinematic synthesis of the workpiece feed mechanism

The feed-and-remove mechanism works as follows (Figure 3): the slider 5 occupies three
positions sequentially: 1 — upper; 2 — middle; 3 — lower position, when the workpiece is
stamped, respectively, the slider 9 occupies three positions: 1 — right position where the
workpiece is siezed to the feed table; 2 — average position, feed the workpiece into the matrix
(table) and remove the finished stamping; 3 — left position, removal of the finished workpiece.
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Kinematic synthesis of the rocker-slider mechanism 1(7) = I1(8,9) is performed using
three specified positions of the slider and rocker [24]|. The method is described in an analytical
way.

So, xp, and yp, coordinates are known, the equation of the forward stroke of the slider
relative to Ozy system has the form y = —yo, — hg. On this line, By(x1,y1), Ba(x2,92),
Bs(x3,ys3) three slider positions are set, and y; = —yo, — ho, I = 1,2, 3 are considered to be

set g0(71123) = tan~! [ LK Y02 that correspond to the three positions of the slider 5
LK =202/ (1,2,3)

(see Figure 3). The algorithm for the synthesis of the rocker-slider mechanism is as follows:

1. Calculate the distance between Os(x0,,y0,) point and the corresponding Bi(x1,41),
By(x2,y2), Bs(x3,ys3) points using the formulas

V(@ —20,) + (yr —yo,)? = L, i=1,2,3.

2. Calculate @%21)

1 ?JK*?JO2
TK=TO0y ) 193"

— gogll) and gog — go(n) angle difference using the formula g0(123) =

tan™

3. On a circle with a radius I, based on the equation (z — xo,)? + (y — yo,)* = I3, find the
o))
coordinates Bj(zh,v5) : find dy = 21y sin ZLF1L @71 , then

(2) (1) (2) (1)
™ + . T — +
90712 P11 7 y; — yp + dy sin 90712 P71 :

Th = 19 — dy CcOS

4. On a circle with a radius /3 based on the equation (x —20,)*+ (y — yo,)* = 13, find the

@
coordinates Bj(z%,y4) : find d3 = 2l3sin £ @71 , then

R e

2 )

3 1
™= 90(71) + 90(71) .

2 I

Ys = Y3 + dgsin

ry = x3 — d3 cos

5. Let us write equations of lines that pass through points B;(z1,y1) and Bj(x), yé) and

Yo2—Yy1
—x1’

Bl (x}, yy) and Bi(z%, v4) y = kox+qo and y = ks + g3, respectively, where ko =
G2 =y1 — kowy and ks = D=2, go = 1 — k3.

6. Let us create equations of perpendicular lines to lines that pass through points By (21, y1)
and Bj(x), ys), as well as Bj (x5, y5) and By(x3,ys) -
From the beginning we find the coordinates of C5, C3 points in the middle of the

segments (By(z1,11), Bj(wh,5)) and (By(zh,ub), By(ah4) 1 ze, = 242, ye, =
yQTﬂ“, and then the equations z¢, = xQ;%, Yo, = y2+y3 , of perpendicular lines have the
form

Y= —kizx +qsand y = —ém + @5, where ¢4 = Yo, + k_12x027 45 = Ycs + k%xcs-
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7. Next, we solve the equations of two lines y = —k—tx +qq4 and y = —éx + ¢s5, relative to
P(xzp,yp) center coordinate:
koks 1
€T = — s = ——X + s
e (g5 —qa),  wp T tr s

8. As a result, we find the length of the rocker [; and the connecting rod ly using the
formulas

l; = \/(l‘p - sz)Q + (yP - y02)27 ly = \/(xP - xBl)Q + (yP - y31)27

also the constant length of the base joint 7

lkr = (xp — vx)? + (yp — yx)*-
3.6 Results and discussions

In order to solve the problem of analysis and synthesis of the six-lever mechanism (Figure
1), a program was developed in the integrated Maple environment.

To assess the quality of the sintered crank press stamping mechanism, the following criteria
are used K, Ky

Ky =Ty + &[T, Ko = (T'T" )max + &/ (T'T" ) minl - (38)

It is known [1] that geometric characteristics significantly affect the dynamics of mech-
anisms. Therefore, the criteria (38) can be used as preliminary dynamic criteria [1], which
are used to compare different laws of motion, as well as to synthesize new laws that have
optimal properties in a certain sense. This problem is relevant when studying the dynamics
of the crank press and its further automation. Criterion (38) allows monitoring the pulsation
of inertial loads on the slider and flywheel, from the external load on the workpiece side in
the crank press [0].

Example. Consider an example of the synthesis of the Stephenson lever mechanism of
a crank press. Initial data for synthesis: law of motion of slider 5: S = S(¢p), (see Figure 2)
on the section of the crank rotation angle 0 < ¢ < 27. Slider stroke Sp.x = 120mm. The
angular velocity of the crank is constant w = ¢ = 10 rad/s.

30 60 90 120 150 180 210 240 270 300 330 360

S [mm]
2o

]
-
-
==

P [deg]
Figure 2: The law of motion of the slider of a six-lever mechanism
Note that since the slider moves in the opposite direction of the axis Oy, the axis Ox is

directed to the right, then as a result of modeling the graphs relative to the specified graph
in Figure 2 will be shifted to the left by —m/2.
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As a result of synthesis based on the above method in the Maple integrated environment,
the following parameters of the Stephenson mechanism are obtained:

r =60 mm, | =160 mm, a =41,85 mm, b=43 mm, e =0, ¢y = —7/2.

According to the algorithms for the synthesis of the rocker-slider mechanism described in
this paper, the mechanism with the following data is synthesized: I = 134.5mm, l; = 86 mm.
Other geometric parameters of the stamping mechanism are summarized in Table 1.

B'D C'D lg I71 = | KR hog O, YO,
O2K
163 mm 36 mm 134.5 mm 103.5 mm 176.6 mm 56.5 mm 136,5 mm -207.2 mm

The kinematic analysis of the mechanism in the ASTAN-2014 environment is carried out
[25]. Figure 3 shows a kinematic diagram of the Stephenson synth mechanism with an analysis
of the trajectory of the characteristic hinges.

z:
‘

\\//

1
I_

e

Figure 3: Kinematic analysis of the stamping mechanism

Figures 4, 5, 6 show graphs of movement, speed, and acceleration of work joints: of
the slider 5 and slider 9. Analysis of slider 5 movement graph (Figure 4,a) shows that the
mechanism implements the specified law of movement of the working body (Figure 2). Slider
5 takes the upper position at ¢ = /2, the lower position at ¢ = 37/2. The forward and
reverse moves of the slider occur at ¢ € (g, 37”) and ¢ € (37”, g) In the working lower
position, slider 5 makes a uniform movement in the ¢ € (246°,282°) interval.

The amplitude of the slider speed change at ¢ = 186° and ¢ = 339° remains the
same (Figure 5, a). The amplitude of the change in the slider acceleration at ¢ = 87° and
) = 264° is 1.5 (Figure 6, a). At the interval ¢ € (53°,124°), the acceleration of slider 5 is
close to constant and the speed is linear.

Slider 9 makes a uniform movement in the interval ¢ € (66°, 180°). Acceleration is close
to zero, speed is constant. The amplitude of forward slider movement is greater than the
reverse by 4.7 times; speed — 2 times, acceleration —1.5 times (Figures 4,b, 5,b, 6,b). There

are no abrupt changes in kinematic parameters that cause shock loads.
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Figure 4: Analysis of the provisions of the stamping mechanism

5 i 5 (ST

™~
Paad
- . - =
B0 e = hEaoEEFED &M B0 e = heaoEEED & c[™
a) b)

Figure 5: Analysis of the stamping mechanism speeds

5 i 5 (ST

Figure 6: Analysis of the stamping mechanism acceleration

4 Conclusions

A method for kinematic synthesis of link mechanisms based on the mean-square minimiza-
tion of the objective function has been developed, and a method for deriving this objective
function is proposed taking into account the structural (constructive) features of the mech-
anism. Based on this method and the synthesis method for the three given positions of the
slider and rocker of the four-link crank-slide mechanism, algorithms were constructed and
Stephenson’s stamping mechanism is synthesized with additional workpiece feeding mecha-
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nism. Numerical modeling programs based on the Maple environment were developed, and
verification calculations were performed to analyze the position, velocities, and accelerations
in the ASTAN-2014 environment.
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OB ABTOKOJIEBAHUNAX B BEPTUKAJIBHBIX POTOPHBIX
CUCTEMAX, YCTAHOBJIEHHBIX HA VIIPYI'IX OIIOPAX

B nannoit pabore wmcCaeayoTCS MPWYIUHBI BO3HUKHOBEHHS CaMOBO30YIKIAIONINXCA KOJEOAHMI
(aBrOoKOJMIEOAHN) W WX JaJbHeiilllee TIOBeJEHMe, TAaK KaK JIAHHbIE KOJEOAHUS —SIBJISIFOTCS
OCHOBHOIl NPUYMHON HEYCTOWYMBOCTA BEPTUKAJIBHBIX POTOPHBIX CHCTEM, YCTAHOBJIEHHBIX
Ha MOJINUITHUKAX CKOJIbXKeHUs. [IpruamHOil BO3ZHUKHOBEHMSI CaMOBO30YKIAIOMIMXCS KOJIeOaHmit
CJIy2KaT TUAPOINHAMIYIECKUE CIIBI, BOSHUKAOIINE 38 CIET CMA30THOTO CJIOST MEK LY IO/ IIMTUITHIKOM
u ero oM. Ha ocHOBe KJIACCHIEeCKIX METOJIOB TEOPUH KOJIeOaHMIT 1 TUIIOTE3bI 30MMepdehIa O
CMa3049HOM CJIO€ B IIOJIHIUITHUKAaX CKOJIb2>KCHM A 6I)IJ'II/I IIOJTYy9€HbI HeJIMHEHbIe YpaBHEHUS JIBUKEHU A
BEpTUKAJBHON pPOTOpHOI cucrembl. llosiyuenHble HejuHeiiHble nuddepeHiuaibible yPaBHEHUsT
JBUYKEHNS POTOPA W OIOP TOYHOI'O PEIleHusi He uMeroT. VlceietoBanme mpoBOINTCS IUCICHHBIMU
merogamu. [losrydennsl 3aBUCUMOCTH AMILIUTY/T POTOPA M OIOP OT BS3KOCTH MACJIa B MOJIIIUITHUKE,
OT BEJUYIUHBI 3a30Pa, OT MAaCChl OMOP, OT KECTKOCTH W OT KOI(MDPUIMEHTOB IeMII(PUPOBAHMSI.
Pesynbrarhl uccienoBanust JaHHO pabOTHI MO3BOJISIIOT C JIOCTATOYHONW TOYHOCTBHIO OIPEJIE/INTh
U [POTHO3MPOBATH BCE HEODXOJIMMBIE XAapaKTEPUCTUKU PabOdero Iporecca JAHHON CHCTEeMBbI.
PesynbraTer paboThl IOATBEPKIAIOT (PU3NIECKUI CMBICJI IIPOIIECCA, PACCMATPUBAEMOrO B 3a/1a4e,
9TO MOYKET CJIY?KUT OOOCHOBAHWMEM WCIOJb30BAHUS JAHHON MATeMaTHIECKONH MOJETN IPH
[IPOEKTUPOBAHUH BEPTUKAJIBHBIX POTOPHBIX CHCTEM Ha TOIUITHIKAX CKOJIbKEHMSI.

KoroueBble  cjioBa:  caMOBO30YK/IQIONIHECS — KoJieDaHUsl,  aBTOKOJIEOAHUsI,  IIOJIITUITHIK
CKOJIBXKEHUsI, TUIIOTe3a 30MMepdeiba, POTOPHAS CUCTEMA, HEJTUHEHbIE YPABHEHUSI.
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Oui-Papabu arbiHgarsl Kazak yarTelk yHEBEpcuTeTi, AjiMarhl K., Kazakcran
Ceprnimvmai TipekTepzi opHa/lacKaH BEPTUKAJ POTOPJIBIK, XKyliesiep/IiH aBToTepobesaicrepi

Bepinren xKyMmbicTa ChIPTYy MOWBIHTIPEKTEPIH/IE OPHAIACKAH BEPTHUKAJIIBI POTOPJIBIK, YKYyHeTepIin
OPHBIKCHI3IBIFBIHBIH, 0acThl cebebi  OoJIbIlT  TabbLIATHIH ©3JINHEeH KO3aThIH TepbesicTepIin
(aBroTepbesnicrepain) naiina Gosy ceberrepi KoHe OJIADJAbIH, KeffiHri TYp e3repici seprrese.
e3/irineH  KO03aTbIH Tepbesicrepin cebebi  periHie CBhIPFY MOMBIHTIpEriHiH, ©3eri MeH
MOWBIHTIpEri apachblHgarbl Mail KabaToiHbiH Oap OoybIHAa OailaHbICTHI Taiiga OOJaThIH
TUIPOINHAMUKAJBIK,  KYIITEP OOJbIT  TabbLtaabl. TepOemicTep TEOPUSICHIHBIH, —KJIACCUKAJIBIK,
ojticrepi MeH 3omMMepde/IbITiH ChIpFy MONBIHTIpEKTEpiHeri Mail KabaTbl TYpaJibl I'MIOTE3ACHI
Heri3iH/e BepTUKAJ POTOPJIBIK KYiieHIH OefChI3bIK KO3FAJIBIC TEeHJEyJepl ajblHIbl. PoTop MeH
TipeKTep/IiH, aJblHFaH OefChI3bIK muddepeHmas TeHaeyIepiHis, KaJIbl MennMi KOK. 3epTrey
CAHJIBIK 9JiCTep apKBLIbI JKy3ere ackan. PoTop MeH TipeK aMINUIATYIAJapbIHBIH JeMiidepey
Ko3bdurmenTTepinen, KaTaHJIBIKTaH, TipEeKTep MaccachlHaH, CAHbLIAY IIaMaCblHAH KOHE
MOMNBIHTIpEKTErT MaiiJIblH TYTKBIPJIBIFBIHAH TOYEJIJi ©PHEKTEpl aJiblHFaH. DBepijireH »KyMbICTBIH
3epTTey HOTUXKeJIepl YKEeTKITIKTI JoJiKIeH OeplireH KyieHiH OapJ/iblK KaKeTTi JIereH KYMbIC
Y/epiciHig cunarTaMajapblH AHBIKTAIl JKoHEe Oo/Kayra MyMKiHmik Oepemi. 2Kywmbic ecemre
KapacTBIPBUIBII  2KATBIPFAaH  yAepicTiH (pu3nKaJblK MAFBIHACHIH PACTAYbIHA OAaNJIAHBICTHI,
HOTHKEJIED CHIPFY MOMBIHTIPpEKTEPiH/le OPHAJACKAH BEPTUKAJIIBI POTOPJIBIK Kyilesepi xKobaJay
Ke3iHje OepliireH MaTeMaTUKAJIBIK MOJIE/Ib/ KOJIaHyFa HerizjgemMe OOJIBIT TaObLIa b

Tvyitin cesmep: e3zirinen Ko3aTbiH TepOeicTep, aBTOTEepOeIicTep, CBIPFY MOWBIHTIpEri,
3omMmMepdesrhb/ THIIOTE3aChl, POTOPJIBIK, 2KYyiie, OefICHI3bIK TEHIEYIeD.
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The self-oscillation in the vertical rotor system mounted on elastic supports

In this paper, we study the causes of self-excited oscillations (self-oscillations) and their further
behavior, since these oscillations are the main cause of instability of vertical rotor systems
mounted on sliding bearings. The cause of the self-excited oscillations are hydrodynamic forces
arising from the lubricating layer between the bearing and its spike. Based on the classical
methods of the theory of oscillations and the Sommerfeld hypothesis of a lubricating layer in
sliding bearings, nonlinear equations of motion of a vertical rotor system were obtained. The
obtained nonlinear differential equations of rotor motion and supports do not have an exact
solution. The study is carried out by numerical methods. The dependences of the amplitudes of
the rotor and bearings on the viscosity of the oil in the bearing, on the size of the gap, on the mass
of the bearings, on the stiffness and on the damping coefficients are obtained. The results of the
study of this work allow us to accurately determine and predict all the necessary characteristics
of the working process of this system. The results of the work confirm the physical meaning of
the process considered in the problem, which can justify the use of this mathematical model in
the design of vertical rotor systems on sliding bearings.

Key words: self-excited oscillations, self-oscillations, sliding bearing, Sommerfeld hypothesis, ro-
tor system, nonlinear equations.

1 BBenenue

[TogmunHuKn CKOTb2KEHNsT NMEIOT P/l CYIIeCTBEHHBIX TPENMYIIECTB IIePe/T MOIIUITHUKAMI
kaderus. OHU yCTOWYUBHI JIJIs IIIMPOKOT'O CIEKTPA HATPY30K U JIMHAMUYECKUX BO3MYIICHMUIA,
CIOCOOHBI padOTaTh IIPU 0OJIeE BHICOKMX CKOPOCTSIX BPAIEHUsI, UMEIOT JIOJITHI CPOK CJIyKObI
U HU3KYIO CTOUMOCTD, & TaKKe MPOCTHI B IKCILIYATAIUNU.

B cuny cnemududecknx CBOMCTB THAPOAMHAMUYECKUX CHUJI, BO3HUKAIONINX W3-33
HaJIMYUg CMa304YHOI'O CJIOd IIPU BPallleHMU POTOpa B IOJIIUITHUKAX CKOJIbXKEHUsd, MOI'YT
BO3HUKATH CaMOBO30YKaromuecs: Kojaebanus (aBrokosebanus) ¢ GOJIBIINMI AMILIATY/IAM,
pa3BUBAIOININECS B MIUPOKOM JUAIla30HE CKOpoCTeil Bparmienud. B cBga3m ¢ 3TuM 9acTto B
MPOMBIIIJIEHHOCTH U B IPOU3BOJICTBE BOZHUKACT HEOOXOIMMOCTD Pa3padOTKU MeEp T10/IaB/ICHIS
U UCCJIeJIOBAHUS TIOBEJICHUS JJAHHOTO BU/Ia KOJIeOaHU B 3aBUCUMOCTHU OT PA3HBIX (PU3UICCKUX
1 reOMEeTPUYECKUX I1apaMeTPOB CUCTEMBI.

2 O630p JuTEepaTypbl

Ha CeFO,ZLH?HHHI/Iﬁ JeHb IIOAMIUITHNKN CKOJIb2KCHN A, BCTPEIalOueCd BO MHOI'NX POTaIlMOHHBIX
MallliHaX B Ka4deCTBE Y3JIOBBIX 2JIEMCHTOB U CJIyZKalllke JIJjId IIepeaadr SHEPTUr BPallCHUA,
ABJIAIOTCA CJIOZKHBIMHU 3JIEMCHTaAMM JIJIgd JUHAMHUYICCKOI'O aHaJ/In3a, TaK KaK IIp1 OHpe,ZLeJIéHHbIX
reoOMeTPUYEeCKHIX 1 Pab0unX HapaMeTpax OHU MOTYT CJIyKUTh IIPUYMHON BOSHUKHOBEHHS, KaK
rOBOPUJIOCH BBIIIIe, caMOBO30Y K patonmxcs |1, 2, 3|, napamerpudeckux |3, 4| u xaoruueckux
koJiebanuii [4, 5]. Tak Kak 1pu pabounX YaCTOTAX CUCTEMbI, AHAJOIMIHBIX PACCMATPUBAEMOT
B JIAHHOH paboTe MOJE/IN, YaCTO MMEIOT MECTO CaMOBO30Y KIaIomecs KOJaeOaHus, B CTaThe
MCCJIEIYIOTCA YCJIOBUS BOSHUKHOBEHUS U JlaJIbHENIIIee ITOBeJIeHe JIAHHBIX KOJIeOaHUI.
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OJiHIM 13 HEPBBIX HCCJIe/I0BATENEl, N3y IUBIINX AB/IEHIE CAaMOBO30YK/IEHNUS U IPUIAHBI
ero BosHukHOBeHus, Obul Newkirk B 1924 1. [6]. On coBmectro ¢ Taylor mposes nepsoe
SKCIIEPUMEHTAJILHOE MCCIEIOBAHNE JTAHHOTO SIBICHNS U O0bACHUI TIPUINHBI BO3HUKHOBEHMUSI
caMoBO30y 2K 1atomuxcs Kosrebanuit (aBrokosebanuit) [7]. Ilpu n3ydenun asrokosebanuii Bo
MHOTUX CJIy9asgx 3a/ada CBOJAUTCA K MCCJEIOBAHMIO IPEINECCHOHHOTO JIBUKEHUSA CHCTEMBI.
[TpubmzKeHHbIE PeIlleHns TIPHU JOTTYIIEHIH TOT0, YTO BeJIMINHA HATPY3KU HA U JOCTATOTHO
MaJsia, BrepsBble Obuia mnoiaydena Hagg [8] u Yukio Hori [9]. PaGorbr mo amamusy
IPENECCHOHHOTO JIBUZKEHH NI B IOJIINIHAKE, 3all0JHEHHOIO MAaCJIOM, TaKrKe ObLIH
nposesiernt Kesten [10)].

Ye1oBuA  yCTOMYUBOCTI HOJIOJKEHNST PABHOBECHS POTOPHON CHCTEMBI yCTAHOBJIEHHOT'O
Ha [OJIINIHAKAX CKOJIbJKEHHs, & TaKyKe XapakTep HEeCTAI[MOHAPHOIO [IBUZKEHHs IIPH

HEYCTOWYIMBOM TI0JIOXKEHUH ObLIM HCC/eoBanbl B pabore Someya [11]. Tak ke psij
takux aBropoB Kak Hagg, Boecker, Schnittger u Hori nposojuiu skcrepumenTaibHoe
uccsieiopanne srux spiernit |3, 9, 12, 13]. OTHOCHTEIbHO BIMSHUS BSI3KOCTH MAacja U

BEJIMYMHBI 3a30pa B MOMIIUIIHUKE B HMCCIEIOBAHHAX 3aMETHBI pacxXoxkjeHusi. HexoTopbie
aBTOPBI Takme Kak Schnittger oTmedaysm mpenmMyInecTBa HU3KOW BSI3KOCTH, TaK KaK OHA
criocobcTBOBasIa yeroitamBocTu mmuna. JIpyrue aBropel kak Boecker, Schnittger n Pinkus
[14] ormeuanu, uro ycroiiumBocTr GOJIbINE CIOCOOCTBYET BBICOKasi B3KOCTH. COTyIacHo
TpeTheil rpyime aBropoB, Takux Kak Hummel [15] u Hagg, oba Bblmenepednc/ieHHBIX
cydas SKBUBAJEHTHBI. PasmaHble TOUKN 3peHUsT TaKzKe HAOIIOIAI0TCS TP UCCIETOBAHISX
BJIMSIHUS TIIUPUHBI TOAIIAITHAKA HA JUHAMUKY crcTeMbl. OIHAKO MCCIeI0BATE/N CXOAATCS B
TOM, YTO HEYPABHOBEIIEHHOCTb POTOPA HE OKA3BIBACT HUKAKOT'O BJIUSHUS HA BO3HUKHOBEHHE
U UHTEHCUBHOCTH CAMOBO30YKJIAIONIUXCS KOJICOAHMl. Y HEKOTOPBHIX aBTOPOB Pa3TUIHBIMU
IOJIyYUJIUCH 9aCTOTa CaMOBO30Y K paomuxes kojebanuit [16, 17, 18, 19]. ¥V 6osbmmHcTBA
aBTOPOB YacTOTa CaMOBO30Y:KIAIONINXCs KojeOaHUil coBlagaia ¢ COOCTBEHHONW YacTOTOMN
poTopa, B HEKOTOPBIX CiIydasdx, Hampumep, y Pinkus ona Bo3pacTaJsia ¢ pocTOM CKOPOCTH,
Toria Kak B pabore Schnittger skcrepuMeHTabHO OBLIN MOy IeHbI PE3YIBTATHI, B KOTOPBIX
KpHUBas 9aCTOTHI CHadasa yObIBasa, a jaJjee HaunHaa Bo3pacrtars |13, 14].

DKCIIEPpUMEHTAILHBIEC — UCCICIOBAHUS — CaMOBO30YK/IAIOMINXCA — KOJIeOaHUT B I€JI0M
[IOKa3a/u He TOJbKO CJI0KHOCTb JAHHON 3ajadu, HO TaKyKe BBISBIUJIN Pl 0COOEHHOCTEH
JgaHHOro  siBjeHnd. Hawmbosiee  BaxKHBIM U3 BBISIBJIEHHBIX  9(M@EKTOB  sSIBISIETCH
"ureprua" (3aTAruBaHue), T.e. CaMOBO30YKJAIONIMECs] KOJIeOaHUs TI0CTIe TMOSBJICHUS IIPH
OIIpeIeJICHHON YacTOTe MPOJIO/IZKAIOT CYIIECTBOBATDL JlakKe IIPU  IMOHUKEHUU YaCTOThI
BpallleHusl pOTOpa HUXKE YacTOT BO3HUKHOBEHHUSI CaMOBO30Y:KIAIOMINXCA —KOJIeOaHmit
[20, 21, 22 23]. Jlpyroii OCOGEHHOCTBHIO SIBJISIETCSI BO3MOXKHOCTH BO3HUKHOBEHMSI
CaMOBO30Y K JAOIIIXCsT KOJIEOaHMIT 1101 AeficTBIEM KPaTKOBPEMEHHOTO NMITY/IbCa, HallpuMep,
yaapa 1o poTopy, IMPHU CKOPOCTAX, JIEXKAIMMX HIUYKE XapaKTEPHBIX CKOPOCTEH MPH KOTOPHIX
BOBHUKAIOT caMOBO30Y K iatomuecsi Koyebanus |24, 25].

3 IlocranoBKa 3a/lauu U ypaBHEHUS JIBUKEHUS

PaccmoTpuM BepTHKAIBHBI CUMMETPUYHO YCTAHOBJIEHHBI Ha THOKOM Bajly OTHOCHUTEIHHO
OTIOp CILJIONTHOM pOTOp Maccoit m. Basa ycranoBien Ha ynpyrux onopax. Poropuas cucrema
BPAIAETCs Ha MOJIIUITHUKAX CKOJIbYKEHHsI MacChl 1My C YIVIOBOil cKopocThio w (Pucynok 1).
DKBUBaJEHTHAS KECTKOCTH YIPYTOTO MOJIst OTOP — ¢; 0 — BeJIMIWHA 3a30Pa B IMOIIUITHIKE;
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t — TemuepaTypa Macja B IOJNIUIHUKE; (i — BI3KOCTh MAC/Ia B MOJIMUITHUKE; d — JHaMeTP
IIHITa TOJINUAIIHUKA; [ — J/THHA TO/IIUITHAKA; [) — JuaMeTp MOJIMUITHUKS; | — JIJINHA BaJIa;
k1, ko — xKoapburmenTs! jemibupoBanus; € — AucOAJIAHC POTOPA.

s BBIBOJIA ypaBHEHUN JIBUKEHUsI BBEJIEM HEMOBUXKHYIO cucTteMy KoopgauHat Oxy.
[Tycrb B 9700t cucreme x1, y; — KoopauaaTsl Oy (IIEHTpa YIIPYTOi OIOPHI ), Ty, Yo — KOOPIHHATHI
Oy (1eHTpa mma MOJIIUITHIKA), T3, Y3 — KoopauHaThl O3 (IEeHTpa TIKEeCTH POTOpa), ¢ —
HOJISIPHBIN YTOJI JIMHUH TIEHTPOB.

Z kl

=0

Pucynoxk 1: PoropHas cucrema, BpaliamoIascs Ha HOIITUITHIKAX CKOJIbXKEHUS

[Tpunumas BO BHUMAHUE, 9TO
T3 = To + ecoswt, Y3 =1y + esinwt, (1)
nosyanmM auddepeHnuaabable yPaBHEeHUS JIBUKCHAS CACTEMbI

moZy + ki1t + cxy — 2 (P.cosp + Pysing) = 0,

moir + k191 + cyr — 2 (Pesing — P, cos ) = 0,

. ) . ) (2)
miy + koo + 2 (P, cos p + P,sin @) = mew” coswt,
mijy + kot + 2 (P.sin — P, cos ) = mew? sinw t.

rie P, m P, oupejendiorcd u3 TUIOTe3bl 3oMMepdesibja, COIIacHO KOTOPOil Ha
IPOTAZKEHHOCTh CMa304HOIO CJI0d MeZKJy HOJNIUIHUKOM N HIMIIOM HE HaKJIaJAbIBAIOTCA
HUKaKHe OrPAHNTICHIS U OUPEIETIAITCI Kak |26]

 127uLR3y _ 127pLRPx (w = 2¢)
B R SRS O IV
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Pucynok 2: [logmunuuk cKoJIbKeHUs

[lepsble gBa ypaBHEHUsI CHCTEMBI (2) SIBJISIFOTCS yYPABHEHUSIME JIBUXKEHHUS OIOPBI MOJ
JICCTBUEM YIPYIUX CHJI €Ty, CYp, CWI jemMidupoBanud kiTy, k1§ W CHJI peaxiun
CMa304HOro c1od P, n P,, HalpaB/IeHHBIX B IPOTUBOIIOJIOKHOM HAIIPABICHUN OJHOMMEHHBIM
cujiaM n300paskKeHHBIM Ha PHCYHKe 2. BTopble jBa ypaBHeHUsI CHCTEMBI (2) OHMPEIe/IsioT
yPaBHEHHd JIBUXKEHUs POTOpa IOJ JICHCTBHEM CHJI PeakIuu cMmazounoro ciog P, u P, u
CHJI BHEITHEro JIeMIpUpPOBaHust kofo, kals. UTOOBI ypaBHEHHS CHCTEMbI (2) COBMECTHO C
ypaBHEHUSAMHI TUIPOJMHAMUIECKIX CHJI 00pa30BBIBAIN 3aMKHYTYIO CHCTEMY, HEOOXOINMO
BBIPA3UTDH IKCIEHTPUCUTET HEHTPA IIMHUIAa € U MOJAPHBINA yroJl ¢ depe3 KOOPIUHATHI IIEeHTPa
YIPYTO#l OIOPBI T'1, Y1 U KOOPJUHATHI IEHTPA IIUIA To, Yo. VI3 pucyHKa 2 BUIIHO, UTO

Ty —T1 = €CoSp, Yo — Yy = esing. (3)
Torma
e = /(w2 — 1) + (2 — 1), (4)

o (:EQ—:Jcl)(jsz—$'1)+(92—y1)(?)2—f91)7 (5)

e

sin o = (92—91)’ cos p = ($2—$1)7 (6)
(& e

- (962 - xl)(yQ - yl) - (yz - y1)($2 - 961) 7

Y = 2 : ( )
e

Cucrema ypasrenuii (2) n ypasaennus (4)-(7) o6pa3yioT COBMECTHO € BbIDAXKEHUSIMU JIJIst

CIJI PEAKINI CMA309YHOIO CJIOf, BUJ KOTOPBIX 3aBUCAT OT HPUHSATON THIIOTE3bI, 3aMKHYTYIO

CUCTEMY HEJIMHENHBIX ypaBHeHHﬁ NHTEerpupoBaHne KOTOPBLIX B O6meM BuJe He ABJIdeTCd

BO3MOZKHBIM.
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4 PezynabTaThl 1 00Cy2XKJIeHUE

Pacuérnl mpoBejienbl /It POTOPHOI CHUCTEMBI, Bpallaloleiicss co CKopocThio oT 0 10
20000 oboporor B MuHYTY. OTMETHM, 9TO TPH PacIére BapbUPYeTCs MATH OCHOBHBIX
napamMeTpa, a UMEHHO BA3KOCTDb YKUJIKOCTU B CMA30YHOM CJIO€, Macca Omop, KodhduimeHT
JieMiibupoBanusi, KO3MOUIIMEHT KECTKOCTH SKBUBAJIEHTHOI'O IOJIS YIPYIOCTU U BEJIUYUHA
3a30pa B TOJIIIUAITHUKE, TaK KAaK JIAHHbIE [TapaMeTPhl SBJIFIOTCSI OCHOBOIIOJIATAIONIUME B
BOIIPOCE HUCCJIEIOBAHUS TOBEJIEHUsT CAMOBO30YXKIAIOMNXC KojebaHuil. Anajmms Kojaedanmit
ObLI IPOBEJIEH Ha OCHOBE YHCJEHHOTO DeIeHHsi CUCTeMbl ypaBHEeHWil (2) KJIacCHIeCKUMU
MeTO/IaMU pelleHnsl OOBIKHOBEHHBIX JTuddepeHnnaabHbIX YpaBHEHUN, TPHU  CJIEIYIONTIX
MCXO/HBIX JIAHHBIX: Macca poTopa — m = H KI, Macca onmop — mgy = 0.15 kr, Beqmdnna
3azopa B nopmmianke — 0 = 0.06 MM, Temueparypa macia B nogmuinnuke ¢t = 50°C BA3KOCTD
Macjia B MOIIUIHUKE — (1 = 22.39 cu3 (TypOuMHHOE MAac/I0), JUaMeTp IIUIa IO IIIUITHUKA —
d = 20 mm, gmuHa nogmunHuKa — L = 20 MM, quamverp noamunauka — D = 20 + 20 M,
mana Bajga | = 650 MM, SKBUBaJIeHTHAsI KECTKOCThL YIPYTOro MoJis omopsl — ¢ = 29 Kr/c?,
kovddurments gemrdupoBanns — kp = 42 kr/c, ko = 6.59 kr/c.
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Pucynok 3: AMIUIMTYIBI POTOpa HpH YHPYIOM U KECTKOM 3aKpEILICHHH B CIydae, KOTJa
d =20 mm, [ = 650 mm, ¢ = 29 kr/c?, 6 = 0.06 mm, t = 50°C, k; = 42 xr/c, ky = 6.59 kr/c,
p = 22.39 cu3 (TypbuHHOE MACIO).

Ha pucynke 3 mnoka3aHbl aMILUIUTY/IHO-YACTOTHbIE XapaKTEPUCTUKH CHCTEMbBI ITPU
sazope § = 0.06 mm. V3 pucyHka BHJIHO, 9YTO [PH KECTKOM KpeluieHun (KpacHast
JIMHUS) PabOTOCHOCOOHOCTD CHCTEMBI OIPAHIYIEHA CKOPOCTBHIO BPAIIEHUS, TIPIMEPHO PABHOIL
YJIBOEHHO! KPUTHUIECKON cKopocT poropa. Haumnas ¢ 6000 0o6/MuH B cHCTEMe HACTYIIAIOT
WHTEHCHUBHBIE aBTOKOJIEOAHUsI B IMUPOKOM Jamna3oHe dacToT. lIpm ympyrom BapmanTe
KpEIUIeHNH (CUHss JINHWs) YPOBEHb BUOPAIHi BO MHOTO pa3 MeHbIle. POTop, ycTaHOBIEHHDI
HA YIOPYTHX OIOpax, BOOOIEe He WMMeeT 30HbI aBTOKOJIeOAHUil, M cucremMa IpPUOOPeTaeT
CrocobHOCTh K ycToitunBoit pabore Ha ckopoctax or 20 000 o6/MuH ¥ BbIIe, T.e.
Ha CKODOCTSX, B JIBQ/IIATh pa3 IPEBBIMAIONINX EPBYIO KPUTUYECKYIO CKOpOCTb. [lpm



166 06 aBTOKOIC6AHNAX B BEPTUKAILHLIX POTOPHLIX CHCTEMAX . . .

pasbere poTopa IIOCJe JIEFKONO W CIOKOIHOIO Iepexojia depes3 JBe KPUTHYECKNe CKOPOCTH
Bpalllennsl OOHAPYKUBAETCH IIepBas 30Ha CAMOIEHTPUPOBaHNS, B KOTOPOil BO3MOXKHa paboTa
¢ MaJIbIMU aMILTuTy1amu BubOparuit. Bropas, ere 6oJiee mupokast 30Ha CaMOIEHTPUPOBAHUS
pacnoyioxkena B jmainaszore or 6000 mo 20 000 o6/mun. Hakower, u3 pucyHkKa BHJIHO, YTO
JIMana30H BO3MOYKHBIX CKOPOCTeHl YCTONYMBOIO BpAIlleHUs pPOTOpa Ojarojapsl yCTAHOBKE
poTopa B yIpPyIue OIIOPLI YBEJINYWJICA B TPU pas3a 110 CPABHEHUIO C KECTKUM KpEIlJICHUeM
MO/IITUITHAKOB, MPUYeM, W 3TO OCOOEHHO BaXKHO, BEPXHUI IpeJiesl CKOPOCTE BpaIeHUs
poTopa He HuMeeT MPUHIUINAJILHBIX rpanutl. [Ipuw 3ToM HaOIIOHAETCd YTO YCTAHOBKA
poTopa B yIpyIHe OIOPbl MPUBOJUT K CHUYKEHHWIO YyPOBHS BHOpaliuii HE TOJbKO B
00JtacTaX caMOIEHTPUPOBAHMS, HO U TIPU MIEPEXOJIe Yepe3 pe30HAHCHbIe pexKuMbL. [Ipu 3Tom
BHOpOTIEPErPY3KHU OyJIyT TEM MEHBIIIEe, YeM MEHbIIE KECTKOCTh OIIOpP.

0.8
§ = = 14,99 cms3
a’ 0.6 =1 =22.39 cm3
g = = 38,7 cm3
& 04 = =40 cm3
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Pucynok 4: AMImmMTyapl poTopa Ipu pasHblX 3HAYCHUAX BASKOCTH KUJIKOCTH B IIOIIIMITHUKE
B caydae, korja d = 20 mm, [ = 650 MM, ¢ = 29 kr/c?, § = 0.06 mm, t = 50°C, k; = 42 kr/c,
ke = 6.59 xr/c, p = 22.39 cus.
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PucyHnok 5: AMIUINTY/IBI OLOPBI IPU PA3HBIX 3HAYEHUAX BASKOCTH KHJIKOCTH B IIOJIITHITHUKE
B caydae, Korja d = 20 MM, [ = 650 MM, ¢ = 29 kr/c?, § = 0.06 MM, t = 50°C, k; = 42 kr/c,
ky = 6.59 kr/c, pn = 22.39 cus.

Ha pucynkax 4 u 5 moKa3zaHbl aMILTUTY/IHO-4YaCTOTHBIE XaPAKTEPUCTUKN POTOPA U OMOPHI
B 3aBUCHMOCTH OT THIIA MacJja HAXOJAIIETroCd BO BKJQJIBINIE ITOJIIAIHUKA CKOJIbXKEHUSI,
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korjia ¢ = 50°C § = 0.06 mMm, nasiaenwe 1 arm. B nepsom ciyuae (KpacHas JIMHWS),
korjia 1 = 14.99 cn3 (6e3BOAHBIN TIMIEPUH) aMIUIUTY/bl KaK pPOTOpa, TaK ¥ OIOPbI
UMEIOT MaKCuMaJibHble 3HaveHusd. Jlajee ¢ yBeqmyeHneM BA3ZKOCTU KHUJIKOCTH aMILTUTYIIBI
YMEHBITAIOTCA U UMEIOT MUHUMAJIbHbIE 3HAYEHUS MPU MAKCUMAJILHBIX 3HAYEHUAX BI3KOCTH
(uepHas smuHus), Te. g = 40 cn3 (masyr). B gaHHOM cirydae onTHMaJsibHBbIE 3HAYEHHS
COOTBETCTBYIOT CJIYYalo UCIOJIb30BaHUs TYPOMHHOTO Macia, T.e. Korja (1 = 22.39 ci3, Tak Kak
JlaJTbHEllIIee yBeImIeHrne BA3KOCTH MOYKeT TOBJIeYh 3a cOOOI HapyIIeHne TeIIOBOTO PeyKuMa
B IO/IIIUITHUKE CKOJIbXKEHUS.

g —m0 =015 &r
g 0f —m0 =025 xr
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Pucynok 6: AMIUIUTYIbI pOTOpa IIPU Pa3HbIX 3HAYEHUSIX MACCHI OIIOPBI B ciIydae, Korja d =
20 mm, [ = 650 mm, ¢ = 29 kr/c?, § = 0.06 mm, t = 50°C, k; = 42 xr/c, ky = 6.59 kr/c,
p = 22.39 cu3 (TypbuHHOE MACIO).

g i —m0=0,15 kr
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Pucynok 7: AMIUIATY/IBI OOPBI IIPU Pa3HBIX 3HAYEHUSAX MACCHI OIIOPHLI B CJydae, Korja d =
20 MM, [ = 650 MM, ¢ = 29 kr/c?, § = 0.06 mm, t = 50°C, k; = 42 xr/c, ky = 6.59 xr/c,
p = 22.39 ci3 (TypOMHHOE MacJIo).

Ha pucynkax 6 m 7 mokKasaHbl aMILUIUTYIHO-9ACTOTHBIE XapaKTEPUCTUKH pPOTOpa U
OTIOPBI B 3aBUCUMOCTU OT MACChl OIOPBI. B 0boux ciydasdx aMILIUTYIbl pOTOpPa U OIOPHI C
YBEJINUEHNEM MaCChl OMIOPHI JEMII(PUPYIOTCs, TAK KaK Olopa MPU JOCTATOTHO OOJIBIION Macce
CJIy’KUT AHTUTPY30M U BBINOJHSIET POJIb TACUTENId KOJIeOAHUM, T.e. UMEeT MECTO ABJICHUS
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AHTHPe30HaHCa, HalpuMep, Korjga mg = 1 kr (depHast junus). Ciegyer orMeTHTb, 4TO C
YBeJNIEeHUEM MACChI OIIOPbI KPUTUYIECKHUE YACTOTHI CMEIIAIOTCH B CTOPOHY MEHBITNX YIJIOBBIX
CKOpOCTEI, TOrIa KaK CUJIBHBIX CMEIeHUH yIacTKOB CAaMOIIEHTpUpOBaHus He Hab oaaeTcs. C
YMEHBIIIEHUEM MacChl OIOPbI PE30HAHCHIE YaCTOThI CMEIIAIOTCSA B CTOPOHY OOJIBIIUX YIJIOBBIX
CKOPOCTEll, K TOMY K€ YBEJMUNBAIOTCA U aMILIATY/Ibl, TaKXKe CYKaeTcs IepBbIi yUIacTOK
CaMOIEHTPUPOBaHMUsI, K PUMeDY, ciaydaii, Korjaa mg = 0.15 kr (KpacHas JTuHAS).
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Pucynok 8: AMmmTy bl poTopa IpH pa3HbIX 3HAYEHUIX KO dUImenTa geMindupoBanns kq
B ciayuae, korya d = 20 MM, [ = 650 MM, ¢ = 29 xr/c?, § = 0.06 MM, t = 50°C, ky = 6.59 kr/c,
= 22.39 cu3 (TypOuHHOE Mac/Io).

s 035
E‘. 0:3 —kl = 21 KT/C
2 025 —kl =42 xr/c
5 02 =] = 84 KT/C
g 015 _
S —Fk1 =126 x1/c
E 0,1
5 0,05
< 0

0 5 10 15 20

YacToTa BpalIeHIs, TRIC 00/MIH

Pucynok 9: AMIIMTY/ bl OMIOPHI P PA3HBIX 3HaUYeHUsIX Kodhduimenta gemidupoBanus ki
B ciyuae, korja d = 20 mm, [ = 650 mm, ¢ = 29 kr/c?, § = 0.06 v, ¢ = 50°C, ko = 6.59 kr/c,
= 22.39 cn3 (TypOHHHOE MaCIIo).

Ha pucynkax 8 m 9 mokazaHbl aMILIUTYIHO-4YaCTOTHBIE XaPAKTEPUCTUKU POTOPa U
OIOPBI B 3aBUCUMOCTH OT KoddduimerTa gemMidupoBanus, 1id 3a30poB 0 = 0.06 mm.
3/ech aMILIATY/IBI TIPU TIepexojie depe3 Pe30HaHChl Pe3Ko cHuKarorcs. [Ipudem nambosiee
3 deKTUBHO JeMIpupyioliee AeiicTBAE YIPYIUX OIOP CKA3bIBAETCA IPHU IIEPEXoe Udepes
[IEPBYIO U BTOPYIO KPUTUUIECKUE CKOPOCTH poTopa. BiusHue gemibupoBaHus Oop Ha TPETHIO
KPHUTUYECKYIO CKOPOCTH MeHee 3HAYUTEe/LHO. YBeJIUYeHre aMILUIUTYJ KojebaHuii B 30HaX
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CaMOIICHTPUPOBaHus He HabJ/o/1aeTcd. B 9Tux 30HaX MO-TIpekHeMy HaOJII0IaeTCs CIIOKOMHAS
paboTa CUCTEMbI ¢ MaJIbIMUA AMILIATY/IaMU BHOpAITHi.

§ —c =15 xr/c"2
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Pucynok 10: AMImTyabl poTopa IpH pa3HbIX 3HAYEHUAX KoM UIMEHTa KECTKOCTH ¢ B
ciyuaae, korga d = 20 MM, [ = 650 MM, 6 = 0.06 v, t = 50°C, ky = 42 kr/c, ky = 6.59 xr/c,
p = 22.39 ci3 (TypOHHHOE MacJo).

= ka —c = 15 k1/(c"2)
g 0,15 — =29 K1/(c"2)
% 0.1 e = 40 x1/(c"*2)
a —c = 70 K1/(c"2)
£ 009
ER

0 5 10 15 20
YacToTa BpameHNs, THIC 00/MHH

Pucynoxk 11: AMIUIMTYIBI ONOpBLI IIPU Pa3HBIX 3HAYEHUAX KOI(DMUIMEHTa KECTKOCTU ¢ B
ciyuae, korga d = 20 MM, [ = 650 MM, 6 = 0.06 mm, t = 50°C, ky = 42 kr/c, ky = 6.59 xr/c,
p = 22.39 ci3 (TypOHHHOE MacIo).

[Ipr pasHbIX 3HAYEHUSAX KECTKOCTH SKBUBAJEHTHOIO IOJI ONOP TakKe HabJII0IaeTcs
CMeEIEeHne aMIUINTY/] KOJIeOaHWi [0 OCH YacTOT M WX W3MEHEHHEe 0 BejnduHe (PUCYHKH
10 u 11). Hampumep, ¢ yBeJindeHreM >KECTKOCTH YBEJIMUUBAIOTCS AMIUIATY/IbI KAK POTOpA,
TaKk W omop. Tak ke ¢ yBeJawmdeHueM KO3(DPUIMEHTA CMeMalTcsd MUKH aMILUIATYJ B
CTOPOHY OOJBINNX YTJIOBBIX CKOPOCTeil. B 1esom yBeamdaenne »KeCTKOCTH KaK OBLIO MTOKa3aHO
usHadaabHo (Pucynok 3) He jydnmiM o6pa3oM CKasbIBAeTCsl HA TOBEJEHUU CUCTEMbI, TOTIA
KaK C yBeJUYeHueM MOJAT/IMBOCTA HAOIOMaeTCs oOpaTHas KapTUHa.

Ha pucynkax 12 m 13 mokazanbl aMILUIMTY/HO-4ACTOTHBIE XapaKTEPUCTUKU pOTOpa M
OIOpPbl B 3aBUCUMOCTU OT TOJIIIUHBI 3a30Pa B IOJIIIUAITHUKE CKOJIbKeHud. Kakx BUIHO
U3 PHUCYHKOB YyBeJIMYEHHE TOJIIUHBI 3a30Pa OTPUIATENLHO BJIMAET Ha PabOTy CUCTEMBI.
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Pucynok 12: AMIUmMTyanl poTopa IIpU pasHBLIX 3HAYCHUSAX TOJIMHLI 3a30pa 0 B CIydae,
kornad = 20 mM, [ = 650 MM, ¢ = 29 kr/c?, t = 50°C, k; = 42 kr/c, ks = 6.59 kr/c,
= 22.39 cu3 (TypOHHHOE MACIo).
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Pucynok 13: AMIIMTYIbI OIOPBI IPY PA3HBIX 3HAYECHUAX TOJIIIMHLL 3a30pa 0 B CIydae, KOra
d =20 MM, [ = 650 mm, ¢ = 29 kr/c?, t = 50°C, ky = 42 xr/c, ky = 6.59 kr/c, u = 22.39 cns
(TypbunHOE MACIO).

VBemueHnne BeJUYUHBI 3a30pa IPUBOIUT K YBEJIUYECHUIO aMILIMTYJIbI KaK POTOpa, Tak
u omnopbl. C yMeHbIIIEHHEM TOJIIUHBI 3a30pa Hab/ogaeTcss o0paTHbIl 3hdeKT, T.e.
MUHAMAJIbHBIM 3HAYEHUsIM §, COOTBETCTBYIOT MUHUMAJIbHbIE 3HAYeHWs aMILIATyH. Ho Tak
KaK Ha MPAKTUKe MaJias TOJIIUHA 3a30pa BJeUeT 3a cOOOW HapyIeHUEe TEILIOBOTO PEKUMa
n3-3a Harpesa 27|, TO ONTHUMAILHBIM BAPUAHTOM B 9TOM CJIyUae fBJSETCS BEJMIHHA 3230Da
0 = 0.06 mwm.

B nepBoit pe3onancHoit 30He KoiebaHMs TUCKA U OMOP MPOUCXOMAT B (ase, T.e. XapaKTep
dopmbl KoJIeOaHUil MpecTaBasieT co0oi IMUINHIPUIECKYIO Tpereccruio. Bo BTopoit 3o0ne
KoJIeDaHUsI OTOP IMPOUCXOSAT 10 OTHONIEHUIO JIPYT K JAPYry B HPOTUBO(da3e; Mpu 3TOM B
paiione jucka dopma kKosebanuit nMeer y3zesn. Takum obOpaszom, BO BTOpoil 30He dopma
KoJIe0aHuil IpeicTaBasgeT cobOil KOCOCUMMETPUIHYIO Iipereccuio. B Tperbeit pe3onaHcHOi
30HE KOJieOaHMs OIOpP IO OTHOIIEHUIO JIPYr K JPYry IPOUCXoJdT 1o dase, a y IUCKa
— B nporuBodaze. Takum obOpazom, TpeTbsa dopMa KojedaHuii mpeJcTraBiger coboit
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JIByXY3JIOBYIO CHMMETPUIHYIO opMy, XapakTep KOTOPOil HallOMUHAET MEPBYIO dopmy
KoJsiebanuiit 6e3omoproro Basia. Cie/lyeT OTMETHUTb, 9TO €CJIM PACIOJIOKEHHe U XapakTep
1mepBoit W BTOPOH opM KoJaebaHUil ONpPeJeIsiioTcd B OCHOBHOM ITOJAATIMBOCTBIO OIIOD,
TO TpeThss ¢opma o0yc/IoBIeHA M3THOHBIMKU KOJIeDaHUSIMHU BaJja poropa. Mrak, jgaHHbIe
HCCJIeI0BAaHUs TTOKA3bIBAIOT, YTO 30HBI IIOBBIINTEHHBIX BUOPAIUil IIPEJICTABIISIIOT CODOI y3Kue
PE30HAHCHBIE 30HBI, O0YCIOBIEHHbBIE JIMTHAMUYECKON U CTATUYIECKON HEeypPaBHOBEITEHHOCTSIMM
poTopa.

5 3akJrouenue

YcraHoBKa pOTOPOB B YIIPYTHe OIMOPHI MPUBOJUT K TOJHOMY IOJIaBJIEHHIO aBTOKOJI€OaHMIA,
UMEBIIUX MECTO IIPpU 2KECTKOM KpPCIIJICHUW ITOJIIUIIHUKOB CKOJIb2KCHUA, U KO.He6aHI/IH
CUCTEMBI BO BCEM JTHAITA30HE CKOPOCTEH CTAHOBSATCS INCTO BBIHY K/ IEHHBIMU. D(HDEKTUBHOCTH
ILeMHCbI/IpOBaHI/IH VIIpyTux OIIOp HUCKJ/IIOYUTE/JIbHO BBICOKa M BO3pacCTacT C YMEHbIICHUEM
ux kectkoctu. CaMOIEHTPUPOBAHME CHCTEMbl B 3apPE30HAHCHBIX 30HAX MPUBOIUT K
3HAYUTEILHOMY CHUXKEHWIO BEJIMYUH BHOpAIuili U BUOPOIEPErpy30K CHUCTEMBbI. YCTaHOBKA
poTopa B YIPYTHe OIOPbl «INHEAPU3yeT» JTUHAMUYIECKYIO CHCTEMY «POTOP - OIOPBI». Tak:ke
cjaeayer OTMETHUTL YTO OCHOBHBIM IIapaMeTpOM OHpe,ZLe.HHIOHlI/HU/I THUII KO.He6aHI/II71 ABJIdeTCd
BeJIMYKMHa 3a30pa IIOJUIMITHUKA CKOJIb2KeHUd, TaK KaK C €ro yBeJINYCHHEeM aMILJIUTY/IbI
OY/IyT YBEJIMUUBATBHCS, a IIPH MPEJIE/IBHBIX €r0 3HAUECHUAX CaMOBO30Y K IAIONINecT KOJICOaHMs
Oy/IyT TepexoJnTh B XAOTUUIECKHUI THUIT KOJeOaHWI 9TO OTPUIATETHLHO Oy/IeT CKa3bhIBAThCH
Ha YCTOMYMBOCTH CHUCTEMBI Jlayke IPH OOJIBIIUX dacToTax BparieHus. CorjacHO Teopuu
caMOIeHTpUPOBaHUst [28], rjie MoKa3aHo YTO MEPErpy3Ku B 00JACTIX CAMOIECHTPUPOBAHUS
OTIPEIESIOTCS JIUIIb BEJIMIHHON JrcOalaHca U YKECTKOCTBIO OIOP, MOXKHO CIe/IaTh BBIBOI,
YTO BUOPOIIEPErpy3KU CUCTEMBI He OY/IyT MPaKTHYECKU BO3PACTATD JaxKe IIPU 3HAYUTETHHOM
3HaYeHnn JucOajianca poropa. TakuM oOpa30oM. IIPHU JIOCTATOTHON OIATIUBOCTH OIIOP, JlaKe
npu OOJILIUX jucOaancax, MOXKHO OXKUJIATH CTAOMJILHOW pabOThl MAIIUHBI ¢ YMEPEHHBIM
YPOBHEM BHODOIIEPErpy30K B IIMPOKOM JIUAITA30HE CKOPOCTEIA.
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DESIGNING SMART GREENHOUSES, SATISFACTORY
PRICE-QUALITY

Smart greenhouse is a revolution in agriculture, which creates a self-regulating microclimate suit-
able for plant growth through the use of sensors, actuators and control and management systems
that optimize growth conditions and automate the growing process. The global smart greenhouse
market was valued at approximately 680.3 million in 2016 and is expected to reach approximately
1.31 billion by 2022, an increase of 14.12% on average between 2017 and 2022.

However, high installation prices and high upfront investment costs can constrain greenhouse
adoption in many underdeveloped and developing countries. Therefore, the urgent task is the de-
velopment and implementation of smart greenhouses that are suitable for the wider population,
which provide the population with vegetables and fruits seasonally or year-round. Improving the
quality of service of greenhouses, controlling and monitoring microclimate processes is possible
through the use of programmable logic controllers, modern smart, wireless and web technologies
WSN and IoT.

The article is devoted to the design of the Home Smart Greenhouse system, the control device of
which is implemented on the basis of NLC. The system allows you to perform a) control (monitor-
ing) of microclimate processes in Online mode; b) fuzzy control in manual and automatic mode;
¢) adjust the parameters of the three microclimate processes: cooling, watering and lighting.

The described NLC model adequately reflects the microclimate control process in the greenhouse.
As a result of using the system, the productivity of the farmer user is increased, thereby helping
the farmer user control the plant growth process and take the necessary measures to care for them.
The developed system meets the criterion of price-quality, that is, it is simultaneously accessible to
the population, and at the same time has an acceptable quality of service, using wireless network
and web technologies (WSN, IoT) and fuzzy control. The cost of the system is 86.75 (the price is
not higher than the minimum wage of Kazakhstan), the economic effect of using the system is 25,
the payback period of the greenhouse is 4 seasons.

Key words: smart greenhouse, price-quality criterion, fuzzy logic controller (NLC), WSN, IoT,
ESP 32, Matlab.

'B.A. Benbrubaes, 2B.B. Huxkymnun, A.A. Ymapos
T.F. 7., JO1eHT, o-Papabu aTbiHarbl Kazak yITTHIK yHUBEPCUTET,
Anvarer k, Kazakcran, E-mail: bbelgibaev@list.ru
2PhD noxTopsi, acconmarusri mpodeccop, Heio Mopk MemexerTik yruBepcuTeTi,
Bunramron k., AKIII, E-mail: vnikulin@binghamton.edu
3PhD noxropanTsl, o1-Dapabu arbiigarsl Kasak yiTTK yHHBEPCHTET,
Anvarer k., Kazakcran, E-mail: uaa_77@Qmail.ru
Camna-6ara KpUTepHUiH KaHaFaTTaHABIPATHIH aKbLIIbI XKbILIbIXKAMIBI »Kobajay

1

(© 2020 Al-Farabi Kazakh National University



Belgibaev B.A. et al.

175

AKpULIBL KbUIbKAR — JaTduKTep/l, arkapylibl Kypasuap MeH 6akbluiay/6ackapy Kyiiesepin
IaliTaJIalbI, ©CIMJIIKTEepPre BIHFANIBI MUKDPOK/JIUMAT 2KACANUTBIH KOHE ©CY IPOIECIH OHTANIbI
erir, aBTOMaTTaH/LIPY KbISMETIH aTKAPAThIH aybLJ IIapyallbLIbIFbIHIAFbl TOHKEPIiC. AKBLIJIBI
KBLIBIKANIBIH 91eMIIK HapbIrbl 2016 k. 680,3 murH. qosutap Kypar, 2022 »x. 1,31 mupa. gosurapra
Kerell Jeren Goskam Oap, aram, 2017-2022 oK. apanbirblHga oprama ecenmnen 14,12% ecyi
MYMKIiH.

Auraiiza, opHaTyra >KoHE AJIFAINKbl WHBECTUIMASAJIAPFa KEeTEeTiH IIBIFBIHIAD 9JICI3 JaMbIFaH YKOHE
JIaMBIIl KeJle YKaTKAH MeMJIeKeTTepjle KbLIblKailjaaibl eHaipy mnporecid rmekreiiai. COoHIbIKTaH,
XaJIBIKThI MaybICHIM OOWBI HEMece YKbIJI OObl KOKOHICTED MEH KEeMiC-?KUJIEKTEPMEH KAMTaMaChl3
eTeTiH KOJIKeTIM/II aKbLIIbl KbLIBDKANH Kypy KoHE EHJIPY ©3eKTi Moceje OOJIBII TaObLIaIbI.
ZKbumbnKaiimapapl  camajgbl KAMTaMAacChl3 €Ty, Oakbliay KoHe Oackapy OarmapiaMasiaHaTbiH
JIOTHKAJIBIK KOHTpOJutepsiep, 3amanayun cMaprt, WSN/IoT ceiMcbi3 koHe BeO TEXHOIOTUAIAP/IbI
maiijiajgany apKbLIbl MyMKIiH 00JTa b

Maxkasa "Yiigeri akpuiIbl KbLIbKail" Kyiiecin kobajayra apHaJalbl, OHbIH 0acKapy KypaJibl
aHbIK, emec Jorukaibik, kourpouiep (AEJIK) merizgenren. 2Kyile kesreci KbIaMerrepi arkapaipl:
a) Ounline Topribinge MuKpokjumar mnporecrepin 6Gakpliay (MOHUTODUHI); ©) KOJIMEH KOHE
ABTOMATTHI TOPTIIITEe MUKPOKJIUMAT IIPOIecTepin 6ackapy; 6) MUKPOKJIUMATTBIH YIII IIPOIeCTePiHiH
IapaMeTpJIePiH PeTTey: CyBITY, Cyapy KoHe YKapPbIKTaHIBbIPY.

Cunarramranr AEK momesti KbuiblKaiiaiijarbl MUKPOKJIUMAT IIPOIECTEPiH HGacKapy/Ibl [IyphIC,
akputra cail kepceremi. 2Kyiieni maiinasaHy HOTHXKeCiHIE Maiiga anymbl-0arOaHHBIH €HOEK
OHIMIITIT] ecemi, 0y oCIiMIIKTIH ocy mporecia 6akbLIam, OCiMIIKKe KyTiM 2Kacay OOWBIHINA THIiCTi
mapaJiap KaObLIIail amain.

Kypacrbuibipran »kyite Oara-calia KpUTepUiiiH KaHaraTTaHIbIPAJIbl, SFHU, HallaJaHyIlbl YIIiH
KoskeriMl skone 3amanayn cmapt, WSN/ToT cbiMcbi3 KoHe BeG TEXHOJIOUAIaPIbl HalIaJany
ApKBLJIbl KETKIIKTI JeHreiine camnaabl Gosbin Tabbuiagpl. 2Kyitenin Garacer 86.75 (Garach
Ka3aKCTaHBIKTHIH, eH Killll KaJlaKbICbIHAH a3), XKYyiieH] nail/jaianyiblH, 9KOHOMUKAJIBIK, THIMJILJIIr]
- 25, eTey Mep3iMi - 4 MaybICHIM.

Tyiilin ce3mep: akpLIJbl KbLIbDKAI, Oara-cana KpUTEpHi, aHBIK, eMeC JIOTMKAJIBIK KOHTPOJLIED

(AEJIK), WSN, IoT, ESP 32, Matlab.
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IIpoekTupoBaHUEe cMapT TEMJIUIbI, YIOBJIETBOPLIOIIE KPUTEPUIO I[€HA-KAYECTBO

CwMapT TeIuuIia — 9T0 PEBOIIONUS B CEITLCKOM XO3SIICTBE, KOTOPAasi CO3/1aeT CaMOPETyJInDY IOTIHiics
MUKPOKJUMAT, TOJXOMANMI JijIsT POCTa pacTeHuii, OJarojapsi HUCIOJIb30BAHUIO JATIYUKOB,
HCIOJTHUTELHBIX MEXaHU3MOB U CHCTEM KOHTPOJIA W YIPABJICHUS, KOTOPBIE OINTUMHU3UPYIOT
YCJIOBHs POCTa W ABTOMATH3UPYIOT IPOIECC BhIpamuBaHus. MupoBoit pPBIHOK CMapT TEILINIL
onennBasicst npumMepro B 680,3 mura gostapos CIITA B 2016 roay u, Kak 0XKHUJIAETCsI, JOCTUTHET
npumepno 1,31 mapa gomapos CIIIA x 2022 romy, yBenuuuBimch B cpeaneM Ha 14,12% B nepuon
Mexky 2017 u 2022 rogamu.

OpHaKO BBICOKHE IIE€HBI Ha YCTAHOBKY W BBICOKWE II€PBOHAYAJIbHBIE MHBECTUIIMOHHBIE 3aTPATHI
MOTYT CII€PXKUBATH BHEIPEHHE TEIINI] BO MHOIUX CJIaO00PA3BUTHIX U PA3BUBAIOIINXCHA CTPAHAX.
[TosTomy akTyasbHON 3ajadeil sABJIdgeTCAd pa3pabOTKAa ¥ BHEJIPEHHE JIOCTYIHBIX IIHPOKOMY
HACEeJIEHUIO CMapT TEIUIUII, [IOCE30HHO MJIM KPYTJIOTOMYHO 0OECIeYNBAIOIINX HACEJIEHIE OBOIIaAMI
u ppykramu. [loBbieHne KauecTBa 006C/Iy)KUBAHNUST TEILINI, MOHUTOPUHI U YIIPABJIEHUE IIPOIECCOB
MHKDPOKJIIMAaTa BO3MOYKHO 3a cUeT npuMeHeHus [IporpamMupyemMbIx JIOrmaecKnxX KOHT-
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POJLIIEPOB, COBPEMEHHBIX cMapT, bGecripoBoabix u Bed Texnosorun WSN u ToT.

Crarbsi 1OCBsiIlieHa, IpoeKTupoBanuio cucrembl "JlomammHsst cMmapr remsuna'", ycrpoiicTBo
yIpaBJIeHUsI KOTOpOil peasm3oBaHO Ha 0ase HedeTKOro Jjormueckoro kourposurepa (HJIIK).
Cucrema 03BOJISIET BBIIOJHATD a) KOHTPOJIb (MOHUTOPHHT) IIPOIECCOB MUKPOKJIUMATA, B PEIKUME
Online; 6) Hedyerkoe ynpaBjeHHe B DYyYHOM U ABTOMATHYECKOM DEXKHUME; B) DPeryJupoBaTh
rapaMerpbl TPeX IPOIECCOB MUKPOKJ/IMMATA: OXJIAXK/IeHWe, TIOJIUB U OCBENEeHNE.

Omucannast mojens HJIK ajiekBaTHO OTpakaeT IpPOIece YIpaBJeHUsT MUKPOKJIMMATOM B
Temmmne. B pe3yjbrare HCIOJB30BaHUSI CUCTEMBI IOBBIMIAETCS ITPOU3BOAUTEIBHOCTE TPYIA
oJIb30BaTe s-hbepMepa, TeM CaMbIM [TOMOrasi 0JIb30BaTETIO-(hepMepy KOHTPOJIMPOBATD IIPOIECC
pOCTa pacTeHnsl U MPUHUMATH HEOOXOINMBbIE MEPBI [0 yXO/LY 38 HIMHU.

Pazpaborannas cucrema yJ/IOBJIETBODSET KDPUTEPHUIO I€HA - Ka4ecTBO, TO €CTb ABJISETCH
OJIHOBPDEMEHHO JIOCTYIIHOW HACEeJeHUI0, W B TO K€ BpeMs HMeeT IPUEMJIEMOe KadecTBO
00CITyKUBAHUs, UCHOJB3ysi TexHojoruu GecrupoBogubix cereit u Be6 (WSN, IoT) u megerkoro
yupasjenus. CTOMMOCTb cucTeMbl cocTasiger 86.75 (leHa He BbIIE MUHUMAJBLHON 3apaboTHOMN
[JIaTHl KA3aXCTAHIIA), SKOHOMIIECKH 9(DDEKT 0T UCII0JIBb30BAHMS CUCTEMBI - 25, CPOK OKYIIAeMOCTH
Ternnbl - 4 cesoHa.

KimroueBble cjoBa: cMapT TeILUIANA, KPUTEPHWIl I€HA-KAYECTBO, HEUETKHUIl JIOTMIEeCKUil

kourposutep (HJIK), WSN, IoT, ESP 32, Matlab.

1 Introduction

Greenhouse farming is one of the leading branches of agriculture. Public health directly de-
pends on the development of this sector of the economy. Since the development of agriculture
is an important problem of each state, huge funds are allocated to this industry. However,
the problem of the lack of fresh vegetables/fruits, that is, the problem of import substitution,
remains a big problem in many countries [17,22].

Smart greenhouse is a revolution in agriculture, which creates a self-regulating microcli-
mate suitable for plant growth through the use of sensors, actuators and control and man-
agement systems that optimize growth conditions and automate the growing process. The
global smart greenhouse market was estimated at approximately 680.3 million in 2016 and
is expected to reach approximately 1.31 billion by 2022, an increase of 14.12% on average
between 2017 and 2022 [20].

However, high installation prices and high upfront investment costs can constrain green-
house adoption in many undeveloped and developing countries. Therefore, the urgent task
is the development and implementation of smart greenhouses that are suitable for the wider
population, which provide the population with vegetables and fruits seasonally or year-round.
Improving the quality of service of greenhouses, controlling and monitoring microclimate pro-
cesses is possible through the use of programmable logic controllers, modern smart, wireless
and web technologies WSN and IoT. Therefore, the urgent task is the development and im-
plementation of smart greenhouses that are suitable for the wider population, which provide
the population with vegetables and fruits seasonally or year-round. Improving the quality of
service of greenhouses, controlling and monitoring microclimate processes is possible through
the use of programmable logic controllers, modern wireless and web technologies WSN and
IoT [22].

A greenhouse is a closed-type agroecological system in which energy processes are strictly
determined by the technological process of growing plants, taking into account the influence
of the environment. The complexity of modeling agroecosystem processes is that they include
a large number of subsystems of various physical, chemical and biological nature. The general
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scheme of the theoretical model of the plant production process consists of four blocks: energy
and mass transfer in the soil-plant-atmosphere system, photosynthesis, respiration, and the
processes of growth, development and movement of organic substances inside the plant [10].

Since agricultural systems are extremely complex structures and practically exclude the
possibility of analytical solutions, you should use simulation modeling associated with repeat-
ed testing of the model with the necessary input data in order to determine their impact on the
output criteria for evaluating the system. Simulation is perceived as a "last resort"method.
However, in most cases, we recognize the need to resort to this tool, since the studied systems
and models are too complex and need to be presented in an accessible and understandable
way for the user.

2 Literature review

The existing technical solutions of smart greenhouses can be divided into two groups: indus-
trial, which have a high price and are not accessible to the general user, and household (home)
ones, which are inexpensive and affordable for the population, but which have limitations on
productivity and functionality.

Industrial solutions of leading manufacturers based on the Simatic S7-1200 from Siemens
[21] are very expensive (465) and are designed for complex automation, private firms’ solutions
[15,25] are also not available to the general public (Smart standard VENT - 772), although
designed for home use.

The way out of the situation is independent research and development of the project,
which makes it possible to choose the necessary functionality and having a product price lower
than market ones. Models of solutions using fuzzy control and have various functionalities,
such as modelling and simulation [3], monitoring based on Micaz [13], irrigation based on
Raspberry Pi [7], monitoring based on ESP 32 [1], processing and analysis of crop data using
IoT [8], control based on Arduino Uno |2, 8, 11], fuzzy control [4,9,12, 14,16, 19|, adaptive
control |6, 19], temperature control of the greenhouse [16|, web monitoring [2, 11|, automatic
drip irrigation system [5,23], phytomonitoring [24].

The development of an effective smart system for managing agricultural processes in
a greenhouse with a lack of measurement information and a variety of factors affecting the
result of regulation is possible based on the apparatus of fuzzy logic (NL) and neural networks
(NN). To obtain the input data of the sample, an experiment was carried out on specially
developed real equipment of the Home Smart Greenhouse system (the conFigureuration of
the system is described in paragraphs 3.1-3.3).

In the work, the Home Smart Greenhouse system is proposed, the control device of which
is implemented on the basis of ESP 32 using a fuzzy logic controller (NLC). The previous
embodiment of the proposed system is described in [1] and has only the function of monitoring
processes in the greenhouse, that is, it lacks a control function using NLC.

The developed system meets the criterion of price - quality, that is, it is simultaneously
accessible to the population, and at the same time has an acceptable quality of service, using
wireless network technologies and Web WSN| IoT and smart management.

As a result of using the system, the productivity of the farmer user is increased, thereby
helping the farmer user control the plant growth process and take the necessary measures to
care for them.
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3 Material and methods

3.1 Architecture of the Home Smart Greenhouse system

The system architecture has three levels (Fig. 1): 1st level — application level. At this lev-
el, operations are performed to manage the object and display reports using the interface
tools (control buttons, charts, and histograms). 2nd level — the level of processing and data
transfer. At this level, data exchange operations between devices are implemented. ESP32
microcontrollers with built-in Wi-Fi and Bluetooth modules are used.

The first module ESP32 (1) acts as a transmitter — it receives a signal from the sensors
of the control object and transmits a signal to the second module ESP32 (2), which plays
the role of a receiver. The ESP32 (1) and ESP32 (2) modules together perform two-way data
exchange, providing measurement and control operations, interacting with the third level.
3rd level is the level of the object. The greenhouse has greenhouse environmental sensors.

I Applhcation Layer

Reports Liobile App. Control T ondt oring

»

o})) /))) ,@ I Data and communication Layer

ESF 32 (1) ESP 32 (7 |[ntemet

% ) ﬁ measuring {—} comirol

ﬂll ﬁ ', —| II Environmental Layer
; \l

Figure 1: System Architecture

3.2 Control and management processes in "Home smart greenhouse"

The control object is a home mini-greenhouse, which considers three technological processes:
heating/cooling, lighting and drip irrigation (Fig. 2).

The main element of the system is the control device (CU).

The drip irrigation system works this way. Water is filled in the tank (1). CU (11) controls
the water supply (control action wus), that is, opens/closes the water valve (2) by turning
on/off the controller relay. When the valve opens, water flows down (blue arrow), passing
through the main pipeline (3) and the dropper (4), and water the plant that is in the pot
(brown vessel). Information about the state of soil s is measured by a moisture sensor (5)
and transmitted to the controller, the CU is received.

The cooling system is described as follows. The CU controls the air supply to the green-
house, forming the control action u;, by turning on/off the fan (6) through the relay. Air
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supply is indicated by a gray arrow. The temperature sensor (7) measures the temperature
and air humidity of the greenhouse z; and transmits data to the controller CU.

The lighting system controls the light mode of the greenhouse. The UE generates a control
action wug, which turns on/off the spotlight (8) via the controller relay. Light intensity data
xg is measured by a light sensor (9) and transmitted to the controller CU.

JN
1)
I ﬁa

\
B
o ] 7l

\|‘=

‘ f\ / N\
A / {// W2 5 7 xl ul
] \i gl R -
2, —

Figure 2: Technological processes in mini greenhouse

3.3 Control device based on a fuzzy logic controller

CU implemented on the basis of NLC [18]|. A fuzzy inference is an approximation of the "in-
puts - output" relationship based on linguistic statements like "IF - THEN" and operations
on fuzzy sets. The typical structure of the model based on fuzzy inference (NLC) is shown
in Fig. 3.

It contains the following blocks:

— a fuzzifier that converts a fixed vector of influencing factors X into a vector of fuzzy
sets X needed to perform fuzzy inference;

— a fuzzy knowledge base containing information about the dependence Y = f(X) in the
form of linguistic rules of the type "IF - THEN",;

— a machine of fuzzy inference, which, based on the rules of the Knowledge Base, deter-
mines the value of the output variable in the form of a fuzzy set Y corresponding to fuzzy
values of the input variables X; B

— a defuzzifier that converts the output fuzzy set Y into a clear number Y.

A zero-order Sugeno-type model is considered, in it the relationship between the input
variables X = (x1,x9,...,x,) and the output y is determined by the following fuzzy knowl-
edge base:

IF (531 = al,jl) AND (]}2 = a2,j1) AND ... AND (.’L’n = a/nyjl)
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OR, (1’1 == (ll,jg) AND (IQ == ag,jg) AND ... AND (.Tn = amjg)

OR (1’1 = al,jk(j)) AND (.232 = a27jk(j)) AND ... AND (.Z'n = an,jk(j))

where a; j, is the linguistic term by which the variable in the line with the number jp
(p = rkj) is evaluated; k; — the number of lines — conjunctions in which the output y is
evaluated by a linguistic term b;; m is the number of terms used to linguistically evaluate
the output variable y.

Membership
functions

Decision Making
machine

T

Fuzzy
Knowledge Base

b d

— ® Fuzzyficator —| Defuzzyficator |——>

Figure 3: NLC structure

Using the operation (OR) and (AND), we will rewrite the fuzzy Knowledge Base in a
more compact form:

ki n

UN@ =aip) —y=15, j=Tm (1)

p=1i=1

All linguistic terms in the Knowledge Base (2) are represented as fuzzy sets defined by
the corresponding membership functions.
Fuzzy term membership function of z; is

a1,5p; Z:L_na Jg=1m, P:ij:

Z; - 2
argy = [ pip(w) /i, © € [2:,T) (2)

T

The degree of belonging of the input vector X* = (27,25, ..., 2}) to fuzzy terms d; from the
Knowledge Base (2) is determined by the following system of fuzzy logical equations:

1, (X7) = \ ()], G=Tm (3)

1,kji=1n
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where A (V) is the operation from the s-norm (¢-norm), that is, from the set of implemen-
tation: for the operation OR (AND). The following operations are most often used: OR —
finding the maximum, AND — finding the minimum.

The output of model y is determined by a linear combination:

y:bj70+bj71-x1+bj72-x2+...+bj7n-xn, jzl,_m, (4)
where b;; are some numbers.

In the model under consideration (Zero-order Sugeno), the conclusions of the Knowledge
Base rules are given by functions in which all the coefficients of the input variables in the
linear "input-output" laws are equal to zero. The output of model (2) — (4) y =b;, j =1,m
correspond to the control signals wu (t), ua(t), usg(t) of the NLC (Fig. 2 and 3), i.e.

y = {un(t); ua(t); us(t)}. (5)

Let us consider in more detail the operation algorithm of the control unit. The basis of
UU is the Knowledge Base, which contains the Databases and the Rule Base. The initial
Rule Base is set by an expert. The process of the system includes three stages: Monitoring
data; Signal transmission via WiFi/Bluetooth; Management (data processing using NLC).

At the first start-up, in the conditions of an operating greenhouse, the Database is filled
with actual values characterizing the state of the microclimate. After filling in the database
of previous states and the rule base, the system goes into the operating mode of controlling
the microclimate of the greenhouse.

Table 1 provides a description of the linguistic variables of the model (2) — (5). The
model has 5 inputs and 3 outputs. Since air temperature and air humidity are measured by
one DHT11 sensor, these two physical quantities are denoted by the same variable x; (). The
fourth variable is the start time of the irrigation system ¢, ap.

Table 1: Linguistic variables and their scope

Linguistic ~ vari- | Variable = Range | Type of member- | Variable designa-
ables and their intervals | ship function tion
Inputs— X ={z1(t),z2(t), x3(t), 1}
Air  temperature | L = [10, 12, 18]; Triangular x1(t)*
(air_temp), C Z =[16, 20, 24];
H = [22,28,30]
Air humidity | L = [40,42,60]; Triangular x1(t)*
(air _hum) % Z = |45,55,65];
H = [50,68,70]
Light (light), 1k L = [100,150,500]; | Triangular xo(t)
7 — [300,450,600];
H = [400,750,800]
[rrigation time | t_zap = 20:00; Singleton t
(uakit), hour (Runs at 20:00)
Soil humidity | L = [40,45,60]; Triangular x3(t)
(top_hum), % Z = [50,65,80];
H = [70,85,90]
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Outputs—y={u(t);us(t);us(t)}

Actuator 1,1 {0;1} Singleton uy (%)
On/Off
Actuator 2, | {0;1} Singleton us (%)
On/Off
Actuator 3, | {0;1} Singleton ug(t)
On/Off

The purpose of the NLC is to develop control actions wug(t), us(t), us(t) for the corre-
sponding actuator based on the monitoring data x;(t), xo(t), z3(t) and the built-in rules of

the Expert Knowledge Base described in Table 2.

Table 3 shows the results of monitoring using the system "Home smart greenhouse". They
are obtained using the signal sensors of the ESP 32 Transmitter (see paragraphs 2.3 and 2.4).
The monitoring process was carried out for 162 hours (database update frequency — every 3

Table 2: Rules from the Knowledge Base

IF THEN
Rule 1 air _temp is Low AND air hum is Hi Actuator 1 is On
Rule 2 air temp is Hi AND air hum is Low Actuator 1 is Off
Rule 3 light is Hi AND uagqit is NOT K Actuator 2 is Off
Rule 4 light is Low AND uaqit is NOT K Actuator 2 is On
Rule 5 air_temp is Low AND air _hum is Hi Actuator 3 is Off
AND top hum is Hi AND uagqit is K
Rule 6 air _temp is Hi AND air _hum is Low Actuator 3 is On
AND top hum is Low AND uaqit is K

hours).
Table 3: Monitoring results using the "Home smart greenhouse” system

Air tempera- | Air humidity, | Light, lk Soil humidity, | Irrigation
ture, % % time (h)
16 63 0 55 0

15 70 0 58 3

13 82 136 52 6

14 82 375 48 9

17 66 476 42 12

18 64 524 40 15

19 65 497 45 18

20 56 464 66 21

14 44 0 62 24

14 68 0 60 0

13 73 0 o7 3




Belgibaev B.A. et al.

183

13 68 117 52 6
18 60 321 95 9
20 99 476 50 12
20 o7 424 o1 15
20 65 222 62 18
14 60 316 81 21
15 78 0 72 24
15 78 0 70 0
14 73 0 65 3
13 70 117 60 6
20 o8 321 o8 9
22 o4 408 95 12
21 63 363 48 15
20 65 190 53 18
19 o8 460 68 21
14 74 0 64 24
14 74 0 63 0
11 70 0 60 3
11 61 195 o7 6
18 49 236 50 9
22 44 680 45 12
24 41 606 90 15
24 42 318 93 18
21 o6 470 o8 21
13 95 0 62 24
13 95 0 60 0
12 44 0 o7 3
10 39 195 o4 6
20 38 236 49 9
26 31 680 45 12
27 32 606 48 15
27 36 293 47 18
25 48 268 52 21
16 45 0 95 24
16 45 0 o7 0
16 44 0 60 3
15 38 195 63 6
24 32 236 60 9
28 31 680 93 12
29 29 363 90 15
20 42 338 95 18
16 59 316 81 21
19 37 0 78 24
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4 Results and discussions

The simulation results are reflected in the form of the NLC structure (Fig. 4), the rules of
the Knowledge Base (Fig. 5), the values of the fuzzy logical inference of the system for three
IM1, IM2 and IM3 (Fig. 6, 7, 8 and 9).

NLC is a Multi Input Multi Output (MIMO) system in which there are 5 inputs and 3
outputs (Fig. 4). Inputs: Air Temperature, Humidity, Illumination, Soil Humidity and Wa-
tering Time. Outputs: state IM1, IM2 and IM3 (see Table 2). The Knowledge Base contains
6 rules (see Table 3).

 FIS Editor: AQILDI_JILIJAY =101 =]

File Edit Wiew

/I (L) I

i i AILD LA

[SuUgeno)

e

1 LaF] |

| FIS Mame: ACILDI_ILLIA FIS Type: sugeno |
2nd method I prod = I Current “ariakle
OF method [erobor =1 L IJeIdetu
T Lt
Implication thin = MRS Rl
Range o]
Aggregation S -
Defuzzification I wetaver - I ‘ Help I Close I |

Figure 4: The structure of the NLC model in Matlab

An example of creating a Knowledge Base based on Table 3 in the Matlab environment
is shown in Fig. 5. Here the variable On means to turn on the corresponding IM, the variable
Off to turn off the corresponding IM.

Let us explain the calculated control values in Fig. 6-9.

For example, with an input vector z; = {15.12;66.71;620.7;69.88;12.06} NLC output
y1 = {u1 = 0;us = 0.5;u3 = 0} (rule 1 is fulfilled, that is, at low air temperature and high
air humidity — the fan must be turned off and rule 3, that is, at high daylight — the projector
must be turned off).

With the input vector xzo = {27.32;44.02;450;65;11.5} NLC output y» = {u; =
0.734;us = 0.5;u3 = 0} (rule 2 is fulfilled, that is, high air temperature and low air hu-
midity — the fan must be turned on).

With the input vector x3 = {19.51;55;193.9;65;11.5} NLC output y3 = {u; = 0;us =
0.5;uz = 0} (rule 4 is satisfied, that is, during the day in low light — the spotlight must be
turned on).

For example, with an input vector X4 = {27.8;44.76;193.9;46.71;22.16} NLC output
y4 = {uy = 0.53;uy = 0.5;u3 = 0} (rule 2 is fulfilled, that is, at high air temperature and
low air humidity — the fan must be turned on and rule 6, that is, at high air temperature
and low air humidity and low soil moisture after 20:00 hours — the irrigation valve must be
enable).
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Monitoring data (input vector) for 162 hours are shown in Fig. 10-A in the form of graphs.
The values of the logical output of the NLC (output vector) — control signals of actuators
are shown in Fig. 10-B — in graphs.

In Fig. 11 shows the monitoring process using the mobile application of the Home Smart
Greenhouse system in ONLINE mode.

A Rule Editor: AQILDI_JILIJAY } = 10Ol =
File Edit Wiew Opkions
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L Cligth is H) and (uagit is not B then CJaric is Off (1)

T Clicth i LY and (uadit is not K then (Jarig is On) (1]

M Cair_temp is L) and Cair_bhumid is H) and Gop_lhom is H)Y and Quagit is B then CS0ARD s O 010
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Figure 5: Rules from the NLC Knowledge Base in the Matlab environment
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Figure 6: NLC fuzzy output: rules 1 are complied with (Fan off) and rule 3 (Spotlight off)
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Figure 7: Fuzzy NLC output: rule 2 is fulfilled (Fan is on)
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Figure 8: Fuzzy NLC output: rule 4 is fulfilled (Spotlight is on)
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Figure 9: Fuzzy NLC output: rule 2 is fulfilled (fan is on) and rule 6 (watering valve on)
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Figure 10: A — Monitoring data for 162 hours; B — the logical output of the NLC (output
vector) — control signals of actuators
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Figure 11: Mobile application "Akyldy zhylyzhay" , in the process of work

5 Conclusion

The paper proposes an approach to the development of the Home Smart Greenhouse system,
the control device of which is implemented on the basis of NLC in the form of the Sugeno
model. The system allows you to perform:

1) control (monitoring) of the microclimate processes in Online mode;

2) fuzzy control in manual and automatic mode;

3) adjust the parameters of the three microclimate processes: cooling, watering and light-
ing.

The main element of the system is a control device based on NLC. The device is based
on the ESP 32 microcontroller using wireless networks and web technology (WSN, IoT) and
fuzzy control.

The described NLC model adequately reflects the microclimate control process in the
greenhouse. As a result of using the system, the productivity of the farmer user is increased,
thereby helping the farmer user control the plant growth process and take the necessary
measures to care for them.

The developed system meets the criterion of price-quality. The cost of the system is 86.75
(the price is not higher than the minimum wage of Kazakhstan), the economic effect of using
the system is 25, the payback period of the greenhouse is 4 seasons.
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IIPOEKTUPOBAHUE YMHOTI'O JOCTYIIA ABTOMOBWJIEIL HA
TEPPUTOPUIO YHUBEPCUTETA "TYPAH"

C pasBuTmeMm obmiecTBa Bce O0Jiee BaXKHBIM CTAHOBUTCs IpobJsieMa obecriedenusi O€30MIaCHOCTH
JKU3HEIeATEIbHOCTH YeJIOBEKA BO BCEX ee acrekTax. B maHHoil paboTe pacCMOTPEHBI IIPOI'DAMMHEbBIE
U TEeXHUYIECKHUE CPEJICTBA JIJIsI CO3/IaHIs aBTOMATHIECKOTO PACIIO3HABAHNS O0bEKTOB, B YACTHOCTH
aBTOMOOMIbHBIX HOMepoB. llenb paborel. Pazpaborka cHCTEMBI aBTOMATHYECKOIO JIOCTYIIA
TPAHCIOPTHBIX CPEJCTB Ha TEPPUTOPUIO HAPKOBKEU yHuBepcurera <«Typam». lannas pabota
JIEMOHCTPUPYET BO3MOXKHOCTH WCIIOJIb30BAHUA O0yIaE€MBIX CHCTEM B KOHTPOJIBHO IIPOILYCKHBIX
IIyHKTAaX, UCIOJIB3YIO 1pu 3ToM MuKpokomibiorep RassberryPi 3 Model B, koropsriit otsingaercs
CBOEH MOOMJIBHOCTBIO W MOJIYIbHOCTH. OOJIACTHIO UCCIEIOBAHUS SIBJISETCS KOMIIBIOTEPHOE 3DEHHEe
U MAaIlUHHOEe OOYYeHMe WCIOJb3yeMOe CPEeJICTBA MATEeMATHYECKOW CTATUCTUKHU, YHCJIEHHBIX
METOOB, METOJIOB ONTHMHU3AIuu. B pe3yibrare pabOThI CO3maHA MOJIEIb JEMOHCTPUPYIOIIAs
paborocrocobHOCTh cucreMbl. Cucrema paboTaeT Ha MHHA KOMIIBIOTEDE, WCIOJIb3ysd KaMepy
Rassberry st pacriosnasanusi HOMEPOB, CEPBOIPHUBOJ I JEMOHCTPAIUUA PAOOTHI CHUCTEMBI
CKVI. Ilpu nonajanuu B 00J1aCTh BUJIUMOCTU KaMepbl, CpabdaThiBA€T CHUCTEMbI CYUTHIBAHUE,
[P [IOMOIIU aJrOPUTMOB ITPOUCXOJIUT PACIIO3HABAHME HOMEpa W IIPOBEpKa ero mo 6ase u B
cJIydae yCIIEITHOW IPOBEPKHU, IMPOUCXOIUT OTKpbITHE Inuiarbayma. JlaHHBI KOMIBIOTED HMeeT
BO3MOKHOCTD 00y9IaThCa Jabllle Ha pealbHOM 00bHeKTe.

KiroueBbie cjioBa: aBTOMATH3UPOBAHHBIN JTOCTYyH, KoMmibioTeproe 3penne, CKV/I, mamuanoe
obytenue.
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«TypaH» yHUBEpPCHUTETIHiH ayMarbIHA KOJIIKTEPAiH Kipy PYKCAaTbIH OepeTiH aKbLIIbl
KylieciHn »xkobaJjay

KoraMHBIH JaMybIMeH aJJaMHbBIH, TIPIILIIK OPeKeTiHIH KAyIICI3iriH KaMTaMachi3 eTy po0/ieMachl
OHBIH, OAPJIBIK, ACIIEKTLIEPIH/IE HEFYPJIBIM MaHbI3Ibl OOJIBIIT OTBHIP. Byir »KymbicTa 00beKTiIep/I,
aTal alTKaHa aBTOMOOMIb HOMIPJIEPIH aBTOMATTHL TAHY YIITiH Oar1ap/IaMaJIblK JKOHE TEXHUKAJIBIK,
KypaJsjaap KapacThipbliraH. « T'ypaH» YHUBEPCUTETIHIH TypakK, ayMarblHa KOJIIKTEP/IiH aBTOMATTDHI
Kipy 2kyftecin o3ipsaey. Byn Kywmbic yiipenymi kyfiesepai Oakpliay OTKi3y IIyHKTTEpiHJie
naiiiajgany MYMKIHJIITIH Kepcere/i, Oyl perre ©3iHIH MOOWIBIIIIN MEH MOJIYJIBIIIIT apKbLIbI
epexiesienetin rassberrypi 3 Model B mMukpokoMmIboTEpl KOJIAHBLIAIABI. 3€PTTEY CaJIAChI
KOMIBIOTEPJIK KOPY KoHE MaTeMaTHKAJBIK CTATHICTUKAHBIH KOJJIAHBIIATHIH KYPaJJIIapbIH, CAHJIBIK
9JIicTep I, OHTAMIAHIBIPY OJIICTEPiH MAITMHAMEH OKBITY OOJIBIT TabbLIa bl 2KyMbIC HOTHXKECIH/ 1e
KYHeHiH KYMBICKa KaOLIeTTLMIrH KepceTeTin MoJe/b Kacaaabl. 72Kyiie HoMipsep/ai TaHy VIImH
rassberry kamepachit, Kipyi 6ackapy »Ky#eciHiH KYMBICBIH KOPCETY YIIH CePBOIPUBO/ APKBLIBI
IarelH KOMIIBIOTEpAE KyMbIC icreiiai. Kamepanbin Kepiny aifiMarbiHa TYCKEH Ke3ze OKy XKyiteci
icke KOCBLIAJIbI, AJTOPUTMIEP/IiH, KOMEriMeH HOMIp/i TaHy »KoHe OHbI 0a3a OOUBLIHINA TeKcepy
JKYPrisijiesii KoHe TeKcepy COTTi OoJFaH Karjaiiga miardayM ambLIaIbl. byl KOMIbBIOTEp HAKTDHI
obbekTisie opi Kapail oKy MyMKIiHJIITiHE He.

Tyiiin ce3aep: aBTOMATTAHIABIPBLIFAH Kipy, KOMIbioTep ik keprimrik, CKVII, mMalmmHHAJIBIK
OKY.
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Designing smart access for transports to the territory of «Turan» University

With the development of society, the issue of ensuring human security in all its aspects has become
increasingly important. This scientific article considers software and technical means for creating
automatic recognition of objects, in particular car numbers. Purpose of the work. Development
of a system of automatic access of vehicles to the parking area of «Turan» University. This work
demonstrates the possibility of using trainee systems at checkpoints, while using a microcomputer
RassberryPi 3 Model B, which is characterized by its mobility and modularity. The field of research
is computer vision and machine learning used means of mathematical statistics, numerical methods,
optimization methods. As a result of the work, a model has been created that demonstrates the
operability of the system. The system runs on a mini computer, using a Rassberry camera for
number recognition, a servo motor to demonstrate the operation of the access control system.
When the camera enters the area of visibility, the reading system is activated, the number is
recognized by algorithms and checked by base, and in case of successful check, the barrier is

opened. This computer is able to learn further at a real site.
Key words: automated access, computer vision, access control, machine learning

1 Bsenenue

JLnst obecrievenns 6€30ACHOCTU CTYJIEHTOB, IperojaBaTesieil 1 pabOTHUKOB YHUBEPCUTETA, a
TaKKe UX JITIHBIX TPAHCIOPTHBIX CPEJICTB. B X0j1e BBINIOJIHEHNS TPOEKTa HEOOXOIUMO ObLIO
CIPOEKTHUPOBATh ABTOMATH3MPOBAHHYIO CHCTEMY KOHTPOJISI JIOCTYIa C HCIHOJHUTE/IHHBIMU
yCTpOﬁCTBal\dH, KOTOpasd IIO3BOJIUT B aBTOMATUYIECKOM DPEKHME IIPOITYCKAaThb TPaHCIIOPTHLIE
CpeJICTBa, WMEIOINe JOCTYIl Ha TEePPUTOPHIO MAPKOBKH yHHBepcuTeTa. llocpemncTBoMm
MAaIlIMHHOI'O 3peHud aBTOMAaTHUYICCKHN OIIpeac/IdTh O6JIa.CTb C HOMEPpOM aBTOMallWMHBI M
ommppPOBBIBATL CcaM HOMEp g JaJjibHefimeir paborsl ¢ HuM. OjganM w3  GaKkToOpoB
AKTYaJIbHOCTU DPabOTHI fBJIsIeTCsT MUKpOKoMIbiorep RaspberryPi 3 Momesns B [1, 2, 3],
Ha KOTOPOM OblLiIa IIOCTPOEHA CUCTeMa KOHTPOJIA JIocTyIa. [IpenMyiinecTBa UCIOIB30BAHUIST
JIAHHOT'O KOMITBIOTEPA 3aKII0YIaeTCsI B TOM, 9TO:

® MOOUJILHBIE pa3Mepbl  IIO3BOJIAIOT MOHTUPOBATDH HeHTpaﬂbeIfI y3ejqr  CHUCTEMbL
HernocpeacTBento B mﬂar6ayM N 3aHuMaThb MUHUMaJIbHOE KOJINYIECTBO IIPOCTPaHCTBAa,;

® [IcHa B CpeaHeM B 3 pa3a MeEHbIIIe 110 CpaBHEHHUIO CO CTalluOHapPHbBIMHN KOMIIbIOTEpaMn
HCIIOJIb3YEMbIX B aHaJIOTMYHbIX CUCTEMaX;

® [I03BOJIAET HCIIOJIb30BaTh pa3Hble MO/YJ/IN JIJId YCOBEPIICHCTBOBaHWA CUCTEMBDI.

[naBuoit  1esiblo  gABJsieTCsT  pa3pabOTKa CHCTEMBI 110  aBTOMATHU3AIUU  JIOCTYIIA
TPAHCIOPTHBIX CPEJICTB Ha TEPPUTOPHUIO TAPKOBKM yHUBepcutera <« ypamny. [loctponthb
MaKeT, HAIJISIIHO JeMOHCTPUPYIONHI paboTOCIIOCOOHOCTH CHCTEMBI.

B coorBercTBHE € ITOCTABIEHHON TE/IBI0 OBLIN OIPE/IE/IEHBI CAEAYIONINe 3a1adu:

1. Uzyuntsb npobiieMy KOHTPOJISA JIOCTYIIA;
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2. M3yuuth u BBIOpPATb JIOCTYIIHBIE IPOIPAMMHBIE U AallllapaTHbIE CPEJICTBa  JIJIs
peaiu3alm IIpoeKTa;

3. CrpoekTnpoBaTh 1 pa3zpaboraTh 6a3y JTAHHBIX;

4. PazpaborTka CHCTEMBbI CUUTHIBAHUS HOMEDPHBIX 3HAKOB IOCPEJICTBOM KOMIIBIOTEPHOIO
3pEHNd;

5. O0beMHUTDL TPOrPAMMHBII U AlIapaTHBI KOMILIEKC B €JIMHYI0 MH(MOPMAIMOHHYIO
CUCTEMY;

6. [TocTpouTh POTOTHII, JTEMOHCTPUPYIONINI pabOTY HMPOEKTA.

JL1s1 Toro uto ObI pousBecTu H0JIee TOJIPOOHOE U3YUIEHHE, OXBATUTH KAK MOYKHO OOJIBIITYIO
AyJIUTOPUIO, COCTOLAIILYIO W3 CTYIEHTOB, IperojgaBareseii n pabornukoB BY3a, mosydauTsb
OOJIbINIOe KOJIMYECTBO JIAHHBIX I aHAJM3a MbI CO3Ja/i aHOHUMHLIN ompoc «IlapkoBka
yuusepcutera «Typany». Ompoc HaAXoIWICd B OTKPBITOM JIOCTyIlEe ¢ (beBpajis 10 Maii, MbI
MOJTYYUJIN OTBETHI OT 427 wesoBek. B KOTOpOM OOJIBINIYI0 Y9acTh PECHOHJIEHTOB COCTABUJIN
yaalmecs yHuBepcuTeTa. B xoje aHam3a 0TBETOB OIIpOca MbI TaK K€ Y3HAJIN, ITO TapKOBKO
qamie MoJb3yITCA B HOCIe 00eIeHHOe BpeMs, JaHHBbIX O0TBeTOB cocrasmio 60%, ma BTropom
mecre 110 obeseHHoe BpeMsa 25,7% u KTO MmoJb3yercd MapKoBKOil nebti genb 14,3%. Oxma
TPeThsl YacTh OINPAIIMBAEMBIX OTBETHUJIN HAM YTO YACTO CTAJKHBAIOTCH Ha IapKOBKE C
[IOCTOPOHHUMHU JIIOJIbMU HA JIMIHOM aBTOTPAHCIIOPTE. BoJbIas 4acTh ONpaimBaeMbiX, PEJIKO,
HO 3aMedaJii TIOCTOPOHHUX JIojiell u Tobko 23% He Korja He BHjesa IMOCTOPOHHUX JIIOJEH.
Kaxk mbr Bugum, u3 pucynka 1. OiHa TpeThst 9aCTh ONPAITHBAEMbBIX OTBETHIA HAM UTO YaCTO
CTAJIKUBAIOTCS HA TTAPKOBKE C MOCTOPOHHUME JTFOIBMI HA JITTHOM aBTOTPaHCIIopTe. Bobimast
YacTh OIPAIIUBAEMbIX, PEJIKO, HO 3aMedasi IOCTOPOHHUX Jiojeil u Tosibko 23% He Korja
He BUJeJIa IMOCTOPOHHUX Jiojeil. Vexonsd n3 maHHbIX ornpoca, ObLIO BBISCHEHO, UTO OOJIbIIe
[IOJIOBUHBI OIPOIIEHHBIX JIIOJIEH, CIUTAIOT, YTO HEOOXOJMMOCTh B TAKOH CHCTEME €CTh.

3ameuanun a1 Bbl NOCTOPOHHUX NtO4EN C
MallMHaMK, Ha NapKoBKe yHMBepcuTeTa? U
Kak yacto?

W HacTo 3ameuaio
M Pegko, Ho BbieaeT

mHer

Pucynok 1: Haboienne peciionieHToB 110 HaX0XKJIEHUIO TOCTOPOHHUX JIIOJICH Ha TEPPUTOPHHI
MAPKOBKU YHUBEPCHTETA
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2 O630p auTepaTypbl

[Io pesynbraram wucciaeoBaHUg OBLIO PEIIeHO CO3/IaTh IPOEKT Ha  OJIHOILIATHOM,
MHUHUATIOPHOM, ITOJTHOIIEHHOM M THUXOM KOMIIbIOTEpe pa3MepoM ¢ DaHKOBCKYyHO KapTy Rasp-
berryPi 3 model B. Biarosaps KoTopoMy MOXKHO yIPaBJIATb PA3JIUIHBIMU yCTPOHCTBAMMU.
Wcnonp3oBanne TaHHOTO KOMITBIOTEPA COKpAIaeT OIOPKeT MPOeKTa, W PACIIUPSIET TOPU3OHT
€ro JaJIbHEHIero pa3BUTUs, MOJYJIbLHOCTb IPOEKTA IO3BOJISIET MPOU3BOIUTL OOHOBJIEHUE,
PEMOHT U 3aMEHY TeXHUYECKUX U IIPOrPAMMHBIX YacTeil IPOeKTa, He MMojBepras N3MEHEHU M
nesioit  cucreMbl. [IpemmyrmectBo ucnosbpzoBanue Raspberry Pi. Kommbiorep mmeer mna
6opry npusbrunble K cocrapisiomue: mporeccop, onepaTuBHYIO TaMATh, pa3dbém HD-
MI, xommosutabiit BRIxXOJ, USB, Ethernet, Wi-Fi u Bluetooth. I'maBroe mupemmytecTBo
RaspberryPi — 40 konrtakToB BBOJa/BBIBOjA OOmero naszunadenus (GPIO). K wnmm mbr
OyIeM MOJKII0OYATh NepudePuIo Jjid B3aUMOJIEHCTBUS C BHEIIHUM MHPOM: UCIOJHUTEIHHDIE
ycTpoiicTBa U ceHcopsl Jioboro Buia. [lltarnoit oneparmonnoit cucremoit jiyiss RaspberryPi
sBiisiercs Linux [4, 5, 6]. Ona ycranasimaercs Ha microSD kapry, a Ta — B CHeIHAJbHBII
CJIOT Ha TLIaTe.

Jlnst mpoekTa Oblta BbIOpaHa oOIEpalMoHHasi cucreMa Raspbian. 9To odunmaabaas
omnepalonnas cucrema g Raspberry Pi, ona pazpaborana crenuajgbHO JIJIg 3TOTO
YCTPOWCTBA W WMeeT Bce HeoOXOo[mMoe IporpamMMuoe obecredenue. Raspbian ocnoBana
wa ARM Bepcum Debian 8 Jessie |7, 8]. OcnoBHO 1eibi0 paboThl SIBJISUIOCH CO3JIAHHE
COOCTBEHHOTO MPOIPAMMHOIO MPOJIyKTa, pa3paboTaHHOTO crenuaabHo i Kazaxcrana, co
cuermuduKoil MeCTHBIX HOMepoB. Tak Kak B KazaxcTaHCKMX HOMEpPaxX HUCIOJb3YeTCd CBOI
mpudT, pazMep u pacrojozxkenne 6yks u nudp. Heodxommo Ob1710 HanucaTh KOHMUTYPAITIIO
oy, Kaszaxcranckume nomepa. [IpomsBectn oOydenume mporpamMmbl, Jijig 0oJiee TOYHOTO U
ObICTPOrO pacro3HaBaHue HoMepa. BwibpaB s3blk paspaborku Python [9, 10, 11] wu3-3a
YUTAEMOCTHU KOJa U HAJIMYUEM OIIPe/Ie/IeHHBIX ONOJIMOTEK, TIOJIXOAANINX J1jisd pa3padborku. Tak
JKe HeMaJIOBaXKHO ObLIO BhIOpaTh (DYHKIMOHAJBHYIO U YI00HYIO cpeay paspaborku. Berioop
nast #a PyCharm [12, 13], cpena paspaborkn ot komnanuu JetBrains.

3 Marepuayi u MeTOabl

JLst TOro 9To0B! ONEPATOP MOT IIPOCMATPUBATH JIAHHBIE TI0 BHE3/LY, YIIPAB/ISITH KOHTPOJIbHO-
MIPOITYCKHBIM IIYHKTOM, 8 IMEHHO B TOT MOMEHT, KOTJI& ITO/Ihe37KaeT aBTOMOOWIH C HOMEPAMH,
He 3aHEeCEeHHBIMU B 0a3y JAaHHBIX. BBIIO cO3/1aH KIMeHTCKUi nHTepdeiic, TIe OmepaTop nMeer
BO3MOKHOCTE yrpaBisaTbh CKV]I, i Toro 9Tobbl ¢jesiaTh JOCTYI K 3TOMY HWHTepdeiicy
HE3aBUCUMBIM, OT YCTPOICTBA, I1aTMOPMbBI, OIIEPAITMOHHON CUCTEMBI, OBLIIO PEITIEHO HAITUCATD
BeO-cTpanuity. [logkioderune K Heit MOXKHO OYIeT OCYIIECTBUTH KaK JIOKAJIbHO, TaK U Uepe3
unrepuer. Boibupast #3bIK JjIs HalucaHus BeO-CTPAHUIILI, Mbl B3IVISHYJIU Ha MHUPOBYIO
IPAKTHUKY U OKa3aJI0Ch, 9To Oostee 80% caiitos B mupe ucnonabsyer PHP. Xpanenns nomepos
HEOOXOIMMO TIPOU3BOJINTh B 0a3e JIaHHBIX, a TaKyKe HUCIOJb30BATH CHUCTEMY YIIPABJICHUS
Oazamu JlaHHBIX. JljIg pereHust JJaHHON 3aJlaqM TOJXOJAT PEJIANMOHHbIe 0a3bl JIAHHDBIX.
Jlanabie OyyT OpraHm30BaHbl B BUJe HaOOpa TabJIMI], COCTOAININX M3 CTOJOIOB U CTPOK. B
Tabuiax xpanurcs nndopmarus 06 00beKTax, IpeJICTaBIeHHbIX B 6a3e Janubix. Paborars ¢
0a30il JJAHHBIX OCYIIECTB/ISIJIOCH C ITOMOIIBIO JICKJIAPUPOBAHHOTO S3bIKA [IPOTPAMMUPOBAHIS
SQL, ¢a3bIK CTPpYKTYPUPOBAHHBIX 3alPOCOB, € TaKUM (DYHKIIMOHAJIOM KaK: CO3JaHUe,
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MouduKaIus, yIpaBjeHre JaHHbIMI B PEISIMOHHON 06a3e JaHHbIX U paboToil ¢ cHCTEMON
yupassieanst 6azamu janabix MySQL [14]. Ho usywyas MySQL u anvrepuarususie CYB/I,
namu 66110 Haiigena CYB/] MariaDB [15]. Ee npenmyiecrBo — 310 mMpon3BOIUTEEHOCTD.
N3 obbIvuHOIT KaMepbl B HaIlleil cucreme, OBLIO CO3/IaHO HACTOLAINEe KOMIIbIOTEPHOE 3pEeHUe.
Jnga sroro Ham HEOOXOAMMO OBLIO HUCHOJIb30BATH OMOJMOTEKY € OTKPBITBIM HUCXOJHBIM
KOJIOM, KOTOpas IPEJIOCTaB/IgeT BO3MOXKHOCTH PadOTaTh C aJrOPUTMAMK KOMIIHIOTEPHOIO
3penus, obpabarbiBarh n3obpaxkenud. llonxonsamas dudbmmoreka, padorarormas #Ha Python,
¢ HEOOXOIMMBIM JIjIs HAaC HAaOOPOM MHCTPYMEHTOB JIJIs PEAJIM3AINN HAIIUX Ieeil TpoeKkTa
510 OpenCV [16, 17]. Mogens anropurma nameii cucrembl npusejer B Bujge UML cxembr

(Pucymox 2).

MpyHUMN gefcTEWA paspadoTaHHoR cHCTEMI
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Pucynok 2: [Ipunnumn neiicrBust pa3paboTaHHO# CHCTEMbI

4 PesynbTaThl 1 00CyXKJ/IeHUE

Hamee nam HeoOX0oaMMO ObLIO, UTO OBl Hallla CHCTEMa He TOJbKO MOIVIA BBICTYHIAThH KakK
KOMITBIOTEPHOE 3PEHIEe, HAXOINTh HEOOXOIUMbIE JIJIsT HAC OObEKThI, HO U MOTJIA CIUTHIBATH C
HUX UH(MOPMAIINIO, a 3aTeM ee oudpoBaTh Jjid JaJibHeleit padoThl ¢ Heil. /1 mocTrkenns
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9TOli 1esin HaM HeoOxo Mo Obuto ucnosb3osars oany u3 OCR (Optical Character Recog-
nition) 6ubamorek. OCR, wim omnrumdeckoe pacro3HaBaHUE TEKCTa, IPEJCTABIsIeT OO0
MeXaHUYeCKOoe WM 3JEKTPOHHOE IpeodpasoBaHre N300paKeHWil HaledaTaHHOrO0 TEKCTa B
MarmuHublil. [locie nactpoiiku Oubmorekn m 0oOydeHUIO ee Ha HaxOoxkKjeHue 0ObLEKTOB Ha
n300pakKeHun win B BujieonoToke. Ham HykHO OBLIO HaliTH He MpocTo 00J1acTh Ha GOTO B
KOTOPOI BCTpEYaeTCsl UCKOMBINT OOBEKT, HO U OTJICJINTH BCE €r0 TOYKHU OT JIPYTUX OO0BHEKTOB
nin poHa. DTa PasHOBUIHOCTH 3a/1a4 Ha3bIBaeTcs «Instance Segmentations. Tak ke o0yanTh
HaIlly cucTeMy padoTaTh ¢ KOH@Urypalueil, KOTOpyio Mbl Hamucaan 1ox Kazaxcranckue
HOMeEDA.

5 3akJrroueHue

Wcronb3yst TeXHUYeCKne U IIPOrpaMMHBIE CPEJICTBa, CO3JaH IOJHOIEHHBIH MakKeT I
JIEMOHCTPAIIH PabOTOCIIOCOOHOCTH Haleil cucreMbl. OOy4uB cucTeMy paciio3HaBaTh HOMEpA,
ITOJIYYIMJIN T1I0JIO2KUTEJIbHBIE PE3YJ/IbTaThl B Te€CTaX. ILJIH TOYHOI'O pacCIlIO3HaBaHUA, HeO6XO,HI/IMO
IPOBOUTHL OOydeHne Ha OoJiee OOMUPHON Oa3ze aBTOMOOMJIBHBIX HOMEPOB. /s OBTOPHOIO
0o0yYeHMs CHCTEMBI W JIOCTUKEHHS BBICOKUX PEe3yJIbTaTOB 0e30MMNO0IHOTO OIpeIeIeHIs
HOMEPOB, UMEETCsI BO3MOXKHOCTH COOpaTh JOCTATOUHYIO 6a3y aBTOMOOWIBHBIX HOMEPOB M
KapTUHOK, CJIeJIAHHBIX HAIel CUCTEMOIA.
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ENCRYPTION ALGORITHM "QAMAL NPNS"BASED ON A
NONPOSITIONAL POLYNOMIAL NOTATION

Processing, storage, and transmission of information are important processes in modern society.
The practical application of cryptography has become an integral part of the life of modern society.
In Kazakhstani, for the protection of the electronic information are mainly used foreign software
and hardware-software tools . Therefore, the development of Kazakhstan cryptographic protection
tools is certainly necessary. This article describes the new Qamal NPNS encryption algorithm,
which is a modification of the previously developed Qamal encryption algorithm. The modification
lies in the use of a transformation based on a non-positional polynomial notation (NPN). To
build a new encryption algorithm, an SP-network is also used. The theoretical justification of the
appropriateness of applying the NPN and the results of the analysis of the encryption algorithm
are given. Algebraic cryptanalysis for multiplication in non-positional polynomial notations was
considered separately. The study of the algorithm strength for separate procedures showed good

results, which suggest the cryptographic strength of the developed algorithm.
Key words: cryptography, encryption, S-box, non-positional polynomial notation, SP-network.
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«QAMAL NPNS» mudpiaey ajJropurMiHiH MO3UIUSIIBI €MeC IMOJUHOM/IBIK caHay »KyiieciH
naiigajiaHFal MOAU(PUKAIASICHI

AKMaparThl OHJIey, CaKTay YKoHe ajMacy Kasipri KoraMIafbl MaHbI3/bl IIPOIECC OOJIBIIT TabbLIA IbI.
Kpunrorpadusiabl ic xKy3iHie Ko/jaHy Kasipri KoraM eMipiHiH a)KbIpaMac OeJiiriHe aiHAJIIBI.
Kazakcranma 97eKTpOHABI aKmaparThl KOpPFay VINIH Heri3iHeH ImeTe/ ik OarIap/raMaJibiK
JKOHE allllapaTThIK-OarmapIaMablK, Kypaagap Kosganbuiaabl. COHABIKTAH & Ka3aKCTAHIIBIK
KpuntorpadusiIblK, KOPray/IblH KypajlapblH o3ipsey Kaxker. Bys makasiaga OypbIH O3ipjeHrexn

Qamal mudpiey aaropuTMinis, KaHa MOIU(PUKAIAACH CAIATTaIa1bl. Mo uduKalus Mo3uIusIbl
emMec HOJUHOMIBIK canay Kyitenepine (IIEIIC2K) wmerizmesnren mudpiey aaropuTmin Kypy

yiria SP xenici kospanburad. Conbiven katap mudpiieyae [TEIIC2K naiinanany mMakcaTbIHBIH
JIYPBICTBIFBIHA TEOPUSIBIK, TYCiHIKTEMe Oepiyijii KoHe MmudpJiey ajJropuTMiH Tajjiay HOTHKeIepi
kenaripi. [lo3unusiiblk  eMec MOJIMHOMIIBIK, CaHay Kyihejaepinieri kKebeliTyre apHasFaH
arebpasIbK, KPUITOTAJIIAY HOTHXKeiepi Oesiek Kepcerisren. CoOHBIMEH Karap, AJTOPUTMIIE
maiiTaJaHblIral 6acka J1a Mporeaypanapra apHaaraH OepikTiTirin 3epTTey KyMBICTAPhl YKAKCHI
HOTHIKEJIEp KopceTTi. Byn e3 Keserinjge o3ipJeHTeH aJrOpUTMHIH KPUITOrpadUsIbK, Oepik
6OJIATBIH/BIFBIHA DOJIZKAM JKacayFa Herid OOJIbI TaObLIa/ b

Tvyitia ce3mep: kpunrorpadus, mudpJiey, S 6JI0K, TO3UIKIBL €MeC TOJTMHOMIBIK, CaHay XKYiieci,
SP xkyiteci.

(© 2020 Al-Farabi Kazakh National University
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Aaropurm mudposanus "QAMAL NPNS"c ucnosib30BaHnEeM HEIIO3UIINOHHON
[MOJIMHOMMAJIBHOM CUCTEMbI CUUCJIEHUS

O6paboTrka, XpaHeHre U 1nepe/iatia nHGOPMAIIH ABJIAIOTCS BayKHBIME IIPOTIECCAMHU B COBPEMEHHOM
obmecte. IlpakTudeckoe npumeHenne KpHUITOrpaduu CTago HEOTHEMJIEMONR YacThIO YKHU3HU
coBpemennoro obmecrsa. B Kazaxcrane jj1g 3amuTsl 971eKTPOHHON MHMOPMAIUMH [TPAMEHSIIOTCS
B OCHOBHOM 3apyOeyKHble TIPOrpaMMHBIE U alllapaTHO-IPOrpaMMHBIE CpeJicTBa. [losromy
pa3paboTka Ka3axXCTAHCKUX CPEJICTB KPUNTOTPADUIECKON 3aIUThl  OE3YCJTOBHO — SABJISIETCS
HeoOxomMoOit. B jlaHHO#I cTarbe ONUCHIBAETCS HOBBIA ajropuTMma mundpoBanus «Qamal
NPNS», xoropsiit siBiasercs MoanduKalmeil panee pa3pabOTAHHOIO AaJrOPUTMa IMMOPOBAHUS
«Qamaly. Momundukarums 3aK/a09aeTCsd B HCIOJIH30BAHUU IIPEOOPA30BAHNs, OCHOBAHHOIO HA
HEHO3UIMOHHON  mosmuoMuansioit  cucreme cuncienus (HIICC). s mocrpoenusi HOBOTO
asiropuT™a i poBanns Takxke npumensiercs SP-cetn. [IpuBossTest Teopernaeckoe 060CHOBaHIE
nesiecoobpasunocru  npumenernss HIICC wu  pesynabrarbl aHajm3a aJroOpuTMa  IHMPOBAHUS.
Ot1mesibHO TPUBEIEHBI  PE3YJIbTATHL  AJITeOPANTIECKOrO KPUITOAHAIN3 I  yMHOXKECHUS B
HETIO3UIMOHHBIX MOJUHOMUAJIBHBIX CHCTEMaX CUYMCIeHuaAxX. VccaemoBanne CTOMKOCTH aJropuTMa
JUIsl OTJIETTBHBIX MIPOIEJYP MTOKA3AJI0 XOPOIINE PE3YIbTATHI, UTO IPEJIOJAraeT KPUITOCTONKOCTD
pazpabaThIBAEMOTO AJTOPUTMA.

KuroueBbie ciioBa: kpurrrorpadus, mudpoBaHue, S-0JI0K, HEMO3UIIMOHHAS TOJIMHOMUAIbHAS
cucreMa cuucjaenus, SP-ceTb.

1 Introduction

The science of secret transmission of information arose in ancient times. The development
of writing and communications has greatly advanced its formation. The advent of affordable
internet has taken cryptography to a new level. Due to the increasing dependence of society
on information technology and the need to ensure information security, the use of crypto-
graphic methods has become relevant for almost everyone. However, secrecy can be inferior
in importance to ensuring integrity, authenticity and other aspects of security. The invention
of new principles of cryptography and the emergence of the so-called public key cryptography
gave a powerful impetus to the widespread use of this science for the needs of civil society,
business, banking and other fields of activity [1].

Cryptographic information protection is one of the main subsystems of any information
protection system. The processes of handling, storage, transmission and use of information
become dominant in the life of modern society [1-3]. All specific tasks of cryptography sub-
stantially depend on the level of development of engineering and technology, on the means
of communication used, and the methods of transmitting information [4, 5].

2 Literature review

The security of sensitive information has begun to be governed primarily by the key. The
encryption algorithm itself is considered to be known to the enemy and available for study,
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but the algorithm provides for the use of an unknown to the adversary key, on which the
applied information transformations substantially depend [3-6].

Claude Shannon was the first who with mathematical rigor formulated questions about
the absolute and theoretical strength of ciphers. Namely, to what extent a cryptosystem is
resistant to an attacker with unlimited resources |7]. Requirements for perfect secrecy: 1) the
key is truly random (equally probable); 2) the key is exactly as long as the message that
is encrypted; 3) the key is used one time only. In case of violation of at least one of these
conditions, the cipher ceases to be completely unbreakable, and there appear possibilities
in principle to break it. But these conditions make a completely unbreakable cipher very
expensive and impractical. Before using such a cipher, it is necessary to provide all subscribers
with a sufficient supply of random keys and exclude the possibility of their repeated use. And
this is extremely difficult and expensive to do [5, 6]. Therefore, completely unbreakable ciphers
are used only in communication networks with a small amount of transmitted information,
and these are usually networks for transmitting sensitive or critical information.

Most typically, legitimate users are forced to use not completely unbreakable ciphers to
protect their information. Symmetric block encryption algorithms have gained wide use, and
now they are the main cryptographic means to ensure confidentiality in the processing of
information in modern information and telecommunication systems [5-7].

The main types of block ciphers are a Feistel network and a substitution-permutation
network (SP-network). An SP-network is a block cipher in which the transformation of each
round is a combination of substitutions (S-boxes) and permutations. Two fundamental prin-
ciples for constructing cryptographic transformations, confusion and diffusion, proposed by
Claude Shannon in 1949, can clearly be implemented in the structure of SP-network|7-9.
Recall that confusion means complicating all kinds of connections between the plaintext and
the ciphertext. Examples of SP-networks are the ciphers IDEA, AES (Rijndael), Serpent,
Kuznyechik [10-13]. Every day there are more and more such examples. It is the new practi-
cal applications of cryptography that are one of the sources of its development.

For Kazakhstan, information and communication technologies play a big part in the devel-
opment of the young state. In 2017, the Cybersecurity Concept was adopted. The objectives
of the Concept are to achieve and maintain the level of security of electronic information
resources, information systems, and the information and communication infrastructure from
external and internal threats, ensuring sustainable development of the Republic of Kaza-
khstan in the context of global competition [14].

In recent years, the Institute of Information and Computational Technologies of the Sci-
ence Committee of the Ministry of Education and Science of the Republic of Kazakhstan has
carried out research on the study of symmetrical block encryption algorithms for electronic
messages and has developed various modifications, including those based on non-positional
polynomial notations (NPNs) [15-21]. These works, in turn, will contribute to the creation
of domestic cryptographic information protection facilities.

3 Materials and methods

The paper [19] introduced the new symmetric block encryption algorithm Qamal. The Qamal
algorithm scheme is shown in Figure 1 (a). The encryption algorithm includes pairing a
plaintext with a key using the bitwise addition (XOR) operation, a substitution S-box, and
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mixing procedures Mixerl and Mixer2.

The considered algorithm is a modification of the above one, where a non-positional
polynomial notation is used (Figure - 1 (b)). Instead of the operation of pairing (addition) a
key modulo 2 (XOR operation) to a plaintext block, multiplication by the NPN is performed.
For this reason, the algorithm was named Qamal NPNS. The developed algorithm supports
a fixed block and a key length of 128 bits. This is yet another difference from the basic
algorithm.

Building an NPN is the selection of its bases designated as working bases. Let some
irreducible polynomials be chosen as such bases:

pi(x), pa(), ., ps(2) (1)

Let us denote their degrees by my, ma, ..., mg respectively. The polynomials (1), consid-
ering their arrangement, form a single system of bases. The main working range of the NPN
is the polynomial P™(z) = p;(x)pa(2)...ps(z) of degree m = 7 m,. In the NPN, any poly-
nomial F'(z) whose degree is fewer than m has a unique non-positional representation in the
form of a sequence of residues of its division by the bases(1):

F(ZE) = (al(x)7a2(x)v ...,Oés(l‘)), (2)

where o = F(x)(modp;(x)),i = 1,..., 5. The positional notation of F'(x) is restored by
its nonpositional form (2) [22-25]:

F(z) = XL 04(7)Bi(x)
where
p"(x)
p'(x)
The polynomials M;(z) are selected in such a way as to satisfy the congruence in (3).

In the case of only the transmission and storage of information, the positional form of the
polynomial F'(x) according to the formula:

Bi(w) = 0 () = 1(modpi(a). (3)

F(z) = B ai(x) Pi(x)

where

(4)

Each working base must have a degree not higher than the value of L (in our case, 128).
The bases (1) are selected from among all irreducible polynomials of degree m tomg with the
condition that equation (4) holds:

kimqy + komo + ... + kgmg = L. (5)

In the equation (5), 0 < k; < n;,i = 1,..., 5 are unknown coefficients and the number
of selected irreducible polynomials of degree m;. One specific set of these coefficients is a
solution of (5) and defines one system of working bases, n; is the number of all irreducible
polynomials of degree m;, 1 < m; < L, S = k1 +ko+ ...+ kg is the number of selected working
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PLAINTEXT PLAINTEXT
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Mixer 1 © Mixer 1 ?
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CIPHERTEXT CIPHERTEXT
a) b)

Figure 1: Qamal encryption algorithm scheme, b) Qamal NPNS encryption algorithm scheme

bases. Complete residue systems modulo polynomials of degree m; include all polynomials of
degree at most m;_q, for the notation of which m; bits are required.

Encryption. The used key sequence of L bits long is also interpreted as the sequence
of remainders kq(z), ka(x), ..., ks(z), but from dividing some other polynomial K(x) by the
same working bases of the system:

K(x) = ki(z), k2(x), ..., ks (). (6)

where K (x) = k(x)(modp;(z)),i =1, ..., 5. Then, as a cryptogram w; (z), wa(x), ..., ws(x),
some encryption function H(F(x), K(x)) can be considered:

H(z) = wi(x), ws(x), ..., ws(x). (7)

where H(x) = w;(z)(modp;(x)),i =1,..., S.

In accordance with the operations in the NPN| the operations in the functions F(x), K(x),
H(x) are performed in parallel modulo the polynomials (1) selected as the working bases of
the NPN.

For encryption, elements of the residue sequence wi(z),ws(x),...,ws(z) in the cryp-
togram are used, which are the least remainders on dividing the products a;(x)k;(x)

by the corresponding bases p;(z), if the multiplication operation is used as the function
H(F(x), K(x)) [22-25]:

a;()ki(z) = wi(x)(modp;(z)),i = 1,...S. (8)
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Decryption. When decrypting the cryptogram H(x) using the known key K (z), for each
value k;(z), we calculate, as follows from (8), the reciprocal (inverse) polynomial k:,f_l)(a:)

from the following congruence:

k(z)k (2) = 1(modp;(z)),i=1,..., S (9)

)

The result is the polynomial
KV(@) = (k7 (@), k5 (@), o k(@)

which is inverse to the polynomial K(x). Then the elements of the residue sequence (2) in
accordance with (8) and (9) are restored by the congruence:

a;(2) = kD (2)wi(2) (modpy(x)),i = 1, ..., S

Thus, in the considered model of the encryption algorithm for an electronic mes-
sage of a given length L bits in the NPN, the complete key is the selected system
of the polynomial working bases pi(x),pa(7),...,ps(z) and the inverse key KV (x) =
(k(x), k:é_l)(x), o kg_l)(x)) to decrypt the message.

Round keys. The round-key generation algorithm remains the same as in the basic algo-
rithm [19]. The round keys K; are generated from the cipher key K, using the key extension
procedure. As a result, an array of round keys is formed, from which the required round key
is then directly selected.

The complete key in the developed encryption algorithm modification is comprised
of the chosen system of polynomial bases pi(x),ps(z),...,ps(x), the key K(x) =
(k1(2), ka(x), ..., ks(x)) obtained while generating a pseudo-random sequence, and the inverse

key K-V (z) = (k:g_l)(x), k‘é_l)(fﬁ), o kg_l)(x)) calculated according to expression (9).

4 Results and discussions

4.1 Encryption algorithm analysis

The main methods for analyzing the strength of such algorithms include brute force attacks,
statistical and algebraic methods. Brute force attacks are to check all possible keys by using
them to decrypt the ciphertext and then to verify whether the result obtained represents a
plaintext.

Statistical methods for purposes of analysis use some statistical dependence of the al-
gorithm, which is performed for the correct key with a greater frequency than for a false
key.

The basis of algebraic methods is the building of a system of linear equations in which the
elements of plaintext and key are selected as variables. When solving the system of equations
using the linearization method, the possibility of finding key elements in parts is considered.

Keyspace calculation. In the algorithm, the key consists of two parts that are generated
independently of each other. The length of each key is 128 bits. One part of the key is
a pseudo-random sequence generated for the bitwise addition operation and for the non-
positional encryption system. In an NPN, the second part of the key is the selected set
of polynomial bases p;(x),pa(x),...,ps(z). It is known that the number of operations to
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enumerate all candidate keys with a length of 128 bits is equal to 2'28. The cryptographic
strength of the encryption algorithm based on an NPN is determined by the number of all
possible and different options for choosing complete keys. The cryptostrength of encryption
of a message of a given length L is calculated by the formula [26]:

Qr =25 S py s (ki + o+ kg)ICRLLCEs (10)

To find the exact value of @) for each L, it is necessary to calculate the number of
irreducible polynomials of degrees up to L. and the compositions of L.

The number of irreducible binary polynomials of degree L is calculated by the following
formula [26]:

I= 2 S u(@2H = =S (e

d\L d\L

where d are divisors of L, u(x) is the Mobius function defined as follows:

0, if x has a squared prime factor
(—1)*, if z is the product of k different numbers
11, ifx—1

Table 1 shows the values of I, from 1 to 32. If L = 128, then I} ~ 222,

Table 1: Values of I; from 1 to 32
I I I I I 15
9 56 | 17| 7,710 | 25| 1,342,176
10 99 | 18| 14,532 | 26 | 2,580,795
11| 186 | 19| 27,594 | 27 | 4,971,008
12| 335 |20 | 52,377 | 28 | 5,586,395
13 630 | 21| 99,858 | 29 | 18,512,790
14 | 1,161 | 22 | 190,557 | 30 | 35,790,267
15 | 2,182 | 23 | 364,722 | 31 | 69,273,666
16 | 4,080 | 24 | 698,870 | 32 | 134,215,680

o] 1| o o1 x| o po| —| ~

col =
S| ol oo w| o =] po| S

It is known from the theory of numbers that in the general case for the number L there
are 271 compositions, of which exactly Cﬁj ones have the length of k.

Based on this fact, the total number of complete keys was calculated for different values
of L. For L equal to 16, 32, and 64, the number of enumeration operations is 234, 2%, and
2138 respectively. Taking into account these calculations, it is suggested that when L takes
the value of 128, the number of enumeration operations is close to 227.

4.2 Algebraic analysis results

Algebraic methods are based on the algebraic properties of an information transformation
algorithm. The strength of algorithms against statistical methods depends on the amount of
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accumulated information about plaintexts and the corresponding converted texts. Algebraic
methods usually do not require a lot of statistics when using the same key.

Algebraic cryptanalysis for multiplication in non-positional polynomial notations was con-
sidered separately. For multiplication in an NPN, a partial attack was used. Earlier studies
had been conducted in this direction [27]|. The system of equations binding the key, plaintext,
and ciphertext in the encryption scheme based on an NPN for one irreducible polynomial is
given below:

(cn—ldn—l @ knsn—2 =0
Cnfldn72 @ Candnfl @ ann,'g, @ kn713n72 =0

Cn—ldl @ Cn_gdg @ @ Cldn—l @ anO @ kn_lsl @ @ k?QSn_Q =0
Cp—1dy @ Cp—ad; @ @ Colp—1 @ Fkn—150 @ @ kisp_o = an_1
Cp—2dy @ Cpn—3d... EB colp—2 @ kn—250 EB kn—351 @ @ koSn—2 = Gn_2

cady @ crdy @ cody @ k250 @ k1sy @ koso = as
Cldo @ C[)dl @ klso @ ]{Z()Sl = ay
kcodo D koso = ag

Here ¢ = (¢u-1,¢n2,...,C2,¢1,C0) is a numerical sequence of the given ciphertext,
a = (ap_1,0p_2,...,a2,a1,ag) is a sequence of characters of the unknown plaintext, k =
(k’n, kn—h ceey k’g, kl, k‘o), d= (dn—h dn_g, ey dg, d, do), and s = (Sn_g, Sp—3y ...y 52,51, 80) are the
sequences of unknown variables.

In this context, the input data are random sequences resulting from other transformations.
It was shown in [25] that after one cycle, each bit of the intermediate result depends on each
bit of the plaintext and on the key. Minimal changes in the plaintext or in the key lead to
changes of about 50% of the bits (an avalanche effect). In view of the above, an attack in
parts is impractical.

In the case of an algebraic attack, provided that the ciphertext and plaintext are known,
the number of search operations for finding the key lies within the following interval [27]:

Z I(m;) < J(m) < H I(m;)

where I(m;) is the number of irreducible polynomials of degree fewer than m;, J(m) is the
number of search operations for complete keys of length m.

5 Conclusion

The study of the cryptostrength of the algorithm begins with the cryptanalysis of each
transformation separately. Then, depending on the results obtained, an analysis of the entire
algorithm, i.e. for the whole round transformation, is conducted.

The basis of algebraic methods is combining a set of equations describing the internal
transformations in the cipher system, and solving the simultaneous equations. Typically,
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these internal transformations include linear and non-linear parts. Developers of modern
encryption systems often use S-boxes, which due to their non-linearity significantly increase
the level of strength of such encryption systems against algebraic cryptographic attacks. In
addition, in order to complicate the use of analytical approaches, iterative (round) schemes
are widely used, when the transformation output is again fed to the input a certain number
of times.

The study of the algorithm strength for separate procedures showed good results, which
suggest the cryptographic strength of the developed algorithm and the possibility to study
the algorithm comprehensively, i.e. considering all transformation procedures and rounds.
Work in this direction is ongoing. The results will be presented in the following publications.
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K CBEJIEHNUIO ABTOPOB

B xypnan «Becrnuk KasHY. Cepust maremaTuka, MexaHuka, nHGOpMaTukay (B aHTIUACKON Bepcun
«Journal of Mathematics, Mechanics and Computer Science Series») upuHUMAIOTCH HAOpPAHHDbIE
TOJBKO B TekcToBOM opmare INTEX2: Ha KazaxCKOM, pyCCKOM WJIM aHTJIUNACKOM sI3bIKAX, paHee He
oyOJIMKOBAHHbBIE TTPOOIEMHbBIE, 0O30PHbBIE, TUCKYCCHOHHBIE CTATHU B 0OJIACTA €CTECTBEHHBIX HAYK, TJIe
OCBEIAIOTCS PE3YJIbTATEI (DYHIAMEHTATHHBIX W TPUKJIAHBIX UCCIIEIOBAHMIA.

MarepuaJibl ciieryer HapasJATh 1o ajpecy: 050040 Anmarsr, yir. anb-Papabu, 71, kopiyc 13, Hayaro-
UCCJIeI0BATE/IbCKIIT HHCTUTYT MexaHuku u mMaremaruku KasHY uwm. anb-Papabu, kabd. 125, resr. 377-
32-23. Duekrponnas nodra: Lazat.dairbayeva@gmail.com (oTBercTBeHHBINH CeKperapb pPeiKOJLICTHUH,

Haup6aesa JI.M.)

CraTbst JIOJ2KHA COIMPOBOXKJIATHCS IIUCHMOM OT yUYPEXKJEHHsI, B KOTOPOM BBIIIOJIHEHA JaHHas paboTa,
rJie yKasbiBarorcst ceejiernst o6 apropax: ©.11.0. m0ogHOCTHIO, MecTO ux paboThl (HA3BaHUE By3a, EHTPA
6e3 cokparenuii), pabounii wim Mo6. Tesedon, e-mail, JoMaNTHAN aIpec U KOHTAKTHDIH Te/iedOoH.

B pemakiuio He0OX0IUMO MIPEICTABUTD IJEKTPOHHYIO BEPCHUIO cTaThu: tex-daitibl paboThl u dailis
PUCYHKOB Ha OJTHOM JTUCKe. [Ijist (hailyloB pUCYHKOB PEKOMEH/IyeTC sl UCII0JIb30BAThH CPEJICTBA OCHOBHOTO
nakera WTEX2e niam dopmar eps [em. 11.7]. B pegaximio rakzke IpecTaBIsieTcst OTTUCK PpabOThI B JIBYX
IK3EMILISIPAX.

O06beM cTaThbu, BKJIIOYAs CIIMCOK JINTEPATYPBI, TAOJMIBI U PUCYHKU C MOJIPUCYHOYHBIMU HAITUCSIMU,
AHHOTAINN, HE JOJKEH IIPEBBIMNATh 17 CTPAHUI] Ie9aTHOrO TeKcTa. MuHNMAaIbHBIT 00beM cTaTbu - 7
CTPaHUIIL.

CrTpyKTypa CTaTbu.

Iepsast cTpaHuna:
1) Iepras crpoka - Homep MPHTU (IRSTI) (MoxHO B3sTH 371ech: http://grnti.ru/), BeIpaBHIBaHIE
- 0 JIEBOMY KDAl0, MPUMDT - Oy 2KUPHBIL.

2) Haspanume crarbu (3aroioBoK) JOJZKHO OTPayKaThb CyTh W COJEDPXKAHME CTATbU M IPUBJIEKATH
BHUMaHUue 4unrareid. Haspanume [MOKHO ObITh KpaTKUM, UH(MOPMATHUBHBIM U HE COJEPXKATH
JKAProHU3MOB min  ab0pepuaryp. OnTuMasbHas JUIMHA 3arojioBka - 5-7 CI0B (B HEKOTOPBIX
ciayuasx 10-12 cyos). Hassauuwe crarbu JOMKHO OBbITh IIPEJICTABJICHO HA PYCCKOM, KA3aXCKOM
U aHMINACKOM #A3bIKax. Ha3BaHwe CTATbU MPEICTABISETCA IOYKUPHBIM IMIPUMTOM CTPOTHBIMEI
OyKBaMM, BHIDABHUBAHUE - 110 TIEHTPY.

3) Aprop(s) crarbu - Maumansr u dbamuans, mecto paborsl (adbdummanus), ropos, crpana, email
- Ha PYCCKOM, Ka3aXCKOM W aHIJIMACKOM si3bikax. CBejieHHs 00 aBTOpax IPEeJICTABIISIIOTCS OOBIYHBIM
mpudTOM CTPOYHBIMU OYKBaMU, BRIDABHUBAHUE - 110 IIEHTPY.

4) Annoranus oobemom 150-500 cjioB Ha PYCCKOM, Ka3aXCKOM U aHIIMACKOM s3bikax. CTpyKTypa
annoraruu BrJo4daerT B ceds cienyonme OBA3SATEJIBHBIE nynkrer: "BerynurensHoe cyioBo o
Teme wuccienoBanus. "llesib, OCHOBHBIE HallpaB/EHUs] U MJEU HaydHOro uccjejgoBanust. "Kparkoe
OlMCAHMEe HAy4YHOH U TIPaKTUIeCKOl 3HaummocTu paborbl. "Kparkoe omnmcanme MeTO0I0IUH
uccaenoBanus. "OCHOBHBIE Pe3yJIbTaThl M aHAJN3, BBIBOIBI UCCJIEI0BATEIHLCKON padboTsl. "llenHOoCTH
[POBEJICHHOIO UCCIeNOBaHNsl (BHECEHHbI BKJaJ JAHHONH pabOThl B COOTBETCTBYIOLIYIO 00JIACTDH
suannii). "IlpakTuueckoe 3Hadenne UTOros paboThI.

5) KurroueBble €JI0Ba,/CII0BOCOUETAHNsI - KOJIMIECTBOM 3-5 HA DPYCCKOM, KA3aXCKOM U AHTJIMHCKOM
SA3BIKAX.

Tocnenyiomas crpanuia (HOBas):

Cranmaptable pasfenbl cratbu: BBegenue, O030p Jjureparypbl, Marepuas u MeTOObI,
PesysbraTrer u obcyxaenue, 3akiaouenune, BiarogapHocru (ecsm umerorcst) , Crmcok
JIATEPaTyPhI (Ha3BaHUS PA3/IEJIOB HE MEHSTD)

6) BBenenme. BejeHne cOCTOMT W3 CJIEIYIOMUX OCHOBHBIX 3sieMeHTOB: "OGocHOBaHME BbIOOpA
TeMbI; aKTyaJbHOCTH TeMbl wmwin Ipobjembl. B obocHOBaHMM BBIOOpAa TEMbI HA OCHOBE OIMCAHUS



209

OIIBITA IIPEJIIECTBEHHUKOB CO00IIAaeTcsd O HaJu4uu HpoGJeMHOIl curyaiun (OTCYyTCTBUE KaKHX-
Jubo  WCCJIeIOBaHUil, TOsIBIIEHHEe HOBOIO O0OBEKTAa M T.J.). AKTYaJbHOCTH TEMBI OIPEEJISeTCsT
OOIIIUM MHTEPECOM K M3YUYE€HHOCTH JAHHOIO O0bEKTa, HO OTCYTCTBHEM HCUEPIIBIBAIOIINX OTBETOB HA
UMEIONTNEeCsT BOMMPOCHI, OHA JIOKA3BIBAETCSA TEOPETUUECKON WM MPAKTUIECKON 3HAYMUMOCTLIO TEMBbI.
"Onpenenenne o0bEKTa, IPeaMeTa, IeJeid, 3a1ad, MeTOI0B, IOAX0/I0B, THIIOTE3bl U 3HAYEHUs Baluei
paborsr. [lenb nccmemoBanust CBA3aHa C JIOKA3aTEILCTBOM TE3UCA, TO €CTh IIPEJICTABICHUEM IPEIMETa
MCCJIEJIOBAHUS B N30PAHHOM aBTOPOM ACIIEKTE.

7) O630p aurepaTypbl. B pasjeiie 0630p JUTEPATYPbI JOKHBI ObITH OXBAYCHBI (DYHIAMEHTAIbLHBIC
U HOBBIE TPYJBI [0 MCCJIEYEMON TeMaThKe 3apy0eKHbIX aBTOPOB Ha AHIIMHCKOM s3blKe (He MeHee
15 TpymoB), aHaJU3 JAHHBIX TPYAOB C TOYKH 3DEHUs MX HAYYHOIO BKJIAJA, & TaKyKe HPOOesbl B
nccsie/IoBannn, Koropeie Bor ponosnnsere B cpoeit crarbe. HEJOIIYCTUMO nanudme MHOXKECTBA
CCBIJIOK, HE HMMEIONUX OTHOIIeHUs K paboTe, MU HEYMECTHBIE CYXKJICHHS O BAIUX COOCTBEHHDBIX
JIOCTUYKEHUSAX, CChLIKN Ha Balmu npejplyinme padoThl.

8) Marepuan u Meroabl. Pasiesi HOJKEH COCTOITH U3 OIUCAHUSA MATEPHAJIOB U XOJa PabOThI,
a TakK’>Ke IOJIHOTO OIUCAHUS HCIOJb30BAHHBIX METO/IOB. XapPaKTEePUCTUKA WU OIMUCAHUE MAaTEpUasa
HCCJIEJIOBAHNST BKJIIOYAET €ro IMPEJCTABJICHNE B KAYECTBEHHOM U KOJUIECTBEHHOM OTHOIIEHUN.
XapakTepucTuKa MaTepraJsia - OJUH U3 (PAKTOPOB, ONPEIEISIIOIIII JJOCTOBEPHOCTH BBIBOJIOB U METOIOB
ucce/oBaHus. B 9TOoM pasjelie onuchBaeTCsi, Kak mpodsiema Obljia u3yvdeHa: MoapoOHasi nHMOPMAIHST
6e3 MOBTOpEHUS paHee OILyOJMKOBAHHBIX yCTAHOBJIEHHBIX ITPOIEIYD; UCIIOIb3YeTCs UACHTU(DUKAIIIS
obopyoBanus (IPOrPpaMMHOIO 0DECIIeUeHUsI) U ONUCAHUE MaTePHAJIOB, ¢ 00A3aTEJbHBIM BHECEHUEM
HOBW3HBI [IPU HCIOJB30BAHIM MATEPUAJIOB U MeTOJ0B. Haydnas MeToJ0/I0rus JIOJIKHA BKJIIOYATD B
cebsi: - MCCIIeI0BATENbCKAN BOIPOC(-bI); - BBIIBUIAEMYIO IMIOTE3y (TE3UC); - STAIBI MCCIIEOBAHNUS; -
METOJIbI UCCJIEIOBAHUS; - PE3YJIBTAThI UCCJIEIOBAHMUSI.

9) Pesyabrarel u obcyxKaeHue. B 3roM paszjiesie NPUBOAATCS AHAINU3 U OOCYKICHUE Oy YeHHBIX
BaMU PE3YJILTATOB HCCJIEIOBAHUA. [IPUBOIAATCS BBIBOJLI 1O MOJYYEHHBIM B XOJE HCCJIEOBAHUS
pesysbTaTaM, pacKpbIBAETCS OCHOBHAs CyTb. Il 9T0 OJMH W3 caMbIX BasKHBIX pa3/eloB craThbu. B
HEM HeOOXOJIMMO IIPOBECTH aHAJHM3 Pe3yIbTaTOB CBOEHl pabOThl M 0OCYKJIEHHE COOTBETCTBYIONIUX
pe3yJIbTaTOB B CPABHEHUU C MPEIbIIYIINMA PAOOTAMU, AHAJM3AMHI U BBIBOJAMUI.

10) Bakurouenue. OGoOiIeHEE U HOABEJIECHUE UTOrOB PA0OTHI HA JAHHOM ITAIle; HOATBEPKICHUE
WCTHHHOCTA BBIJIBUTAEMOI0 YTBEDXKJEHUS, BBICKA3AHHOI'O aBTOPOM, M 3aKJ/IOYEHHe aBTopa 00
U3MEHEHUN HAyJYHOIO 3HAHUS C YYeTOM IIOJyYeHHBIX Pe3yJbTaTOB. DBBIBOIBI He JOJIKHBI OBIThH
abCTPaKTHBIMU, OHHM JOJI2KHBI OBITH HCIIOJIL30BAHBI JJisT 0O0OIIEHUsT PE3yIbTaTOB HCC/ICIOBAHUS B
TOW MM WHON HAydIHOH O0O0JIACTH, C ONUCAHUEM IPEJJIOKEHUI WM BO3MOXKHOCTEN 1ajbHeIei
paborel. CTpyKTypa 3ak/IIO4YeHUs [IOJKHA COHEPKATh CJEIAYIOMNe BOIPOCH: KakoBbl Iesm wu
MeTojbl uccsaenoBanus! Kakue pesysnbratsl nmostydenni! Kakoswr BeiBosibl? KakoBbl HEpCHEKTUBLI 1
BO3MOXKHOCTH BHEJPEHNsI, IPUMEHEHUsT pa3paboTKn?

11) BaaromapHoctu (ecam umerorcsi). Hanpumep: PaGora BBIIOIHEHA DU TI0/JIEPYKKE TPAHTOBOIO
dbuHAHCHPOBAHUS HAYIHO-TEXHUIECKUX IPOIPAMM U IIPOEKTOB MUHICTEPCTBOM HAYKU U OOPA30BAHIS
Pecuy6iuku Kazaxcran (rpanr «HaumenoBanue Tembr rpanTas, 2018-2020 rospr).

12) Cnucok smreparypsbi/References. (06a cuucka, eciu crarbs HA PYCCKOM MM KA3aXCKOM.
Ecou craThst HA AHMIMHCKOM, TO TOJBKO OAWH CIUCOK 1O cTHo Ynkaro). CHuCOK HCIOIB3yeMoit
JiTeparypbl, win bubsmnorpadudeckuil Ciucok cocTouT u3 He MeHee 30 HAUMEHOBAHWUIA JINTEPATYPHI,
n u3 Hux 50% Ha aHTIMIICKOM s3bIKe. B ciiyvae HaIuans B CIIMCKE JIUTEPaTyphbl paboT, PEICTaBICHHBIX
Ha KHUPUJJIAIE, HEOOXOAMMO MPEJCTABUTH CIHCOK JINTEPATYpPbl B JIByX BapUAHTaX: IEPBBIA - B
OpHUrUHAJIE, BTOPOIi - POMAHU3UPOBAHHBIM asihaBuTOM (TpaHcauTepanus ). POMaHU3UPOBAHHBIN CIIUCOK
JIATEPATYPHI JIOJKEH BBIMJIAJETh B CJeayiomeM Buje: aBTop(-bl) (TpaHciamTeparnus) —> Ha3BaHUe
CTATbU B TPAHCJIUTEPUPOBAHHOM BapUaHTe [[I€PeBOJ HA3BaHWsl CTATHM HA AHIVIMACKUN $3BIK B
KBaJIpATHBIX CKOOKaX|, Ha3BaHHE PYCCKOS3BIYHONO MCTOYHUKA (TpaHCIUTEpAIysi, JUO0 aHIIHHACKOe
HA3BAHUE - €CJIU €CTh), BBIXOJHbIE JAHHbIE ¢ 0003HAUCHUSIMU Ha AHIVIMIICKOM s3bIKe (IOi B KPYTJIBIX
ckobkax) —> crpanuibl. Hanpumep: Gokhberg L., Kuznetsova T. Strategiya-2020: novye kontury rossi-
iskoi innovatsionnoi politiki [Strategy 2020: New Outlines of Innovation Policy|. Foresight-Russia,
vol. 5, no 4 (2011): 8-30. Crumcok JuTepaTypsl Ipejcrapisiercst o Mepe muruposarus, 1 TOJIBKO
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Te pabOThI, KOTOPbIe MUTHPYIOTCA B Tekcre. CChLIKM Ha JUTepaTypy 0MOPMIIAIOTCS B KBaPaTHBIX
CKODOKax ¢ ykazaHueM Homepa Jinreparypbl. Cruib odopmienust "Crucok Jjimreparypbl"Ha pycCKOM
n kazaxckom s3bike corstacuo ['OCT 7.1-2003 "Bubamorpadudeckast 3anuch. bubamorpadudaeckoe
omucanue. O6mume TpeboBanug U OpaBwia cocraBienus(TpeboBaHre K M3JAHUAM, BXOIAIIMX B
nepedernb KKCOH). Cruib odbopmienus "References" poMaHu3npoBaHHOIO CIIMCKA JIUTEPATY DB (CM.
BbIIIIE), & TAKZKe UCTOYHMKOB Ha aHIJIMIICKOM (JPYyroM MHOCTPAHHOM) sI3bIKE JIJIsl €CTeCTBEHHOHAY IHBIX
U TeXHUIeCKUX Hampasienuit corsacio Chicago Style (www.chicagomanualofstyle.org).

B nmanmom pazmene HEOOXOIMMO yIECTh:

a) Hurupyrorcs OCHOBHbIE HaydHbIE IIyOJIMKALUM, [€PEJIOBbIE METOAbl UCCJIEJ0BAHUSI, KOTODBIE
MPUMEHSIOTCS B JJAHHON 00JIACTH HAYKN M HA KOTOPBIX OCHOBaHa paboTa aBTOpA.

6) 36eraiiTe Ype3sMepHBIX CAMOIUTHPOBAHMIA.

B) Usberaiite upesmepbix cebuiok Ha mybaukanuu asropos CHIT' /CCCP, ucnio/ib3yiire MUPOBOIi OIIBIT.
r) Bubsuorpaduueckuii crmcok JoJzKeH coiep:karh (DyHJIAMEeHTaJbHble U HauboJiee aKTyasbHbIE
TPY/IbI, OIyOJIMKOBAHHBIE U3BECTHBIME 3apPYOeKHBIMI aABTOPAME U MCCJIEIOBATEISIME 110 TeMe CTATHH.

6. 2Kypnan upuiaepKuBaercs €IMHOTO CTHUJIS W I[OITOMY IPEIbSBIsieT ps o0mmX TpedoBaHUil K
odopmternio pabor. Vexonublil (HeOTTpaHCIUPOBAHHBIN) tex-ailyl JoKeH 1eJIMKOM HOMEIIATHC B
TOPU3OHTAJIBHBIX PAMKAX 9KPAHA 33 BO3MOXKHBIM UCKJIIOYEHHEM MATPUIL U TabJIAIL U TPAHCIUPOBATHCS
6e3 iporectoB INTEX 2e 1 coolItieHnit 0 KpaTHBIX U HEOIIPEJIEJIEHHBIX METKAX, OOJIBIITNX [T€PEIIOJTHEHHBIX
U He3aIoJIHEHHBIX Ookcax. He ciemyer ompejienisiTb MHOIO HOBBIX KOMAHJI, M300peTasi COOCTBEHHBIM
CJIeHT. ABTOPBI MOTYT MOJAIPYZKATH JPYIUE CTAHIAPTHBIE CTUJIEBBIE TAKETHI, HO TOJBKO T€, KOTOPhIE He
BXOJSAT B IPOTUBOpedne ¢ makeramn amsmath n amssymb. EcrectBenno daiir, Kpome BCEro mpodero,
JIOJZKEH OBITH MPOBEPEH HAa OTCYTCTBHE I'DAMMATHYECKUX M CTUJIUCTHYECKHX OmuOoK. Crarbu, He
YJIOBJIETBOPSIIOIIIE STUM TPeDOBaHUSIM, BO3BPAIIAIOTCS Ha J0pabOTKY.

DTaJIOHHBIT 00paser; paboThl ¢ JeMoHcTpalueil rpadukn, ¢ TpeaMOy/Ioil yCTpauBaioIieil PeIaKIinio,
CHUCKN TUIWYHBIX OMMOOK O(DOPMIIEHUST U METOJIbl UX YCTPAHEHUsI MOYKHO MOJIYIUTh B PEIAKITIHH HJIH
Ha caiite KasHY mm. anb-®apabu http://journal kaznu.kz.

7. I'pacduaeckue daiiapl ¢ pucyHKaMu JTOJ2KHBI OBITH TOJIBKO Ka9eCTBEHHBIME YepPHO-0ebIMu B hopMaTe
.eps , JINOO BBITTOJTHEHHBIMHU B JIATEXOBCKOM (hopmaTe. Pucynkn B 3Tux bopmMaTax JaemaroTcs, HAITPUMED,
C ITOMOIIBIO MOIMHBIX MaremaTndecknx makeroB Maple, Mathematica win ¢ momombio makera Latex-
cad. KagecrBennbie rpacduieckue dailiibl clie/laHHBIE IPYTUME IPADUICCKIMEI ITPOrPAMMAMU JTOJIZKHbBI
ObITH CKOHBepTHpOBaHLI B (opmar .eps ¢ momomibio Adobe Photoshop wim konseprepa Conver-
sion Artist. Bce pucyHku JI0J2KHBI OBITH YK€ UMIIOPTUPOBAHHBIMU B tex-daill U NIpeiacTaBisioTCs
B DEJIaKIMI0 BMeCTe C OCHOBHBIM dailyiom crarbu. l'paduyeckue HopMaThl,OTIMYHBIE OT BBIIIE
YKA3aHHBIX, OTBEPTAOTCH.

Penaknus Bupase orkasaTbcsd OT BKJOYEHHs B pabOTy PHCYHKA, €CJAU ABTOD HE B COCTOSHUM
0obecreunThb ero HaJjjieyKalnee KadecTBo.

VBazkaeMble YUTATEIH, BbI MOXKETE HOoJucarbes Ha Ha 2KypHas "Becrauk KasHY. Cepust maremaruka,
Mexanuka, uHdopmarnka’, koropbiili Brioden B kKarajgor AQO "Kasmoura""TASETBI 1 2KYPHAJIBI".
KommaectBo nHomepos B rox — 4. Ingexc i WHINBUIYATbHBIX TOAMNCINKOB, IPEIIPUATAN U OPTaHn3aIinii —
75872, nonucHas 1eHa 3a roji — 1200 TeHre; MHJIEKC JTbIOTHOM MOJIITUCKA JIIA CTYJIEHTOB — 25872, 1o/ IncHas
eHa 3a roji, g cryjenTos — 600 Tenre.



211

MA3MYHBI - COOEP2KAHUE -CONTENS

1-6eJ1iMm Paznen 1 Section 1

MaremaTuka MaremaTuka Mathematics

Aldibekov T.M., Aldazharova M.M.
On a diagonal system of the first-order partial differential equations from two independent variables ..... 3

Kusherbaeva U.R., Abduakhitova G.A., Assadi A.
On continuous solutions of the model homogeneous Beltrami equation with a polar singularity .......... 10

Oinarov R., Omarbayeva B.K., Temirkhanova A.M.
Discrete iterated Hardy-type inequalities with three weights ........... . o i i 19

Stanzhytskyi O.N., Karakenova S.G., Zhumatov S.S.
On a comparison theorem for stochastic integro-functional equations of neutral type .................... 30

Aduesa A.2K.,Batiapvicmanos A.O.
06 o1HOM TIEpeoIpeIeIEHHOM BecOBOM i DepeHITnaIbHOM HEPABEHCTBE THITA Xap i BTOPOro Hopsjaka 46

Aticazanues C.A., Kopnebat I'.T.
Uurerpaibuoe ypaBHEHHE B TEOPUU ONTUMAJIBHOTO OBICTPOACHCTBUS JIMHEHHBIX CUCTEM C OrpaHUYeHUSIME 59

Kaneyorcun B.E., Ceumosa A.A.
O BBIpOXKIEHHBIX KpaeBbixX 3aadax [Irypma-JIuyBuiuist Ha TeOMETPUIECKIX TPAMDAX « o vveeneennnenn. .. 79

Xomnoviw, X., Hlaxup A.

Obparnas 3aja4a Jjisl OIIPeJieJIeHUs] IIPABOI YacTU TICEBI0NAPADOINIECKOTO YPABHEHUST . ..o nvve e .. 87
2-6eJ1iMm Pasgen 2 Section 2
Mexanuka Mexanuka Mechanics

Abdyldaev E.K., Nogaibayeva M.O.
Mathematical modeling of the problem of compression of a rock sample with friction at theend ......... 99

Alimzhanov A.M., Shetiyeva K.Zh.
Research of the stress state of an element of a thick-wall pipeline under conditions of power and corrosion
<35 Yo PP 109

Azhikhanov N.T., Zhumagulov B.T., Turymbetov T.A., Bekbolatov A.B.
Stressed-deformed state of two drifts in a tiltly layered cracked array in the conditions of elastic deformations



212

OF TOCKS o 120

Bissembayev K., Sultanova K.
Study of forced vibrations transition processes of vibration protection devices with rolling-contact
D ATIIIES - . v vttt e e 129

Tuleshov A.K., Merkibayeva B.M., Akhmetova B.I.
Kinematic analysis and synthesis of the lever mechanism of crank press stamping ..................... 145

Koidvipbexyav, A.B., Hopaes I'E.

06 aBTOKOJIEOAHUSIX B BEPTUKAJBHBIX POTOPHBIX CHCTEMAaX, YCTAHOBICHHBIX Ha YIPYTHX OMOPAX . ...... 160
3-0esiMm Paznen 3 Section 3
Nudopmaruka Nudopmaruka Computer

Science

Belgibaev B.A., Nikulin V.V., Unmarov A.A.
Designing smart greenhouses, satisfactory price-quality ......... ... . . . i i 174

Bexmemecos A.T., Baaciox B.E.

IIpoekTupoBanme yMHOrO JI0CTyIIa aBTOMOOMIIE HA TeppuTopuio yHuBepcurera "Typan" .. ... ... ... 191
4-6eJ1iM Paznen 4 Section 4
Koamanbriamasnbst Ilpuknamuast Applied
MaTeMaTuKa MaTeMaTHuKa Mathematics

Buswes P.I., Cmonapw A., Aseasor K. T., Xomnviw A.
Agnropurm mudposanus "QAMAL NPNS"c ucnosbp3oBanneM HEMO3WIIMOHHONW MMOJMHOMHUAILHON CHCTEMBI
(63 §2 (63 (=) 7% 2 (PP 198

K CBEIEHUIO ABTODPOB . ...ttt et e e e e e 208



