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1-6eJ11M Pasznen 1 Section 1

MaremaTuka MaTremaTuka Mathematics

IRSTIT 27.31.17
On a linear system of differential equations

Aldibekov T.M., Al-Farabi Kazakh National University,
Almaty, Kazakhstan, E-mail: tamash59@Qmail.ru,
Aldazharova M.M., Scientific Research Institute of
the al-Farabi Kazakh National University,
Almaty, Kazakhstan, E-mail: a _maira77@mail.ru

The linear systems of partial differential equations of the first order with the identical main parts
is considered. Applying the well-known relation between a normal system of ordinary differential
equations and a linear system of partial differential equations of the first order with the same
main parts, the existence of integral basis of a linear inhomogeneous system of partial differential
equations of the first order adjoining to some solution of the same linear inhomogeneous system
of differential equations with partial derivatives of the first order is proved. A sign at which the
nonlinear system of ordinary differential equations has a neighborhood such that any solution with
initial values from it tends to zero is found. Using the equivalence of a linear system of partial
differential equations of the first order with identical main parts to a linear differential equation
with partial derivatives of the first order, the existence of integral basis of the adjoining to zero
linear homogeneous system of partial differential equations of first order with nonlinear coefficients
is shown.

Key words:equation, first order partial derivatives.

Auddepennmanabik TeHAEyIEP/iH ChI3bIKThI 2Kyieci TypaJibl
Anmubexos T.M., On-Dapabu aTblHIarbl KA3aK YITTHIK YHUBEPCUTETI,
Amvarer k., Kazakcran Pecrybimkacer, D/eKTpoHIBIK TommTa: tamash59@Qmail.ru
Annazkaposa M.M., Os-®apabu aTblHIarbl KA3aK, YIATTHIK YHUBEPCUTETIHIH F'BUIBIME 3epTTey WHCTUTYTHI,
Asmvater k., Kazakcran Pecrrybinkacel, DuIeKTPOH/IBIK TOIMITa: a_maira77@mail.ru

Bacrer Gesikrepi 6ipaeit Gipinmd perti gepbec TYybIHIBLIBL JuddepeHINaIIbIK, TeHIeyIepPIiH,
CBI3BIKTHI 2Kyiieepi KapacTepbuiaabl. 2Kait muddepeHnuaaabK, TeHIeyIePiH KAJIbIIThl XKYyiteci
MeH 6acTbl OesikTepi Gipeit Gipiatm peTTi mepbec TyBIHALLILI ArnddepeHITnaIIbIK, TeHICYTePIiH
CBHI3BIKTHI KYiiesiepi apacblHJIarbl aflkKbiH OailJIaHBICTHI IMaiijjajiaHa OTBIPBII, ChI3BIKTHI OIPTEKTI
emec OipinII perTi Aepbec TYbIHIBLIbL JuddepeHIaIIbK TeHIeyIepIiH *KoHe oChbl OipiHI perTi
Jiepbec TYBIHIBLIBI ChI3BIKTHI OIpTeKTI eMec auddepeHInaiIblK TeHaeyIep Kyiecinin kaiicibip
IIenriMiHe 2KaJracaTblH MHTErpaiIbl 0a3uc 6ap ekeni kepcerisren. 2Kait nuddepermumasibik,
TEHJIEYJIEDIIH CHI3BIKTHI eMeC JKYHeCiHiH COHJaili MaHafbl OOJIYBIHBIH, CHUIATHI TaOBLIFaH, COJI
MaHalIaFel OacTallKbl MOHJEP] aJIbIHFaH Ke3 KeJIreH IIelnM HeJire YMThLIaJbl. Bipinmn perti
Jiepbec TYBIHIABLIBL JindDepeHInaIIblK, TeHIey/IepIiH, KAJbIIThl XKyiieci koHe 6acTbl OesikTepi
6ipeit Gipinmii peTTi mepbec TyBIHABLIB HuddepPEeHITHAIIBIK, TEHIEYIEPIIH ChI3bIKThI 2KYHeIepiHiy,
SKBUBAJIEHTTITIH MafiJa/TaHbII, HOJIe KAJIFacaTbiH, KOI(MOUIEHTTEP] CHI3BIKTHI emec Oipinti
perTi epbec TYBIHIBLIBI ChI3BIKTHI OiPpTEeKTI AnddepeHInaIabK TeHIeyIep *KYHeCciHia nTerpasibl
0a3UCHLIHBIH, Oap eKeHi JToJIese/IeHreH

Tvyiiia ce3aep: renjey, Oipinimi perTi gepbec TYBIHIBLIAD.

O06 oxnoii uHeltHOI cucteMe quddepeHTnaATbHBIX YPaBHEHUMN
Anmubexos T.M., Kazaxckuii HanmoHa/IbHBIA yHUBEpCUTET nMeHHu ajib-Papadu,
r. Asmvarer, Pecriybimka Kasaxcran, E-mail: tamash59@mail.ru
Annaxkaposa M.M., HayuHo-ucciieoBaTe/ibCKIil HHCTUTYT
Kaszaxckoro HarmoHasbHONO yHUBepcuTera nMmenn ajib-Papabdu, r. Anmvarsr, Peciiybsimka Kazaxcram,
email: a_maira77@mail.ru
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4 Aldibekov T.M., Aldazharova M.M.

PaccmarpuBaercs  smmeitnble  cucreMbl  nddepeHIaIbHBIX  yPABHEHWI € YaCTHBIMU
IPOU3BOJIHBIMUA II€PBOI'O IIOPs/iKa € OJMHAKOBBIMHU TVIaBHBIMH YaCTAMMU. HpI/IMeHHH U3BECTHYIO
CBsI3b MeEXKJIy HOPMAJIbHON CHCTeMOiIl OOBIKHOBEHHBIX JuddepeHInalibHbIX YPaBHEHUN U
JimHelHOM cucreMmoil audbepeHnraabHbIX  YPaBHEHUN € YACTHBIMEA I[POU3BOIHBIMU II€PBOTO
MOPSAJIKA C OJIMHAKOBBIMU TJIABHBIMHM YACTSAMHU JOKA3AHO, UTO CYIIECTBYET MHTErDAJIBHBIN Oasnc
JIMHEHOM HeOTHOPOIHON crcTeMbl TuddepeHnnaabHbIX YPABHEHNH C YACTHBIMYU TPOU3BOTHBIMI
IepBOI'0 MOPAJAKa IIPUMBIKAIONICHH K HEKOTOPOMY PEIICHUIO 9TOH Ke JIUHEHHON HeOoIHOPOIHON
cucreMbl uddepeHITnabHbIX YPABHEHUI ¢ YaCTHBIMY [IPOU3BOHBIME IIEPBOTO Mopsijka. Haiinexn
[IpU3HAK, TP KOTOPOM, HEJUHEHAasi cucreMa OOBIKHOBEHHBIX IUM@EpPEHINAIBHBIX YPaBHEHUI
UMeeT TaKyIO0 OKPECTHOCTH, YTO JII0D0E Pellenne ¢ HAYaIbHBIMU 3HAYEHUSIMHI U3 9TOH OKPECTHOCTH
crpeMuTCad K HyJ0. VCmosib3ys SKBUBAJIEHTHOCTH JIMHEHHON cucreMmoil nddepeHinaabHbIX
YPaBHEHUN C YaCTHBIMU IIPOU3BOJHBLIMU IIEPBOI'O IIOPAJKA C OJUHAKOBBIMU IVIABHBIMHU YaCTAMU
K JInHeHHOMY 1 dEpEeHIIuAIPHOMY YPABHEHUIO C YACTHBIMU MTPOU3BOIHBIMU [IEPBOTO IMOPSIIKA
JIOKA3aHO, UTO CYIIECTBYET MHTEIPAJIbHBIN 0a3UC MPUMBIKAONIEH K HYJIIO JTUHEIHON OIHOPOIHOM
cucrteMbl auddepennnaIbHbIX yPABHEHUI € YACTHBLIMUA ITPOU3BOJIHBIME IIEPBOTO ITOPSIKA C

HEeJTMHEHHBIMI KOd(DDUITIEHTAMH.
KitroueBbie cjioBa: ypaBHeHUe, YaCTHbIE ITPOU3BOHBIE TIEPBOTO MMOPSIJIKA.

1 Introduction

The article deals with linear systems of partial differential equations of the first order with the
identical main parts.Applying the well-known relation between a normal system of ordinary
differential equations and a linear system of partial differential equations of the first order
with the same main parts, the existence of integral basis of a linear inhomogeneous system
of partial differential equations of the first order adjacent to some solution of the same
linear inhomogeneous system of differential equations with partial derivatives of the first
order is proved. A sign at which the nonlinear system of ordinary differential equations has
a neighborhood such that any solution with initial values from it tends to zero is found.
Using the equivalence of a linear system of partial differential equations of the first order
with identical main parts to a linear differential equation with partial derivatives of the first
order, the existence of integral basis of the adjacent to zero linear homogeneous system of
partial differential equations of first order with nonlinear coefficients is shown. In (see [3]),
the equivalence of a linear system of partial differential equations with identical main parts
to a certain system of ordinary differential equations is shown. In the article, the approach
differs from said above and the well-known simple relations between solutions of a linear
homogeneous and linear inhomogeneous system of partial differential equations of the first
order is used.

2 Literature review

The general theory is presented in the books [1-10]. The domain of existence of solutions
was investigated by Kamke and data is contained in the reference books [11-12]|. The domain
of existence of solutions was investigated in the work [13-15 |. Non-analytic equations are
considered in the papers[16-18|. In work of Kruzhkov generalized solutions was considered
[19]. Kovalevskaya’s theorem was published in [20]. The problems in Lyapnovs second method
shown in [21, 22]. An example of nonexistence of a solution constructed in [23-27|. The first-
order partial differential equations considered in [28]. Questions related to the nonlinear
system of ordinary differential equations are in |29, 30].

ISSN 1563-0277, eISSN 2617-4871  Journal of Mathematics, Mechanics, Computer Science, N.1(101), 2019



On a linear system of differential equations )

3 Materials and research methods

Let us consider a linear inhomogeneous system of partial differential equations of the first

order
[ G2+ Sou@udi ot pulnd = bz
oz D1k k Dy kilpnk Yk gy, — 01 1
8u2 + Z pm( )yk?;;f + ...+ ’;pnk( )ykg;@ = bQ({L’)UQ (1)
aun Oup . aun _ b .
{ + Z plk( )yk Oy +.o ]CZ: pnk( )yk ( )un;
=1
where uy(z,y1,. .., Yn)s- -, un(Z,91,...,yn) are unknown functions,py(x), i =1,...,n; k=
1,...,n; and bs(x), s = 1,...,n; have continuous first-order partial derivatives on the set
To L x <400, —o0o<y; <400, 1=1,...,n;
Theorem 1. If for some p > 0 and for some positive continuous function p(x f p(s)ds 1

400, on x > xy next conditions are true:
1) inequalities are fulfilled: py(x) — pr1p+1(z) > pe(x), p > 0, k = 1,...,n —1; upn
T > XTo;

2) the following limits exist: lim lpir@)] =0,i#k, 1=1,2,. s k=1,2,...,n;
r—+00 50(96)
3) 1151_1 fpkk Yds = By, k=1,2,...,n;u B3 <0; q(x fgo )ds. then a linear inho-
T—r

mogeneous system of first-order partial differential equations (1) has an integral basis, which
is adjacent to the solution of a linear inhomogeneous system. Proof. System (1) corresponds
to a linear homogeneous system of partial differential equations of the first order

(

Qu Zplk( )Y GE 4+ Y pan(@)yr 5 =0
= =1

Quz Zplk( )ykg—x+...+l§1pnk(x)yk% =0 @)

k=1

Obviously, the linear homogeneous system (2) is equivalent to a linear partial differential
equation of the first order

ou - ou -~ ou
=4 Do+t @)y = 0 3
2 Pk )ykayl k;:lp k( )ykayn (3)

The characteristic system of equation (3) is the following linear system

dz
y Zplk WYk, 1= 1,. (4)

Becrauk. Cepusi maremaTnka, Mexanuka, nadopmarnka, N.1(101), 2019



6 Aldibekov T.M., Aldazharova M.M.

due to the condition, the linear system (4) has n linearly independent solutions

Yiks Yoks - - s Ynks B =1,...,1;

which satisfy equalities

: Yik | . . : 1 Y pek@) | Q.
a) lim |8 =007k b) lm oo — 500y [ =0

This implies that for any € > 0 there exists a T" € I such that forany z > T, k=1,...,n;
there are inequalities

[ or(dttea() J pri(t)dt+eq(x)
|y (o) e < 17 (@) < nlyex(zo)|ee

Uk = colon[yik, Yoks - - Ynk), K=1,...,n

it implies
! ] (t)dt —e < L In ||y(x)| < L ] (t)dt +
— — —1In x — £;
() ) G R TOP

Passing to the limit as © — 400, by virtue of condition 3) we have

1
lim ——In||ge(2)| =B, k=1,2,...,n;

T—r+00 Q(«T)
and besides
B> Po>...> By
Therefore, gy, k = 1,2,...,n; forms the normal basis of the linear system (4) and Sy, k =
1,2,...,n; they are generalized exponents of the linear system (4) with respect to ¢(x);

moreover, they are exact generalized exponents of the linear system (4). Due to the condition
p1 < 0, we find that the generalized exponents of the linear system (4) are negative. Con-
sequently, any solution of the linear system (4) tends to zero as x — +o0o. Take the general
solution of the linear system (4) of the Cauchy form

= @1(1’,550, y?a s 7y91,)
......... (5)

Yn = Spn(x7 Zo, y?a cee 7y2)
where the initial valuesy}, ...,4° are arbitrary real numbers. There is equality

lim op(x, 20,90,...,9°) =0, k=1,...,n (6)

r—r-+00

solving (5) with respect to ¢, ...,4°, we obtain an integral basis

77Z)1(:L.7I0)y17 cee 7yn)

¢n($a Lo, Y1, - - - 7yn)

ISSN 1563-0277, eISSN 2617-4871  Journal of Mathematics, Mechanics, Computer Science, N.1(101), 2019



On a linear system of differential equations 7

of linear equation (3). Consequently

wl(xvx()ayb"'ayn) 0
0
o 0
0 wn(fﬂ,iUo,yl;---,yn)

the integral basis of the linear homogeneous system (2), which by virtue of (6) is adjacent to
zero in the parameter xg, as xg — +o0o. It is easily verified that

f bi(T)dr 0
ufeo o
0 N 0 (7)
Tt f bn (T)dT
0 u? e*o

is a special solution of the linear inhomogeneous system (1). Then

0 fbl(T)dT 0
¢1($7x07y17"'7yn)+u1€700
0 0
0 fbn(T)dT
0 wn($,$0;y17-~-ayn)+un€m

forms the integral basis of the linear inhomogeneous system (1), which is adjacent to the
solution (7) of the linear inhomogeneous system.

Theorem 1 is proved.

A linear homogeneous system of first-order partial differential equations is considered.

k=1

NgE

3
=

+ {2 par(@)yn + ga(, 915 yn) ) G2 =0

£
Il
—

o

+
T~ >

NE

e
Il
—

plk<x>yk +gl($,y1> CRCIS 7yn)) g_';f + ...+
pnk(x)yk + gn(xa Yiy .- 7yn))

+
N\
NgE

£
Il
—

o
+
~

M=

o~
Il
—_

P1e(X)yk + g1(z, 1, - . ,yn)) ‘g% +...+

n
+ <Z Prk(T)yk + gn(, 41, - - ,yn)) S = 0;
. =1
where ui (T, y1, .-, Yn)s -, Un(T, Y1, - . ., Yn) are unknown functions. pi(z), i =1,...,n; k=
1,...,n; are continuous in I = [z, +00), functions g¢;(x, y1,... yn), ¢ = 1,...,n; are contin-
uous on x in the interval I, and have continuous partial derivatives ys, s = 1,...,n; in the

Becrauk. Cepusi maremaTnka, Mexanuka, nadopmarnka, N.1(101), 2019



8 Aldibekov T.M., Aldazharova M.M.

1
n 2
domain ||y|| = (ny) < h, y=-colon[y,...,yn], ¢i(x,0,...,0) =0, i=1,...,m;
s=1

Theorem 2. If for some > 0 and for some positive continuous function (x f o(s)ds 1

400, on x > xy next conditions are true:

1) inequalities are fulfilled: py (x) — prr1x+1(z) > pe(x), w > 0, k = 1,...,n — 1; npn
T 2 Xo;

2) the following limits exist: lim lpa(@)| =0,i#k 1=12,....,n, k=1,2,...,n

T—+00 )

3) lim fpkk Yds = Bk, k=1,2,...,n; and p; < 0; q(z fgo

T—+00

DO<p<|B|, m>1u0<e<(m—1u [errt-mlaE-a@lis < oo are fulfilled;

zo
5) for vector function g(z,y) = colon[gi(z, Y1, Yn), -+, GnlT, Y1, ..., yn)] the inequality
is true

lg(z, Il < Kl[yl™, K >0, m>1;

where

2

lg(z, )| = (Z R CRTI ,yn)) :

then a linear homogeneous system (8) has an integral basis, which is adjacent to zero.
Proof. Linear homogeneous system (8) is equivalent to a linear first-order partial differential
equation

ou

5, =0

Zplk )Ykt g1 (T, Y1, -5 Un)) ank )Ykt gn (T, U1, Un)) 5

The characteristic system of equation (9) is the following nonlinear system of differential
equations.

dZ .
y szk yk_'_gza:yl?"wyn)aZZla"'an' (10)

The corresponding linear homogeneous system of differential equations is

dy;
y Zm D)y, i=1,. (11)

In the proof of Theorem 1 it was established that linear system (11) has exact generalized
exponents [, k = 1,2, ...,n; with respect to ¢(x). There are equality

€T

;519 = 2 IEIEoom/pkk(S)dSZ lim —/z::pkkz(s)dé‘

Zo o

ISSN 1563-0277, eISSN 2617-4871  Journal of Mathematics, Mechanics, Computer Science, N.1(101), 2019



On a linear system of differential equations 9

Consequently, linear system (11) is a generalized regular linear system with respect to ¢(z).
Let

dy

2~ Playy (12)

is a vector matrix view of the linear system (11) and

% = P(x)y + g(z,y) (13)
of nonlinear system (11). Further next lemma will be used: Lemma 1. If the conditions of
Theorem 2 are satisfied, then there exists a neighborhood of the point y and any solution of
the nonlinear system of differential equations (13) with initial values from this neighborhood
tends to zero as x — 400.

Proof. Lets take a > 0 from 4th condition, i.e. 0 < a < 1, where (3; is senior generalized

exponent with respect to g(x) of the system (12) and in the system (13) irreplace

where u(z) is new unknown function. Furthermore

du

-~ _ B 15

W Blayu + vl (19
where B(z) = P(z) + aZE, v(z,u) = el@=a@lg(z yeola@=a@l) Vector function

v(x,u) is continuous on x € I and has continupus partials on « in the domain
l|ul| < Betla(@)—a(zo)]

Replacing in (14), due to choosing «, preserves the negativity of the senior generalized expo-

nent and generalized correctness, therefore the linear system of differential equations
du
— = B(x)u 16
i = 5 (16)

is generalized regular and has negative generalized exponents with respect to ¢(x). The nonlin-
ear system of differential equations (15) with the initial condition u(zo) = y(z) is equivalent
to an integral equation

uw(z) = H(x)u(xg) + /K(x,s)u(s,u)ds (17)

where K (x,s) = H(z)H '(s) is a Cauchy matrix, H(z) is a normalized fundamental matrix
of the linear system (16).

Due to the negativeness of the generalized exponents of the linear system (16), there is an
estimate

|H ()| <Ci, zel, Cr>1 (18)

Becrauk. Cepusi maremaTnka, Mexanuka, nadopmarnka, N.1(101), 2019



10 Aldibekov T.M., Aldazharova M.M.

and for ¢ € (0, (m—1)«) (from condition 4), due to the negativity of the generalized exponents
and regarding the generalized correctness of the linear system (16), the next estimate is true:

| K (, 5)|| < Coetla@)=a@oll g > g > g0y > 1. (19)
For v(x,u) in the nonlinear system (15) the estimate holds:
Iz, u)|| < Kertmmlat)=at@oljly(g) ™ (20)

Estimating now by the norm in the interval xy < 2 < xy + [ of the existence of solutions of
the integral equation (17), by virtue of (18), (19), (20), we will have

[u(z)]] < ClHU(xo)H/@Ke”“m)[q(s)q‘“’”!lﬂ(ﬂ?)\!md& (21)

o

From inequality (21), using the Bihari Lemma (|29], p. 112), we find

C
Ju(e)] < el (22)
[1 = (m = Do) |1 CoK | CaResti-mlat-aten) ds] ™"
z0
only if
(m — 1)0}"1Hu(:c0)Hm102[(/02[(6“(1’”)[(1(5)q(IO)]dS <1 (23)

zo

Since, due to condition 4), the inequality holds:

/ ca=mlae) a0l g5 < oo,

o

then inequality (23) can always be considered fulfilled by choosing a neighborhood of the
initial values u(zg) = y(x). From formula (22) it follows that if ||u(x¢) is sufficiently small,
then for any z € [z, ¢ + [) the point u(x) is the interior point of the domain

h
Z:{x0§x<oo, Hu\|§§<h}

and, therefore, the solution w(z) is infinitely continued to the right, i.e. we can set [ = oo.
Thus, in the infinite interval o < x < oo, the inequality

Jull < Dlfu(xo)] < & (24)

where D is some constant depending on the initial moment xy. Returning to the variable y,
by virtue of formula (14), when zy < 2 < 0o and |[|y(z¢)|| < 6 < h, we will have

ly(@)]| < Dlly(ao)|Jetoe=ot0) (25)
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where the constant ¢ is small enough. It follows that any solution of the nonlinear system of
differential equations (13) with initial values from |[|y(zo)|| < 0 neighborhoods tends to zero
as r — +00 .

Lemma 1 is proved. Now, by Lemma 1, we take the general solution of the characteristic
system (10) of the Cauchy form.

Yy = 3/1(%370, 3/(1), <o 7y2)
......... (26)

Yn = yn(x7 Lo, y?: s 7y2>

where yi(zo) = v2, i = 1,...,n; /(92 +...+ (¥9)2 < 4. Solving (26) with respect to
y? ..., y°, we obtain an integral basis

Ul(ﬁC,xo, Yiy .- 7yn)
un(‘r)xmyla s ,yn>
of the equation (9). Consequently
ur (T, 0, Y1,y -+ 5 Yn) 0
0
N e 0
0 un(-raanylw"?yn)

integral basis of the linear homogeneous system (8), which is adjacent to zero in the parameter
Xg, as xo — +o0o. Theorem 2 is proved.

4 Results and discussion

The paper considers linear systems of first-order partial differential equations. Existing of
integral basis of a linear system of partial differential equations of the first order adjoining
to some solution was proved. In the proof established a sighn, which became interesting,
because a nonlinear system of ordinary differential equations has a solution tending to zero.
The existence of an integral basis of an adjacent to zero linear homogeneous system of first-
order partial differential equations with nonlinear coefficients is proved.

5 Conclusion

Exists of the integral basis of a linear system of partial differential equations of the first
order adjoining to some solution was proved. A sign at which a nonlinear system of ordinary
differential equations has a solution tending to zero was established. It is proved that there
exists an integral basis of an adjacent to zero linear homogeneous system of first-order partial
differential equations with nonlinear coefficients.
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MPHTMU 27.29.19

Dyukiuga 'puna zagaum Iunpuxie auddepeHIimaabHOTO onepaTopa Ha
rpade - 3Be3e 1mpu m

Aitman Paca I'ysram Xaspar, Yuusepcurer obpasosanus [[laxuma Veran Pab6anu, r. Kadyur,
Adranncran, Kazaxckuit HarmonabHbIi yHUBepcuTeT uM.aib-Dapabdbu, r. Amarsl,
Pecniyomuka Kasaxcran, E-mail: aimal.rasal4@gmail.com
Ayszepxan I'.C., Kazaxckunit HanmoHaJIbHBI yHUBEpCcuTeT nM.aab-Papabu , r.Amarsr,
Pecny6bmka Kazaxcran, E-mail: auzerkhanova@gmail.com
Konwipkymkaesa M. H., Kazaxckuit Hanmonaabublil yHUBEpCUTET UM.a1b-Papadu,
r.Aimvarer, Peciybnuka Kaszaxcran, E-mail: maralkulzha@gmail.com

B nannoii pabore wuccieiyercst cucreMa auddepeHnna bHbIX YPaBHEHUN BTOPOIO IOPSIKA,
SIBJIATOIIENCS MOJIEIBI0 KOJIe0ATE/IbHBIX CHCTEM CO CTEPYKHEBOW KOHCTpyKImeil. 3ajgadm Jyist
muddepeHImaibHbIX  OMEPaTOpOB HA Tpadax B HACTOAIIEEe BPEMsS AKTHBHO H3YYaIOTCH
MaTeMaTUKaAMU W HUMEIOT [PUJIOXKEHUsI B KBAHTOBOW MEXaHWUKe, OpPraHmYeCKON XMW,
HaHOTEXHOJIOI'USIX, TEOPUH BOJHOBOJIOB M JIDYIUX 00JIACTSAX eCTecTBO3HaHUs. | pad mpejcras/isier
€000It CTPYKTYPY, COCTOSIIIYIO U3 «a0CTPAKTHBIX» OTPE3KOB U BEPIINH, IPUMBIKAHIE KOTOPBIX JPYT
K JIDYTY OIUCHIBAETCS HEKOTOPBIM OTHOIEHUEeM. [[J1s1 ompeiesieHnst orneparopa Ha 3aJaHnHoM rpade
HEOOXOJIMMO BBIJIEJTUTH MHOYKECTBO I'PAHUIHBIX BEPIUH. BepIuHbl He SBJISTIONNECs] TPAHNTHBIME
Ha3bIBAIOTCA BHyTpeHHnMHU Beprunamu. Jluddepennnaabupiii omepaTtop Ha 3aJaHHOM rpade
OIIpeJIeJIsieTCsl He TOJIbKO 3aJIaHHBIMU (M dEPEeHIIUAIBHBIMI BbIPDAYKEHUSIMU HA JIyraxX, HO U
yenoBusimu Tunia Kupxroda Bo BHyTpeHHUX BepiinHax rpada. B JaHHOM cTarhe pelreHa 3a1ada
Hupuxie s nuddepeHmaibHOro oneparopa Ha 3Be3moobpasHom rpade. Hamu ucnosibzoBamb
CTaHJIAPTHBIE YCJIOBUSI CKJEHKNM BO BHYTPEHHWX BepINUHAX W KpaeBble ycioBus [lupuxie B
rPpaHNYIHBIX BepmuHax. Tak»Ke B 9TOi paboTte npeacTapieno pyukims ['puna auddepeHmabsHoro
omeparopa Ha rpade-3Besjie. Bompockl u3 ClieKTpajbHON Teopuu, Kak IOCTpoeHue (QyHKIUN
I'puna m pazjoxkenme 1m0 COOCTBEHHBIM (DYHKIMAM I MOJEJIeil W3 COeIMHEHHBIX CTPeXKHEN
majo n3yderbl. CrekTpasibHbIl aHaan3 AuddepeHnuaabHbIX OePATOPOB Ha rpadax ABIgeTCs
OCHOBHBIM MATEMATHYECKUM AIAPATOM IIPU PENIeHN COBPEMEHHBIX ITPODJEeM KBAHTOBOI
MEXAHUKH.

KitmroueBbie ciioBa: opueHTUpPOBaHHbIN rpad, BepiiuHbl rpada, yciosust Kupxroda, kojgebanust
yupyrux cereii, 3ajada Jlupuxie, pasjioxKeHue 1mo cOOCTBEHHBIM (DYHKIIHSIM.

Kyanei3 mimiuai rpad 6oibiHaarel AudHEePEHITNAIIIBIK, OTIePATOPAbIH
T'pun dyHKIUACHI M YIHiH
Aiiman Paca I'yiam Xaspar, [Mlaxun Yeran Pabbaru arbiagarsr Bitivm 6epy yausepcureri, Kadyin x,
Adranucran, on-Papabu arbiajgarsl Kazak yaTThIK YHUBEPCUTET],
Amvarer k., Kazakcran Pecriybmnkacer, E-mail: aimal.rasal4@gmail.com
Aysepxan I'.C, os-@apabu arbiajgarsl Kazak yITTHIK yHUBEPCUTETI,
Asmvarsr K., Kazakcran Pecriybsimkacer, E-mail: auzerkhanova@gmail.com
Kounbipkymxaesa Mapas. H., on-Papabdbu areragarsl Kazak yITThIK YHUBEPCUTETI,
Anvarsr ., Kazakcran Pecriybiukacer, E-mail: maralkulzha@gmail.com
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Byn xymbicTa cTeprKeH K KYPBLIBIMILI TepOeaMesti »Kyherep/iiH, Moaesai OOJBIT TaObLIaThIH
ekinmi perrti auddepennuanapik Tenaeyep xyiieci 3eprreneni. ['padrarsr nnddepeniua bk
omeparopjapra KOWBLIFAH ecenTepil Kasipri yakbITTa MaTeMaTHKTep OejiCeHe 3epTreyie
JKOHE KBAHTTBHIK MEXAHUKA, OPraHUKAJBIK MEXaHUKA, HAHOTEXHOJIOIHWS, TOJKBIHIAD TEOPUSICHI
MEH FBUIBIMHBIH 0acKa Ma cajajJapblHaa KOJJAHbIC Tabaabl. ['pad-Tebemaep maem aramaTbid
MK TEY I HYKTEeIEP/IiH KUBIHTBIFEI; TOOEPIEPIiH Keitbipeyrepi rpadThiH, KbIpJIaphbl eI aTaaaThIH
CBIBBIKTApBIMEH Oaitanbickan Oosanbl. ['pad Ooitbrama Tebemep/ii aHbIKTAY VIMH MIEKAPAJIbIK,
Tebesiep KuUbIHbIH Oesriiey Kaxker. [llekapaJibik, Tebesepier esre imki tebeep 6ap. Bepinren
rpacd OoiibiHgarsl auddepeHuaiabk  omneparop anddepeHnuaaIblK, OPHEKIIEH KOHEe IIMKi
Tebestepse aHbIKTadran Kupxrod maprrapbiMeH aHBIKTAIabl. Dysr Makaiamga KYJIabl3 Topi3/i
baranma muddepennuanabk omneparop yirin Jupuxse ecebi mrermiai. Bis imki mbimmapga
KeJIMJIEYJIH CTAHJAapPTThl [IAPTTAPBIH KOHE IeKapaJiblk IIblHgapga JlupuxjieHiy merTik
maprTapblH naigananapik. CoHmaii-ak, Oy KyMbicTa IudepeHIuaiiblK onepaTopabiH | puH
dyuxnusicel yebraburad. COEKTPIIK TeOpUsiiaH aJIbIHFAH cypakrap, ['puH (QYHKIUACHIH Kypy
JKOHE KypaMa CTPeXKHEHIeH MOJEesIbep VIIH 63 (QyHKIUIapbl OOUBIHINA JKIKTEYy CHAKTBI a3
3eprrenren. ['padrars muddepeHmanabk onepaTopaap bl CIIeKTPAILIK, TAJ1aybl KBAHTTHIK,
MEeXaHUKAHBIH Ka31ipri Moce/IeJIepiH IIeny/ieri Herisri MareMaTuKaJIbIK annapar OOJIbII TaObLIa/ b
Tvyiiia cesaep:OarbiTrasran rpad, rpadToiH Teberepi, Kupxrod maprei, cepmimil Ketigepin
tepbemicrepi, dupuxie ecebi, MenmikTi dbyHKIUAIAD OONBIHIIA KIKTEY.

Green’s function for differential operator on a star shaped graph for m
Ghulam Hazrat Aimal Rasa, Shaheed Ustad Rabbani University of Education
Kabul, Afganistan al-Farabi Kazakh National University,Almaty, Kazakhstan,

E-mail: aimal.rasal4@gmail.com
Auzerkhan G.S., al-Farabi Kazakh National University, Almaty, Kazakhstan,
E-mail: auzerkhanova@gmail.com
Konyrkulzhayeva M.N, al-Farabi Kazakh National University, Almaty, Kazakhstan,
E-mail: maralkulzha@gmail.com

In this paper, we investigate a system of second-order differential equations, which is a model of
oscillatory systems with a rod structure. Problems for differential operators on graphs are currently
being actively studied by mathematicians and have applications in quantum mechanics, organic
chemistry, nanotechnology, the theory of waveguides and other fields of natural science. A graph is a
structure consisting of "abstract"segments and vertices whose adjoining to each other is described
by a certain relation. To define an operator on a given graph, it is necessary to select a set of
boundary vertices. Vertices that are not boundary are called internal vertices. The differential
operator on a given graph is determined not only by given differential expressions on arcs, but
also by conditions of the Kirchhoff type at the internal vertices of the graph. This article solved
the Dirichlet problem for a differential operator on a star graph. We used the standard gluing
conditions at inner vertices and Dirichlet boundary conditions at the boundary vertices. Also in
this paper, the subtraction of Green’s function of a differential operator on a star shaped graph
is presented. Questions from spectral theory, such as the construction of the Green function and
the expansion in eigenfunctions for models from connected rods, have been little studied. Spectral
analysis of differential operators on graphs is the main mathematical apparatus in solving modern

problems of quantum mechanics.
Key words: oriented graph, vertices of graph, Kifchhoff condition, vibrations of elastic networks,

Dirichlet problem, extension by eigenfunctions.

1 BBenenue

B pabore wuccnemyerca cucrema JguddepeHaabHbIX YpaBHEHUN BTOPOro MOPSIKA,
SABJIATOIIENCS MOJIEJILIO KOJIEDATEIbHBIX CUCTEM CO CTEPZKHEBON KOHCTPYKITHEIH.

OcHoBHOE BHUMAHWE B 3TOH CTaTbe YIEISeTCs CIEeKTPY auddepeHnuaibHbIX OlepaToOpOB
BTOPOro ToOpsijika Ha rpadax. Pazimanbie (yHKIMOHATBHBIE MPOCTPAHCTBA Ha TIpadax
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OIIPEJIeJIEHDI, W MBI OIIPEJIesieM, C TOYKN 3PeHns KakK JuddepeHnuaabHbIX CUCTeM, TaK U
BBIIIEYIIOMSIHY THIX (DYHKIIMOHAJIBLHBIX IIPOCTPAHCTB, KpaeBble 3aja4n Ha rpadax. [lokazano,
YTO KpaeBasg 3ajjada Ha rpade CIeKTpajJbHO SKBUBAJEHTHA CUCTEME C pa3J/ie/IeHHBIM
rpannaHbIM yeaoBueM. OCHOBHaS TEJTb 9TON CTaThU - PemuTh 3a1a4y upuxiie u mocTpoutsb
ero ¢dyukimio ['puna g 3Be1000pa3noro rpada.

I'pad-3Be3ma - 310 CBsA3aHHBIE T'pad, B KOTOpOM He 0o0jiee OJHON BEpPIIUHBI HMeeT
crenieHb OOJIbINIE eMHUIBI. BeprnmHa, MMeloas CTeleHb OOJIbIe eIUHUIbI, Ha3bIBAIOTCH
BHYTPeHHell BepIInHOi rpad-38e3/16l. Bepinnbl, He SBIIMIONECsS BHY TDEHHUMUI, HA3bIBAIOTCS
IrpaHUYHbIME BepirHaMu. [lycrh 3ajan opuentupoBaHublii rpada-3sesga G = {v, e} rue
V,€ - JIBA MHOYKECTBA. DJIEMEHThI MHOXKECTBa V - HA3bIBAIOTCS BepIuHaMu rpada, depe3 €
0603HaYEHO MHOXKeCTBO ero jyr. KosmmdecrBo jyr obosnadum depes m. [lycrs I' = {0} -
BHyTpeHssi BepimHa, [' = {1, ....... ,m} -rpanuunble Bepimubl. [Ipu j = 1, m ucxoxgmyto u3
BEPIINHLL j Ayry obo3HadInM e;. B nasbmeiimem cauraem, 910 aanHa Kazk1oii ayre |e;| = a;.
Ha kaxxzoit xyre e; BBegeM nepemernyio x; € [0, a;]. dasa yaobersa obo3HadnM 3HaMeHTEM
Zj = aj COOTBETCTBYIOILYIO TPAHUYIHYIO BEPIIUHY JIyTH €, & 3HadeHueM Z; = () BHyTPEHHIOIO
BeprmHy. B mpejiaraemoit pabore uccieayiores cBoitictBa pyuknmit ['puna Kpaesoit 3a1a4mu
Jis udpdepeHImaIbubIX YyPaBHEHU BTOPOTro MopsIKa Ha rpade-38e3/ie.

2 O630p JauTepaTypbl

B mnocnennune 25-30 et Teopusi JnddepeHIaAbHBIX  YPABHEHUN U KpaeBbIX 3a/iad
Ha reoMeTpuiecknx rpadax (MPOCTPAHCTBEHHBIX CETAX) MHTEHCHBHO DPa3BUBAETCS, TOMY
CBUJIETEJILCTBYIOT MHOTOYHUCJIEHHBbIe Hay4dHble paboTbl. Hawasmo wuccinenoBanuii - ObLIO
nosiozkeno B paborax (B.C. Ilasnos [1], FO.B. Ilokopusrii, O.M. Ilenkun (2|, [3]) u
ap. ) u 3apybexnpix (J. von Below ([4], [5]), G. Lumer [6], S. Nicaise [7]) u apyrux
[10-20] maTemaTHKOB M Kacajaoch 3ajad, OMCBIBAIOIINX pasjndHbie Mojean: auddysun,
KoJIeDaHUi YIIPYTUX CETOK, PAcIpOCTPaHeH!s HEPBHOI'O UMITYJIbca 1 JIp. PaboTh 3apyOeKHbBIX
MaTeMaTHKOB, B OCHOBHOM, ITOCBAIIEHBI OOOCHOBAHUIO PA3PENIUMOCTH KPAEBBIX 3a/a4 Ha
rpadax, UCCIIEJIOBAHIIO CTPYKTYPHI CIIEKTPa ITHX 3a/1a9, aCUMIITOTHKH CIIEKTPA, MOy YeHUIO
OIIEHOK Pe30JIbBEHTHI. B HacTosiee BpeMs Hanbosiee aKTUBHbBIE HCCIEI0BAHUS ITPOBOJIATCS
tBopueckoii rpymmoit FO.B.ITokoproro (A.B. Boposckux, K.II. Jlazapes, O.M. Ilenkuw,
B.J1. Ipsaumes, C.A. Ila6pos), B.E.Kanryxuna (JI.K.2Kancapbaesa), H.I1. Bounapenko,
OCHOBHBIE PE3YJIbTaThl KOTOPBIX oTpazkeHb! B [8,9,10] (cm. Takxke 6ubsnorpaduio B [8,9,10]).
B wacrhocru, B pabore |9| uccrenoBana dynknuga ['puna mig sagaqu Jupuxie na rpade-
3Be3/Ie W MPUBEJIEHBI TEOPEMBI O PA3JIOYKEHMI.

3 Marepuaya 1 MeTOIbl

Bonee nosipodno ocranoBuMces Ha pe3yJibraTax, Kacalolecs pernenus 3aaaqn upuxie s
nuddepeHImaIbHbIX OIEPATOPOB BTOPOT'O MOPsJ/IKa Ha MHOTO0OOpa3usdx Tuma cetu. B nannoit
paboTe i MOJTHOrO omnucaHusi u perreHus 3ajadu upuxje i guddepeHnuaibLHoro
oriepaTopa BTOPOI'o MOPsIKa Ha rpade-3Be3/1e UCIOJIH30BAH CUHTETUIECKHH TOIXOT.
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4 Omnpenenenune auddepeHnnaIbHOro oneparopa Ha rpade-3Be3ae

B nasbHeiieM 1ojie3H0 BBECTH ITPOCTPAHCTBO

La(G) =[] La(e)

ece

V() = [e(ze), e € <]

(rue 7 = Te,€ € € 1 || -M€KAPTOBO MPOM3BE/IEHIE MOAIIPOCTPAHCTB) U € KOHEYHOH HOPMOI
ece

1Y || = > J lve(ee) P,

Touno TakKe CTaHJapTHbBIM o6pa30M BBOIUTCHA ITPOCTPaHCTBO

W3 (G) =TT W3(e).

ece

Beejiem muoxkectso dbynkimit D(A) C W2(G), sneMenTsl KOTOPBIX B KazKJI0# BHYTpeHHeil
BepIINHE yJI0BIeTBOPsIOT yeaoBusam Kupxrodalll.

y1(0) = y;(0), 5 = 2,...,m
m (1)
> yj(0) = 0.

B sslekTpuvecKnx ceTdx OHM BbIpaKaloT 3akoH Kwupxroda, mnpu KosedbaHMAX yIPYTUX
cereii - Oajanc Hanpsikenuit. PaccMorpum nddepennualibHbIil orepaTop A, 3ajaBaeMblil
JimHeiHbIMI Tud hepeHnnaIbHBIMIA BBIPAXKEHUSIMI

—yi(x5) = My;(w5) + fi(z)),e5 €6,0 <y <aj,j=1,...,m. (2)

¢ obmactbio ompenenennss D(A). A - cuexrpanbubiii mapamerp, {f;(z;),0 < z; < a;} -
[JIOTHOCTDb PACIIpeJieIeHs BHEIHel cujibl. B janHoil pabore mokaszano perenue 3agaqu (1),
(2) ¢ yenoBusivmu JlupuxJjie B rpaHUYIHBIX BEPIITMHAX

yi(ar) = ... = ym(am) = 0. (3)

4.1 Iloctpoenmne dpyukuuu I'puaa 3agaum dupuxie

B macrosmeM IyHKTEe HU3y4aeTcsd BOIPOC O CyIlecTBOBaHMM (YHKIMU ['puHa 18 3aja49u
Hupuxiie
—y(x) = Ny(@) + F(2),0 <z < a, (4)

y(a) = 0,y(0) = 0. (5)

Becranuk KazHY. Cepus maremaruka, Mexannka, uadopmaruka, N.1(101), 2019



18 Aiivan Paca T'ynam Xaspat n zp.

0,

L, dyukiueit ['puna MbI HOHUMaeM MATPUYIHYIO (DYHKIHMIO JIBYX IE€PEMEHHBIX
t

, A) mpu kKaxxoit F(+) menpepbiBHOit Ha rpade G u 3agaHHy0 (DOPMYJIONT

Il
G(7

I

y(T,)\) = /G G(Z, T, \F(t)dt.

Jlemma 1 Pemenne 3amaqau (4), (5) Moxer ObITH IIPEJICTABICHO B BUJIE

y(w,\) = /O ’ SO(t’g’(figx’ Y p(s)t + / " salb Mool ) gy g (6)

riae D(t,\) = —s.(t, \)so(t, \) + sa(t, N)sy(t, A) n bdyaxmmit so(x, \) 1 s,(z, \) aBiagorcs
JIMHEHHO HEe3aBUCHMBIMU PEIIEHUSMU OJHOPOIHOM 3a1aun Ko

Hokazarenbcrso. [lokazkem, 9ro mpaBast 9acTh BbIpaykeHust (6) sBJIsIeTCsT PEIeHneM 3a/1a9u
(4), (5). Cravasia BBIYUCIUM [EPBYIO TPOU3BO/IHY O

x s A)s a Sa(t,\)sh(z,A
y(x,A) = [y 2Rl Py 4 [0 D () g,

Tenepb BbIYUCIUM BTOPYIO TTPOU3BOJIHYIO

T s a Sq B z,\
Y@, \) = [y DD p(p)dp 4 [ eLRED (1)t — ().

Tak Kak

sg(xz, A) = =Aso(x, N), s%(x, \) = —Asq(x, \) Torma ¢ yaerom (6). [omyamm

Y/ (@, ) = =A(Jy 2SN F () de + [ RSN F()dt — Fx) = —y(x, A) — F().

orciona ciemyer coornomternue (4). Temeps mpoBepuM BBIIOIHEHEE TPAHUIHEIX YCI0BHI (5).
Buavenne x = 0 mozpcrasisas B (6), mosrydum

y(0,\) = /: S“(t’;():’“)\(;)’ )\)F(t)dt =0,

tak Kak So(0,\) = 0. Bnauenune x = a nojcrasigs B (6), HoIyIuM

y(a, \) = / ' 50(75’;();“;)“’ Y gyt = o,

TaK Kak S,(a, \) = 0. Jlemma 1 jgokazana.
N3 Jlemmbr 1 cretyer ciemytornias TeopeMa.
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5 ®yukuus I'puna 3agauan Jupuxne (1),(2),(3)

Mpgr pemraem 3ajaqu guddepeHnnajbHOro oneparopa Ha rpade-3Be3ie mpu m

—yi(z1) = My (1) + fi(wr); 21 € e
—yg(@) = /\y2(752) + f2($2);$2 € e

L U (@m) = AYm(@) + [ (Zm); T € €

B uepsom  ypaBuenue  y1(x1),y2(22), ..; Ym(Tm)  HemsBecTHO, U3BECTHBI  DYHKIWI

F1(21)s fo(2)s s Fon (), A Taxonce yesrosms Jupiie: g (ar) = o(a2) = . = () = 0
u ycaosust Kupxroda:

y1(0) = 12(0) = ... = 4 (0); > 9/5(0) =

k=1

Teopema 1. Eciu fi(z1) # 0, .., f(2) # 0, A, T0 pemenne 3agaqn (1),(2),(3) Moxker 6bITH
3aImcano B BHJIE

m ay sin vV A(ag—tg) sin vVA(aj;—z;)
k:;c;éj b R P, v Ji(te)dt+

s Sll’l\/i(l xT
+ 7 sin VA(a;—2;) § \/Xsm\/—t cte vV a,+
1 fO \asm\fa] (k Lk ) k

yj(z;) = S Vctg Van + cos VL) f(t;)dt;+ 7

a; sinvA(aj—t; ) n .
4 [o VAL LSt /A sin VA ctg Vag+
f Vasinva; faj KT ik J

L + cos \/Xl’])f](tj)dt] )

D10 Teopema o0IIIee perteHue JuHeitHoro JnuddepeHIaIbHOr0 ypaBHeHusT U 384U 1IPU 1M
nMeeT BHU]T
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HokazareabcTBo Ham Haji0o 1okasarh TeopeMy 1, cHadaja BBIYUC/IUM IIEPBYIO
[IPOUBBOHY IO

¢ m ay sinﬁ(a —t )*\acosﬁ(a.fx') \
k=§7§j fO sin \/j]\cak ) sin ﬁajj . k(tk)dtk_

N %( S Vctg Vg, sin VL4

1 k=Lk#j

y;(z;) = i\/Xctg\/Xak +V X cos VL) f(t)dt+ 7

+faj Sm\f\;i ')( S VAcosVz, ctg vVag—
sin v/ Aa; ey

\ —VAsinVAz;) f;(t;)dt; )

Tenepb BBIYUCTIUM BTOPYIO TPOU3BOJIHYIO

4 m ag sin vV A(ag—tg) (=) sin vVA(a;—x;) \
k:%;éj 0 sin v ay, sinﬁajj : fk(tk)dtk—

BYSE O (afr%)( > sin VA etg Vgt
5111 a] k=1k#j
] +cos VL) f5(t;)dtj—

1
Y; ("L‘ ) = m )
I ST VActg Vi,

- aj sinv\(aj—t; = . ]
A f o \}% (kzg;éj sin v Az ctg v g+

+cos Vx;) f;(t;)dt

\ —[i(;) J
Mer moxxem obiee perenve 3aga4au (1),(2),(3) 3ammucars B cIeyomumm Bie
( m )

) §?£ f smsxlf\(/afaktk) blnsxlg\}zl-a—xy)f (tk>dtk—|—
1 =1k#j 0

+f5‘%£n“ﬂf? ,(t5, N) f (1)t +f L 0 a5, A )t

rae  saech  A(\)  obosmauaerca  wepes  A(N) = > VActgVag, ¥t \) =
k=1
S VAsinV/M ctg Vaag + cos VAL,
k=1,kj
Ti(z;,\) = > VAsinvAzjctg vVag + cosv/ A,
k=1,k#j
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Beojum  pemenne sagaau  (1),(2),(3) g dbyskumit B ciaepyomuMm - Buje
y1(71), v2(22), s Ym(Tm)

( ( S 3\ \
sin VA (ap—t3) sin vVA(a1—z1)
k:lz;#{ sin v/ Aay, sinv\ay fk<tk)dtk+
y1(.f131) = <5 sin vA(a1—z1)
o +f \/XSIH\fa Lpl(th ))fl(tl)dt1+
+ f s%\/sjr(la\lf;l W (1'1, ))fl(tl)dtl
\ ),
( m
kilz;@@ foak Sms\lf\(/ajaktk)sms\gjga ) fk(tk)dtk—i—

N
S
-
SN—

q Yelwe) = a0

Ny

sin VA (a2 —x2)
+f “Vsinvias Lp2(1527)‘)),7[.2<t2)dt2+

Sln\/>a
+f ﬁs1r(1\2f;z Lp(zv?’)‘))fQ(Q)dtQ

( m )

ar
sin VA(ap—t) sin VA(am —zm)
> : : Ji(tr)dti+
bt k;ém g‘ sin v Aay, sin vV Aam

sm\FGm x'm
Y (Tm) = % + f “VsinVanm (@i (bans M) fo (b )i+

+ f sanﬂcna\mfat: (Wm(l'm;)\»fm(tm)dt

\ \ J )

o

[Tokazkem, uro byHKIMI 3ajandble cucreMoit (7) yJIOBIETBOPAIOT ypaBHeHusiM (2),
IPAHUYHBIM YCJIOBUSIM (3) U YCJIOBUSIM

y1(0) = y;(0),j =2,...,m. (8)

Barem mpoBepsieM BbIlloJiHeHUsT TpannaHbix yeaosuii (1). Torma mosryuanm

[ s Almt) (4 dtk+fm(%(0,>\))f1(t1)dtl
0 Slnfa \/XSI \/>(l1

y1(0) = x5 {

S
02(0) = m{ 2 %f ()i + | =0 00,0 o) }

U aksinﬁa sm\fam m
Y (0) = ﬁ){ kl%;mof%f bt} + f mn—ml)@m(o’”)fm(tm)dtm } )
(9)

OTcroia MBI TIPOBEPUM BTOPYIO YacTh ypaBHenus (1).
Y1.(0) +15(0) + .. +95,(0) = 0
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sin VA (a3 —t3) vX cos Va1 f3<t3)dt3 - .

as i
. f sin vVA(a2—t2) VA cos VAa; f2<t2>dt2 — f

sin v/ Aas sin vV a1 sin v/ \as sin Va1
am
sin vV X(@m —tm) v/ cos vV har
f sin vV Aam sin Va1 fm( )dtm +

ay
fsmfal t1)
sin v Aa1

(VAetg vVAag + VActgvVas + ... + VActg vV an) fi(t)dt, —

" sin vVAA(a1—t1) VX cos vVaa o P sin vVA(az—t3) v\ cos vAa B B
f sin Va1 sin v/ Aaz : f ( )dtl { sin v/ as sin v \az . f3 (t3>dt3
“n in v X(am —tm) VA cos vVaa
f : sinfaam 12 sin v/ Aas 2fm( )dtm +

as
fsm\f as—t2)
sin v Aas

(VActg vVaar + VActgvVas + ... + VActg vV an) fo(t)dts —

fom sinﬁ\(;zj—tl) ﬁco\sffam lf (tl)dtl 0112 sinx/X\(/tzg—tg) ﬁco\sﬁﬁam_l‘f (tz)dtg N
sin vV a1 sin v Aa sin v/ as sin v/ \a
foam Smsﬁfaf";mtm) \/leflo\sf{am L fon (tn)dtm + fam —Smg\af"; b (\/Xctg \/_a1 + \/Xctg \/_az +

VA etg V) fn(tm)dty, =0

Tenepb poBepUM BBIIOTHEHNE YCJI0BUSA (3).

( ( m Qg .
sin vVA(ax,—t) sin v X(a1—a1)
N e e e AL
9 (al) - ﬁ sin ai1—a
| +f ﬁ{lﬁhi) (Y1 (t1, M) fi(ta)dt+
) 00, ) 1) 0
4 m ag \/X( t) . \/X( ) )
s ap—tg) sin az2—a2
k:12127£2 0 sin \/Xak sin \/Xaz fk (tk)dtk+
y2(a2) - ﬁ sin as—a
+f \ﬂ\gr(xffa;) (Wa(t2, ) f2(t2)dtr+
| : s ant2) (i, (1, \)) fot2) b = O
( m Gk sin VA (ax —t) sin VA(am—am) fk(tk)dtk+ A
k= 1k7£m0 sin v/ Aag, sin vV Aam
smfam—am
ym<am) = AN + f fm m W(Q}m(tm,)\))dtm_k
+ f sin At (g, (a,,, \))dt, = 0
\ ) ) )

B urore nosmyanin, uro (7) seagercs pemienuem 3amaan (1), (2), (3). Teopema nokazana.
Teopema 2 /I dynkuuit I'puna 3agaqau (1), (2), (3) cupaBemnBo mpecraBieHne
Journal of Mathematics, Mechanics, Computer Science, N.1(101), 2019
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[ sinvXA(a1—t1) |
sin ﬁal
1| St VAar—t1)  sinvAlaz—t2) VA (@m—tm)
— o sin vV a sin vV (a1 —t1 sin vV A(as—tg sin VA(am —tm
G(l’, t’ )\) - A(/\) : ’ X sin vV a1 sin v/ Aas o sin vV Aam ]
sin ﬁ(amftm)
sin ﬁam _
—dzag sin \f)\(al—xl) sin \f/\(m—tl) sin \f)\(am—xm) sin \f/\(am—tm)]
sin vV a1 sin Va1 e sin vV Aam sin vV am
+diag [—Si%@ffﬁlﬂ Wty \) TRy, ) Aoy )|
+diag [—Si\%@im\fzi)\l’l@b A) —Si\nf/\‘/;ﬁg;z)\llg(xg, A) ... —Sifagga%t:)\llm(xm, /\)] .

HokazarenbcTBo Pemenne 3anaun (1), (2), (3) B MATPUIHO-BEKTOPHOM BUJIE Y, (T) 1st

filx) #0,..., foul(m) #0
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3\

Jr(ty)dte+

i] sin v \(ay — tk) sinA(ag — @)
sin \/_ak sin \/Xal

k=1
k1 0

sm\/_al—xl)
/fl VAsin v a, (Tats, ) dirt

/ Fi(t)Sn fs_m‘“fal) (T, (21, N)) dty

sin v/ \(ay, — tr) sinA(az — @)
kz:; / sin \/_cL;g sin \/Xag Jilti)dtit
k22 0
yi(z1) sm V\(ag — x3)
o ] / folta) " S (1, )t

) (\IIQ(ZEQ, )\)) dtg

Y (Tm) sm\/_ Aag —
/ faltz VA sin vV as

fr(te)dti+

Z / sin \/_ (ax, — tk) sin A(ay, — o)
sin \/_ak sin \/Xam
k;ém

; / fm<tm>sm¢§§fjmf;jm> (Wt N)) s

sm\/_(am— tm)
/fm m) VsinvVa,, (Y (@m, X)) dbm

\ /
Torga mas mpomsBosbHbIX fi(21) # 0,..., fm(2m) # 0 pemenne 3amaun (1), (2), (3)
MOZKeT OBITh IPEJICTABICHA B BH/JIE

[ffl + A, +A’3} - [A]] n [ffg} n [/fg] -

( [ sinvX(a1—t1) | )
) s\i%\(&alt )
sin as—1o
sin v/ \as |:sin \/X(al—h) sin \/X(ag—tg) sin \/X(am—tm)} _ fl (tl)dtl
1 : sin v aq sin vV \as e sin vV Aam f ( )dt?
- : X . +
A()\> sin \/X(am—tm) :
[ Fn(t)dtm
—d@ag [sin VA(a1—x1) sin vV A(a1—t1) $in VA(@m —xm) sin ﬁ(amftm)}
sin Va1 sin vV a1 T sin vV Aam sin vV Aam y,
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fl(tl)dtl
; : t )dt
. sm\f(a 1) smﬁ(a —1x2) smﬁ(am—zm) f2( 2 2
+diag —ﬁsm\lfall Uy (21, ) —ﬁsin\%a; Uy (z9, A) ... s U, (2, A) | X f +
S (tm)dt
fi(ty)dt,
. . to)dt
. sin vA(a1—t1) sin vV A(az—t2) sin VA (am —tm) f2( 2)t2
—l—dlag —\&sm\lfai v (.Z'l,)\) —ﬁsinxzﬂaz qjg(l‘g,)\) Ce —ﬁsinﬁam \Ifm(xm,)\) X
Jn(tm)dty,

Teopema jmokazana.

Caencrsue 1 Qynknus ['puna sanaun Jupuxie (1), (2), (3) umeer npejcrasieHue eciu
Ogtl leaaOSthxm

G@1, o T, ey b A) = diag | 2Rt (1, N Bty (1, )) . S lenzmdy (1, 0)| +

[ sinvA(a1—t1) |
. . ) sin v \ay
sin V(a1 —t1) sin VA (a2 —t2) sin VA(am —tm) sin v X(az2—t2)
n sinv/Aay sinviaz 777 sinvam sin v Aag
—diag [Si“ Viai—z) sin V(@ —t)  sinVA(em—tm) sin mﬂm*tmq :
sin Va1 sinviar 77T sinydam sin VXam sin \/X(C‘Lm*tm)
sin v Aam

CaencrBue 2 Oyukims ['puna 3amaan dupuxie (1), (2), (3) nmeer npejicrapieHue ecin
T <ty <a1,...,Tm <lm < ap

G(Z1, ooy T b1y ooy by N) = diag [m—a\g(:)\lll(xl, A)%—aggﬁ@(m, A)... %\Pm@m, A) |+

[ sinvX(a1—t1) |
. . ) sin v a1
sin vA(a1—t1) sin VA (a2 —t2) sin VA(@m—tm) | _ sin v X(az—t2)
n sin v Aaz sinviag 7 sin vV Aam sin v/ Xaz
—dia sin vVA(a1—z1) sin vVA(a1—t1) Sin VA(@m —2m) sin VA(am —tm) :
g sin v Aa1 sinviar T sin v/ Adm sin vAam sin \/X(;Lm—tm)
L sinvViam

Fﬂeogtlgflrl,...,(]gtmgxm, G(l‘l,...,l'm;tl,...,tm;)\):A1+A2
Ty <ty <ap, ..., Ty <tm <am Gx1,...;Tpit1, ..., tm; ) = A + A3
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6 PesynbTaTnhl u obcyxKjieHUe

B nmammoii pabore wumcciemyercss cucreMa audbepeHnuaabHbIX  YpaBHEHHII BTOPOIoO
MOPSIIKA, SIBJIAONIENCT MOJETbI0 KOJIeDATe/IbHBIX CHCTEM CO CTEPXKHEBON KOHCTPYKIIHAEH.
B mammOit crarbe mokasaHo perreHne 3agadn  Jupuxie i guddepeHImaabHOTo
orepaTopaHa 3Be3;1000pa3sHoM Tpade. 3HAUNTENBHYIO TPY/IHOCTH IPE/ICTABIISIET peIleHre
b depeHImaaIbHOro ypaBHeHnsl Ha FreOMeTPHIeCKUX rpadax Ipu 3HAUECHUAX HE3aBUCUMbBIX
IepeMeHHbIX OJIM3KUX K BepiimHaMm rpada. Hamu mcrosib30BaHbl CTaHIAPTHBIE YCJIOBUS
CKJIEHKN BO BHYTPEHHUX BepPIIHHAX M KpaeBble yCJIoBHUs JIupuxie B rpaHUIHBIX BEPIITHHAX.
JlokasbiBaeTcss  CaMOCOIPSZKEHHOCTh  inbhepeHITna bHOrO — OlepaTopa, IMOPOXKIEHHOTO
Kpaepoil 3amadeit g ypasuenus I[lrypma-JImyBunna wa rpade-zBesme. A Takike
IIPOBOJIUTCS CIEKTPaIbHBIN aHau3 quddepeHuajibHOro orepaTopa Ha rpade. YCeTaHOBIEHO
CYIIECTBOBaHNE PA3JIOKEHUS BCAKON (PYHKIUI U3 00/1aCTH OIpe/Ie/IeHIs PacCMaTPUBAEMOr0O
nuddeperimaabHOro oneparopa Ha rpade B psia Pypbe 110 coOOCTBeHHBIM (DYHKITUSIM JTaHHO
KpaeBoil 3ajia4u.

7 3akJiroueHue

Ha 1rockom rpade, cocrosiieM u3 HEeCKOJIbKHX Jyr € OJHUM OOIIUM KOHIIOM CTPOUTCS
dyuknusa ['puna kpaepoit 3amauu st ypaBuenus [rypma-Jlyusmuisa. 3agada saBisercs
MO/IETIBIO KOJIEOAHUU ITPOCTON CHCTEMBI U3 HECKOJBKUX CTEPKHEH ¢ MTPUMBIKAIOIIM KOHIOM.
B pabote BoiBeiena dopmysta dhyHKIMN 3a0a4u upuxie 1js ypaBHEHUS BTOPOTO MOPSIKA
Ha OpuUeHTHUpOBaHHBIM rpade. /lokasbiBaercs cylecTBOBaHUE PA3JIOKEHUS TPOU3BOJILHOI
dyHKIMU, 33 aHHOr0 Ha rpade, 1Mo coOCTBeHHbIM (DYHKIMAM. BONpOchl U3 CHeKTPaIbHOM
Teopuu, KakK Mmpocrpoenne pyHKIUN ['puHa U pasjioKeHue.

8 BimaromapuocTu

Pabora BbINOJIHEHA TIpU TOJJIEPYKKE TPAHTOBOIO (DUHAHCUPOBAHUS HAYIHO-TEXHUIECKIX
nporpamm u npoektoB Kommrerom mayku MOH PK (mpoekr na temy «Koneunomeprbie
BOBMYTIEHIs (DPEIroJbMOBBIX OIIEPATOPOB M MX CIIEKTPaJIbHBIN anammsy, 2019-2021 rr.).
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AGcosfoTHas yCTOMYUBOCTH MHOTOMEPHBIX PEryjJnupyeMbIX CUCTEM.
IIpobiema Aiizepmana

Ajicarasmer C.A., Kaszaxckuil HallmoHAJIbHBIN yHEBEPCUTET UMeHN ajib-DPapabu,

r. Amvater, Pectiybiimka Kazaxcran, E-mail: Serikbai. Aisagaliev@kaznu.kz
Assbaesa A.M., HayuHo-uccieoBaTeibCKuii HHCTUTYT MaTeMaTuk 1 Mexannkn KasHY
nmenn ajib-Papadu, r. Anmarer, Peciybinka Kazaxcran,

E-mail: asem.ayazbayeva@kaznu.kz

PaccmarpuBaercs  kimacc OOBIKHOBEHHBIX —MuPEPEHITNAIBHBIX —yPABHEHWI, OIMUCHIBAIOIIAX
JUHAMAKY MHOTOMEPHBIX DPEryJIMPYEMBIX CHCTEM C €JMHCTBECHHBIM IIOJOXKECHUEM DPABHOBECHUS C
HEJIMHEHTHOCTSAMU U3 3aJ[@HHOIO0 MHOXKECTBA. 1akKas HEOIPEe/IeJeHHOCTh HeJNHeHHol (yHKIun
IIOpOXKJlaeT HeeJUHCTBEHHOCTb peIIeHus, YTO IIPUBOJUT K WNCCJIEJOBAHUIO CBONHCTB pelleHui
ypaBHeHuil ¢ juddepeHimaibHbIMI BKIOUYEHUSIMEU. [IpejjiaraeTcsi HOBBII METOJ MCCJIEOBAHUST
abCOJIIOTHON  yCTOWYMBOCTU TOJIOYKEHWST DPABHOBECHUS PETYIUPYEMBIX CHCTEM CO MHOTHMEI
HENPEPBIBHBIMIA  HEJIMHEHHOCTAME IPU  HemoJHOi wnndopmarmu o HuX. llyrem mHeocoboro
peodpa30BaHnsl HMCXOJHAsS CHUCTEMa IPUBOJIUTCH K CIIENNAJIBHOMY BHJLY, KOTODBIH IO3BOJISAET
HCIIONIb30BaTh CBEJECHUS O CBOMCTBax HeanHeiHocTelt. lcciemoBanbl CBOWCTBa  peICHUIA,
[IOJIyY€HbI OIEHKU Ha PEIIeHUs] UCXOJHOW CHUCTEMBI U IIPE0OpPa30BAHHON CHUCTEMBI, IOKA3aHa
WX OTPAaHUYEHHOCTH. [l0JIydeHbl TOXKecTBa OTHOCHUTEIBHO KOMIIOHEHTOB HEJIMHEWHON (yHKINN
U YCTAHOBJIEHA WX CBA3b C (PA30BBIMHU IIepeMeHHbIMA. llo/IydeHbl OIEeHKN HEeCOOCTBEHHBIX
MHTErpaJjIoB BJIOJIb PENIEHUs CUCTEMBI ¥ OHH MCIIOJIL30BAHBI JIJI [TOJIYyYeHNs YCIOBHI aOCOIIOTHOM
YCTORYUBOCTH.

Boigesen kjacCc MHOTOMEPHBIX HEJMHEHHBIX PEryJUpYyeMBIX CHCTEM, I KOTOPOro IpobJema
Aitzepmana umeer perrienne. g JaHHOTO Kiacca peryaupyeMbIX CHCTEM MOy YeHbI HeOOXOIUMbIe
7 JIOCTATOIHBIE YCJIOBUsT aDCOIOTHON YCTOWTIHBOCTH.

KuaroueBbie ciioBa: Heocoboe mpeobpazoBanne, HECOOCTBEHHBIE WHTETIPAJIBI, aOCOTIOTHA
YCTOMYHMBOCTE, IpobsieMa AiizepMaHa, CBOCTBA PEIIeHMIA.

Kemneamiemai perreaeTin »Kyilieaepaid aGCOMIOTTIK OPHBIKTBLIBIFLI. AfizepMan ecebi
Aitcaramues C.9O., asi-Qapabu arbiagarsl Kaszak yiarTeik yHUBepcuTeTi, AJMaThl K.,
Kaszakcran Pecriybiukacer, E-mail: Serikbai. Aisagaliev@kaznu.kz
Agazbaesa A.M., on-@apabu arbingarbl Kazaxk yiarrelk yHusepcurTeri, Maremaruka »KoHe MeXaHUKa
FBI3BIMU-3€PTTEY UHCTUTYTHI, AJiMaThl K., Kaszakcran Pecrybimkachr,

E-mail: asem.ayazbayeva@kaznu.kz

Bepisiren >KubIlHHAH CBI3BIKTHI eMec OIPTEKTI Tele-TeH IiKKe ¥e KOIl OJIIeM Il PeTTesIeTiH Kyiiesep
JIMHAMUKACHIH CUIATTAUTBIH Kail JuddepeHnuasIblK, TeHJIey/ep KJIACChl KapacThIPbLIAJIbL.
ChoI3BIKTBI emec (DYHKIUSHBIH, MYHIail Oerici3miri mentiMHiH KaJfbl3 0OJIMAybIH TYIBIPAIH,
aa oy muddepeHnmaaabpl KOChLIBICTAPhl 0ap TeHaeysaep IIeNiMIepinia KaCueTTepiH 3epTTeyre
okesteni. Kenreren y37ikci3 ChI3BbIKTHIK eMec (DyHKINAIAPHL 6ap KoHe 0Jiap TYpaJsibl aKIIapaTTHIH
TOJIBIK, OOJIMay KarJaiblHIa peTTEIHeTIH Ky#elaepaiH Terme-TeH K KyHiHin abCcoIoTTiK
OPHBIKTBIJIBIFBIH  3EPTTEYIIH 2KaHA oJici yCuIHbLIA L. bipereit emec TypJaeHIipy apKbLIbI
bacTallKbl »Kyiie ChI3BIKTBIK eMeC KACUeTTePl TypaJibl aKIIapaTThl MaiiaJlanyra MyMKIHIIK OepeTin
apraiibl Typre kemripimeni. [lemiMaepain kacuerTepi 3eprTesreH, OACTAIIKBI YKOHE TYDPJICHIEH
KyHenepain ImernmiMaepine Oarasaynap aJdblHTaH, KOHE OJIap/IbIH IMEeKTEY ITiri 3epTTe/reH.
ChIBBIKTBI eMec (DYHKITUIHBIH KOMIIOHEHTTEPIHe KATHICTHI Tele-TeHJIKTED AJIBIHIbI JKOHE OJIap/IbIH
dazasblk affHbIMAIBLIAPBIMEH OallIaHbICTaPbI OPHATBHLIILI. 2K yite mentiMiHiH O0WbIH/Ia MEHIITKCI3
UHTErpaJjiap/blH, 6arachl AJIBIHJBI XKOHE OJIap abCOJIOTTI OPHBIKTBHLIBIK, MIAPTTAPBIH aJIy YIIiH
nalia/IaHbLIIbL.

Aiizepman ecebinin mrermimi 601aTbIHIAN KOIT OJIIIEMII ChI3LIKTHL EMEeC PETTEJIETIH KyHesep KJIacChl
AHBIKTAJIBI. PeTTeseTin XKyienep/iin 6epiareH Kaacchl YIMTiH a0COTIOTTI OPHBIKTBIIBIKTHIH KAYKETTI
2KOHE JKEeTKLIIKTI IapTTapbl aJIbIH/IbI.

Tyiiia ce3nep: Epekiie emec TypseHaipyiep, MEHIIKCI3 HHTErPALIAD, aDCOTIOTTI OPHBIKTHLIBIK,
Alizepman ece0i, memimMaepais, Kacuerrepi.
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Absolute stability of multidimensional regulated systems. Aizerman problem
Aisagaliev S.A., Al-Farabi Kazakh National University, Almaty, Republic of Kazakhstan,
E-mail: Serikbai.Aisagaliev@kaznu.kz
Ayazbayeva A.M., Research Institute of Mathematics and Mechanics of
al-Farabi Kazakh National University, E-mail: asem.ayazbayeva@kaznu.kz

We consider one class of ordinary differential equations describing dynamics of multidimensional
controlled systems with a single equilibrium state with nonlinearities from a given set. Such un-
certainty of the nonlinear function generates a non-uniqueness of the solution, which leads to the
study of the properties of solutions of equations with differential inclusions. A new method for
studying the absolute stability of the equilibrium state of controlled systems with many continuous
nonlinearities with incomplete information about them is proposed. By non-singular transforma-
tion, the original system is reduced to a special form, which allows using information about the
properties of nonlinearities. We study properties of the solutions, obtain estimates for the solutions
of the original system and the transformed system, and prove their boundedness. The identities
with respect to the components of the nonlinear function are obtained and their connection with
the phase variables is established. Estimates of improper integrals along the solution of the system
are obtained and they are used to obtain conditions for absolute stability.

The class of multidimensional nonlinear controlled systems for which the problem of Aizerman has
a solution is highlighted. For this class of regulated systems, necessary and sufficient conditions
for absolute stability are obtained.

Key words: Non-singular transformation, improper integrals, absolute stability, Aizerman prob-
lem, properties of solutions.

1 BBenenmne

PaccmarpuBaercst ypaBHEHHE JIBUKEHUsI PErYIUPYEMbBIX CHCTEM CJIEJIYIONIEro BUIA:
& =Ax+ By(o), 0= Sz, z(0) =y, tel=]0,00), (1)

rae A, B, S — HOCTOSHHBIE MATPUIIBI OPAIKOB 70 X 70, 1 X 11, 1 X 1. COOTBETCTBEHHO, MATPUIIA,
A — rypsunesa, rTe. Re);j(A) < 0, j = 1,n, \;(A) — coberennble 3Havdenus MaTpuibl A,
|zo| < 00, @(0) = (p1(01), ..., om(om)), 0 = (01, ..., 0m).

O yHKIUA
( ) G (I)O = {90< ) = (901(0-1) 7%0m(0-m)) € C(Rm> Rm)|0 < ()02<0-1)O-l < (2)
< poio?, Yoi, 0; € RY, 0(0) =0, |p(0)] < ¢,, Vo, 0 € R™, 0 < p, < oo},
rie po = diag(fior, - - -, flom) > 0 — qUaroHaJbHas MATPHIA HOPsIKa M X m, | - | — eBKInIOBA
HOpMa, @, = const > 0, (%) — 3HAK TPAHCIOHUPOBaHWs. Berpedaronimecss Ha MpaKTHKe

CUCTEMBI aBTOMaTHYIECKOI'O YIIPABJIEHNsI OTHOCATCS K CUCTEMaM C OTpaHUIeHHBIMU pecypcaMn
W JIJIsl TAKUX CHCTeM BeKTOP (DyHKIWs (o) yA0BIETBOPSIET YCIOBHIO (2).

Perynupyembie cucremsr ¢ ypasaenueM sujia & = Agr+Bp(o), 0 = Sz, ¢ HeOrpaHUIeHHOM
HesimHeitHOCTbI0 P(0) = ho + (o) € g, h = diag(hy, . .., hy) cBopuTes Kk cucreme (1), (2),
korma marpuna A = Ay + BhS — rypsuresa.

Kak m3BecTHO M3 HAyIHO-TEXHUUIECKON JIMTEPaTyphbl IO aBTOMATUIECKOMY YIIPABIEHUIO
BCEe Y3JIbl PEryJINPYeMbIX CHCTeM (JIATUYUKHU, YCHJIUTENIH, UCIOJHUTETbHbIE TIPUBOJIBI) UMEIOT
OrpaHUYeHHbIe PECYPChI IO MOITHOCTSAM, 110 ODOOIIEHHBIM CUJIAM M MOMEHTaM BbI3BaHHBIE
UX HpeJIebHBIMU 3HadYeHusasMr 1 3pdexramu nacoimenus. Cre0BaTe/IbHO, BKIIOUECHUE BUJIA
(2), e BesmumHa @, > 0 — CKOJIb YIOJHO GOJIBIIOE YHCIIO, Y, < OO OXBATHIBAET BCE BUJIBI
HeJIMHeHOoCTe!l B peryjmpyeMblX CUCTEMaX.
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[Tostoxkenne pasHoBecust cucreMbl (1), (2) onpejensercs U3 perieHus aaredbpandeckKux
ypasuenuii Az, + By(o,) =0, 0, = Sx,. Eciu marpuna A — rypsunesa, dyukuus p(o) €
obpataercsa B Hy/Ib TOJIBKO npu o = 0, 1o cucrema (1), (2) umeer eIMHCTBEHHOE MOJIOKEHUE
paBHoBecud ., = 0.

BameTuM, UTO TOJOKEHUIO PDABHOBECHsI COOTBETCTBYET TpUBHa/bHOE perienue x(t) = 0,
t € I cucremsr (1), (2). B crarhe mcciemyercs acuMITOTHYIECKAsT YCTORYUBOCTD B TI€TIOM
HeBO3MyIIeHHOro Jpuzkenus x(t) = 0, t € I upu mobom ¢(o) € Dy.

[Tosiaraem, 9To TIPH JOCTATOYHO MAJIOH OKPECTHOCTH TOUKHN 0 = 0, = 0, yHkmo ¢(o) €
®y MOXKHO AIIPOKCUMUPOBATE JIMHEHHON dbyHKIneid ¢(o) = po, p = diag(piy, .- -, fm), 0 <
i < pioiy @ = 1, m. Cnenosaresbho, ipu |o| < 6, § > 0 — 10CTATOMHO MaJIOe YUCI0, ypABHEHHE
BO3BMYIIIEHHOTO JIBUKEHUsI UMEET BUJI

&= Az + BuSz = Ay(p)x, x(0) =xo, |zo] <1, t €I,

riae Aj(p) = A+ BuS, 0 < u; < poi < foi, fois @ = 1, m — upejesbHoe 3HaU€HUE [1;, © = 1,m
ompejiesisieMoe U3 IypBHUIeBoCTH MaTpuisl Ay (i).

Ecmu matpuna Aq(p), 0 < p; < po; < Toi, @ = 1,m — TypBuUIleBa, TO CyMIECTBYET YHCJIO
e1 > 0 Takoe, uro |z(t)| < £, mpu |zo| < d1, Gosee Toro, tlggo z(t) = 0. Takum obpaszom, Kora

marpura Aj(p), tae 0 < p; < po; < foi, ¢ = 1,m — PypBHIEBaA, TO TPUBUAJILHOE DEIIeHUE
z(t) =0, t € [ acummrorndecku ycroitauso 1o JIsmynoBy mpu t — 0o.

Onpenenenne 1 Tpusuanvroe pewenue x(t) = 0, t € I cucmemw (1), (2) nasvisaemes
abcontomno yemotuusvim, ecau: 1) mampuyne A, Ay(pn) — eypsuyesn, 2de 0 < p; < po; <

ﬁOi? Ho= diag(ulw-'aﬂm)’ Ho = diag(luola"')/u[ﬂm); 2) das ecex 90(0-) S cI)O - pewerue

Jupepernyuanvrozo ypasnenus (1) obaadaem ceoticmeom tlim x(t;0, 20, ) =0, |xo| < 0.
—00

Nubivu ctoBamu, TpuBnasbhoe permenne z(t) = 0, ¢ € I cucremsbr (1), (2) abcosorHo
YCTOYUBO, €CJIM OHO ACHMITOTHYECKH YCTONUUBO B TEJIOM JiIst J1I060r0 (o) € Dy.

Onpegnesnienne 2 Veaosuamu abcosommnot yemotivusocmu cucmemvs (1), (2) naswviearomes
COOMHOWEHUA, CEAZWBANOULUE KOHCMPYKMuUsHue napamempu, cucmemv. (A, B, S, po), npu
BUNOAHEHUYU KOMOPYIT NOAOHCEHUE PABHOSECUs T, = 0 abCoaommo yemotiuueo.

Bamaga 1 Hatdmu ycaosue abcortommots yemotiuusocmu NOAOHCEHUSA PAGHOBECUS CUCTNEMbL
(1), (2).

Oyukuus o(t) = Sx(t), t € I asagerca ynpasieHrneM cHOPMUPOBAHHBIM IO TIPHHITAILY
oOpaTHON CBsI3W, a MaTpuia S TMOPsAIKa M X 71 HA3BIBAETCI MaTpHUIleil oOpaTHON CBA3M.
[Ipobrema AilizepMana COCTOUT B TOM, UTO KaK BBIOpATh MaTpUIly OOpaTHO CBI3H S, ITOOBI
U3 aCHMIITOTHYECKOIl ycToifunBocTn TpuBHajbHOro pemienuns z(t) = 0, ¢ € [ juHeiHOi
cucrembl & = Ax + BuSxz = Ay(p)x na moboro p, 0 < p < g — &, € = diag(ey, ..., em)
caestyeT abCcoTIOTHASL YCTORIMBOCTE TpuBHaIbHOro perennst x(t) = 0, t € I cucremst (1), (2),
rje fi, — npeJieJbHOe 3HAYeHNe TyPBUIEBOCTH MaTpulibl Ai(i), €, > — CKOJIb YIOIHO MaJsible
TUCTIA.

M 0 M i3epm M
Onpenenenue 3 bydem cuumamsv, wmo 6 cexkmope |0, npobaema Atizepmanra umeem
pewenue, ecau: 1) cywecmeyem mampuya 06pamnot céasu S maxas, ¥mo jg = fy—&, 20e [i,
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— npedesvroe 3naverue 2ypsuyesocmu mampuyovs Ai(p), € >0 — ckoav y200Ho manoe wucao;
2) dns mobozo p(o) = po, 0 < u < po =y — € — pewenue cucmemnv (1) acumnmomuuecku
yemotivueo; 3) daa 1106020 po(o) € Oy mpusuasvroe pewenue cucmemnt (1), (2) abcoarommo
YCmotuuuso.

Bamaga 2 Hatmu cexmop [0, po|, 2de npobaema Atsepmana umeem pewerue.

2 O630p JauTepaTrypbl

UccnenoBannio  abCOMIOTHON — yCTORYUBOCTU — PEryJIUPYEMbIX CHCTEM B OCHOBHOM U
KPUTHIECKOM CJIyHIasX MOCBAIEHO MHOTO paboT. Cpein HUX CJIe/yeT OTMETUTh MOHOTpadhum
[1-4]. CymiecTByer J1Ba MoIX0/Ia K UCCIEOBAHUAIO aOCOJIOTHON YCTOWIMBOCTH PETYIHPYEMbIX
cucrem: meron A.U. Jlypee [2] u meron B.M. Ilonosa [3]. Ceasb Mexy sTuMH MeTOIAME
ycraHosieHa B paborax B.A. fky6Gosuua u ero yuenukos [4]. Paspematoniue ypasHeHust
A.N. Jlypbe ObLIM TOy9€HBI HA OCHOBE BTOPOro MeToa JIdmyHoBa myTem Bbibopa hyHKITHH
Jlamynosa B Bujie "kKBajipaTudHas (popma ILTIOC UHTErpaj oT HejuHeinocreit" . B kKoneunom
caere meron A.U. Jlypbe mpuBOAUT K MPOBEPKE PA3PEITUMOCTH MaTPUYHBIX HEPABCHCTB.
EcrecrBenHo, OBOJIBHO CJIOKHO NPUMEHWTb TAKON TOJXOJM JIJIsT PEIeHns TPUKJIaTHBIX
3aJ1a49 W3-3a HEOIIPeJIeJIEHHOCTH BBIOOpa ITPON3BOIBHBIX IIOCTOSTHHBIX B YCJIOBUAX abCOIOTHOM
YCTOMYMBOCTH.

CJ102KHOCTH  TIPOBEPKHM  YaCTOTHLIX  YCJIOBUiM, HEOOXOJMMOCTH BbIJIeJE€HUs 00J1acTu
abCOJTIOTHON YCTONYINBOCTH B TPOCTPAHCTBE KOHCTPYKTUBHBIX MTAPAMETPOB CUCTEMBbI TTPUBE/TN
K CO3JIaHUIO aJIredpandecKnX YCJIOBUN abCOIOTHON —YCTOWYMBOCTH IIyTEM  CBEJICHUS
YACTOTHBIX YCJIOBHII K IIPOBEPKE TOJIOXKUTETHLHOCTH MOJMHOMOB Ha MOJIOXKUTETHLHO MOJIyoCH
[5,6].

B 1949 roay M.A. Aiizepman copmyInpoBadl cie Iy oLy npobsemy |7]: mycrs pernennst
Beex smHennnix cucreMm Bujga & = Ax + Bpo, 0 < p < pg, 0 = Sr acUMITOTHICCKH
ycroituuebl. ByyT sin pemenus cucrembr & = Ax + Bp(o), 0 = Sz ¢ 110600t HETMHERHOCTHIO
p(o) € ® = {p(o) € C(R',R")/0 < p(o)o < wyo?, VYo, o € R'} obranars cBoiicTBoM
ACUMIITOTUIECKON ycToiunBocTH B 1iesioM. [Ipobiiema Aiisepmana Oblia perieHa Jjis CHCTeM
Broporo nopgiaka .1 Mankunsiv, H.II. Epyrunsiv, H.H. Kpacoscknm.

B 1957 roxy P.E. Kanmanom cdopmyiuposana cieytoras npobsema [8]: Ilycrs pernenns
BCeX JIMHEHHbIX cucreM Buja © = Az + Bur, 0 < pu < pg, 0 = ST acUMITOTHIECKH
ycroituuBbl. BymyT i pemmenus cucremer & = Az + Bp(o), o0 = Sz ¢ j10060il HeTMHETHOCTHIO
o(0) € ®1 = {¢(o) € C'(RVRY/0 < T
ACUMIITOTHIECKON YCTONYINBOCTH B L[QJIOM.O [Ipobiema Kasnvana umeer MOIOKUTETHHOE
perierne pu n = 2.

< po, Vo, o € R'} obnanarsh cBoiicTBOM

OcraloTcst OTKPBITHIME pelnennst npobsembl Aiizepmana u mpobiaembl Kanmama st
caydas n > 2. B pabore |9] mpe/jiozkeH HOBBIN HOIXO/ K PEIICHUIO YKA3aHHBIX POOJIEM B
BU/I€ BbIMUCJ/IUTEJIbHBIX aJI'OPUTMOB Ha OCHOBE MOﬂH(bHHHpOBaHHOFO MeTOda FapMOHI/IquKOﬁ
JIMHeAPHU3AIHN.

JIii MHOPOMEPHBIX peryupyeMbix cucreM, tiae o(o) € ® = {p(o) = (¢1(o1),...
om(om) € C(R™,R™) | 0< ¢i(0:)o; < poio?, Yo, o € R™} npobiema Aifizepmana
dbopmMysmpyercst Tak: MycTh pellieHusi BeeX JMHEHHbIX cucteM Bupa & = Ax + BuSw,
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p = diag(py, - fim), 0 = Sz, 0 < p < pg, po = diag(pors- - -, tom), tie A, B, S —
[IOCTOAHHBIE MaTPUIbl OPAJIKOB 1 X M, N X M, M X N COOTBETCTBEHHO, aCUMIITOTUYECKU
ycroitauBbl. Byyr s perienusi HesmHeiHbx cucreMm & = Az 4+ By(o), o = Sz ¢ moboit
HesmHeinocTeio (o) € ¢ obragars CBOHCTBOM aCHMITOTHIECKOH YCTONMHBOCTH B IIEJIOM.

OrmernM, 9T0 Kak ciemyer u3 paborel [9] mpobiema Afisepmana He Bcerja HMeeT
pemenne. Cie1oBaTe/IbHO, /I perenns mpodsembt AfizepMana HEOOXOMMO BBIJIETUTD KIACC
MHOTOMEPHBIX DPEryJUPYEMBIX CHCTEM, IyTeM HAJIOXKEHUs JIOTOJHUTEIbHBIX TPeOOBaHMl K
cpoiicrBam Hesmuejinocreit. Pynkuua o(t) = Sz(t), t € [0,00) sABageTCA ynpaBiCHHEM
cpopMupoBanHoe 110 MPUHIUITLY 0OPATHOI CBsA3U, & MaTpuiia S MOPsAJIKA M X N HA3LIBACTCSH
MaTpurieit oOpaTHO CBSI3M.

B crarbe Jletaercd IONBITKA DpellieHus 1podseMbl  AlizepMmaHa Jijisi MHOTOMEPHBIX
PETYIMPYEMBIX CHCTEM C OTPAHMYEHHBIMI HEJIMHENHOCTSIMMY JJIs cJIydas n > 2 IyTeM BhIOOpa
MATPHIIBI 0OPATHON CBA3U S.

[Ipenmaraercss HOBBIM MeTOJT MCCJIEIOBaHUS abOCOTIOTHON YCTOWYMBOCTH MHOTOMEDPHBIX
pPeryJiMpyeMbIX CHCTEM Ha OCHOBE AllpUOPHON OIEHKU HECOOCTBEHHBIX HHTErDAJIOB
BJIOJIb  peIlleHus cucTeMbl. DM@PEKTUBHOCTL — yCJIOBUS — aOCOJIOTHON  yCTOWYUBOCTU
JIOCTUTAETCS WCIIOIB30BAHUEM JIONOJHUTEIBHOM WHMOPMAINT O HEJUHEHHOCTIX B BHJE
UX OrPAHMYEHHOCTH, a KOHCTPYKTHBHOCTH OIpeJieigeTcss (DOPMYJIUPOBKOI  yCIOBHSA
YCTOYMBOCTH B BHJE IOJOKUTEIBHON OIIPE/IeIEHHOCTH MAaTPHUIIbI OT KOHCTPYKTHBHBIX
napamerpos cucrembl (A, B, S, 11).

Hannasi pabora dBIgETCs TPOJOJIKEHHEM Hay9HBIX —wucciaegoBanuii  u3  [10-13].
Db dPEeKTUBHOCTL U KOHCTPYKTUBHOCTH IIPEJIaracMoro MeTOJIa JIJIsi OJJHOMEPHBIX CHUCTEM,
korjga m = 1 mokasamnel B [14].

3 Marepuan u MeTOIbI

[Ipemraraercss HOBBIE MeTOJ WMCCAeIOBaHUsS abCOIOTHON yCTOWYMBOCTA MHOTOMEPHBIX
PEryIUpyeMbIX CUCTEM C OTPaAHUIEHHBIMU HEJIMHEHHOCTAME Ha OCHOBE OIIEHKH HECOOCTBEHHBIX
UHTErPAJIOB BJIOJIb PEIICHUST CUCTEMbI. B craTbe mpuBe/ieHbl pe3y/IbTaThl (hyHIaMEHTAIBHBIX
HCCJIeIOBAHUI 110 CJIEAYIONINM pas3jiegaM: Heocoboe Ipeobpa3oBaHMe, CBOMCTBA perreHuit
cucrembl (1), (2), omeHka HeCOOCTBEHHBIX WHTErPAJIOB BJOJb pelleHust cucTeMbr (1),
(2), abcosoTHas yCTONYMBOCTD IOJIOXKEHHsI paBHOBecus cucteMbl (1), (2), perenne
npobsieMbl AfizepMaHa. DT Pe3yIbTaThl O3BOJISIOT C(OOPMYIMPOBATH YCIOBUS aOCOTIOTHOMN
YCTOWYMBOCTH IIOJIOYKEHHMS PABHOBECHSI MHOINOMEPHBIX CHCTEM W PemeHus IIpo0JIeMbl
Aiizepmana B Bujie HEOOXOUMOTO U JIOCTATOYHOIO YCIOBUsT abCOTIOTHOM yCTONIMBOCTH.

3.1 Heocoboe npeobpazoBaHue

JJ151 IpOCTOTHI NPOBEPKH TIPEIJIaraeMoro yCaoBUs abCOIIOTHO YCTONUNBOCTH IE1eCO00PasHO
npeobpaszoBaTh ucxoHoe ypasuenue jprkenus (1). [Tycrs marpuna B = || By, . .., By||, nae

B;, i = 1, m — BeKTOpBI cTOJIOIBI N X 1.
Jlemma 1 [lycmo sexmop-cmpoka 60 € R", i = 1, m maxue, wmo:

0B, =1, 0;B; =0, i=1,m, i#j, (3)
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ede B; # Bj, i # j, (%) — s3nax mpancnonuposanus. Tozda 6doav pewenusn ypasnernus (1)
6EPHO MOAHCAECTNE0

0r(t) = 0; Ax(t) + gi(oi(t)), € [0,00), i=T,m. (4)

Ecau, xpome mozo, pane B* = m u onpedesumenv ['pama

<bO1,00 > <01,00> ... <00, >

L6q,...,0,) = #£0, (5)
<O, 0> <0,,00> ... <0,,0,>

mo eexmopu. 0;, i = 1,m cywecmsyrom u onu aunetno nesasucumw, 20e < 0;,0; > -

cxaaaproe npouseederue eexmopos 0;, 0;, 1,7 =1, m.

HokazarenbctBo. Ilockonbky 60F = (0;1,...,0i), @ = 1,m, 10 ymMHOXKas cieBa
ToxiectBo 1(t) = Ax(t) + Bo(o(t)), t € I na 0 uveem

0ra(t) = 0; Ax(t) + 0,Bp(a(t), tel, i=1,m,

rie ;B = (0;B,...,0!B,,). Otciona, ¢ yderom (3), momyumm (4). Samernm, 9UTO
coOTHOIEHNE (3) 3amuiercsa B BUJIE JUHEHHBIX ajJrebpandecKux ypaBHEHMUIT

0i1Bi1 + 0ppBio+ ... + 0By, =0,
0B+ 0B+ .+ OB = 1,
0Bt + 0i2Bus + ..+ By = 0, i = T1m.
Ecm panr B* = m, To nanmag cucTeMa ypasHeHmil mmeeT pemenwe, 0;, 1 = 1,m. U3

yesoBus (5) ciepyer, 9To BeKTOPHI 0;, ¢ = 1, m juHeiiHO He3aBucuMBbL. JlemMa joKa3aHa.

Jlemma 2 Ilycmo eexmop 0y € R" maxot, wmo 0;B; = 0, i = 1,m, 2de B; # Bj, i # J.
Tozda 6doav pewenua ypasuenua (1) eepro mootcdecmeo

Si(t) = 05 Ax(t), tel (6)

Ecau, kpome moeo, pane B* = m u onpedesumenn I'pama

< 0017 902 > ce < 601, e(mfm >
L' (o1, - - -, Oon—m) = | #0, (7)
< QOn—m; 901 > 0 < 90n—m7 90n—m >
mo eexmopvt o1, . . ., Oon_m cyuecmeyrom u onu Aunetino nesasucumol, 20e Oy, i = 1,n —m

noaywenvr u3 Oy nymem 6vi6opa (N — m) — NPOU3GOALHHIT KOMNOHEHMOE 6ekmopa Oy.

HoxkazarenbcrBo. [lycts BekTop Oy = (bho, .. ., 0no) € R". Torma coornommenne 65 B; = 0,
1 = 1, m 3anumercs TaKk

610311 + e + engBln - 0, e ,0103m1 + e + enoan == 0
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Eciau panr B* = m, to nannas cucreMa nmeer perterne 6y = 60y(0pi10,--.,000), T
Om41,0,- -5 0n0 — mmo0ObIe uncia. Omupenennm BeKTOpel o1 € R",..., 00—, € R" myTem
BBIOOpA MPOU3BOJIBHBIX UUCET Gyt 0, - - -, 0po. B wactnoctn, 0y = 6p(1,0, ...,0), Oy =

90(0, 1, O, ce ,0), 90n_m = 00(07 “e ,0, 1)

Yuuoxkas cireBa ToxkaecTBO (1) ma 6 mosyuanm (6). Ilo ycsioBHIO JI€eMMBI BBIIOJIHEHO
nepasenctso (7). CrenoarenbHo, BeKTOPHI Oy € R", i = 1,n — m JuHEHHO HE3aBUCHMBI.
Tak kak 05;B; =0, i = 1,n — m, 10 ToxK1ecTBO (6) PABHOCHIBHO TOMY, 9TO

oib(t) =05, Ax(t), te€l, i=1,n—m.
JlemMma, joKazaHa.
Jlemma 3 Ilycmov evinoarerv, ycrosua semm 1, 2, u nycmo, Kpome mozo, parz Mampuivl
R=161,...,0m Oo1,...,00n_ml (8)
nopsadka n X n pasen n.Tozda ypasrerue (1) pasrocurvho caedyrowets cucmeme ypasrerud

?)1 = C11 + ...+ CinUn + @1(0-1% cee 7ym = Cm1Y1 + ...+ CrmnlYn + 90m<0-m)7
ym-ﬁ-l = Cm+1,1Y1 +.o+ Crm41,nYny - - - 7yn = Cn1Y1 + - .. + Cun¥n, (9)
01 :d11y1+---+d1nyn7"-a0m :dmlyl+-'-+dmnyn7

edey;, =0z, 1 =1,m, Yy =05z, 1 =1,n —m.

HokazareabctBo. Tak kak panr R = n, to u3 (8) cuemyer, uto BekTophl 0; € R™,
1=1,m, 6y € R", 1 =1,n — m obpasytor 6a3uc B R". Torma BeKTOpHI

0T Ax = bz + ...+ b, + im0 + - .-+ b,
0F Ax = cpibir + ...+ Cumi, T + Cnm105:0 + - - F CrnBi—in T,
01AT = e 2 + o+ im0 F Cnp 10517 F - F Cont1 06— T

onem AT = e 4+ ..+ el + Cpm1 0517+ -+ Cunl T,

On—m
rae c;j, 4,j = 1,n xosddunuentsr paznoxenus A*Y;, 1 = 1,m, A0y, i = 1,n —m 1o
basucam 6; € R", i = 1,m, by € R, i = 1,n —m. Orciona, ¢ yaerom (4), (6) momyanm
cucreMy ypaBHeHuii (9) OTHOCHTEILHO EPEMEHHBIX Y1, - - . , Yp-

Amnasnornyno, myrem passiozkeHnst BekTopos S € R" mo 6asucam 0;, i = 1,m, Oy, 1 =
1,n — m nomxyunm

o1 = Sll' = du@fx + ..+ dlme;kn.’ll' -+ d1m+1981£€ + ...+ dln Sn_m.’ﬂ,
Om = Om® = dpm b1z + ...+ dpm0,, 7+ dpy 10512 + ...+ dipy 05,0 %,
rae S* = (S7,...,5)). Jlemma mokazana.
Cucrema ypasuenuii (9) B BekTOpHOIT hopme nmeer B/I
y=Ay+By(o), 0=2Sy, ¢(o)e P, (10)
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rie A, B, S — IOCTOSIHHBIE MATPUIIBL TOPSIKOB 1 X 1, 1 X 11, M X1 cooTBeTcTBeHHOo, A = ||¢j5|,

. — = . — . — = 1

i.j = 1n, S =|dj|l,? =1m, j =1n B = (O " , I, — equHUYHAS MaTpHUIA
n—m,m

nopsaaka m X m, Oy, — MATPHUIA HOPAJKA (1 — M) X M ¢ HyJeBBIME jeMeHTaMu. Ecim
marpunia K = R*, to y = Kz = Rz, v = K 'y = (R*)" 'y, marpump A, S, B pasubl
A=KAK™' = (R)AR™, S = SK~! = S(R")™', B = KB = R*B. Takuum obpasom,
juddepenimaibaoe ypasaenue (1) ¢ mesmueiinocTsiMu (2) ¢ HeoCOOBIM PeoOpa3OBAHIEM
r =K'y = (R*)"'y upusogurcs x suy (10).

3.2 CsaoiicTBa penieHunii

Pacemorpena orpanmdenHocTs pemienuit cucrembr (1), (2), a rakxke ypasrennit (10).
[Tostyaenbl ToXK1eCTBA B0 perernst ypasHerus: (10) 1 mcciieIoBaHO ee aCHMITOTHIECKOe
CBOMCTBO.

Teopema 1 [Tycmo mampuua A — eypsuuyesa, m.e. Re\;(A) < 0, j = 1,n u evnoanenn
yeaosus aemm 1 — 3. Toeda eeprvl ouerru:

lz(t)| < co, |2(1)] <y, t €, (11)
()] < 2, [9(8)] < c5, L €1, (12)
|U(t)| S Cyq, |U(t)| S Cs, S ]a (13)

2de ¢; = const > 0, ¢; < oo, i = 0,5. Kpome mozo, pynruyuu x(t), y(t), o(t), t € I
PAGHOMEDHO HENPEPLIGHDL.

JokazarenbcTBo. Tak kak marpuina A = KAK ™' to u3 rypsuiesoctn marpuis A
cremyer rypsunesocth Marpunpl A, me. Relj(A) = Re\;(A) < 0, j = 1,n. Pemenne
muddepenimanibaoro ypasaenus (1) umeer Bu:

¢
z(t) = eflag + [ AT Bo(o(r))dr, t € 1.

0
BameTnM, 9TO U3 rypBuIesocTH MaTpuibl A cremyer omenka [|eft|] < cel@t ¢ = c(g) >

0,Vt,t € I, e € > 0 — CKOIb yTOIHO MAJIOE YUCJIO, BEJIMINHA, (1 = [nax Re);(A) < 0. Torga
SJsn

t
[2()] < [le™[| [l +/H€A“‘”H 1Bl [¢(o(r))ldr <
0

t
< c’$0|6(a+£)t +Ce(a+a)t ‘|B’|90*/6_(a+5)7 dr =

0

1
_ (ate)t (ate)t —(a+te)t _
= c|lxgle + ce Bllo,|— e + — =
o Bl — ]
1
_ (a+6)t+ B . -1 (ate)t <
elaale 49 4 el Bllgu(~1 + ") <
< J— B *: s
< efaol ~ ——clBlle. = o
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1
e et <1t e, a+e <0, o >0, |p(a(t)] < ¢, Y, t € I. Orciona cieryer
a-+e

OrpaHUYeHHOCTD perenus cucrembl (1), (2). M3 ypasuenust (1) ciemyer, aro
[2(6)] < [[All [z + 1Bl le(a(®)] < [ Allco + [ Bllps = c1, VE, €,
Torma
o) < ISI] z®)] < [[Sllco = car o @] < (S z@)] < [|Sller = ¢5, Vi, el

Tax xax pynxms y(t) = Ku(t), t € I, vo |y(t)] < |[K[llz(@)] < [[Klco = ¢, [9] <
IK||z@)] < |Kller = e5, Vi, E € 1.

Urak, nokasansr onenku (11) — (13). 3 orpanmaennoctn dyukmii (), y(t), o(t), t € I
CJIeJTyIOT paBHOMEpPHBIe HerpepbiBHOCTH byHKImit z(t), y(t), o(t), t € I. Teopema mokazana.

Canenyer ormeruth, uro: 1. U3 onenku |z(t)|, t € I umeem tlg& lz(t)| = |x(00)| < c|xo] —

1
—c||Bll¢x = o, ¢ < ¢ B cuy menpepbiBaoctu z(t), t € I, tae a < 0. CiemoBaresbHo,
a
fimn [y(6) = y(o0)| < IKfe0, lim [o(®)] = |o(00)] < [slfe.
c _
2. Ecmn zg € S, = {xg € R"||zo| < p, p >0}, 1o |o] <||S][(cp— EHBHQO*) =7y.

JIemma 4 [Tyemv evnoanenve yeaosus aemm 1-3. Toeda edoav pewernusn cucmemvr (10)
8EPHBL MOKHCIEC6a

p(o(t)) = Hoy(t) — Any(t), tel, (14)
Hyy(t) = Apy(t), tel, (15)
o(t) = SiHyy(t) + SaHyy(t), tel, (16)
o(t) = S Hoy(t) + SoH  Apy(t), t e, (17)

2de B
Hy = (I, O H, = I Ho\ _;  F_
0 — ( m m,n—m)7 1= (On—m,rrm n—m); Hl = Ip, = le ,

. C11 e Cln . Cm—i—l,l e Cm+1,n B B B
All_ ) A12: ) S:(Sl7 SQ)?
Cmnl --- Cmn Cn1 Ce Cnn
. dll Ce dlm o d1m+1 . dln
S, = . Sy =
Aot - A dymii - dyn

HokazarenabcTBo. [T0CKOIBKY BBIIOJHEHBI yCI0BHst JieMM 1-3, 1o BepHo (9). Samernm,
9TO
W Ym+1
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Torga u3 (9) ciemyer, aTo

01(01) =91 —c11ys — - — ClnlYny - - s P (Om) = Um — Coma¥1 — *** — ConnYn,

o _ _ (H _ _ o
o= (51, S2)y = (51,5%) (Hﬁz) = S1Hoy + SoHyy, Hyy = Aoy,

CrenoBaresbHo, BepHbI ToKIecTBa (14) — (17). Jlemma gokazana.

Jlemma 5 [lycmo swnoarenv, yeaosus semm 1—4. Toeda das sobvx mampuy A, M, Ny, Ny
nopadkos n.Xn, nXn, n X (n—m), nx (n—m) coomeememeenho, 60046 PEWEHUSA YPAGHEHUS
(10) seprvr mootcdecmea

VM) + 5 (A0 = Sl DAY, te T mpu M= A" (18)

7 (N2 +y* ()N [Hij(t) — An(t)y(t)] =0, tel. (19)
HoxkazareabcTrBo. Toxaectso (18) HEmoCpeICTBEHHO CJIe/yeT U3 PaBEHCTBA

i[ “(OAy ()] =g (O Ay(t) +y () Ay(t) =y (OAG(E) +y (O Ay(t) =

=y (OMy(t) +y (H)Ay(t), tel upn A* =
Kaxk crenyer uz (15) arst mo6bix matpur Ny, Ny mopsakoB n X (n —m), n X (n —m) BepHO
toxaectso (19). Jlemma nokazana.
3.3 HecobcTBeHHbIE MHTETrPAJIBI

Ha ocnoBe Heocoboro npeobpa3oBaHust U MCIOJIb3Ysl CBOWCTBA perteHnit cucreMbr (1) Moryr
OBITH TIOJIyUCHBI OIIEHKH HECOOCTBEHHBIX MHTErPAJIOB BJIOJIb pereHns cucteMbr (10).

Teopema 2 [lycmb svinoanens, ycaosus semm 1-3, mampuua A — 2ypsuuesa, PyHKUUA
o(0) € Oy. Tozda das 110601 duazonarvrot mampuyve T1=diag(Ti1, . . ., Tim) NOPAJKG M X M
6doav pewenus cucmemuvs (10) necobemeenmnvit unmezpan

I = /90*(0( To(t / OMG(t) + 37 (1) Aoy (t) + y* (1) Asy(t)]dt =
0
oi(00) (20)
/ wi(oy)Tdo; < 00,
5(0)

I
M

2de
A1 = H*’7‘1§1H0, AQ = H*7'1§2X12 — Hggilell), A3 = —2117'152212. (21)

Bamemum, wmo mampuya A = KAK™Y, 2de K — neocobas mampuua, mo \;(A) = \;(A),
j =1,n. Caedosamenvro, mampuya A — eypsuyesa mozda, Ko2da Mampuya A — 2ypsuuesa,
2de )\](A) N (A), j =T1,n cobemeennvie snavenua mampuyn A, ReX;(A) <0, j=1,n.
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HoxkazarenbcTBo. Kak cienyer u3 teopemsl 1, |y(oo)| < ca < oo, |y(0)] < ¢ < oc.
Hecob6cerennbiit unrerpad (em. (20)).

o0

I - / o (o (8) o ()t =

0

[Hoy(t) — Any ()] ni[S1Hoy(t) + SaAioy(t)]dt =

0\8

— [ OM0) + 5 (O8a(0) + 5 O Aay(0)d: —
0

)

Z / i(07)Tdo; < o0,

=1 0_1(0)

B city Toxzaects (11) — (13), |o(0)] < ¢4 < 00, |o(00)| < ¢4 < 00, e marpunst Ay, Ao, Ag
HOPSIZIKOB 1. X 1. onpeensitorest dhopmynamu (21) coorBercreenno. Teopema jokazana.

Teopema 3 Ilycmo evinoanens: ycaosus aemm 1-3, mampuya A — eypsuuesa, Gyrryus
p(o) € ®g. Tozda dan 060t duazorarvrotl mampuyov To = diag(Tay, . . ., Tom) > 0 nopadka
m X m, 60oav pewenus ypashenus (10) necobemeenmnviti unmezpan

- / " (0 () mapty "ol (1)) — @ (0(8)) o (£)]dt =
0 (22)
()S15(t) + 5 (1) Say(t) + 5 () Sy (D)t < 0,

I
R
<5

20e

Yy = Himug ' Hy, Yo = —2Himouy Ay — HymS1Hy — HiaSoHy,

2= —eHoTaly A 072217 23
23 = AHTQ,LLO 1A11 —I— AHTQSlHO —|— AHTQSQHl. ( )

HokazarenbcTBo. U3 Brmouenus p(o) € g cemyer

ng( l) < Hoi s - > luaila \VIO'Z‘, oi € R17 1= 17m'
0; wi(0i)
Crenosarennio, o;p;(0;) > gt ¢?(0;), i = 1,m. Toraa nnsa m060it BeMHUHBL To; > 0
BEpPHO HEPaBEHCTBO ;(0;)Toi0; — g Toip? (o) > 0, i = 1, m. Orcioma ciaemyer, 9To

m

> o 2} (03) — @i(0i) 03] < 0.

i=1

[ycts 75 = diag(Tor, - . ., Tom) > 0, pg ' = diag(pigr, - - -, tg,). Tora gannoe HepaBeHCTBO
3alUIIeTCs B BUJIE
©* (o) oy to(0) — @m0 <0, Vo, o € R™.
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Orcroma craesyer, 9To HecobcTBeHHbI nHTerpas (cm. (22))

[e.e]

I - / " (0(0)matig (o (1)) — " (o)) maor(8))dt < 0.

0

Torma ¢ yuaerom Toxkmects (14), (16), nmeem

I, = /{[Hoy(t) — Any ()] rapg [Hoy(t) — Any(t)] — [Hoy(t) — Any(t)]"x

o)

x72[S1Hoy(t) + SaHyy(t)]}dt = /[y'*(t)Ely(t) + 97 (t)Say(t) + y* (t) Xy (t)]dt <0,

rJIe MATPUIBL 21, Yo, Y3 HOPSIJIKOB 1 X 1 onpeiensaoTcs o dopmyie (23). Teopema nokasana.

JIemma 6 Ilycmov evinoanenve ycaosus semm 1-3, mampuya A — eypeuuesa, Gynkyus
p(o) € ®g. Toeda dasn mobwx mampuy Ni, No. nopadkos n X (n — m), n X (n — m)
COOMBEMCMBEHHO, HECOOCTNEEHHBIT UHME2PAN

I = / 5 (6 Prj(t) + 5 (£) Pay () + y° (£) Py (D) = 0. (24)

206 P1 = Nng, P2 = —Ngzlg + Hle, P3 = —lelz.

rZ[OKELBaTeJH)CTBO JIEMMBbI HEIIOCPE/ICTBEHHO CJIEJIYET U3 TOXKJIECTBA (19)

3.4 AbGcoJsioTHasi yCTOMYUBOCTH

Ha ocHOBe pe3ysnbTaToB H3/I0KEHHBIX BbIIIE 00 OIEHKe HeCOOCTBEHHBIX HHTErPAJIOB, B TAKKE
aeMM 1-3 moryT ObITh CHOPMYJIHPOBAHBI YCAOBHA aOCOTIOTHON YCTONTHBOCTH OJIOKEHNS
pasHoBecust cucreMmbl (1), (2).

Beegem ciejryrone 0603HaCHNS

Ry=MA + Y1+ P = Hi S Hy+ H;ropg " Hy + N1 Hy,
To=Ay+ 9+ Py = Hir Sy A1y — HES 1Ay —
—2H Topg Ay — HiS1Hy — HimaSoHy + Hi Ny — NyAp, (25)
Wo=As+23+ P = —ZT17'1§2Z12 + ZLTQMElZnﬂL
+21172§1Hg + Ay 195, H, .

B wactrocTu, Korja marpuna Ny = —Z;Tlgg +Z:17'2T, To matpunia Wy = Z;TQ,ua VAL +
A12K1A12 Z O, rae Kl = Kik > O, A;TQSlH()—FAIlTQSng = A;TQS = A;TQTAQ, S = TAlg.

Snecs Ky, T MaTpuilbl HOPSIKOB N X N, M X N COOTBETCTBEHHO.
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Torta HECOOCTBEHHBIIT MHTErPAJT

oo

Ii=hL+L+1;= /[y*(t)Roy(t) +y(t)Loy(t) +y* (t)Woy(t)]dt <

" (26)

oi(oo

)
Z / (o) mdo; < oc.
=1 ai(0)

Teopema 4 [Tycmo evimoanenv, ycaosua semm 1-5, mampuya A — 2ypeuuesa, Gynryus
(o) € g, u nycmo, Kpome mozo, mampuys, Ry, I'g nopadkose n x n, n x n maxue, wmo: 1)
Ry=R§ >0, 2) Iy =T}. Toeda necobcmesernvii urmezpan

00 m oi(00)

I4O - /y*(t)WOy(t)dt S Z SDZ Uz ledo-z
9 =1 ) (27)

- [ Sy Orw ) < .
0
2de mampuuwe Ry, T'o, Wy onpedeasiomen no gopmyae (25), 11, 70 > 0 mobvie duazonanvrive
mampuys, nopadkos m X m, Ny, Ny — mobvie mampuyv, nopadkos n X (n—m), n X (n —m)
COOMBEMCMEEHHO.

HokazarenbcTBo. [loCKONBKY BBIIOJIHEHBI yCIOBHS JieMM 1-5, TO HeCOOGCTBEHHDII
uaTerpant Iy < oo (em. (26)), B cuay omnenok (20), (22), (24), tae marpuisr Rg, o, Wy
onpegessitores 1o gopmyite (25). Marpumpst A, i =1,2,3, 3, 1 =1,2,3, Wy = A3+ X3+ P
Berancsgiorcess mo dopmynam (21), (23). Tak xak marpuma Iy = Iy, 1o ¢*(6)Ty(t) =

d .1
—y*(t)Toy(t)], t € I, cenoBaresbHO, HECOOCTBEHHBIH WHTEIPAJT

/ d
dt
0

B cuity oneHku |y(00)| < ¢ < 00, |y(0)] < e < 0.

v (OTay())dt = 3™ ((Toy(0)] = 597 (00)Toy(00) — 3 (0)Toy(0) < ox.

‘ [e.9]

[\DlH

Torna
[ R0 + v W0l <
0
m oi(c0) 1 ,
S Zl 901 Uz ledUZ 2 (OO)FOy(OO) + éy*(o)roy(o) - o0
= ai(0)

ITo ycmoBuio Teopemsl Marpuna Ry = Ry > 0. Torga xsagparuanas dopma ¢ (t) Roy(t) =
1
y* (t)[§R0 + §R3]y'(t) >0, Vt, t € 1. CrnenoBaresibHO, BEpHO HepaBeHCTBO (cM. (27))

/y YWoy(t)dt < / t)Roy + y* (t)Woy(t)]dt < .
0 0
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Teopema jmokazana.

Teopema 5 [Tycmv evinoanens. ycrosus asemm 1-5, mampuya A — eypsuyesa, PyHkyus
(o) € By u svinoanenv, ycrosus 1), 2) meopemos 4, u nycmo, kpome mozo, mampuya Wy =
Wi > 0. Tozda noaosicerue pasrosecus cucmemov, (1), (2) abcorommo yemotvuso.

JokazareabcTBO. Tak Kak BBIIOJIHEHBI BCE YCIOBUA TEOPEMbI 4, TO BEPHO HEPABEHCTBO
(27). CuiejioBaresibHO, HECOOCTBEHHBINH UHTEIPAJT

1
v (O Toy(t)dt < oo, Ty = —Wg+§WJ>O,

rie ckassipHas dyuknusa V(y) = y*Toy > 0, Vy, y € R", y # 0, V(0) = 0. [Tockosbky
BBIIIOJIHEHBI BCe yeaoBus TeopeMbl 1, 1o |y(t)| < co, |y(t)| < 3, Vt, t € 1. Ilokazxkem, 1T0
tlim y(t) = 0.

— 00

Hpe,ZLHOJIO}KI/IM IIpoTHUBHOE, T.€. lim y(t) 7& 0. TOF,IL& CyHIeCTBYET I10C/Ie10BaTe/IbHOCTDh
t—o00

{te}, tx > 0, ty — oo mpu k — oo makas, aro |y(ty)] > ¢ > 0, k = 1,2,.... Boibepem
thyr —t > €1 >0, k = 1,2,.... Ilockosbky y(t), t € I HenpemeHa ;u/lcbcbepeHquyeMa
ly(t)| < co, |9(t)| < e3,t € 1,10 |y(t)—y(te)| < cs|t—tg], Vi, t € [tk_E tk+ ] k=1,2,.

5 5
Tak kax t — 51 > tp_1, tr + 51 > tgy1, V(y) >0,y € R", 10

€1
tk—‘r_

7V(y( ki /2 t))dt,
=

€1
rze [y(t)] = ly(te) +y(t) =yl = |yt = y(t) —y(t)l 2 ¢ — a5 =20 > 0, W,
t € [ty — ootk %] Bceeryia MOXKHO BbIOPATh BeJII/I‘II/IHy g > 0 Tax, 4ToObI BEJIUIUHA
g0 > 0. Urak, |y(t)] > eo, |y(t)] < co, t € [tx — 2 L b+ 2] Tak kak dynkmma V(y)

HelpepbIBHA Ha KOMIIAKTHOM MHOXKecTBe £9 < |y| < ¢9, TO cymecrByer gucio m > (0 Takoe,

aro  min V(y) = m. Torga 3madenne unrerpasa
eo<[y|<c2

€1
te+—
2

/ V(y(t))dt >em, k=1,2,....

€1

2

te—

ISSN 1563-0277, eISSN 2617-4871  Journal of Mathematics, Mechanics, Computer Science, N.1(101), 2019



Ab6comoTrnas yCTOI?'IIII/IBOCTb MHOT'OMEPHBIX PETYJINPYEMbIX CUCTEM 43

CreoBaTesibHO,
&1
oo ~ . trp+ 9
/V(y( = /y YWoy(t) Z / (y(t))dt > ]}1_{210 keym = oo.
0 0 =1 g
2

DTO NPOTUBOPEUUT YCJIOBUIO [49 < 00, CJIEIOBATEIHHO, tlim y(t) = 0. Tax kak x(t) = K 'y(t),
—00
t € I, K — Heocobasi MaTpuIia, TO tlim z(t) =0, Yo, ¢ € &y. Teopema nokazana.
—00

U3 reopem 4, 5 ciemyer, 9To B caydasx Korjga marpuiia A — rypsuiesa, GyHkims ¢(o) €
®y u BeImosHEHB! yesoBus: 1) Ry = R§ > 0; 2) Iy = IT§; 3) Wy = Wi > 0 nomnoxenne
paBHOBECHS MHOIOMEPHOI perysmpyemoii cucreMbr (1), (2) abcofOTHO yCTORIUBO.

Sameuanne 1 Kax caedyem u3 00Ka3amesbecmea mMeopemv, J, NOAOACEHUE PAEHOGECUA
cucmemwve (1), (2) abcomomno ycmotvuso u 6 cayuae, kozda mampuua Wo = Wi > 0,
ecau noseprrocms V(y) = y*Toy = 0 ne codeporcum ueawvie mpaekmopuu. B amom cayuae,
unmezpaavrvie kpusvie "npowusarom "noseprrocms V(y) = 0. 3amemum, wmo noseprrocmo
y*Toy = 0 ne codeporcum yeavie mpaexmopuu, ecau y(t)Ty(t) # 0, t € [0, 00).

Crelyer OTMETHTD, 9TO B pe3yJabraTe HeocoOOro mpeodbpa3soBaHUs MOJTYIEHO TOXKJIECTBO
(15). /TanHOE TOXKJIECTBO MCIOJIB30BAHO IPU OIPEJIEJEeHUN HEeCOOCTBEHHOrO MHTerpaja Is.
HecoberBennbiit naTerpalt I3 3aBUCHT OT TPOU3BOJILHBIX MaTpuil N1, Ny TOPSIKOB n X (n—m),
n X (n —m) coorsercrBerno. Marpurer Ry, [y, Wy 3aBucar or marpunst Ny, Np. Kak
cienyer U3 ycjoBusi TeopeM 4, 5 marpunbl 71, T > 0, Ny, Ny obecliequBatoT BBIIIOJIHEHIE
yeaosuit Ry = Ry > 0, I'y = Iy, Wy = WJ > 0. Crnenosaresbno, marpuiisl Ni, Ny
MIO3BOJIAIOT CYIIECTBEHHO PACIHIUPUTH 00JIACTH aOCOJIIOTHON YCTOWYIHMBOCTH B IPOCTPAHCTBE
KOHCTPYKTHBHBIX IapaMmerpoB cucrembl. B merome A.U. Jlypwe u B merome B.M. Ilomosa
OTCYTCTBYeT HECOOCTBEHHBIN mHTerpaJs I3, cjiegoBaTebHO, OTCYTCTBYIOT MaTpuilbl Ny, No.
Hanuane marpur, Ny, Ny mo3Bosmmio penunth mpobdsemy Aiizepmana.

3.5 IIpo6Guaema Aiizepmana

BosHuKaeT BOIPOC: MOYKHO JI BBIJEJINTH KJIACC MHOTOMEPHBIX PErYJINDYEMBIX CHCTEM, TIyTeM
BBIOOpaA MaTPHILl 0OpaTHON CBA3M S, /JIsT KOTOPOTo Ipobsema AlizepMaHa UMEET pelleHwe.
it JlaHHOTO  KJTacca MHOTOMEDPHBIX PEryJUPYEMbIX CHCTEM, IIOJIYIE€HHBbIE PEe3Y/IbTaThl
SIBJISIIOTCS  HEOOXOJIMMBIMU U JIOCTATOYHBIMU ~ YCJIOBUSIMU  aDCOJTFOTHOI yCTOI/I‘{I/IBOCTI/I
Bamerum, uTo Marpunsl S u S cBsazaHbl coorHomennayu S = SK, S = SK~!, marpunp
A+ BugS u A + BpuoS monobmbie. B camom gerne, ecmn (o) = oo, tie o = Sx ana
cucremsr (1), (2), 0 = Sy ana cucremsr (10), To §y = Ay —i—F ( ) = (A + BuoS)y,
' Az + Bp(o) = (A + BuoS)z. Tak xak A = KAK™!, KB, S = SK1,
A+ BuoS = K(A + BueS)K~'. Orciona ciesyer, |to ManI/IHa o= diag(fgys - - - Bom)
HafileHHast U3 yCJIoBHA rypsuiiesoctn Marpuiibl A + BliyS coBlajiaer co 3HAUYEHHEM [
OTIPEJIEIeHHBIM W3 YCIOBUSA TYPBUIEBOCTH MaTpuibl A + Bi,S.
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Kak ciemxyer u3 TeopeMbl 2 1 JIeMMbI 5 HECOOCTBEHHBIN HHTErpaJI

o0

=1+ 1y — / G (ORG(E) + 7 (OT () + y* (O Way(0)]dt =
R (28)

Z / wi(oy)Tdo; < 00,

'L:l 2(0)

rue
Rl == A1 + P1 = HngslH(] + NlHl,

FQ = AQ —+ P2 = H§§2H1Z12 — HSETTIZH — Ngzu + HTNT,
W1 = A3 + P3 = —Zil’?’lgzzlg — lelg.
B wacrtHocTu, korma Ny = —Zy{lﬁ§2 — K{QKQ, To Wy = Z;Kﬂm >0, rne Ky = K5 >0

— MaTpHUIla MOpAIKa 1 X n.

Teopema 6 [lycmo evnoaneros ycrosus semm 1-3, mampuyv, A, A+BuS, 0 < u < po < T
— eypeuuesnl, pynkuus o(o) € Py, u nycmov, Kpome mozo:

1) duaconanvnas mampuya 7 = diag(Tiy,. .., Tim), mampuyse Ny, Ny, S = (S1,53)
nopadkoe n X (n —m), n X (n—m), m X n cOOMEEMCMEEHHO, MAKUE, YO

1
2) mampuya Ty = §(W1 + W) > 0, noseprnocmo Vi(y) = y*Tiy = 0 ne codepoicum
YeAvle MPaeKmopul.

Tozda 6 cexmope [0, o], o = Hy — &, € = diag(er,...,em), & > 0, i
I,m — ckoav yzo0no masvie wucaa, npobaema Adzepmana umeem pewenue, 2de [, =
diag(foy, - - - fom) Mpedeavroe snauenue mampuyvt ftg = diag(flor, - - -, fom), Halldennoe u3

ycaosua 2ypsuyesocmu mampuuove A + BpgS.

HokazarenbcTBo. 113 (28) npu BeinosHennn ycaosus (29), nmeem

oi(00)

I5 :7[9*(15)319@) y () Why(t) zj: / pi(oi)T1idoi—

0
1
B CHJLy TOTO, 910 |y(00)| < ¢p < 00, |y(0)| < ¢a < oo. Tak kak marpuna 1) = §(W1 +W) >0

TO
0 0

1
5 ()Tyy(t)]dt < oo,

SIE
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riae Vi(y(t)) = y*(t)Tiy(t), t € I. Tlockonbky noBepxuocTh Vi(y) = y*Tiy = 0 He comepxkut
1eJIble TPAGKTOPUHU, TO IIOBTOPSAS JIOKA3aTeILCTBA TEOPEMBL D, IIOJIY UM tlirn y(t) = 0. Kak
— 00

cremyer u3 [14| mocTaTOUHBIM YCIOBHEM OTCYTCTBHs IIEJIBIX TPACKTOPUil Ha MHOXKECTBE
Vi(y) = y*T1y = 0 sBiisieTcsi BBIOJTHEHNE HEPABEHCTBA

oVi\" . . — -
(52) 900 = 20" OTAute) + Biolo)] 0. 1 1= 0.0).
MoxkHO TOKazarh, 4To Jyist cucrembl (10) JgaHHOE HEpaBEHCTBO BBINOJHSAETCS. Teopema
JIOKa3aHa.

Kax cieayer uz semmbl 4, ypasaenue (10) MozkeT ObITH IPEJICTABIEHO B BUJIE

Hoy = A1Hoy + AsHyy + (o), Hyy= AsHyy + AyHyy, p(0) € Py, (30)

rie Ay = (A, Ag), Ay = (A3, Ay), A1, Ay, A3, Ay — MATPHUITEI TIOPAIKOB 1M X 1, M X (n—m),
(n—m) x m, (n —m) x (n —m) coorBercrBenno. Ypasuenne (30) caeyeT u3 paBeHCTBA

S HOZ/ . Zl ZQ Hoy [m
a <H1y) B (Z3 Z4) (Hly) + (On—m,m> 90(0-)7 80(0') S CI)O-

Teopema 7 Ilycmv evinoanenv, ycaosus meopemos 6, 2de mampuya Ty = HiTy1Hy > 0,
Ty = Ty, nosepzrocmo Vi(y) = y*HiTi1Hoy = 0 ne codepoicum yeavie mpaekmopuu,
mampuua Ay — 2ypsuyesa.

Tozda 6 cexmope [0, o, fto = Tig — €, € > 0 — duazonarvhas mampuya nopadka m X m
CO CKOND Y200HO MAABLMU dAeMeHmamu, npobiema Atsepmana umeem peuweHue.

Hoxka3zareabcTBo. Kax cieyer u3 ycjioBusi TeopeMbl, BBIIOJTHEHO HEPABEHCTBO ([50 <
00), riie Vi(y) = y* Hy'Tii Hoy, T = T, — marpuna mopsiika (n—m) x (n—m), Vi(y) > 0, ¥y,
y € R™, V1(0) = 0, 3a nckmouennem nosepxuoctu Vi (y) = 0, KOTOpast He COJAEPKUT HEJIbIE
tpaekropun. Toraa tlim Hoy(t) = 0.

— 00

Paccemorpuy Bropoe ypasienue u3 (30). Ecom marpuma Ay nopgaxa (n —m) X n—m —
I'yPBHIIEBA, TO IIPH tlgglo Hyy(t) = 0, upegen tlgglo Hyy(t) = 0. Tax xax y(t) = (Hoy(t), Hiy(t)),
tel, o tlgglo y(t) =0, Y, p € ®y. Teopema jokazana.

Crenyer ormeruth, 9To Marputibl 71, Ny, Ny, S obecriequBarOT BBIOJHEHUE YCJIOBUI
Ri=Ry >0, 11 =10I7T = %(Wl + W) > 0. Kak cieayer u3 reopembl 6, mpobJiema

Aitzepmana nmeer perenne. CiesroBarenbno, Teopema 6 gaeT HEOOXOIUMOE U JOCTATOTHOE
ycaoBus abCOIOTHON yeToianBoCcTH, a MaTpuiibl Ny, Ny pacmupsaior obact abCOJIOTHO
YCTOHYIMBOCTH B IIPOCTPAHCTBE ITAPAMETPOB.

st  MHONOMEPHBIX PpEeryJMpyeMbIX CHCTEM C OrPAHUYEHHBIMU HEJIUHEHHOCTAMM
HecobcTBeHHbIH uHTerpast [; + I, < 0o 6e3 Kakux-Jindo JIOMOJTHUTE/ILHBIX TPeOOBAHUN HA
SHa4YeHUd KOHCTPYKTUBHDLIX ITapaMETpPOB CUCTEMDbI.

4 PezynabTaThbl 1 00Cy2XKJI€eHUE

COB,H&H HOBBIIA METO/JI, HCCJIeJOBaHMA abCcoJIIoTHOM yCTOﬁqHBOCTH IIOJIOZKEHU S PaBHOBECUA
MHOI'OMEPHBIX PEryJImpyeMbIX CUCTEM C OI'PaHUICHHBIMI HEJIMHEHHOCTAMU HO OCHOBE OIICHKM
HecOOCTBEHHBIX nHTerpaJioB BJIOJIb PEHICHUA CUCTEMBI.
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[Ipenaraembrii  METOJ, IMO3BOJISIET CYIIECTBEHHO PACIIUPUTL 00JIACTH  abCOJIIOTHO

YCTOMYIUBOCTH B IIPOCTPAHCTBE KOHCTPYKTUBHBIX ITAPAMETPOB CHCTEMBbI, HEXKEJI U3BECTHBIE
pe3ysbTaThl U B PsAjie CAyIaeB MOMKHO IOJYIUTh HEOOXOIUMOE U JOCTATOYHOE YCJIOBUSI
abCOJIIOTHON yCTONYIMBOCTH.

Boiienen kjiacc MHOTOMEPHBIX HEJIUHEHHBIX PEryJIMPYEMbBIX CHCTEM, JIJIT KOTOPOTO

npobiema Afizepmana wumeer perienne. J[yist  gaHHOTO Kjlacca PEryanpyeMbIX CHCTEM
MIOJTy9eHbl HEOOXOMMbIE U JTOCTATOYHbBIE YCJIOBUSA a0COJIOTHON YCTONINBOCTH.
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Oyuknusa 'puna quddepenrmaibHOTO oneparopa Ha rpade — 3Be3/ie ¢ oonmMn
rPAaHUYIHBIMU YCJIOBUSMU

Kapymnaes .B., Kazaxckuii HarmoHaIbHBIN YHEBEpCUTET nMeHn ajb-Papadmu,
r. Anmarer, Peciiybinka Kazaxcran, E-mail: dastan25102@mail.ru
Kanryxun B.E., Kazaxcknit Harmona/bHbI yHUBEpcuTeT nMeHn anb-Papadu,
r. Anmater, Pectiybnuka Kasaxcran, E-mail: kanbalta@mail.ru
Konbipkymkaesa M.H., Kazaxckunit narmonaJibHbIil yHUBepcuTeT nuMmenu ajib-Dapadu,
r. Ammater, Pectiybnuka Kasaxcran, E-mail: maralkulzha@gmail.ru

uddepennuanbable  ypaBHeHUust Ha rpadax — OIMH U3 HOBBIX pa3JiejioB  TeOpUU
b pepeHInaIbHbIX YPABHEHUN U SBJISIOTCS OCHOBOIOJIATAIONIUM TIOHSITUEM IIPU  AHAJIU3e
MOJIEJI CaMbIX PA3HBIX 3aJ[@Yd €CTeCTBO3HAHUs. BO3HMKAaeT OHO W IPU AaHAJIU3e IIPOIECCOB B
CJIOYKHBIX CHUCTEMaX, JIOIYCKAIONIUX IIPEJICTABIIEHIE B BHJe HAOOpA OJHOMEPHBIX KOHTUHILYYMOB,
B3aMMOJIEHCTBYIONNX TOJBKO t|epe3 Kourpel. JIuddepennuanbupiit omeparop Ha rpadax B
HACTOsIlllee BpeMsi aKTHBHO H3Y4YalOTCs MaTeMaTUKaMH U BCTPEYAIOTCS B CAMBIX Pa3IMYHBIX
MIPUJIOXKEHUSX, K IPUMEPY XUMUIECKasi KHHETUKA, XMMUIECKAs TEXHOJIOIs, KBAHTOBAsI MEXAHUKA,
HAHOTEXHOJIOTHs, OMOJIOTHS, OPraHuvIecKas XUMHUs, MApKOBCKHE IPOIECCHl W T.J. B Hacrosimei
pabore mocTtpoena dyuknua ['puna anddepeHnuaIbLHOTO omeparopa Ha Tpade — 3Be3ae ¢
obmuMu rpaHndIHbIMEA yeaoBusamu. [log 3Be3m0o6pasnoM rpadoM B JTaHHON paboTe MOHUMAETCS
JIEPEBO C OJIHUM BHYTPEHHUM y3JIOM W 17 JIMCThsIMU. VICIIOB3YIOTCS CTaHJAPTHBIE YCJIOBUSI
Kupxroda BO BHYTpEHHHX BepIIMHAX U CMEIIAHHBIE YCJIOBHS B T'DAHUYHBIX BepinumHax. PebOpa
rpada — 3TO OJHOMEpHOE IJIAJIKOe peryisipHoe MmuHoroobpasue (Kpusas). Bepmmna rpada —
TOYKa. [IpUMEHUMOCTH pEe3yJIbTaTOB JIAHHOTO WCCJIEIOBAHUS BBICOKA KaK B TEOPETUIECKOM
[JlaHe — Pa3BUTUE HUCCJIe0BaHuii B Teopun IudPepeHnnajbHbIX yPaBHEHUN C HaMsAThIO Ha
rpadax, Tak U B IJIAHE MPUIOXKEHUN K OMOJIOrMIeCKUM IIPOIECCaM, B YACTHOCTH HEefpoOnosioruu,
HAHOTEXHOJIOTUSX, B XUMUIECKON 1 HEMDTIHON MPOMBIILIEHHOCTH.

KiroueBble ciioBa: 3Be3moobpasmbiit  rpad, yemoBus Kupxroda, Bepmmubl rpada,
muddepennnaabHbIi omepaTop Ha rpadax, dyuknnsa ['pumna.

Kynaaers minriaai rpad 60MbIHAAFEI XKaJOblJlaMa IeKapaJbIK, HapTTapMeH b6epiiren
nuddepeHNATIIBIK, oliepaTopAbiH I'puH QyHKITHASICHI

Kapymnnaes .B., on-@apabu arsragarst Kazak yITThIK YHIBEPCUTETI,

Anvarer k., Kazakcran Pecryonmkacer, E-mail: dastan25102@mail.ru

Kanryxun B.E., on-Papabu arbHIarbl Ka3ak YATTHIK YHUBEPCUTETI,

Anmvarer k., Kazakcran Pecriybiinkacst, E-mail: kanbalta@mail.ru
Konbipkymkaesa M. H., osi-@apabu arbiHgarsl Ka3ak, YJITTHIK, YHABEPCUTETI,
Aimvarel K., Kazakcran Peciny6imkacel, E-mail: maralkulzha@gmail.ru

I'pad OGotibianarsr guddepennuaiabk TeHaeyep auddepeHInaiIbK TeHICYIeD TEOPUICHIHBIH
JKaHa TapMaKTapbLIHLIH Oipi »KoHE KapaTbLIBICTAHY FBIILIMBIHIAFBI KOITETeH Mocesesepini H
MOJIEJIBJIEP] H Tajjiay Ke3i Hie oJiapJblH Herisri Tyciniri Gosbin Tabbuiaael. O coHjaii-ak, Tek
VIITap apKbLIbl ©3apa 9PEKeTTeceTiH OipTyTac KOHTUHYYM XKHUBIHTBIFBI PETiHJe FaHa Kyp/lesi
Kyitesiepie mporecTepal Tajgay Kesdinge maiiga Oosazgel. ['padrapiarbl  muddepeHmaliibik,
omepaTopIapIbl Ka3ipri yakpITTa MaTeMaTHKa FaJIbIMIAPHI OEJICEH I 3ePTTeyIe KOHE KOITEreH
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TYPJIKOJAaH0AIap/a, MbBICAJIBI, XUMUSJIbIK KHHETHKA, XUMHUSJIBIK TEXHOJIOTUs, KBAHTTDHIK
MEXaHWKa, HAHOTEXHOJIOTHUs, OWOJIOTHSI, OPraHUKaJbIK xXuMusg, MapkoB mporecTepi koHe T.0.
caytasapia Keszaeceai. Ocbl Makasiaga 6i3 guddepeHnuaiblK, OepaTopbiy, [ puH OyHKIHSICHIH
ZKAJIIIBL MIEKAPAJIAC MIAPTTaPbIMEH KYJIbI3 MIIHI rpadTa KypacThipaMmbl3. 2KyJiapr3 mnris
rpad mgeremimiz 6ip imki Tebeci Oap kome M KAIBIpAKTApPLI Oap arain OOJbIT TaOLLIAIbI.
Cranmaprrel Kupxrod maprrapst inmki rebesep/ie koHe MeKapasiblK, Tebesep/ie apaiac mapTrapbl
KoJTaHbLIa bl ['padThiy Tebeci 071 HYKTe. 3epTTey HOTHXKEJIEPIHIH KOJJIAHBLIYBI TEOPUSIBIK,
TYPFBIIAH »KHMi Ke3Jecell arall aiTKaHIa, OWOJOIMsJIBIK —IPOIECTepIe, HEBPOOUOJIOIUsTa,
HAHOTEXHOJIOTUsIFa, XUMUSJIBIK, YKoHEe MYHall ©HepKoci OiHe KOJIIAHBLIAJIBL.

Tyitin ce3nep: xkyinp3 mimmiagi rpad, Kupxrod maprrapsr, rpadrsin Tebesepi, rpadTbiin
OolbIHIarbl TuddepeHnuaiIbK ornepaTop, I'pruH OyHKIIASACHI.

Green’s function of differential operator on a star shaped graph with common boundary
conditions

Kanguzhin B.E., al-Farabi Kazakh National University, Almaty, Kazkhstan, 477081001131, E-mail:

kanguzhin53@gmail.com
Konyrkulzhayeva M.N.; al-Farabi Kazakh National University, Almaty, Kazkhstan, +77010143306, E-mail:

maralkulzha@gmail.com

Zharullayev D.B., al-Farabi Kazakh National University, Almaty, Kazkhstan, 477076918702, E-mail:

dastan25102@mail.ru

Differential equations on graphs are one of the new sections of the theory of differential equations
and their fundamental concepts when analyzing models of a wide variety of problems in natural
science. It also arises when analyzing processes in complex systems, allowing as a set of one-
dimensional continuum that interact only through the ends. The differential operator on graphs
is currently actively studying by mathematics and is found in many different applications, for
example, chemical kinetics, chemical technology, quantum mechanics, nanotechnology, biology,
organic chemistry, Markov processes, etc. In this paper, we construct the Green function of a
differential operator on a star shaped graph with common boundary conditions. In this paper, a
star shaped graph is a tree with one internal vertex and m leaves. Standard Kirchhoff conditions
are used at the interior vertices and mixed conditions at the boundary vertices. The edges of the
graph is a one-dimensional smooth regular manifold (curve). The top of the graph is a point.
The applicability of the results of this study is high both in theoretical terms - the development of
research in the theory of differential equations with memory on graphs, and in terms of applications
to biological processes, in particular neurobiology, nanotechnology, in the chemical and petroleum

industries.
Key words: star shaped graph, Kirchhoff’s conditions, graph vertices, differential operator on

graphs, Green’s function.

1 BBenenue

I'pad — 3Besma — 510 cBsI3aHHBLIA TI'pad, B KOTOPOM He 0o0jiee OJIHOW BEPIIMHBI HMeeT
cTeleHb OOJIbIIe eJIUHUIBI. BepinHa, nMeroas cTelneHb OOoJIbIe €JIMHUIbI, Ha3hIBACTCS
BHYTpEHHel BepInHOM Irpad-3Be3/bl. BepnHbl, He AB/IONINECS BHYTPEHHIMU, HA3BIBAIOTCSI
rpaHndHbIME BeprinHamu. [lycrs 3aj1an opuenTrpoBantbiii rpad-3sesaa S = (v, ), re v, € —
MHOKECTBa. DJIEMEHTBI MHOYKECTBa U — HA3BIBAIOTCSI BepIIMHAME I'pada, depe3 £ 0003HATEHO
MHOZKeCTBO ero AyT. Illpm j = 1,m umcxomdmyio ayry e; U3 BepmuHbl j. B jnasbneiinmem
cumTaeM, 4TO JIMHA Kaxkaoil gyrm |e;j| = w. Ha xaxmoil myre e; BBemeM IepeMEHHYIO
z; € [0,7]. dua ynobcrBa obosnadnm 3nadenueM z; = 0 COOTBETCTBYIOILYIO IDAHITHYIO
BEPIINHY JYTH €;, a 3HaUCHUEM ' = T BHYTPEHHIOIO BEPIIUHY.

B npemmaraemoit pabore wncciienytorca cBoiicTBa dyHKIU ['puHa KpaeBoil 3agaum i
b depeHIma bHbBIX YPaBHEHUN BTOPOro MopsIKa Ha rpade — 3Be3/Ie.
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2 O630p auTepaTypbl

B mnocnennne 25-30 jer Teopusi JuddepeHIUANbHBIX YPaBHEHUN U KpaeBbIX 3a/ad
Ha TeoMerpudeckux rpadax (IPOCTPAHCTBEHHBIX CETSX) MHTEHCUBHO PA3BUBACTCS, TOMY
CBUJIETE/ILCTBYIOT MHOTOYHUCJICHHBbIE Hay4dHble paboTbl. Hawanmo wucciaegoBanuit  ObLIO
nosoxkero B paborax (B.C. Ilasnos [1|, FO.B. Ilokopssii, O.M. Ilenkun ([2], [3])
u ap. ) wu 3zapybexubix (J. von Below (|4], [5]), G. Lumer [6], S. Nicaise |[7])
MaTEeMaTHKOB U KacaJIoCh 3a/1a4, OMUCHIBAIONINX pa3IndHble Mojie/n: Juddy3nn, Koredannii
VIPYIUX CETOK, PACIPOCTPAHEHUs HEPBHOIO UMIIyJIbca U JIp. PaboThl 3apyOerKHbIX
MaTeMaTHKOB, B OCHOBHOM, IIOCBSIIEHbI OOOCHOBAHUIO PAa3PEIIMMOCTH KPAaeBbIX 3a/ad
Ha rpadax, HCCACIOBAHUIO CTPYKTYPBI CIEKTpa STUX 3aJad, ACUMIITOTHKHU CIEKTPA,
[IOJIYIE€HUIO OIEHOK PEe30JIbBEHTHI. B Hacrosimee Bpems Hanbojiee aKTUBHBIE HCC/IEOBAHUS
npoBojaTest TBopueckoii rpymmnoii FO.B.ITokoproro (A.B. Boposckux, K.II. Jlazapes, O.M.
[Menkun, B.J1. Tlpammes, C.A. Ila6pos), B.E.Kanryxuna (JI.K.2Kancapbaesa), H.II.
BomiapeHko, 0OCHOBHBIE Pe3yJIbTaThl KOTOPBIX oTpazkenbl B [8,9,10,11,12,13,14,15] (cm. Takzke
6ubmorpaduio B [8,9,10,11,12,13,14,15]). B wacrnoctu, B pabore 9| nccienobana dbyHKIms
['puna mia 3ajgaun Jupuxie na rpade — 3Be3/le U TPUBEJIEHBI TEOPEMbBI O PA3JIOXKEHUIA.

3 Marepuay u MeTOIbl

B nmamnnoit pabore ucciemyercs cucrema audepeHnuaabHbIX YPaBHEHNN BTOPOTO MOPSIKA,
SIBJIATONIENCA MOJIETIBIO KOJIebaTeTbHBIX CUCTEM CO CTEepP:KHEBOil KoHCTpyKImeil. Boiemena
dyuknus [Mpuna g swmneiinoro jauddepeHnaaibHOro oepaTopa BTOPOIO  MOPs/IKa
Ha rpade-3Be37e ¢ OOIMUMU TPAHUIHBIMU YCJIOBUAME. VICIOTB3YIOTCS METOIbI TEOPHil
b depeHImaabHbIX yPABHEHNN Ha NeOMETPUYECKUX rpadax.

3.1 Omnpenenenune aguddepenimaabHOTO onneparopa Ha rpade — 3Be3e

B sToM pasjiesie NpuUBeIeHbl U3BECTHBIE ONpejesieHns 1 0003HadeHns coriaacHo pabore [9)].
Jns nagpuefinmx reseit ygmooHo BBECTU TPOCTPAHCTBO

C dJIeMeHTaMu1

7()_3) = [ye(ze), e € e]"

(rme X = (Te,e € €) u [[ . MeKapTOBO MPU3BE/CHNE TIOMIIPOCTPAHCTE) U KOHEYHOI HOPMOi

1Y llzae) = \/Z/lye(:ce)pd:ce.

ece V€

Touno Takke cTaHJIaAPTHBIM 00PA30M BBOJIUTCS ITPOCTPAHCTBO

WR(S) = [[W3(e).

ece

ISSN 1563-0277, eISSN 2617-4871  Journal of Mathematics, Mechanics, Computer Science, N.1(101), 2019



Oynknug 'puna muddepennualbnoro oneparopa Ha rpade — 3Be3e . . . 51

muoxkectso D C WE(S), smemMenTsl KOToporo 7(?) = [ye(xe)]T ,e € &, YIOBJIETBOPAIOT BO
BHyTpeHHelT Bepinuae rpada — 3e3/bl yeaosusaym Kupxroda [11]:

() = ya(7m) = .. = Ym(7), (1)

yy(m) + ...+ yl,(m) = 0. (2)
Ha muOo)kectBe D paccMOTpUM CUCTEMY HEOTHOPOJIHBIX (D depPEeHITNATBHBIX yDABHEHMI

=5 (x5) + q5(x)y; () = Ay;(25) + fi(z;), =z €(0,m),  j=1Lm. (3)

C YCJIOBUSIMHU B TPAHUIHBIX BepIIuHax rpada
m
Z aﬂsyﬂ + Bjsy]( )) 07 s = 17m7 (4)
j=1

rae a,s U 35 -KOMIJICKCHBIE YUCIIA.

Ipu stom { ¢;(z;),0 < x; < 7} — HAOODP BEINECTBEHHBIX HEIPEPBHIBHLIX (DYHKIMiI OOBITHO
HA3bIBAIOT [OTEHIINATAMHE, \ - CIEKTPAJIBHBIN IapamMeTp.

HoBbiM MOMeHTOM JaHHON PabOTHI SBAAETCA N3ydYeHHE OOIIMX IPAHUYIHBIX YCI0BHU (4).
B wu3BecTHBIX HaM paboTax MCCIIEIOBAINCH vacTHble Tpannmdnbie yeiaosus [9,10]. Taxxke
HaJ10 00paTUTh BHUMAaHHE Ha TO, 4TO ycjaoBusa Kupxroda (1), (2) urpaior posb oneparnum,
OIpEIE/ISAIONNX MAKCHMAJIBHBIN onepaTop. B momorpadun [8] craBmiach HMeHHO Takast
nocranoBka 3agadn. Ojgnako B paborax [12] oTm ycoBust OTHECEHBI K TIDAHUTHBIM.
BeneacrBue wero sakiodeHnss U BBIBOALI paboThl [12]| moBosibHO rpomoszaku. B mammoir
CTaThbe BHYTPEHHHE YCIOBUS ONPEE/AI0T MAKCUMAJIBHBIM OII€paTOp, & FPAHUYHbIC yCIOBHA
OIIPEJIETIAIOT €r0 KOPPEKTHBIE CyZKCHHE.

3.2 ®yukuusa I'puna 3amaun (1)-(4)

B namnoM myHKTe Bhramcanm pemenns y;(r;),0 < xz; < m,j = 1,m sagaun (1)-(4) nua
JEOOBIX mpaBbixX dacteil fi(xy),. .., fm(xy,) ypaBHenus (3).
Chavasa paccMOTPHM HacTHBIH ciay4ail, korma fi(z1) # 0 u fi(x;) =0, j = 2,m. Ilo
nabopy dbyukmmit fi(x1), f;(z;) =0, j =2, m naxomum pemenus yi(x1), . - ., Ym(Tm).
Ilyctb  e;~ j-aa gyra Tpada . Ha ayre e; BBOgMM  dynkmmit
S0 (2, A), Sxji(z, A), Coj(xj, X), Crj(x,\), KOTOpbIE SIBIAIOTCA PELIEHUSIME OJIHOPOIHBIX
ypasHenwuii ¢ ycjousivu Ko
v (5) + q;(x;)y;(x5) = Ayj(xy), O0<azy<m
S0;(0) = 0,55,;(0) = 1, Co;(0) = 1,C¢;(0) = 0
Srj(m) = 0,8(m) = 1,Crj(m) = 1,Cp4(m) = 0.

Perenne 3amaun (1)-(4) umem B Buje

Y2(x9, A) = A1Cra(x9, A) + B2Sra(2, A),

ym(mmu )‘> = Alcﬂm(xWH )\) +B Sﬂ'm(xﬂh )‘>7
yi(z1,A) = A1Cra (21, A) + B1Sp (1, A) + fxl %ﬁ )dt + fﬂ S()l(%’l—m)m)f (t)dt
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e Ay, By, Bo, ..., B,,— HEKOTOpbIe KOHCTAHTHI.

Sa1(t,N) Sor(t, \)

Dit: N = \gr (.0) Syt )

[Tokazkem, [uro byHKIMI 3aganHble cucreMoii  (5) yAOBIETBOPSIOT ypaBHeHHsSIM (3) 1
yesoBusim (1),(2).
[IpouddepennupoBas 1o ¢ 0b6e JYacTh 3a[aHHOIO PABEHCTBA, ITOJIYINM:

Di(ts, \) = —So;(t, N) S (t, X) 4 So;(t, A)Srj(t, N)
N3 Toro, aro
Sri(ti, A) = (g;(t;) — A) Sy (ts, A)
S0;(t5, A) = (g;(t;) — A)So;(t5, A)

BBITEKAET
Di(t,\) = 0= Dj(t;,\) = const = Sz;(0,\) = —Sp; (7, \).

HemocpeicrBeHHBIM  BbIYUC/ICHUSIME  yOeauMest B TOM, 9TO cucrema dyHKnnun — (5)
yaoByieTBopsieT cootHomenuno (1) yemouam Kupxroda

y; (1, A) = A1Crj (1, A) + BjSej(m,\) = A, j=2,m
tak KaK Crj(m,\) =1 u Sp(m, \) = 0.

" So1(t, A)Sr(m, A)

Dy(t.) fi(t)dt = Ay,

yl(ﬂ', )\) = Alcﬂ—l(ﬂ', )\) + Blsﬁl(ﬂ', >\) +/
0

tak Kak Cry(m, A) = 1, Sqpi(m, A) = 0. [IpoBepum, 1ato cucrema dyukmun (5) y1oBaeTBopseT
JuepenImaibHbIM ypaBHeHusM  (3).
Beranciimm

V(5 0) = MOl (e, N + BySU (e ) j=Zm.

Tak kak Cprj(xj, \) 1 Sy;j(2;, ) ABIAIOTCS PEIICHUAMI OIHOPOJHBIX yDABHEHHUI,
C(7/r/j (.73]', )‘> = (%’(xj) - )‘)Cﬂ'j (‘rj> )‘)>

Spi(@j, A) = (gj(z5) — A)Srj(w, A).
yi (25, A) = Ai(g;() — N)Crj(j, A) + Bj(q(x;) — N)Srj(x), ) =
= (gj(z5) = Ny;(z;,\)
upn z; € (0,7), j=2,m.

Tenepsb Boraucaum y (zq, A)

yi/(xlu ) AIC” ('/I"h )_'_BIS//

7l

1 So1 (8, A) ST (w1, A)
(21, \) + /O GRORY Fut)dt+
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o [N g

Sr1(0,N)
[Tockombky
Chi(z1,A) = (@1 (21) = A)Cri(z1, A),
Sor(x1,A) = (q1(21) = A)Soi (21, M),
S (w1, A) = (@1 (x1) — A)Smi(x1, A),
TO

yi’(m, )\) = (ql(l‘1) — )\) Alc'ﬂ(xl, )\) + BlSﬂ(:vl, )\) + /7r GD1(1'1,t, )\)fl(t)dt — fl(QTl).

0
YaureiBast, 910 Y1 (21, A) = A1Cr1 (21, A) + B1.Sm (21, A) + fow Gpi(x1,t, A) f1(t)dt, nomyaaem
yi (71, A) = (1 (x1) = My (1, A) = fiz),

KOTOpOE TI0Ka3blBaeT, 4To cucreMa ¢yuknun (5) yaosiaersopseT auddepeHnuambabiM
ypasHenusm (1).

JLnst KpaTKoCTu BBeJIEM 00O3HAYEHMS
0 1 1 ... 1 ... 1

Uy Vin Voo o Vi oo Vi
AN =|Uz Viz Voo o Vie o Vo,

So1(t1,)\)
L e ey
‘/11 ‘/21 Vkl le 611
Ml(tla)‘): Vien Voo oo Ve o Vi B2 )
‘/Im ‘/Qm Vkm me ﬂlm
So1(t1,)\)
0 1 1 .. 1 L
U Vit Voo oo Vet Vg - Vi P
M(t1,A) = Uy Via Var o Ve Vg o Vino B2
Un Vim Vom .. VY(k—l)m ‘/(k—i—l)m v Vium ﬁlm

CopmymupyeM CIeayoIyo TeOpeMy:

Teopema 1 Ecau fi(x) # 0 u fo(za) = f3(z3) = ... = fi(xm) = 0, mo pewenue 3adayu
(1)-(4) mootcem 6wmv 3anucano 6 sude

S7r1 (tla )\)

S (0.0 fi(ty)dty+

(0, \) = (-1)<m+3>ﬁ /OWC’(xk, MM (H, )

+< m+k+3 / S LL’k, M2 tl, )SS 1(<O ;\\))f (tl)dtl—i—
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+51k/ Gp, (21, t1, A) fi(t)dtr k= 1,m
0
ede 0;j— cumeon Kponexepa.

S0, (t,A)Srj(25,7) 0< tj < x;

Gp,(xj,t;, A (0N ’ ' ,
( J ) {soj(m], )( m)(@,A)) o<t <m J

I
3

JokasareabcTBO:
Pemenne 3amaqau (1)-(4) umem B Buje:

ym(xma )\) = Alcwm(xma )\) + BmSﬂ'm(ajm? )\)7
y1(z1,A) = A1Cri(21, A) + B1.Sq1 (21, A) + fo7T Gp, (21,11, A) fi(th)dt

JLnst ymobcTBa BBEJIEM CJIeIyIonine 0003HaYCHUS:

m

Us = Z(ajscﬂj (07 )‘) + BJ'SC;](O? A))v V;'S = ajSSﬂj (0’ )‘) + BjsS;rj(()? )‘)

=1

(Bi+ ...+ By + ...+ Bn + fﬂ :99011(1:6,/\ Jfi(ty)dt; =0
AU+ BiVii+ ..+ BV + ..+ By Vi + i fﬂ %ﬂll(tol’,\) fi(t )dtl =
AUy + BiVig+ ... + BpVio + ... + BV, 2+512f7r ?g:ll(tol’,\) fi(t)dt

AU + BiVig + oo+ BiVi + .+ BV + Bim [y 258 f1 (1) dty = 0
| A1Crk (21, A) 4 BiSar(x, ) + 01k [y G, (21, 11, )fl(tl)dtl Yr(r, A) =0

Sanumem 3a/JaHHYIO CUCTEMY B MaTPUYIHOM BH/JIC:

Q-h=40

rie h = [Ay, By, ..., By, 117, o— HYJIEBOI BEKTOP;

0 (S T ) Sl £ (1) dty
O Vo Va oo Vi e Vi B fy s <Oj fi(t)dh
Q= Uz Vig Vo .. Via o Vina Bia foﬁiqg (015\\ fi(t)dt
U, Vim Vam o Vim o Vium Bim [T 2 ﬂ“h L fi(t)dh
Cor(xi,N) 0 0 . Swlzi,A) . 0 Oy f) GDl(xbtl, )fl(tl)dtl — yp(zg, )

Tak Kak oJHOpOJIHAsT KBaJpaTHas cucteMa (6) nMeeT HEHYJIEBOE PeIlleHne, TO OIPeIeIUTehb

MaTpulpl () paBeH HyJIo:
det@ =0
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Ecim PasSJIOZKUTb HOCHG,ILHI/IIL/'I OlIpeJaesJnuTe/Ib 110 HOCJIG,ILHGﬁ CTPOKeE, TO IIOJIyYUM

(130 (2. \) /0 % (b ) fr (D) di+
DG () /O% J(b A o ()4

+ (61k /Oﬂ GDl (xl,tl, )\)fl(tl)dt — yk(l'k, )\))A()\) =0

Orcrona BBITEKAET

(2 \) = _AT/O (ka(xk,/\)&rl((;o’;\Ml(tl,/\)fl(tl)dtl—k

m+k+3 )\
/ Sﬂ'k xk? Wl( = >M1(t17)‘)f1(t1)dt1+

~— |

n1(0 A)
+(—1)m+k+35($k7/\)/0 ;11(58’;\)) 2(t, A) fi(t)dt + O /O7r Gp, (21,1, \) fi(ty)dt

Teopema doxasama.

Teopema 2 /s npoussosonoix fi(x1), ..., fm(Tm) dynryus puna 3adawu (1)-(4) umeem
npedcmasaenue

A1 Cry (@1, A) + B1Sxi (21, A)
1 A1Cra(2, A) + BaSra(w2, M) [Sﬂ(t, A) Sna(t,\) Srm(t, \)

Gg(f,t, )\) = m Alcﬂ-y,(.ﬁEg,)\) +Bgsﬂ-3(l'3,)\)

Alcﬂm(xma )\> + BmSwm(xnu )‘)

+dzag {GDl ($1, t, )\), GDQ(QZQ, t, )\), ceey GDm (JTm, t, )\)}

2de S (e
L A o)

L Vih Vau oo Vi .. Vi 511

A= (_1)m \Vie Vae o Vi o Vi ﬁ12

Sor(tA)

0 1 .. 1 1 1 m
Ches U Viioooo Vieenyr Viesyr - Vi Bl
By =(-1) U2 Vie o Ve Viane o Ve Bre
Um Vvlm ‘/(kfl)m ‘/(lﬁ»l)m me ﬁkm
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JokazareabcTBo: /[j159 KpaTKocT BBEJIEM CJIe/IyIoliee 0003HATCHIE

[ Alcﬂ-l( )\) + B]_STI’].('I]J >‘) |
A Cﬂ-g( )\) + BZSTrZ( )‘)

i 1 T Sri(ti, A)
Yi(X)= —- J dt;
O =555 [ | dcnmn T By | Somn
_Alcﬂ'm(xma /\) + BmSﬂm(wmy >\)_
G ('r%t )‘>
- 0
+/ 0 fi(ty)dt;
0
0
Torna s npomseosbubIX  fj(2;), j = 1,m pemenne sanauu (1)-(4) moxker ObITH
npeJICTaBIeHa B BUJIC
Y(X) = V(X)) + Yo(X) + ...+ YV (X) =
A1Cri(x1, A) + B1Sqi (21, A)
1 x| A1Cra(xa, ) + BaSra(x2, )
= m : /0 A,1Crs(xs, \) + B3Sr3(xs, )
AICTWTL(xm) )\) + Bmswm(xma >\>
Sr1(t, A Sra(t, \) Sam(t, )

Si(t)
+/ diag{GDl(xl,t,)\),GDQ(ajg,t,)\),,_‘7GDm($m,t’>\)} f2(t) dt
0

(1)

Teopema doxazara

4 Pe3yabraThl 1 0bCy2K/eHUE

B macrosmeit pabore BbiBesieHa dyHKIus ['puHa s aud epeHImaabHOro oneparopa
Ha 3Be371000pa3sHOM Tpade ¢ OOIMMMHU IPAHUIHBIMU YCJIOBUSAME. SHAYUTEIBHYIO TPYIHOCTD
npejcraBiager rnocrpoerne GyHkiyun ['puHa Ha reomerpuyueckKnx rpadax mpu 3HAYCHUAX
HE3aBUCHMBIX TIePEMEHHBIX OJIM3KUX K BeprinHaM rpada. Hamu ncrosib30Banbl cTaHapTHHIE
yCJIOBUS CKJIEHIKM BO BHYTPEHHUX BEPIINHAX U CMEIAHHbIE KPAEBbIE YCJIOBHUA B I'DAHUYHDBIX
Bepminnax. [Ipemaraercs KOHCTPYKTUBHAs cxeMa MHOCTpoenus (byHKIun ['puna Kpaesoii
zajaqn s ypasienus Hrypma-Jlnysuiis.
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5 3akJrouenue

B macrosmeit pabore mocrpoena dyukius ['puna muddepenimaabHoro omneparopa Ha
3Be3000pa3noM rpade. JlokasbiBaeTcs CymecTBOBAHNE PA3JIOKEHUsT IIPOU3BOIBHON (DyHKITHM,
3a/IaHHOTO Ha rpade, 110 cobecTBeHHbIM hyHKIMsIM. [1oj1 3Be3/1HbIM rpadoM oHnMaeTcs rpad
cocrodIuit u3 pedep, BXOAANINX B OJHY BHYTPEHHIOIO BEPIIUHY. 3ajada sSBJIAeTCS MOJIEIbIO
KOJIEOAHWY TTPOCTON CUCTEMBI U3 HECKOJILKUX CTEPKHENH ¢ TTPUMBIKAIONTUM KOHIIOM.

6 BiaropapuocTu
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2-06eJ11M Paznen 2 Section 2
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Studying the change of average waves of the Caspian Sea
using the altimetry data

Rakisheva Z.B., Al-Farabi Kazakh National University, Almaty, Kazakhstan, E-mail:
Zaure.Rakisheva@kaznu.kz

Kudryavtseva N., Wave Engineering Laboratory, Department of Cybernetics, School of

Science, Tallinn University of Technology, Tallinn, Estonia, E-mail: nadia@ioc.ee
Kussembayeva K.K., Al-Farabi Kazakh National University, Almaty, Kazakhstan, E-mail:
kussembayevakuanysh@gmail.com

Sakhayeva A.K., Al-Farabi Kazakh National University, Almaty, Kazakhstan, E-mail:

sahaeva.aigerim@gmail.com

For the coastal countries, the Caspian Sea is an essential economic object, including the implemen-
tation of transport routes, fishing, the availability of potential mineral resources of the seabed and
deeper layers. Also, the ecological state of this region is of great importance. Therefore, the study
of the wave climate of the sea is vital for all riparian countries. Satellite altimetry has become an
increasingly important technology for monitoring of continental surface waters. In this article, we
explore a possibility to obtain reliable information on the wave climate in the Caspian Sea using
satellite altimetry. We used measurements of significant wave heights from a Jason-1 mission over
ten-year period. The data were cleaned and checked for the possible errors. The analysis of aver-
age significant wave heights in the Caspian Sea showed overall a consistent picture. The highest
wave heights are observed in the Middle part of the basin. The waves have lesser intensity in the
Southern basin and the Northern part. The analysis of seasonal variability showed that the most
energetic waves appear in the winter season.

Key words: satellite altimetry, the Caspian Sea, the inland reservoir, wave climate.
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Kacnnmit Tenizi xarajayblHIarbl MEMJIEKETTED YIINH KOJIKTIK OarbITTap/ibl, OAJIbIK ay/iay, TeHi3
TyOiHAErl 2KoHe OfaH Jia TepeHipeK KabaTTapJarbl MaHBI3IbI MUHEPAJIBI PECYPCTapPIbl KOCA
AIFaHArbl, MAHBI3Ibl IKOHOMHUKAJBLIK OOBLEKT O0bm Tabbliaabl. COHBIMEH KoCa, aTaJIraH
ayMaKTBIH SKOJOIUSIBIK YKarmaibl jga eTe MaHb3Abl. COHIBLIKTAH TEHI3IIH TOJKBIH KIXMATLIH
3epTTey OapJIbIK, YKaraaayJarbl eaep VImH ore MaHb3abl. CepikTik aJlbTUMeTpust KOHTHHEHTTIK
cy OeTin GakpLIay VIMH KOJJIAHBLIATHIH MAaHBI3/Ibl TEXHOJIOTHSIIAP/IbIH OipiHe aifnamxyaa. byt
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MaKaJa/ia CepikTiK aabTuMeTpust Komerimen Kacmuit TeHi3iHeri TOJKbIH KJINMATHI TYPaJIbl CEHIMTI
aKnapaTr aJly MYMKIHJIKTepl KapacThIpbLIabl. Jason-1 cepiriHig OH KbLJT KOJIEMIHJIErT MaHbI3/IbI
TOJIKBIH OWIKTIriHiH eJrmemepi naigagsanburisl. MosiMertep MyMKiH OOJIATBIH KaTeKTEPeH
TazapThLbl. 2Kasmnbsl agranaa Kacouil TeHi3iHiH opralia MaHbI3 bl TOJKbIH OMIKTIKTEP] »KYyitesi
MostimerTep KepcerTi. zKoraprbl perTi TOJNKbIHIAD OACCeHHIH, OpTaJbIK OOJiriHge OaiKasIbl.
CaJtblcThIPMAJIBbL TYP/IE TOMEHI] PETTI TOJKBIHIAD OHTYCTIK YKOHE COJITYCTIK OetiKTepie OallKaibl.
MayCchIMIBIK, ©3repyaep/Ii TauIay apKbLIbl, KAPKBIHLLIBIFDI OOMBIHIIA €H KyaTThl TOTKBIHIAD KbIC
Me3TijtiHge 00JaThIHBIH OalKaiMbI3.

Tyiiin ce3zep: cepikTik agbruMerpus, Kacrnmit TeHisi, imki cyKoWMachl, TOTKBIH KINMATEIL.
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g npubpexnbix crpan Kacnmiickoe Mope sBJISIETCS BaKHBIM IKOHOMUYECKUM OOBEKTOM,
BKJIIOYAsT PEATU3AINI0 TPAHCIOPTHLIX MAPIIPYTOB, PBIOOJOBCTBO, HAJUYNE MTOTEHITHATLHBIX
MUHEPAJIBHBIX PECYPCOB MOPCKOTO JiHa U Oojiee riIyOoKux cjioeB. Kpome Toro, 0oJibiioe 3HaYUEHUE
MMeeT IKOJIOTMIECKOe COCTOSIHUE 3TOr0 permona. 11o3ToMy m3yueHne BOTHOBOTO KJIUMATa MOPS
JKU3HEHHO BayKHO JIUIsl BCeX TPUOPEKHBIX cTpaH. CIly THUKOBas aJIbTUMETPUS CTAHOBUTCS Bee botee
BaKHOU TEXHOJIOTUEH JIJIsT MOHUTOPHHIa KOHTUHEHTAJIHHBIX TOBEPXHOCTHBIX BOJ. B 3Toit cTarhe
paccMaTpUBAETCsT BO3MOYKHOCTH TOJYUICHHS JIOCTOBEPHON MHMOPMAINN O BOJHOBOM KJINMATE B
Kacnuiickom Mope ¢ IOMOIINBIO CIIyTHUKOBOH AJIbTUMETPUU. DBBITN MCIOIb30BAHbI N3MEPEHUS
3HAYNTE/NHHBIX BBICOT BOJIH CO CIyTHHKA Jason-1 3a gecaruiernuit mepuon. Jlammbie ObLn
OYNUIIEHBI W IIPOBEPEHBI HA BO3MOXKHBIE ONMMOKH. AHAJIN3 CPEIHUX 3HAYUTEIHHBIX BBICOT BOJIH
B KacmnuiickoM Mope TokazaJs B IeJI0M HEIIPOTUBOPEUNBYIO KapTuiy. Hambosbinme BBICOTHI BOTH
HaOJIIOZAIOTCA B cpefHell dacTh OacceifHa. MeHBITYI0 MHTEHCHBHOCTH BOJIHBI MMEIOT B IOXKHOM
bacceitHe U ceBepHOIl YacTu. AHa/N3 CE30HHON W3MEHYMBOCTHU IIOKA3aj, YTO HAUOOJIbIINE 10

MOIITHOCTU BOJIHBI HAOJIIOAAIOTCA B 3UMHUN CE30H.
KuroueBble cJsioBa: CIyTHHKOBas ajbTuMmeTpus, Kacmuiickoe Mope, BHYTPEHHHIT BOJIOEM,

BOJIHOBOU KJIIMAT.

1 Introduction

The Caspian Sea has a surface area of 371,000 km? and is the largest lake in the world,
located in the middle latitudes (from 37° N to 47° N). It has a shared border in the west
— with Azerbaijan, in the northwest with Russia, in the southeast — with Turkmenistan, in
the south — with Iran, and in the north-east — with Kazakhstan. The length of the sea is
approximately 600 km along the West-East line and up to 1000 km along the North-South
line [1]. The Caspian Sea has a complex bathymetry. The depths reach approximately 800 m
in the central part, and ~ 1000 m in the southern basin, whereas the northern part of the
basin, is very shallow (depth < 25 m) [2].

The Caspian Sea experienced substantial changes in the water level over the past 50 years
which resulted in a variable with time bathymetry. Taking into account the influence of the
bottom topography on the wave climate, one can expect that the change in the water level
will to some extent affect the wave climate of the Caspian Sea. [1].

Wind waves are the primary factor that forms the shores of inland seas. This is typical of
coastal areas where fluctuations in the water level caused by tides are insignificant or absent.
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The properties of waves in such water bodies usually have extensive spatio-temporal variabil-
ity, and the wave climate can vary significantly in different areas of the sea [3]. Although wave
properties usually reflect the main wind characteristics, the absence of proper quality wind
and wave measurements for the Caspian Sea makes it very difficult to understand and predict
the wave action on the coast or to determine wave conditions along the main navigation lines
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Figure 1: Caspian Sea, located in the middle latitudes from 37° N to 47° N

2 Literature review

Due to the insufficient number of wave observations around the world, various methods for
estimating wave characteristics have been developed. Currently, three sources of wave data
are available for the research purposes: direct in-situ measurements, numerical modeling, and
satellite altimetry [5]. Direct measurements of waves in the Caspian Sea are performed since
the mid-1970s [4], [6], [7], [8]. However, they are not publicly available and provide only qual-
itative variability of main characteristics of wave fields. Moreover, direct measurements are
performed only in a few locations, and it is not possible to investigate spatial characteristics
of the wave fields over the entire area of interest. The in-situ datasets in the Caspian Sea
have long gaps, and, some frequently used characteristics (e.g., annual mean wave height or
average period) can become meaningless for the data with gaps [7], [9]. All these factors lead
to insufficient knowledge when only direct in-situ measurements used for the analysis of wave
climate in the Caspian Sea.

In recent decades, due to the development of high-speed computers, numerical modeling
methods for predicting wave dynamics and their characteristics have been developed. Well-
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known models for wave modeling, such as WAM (WAve Model) was applied to deep water
conditions [10], [11], and the SWAN spectral wave model (Simulating WAves Nearshore) was
used for shallow regions [12], [13], [14]. Simulation of climatic thermohaline circulation in the
Caspian Sea was carried out using the method of hydrodynamic diagnosis and adaptation
[15]. Numerical methods of mathematical modeling make it possible to show with sufficient
accuracy multistep (large, meso- and shallow) water circulation in the Caspian Sea [16]|. The
numerical models showed higher accuracy in reconstructing the wave fields than the average
characteristics available from the direct measurements.

In addition, there are studies on wave properties in the Caspian Sea using artificial neural
network (ANN) methods [17], [18], [19] statistical analysis and chaos theory for recruitment
wave sensors [20], [21], [22] genetic programming [23]. Fuzzy inference systems (FIS) were
also used to predict waves [24].

Despite the fact that wave dynamics of the Caspian Sea has been studied in some works,
nevertheless, detailed reconstruction of the wave climate is still a severe problem for this
basin. The limitation of numerical simulation methods is that the results strongly depend on
the quality of the data entered into the model.

Satellite altimetry provides a good solution to the problem of reconstructing the wave
climate on large spatial scales [8]. Satellite remote sensing measurements cover large areas of
Earth and provide fairly homogeneous and continuous (along with a certain line) data on the
state of the sea with good spatial coverage. Multiple previous studies discussed cross-checking
satellite altimetry data with in-situ buoy data. The high quality of the altimetry data has
been demonstrated both globally [25], [26], [27] and for small basins 28], [29], [30], [31], [32],
[33].

A group of scientists from Estonia developed a technology for analyzing the wave climate
for closed water bodies based on satellite altimetry data. The use of this technology has
yielded interesting results for the Baltic Sea basin. The altimetry data were carefully validated
and showed a good match with the results of in-situ observations. Long-term variations in
the properties of waves in a given sea and probable relation to geostrophic airflow over this
water body were studied [5], [8].

The use of altimetry data made it possible to reconstruct the extremely interesting spatial
patterns of the wave climate and to reveal the unexpected features of climate change [34].
The results obtained are directly applicable for the safety of navigation, the design of offshore
and coastal engineering structures, the understanding and prevention of coastal erosion, and
for coastal zone management.

The Caspian Sea, similarly to the Baltic Sea, is an inland sea, relatively small, and sea-
sonally covered with ice. Therefore, the same technology can be applied to study the Caspian
Sea wave climate. Satellite altimetry data cover approximately 25 years, with a gradual in-
crease over the last years in accuracy and resolution. Based on these data, the wave climate
of the Caspian Sea can be reconstructed. The primary goal of the paper is to analyze the
changes in the wave climate of the Caspian Sea, applying the technology developed for the
Baltic Sea, which is essential for understanding the impact of the climate change on the wave
climate and changes in the environmental conditions in the Caspian Sea region.
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3 Data and Methods

The satellite altimetry data used in this article are derived from the RADS database (Radar
Altimeter Database System, http://rads.tudelft.nl/rads/rads.shtml) [35], [36]. This database
provides altimeter data reduced in the same manner for multiple missions. It contains different
characteristics of the sea which makes it possible to analyze changes in the wave climate [5],
[8]. The RADS database system contains the altimetry data from eleven satellites (Cryosat-2,
Envisat, Ers-1, Ers-2, Geosat, GFO-1, Jason-1, Jason-2, Poseidon, Saral, Topex) since 1985
to 2016. The data in the RADS database has worldwide coverage and it is necessary to choose
an appropriate subset for the assessment and analysis of the wave climate of the Caspian Sea.
Therefore, we specify the Caspian Sea region using shapefiles following the coastline of the sea
(obtained from the National Center for Environmental Information, National Oceanic and
Administration, https://ngdc.noaa.gov/mgg/shorelines/gshhs.html). The data were selected
in the latitude range from 46 to 55 degrees and longitudes from 36 to 48 degrees above
the Caspian Sea. Different satellites have different density of observations. For example, the
altimeters Cryosat-2, Jason-1, Saral, and Geosat cover the entire surface of the Caspian Sea
quite densely during each month. On the contrary, the altimetry data of Jason-2, Poseidon,
and Topex have an extent with large gaps (Fig. 2).

4 48

15 3 40 42 44 46 48
40

36 38 40 42 44 46 48

|
36

36 38 40 42 44 46 48

36 38 40 42 44 46 48
36 38 40 42 44 48 48

ENVISAT
JASON 2 TOPEX

Figure 2: Average significant wave height (m) in the Caspian Sea in 2002-2012 derived from
satellite altimetry for each season separately

Becruuk KasHY. Cepusi maTemaruka, mexanuka, uadopmaruka, N.1(101), 2019



64 Rakisheva Z.B. et al.

For the purposes of this paper, the data from the Jason-1 mission were selected. The data
have a time extend from 2002 till 2012 and were measured at Ku and C frequency bands.
There is a five-month gap between 2012-03-03 and 2012-05-08. The Jason-1 altimeter has very
dense coverage over the Caspian Sea. Also, the accuracy of measuring the satellite altitude
above the sea surface is 1.7 cm, very high in comparison with other altimetry measurement
programs [37], [38].

Since complex coastline, ice coverage, and other phenomena can significantly affect the
quality of satellite altimetry; it is necessary to check the data carefully. As mentioned above,
the Caspian Sea, like the Baltic Sea, is a closed sea, and the method of satellite altimetry
used for the Baltic Sea can be applied to the Caspian Sea. The erroneous measurements
were removed following the method developed in [8] for the Baltic Sea. Using the coastline
shapefiles of the Caspian Sea, we considered the measurements closer than 0.2 degrees to the
coast as unreliable. Also, the data with the backscatter coefficient > 13.5 c¢db and errors in
the significant wave height normalized standard deviation > 0.5 m were removed. The cutoff
level of the backscatter coefficient corresponds to low wind speeds, less than 2.5 m/s. Zero
SWH values were deleted as probable erroneous data.

We have also examined a dependence of range difference at two Ku and C frequencies
as a possible diagnostics of erroneous data and confirmed that it showed large discrepancy
for the data closer than 0.2 degrees from the shore and backscatter coefficients > 13.5. The
resulted dataset was additionally checked for possible errors and other shortcomings. The
data obtained after processing is assumed to be sufficiently reliable for subsequent analysis.

4 Results

Taking into account the features of the underwater bathymetry, the Caspian Sea is divided
into three regions according to physical and geographical characteristics: Northern, Middle
and Southern. The Northern part of the sea is shallow, the average depth is 5-6 m (maximum
25 m), in the Middle part of the sea the average depth is 180 m reaching the maximum depth
of 790 m in the Derbent Basin area and the Lenkoran Depression area. The South part of
the sea has the largest depth of 1025 m.

To study the spatial variability of wave heights from satellite altimetry, a map of mean
wave heights throughout the sea was constructed for the period 2002-2012 (Fig. 3). The
average SWH of the Caspian Sea in 2002-2012 is in the range of 0.38-1.4 m. We examined
the average wave heights in the Caspian Sea from the Jason-1 satellite for the whole period
and all seasons separately. Analyzing the results obtained for the entire period, we can say
that the most intense waves (1.2-1.3 m) are located in the Derbent basin (Middle part). The
waves have lesser intensity in the Southern (deep) basin (0.9-1.1 m). Moreover, the average
wave height in the Northern part is low ~ 0.6 m, possibly because of shallow water effects
(Fig. 3). Similarly to the wave climate of the Baltic Sea, the Caspian Sea is showing quite
high waves, especially in its Middle and Southern parts. In the Northern part of the sea, the
wave development is limited by the shallow water. The average wave heights here, as a rule,
do not exceed 0.4-0.7 m, only in a few locations in the south-western region of the Northern
part of the sea the average SWH reach 1 m. In addition, it was found that the highest energy
waves occur in winter, followed by spring and summer. The winter months are identified
as the most energetic months in the study area (Fig. 3). The average wave intensity of the
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Caspian Sea is low compared to the intensity of open oceanic areas. This is mainly due to
the fact that the Caspian Sea is a closed water basin.

Fig. 4 and Fig. 6 show time variability of the annual mean, 75", 90", 99" percentiles of
significant wave heights with overplotted linear regression, and data quantity for each year.
Overall, the wave climate in 2002-2012 can be described as stable in the Caspian Sea region.

Figure 3: Average significant wave height (m) in the Caspian Sea in 2002-2012 derived from
satellite altimetry
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Figure 4: The wave climate for the entire Caspian Sea derived from satellite altimetry Jason-1
data. The panels show (from top to bottom) the 99" percentile, the 90" percentile, the 75"
percentile, annual mean SWH, and a number of data points for each year. Blue lines are
linear regression lines fitted to the data
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Figure 5: Average significant wave height (m) in the Caspian Sea in 2002-2012 derived from
satellite altimetry for each season separately

Winter

/

SWH 99th percentile [m]
28 40 45 50 58 BO
|

1 1 | 1 1
2002 2004 2006 2008 2010 2012
Year

Becruuk KasHY. Cepusi maremaruka, Mexanuka, niadopmaruka, N.1(101), 2019



68 Rakisheva Z.B. et al.

28
|

26
i

[

SW¥WH 90th percentile [m]
22 24

1 1 | 1 1 1
2002 2004 2006 2008 2010 2012
Year

2|.D

1.8

1

\\/\.—//\_\ /

SWH 75th percentile [m]
16

=
Lo 1 I 1 I I I
2002 2004 2006 2008 2010 2012
Year
(o]
o _
(o]
[ 0]
_ _|
o _|
(o]
P (']
- ]
o _|
[ ]
Pl
2002 2004 2006 2008 2010 2012
Year

ISSN 1563-0277, eISSN 2617-4871 Journal of Mathematics, Mechanics, Computer Science, N.1(101), 2019



Studying the change of average waves of the Caspian Sea ...

69

Spring

16

15
1

14

1.3

ey,

Annual mean SWH, [m]

12

| 1 1
2002 2004 2006

2008

Year

2010

2012

4.0

SWYH 99th percentile [m]

240

2002 2004 2006
Year

2008

2010

2012

SWWH 20th percentile [m]
16

14

2002 2004 2006

Year

2008

2010

2012

14

1.3

AN

SWWH 75th percentile [m)
12
|

1.1

%

2002 2004 2006
Year

2008

2010

2012

Becruuk KasHY. Cepusi maTemaruka, mexanuka, uadopmaruka, N.1(101), 2019



70 Rakisheva Z.B. et al.

(o]
(e TREE
w
(8]
(o]
(=
Zi
(o]
il
L
0o — T T T T T T
2002 2004 2006 2008 2010 2012
Year
o
E _
e
= =
17
5
[:F]
ES
[Ty
w _| .
O 1 | 1 ' 1 1
2002 2004 2006 2008 2010 2012
Year
Summer
[Topl

3
I

3.0

SWH 99th percentile [m]
2.0 25

1 1 1 1
2002 2004 2006 2008 2010 2012
Year

16

14

SWWH 90th percentile [m]

1.2

2002 2004 2006 2008 2010 2012
Year

ISSN 1563-0277, eISSN 2617-4871 Journal of Mathematics, Mechanics, Computer Science, N.1(101), 2019



Studying the change of average waves of the Caspian Sea ...

71

1.20 1.30

1.10

SWH 75th percentile [m)]

1.00

NNV

1
2002 2004 2006 2008 2010 2012
Year

2500

1500

500
|

I I I L I 1
2002 2004 2006 2008 2010 2012

Year

0.?0 0.?5

Annual mean SWH, [m]

080 085

1 1 1 1 1 1
2002 2004 2006 2008 2010 2012
Year

Autumn

145 1.65

SWH 75th percentile [m)]
135

1.25

2002 2004 2006 2008 2010 2012
Year

Becruuk KasHY. Cepusi maTemaruka, mexanuka, uadopmaruka, N.1(101), 2019



72 Rakisheva Z.B. et al.

SWH 90th percentile [m]

2002 2004 2006 2008 2010 2012
Year

35 40

30

SWWH 99th percentile [m]

25

1 | 1
2002 2004 2006 2008 2010 2012
Year

2002 2004 2006 2008 2010 2012
Year

1.20
1

115

110

1.08

Annual mean SWH, [m]

1.00

1 | 1
2002 2004 2006 2008 2010 2012
Year

Figure 6: The wave climate for the entire Caspian Sea separated into winter, spring, summer
and autumn seasons derived from satellite altimetry Jason-1 data. The panels show (from
top to bottom) the 99th percentile, the 90th percentile, the 75th percentile, annual mean
SWH, and a number of data points for each year. Blue lines are linear regression lines fitted
to the data
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5 Conclusion

This study examines the seasonal variability of average significant wave heights of the Caspian
Sea. The study is based on data obtained from the Jason-1 mission. The procedures developed
for the Baltic Sea conditions were revised for the Caspian Sea. The analysis showed that there
is a significant difference between wave heights observed in each region of the Caspian Sea:
relatively high waves in the Middle and Southern Caspian, whereas in the Northern part
of the sea the results did not show high waves. However, sometimes high waves reach the
southwestern part of the northern region. The analysis of seasonal variability showed that
the most energetic waves appear in the winter season.

The obtained results are qualitatively consistent with the results previously studied by
other methods. For example, with the results of the runs of the three-dimensional hydrody-
namic model COHERENS, numerical model HYCOM (HYbrid Coordinate Ocean Model),
and MIKE 3 HS FLOW MODEL (for modeling surface flows and related processes) [38], [39],
[40], [41]. The average mean wave heights in the south and south-east basins are from 0.3 m
to 0.7 meters [42], consistent with the results of this study. Also, the analysis of the seasonal
variability of sea climate turnover showed a peak in February [43]. The results based on the
analysis of wind speed and sea level from the satellite altimetry data in the Caspian Sea
region were described in detail in [44], [45], [46] and showed that the highest average wind
speeds are observed in the Middle and Southern parts of the Caspian Sea, in the same areas
where the highest significant wave heights are detected in this study. The good correspon-
dence between results of this analysis with the previous studies indicates that the satellite
altimetry data provide a real picture of the average wave heights and variability of the wave
climate in the Caspian Sea.
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Stabilization of one non-liner system with coefficients depending
on the condition of the control object
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For the mathematical model of a three-sector economic cluster, an optimal control problem is
posed on an infinite time interval. An optimal stabilization problem is considered for a single class
of nonlinear systems with coefficients depending on the state of the control object with constraints
on control. A non-linear stabilizing control has been found taking into account constraints to the
control, which depends on the state of the system and the current point in time. The results
obtained for a nonlinear system are used in the construction of control parameters for a three-
sector economic cluster over an infinite time interval. For the considering example, the optimal
distribution of labor and investment resources has been determined, which satisfy the balance
ratios. The given example illustrates the use of the proposing control method of a nonlinear
system.

Key words: effective management accounting, three- sector economic cluster, Lagrange multipliers
method, nonlinear systems, quadratic functional.

Kosdbdummenrepi 6ackapy ob6beKTiCiHIH KaJbII - KyiiHeH ToyeJsai 6oJiaThiH Oip
CBI3BIKTBI €MeC XKYIeHi TypaKTaHAbIPY
Mypsabekor 3.H., Ou - @apabu arbiagarsl Kazak yiITThIK yHABEPCUTETI,
Anmvarer kK, Kazakcran pecriybiimkacel. E-mail: murzabekov-zein@mail.ru
Mupsaxmesosa [LA. O - Qapabu arsiagars Kazak yiITThIK yHIBEpCHTETI,
Asmvarer K, Kazakcran pecnybismkacsl, gulbanu.myrzahmedova@gmail.com

Y11 ceKTOpJIbl KOHOMUKAJBIK, KJIACTEP/IiH, MaTeMATUKAJIBIK MOJET YIIH YaKbITTBIH IEKCi3
WHTEepBAJBIHIA THiMal Oackapy ecebi koitbutaznsl. Kosadbdunmenrrepi 6ackapy oO0beKTiCiHIH
KaJbIll - KYHiHeH Toyesi CBIBBIKTBHI eMec JKYHeHiH Oip K/achl YINH THIMII TypaKTaHIbIPY
ecebl KapacTwhIPBLIaIbl. 2KyileHin KaJblll - KYHiHEeH »KO9HE AarbIMJIarbl VaKbITTaH TOYe I
OoJiaThIH OacKapyra KOWBLIFAH IMEKTEY Il €CKEPill CBhI3BIKTBI eMeC TYPaKTAHJIBIPYIIbl OacKapy
TabbLIbl. CBI3BIKTBI eMeC Kyiiejep VIMiH aJbIHFAH HOTUXKEJep IMIEeKCI3 yaKbIT WHTPEBaJIbIHIA
VIII CEKTOPJIBI 9KOHOMUKAJIBIK, KJIacTepJepre apHaJIraH OacKapyIibl HapaMeTpiepl KypacThIpy
OapBICBIHIA KOJMIAHBLIAIbI. KapacThIPBUIBIT OTBIPFAH MBICAJT VIIH OaJaHCTHIK KATHIHACTBI
KaHAFaTTaHIIPATHIH eHOEK KOHE MHBECTHUITUSIBIK PECYPCTAP/IbIH, THIM/II YIeCTipiMi aHbIKTAIFaH.
Kenripinren wMbicas CBhI3BBIKTBHI eMec XKyienepmai Oackapy OJicTepiHiH THiMIi KOJJIAHBLIYBIH
CUIIATTaR/IbI.

Tvyitin ce3xep: Tuimuai Oackapy ecebi, YII CEKTOPJIbI SKOHOMUKAJBIK KJacTep, Jlarpamxk
KOOEHTKIIITEep 9/1iCi, CHIBBIKTHI eMecC Kylesrep, KBaIPATTHIK, (OyHKITTOHAT.
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Crabunusanus OHOM HEJUHENHOI cucTeMbl ¢ KO3dduiimeHTaMu, 3aBUCIIITUMUA
OT COCTOSIHUsI OObEKTA yIPaBJIE€HUS
Mypszabekor 3.H., Kazaxckuii HaljmoHaJIbHBI yHUBEpCUTET UM. ajib-Dapabu,
r. Anmvarel, Peciybiiuka Kazaxcran, murzabekov-zein@mail.ru
Mupsaxmenosa [ A. Kazaxckuii HAIlMOHAJILHOTO yHUBEpCUTETA UM. ajib - Papabu,
r. Anmarsr, Pecniybiinka Kasaxcran, gulbanu.myrzahmedova@gmail.com

st MareMaTudecKoil MOJIEIM TPEXCEKTOPHOI'O SKOHOMUYECKOI'O KJIACTEPA CTABUTCHA 3a/ada
ONITUMAJILHOTO YIPaBIeHNs Ha OECKOHEYHOM WHTEpBaJjie BpeMmeHu. PaccMmarpuBaercs 3a/1ada
ONTUMAJIBHON CTAOWIM3AIUU JIjIsi  OJHOTNO KJIACCa HEJUHEHHBIX cucTeM ¢ Koddduimenramu,
3aBUCANIIMA OT COCTOSHUS OObEKTa YIPABJICHUS C OIDAHUYICHUSIMU Ha ynpasieHus. HaiimeHo
HeJIMHEeTHOe CTaOUIN3UPYIONiee yIPABJICHUE C YIeTOM OTrPDAHUYEHUI Ha YIPaBJIECHUE, KOTOPOEe
3aBUCUT OT COCTOSHHS CHUCTEMBI M TEKYIIEro MoMeHTa Bpemenu. [losydeHnble pe3ysibTarTh
JIUTsT HEJIMHEWHOM CHUCTeMbl, HMCIOJIB3YIOTCA IIPU KOHCTPYUPOBAHUM YIIPABJIAIONINX I1apaMeTpPOB
JUIST  TPEXCEKTOPHOIO IKOHOMUYECKOIO KJlacTepa Ha OECKOHEYHOM WHTEpPBAaJie BPEMEHU.
i paccMaTpuBaeMOro mpuMepa  ONpeJie/ieHbl  ONTHMAJJIbLHOE pacupejiesieHne TPYAOBBIX U
MHBECTHUIIMOHHBIX PECYPCOB, KOTOPBIE YIOBJIETBOPSAIOT HAIAHCOBBIM coOTHOIEHUAM. [IpuBenennbrii

HIpUMeP UJIIOCTPUPYET UCIOIb30BaHue IIpejiaraeMoro MeTo/1a ylpaB/ieHus HeJIMHeHOI CUCTeMBI.
KuroueBble cjioBa: 3ajiada ONTUMAJILHOTO VIIPABJICHUS, TPEXCEKTOPHBIN IKOHOMUYIECKUI

KJIacTep, MeTo MHOKUTE el Jlarpanxka, HenHeiiHast crucreMa, KB IPATUIHBIN (DyHKITHOHAT

1 Introduction

In control theory, much attention is given to the problem of studying stability in nonlinear
systems and the problem of stabilizing nonlinear control systems. The theoretical basis for
solving linear-quadratic problems in some cases can be applied in the synthesis of control
actions for nonlinear systems. One of the promising and rapidly developing methods for
designing nonlinear regulators is a method based on the application of the matrix Riccati
equation. Recently, new control algorithms for nonlinear systems have appeared, based on
the use of the Riccati equations with coefficients depending on the state of the system. The
ambiguity of the representation of a nonlinear system as a system of linear structure and the
absence of sufficiently universal algorithms for solving the Riccati equation, whose parameters
also depend on the state, generate a set of possible suboptimal solutions. Therefore, it is
relevant to study nonlinear systems whose coefficients depend on the states of the system.

2 Literature review

To determine the place of our researches, briefly consider the known methods of synthesis of
nonlinear controlled mechanical systems. The existing methods for the synthesis of systems
can be divided into the following two groups: the Pontryagin maximum principle [1], the
Bellman - Krotov method (optimal control theory) [2,4]. The theory and methods of solving
this group of methods for the synthesis of systems are well known from the monographs
of L. S. Pontryagin and others [1], R. Bellman [2|, V. F. Krotov, and V. I. Gurman |[3]-
[5]. Undoubtedly, these methods are valuable and solve the problems of synthesis, when all
their prerequisites take place. Essentially, the maximum principle reduces the solution of the
original problem to a boundary problem for a system of ordinary differential equations with
two times more order than the order of the system itself[6]-[9]. Solving the latter is generally
quite a difficult task. Moreover, software control is determined, which is not always acceptable
for solving the problem of practice. The R. Bellman method of dynamic programming in the
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case of the smoothness of the so-called Bellman function reduces the original problem to
solving a partial differential equation of the first order|[8]-[11]. In the general case, solving a
partial differential equation is a difficult task.

In technical and economic systems, there are many different types of nonlinearities; there-
fore, different approaches to constructing control laws that are rational with respect to a given
quality criterion [12] - [15].

In practice, there are a large number of optimal control problems for economic systems
that are nonlinear systems with coefficients depending on the state of the control object |16,
17].

It should be noted that the controllability criteria for nonlinear systems were obtained
in the work of J. Kleimka [19]. The stability studies of nonlinear systems were performed
by A.P. Afanasyev and others [12] and S.M. Lobanov and others [13]. M.G. Dmitriev and
others [14] investigate optimal stabilization for one class of nonlinear systems with coefficients
depending on the state of the control object over an infinite time interval. V.N. Afanasyev
and P.V. Orlov [15] consider a class of nonlinear systems for which there exists a coordinate
representation (diffeomorphism) that transforms the original system into a system with a
linear part and nonlinear feedback. In works [20,21], optimal control problems with using of
Lagrange multipliers for technical systems and a linearized system of the economic cluster
were considered.

3 Research method

This paper deals an economic system, which, by means of transformations, come down to an
optimal stabilization problem for one class of nonlinear systems with coefficients depending
on the state of the control object. Conversion is in progress of initial nonlinear differential
equation, which describes the initial control system, into a system with a linear structure,
but with parameters depending on the state of the control object. The use of a nonlinear
quadratic quality functional allows at the synthesis of control to carry out the construction
of the matrix Riccati equation with parameters not dependent of the state of the control
object. This approach is the basis for the synthesis of optimal nonlinear control systems. It
is proposed to use a combined method based on the construction of a nonlinear feedback,
which allows present the sought-for control in the form of a stabilizing control, dependent
on the state of the nonlinear system and the current point in time. In addition, this method
gives a chance to take into account the existing restrictions on the values of controls. The
obtained results for nonlinear systems are used in the construction of control parameters for
a three-sector economic cluster over an infinite time interval.

3.1 Three-sector economic model of the cluster

Consider the optimal control problem for the economic model of a cluster consisting of three
i =0 (material sector), i = 1 (fund-generating sector), i = 2 (consumer sector). The consid-
ered mathematical model consists of [16]:

a) three specific release functions of the Cobba-Douglas type:

XT; = HZAZk?Z, A >0, O0<a; <1, (Z =0,1, 2), (1)
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b) three differential equations describing the dynamics of the capital-labor ratio:

¢) three balance ratios:

So+s1+sa=1, so>0, s>0, s59>0; (3)
90+91+02:1, 00>O, 91>O, 92>O; (4)
(1= Bo)ro = Pras + Pawa, B >0, 120, [Bo>0; (5)

Here, the state of the economic system (capital-labor ratio) is described by a vector
(ko, k1, k2), and (sg, S1, Sa, 6y, 01, 63) - the vector of control (sg, $1, sa) - the share of
sectors in the distribution of investment resources, (g, 01, 62) - the share of sectors in the
distribution of labor resources); x; - specific output (the number of manufactured products
in the 7 - sector is counting for one worker); f3; - direct material costs at production output
in the 7 - sector; (i = 0, 1, 2). The initial state of the system is k), k7, kY where is k) = k;(0)
the capital-sector ratio i, (i = 0, 1, 2) at ¢t = 0. The task of transferring a nonlinear system
from a given initial state (kJ, kY, k9) to desired state k3, k5, k3 over an infinite time interval
is considered [0,00). The system’s equilibrium state k5, k§, k3 is chosen as the desired final
state:

)i s _ o _ s Ay (kD)™
A P Aofo T X203 '

81A1 _la1 LS — 3091141(/{{)6”

The values of the capital-labor ratio kf (i = 0, 1, 2) in equilibrium state depend on the
controls (sg, s1, Sa, 0o, 01, 05) for which the values (s, s3, s3, 05, 05, 05) are determined in
the work [18].

3.2 Statement of the problem of optimal stabilization for a class of nonlinear systems
with coefficients depending on the state of the control object.

The task of transferring a nonlinear system from a given initial state to a desired state in an
infinite time interval is considered [tg, 00).

The mathematical model of the control object (2), we write in the form of a system of
differential equations in vector form:

y(t) = Ay(t) + BD(y)u(t) + B(D(y) — D(k*))v*,  y(to) = yo,  [to,00); (6)
using next designations:
1=k — ki, ya=ka—k3, y3=ko— kg,

sQns
8201 w 8091 08 8 8201

= 3 = = =
92—1)57 80—’0397 ! b »

03
filyr) = (n + KD, fa(ye) = (y2 + K3)™, f3(ys) = (y3 + ko)™,

S
Uy = 81 — Uy, U2

) 0 A, 0 0
A= 0 —=x 0|, B=|0 A4, 0|,
0 0 =)\ 0 0 A
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(y1 + k7)™ 0 0 (k) 0 0
D(y) = 0 (y1 + k7)™ 0 , DE)=1 0 (k)™ 0 ],
0 0 (y1 + kD)™ 0 0 (k)™

Ak + BD(k*)v® = 0

Here y = (y1, 2, y3)* means vector the state of the object, v = (uy, w2, u3)*
means the control vector.

Using the differential equation (6) and the balance sheet relations (3) - (5) describe the
control object in the following form:

y(t) = Ay(t) + BD(y)v(t), y(to) =yo, t € [to,00); (7)
u(t) € V(t) = {v|n(t) <wv(t) = (E—=D"(y)D(k*))v* < 7a(t),t € [to, 00); 71,72 € Clto, 0}

u(t) = v(t) = (E — D™ (y) D(k*))v*;

g(u,y,s,0)=0.

We will assume that system (7) is controllable. Matrices satisfy the condition of controlla-
bility, i.e. condition is performed rang[B, AB, ..., A" 'B] = n. Let a functional be installed
that depends on the control and state of the object:

o0

J(u) =+ / W (OQU)y(E) +v* () Ro(t)] di (8)

to

where Q(y) = KBD(y)R™'D*(y)B*K — KBD(k*)R~'D*(k*) B* K + Q1 — a positive semidef-
inite matrix, and R, D(y)- a positive definite matrix.

Task is set. It is required to find a stabilizing control u(y,t) that translates system (7)
from a given initial state y(to) = yo to the desired equilibrium state y(oco) = 0 over a time
interval [ty, 00), minimizing functional (8).

For the optimal control problem (7)-(8), a search is made for such a control v(y, t), so that
the equilibrium position in a closed system is asymptotically stable according to Lyapunov.
For this purpose, a method based on using of a special type of Lagrange multipliers was used

120].

3.3 Solution of task of optimal stabilization.

To solve this assigned task let’s add to the expression for the functional (8) a system of
differential equations (7) with a multiplier A = Ky, and also the following expression

AL @) = u(®)] + A5 () [ult) — 2],
where Ay > 0, Ay > 0. As a result, we get the following functionality:
1 1, . L
Ly,v) = [{5y°Qy)y + gv Rv + (Ky)"(Ay + BD(y)v — §) + Ai(t) [y — v(t) +

to

+(E = D™ (y)D(k"))v’] + As(6)[v(t) — (B — D™ (y)D(k"))v" — 7l } dt

(9)
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where K- is the symmetric positive definite constant matrix.
We introduce the following functions:

1 *
V(yt) = SV Ky (10)

Mly,v,0) = 59" (DQy(E) + 30" (1 Ru(t) + (Ky)* (Ay(t) +
+BD@)O%+FUH1 o(t) + (E — D™ (y) D(k*))o*] + (11)
NO[v(E) — (B — D™ (y) D(k*))o" — )

From the form of function (10) and (11), rightly the following representation of the func-
tional (9)

L%WZWWM+/M%mWﬁ (12)

to
from the stationarity conditions for the functional (12), we obtain the control from the relation
Rou(t) = —=D*(y)B*Ky + (A — A\2) (13)
where the constant matrix K satisfies the algebraic matrix equation:
KA+ A*K — KBD(K*)R™'D*(k*)B*K + Q, = 0 (14)
Using the following designations:
Ai(y,t) = A= BD(y)R™'D*(y)B'K,  ¢(y,t) = R\ — A,

M(y,t) = Rmax{0; 1 —w(y,t)} >0, Xao(y,t) = Rmax{0; w(y,t) — 1} >0, (15)
w(y,t) = —(E = D™} (y)Ds)vs — R D*(y) B"Ky

the differential that determines the law of motion of the system, we will present in the
following form

y = Ay, t)y(t) + BD(y)e(y,t), y(to) = yo (16)

Note that the choice of multipliers A\ (t) > 0, A2(t) > 0 of the form (15) provides that the
conditions for complementary slackness are met

A —u®)] =0, Ay (B)[u(t) =72 =0

The results established for the optimal control problem (7) — (8) are formulated as the
following statement.

Theorem. Let (Q(y)- be a positive semidefinite matrix, and R, D(y)- a positive definite
matrices in the interval [ty, 00). Suppose that system (7) is quite manageable at the moment
of time ty. Then, for the optimality of the pair (y(t),v()) in problem (7) — (8), it suffices to
performance the following conditions:

1) the trajectory satisfies the differential equation

y=Ai(y,t)y(t) + BD(y)e(y,t), y(to) =m0 (17)
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2) management v(t) is defined as follows:

v(y,t) = wly, 1) + ¢(y, 1). (18)

The matrix K satisfies the matrix equation (14), the vector function ¢(y(t),t) is deter-
mined by the formula (15) in such a way as to ensure that the constraints on the control (7)
are satisfied.

4 Results and reasoning.

4.1 Algorithm for solving the problem of optimal stabilization of three-sector economic
model of cluster.

We describe convenient for implementation on computer an algorithm for solving an optimal
control problem (6) — (8).

1. Solve the system of algebraic equations (14) to determine the matrix K.

2. Integrate the system of differential equations (17) in the interval [¢y,00) under the
initial conditions y(ty) = yo. In the process of integrating the system (17), it is necessary to
print a graph of the optimal trajectory and optimal control v(t).

3. Let the system state y(¢) and optimal control v(t) be found, then

u(t) =v(t) = (B = D (y)D(E))v*,  fily:) = (yi + k7)™,

W — BiArfi(yr) + BaAs folya) (1 — uy — v7)/(ug + v3) (19)
(1= Bo)Aofs(ys)(1 —ur — vi)/(us + v3) + oAz fo(y2) (1 — ur — v])/(uz + v3)

ensure the fulfillment of condition (5);

s1=uy + 0], s = (1 —w)(l —uy —vf), so =w(l —u; —vy)
ensure the fulfillment of condition (3);

1 (1 — w)(l — 51)91

o (9 o . (U(l — 51)91
1+ so/(ug +v3) + so/(up +v5)” (ug + v3)

o b= (ug + v§)

ensure the fulfillment of condition (4);
Example. Were carried out numerical calculations on a computer with the following values
of the parameters (table 1):

Table 1: Parameter values for a three - sector economic cluster

0 0.46 | 0.39 0.05 6.19 0.2763 0.3944 | 966.4430
1 0.68 |0.29 0.05 1.35 0.4476 0.2562 2410.1455
2 0.49 | 0.52 0.05 2.71 0.2761 0.3494 1090.1238

The optimal control problem is solved for the values of the initial state of the system y(t¢)
which are given in the following form:

y(to) = (—800, —400, 400)* (20)

and matrix R, ()1, K, have a form:
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10 0 0 16-1074 0 0
R=[0 10 0], Q= 0 8-107% 0 ,
0 0 10 0 0 8-104
0.2033 - 102 0 0
K= 0 0.1094 - 102 0
0 0 0.1090 - 102

The results of the calculations of the state of the system are presented in Figure 1(a).
From Figure 1(b), it can seen that the optimal controls do not exceed the region defing by
the constraints.

4100,
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|_ il N e e
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024 %
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] - —-— - . ,
. 20 30 40 50
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(b)

Figure 1: Graphs of trajectories y(t) (a) and optimal control u(t) (b).
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For the considering example, these restrictions are of the form:
—0.45 <wuy; <045, —0.05 <wuy <0.5, —0.05<u3<05 (21)

Here, the components of control u;(t) and wug(t) lie on the boundary of the region U in
the time interval [0, ¢;] and [0, ¢5], accordingly, then at ¢ € [t;, 00) ¢ € [tg, 00) as they
enter inside the region U. Switching controls occurs at the moment of time ¢; = 2.193 for the
componentu; (t) and for us(t) at to = 12.762. The optimal values of the system states at the
finite moment of time at T = 50: y;(T) = —0.6739-107%;  yo(T) = —0.2068-1072%; y3(T) =
0.6282 - 1072, and the optimal values of the controls at the finite moment of time at 7' = 50:
wi(T) = 0.3197 - 1075 up(T) = 0.6089 - 104, us(T) = —0.1842 - 102,
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i _.lf_
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D4 -,

T e — . — . — — — ———

0.3 4

o2
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20 30 40 30
3
61 ——8z — — 83|
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Figure 2: Graphs of the distribution of investment (a) and labor resources (b) for balance
relations (3)-(5).
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Using formulas (19)-(21), the optimal distribution of labor (6,(t), 6a(t), 05(¢)) and in-
vestment resources (s1(t), s2(t), s3(t)) was determined. Figure 2 shows the changes resources
that satisfy the balance relations (3)—(5). The values of investment (sy(%), sa2(t), s3(t)) and
workforce (61(t), 62(t), 05(t)) at the end point of time at 7" = 50 tend to a stationary
state, with an approximation estimate: [si(T) — sj| = 0.3197 - 107%;  |so(T) — s3] =
0.9437 - 107%  [s3(T) — 83| = 0.9757-10~%  |04(T) — 65| = 0.3058 - 10~ |6o(T) — 65| =
0.2646 - 1075 |05(T) — 65| = 0.3323 - 10—,

5 Conclusion

An algorithm for solving the problem of optimal stabilization was developed and a nonlinear
control was found, that based on the feedback principle using the matrix Riccati equation.
A feature of the proposed approach is sufficient flexibility that determined by method of
transforming the original nonlinear system to a linear form with respect to control and with
coefficients depending on the state of the system. The use of a nonlinear quadratic quality
functional allows at the synthesis of control to carry out the construction of the matrix Riccati
equation with parameters independent of state of the control object.

The results obtained for nonlinear systems are used in the construction parameters of con-
trol for the mathematical model of a three-sector economic cluster. The equilibrium position
in a closed system is asymptotically stable according to Lyapunov. Controlling parameters
(19)-(21) are chosen in such a way that constraints on controls and balance relations (3)-(5)
are satisfied. For the considered example, the optimal distribution of labor and investment
resources has been determined, which satisfy the balance ratios. Figures 1 and 2 show the
optimal trajectories and controls that satisfy the specified constraints.
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Software implementation of two-factor authentication to ensure security
when accessing an information system
Ussatova O.A., Al-Farabi Kazakh National University,

Almaty, Kazakhstan, E-mail: olgaussatova@gmail.com
Nyssanbayeva S.E., Institute of Information and Computational Technologies,
Almaty, Kazakhstan, E-mail: sultashal@mail.ru
Wojcik W., Lublin University of Technology,

Lublin, Poland, E-mail: waldemar.wojcik@pollub.pl

The article describes methods for applying two-factor authentication (2FA). An example of
two-factor authentication using mobile devices as identifiers and the generation of a temporary
password based on the hash function of encryption standards is considered. For an automated
control system, a two-factor authentication model and a sequential algorithm for generating a
temporary password using mathematical functions have been developed. Mathematical function
is selected from the array of functions. To protect the opening of a one-time password, a secret
string is read, consisting of a sequence of characters that will be generated randomly. Implemented
software implementation on the Node.js software platform using the JavaScript programming
language, as well as frameworks and connected system libraries. A document-based database
management system with open source MongoDB, using for storing and processing information.
The analysis of the software implementation of the proposed algorithm.

Key words:two-factor authentication, data security, one-time password (OTP) generation, secu-
rity methods, mobile application, smartphone.

AxKnapaTThIK 2Kyliere KoJ »KeTKi3y Ke3iHjie Kayinci3/IikTi kaMmTaMachl3 eTy YIIiH eKi
dakTopJibl ayrTeHTUPUKAIMSHBI O0ar1apjiaMaJIbiK, KAMTAMACHI3 €Ty
Vearosa O.A., on-Qapabu arbinjgarsl Kazak yaTTbIK yHUBEPCUTET,
Anvarer k., Kazakcran Pecriybimkacer, olgaussatova@gmail.com
Hreicanbaesa C.E., AKmapaTThIK KoHE ecerrey ilTeXHOJIOTUsIIap WHCTUTY THI,
Asvarsr K., Kazakcran Peciiybiukacet, sultashal @mail.ru
Boitruk B., Jliobmun TeXHUKAIbIK YHUBEPCUTETI,
JIrobsun K., [losbira, waldemar.wojcik@pollub.pl

Makasama aBTOMATTAHIBIPBLIFAH Oackapy Kyilecimgeri ekinmi ¢akToOpra Heri3ze/rexH
TYIHYCKAJIAHIBIPYABI KOJIAHY 9icTepl cunarTaaran. Y slbl KYPBUIFBLIAPDIbI HIeHTU(UKATOPIAD
perimge maiimanmany Herizimme eki  GaKTOpJIBI  TYNMHYCKAJAHIBIPY/IBIH, MBICAJIBI, COHIA-
aK, mudpiay CTaHJIapTTapbHbIH X311 (DYHKIMACHIHA HEri3/e/INeH YaKbITIIA KYIHUsS CO3/I
reHepanusjiay MbICAJIbl  KapacThIPbLIAAbl. ABTOMATTAHJILIPBLIFAH Oackapy Kyieci yiin
eki (aKTOPJbI ayTeHTUOUKANUSIAY MOJAeHl 2Kacaaabl. MareMaTukasablK, —(GYHKIAIAD/IBI
mafiajiana  OTBIPBIN, VAKBITIA KYIWA CO3M1 TIeHepanusiay VINH JofeKTi  aJropurMm
cunarrasaapl. MareMaTukaiibik pyHKIms OYHKINAIAD/IBIH MaCCUBiHEH TaH1a1a/1bl. Bip MopTesik
[IAPOJIbJIiH, AllbLIYbIH KOPFay VIIH KYIHs YKOJIJIbI OKBIIl, KE3IeiCOK, maiija 6ojaThlH TaHbaIap
Ti30eriHern TypaTbiH OKbLIaabl. Node.js OarmapaMaJiblK, ILIAT(GOPMACHIHBIH, OafIap/IaMaJIbIK,
KacakTamachkl JavaScript Oarmapiamasiay TLTIHIH @KeMeriMeH, coHuaif-ak, —IIeHOepJep MeH
KOCBUTFAH KYHes K KiTamxaHajap apKbLIbl JKy3ere acbhIpbLIIbl. AKIApaTThl CakTay KoHEe
efyiey ymria Open source MongoDB 0Gap KykarTka HerisjesreH JepekKKop/bl Oackapy Kyiieci
KOJIJIaHBLIa Ibl. Y ChIHBLIFAH AJIPOPUTM/II OaFjapiiaMaliblK, KaMTaMachl3 €Tyl Tajiay.

Tvyiiin cesmep:eki GHaKkTOP/IBI TYIHYCKAJBIK, PacTaMa, JIePEeKTepi Kopray, Oip KOJIFbI TapOJIhbIi
reHeparusiay, Kayirncisaik omicrepi, MOOMIbII KOChIMINA, CMAaPTQOH.
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IIporpammHuas peanu3aiius AByxX(daKTOPHOI ayTeHTUUKAINU [Jisi obeciievuenus: 6€301acHOCTU
npu JIocTyIlie K nHMOPMAINMOHHON cucTeMe

Yearosa O.A., Kazaxckuil HAIIMOHAJIBHBIN YHUBEPCUTET NMeHU aJib-Papadu,

r. Anvarer, Peciiybiinka Kasaxcran, E-mail: olgaussatova@gmail.com
Heicanbaepa C.E., ncTturyT nHMOPMAIMOHHBIX U BBIYUCIUTE/IBHBIX TEXHOJIOTHIA
r. Anmarer, Peciybsinka Kazaxcran, E-mail: sultashal@mail.ru
Boiinuk B., JIrobauHCcKUil TeXHOIOTHYIECKNT yHUBEPCUTET,

r. Jlio6un, [Tosbima, E-mail: waldemar.wojcik@pollub.pl

B crarbe ommcanbl MeTOABI NPUMEHEHUs] AyTeHTU(UKAIMH Ha OCHOBE BTOPOro (hakTOpa.
PaccmoTpen npumep 1ByXhaxkTOpHOM ayTeHTUMUKAINY C UCIIOJIH30BAHIEM MOOUILHBIX YCTPOMRCTB
B KadyecTBe WIEHTU(PUKATOPOB W IEHEPallud BPEMEHHOIO IapoJisi Ha OCHOBE Xell-(hyHKIUN
cranapToB mudpoBanus. J[Jis aBTOMATU3UPOBAHHON CHCTEMBI YIIPpaBJI€HUs Pa3paboTaHbl MOJIEITb
IBYX(haKTOPHOI ay TeHTH(MOUKAIINI 1 TTOCIEIOBATE/IBHBII AJITOPUTM TeHEPAINU BPEMEHHOT'O TTAPOJIs
C WCIOJb30BAHMEM MaTeMaTwdecKux Gyakmuit. Maremarudeckas (QYHKINSA BLIOMpaeTCT W3
maccuBa GyHKuit. JIjis 3ammThl BCKPBITHST OJJHOPA30BOT0 MAPOJIst CIUTHIBAETCS CEKPETHAsT CTPOKA,
COCTOsIINAsl U3 IIOCIEI0BATEIbHOCTH CHUMBOJIOB, KOTOpasi OyJIeT T'eHEePpUPOBATHCS CJIydallHbIM
obpazom. OcyrecTsiiena nporpaMMHasi peajusaluu  HaiporpaMmvuoil 1tardopme Node.js c
HCITOJIb30BAHUEM S3bIKA ITPOrpaMMUpOBanus JavaScript, a Tak ke HpeiiMBOPKOB U MOIKTIOYCHHBIX
crcTeMHbIX oubmmorek. Vemomb3oBana JOKyMEHTOOPHEHTHPOBAHHAST CUCTEMa, YIIPABICHNsT Oa3aMu
JIAHHBIX C OTKPBITBIM HCXOMHBIM KoymoM MongoDB, mia xpanenus n obpaboTKu UHGMOPMAIIAN.
IIpoBejieH aHa/ M3 IPOrPAMMHOI PEAJIU3AIME [IPEJJIOKEHHOIO aJIlOPUTMA.

KiroueBbie ciioBa: aByxdakTopHas ayTeHTUDUKAIUS, Oe30MacHOCTh JAHHBIX, IEeHEPAIUs
OJTHOPA30BOI0 MAPOJIsi, METOIbI OE30IIaCHOCTH, MOOIILHOE IIPUJIOXKEHNE, CMAPTMOH.

1 Introduction

Crimes increasing in the digital environment and cases of Internet hackers is one of the
trends in today’s world. For many users, online security, the safety of usernames, usernames
and passwords is crucial. This article discusses a two-factor authentication model based on a
mobile application and an authentication program. Two-factor authentication, also known as
2FA, has become relevant in the current digital age. When choosing two different channels for
authentication, it becomes possible to protect user logins from remote attacks, the purpose
of which is to use other people’s personal or identification data [1]. Two-factor authentication
is an additional layer of security, which is called “multifactor authentication.” 2FA requires
not only input an user name and password, but also the use of such information that
only the author knows or which will immediately be available only for the author [2].Such
information may include what you know (for example, a unique username and password),
belongs to you (for example, a smartphone with an application to confirm the authentication
request) or part of you (for example, biometric data - fingerprint or scan retina). So, the first
factor may be a password, and the second factor is what is sent via the app or notification
to your smartphone for confirmation. In the modern world, more than 5 billion mobile
devices are used, and using the phone as an authentication tool helps to quickly solve the
problem of enhanced protection, reduction of additional costs and delivery delays. The
problem of information leakage is related to the modern world and the usingof information
protection serves as an additional barrier for intruders. Two-factor authentication methods
are considered as mechanisms for enhancing the strength of authenticators [3-5]. Two-factor
protection is a fairly reliable barrier, seriously complicating access to other people’s data
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and to some extent leveling the disadvantages of classic password protection. This article
describes the results obtained when developing a two-factor authentication model based on
an application using a smartphone:

- analysis of security procedures and information leakage;

- developed a two-factor authentication model based on a smartphone;

-an algorithm for an authenticator application using a smartphone for two-factor authenti-
cation has been developed and implemented in software.

2 Literature review

According to a study of Verizon’s Data Security Incidents Report (DBIR) in 2018, 95 per-
cent of violations involve the use of stolen personal data [6]. Standard security procedures,
especially online, require simple input of a username and password, and criminals can easily
take possession of personal user data — personal and financial information — in order to use
it further to commit fraud, mainly in the financial sector.

According to SearchInform, in 2018, 66 percent of Russian companies and 70 percent of
foreign companies faced information leaks (Figure 1) [7].

2018 data

40

35

a0

5

17
® Russia

B Foreign countries

.....

i) s
Infarmation  Information  Technical Persanal Internal Othr
about about information  Information  Accounting
customers partners
and

transactions

Figure 1: Data on information leaks for 2018

As can be seen from the above data, this problem is relevant for the whole world. A large
percentage of leakage accounted for customer and transaction information, technical informa-
tion, as well as personal data. Unfortunately, some companies hide the incident and do not
make any notifications about information leaks in their companies. Thus, the problem arises
of protecting confidential information from malicious attacks. One of the means of protecting
information is password protection using the second factor. Two-factor authentication from
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Infobip solves this problem with the help of SMS messages sent to a mobile phone and Voice
technologies [8|. Using SMS as the second authorization factor is not the safest solution.
There can be only one phone number, and therefore we will have one confirming device: -if
you are in the area of uncertain reception, SMS - the message from the service may not come;
-the number can be stolen along with the phone or try to make a duplicate of it for autho-
rization instead of you;

-there may be problems with authorization when traveling abroad, for example, SMS - a
message comes for a long time, roaming does not work or you decide to use local instead of
a native card.

All these inconveniences can be forgotten when using special services and applications that
may be the second factor of authorization. The proposed authentication method is an appli-
cation authenticator, which runs on a mobile device associated with the server. The mobile
device in the proposed method will be connected to the server by the unique MAC address
of the phone. The MAC Address (Media Access Control) is the device ID for the Wi-Fi
network. MAC - address will identify the user in this system. This type of authentication is
the most secure, convenient and cost effective to use. When authorization is required in the
service, not only a login and password is entered, but also a 6-digit one-time confirmation
password generated on the server. The validity period determines the period of activity of
a one-time password after its generation. Password can be confirmed in the specified time
frame. Upon expiration of the one-time password and its verification will become impossible.
When theold password is canceled, you must request a new one-time password. Verification
attempts represent the total number of password verification requests at a predefined time
interval. If re-confirmation of the password is requested before the expiration of the time
interval, verification will become impossible. It is necessary that the predefined time interval
for confirmation expires, and the attempt to confirm the password can be made again. The
length of the acknowledgment interval represents a predefined time interval in which several
confirmation attempts cannot be made. The password is generated automatically when the
program is started and is valid for 20 seconds from the moment of creation.

3 Material and methods

The proposed authentication method is implemented using a client-server network architec-
ture. This is a client-server application developed on the Node.js software platform using
the JavaScript programming language, as well as frameworks and connected system libraries.
Node.js is a server platform for working with JavaScript through the V8 engine. JavaScript
performs the action on the client, and the node performs on the server. For the JavaScript
language, the jQuery framework, is a library with ready-made visual effects, AJAX requests
and other useful things. The framework defines the rules for constructing the architecture of
the application by defining at the initial stage of development the default behavior - “frame-
work”, which will need to be expanded and modified according to the specified requirements.
To implement the application, you need a smartphone that will display the generated one-
time password to identify the user in the system. The application is designed for the Android
operating system. According to statistics, the Android OS uses 85.9 percent of users [9],
which determined its choice for the implementation of the proposed method. The scheme of
the method is attached to Figure 2.
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Figure 2: Scheme of implementation of the proposed two-factor authentication system

The developed model is based on two types of two-factor authentication: an authen-
ticator application and input verification with using a smartphone. Node.js are used to
implement the system. This software platform is responsible for writing the server part in
the programming language JavaScrript. Together with it comes the package manager npm,
which is used to install various libraries and frameworks.Additionally, you need to install
MongoDB - a document-based open-source database management system that does not
require a description of the table schema. When complex queries occur, they are usually
solved on the application side, which makes it easier to work with data and links to them.
The use of this database management system (DBMS) is due to the fact that rather simple
scalability is built into this system using sharding technology, which makes the partitioning
(partitioning) of the database into separate parts so that each of them can be transferred to
a separate server [10].

The advantage of using MongoDB DBMS is:

- increase the speed of development;

- there is no need to synchronize the schema in the database and application;

- understandable path to scalability;

- simplicity of prescribed solutions.

To work with Mongo, a “data” folder is created on the “C” drive, and the “db” folder is
created in it. To install the packages required to run certain parts of the project (“Server”,
“devschacht”, “dip”), open the console in the folder with the package.json file and run the
“npm install” command in it. After installing all the packages, the project is launching for
execution in parts. In the beginning, the “Server” starts. To do this, go to the folder, open the
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console and execute the “npm start” command. After starting, the message “server started”
appears. Next, the mobile application is launched via the “devschacht” folder, in which the
console opens and the “expostart - android” command is launched. After launch, a QR code
will appear in the console. Also, a tab with system information and a QR code will open
in the browser. The field with the IP address above the QR code must be remembered. For
successful work, replace the IP addresses in the code with the one written in the tab in the
following files:

Dip—> src¢—> server.js (line 79)

Server—> index.js (line 225)

Devschacht—> App.js (line 17)

In order for the mobile application to work, it is necessary to read the QR code, which
can be performed using the installed scanner on the mobile device by default or installing
additional software "EXPO". To start the smartphone and personal computer, the local
network is configured so that they are in the same network. Then the web site starts, the
console opens, and the npm rundev command is executed. For the operation of the web
application, the port 4000 is “localhost: 4000”. To view the contents of the database, you
need to install MongoDBCompass and make connections by clicking the “connect” button.
After saving all changes to the settings, the main parts of the system are restarted, which
means the completion of the formation of the 2FA system for use.

4 Results and discussions

Consider an example of the proposed information protection system using a combination of
two factors: permanent and temporary passwords [11|. The user chooses a permanent pass-
word (the first factor) himself and uses it when registering an account (account). Before
authorization must be registered in the application. After that, the application starts to en-
ter user data (login and password), which must correspond to the registered data. Then you
need to enter the application on your smartphone and enter the initial data to generate a
temporary password. A one-time or temporary password (the second factor) is generated on
the server according to the proposed algorithm [8] and is valid for a specific length of time
for one authentication session. The advantage of a one-time password is that the password is
not reused. Thus, an attacker who intercepted data from a successful authentication session
cannot use the copied password to gain access to the protected system. The generation of a
temporary password is possible online. To obtain a temporary password, additional software
is used (Figure 1). The software sends a request to the authorization server to generate a
temporary password. This temporary password is generated on the server and displayed to
the user in additional software on the smartphone. This temporary password has a short
duration of 20 seconds. The temporary password is generated based on the result of the se-
lected trigonometric function, which has a number of variable parameters. The trigonometric
function is combined into a table, the dimension of 256x256 is a multiple of degree two. The
choice of this function and its initial parameters is based on the result of the hash function
of the SHA256 standards [12,13]. This is a cryptographic hash function developed by the US
National Security Agency [14].The purpose of the hash function is the transformation (or
hashing) of an arbitrary set of elements in the data into a fixed-length value. This value will
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characterize the set of source data without the possibility of extraction. The input string for
the hash function is a combination of user credentials, the current Greenwich Mean Time,
and an additional secret string. The result of the hash function is divided into individual
numbers, which will be the indices for selecting the function and its initial data. The secret
string is a required field that will be randomly selected from the array. The secret line at
each input is named, which makes it much more difficult to open the initial input line, which
allows you to further strengthen the protection. The initial data for the input string will be
the following values:

- Login: olga

- Password: passl7word

- Current moment: 2019 02 21, 11:54:25

- Secret line: salt

The input line will look like:

olgapass17word20190221115425salt

The result of the SHA256 hash function is as follows:
2AA878BD4D10F5861B9A2096DCC22222E5CO0EB6766A 1079581 EDA00COC27B99B

The first symbols of the result are used to select a mathematical function. Then the index
of the function in the table with the size of 256x256 will be the following (42, 168), as the
decimal representation of the hexadecimal numbers 2A, A8. By this index, the function will
be selected and its parameters will be determined. Two hexadecimal numbers from the end of
the hash function are used as initial parameters, and a hexadecimal number from position 10
is used as the “x” value. Based on the results of the calculation, the numbers after the comma
are taken from the 5th position and the length in 6 digits. Then the temporary password will
be the number that must be entered into the application (Figure 3).

e e

By Pl i

i

Jleips perasonsts, slga -

F LI

Figure 3: Software implementation
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Consider the effect of generating a temporary password on the software implementation of in-
formation security tools based on two-factor authentication. For assessment of the sgenirovan-
ny temporary password, different input data that show efficiency of realization of an algorithm
were taken. Tablel shows the results of the study of the generation of a temporary password
according to the algorithm described above.

Table 1: Generating a temporary password using this algorithm

Input data Mathematical function Hash - value Password
generated
loginl  pas123 | ((Math.pow(Math.cos 320943960B 432027
2019325132850 | (Math.pow(x,2)),3) + | 777D0654539D
secret Math.tan(c) *  Math.pow | 97B00565B950CBD77B
(Math.sin(Math.PI * p1),4)) | 4B5F93BBDDA
/Math.sqrt(p2)) EA31F82059427
loginl  pasl23 | ((y * Math.pow(Math.sin | 16C645887AB 578476
2019325133815 | (p1),2) + 4 * Math.pow | 5726CA912041FC
secret (Math.tan(x),4)) * ¢) 3AE3339A03B
0223603A4D4C81F
42942ED0510C3
userl23  pass- | (Math.sqrt(a) * Math.sin(b + | 5617ABOSE76F 839447
word456 Math.PI/y)) 629353D8BD6579365
201932513328 CA712D459D5B982
wer BF9D43DC4CBDB4
CFF1EC
pinokio  qwert | ((c* Math.pow(Math.sin(x),3) | 33CADE53484F221 586576
201932513346 + 3 * Math.pow(Math.cos(x), | 3E2266390588E381
asdf 2))/p2) 468B61D831ABCCF
F36A23770814411952
new poiuyt | ((Math.pow(Math.cos(Math. | 6EEF6A6F907TACC 417266
2019325133620 | pow(x.2)),3) + Math.tan(c) * | FF8278BFEIS6A54
confidentially Math.pow(Math.sin(Math.PI | F9354A214A40C8D
*pl),4))/Math.sqrt(p2)) 7906C6DDFC294C1D7EFB

The analysis of the work showed that the software implementation corresponds to the de-
scribed model and algorithm. The developed client-server application works correctly, the
generated one-time password is not repeated and changes even when entering duplicate data.
The proposed two-factor authentication method can, is an additional means of protecting
information stored in the system.
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5 Conclusion

The use of two-factor authentication allows you to enhance the protection of information.
The proposed algorithm will eliminate the existing disadvantage of using two-factor authen-
tication based on SMS - messages, since the proposed method uses two types of two-factor
authentication: the authenticator application and input verification using a smartphone based
on the client-server application. The software implementation of the proposed method shows
that the considered algorithm works correctly and corresponds to described above.
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Cria>kuBaHue TPaeKTOPHUH IeHTpa Macc podoTa MEeTOI0M reHeTHYeCcKOoro orbopa

Axxkanosa A.ZK., Kaszaxcrancko-Bpuranckuii TexHuaeckuii yHUBEpCUTET,

r. Anmater, Pectiybniuka Kazaxcran, E-mail: assel.akzhalova@gmail.com,
Myxapckuii /I.B., Kokmeraycknii rocyapcrennniii ynusepcuter um. 1. Yanuxanosa,
r. Kokrreray, Peciyommka Kazaxcran, E-mail: amiddd@rambler.ru,

Cany A., Kokmerayckuii rocynapcrsennbiii yausepcurer uM. I11. Yajmxanosa,

r. Kokmeray, Pecriybsinka Kazaxcran, E-mail: anara_17.02kz96@mail.ru

B pabore paccmarpuBaeTcs MeTO/I pacyéTa KMHEMATUKU IMTAPHUPHON KOHCTPYKITUH U IIPUMEHEHNe
PEHETUIECKOI'0 aJITOPUTMA it 0becIiedeHrsi TpedyeMoil TPAeKTOPUH JBUMKEHUS 33 JaHHBIX TOUEK
koHCTpyKimu. CHadajga ONUCAHBI THUIBI 3BEHBEB ITPOU3BOJIBHBIX IMAPHUPHBIX KOHCTPYKIIAN,
UX MaTeMaTUIeCKOe OIMCAHWEe W ITOCTPOEHHE HA WX OCHOBE CHUCTEM HEJUHEHHBIX yDaBHEHU,
OIHCHIBAIONINX KHHEMATHKY IAPHUPHBIX KOoHCTpyKimil. [losydennble wnenuHeiiHble CHCTEMbI
PeIatoTCsi MHOTOKPATHBIM IIPUMeHeHneM MeTojia HbIOTOHA JJIsi CUCTEM HEeJTMHEHHBIX yPaBHEHUIA.
TlocTpoennslit  aaropuTM IPUMEHSIETCsT JIJIsl PAcdéra KUHEMATHKH IMapHUPHONH KOHCTPYKIIUAU,
[IPEJICTABJISIONICH  CODOM  MOJEJIb KOHEYHOCTH <«KHHETHIECKUX CKyJabnTyp» Teo Hcena.
Ilespio pacuéra sBisieTcs MOIOOP ONTHUMAJILHBIX MAPAMETPOB KOHEYHOCTH, KOTODPBIE HMO3BOJISAT
NPUMEHHUTH €& JiIsi MOJesn poboTa ¢ 9eThIPbMs ONMOPHBIME KOHedHoCTsiMU. Crpontcst (byHKIHS
[IPUCIIOCODJIEHHOCTH TPAEKTOPUHU OIOPHON TOYKHM M METOJOM IMeHETUIECKOro orbopa moabupaercs
JIydIiasi TPaeKTOPHsl, KOTopasi obecredmBaeT IPsSIMOJIMHENHOe JBUXKEHNE KOpIyca poboTa
OTHOCUTEJILHO 3eMJIU. TeopermdecKkrne PacIéThl MOAKPEILIAIOTCS YUCICHHBIM MOJIEIUPOBAHUEM U
Bu3yasm3arnueii. B konme crarbu npuBoauTcs rpaduK, MILIIOCTPUPYIOMINAN YCIIEITHOe TPUMEHEHNe
paszpabortanuoit Mojeu. Ha oOCHOBe TeOpeTHYECKUX IOCTPOEHUH CO3/IaH PEeabHBIN TPOTOTHUIT
[IArafoIero pobora € YeTbIpbMsi KOHEYHOCTSIMH METOAOM 3D Imeyaru KOMILUIEKTYIOIIUX U
oCIe Iy OITeit COOPKU.

KimioueBbie cjioBa: KnHEMATHKA MIAPHUPHOW KOHCTPYKINH, «KWHETHYECKas CKYyJIbITypay Teo
ducena, merox HeioTona, reHEeTHIECKHWIT aIrOPUTM, IIATAIONINI POOOT.

T'enernkanaplK ipiKTey 9/jici apKplibl pobOT Maccachl OPTAJIBIFBIHBIH, TPAEKTOPUSCHIH Tericrey
Axekamosa A.2K., Kazaxcrauapik-Bpuranapik TeXHUKABIK, YHIBEPCUTET,
Amvarer K., Kazaxcran Peciybsiukacer, E-mail: assel.akzhalova@gmail.com,
Myxapckwmit JI.B., III. Yasuxanos ar. Kekrreray memiiekeTTiK yHHBEPCUTETI,
Kexkmeray k., Kazaxcran Peciybiaukacer, E-mail: amiddd@rambler.ru,
Cagay A., III. Yanuxanos at. Kekieray MeMJIEKETTIK YHUBEPCUTETI,
Kexkmeray k., Kazaxcran Peciybsmkacer, E-mail: anara_17.02kz96@mail.ru

Basnmamasa, Torcanblk KOHCTPYKITUSIHBIH KHHEMATUKAJIBIK €CEIITEY 9/1iCI KoHe KOHCTPYKITUSIHDBIH
OepinreH HYKTeJdepi KaxKeTTi TPAeKTOPUSIMEH KO3Fa/ybl VIMH, TEHEeTUKAJBIK aJTOPUTM/II
KOJIJIAaHY KAPACTBIPLLIAILI. DBIipiHIIiieH, epikTi TONCAJbIK KOHCTPYKIUSIADIbIH —THITEP,
OJIapJIbIH, MATEMATUKAJIBIK CHUIIATTAMACHI YKOHE OJIap/IbIH HEri3iHJ/e TOICAJBIH KOHCTPYKITUSHBIH
KIMHEMATHKACHIH CHMIATTAWTHIH CBI3BIKTHI eMeC TeHIeyJep KyHecinjae KypacThIpy CHIATTAJIFAH.
ChI3BIKTBI €MeC TeHjieyJiep »Kyiieci yImiH KoJigaubuiaTbidi HbI0TOH ojiciH GipHelle per KOJJIaHy
apKBLIbI aJIbIHFAH CBI3LIKTBI eMec Kyhesepi mrenryre 0osaibl. Kypbumran ajropuTM TOIICAJIbI
KOHCTPYKIINS KHHEMATUKACBIH €cenTey VIMH Koaaaubliaasl. by Teo mcennin «knnermdaeckast
CKYJBITYpay adK-KOJIap MOIEIHIH yrici 606 TabbLmaanl. Ecenreymin merisri MakcaThl - TOPT
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asgrel 6ap pobOT yaTiciHe KoMmanyra MyMKIH/IIK O€peTiH asgKThIH OHTANIbI TapaMeTpJIepiH Tanaay.
Tipek HyKTeci TPAEKTOPUSCHIHBIH bIHFAIaHy DYHKIUSCH KYPbLJIA bl XKOHE €H 2KaKChl TPAEKTOPUs
POOOTTHIH, JIEHECIHIH YKepre KaTbICThI ChI3BIKThI KO3FAJIBICHIH KAMTAMACHI3 €TeTiH IeHeTUKAJIbIK,
ipikTey ojici apKbLIbI TaHJIaJaa/bl. TEOPHUSNBIK €CenTep CAHJLIK YJ/TLIey KOHE BU3YaJI3aIns
apKbLIbl OekiTiemi. MakasanblH COHBIHIA KYPACTBIPBLIFAH MOJEIbl TAOBICTHI KOJIIANY/IbI
kepcererin rpaduk kepceriseni. Teopus Herisinme kone KoMroHeHnTTepai 3D mpuntepmne 6acoin
IIBIFApyMeH »KOHe KeliHHEeH OHBI KypPacTbIPy apKbLIbl TOPT asgfbl 6ap KajaM Oachlll »KypeTiH
POOOTTHIH HAKTHI IIPOTOTHIN KYPBLIbIL.

Tyiiin ce3aep: TOICAJIBIK KOHCTPYKIUSHBIH, KHHEMATHKACKHI, «KHHETUIECKasi CKyJbITypas Teo
Aucena, Heioron omici, reHeTHKAJBIK, aJIrOPUTM, KaJgaM OACHIT KYPeTiH PoOOT.

Smoothing the robot center mass trajectory by genetic selection
Akzhalova A., Kazakh-British Technical University,

Almaty, Republic of Kazakhstan, E-mail: assel.akzhalova@gmail.com,
Mukharsky D., Sh. Ualikhanov Kokshetau State University,
Kokshetau, Republic of Kazakhstan, E-mail: amiddd@rambler.ru,
Sadu A., Sh. Ualikhanov Kokshetau State University,
Kokshetau, Republic of Kazakhstan, E-mail: anara_17.02kz96@mail.ru

The paper examines a calculating method for an articulated construction kinematics and appli-
cation of a genetic algorithm to provide the required trajectory of the specified structure points.
First, we describe all types of articulated constructions segments, their mathematical description
and construction on their basis of non-linear equations systems that describing the articulated
construction kinematics. The obtained non-linear systems are solved by repeated application of
Newton’s method for non-linear equations. The built algorithm is used to calculate the kinemat-
ics of the articulated construction which is a limb model of kinetic sculptures by Theo Jansen.
The calculation purpose is optimum parameters selection of a limb which will allow applying it
for a robot model with four supporting extremities. We built a reference point trajectory fitness
function and constructed the best trajectory which provides rectilinear movement of a robot body
relative to the ground by the method of genetic selection. Theoretical calculations are supported
by numerical modelling and visualization. There is a graph illustrating the successful application
of the developed model at the article end. A real prototype of a stepping robot with four extremi-
ties by means of 3D printing of components and subsequent assemblage is created on the basis of

theoretical considerations. ) )
ey words: kinematics of articulated construction, strandbeest by Theo Jansen, Newton’s

method, genetic algorithm, walking robot.

1 Bsenenue

Bajaun u3ydeHus MIaraiolnero JBMKEHUS 9TO 3aa9l CO3IaHus YCTPONCTB, KOTOPbIE MOIYT
[IepEeMEIIAThCA 110 CUIBHO ITepeceIéHHON MeCTHOCTH, B OTCyTCTBHE JIFOObIX Jopor. [Tlaraformme
MalllMHbI aKTYyaJIbHbI, IIPE2KJ/IE BCETro, KaK CPeJCTBO JABU2KCHMHA IIO0O MECTHOCTHU CO CJIO2KHDBIM
perbedpom u 1o kKamenucroit mecrnoctu [1]. Koseco mpm mo6om  ucnosb3oBaHUM He
CIIOCOOHO PEIIUTD 3aJ1a9y JIBUKEHU 110 0€3/10poKbi0. EMy Tpebyercd riiajikasi, HellpepbIBHAS
nopepxHocTh. [llararormast mMarmmHa nMeeT HEOOBINOE MSITHO KACAHWSA C IHOBEPXHOCTBIO W,
B IIEPCIEKTHBE, CII0COOHA BBIOMpPATh MECTO KOHTaKTa. lTakoe yCcTpoiCTBO HE3aMEHHMO IIpU
HCCJICJIOBAHNYN HOBLIX TEPPUTOPUIL, IIEPEABUZKEHNIA 110 MOPCKOMY JIHY, 110 pa3BaJnHaM 31aHuii,
uccJjeJJ0Bainun IOBEPXHOCTU JAPYTIUX ILJIaHET.

KoncrpyKropamu CO3/1aHO MHOXKECTBO Bapuarnuii mararommx Marmud [2|. Muorue us
9TUX YCTPONCTB JEMOHCTPHUPYIOT BIEYAT/IAIONINE HABBIKK JIBUKEHUSI, OU€Hb HAIIOMUHAIOIIIE
JABH2KEHHE 2KUBbIX CYIIECTB. C ,ZprFOI';I CTOPOHBI aHAJIN3 UX JBUZKEHUA IIOKAa3bIBaeT OTCYyTCTBHE
aJIAIITUBHOCTH JIBUYKEHUS K YCJIOBUAM, B KOTOPBIX MaIllMHA JIBUKETCd. T pedyiorcs oOImumpHbie
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UCCJICJIOBAHUS B O0JIACTU MEXaTPOHUKU U YIIPABJICHUS JIId CO3J@HUS KOHEYHOCTEI,
CIIOCOOHBIX HE IPOCTO IIPeoOpa30BhIBATH KPYTI'OBOE JIBHKEHHE MOTOPOB B ITOCTYIATE/IHHOE,
a U3MEHATDb ITapaMeTphl Iara Jiid Bbibopa Hambosee ya00HOH TOUKHA OIOPDI.

Ecmm paccmarpuBaTh IIarafolime MeXaHH3Mbl KaK CHCTEMbBI MHOTHX TeJI, COeIUHEHHDBIX
IMapHUpaMU, TO JIJIsT aBTOMaTHYIECKOI'O COCTABJIEHHsI KOMIIBIOTEDHON MoOjenn u  eé
HCCJIeIOBAHUS MOXKHO HCIOJIb30BaTh crenuaiusuposannbie nakersl UM [3], CAD-cucrembr
[4],[5]. g creruanbHBIX ciydaeB BO3MOXKHO YCKODEHHE DACIETOB € HCIOIb30BAHUEM
crerudUIecKuX MeTOI0B. B TaknX ycJI0BUSIX BMECTO CIEIUATU3UPOBAHHDBIX MAKETOB JIydIlle
HaIPSIMYIO COCTaBJISITH HEOOXOIMMBIE CHCTEMbl yPaBHEHUI U PeIiarb HX HW3BECTHBIMUI
Meromamu. Takoit mojaxox Jaét OoJibllie I'MOKOCTH B HCC/AEJIOBAHUU HECTaHIaPTHOTO
MOBEJICHUST KOHCTPYKIINN U HECTAHIAPTHBIX PEXKMMOB UX HCIIOJIb30BAHMUS.

B pabore paccMOTpeH MeTOJ pacdyéra IMAroBbIX IMUKJIOB [6| MApHUPHBIX KOHCTPYKIH
MerojioM HpbioroHa m paccMOTpeH IpuUMep IMPUMEHEHHsd MeToja K pacdéTy IapHUPHO
koucTpykinn Teo fAncena. [lapamerpsl mapHUPHON KOHCTPYKIUN HOIOUPAIOTCS METOIOM
PEHETHIECKOI0 IMPOrPAMMUPOBAHUA JIJIsSI IIOJIYIEHHST TPAeKTOPUU JIBUKEHUsI C 3apaHee
3aJaHHBIMU XapaKTepucTuKaMu. B oramuame oT Kiaccmdecknx KoHCTpyKiwmit Teo fHcena,
MCCIeOBAHHBIX BO MHOTUX HWCTOYHUKAX, MbI PACIIMPUIA TPOCTPAHCTBO MOUCKA ITYTEM
pacIiernyieHuss TOYKHU, 3aJalomieil JIBUXKeHue Ha JiBe, CJABUHYTHIE 10 (ha3e OTHOCUTETHHO
JPYT JApyra. DTO IMO3BOJUIO CYHIECTBEHHO PACIHIUPUTDL YHUCIO0 BO3MOXKHBIX TPACKTOPHil
OIIOPHOM TOYKH, CPEIM KOTOPBIX IIPOU3BOINTCSA IOUCK ONTUMAJIbHOM TpaekTopun. Ha ocHOBe
[IOJTYI€HHOM MOJIe/I CTPOUTCS 00pa3el] MararIiero podora ¢ YeTbIpbMs KOHEUHOCTSIMHU.

JlarHast cTaThst SABJSETCS IPOMOJIKEHHEM HCCISIOBAHUS ABTOPOB II0 IMPUMEHEHUIO
Ipynn MOOMJIBHBIX POOOTOB Jist paboThl B TPYAHOIOCTYIHON MectHOCTH. B pabore |[7]
paccMaTpUBAETCH IIOCTAHOBKA 3aJa4did HUCCACIOBAHUS TPYIIION CBA3AHHBIX pPOOOTOB MeECT
CTUXUIHBIX W TEXHOTeHHBIX OejicTBuii. IIpuMmenerne B KadecTBe WIE€HOB I'PYIIIBI MTATATOITIX
pobOTOB €  AJANTHPOBAHHBIM K YCJIOBHSIM JIBHXKEHHSI IIIaroM IIO3BOJIUAT CYIIECTBEHHO
pacupuTh 3PPEKTUBHOCTH U CKOPOCTh 00C/Ie/I0BaHISA MECTHOCTH.

2 O630p JuTepaTypbl

PaspaboTkoil Imaralonx MeXaHW3MOB KOHCTPYKTODBI 3aHHMAIOTCH C JABHUX BPEMEH.
Ecre ynomunanus paspaborok w3 Kurasi, naruposannbix 230 BC. Xopommit 0630p Beex
CYIIECTBEHHBIX pa3pabOTOK B 9TOI 0OJIACTH OT 1EPBBIX POOKHUX IOMBITOK JIO IOCJIEIHUX
mojienieit nan B kaure [8]. [laratornee JBUKeHNE HAXOJUT CBOE IIPUMEHEHHE [IPU JIBUZKEHUH
[0 [epecevdéHHON U TPYJAHOJOCTYIIHONW MeCTHOCTH, 1o ciaabbiM rpyHTam |9, B aBapuiino-
cracaresbHbIX pabdorax [10], B mccaemoBannm u ocoenun Mopcekoro jma [11], [12], [13], [14],
B BoeHHOM Jiesie [15], B cesbckom xossiicrse [16] u 1.1

OcHOBHOII 11P0GJIeMOii TIpH pa3paboTKe MIAraronX MEXaHU3MOB sIBJISIETCS YMEHbIICHNE
SHEpreTHYecKux 3arpar Ha jpuzkenue [17]. Ilpu nepenBrzkeHnn 1o mepecedénHol MeCTHOCTH
KOpIIyC pPOOOTa HCIBITHIBAET MOCTOSHHBIE W HEpPeryjsipHble KosiebaHWsl B BePTUKAJbHOM
miockoctu. IIpu 3ToMm 3arpaunBaercs paboTa Ha MPEOJIOJEHUE CHJIbI TSZKECTH. Y MEHbIIIEHNe
9TOI PabOTHI MOJOKHUTEIBHO CKAYKETCs Ha SKOHOMHYIHOCTH XOJa W yBEJINICHHN BPEMEHH
ABTOHOMHOI paboTsl poGora [18].

B 60JIbIMHCTBE PACCMOTPEHHBIX 1IyOJIMKAIUHA aHAIN3 JIBUXKEHHsT POOOTOB OCHOBBIBACTCSI
Ha COCTABJIEHUY, AHAJIU3E U PEIIEHUN CUCTEM JIMHAMUIECKUX U KMHEMATHIECKUX YDaBHEHU.
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Haitnenuble pernennst 3a9acTyio OKa3bIBAIOTCHA HEONTHMAILHBIMU M HEYCTOIIMBBIMU IIPH
M3MEHEHHH [IAPaMEeTPOB MIAraiomux poboros. IIonck onTuMaibHbIX pernenuii HaTaIKIBaeT s
Ha CYIIECTBEHHBIEC BBIUNCINTEIbHBIE TPYJIHOCTH. B TAKIX yC/IOBHSX AKTyaIbHBIM CTAHOBHTCS
HCIIOJIb30BAHME JIPYIUX METOJOB ONTUMU3AINK, IIPUOJINAKEHHBIX K €CTECTBCHHBIM CII0CO0aM
aJlalTalliy JKUBBIX Opranu3MoB [19]. DTo cpaBHUTEIBHO MOJIOJ0€ HAIIPaBJIEHUE IOJTYYHJIO
Ha3BaHne sBosonnonHas pobororexnuka (Developmental Robotics) [20]. DBosmormonnast
POGOTOTEXHNKA ABJISETCA MEZKIUCIUIINHAPHON 00JIACTBIO MCCIEI0BAHMIT M HAXOAUTCA Ha
CTBIKE CBSI3aHHON C TAKMMH HayKaMH KaK HCKYCCTBEHHDLIH HHTE/UIEKT, POOOTOTEXHUKA W
9BOJIOIMOHHAsE Orostorus [21], [22].

VccreioBanust MOKa3bIBAIOT, YTO METO/] [OCJIE/IOBATEILHOIO 9BOJIOIHOHHOIO YCIOKHEHUS
KOHCTDPYKIMU poboTa MOZKET JIaTh BIIOJIHE OILy TUMBbIH 3(OMEKT U IPUBOJANTD K HEOXKUIAHHBIM
HaXoJKaM [23].

3 Marepuays u MeTOJIbI

CucreMbl CBA3aHHBIX MEXKJy COOOl IMApHUPAMH KECTKUX CTEpP:KHEH IPeICTaBISIOT
coboit (pusnIecKre KOHCTPYKIMU CO MHOTHMHU CTEIeHsSIMU CBOOOJBI. Pacuér KuHeMaTWKn
TaKUX KOHCTDYKIIMI CBOJUTCSA K CcUCTeMe HeJuHeHHbIx ypaBHenmit. I[lpm wmasbix
CKOPOCTSX JIBUKEHUS U OOJIBIIONW KECTKOCTH CBA3YIONINX CTEP:KHE MOXKHO IpeHeOpedb
KojiebaTeIbHBIMI CTEIIeHSIMI CBOOOIbI U n3MeHeHusIMI (bOpMbI cTepzkHell. B mnpeanonoxkennn
OY€Hb MaJION CHJIBI TPEHUSI MbI TIOJTy IUM HIeaIbHYIO IMapHUPHYI0 KOHCTPYKIIAIO, JJIst KOTOPOI
MOXKHO pacCUYMTaTh TPAEKTOPUHU JIBUKEHHS BCEX IIAPHUPOB IIyTEM PEIIeHUs] CHCTEMbI
OJIHOTHITHBIX HEJTMHEHHBIX YpaBHEHUII.

3.1 Apganranusa merona HeroToHa /1151 pacuéra Npou3BOJIbLHON IITAPHUPHON KOHCTPYKITANA

Bynem paccMarpuBaTh IMapHUPHbIE KOHCTPYKIIUU, COCTOSAIINE U3 3BEHHEB TPEX BUJIOB.
K mepBomy Tuity orHocaTcs HepacTaKuUMble n abCOTIOTHO TBEPJBIE CTEPKHU C JIBYMS
MOJIBUKHBIMU TTIApHUPaMu Ha KoHrax Puc. la. Bropoit Tum npejicraBiagior coboit pbraaru
¢ JIByMsl TOJIBUKHBIMU IMAPHUPAMU U OJHUM HENOJBMKHBIM ImapHupoM Puc. 1b. Tperwuit
THUI 3BEHBEB TaK »Ke MMeeT BUJI PhIYaroB ¢ TpeMsd IO/BMKHBIMU mapaupamu Puc. lc. [Insa
pPBIYAroB TUIOB b U € JIOIyCKAETCs PACIIOJIOXKEHIE TIIAPDHUPOB HE HA OJIHOM MPSIMOIL.

st Tuna a mMeeM ypaBHEHHE, CBS3bIBAIOIEe KOOPJIWHATHI JABYX IMAPHUPOB Ha KOHIIAX
CTEPXKHS:

L? = (z1 — 22)” + (41 — 12)* + (21 — 22)°.

Mg ppraaros tuna b uMeem Tpu ypaBHeHus (¢ yIETOM 2-X BapHalyil PbIYAroB - ST
ypaBHEHHiA ):

L= (21— X3+ (= V3)* + (21 — Z3)°,  Li= (21— 22)*+ (1 — 12)° + (21 — 22)°,
L% = <X3 - x2)2 + (YB - 92)2 + (ZS - 22)27 Ly = (952 - X3)2 + (yz - Y3)2 + (22 - 23)2,
L = g(Ll, LQ, O[).

e X3,Y3,Z3 W JUIMHBL  CTEpXKHEH CYMTAoTCd  3aJaHHBIMU  KOHCTaHTamu, ¢(-) —
dYHKIMOHAIbHAS CBA3b MEXKJIy JJIMHAMU IL/Ied PhIYaroB M yrjia MexKy HUMH.
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L

(XUYI’ZI) (Xliylizl) (XI7yI7ZI)
L, L, L,

L L L L
(X,,Y,Zy) (X0,Y2,2,) (X0,Y2,2,)
L, L, L,

(XZ>YZ>ZZ) (x2>y2>Z2) (Xqu’Zz) (any,uz,x)

a) b) ©)

Pucynok 1: Tunbsl coemmHUTETHHBIX 3BeHbEB. llconmb3ytoresd creyrompe 0003HAUEHNS: ® -
MTO/IBUKHBIH MMapHUp, & - HENOJBUKHBIN MapHUpP. KoopnHaThl HENOIBUKHBIX MAPHUPOB
3AIMICHIBAIOTCS MPOIUCHBIMYU OYKBaMM

,ZLJIH pbIdaroB THIIa C IIOJIy9aceM aHaJIOTUYIHYIO CUCTEMY ypaBHeHHﬁ:

L= (z1 —22)* + (1 — 42) + (21 — 22)%,
L3 = (zo— 23)° + (y2 — y3)* + (22 — 23)7,
L = g(Ll,LQ,CO.

Bynem paccmarpuBaTh MIapHUpPHBIE KOHCTPYKIIUM, KOTOPBIE WMEIOT OJIUH IMapHUp C
3a/IaHHOI TpaeKTopueil jBuxKeHus. Takoil mapHup OyJIeM Ha3bIBATb UCMOKOM ULAPHUPHOT
rxoncmpyryuy. VleTok 3a/1aéT 3aKOH JIBUKEHUS JIJIA BCell apHUPHO KoHcTpyKinnu. Hanbostee
BasKHBIMHU I ITPAKTUYECKOTO IMPUMEHEHUA B POOOTOTEXHUKE CUYUTAIOTCH JIBUKCHHE I10
OKPY?KHOCTHU U KoJiebaTeJbHOe JIBUKEHHE BJIOJIb IPOU3BOJILHON IpsiMoii. B obiem ciydae
JIOIYCTUMBI JIFOObIE TPAEeKTOPUHU, 3a/IaHHbIe AHAJTUTUICCKN WA TaOJIMTHO.

[lenb pacuéra - HAXOXKJIEHUE TPACKTOPHUU JIBUXKEHUSA 3aJIaHHON TOYKHU WM HECKOJbKUX
TOYEK IApPHUPHON KOHCTPYKIMK. Takme TOYKM OyjieM Ha3bIBATbh CMOKAMU UAPHUPHOT
Koncmpyxuyuy. B OOJIBITMHCTBE MPAKTUIECKUX ITPUJIOKEHUNH JTOCTATOYHO OJHOTO CTOKA.
O/ tHaKO He BBI3BIBAET 3aTPYAHEHUN HAXOXKJIEHNE TPAEKTOPUIl JTI0O0r0 KOJUIECTBa CTOKOB.

Cucrema 3BEHbEB OIMCHIBAETCS CUCTEMON HEJMHENHHBIX ypaBHEHUi, KOTOPYIO B CAMOM
o0IIeM CJIydae 3alliChIBAIOT B BHUJIE:

fl(I'l,Il,...,xn> 0
folz1,21,...,2,) =0 (1)

folzy, 21, ... 2,) =0

s perenust cucrem HesimHeHbIX ypasHeHuil Buja (1) HamboJIbIee pacnpocTpaHeHne
oIy IuIn MeToj1 3efijiernist u Meto i HeoToHa B pasmmaubix moaudukarusax. Meros Heiorona
UMeeT IPEUMYIIEeCTBO Iepes MeTOAOM J3elijiesid B CKOPOCTH CXOxKIaeHusi. Kpome Toro
Merosi HeroToHa mMMeeT MpoCTyi0 MOAMMUKAIMIO U XOPOIIO MaCIITaOUpyeTcs i pacdéra
MHOT'O3BEHHBIX MAaPHUPHBIX KOHCTPYKITUIA.
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B obmem wmeroge Hbiorona JieBble wactu ypasrenuii (1) mnpejcraBisgiorcst psijamu
Teitnopa. Paszjoxkenne orpanmynBaeTcd dJIeHAMU HYJIEBOU W IEPBOI CcTeleHeil mpupalieHuii
nepeMeHHBIX. B pesysbrare nmosydaercs CJIAY, KOTOpyI0 MOXKHO Pa3periuTh OTHOCUTEIHLHO
[pUpalieHnii nepeMeHHbIXx. Tak Kak pasJjioyKeHHe HUCXOJHOI cucreMbl (1) orpaHudeHo,
TO MpHUPAIIEHUsT MOTYT OBITb WCIOJB30BAHBI TOJBKO JIJIsI HaXOXKJEHUS CJIEJLYIONIEro
NpUOJINZKEHNsT 3HAYEHUI ITepEeMEHHBIX ¢ JII000 HEeOOXOMMMOM TOYHOCTBIO. [l TapHUPHBIX
KOHCTPYKIMi 06o0ménHas cucrema (1) wmMeer crenuajbHOe IPeJCTABIEHIE, KOTOPOe
IIO3BOJISIET YIIPOCTUTH PACHETHI.

Kaxk10e 3BeHO onmchbiBaeTCs CBOMM HEJIMHEWHBIM YpaBHEHUEM WU CUCTEMOI ypaBHEHUIA.
DT ypaBHEHNE 3aBUCUT OT MIECTU KOOPUHAT B TPEXMEPHOM CJIyUae U OT YETHIPEX KOOPIMHAT
B JIByXMepHOM cirydae. Takum o6pazom, Beio cucteMy (1) MOXKHO TPEJICTaBUTh B BUJIE:

'f11<x07y07207x17y17 Zl) == O
f12(Xa, Y1, 2y, 20,01, 21) =

0
[ f13(X2, Y2, Za, w1, 41,21) = 0

(
fnl (xn737 Yn—3, Zn—3, Tny Yn, Zn)
fn2 («Tn—27 Yn—2, Zn—2, Ty Yn, Zn)

L \fnS(xn—h Yn—1,2n—1, Tn, Yn, Zn)

0
0
0

Metom pacdéra cOCTOMT B TOM, UTO 3a OJIHYy UTepanuio MerojoMm HpioTona pernaiorcs
HOJICKCTEMBI  00Ielt  cucreMbl  (2) JjIsi  KOODJAMHAT IIOC/IEI0BATETLHOCTH  [TOBUZKHBIX
mapHUpoB. PacuéT HeoOXOIMMO HAUYMHATEL C YPaBHEHUI, CBA3BIBAIONTNX KOOP/IMHATHI UCTOKA
¢ KOOD/IMHATAMHE CJICJIYIOIIETO TOJIBUKHOTO IapHupa. Pacuér 3akaHImBacTCd, KOTJA MbI
IIOJIy4aeM HOBBIC KOOPAMHATBI BCEX CTOKOB.

[IpenmytiecTBO OnMMCcaHHONW CXeMbl pacuéra KpoeTcd B INpocToTe e€ peanmsarnuu. [lpum
HPOIPAMMHOI  peaju3alii  MOXKHO HUCIOJIb30BaTh CTaHJIAPTHBIE OUOJIUOTEKH JIMHEHHOM
aJIreOPbl, WJIM pPeajn30BaTh BECh PACUYET caMocToATe/bHO. K HeocTtaTkaM cXeMbl MOXKHO
OTHECTU HAKOILJIEHUE OIMMUOOK IPU MHOTOKPATHOM TpuMeHeHuu meroja Hurorona. OgHako,
ONMCAHHBII B CJIEIYIONEM pa3zjiejie TTPUMeED, MOKa3aJ IPUMEHNMOCTh CXeMbl Ha MPAKTHUKE,
IIPUEMJIEMYIO TOYHOCTh U CKOPOCTH pacydeTa.

Jpyrum orpaHmYeHneM ONIHMCHIBAEMOI CXeMbl SBJISETCS €€ IMPUMEHUMOCTh TOJIBKO JIJIs
KOHCTPYKIMI € AEeTePMUHUPOBAHHLIM IIOBEJCHUEM KazKJIOrO y3ja B IEHOYKEe OT HCTOKa
JI0O cTOoKa. MaremaTnydeckn 3TO O3HAYAET HEOOXOJIMMOCTb BBEJIEHUS JIOTIOJIHUTETHHBIX
OTPaHUYUBAOIINX ypaBHeHUil wiau yeaoBuil. C  Japyroift  cTtopoHbl, 1pu paspaboTke
KOHEYHOCTEH Jijid poboTa JECTEPMUHU3M SIBJISACTCH HEOOXOJIUMBIM YCJIOBUEM KECTKOCTH
KOHCTpyKImu. Jag Takmx ciydaeB ONUCAHHAs CXeMa pacdéTa MOXKeT OKa3aThCsd
LIPEJIIOYTUTE/IbHEE YHUBEPCAIBLHBIX METO/IOB.

B cienyromem pazjesie TpUBEJIEH TpUMep pacdéra  MIapHUPHON  KOHCTPYKIIUU,
[PeJICTABJISTIONIE cOOO0 MOJIe/Th KOHETHOCTH «KMHETHIECKUX CKYJIbITYp» (strandbeest) Teo
HAucena.
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3.2 IIpumep pacyéra HIAPHUPHON KOHCTPYKIIUNI

[Ipumenum oOIIyIO0 CXeMy U3 HPEJABLIYIIErO pasjiefa K CHCTeMe HEeJUHEHHBIX ypaBHEeHU

JUUTSl TIIAPHUPHON KOHCTPYKINH, MIPEJICTaB/lIeHHol Ha Puc. 2. DTa mapHupHas KOHCTPYKIUS

Ipe/ICTaBIIsIeT CO0OM MOJIE/Ib KOHETHOCTH Iaraomero Mexannsma Teo fucena [24], [25].

Pucynok 2: KoHcTpyKing KOHEYHOCTH TAraroliero Mmexannsma Teo fAncena

Tpaekropust

KoncTpyKIns cocTonT MeJnKOM 13 CTepKHel Tulla a. 1aknX 3BeHbeB B KOHCTpyKIuu 10
mMTYyK. /I[BUKeHHe 1Mo ocu 7z OrpaHHmYeHO W He paccMaTpuBaeTcd. Takum obpaszoMm, padboTy
KOHCTPYKIINK OyJIeM paccMaTpUBaTbh B JBYXMEPHOM IpocTpaHcTBe. VcTOK KOHCTPYKIHU
JIBIZKETCsI 110 OKPY?KHOCTH C TIOCTOSHHON YTJIOBO# CKOPOCTBIO. 3Hast KoopauHaTel (X7, Y))
1eHTpa Okpy:kHOCcTH (1, pajuyc OKPYKHOCTH R U YIJIOBYI0O CKOPOCTH W MBI MOXKEM
paccanTarh mosozkerne Touku 0 B 060l MomeHT Bpemenn. [Jasee suast KoopauHaTh! (Xo, Ys)
HEMOIBMKHON TOUKN (g, PACCINTHIBAIOTCS MTOJIOYKEHNS TIIAPHUPOB B MOPSIJIKE UX HYMEDAITIH

na Puc.

[lonnag cucrema ypaBHEHUIT J1j1 KOHCTPYKITHI

\

2.

)
2
Ll

L3
L
L
L3
L§
L7
L§
L

L3y = (x5 — 22)°

8

To — X2)2

(

na Puc. 2 numeer Bu:

+ (Yo — 11)” B = (w0 = 21)* + (yo — 1)’
+ (1 — y3)? Li= (21— X2)* + (1 — Y2)?
+ (Yo — 12)° 9 L3 = (xo — 22)* + (Yo — 42)°
+ (1 — Y2)? Li = (22 — X2)* + (y2 — Ya)?
+ (y3 — Y2)? L3 = (x1 —x3)* + (11 — y3)?
+ (ys — ya)® Ik L = (23 — X5)* + (y3 — Y2)?
+ (ys — y2)? 4 Lg = (23 — 24)* + (Y3 — ya)?
+ (32 — Y2)? L2 = (24 — 22)* + (ys — 12)*
+ (Y5 — ya)? . L= (x5 — x4)* + (y5 — ya)?
+ (Y5 — y2)? \ L3y = (w5 — 2)* + (y5 — ¥2)*

B nipaBoit wactu ypaBHeHus crpyuinpoBaHbl 110 JBa. KaK 10# rpyIIbl T0CTATOYHO, YTOObI
paccuuTaTh MOJOYKEHUE OJTHOTO MapHupa B uepapxuu. Llocaeanss rpyiima 1aéT KOO IMHATHI
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CTOKa IMapHUPHON KOHCTPYyKImU. Kakias rpynna ypaBHEHHIl PelaeTcs OTJEJbHO U JTaéT
6a3y JIs pelleHus CJjeaylonieil rpynmnbl. Y paBHEHUs I KOOPJUHAT T,y BbIPAZKAIOTCS
Yepe3 yIJIOBYIO CKOPOCTH mapuupa 0 u pajuyc R OKpYKHOCTH, 110 KOTOPOH OH JIBUKETCS
o dopmynam zo(t) = Rsinwt, yo(t) = R coswt.

B nocseryrormux pacaérax Oy/ieM cCauTaTh NX N3BECTHBIMI BEJIMYNHAMU 1 HE ITPOIHCHIBATH
CIenuajJbHO B CHCTEeMe HeJIWHeHHbIX ypaBHenwit. Jng manbreiimeit paboTbl  ya100HO
nepenucaTh YpaBHEHUS B BHUJIE:

'1 fin= (22 = 22222 + 22 + 2 — 293yl +y? — L2
fio = (af — 203a] + 27 + y§ — 2y3y5 +vi — LT

(4)

)= (o 2 —20ix}+ a4y — 22y +yi — L§
L f52 = ( — 2x5x1 + x4 + y5 2y52)y4% + ZJZ - L%O

T
O6ozuaunv x®) = (xg ), y%k), . :L‘é )7 yé )> npuO/IMzKeHne KOpHs Ha urepanun k.
T
Tounoe 3HAUCHHE KOPHS 0GO3HAYMM BEKTOpoM (™) = <a:§°o),y§°°),...,xéoo),yéoo)> . B
COOTBETCTBUN € MeTOIOM HbioTOHA pacK/iajibiBacM JieBble YacTh ypaBHEeHUii B psiibl Teiiopa.
0 0
fz1< (k)7ylk:)> qu 4 9 fn _0
o gﬁl
fi2 (az}’”,yf’“’) + 2 AL+ = 2Ay =0 7
89:1 0
(1 —2m¢ + 22 ) Az + ( 2y + 2y ) Ay = —fn (xgk),y§k)>
2%, +221) Ay + (=295 + 20) Agy = — fir (+7,41")
— )
—2x4 + 23:5 Axs + | —2ys + 2y§k) Ays = —f51 SL’5 ,yé )
—2x9 + 2:175 Axs + | —2ys + 2yék) Ays = — f52 x5 ,yék)
rie Az = () — 2*),

B sieBbix wacTax ypasreHuil (5) MbI OCTaBJIsieM TOJBKO CaraeMble, KOTOPbIE COepzKaT
HYJIEBYIO U IepBYIO cTeneHn npupaitennii Axy, Ay;. 3ajgada CBOIUTCS K PEIIEHHIO CHCTEMbI
JINHEHHBIX ypaBHeHuil oTHOCuTe IbHO Axy, Ay;.

Pemenne smneitnoit cucreMbl  ypasHeHmit (5) HCHONB3yeTCS I UTEPAIOHHOTO
HAXOKJIEHUS HOBOTO NMPUOINKEHN K 3HAYEHUIO KOPHS:

28D = g0 L Agy D ) Ay (6)

B teopun meroma Hbroroma wucmosb3yercs jpyrasi 3aluch IOJYIE€HHBIX ypPaBHEHUI.

Beomurca nouarue dxobmamna:

J = le 0 1 _ —2r + 2xl _2y + le (7)
! Ofie Ofi2 —2X 4+ 2x; —2Y 4 2y,

dar Oy
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rie T,y, X,Y — KOOp/JWHATHI yzKe PACCUNTAHHBIX ITOJBUKHBIX IMAPHUPOB WU KOOP/IMHATHI
HETIO/IBUYKHBIX TaPHUPOB.
Cucremy (5) MOXKHO TI€peIUcaTh B BEKTOPHO-MATPUIHON (hopMme:

J (w(k)) Ax = —f,; (a:(k)) .

Takum obpazom, MBI TOJydaeM pacdeéTHble GopMmyabl g k + 1-ro npubIuzKeHus
[IAPHUPHOM KOHCTPYKIIAMU:

k1) _ ey L £ (xl(k:) y(k)> ofn ( (k) (k)) 0fie

x =T - a. x ) a )
: : | 1] L) oy, T T ) Ty, (8)
ht1) _ k) L < (k) <k>> Ofiz ( (k) (k)) Ofn

Y Y |Jl‘ fu ;Y o1, l 1Y o1,

Pacuérabie dopmysbl (8) MO3BOJISIOT MOCIEIOBATEIBHO PACCUUTHIBATE KOODIMHATHI
BCEX IIOJIBUKHBIX IMIAPHUPOB KOHCTPYKIIMUA HaYWHAs OT MCTOKOB U 3aKaHYMBas CTOKOM B
[IPOM3BOJIBHBI MOMEHT BPEMEHU. 3aTeM PACCINTHIBAIOTCS TIOIOKEHUS UCTOKOB B CJIETY FOTIIHI
MOMEHT BPEMEHH ¥ BeCh Iporiece pacdéra 1o dpopmysam (8) mosropsiercs. Mbr ucnosib3osasm
ONMCAHHBII METOJ, YTOOBI AHMMHUPOBATH Ha SKPaHe KOMIIBIOTepa JIBUXKEHUE ITapHUPHOI
KOHCTPYKIIUUA U CTPOUTH B PEKUME PEeabHOI'O BPEMEH! TPACKTOPUIO JBUKEHUA CTOKA.

Ornucannblii METOJI TIO3BOJISIET B PEXKUME PEAJLHOIO BPEMEHU MEHSATDH JIJIMHBI 3BEHLEB
1 KOODJIMHATBHI HENOJIBUZKHBIX IIaApHUPOB, OTCJIEXKUBas IOBEJIEHNEe CTOKa U BBIPOXKJIECHUE
KOHCTpYyKInii. B KadecTBe mepBOro MPUOJIMKEHUS MBI B3dJIM MapaMeTpPbl U3 OTKPBITHIX
UCTOYHHUKOB B nHTepHeTe. [locTpoennast Mojiesib cTaia 0a30BOi /1 YTOTHEHUS TapaMeTPOB
TPAeKTOPUH, CHaYaJIa B MHTEPAKTUBHOM pexkuMme. s 60o1ee TOHKOI HACTPOUKHY ITapaMeTpOB
MBI IPUMEHUIN METO/] T€HETHIEeCKOro 0TOoOpa.

B cuenylomem pasjene CTPOUTCA TEeHETUYECKHW aJrOpUTM HAXOXKJIEHWS JIydIeit
TPAEKTOPUH, Y/IOBJIETBOPSIONIEH ONTUMU3UPYIONIEeH (DYHKIUKI TPUCIIOCOOTIEHHOCTH.

3.3 HpI/IMeHeHI/Ie regeTmn4veckKoro 0T60pa AJIA CIVIa2KHUBaHUA TPpAaeKTOpPpUH IEeHTpa MaccC

[Ipu ucnosib30BaHUE MTAPHUPHON KOHCTPYKIINK, ITOKa3aHHO#W Ha Puc. 2, B KadecTBe OMOPHO-
JIBUTATEIBHOIO MEXaHU3Ma MIAraioIero podora mocTaBuM 3a/1ady Mo100pa TaKoi TPAeKTOPUT
CTOKa, YTOOBI IEHTp Macc poboTa JBHUTajIcd KakK MOXKHO 0Oojee IiaBHO. MaremaTudeckn
9T0 TpeboBaHME O3HAYAET MUHUMHU3AIMIO BEPTUKAJIBHBIX CMEIeHU IeHTpa MacC 3a OJIUH
ITOJIHBIH IIUKJI JBUKEHUS CTOKA OJTHOM 13 KoHedHocTel. [1pu aToM 1mciio KoneaHocTeir pobora
JIOJIZKHO OBITh MUHUMAJIbHBIM JIJI O0ecledeHnsi yCTORInBOro JiBuxkenus. Teo fHcen B cBoux
«KUHETUYIECKUX CKYJBIITYyPax» HCIOJIb3yeT OOJIBIIOe KOJUIECTBO HOT. B KasKiblii MOMEHT
BpeMEHU He MeHee JIeCSITH-JIBaJIIAaTH KOHEIHOCTEH MMEIOT OIOPY Ha 3eMJII0. 3a CIET 3TOro
JIBU2KEHUE BCeil KOHCTPYKIMU ToJIyvdaeTcs IiaBHbIM. [Ipu co3pmanum HeGosbioro pobdora c
OIMCAHHBIMI KOHETHOCTSIME, IIPUBOAUMOIO B JIBUKEHIE MOTOPOM, KOJIUIECTBO KOHETHOCTEI
MOKeT ObITH 2, 4, 6. Mcnomp30BaTh OOJIBITIEE KOJTUYIECTBO SHEPIETHICCKHU HETe1ecO00pa3Ho.

Jlnst pobota ¢ JIByMsl KOHEYHOCTSMHU, KOTOPBIN IEPEJIBUTAETCs C JIOCTATOYHO MAJIOi
CKOPOCTBIO, KOHTAKT C 3eMJIENl OOJIBINYIO 9acTh BpeMeHU OyJieT UMeTb TOJIbKO OJIHA M3 HOT.
[Ipu sTOM BO3HHUKaET psiji MPOOJEM C IOJIEPKAHIEM PAaBHOBECHS POOOTa, COrVIACOBAHHBIM
¢ IIaroM IepeMereHneM I[eHTPa MacC U JIpyrue IpodJieMbl BEPTUKAJIBHON KOHCTPYKITHH C
MaJIOf IIJIONIAIBI0 KOHTAKTa ¢ 3eMJéit [20).
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B mameit pabore MBI OpPHEHTHUPOBAJIUCH Ha KOHCTPYKIIMIO POOOTA € YEeThIPbMS
KoHeuHocTsaMu. [Ipn aBuzkernn poboTa ¢ 9eThIpbMsi KOHEYHOCTSMHE 110 POBHOMN ITOBEPXHOCTH,
B KOHTaKTe C 3eMJIEH BCE BpeMs JIOJKHBI HAXOAUTHCS 2 TUATOHAJIBLHO ITPOTHUBOIIOJIOXKHBIE
KOHEIHOCTH. 3a BpeMs, IIoKa pobOT MMeeT KOHTAKT ¢ 3eMJIEH 10 OJHOI Iape KOHETHOCTEId,
Jpyras 1apa JOJIzKHa HPOUTH BEPXHIOK YaCTh TPAEKTOPUU U KOCHYTHCS 3€MJIA B MOMEHT
WA 9yTh PaHbBINE, YeM IepBasg Iapa IOJHUMET KOHEYHOCTH OT 3eMJin. Kpome Toro 3a
BpeMs KOHTaKTa Iapbl KOHEYHOCTEH ¢ 3eMJIEH KojgebaHWs IEeHTpa MacC JIO0JKHBI OBITH
MUHUMaJIbHBIMU. Takum oOpa3om, ocHOBHas IpobJieMa IJIABHOIO JIBUYKEHUsT KOHCTPYKIIUH
¢ YeTBIPbMS KOHEUHOCTSIMU B COTJIACOBAHUKM MOMEHTA OTPBIBA, IIEPOBOIl Maphl KOHETHOCTEH OT
3eMJ/IN C MOMEHTOM ITOCTaHOBKN BTOpOfI I1apbI KOHEYHOCTEN Ha 3eMJIIO. TaK KaK 3a/JiHdd I1apa
KOHEYHOCTEH MOJTHOCTBIO MOBTOPSIET JIBMXKEHUS IePeJIHel Taphbl, Mbl OyJeM paccMaTpUBATD
JABHZKeHue IeHTpa MaCC TOJIBKO O/:[HOﬁ ITaphbI.

s wuccnenoBannst OOJIBIIET0 KOJTMYECTBA PAa3IMYHBIX TPAEKTOPWIl MBI  pPa3/IeiIn
mapuup () Ha JIBa MapHUpa ¢ Pa3IUIHLIMU PACCTOAHUAME OT TOUKUA (J; U Pa3IMIAIONIIXCS
dazoit a. Tem caMbIM MbI 3aMEHUIN IMAPHUPHYIO KOHCTPYKIIMIO C OJHUM HCTOKOM Ha
MAPHUPHYIO KOHCTPYKIMIO € JIByMsI (DYHKITMOHAJILHO CBA3AHHBIMU MCTOKAMMU, CYIIECTBEHHO
YBEJIMYUB KOJIMYECTBO BO3MOXKHBIX TPaeKTOPUil CTOKA.

Ha Puc. 3 nokasana 3aBucuMoCTb BEPTUKaJIBHOI'O IIOJIO2KCHHA HEIIOJABHZKHOI'O IIIapHUPa
OT TIOJIOYKEHN A KOHEYHOCTEN po60Ta JJIA ABYX AUaMeTpPaJIbHO ITPOTUBOITOJIOZXKHBIX MOJIOZKEHNT

HNCTOKOB.
X
R,
R,

Paccrosnne 1

OsAHHME

Pucynok 3: /IBe mpoTHUBOIIOIOXKHBIE ITO3UIUN CTOKA

I3 prcyHKa BUIHO, YTO OTIOPY Ha 3€MJII0 UMEET Ta KOHEYHOCTh, CTOK KOTOPOil OTIAIEH OT
HEIO/IBUKHOTO IapHUpa Ha 0oJIbIee paccTosgane. Takum 00pa3oM, eCjii BO BpeMsl JBUKEHIsT
poboTa MaKCUMAJIbLHOE W3 JIBYX PACCTOSHHUN OT HEMOJBUKHOIO MIAPHUPA JIO CTOKA MMEET
[OCTOSIHHOE 3HAYEHHUe, TO TPAEKTOPHUsl JBUKEHUs IEHTPA Macc, KOTOPBIi KECTKO CBA3AH C
HEIOJIBUKHBIM [IAPHUPOM, OyIeT MIPeACTaB/IsITh COOOH HPSMYIO JIMHUI, TOPHU30HTAIbHYIO
semute. Orcrofia mosyammM, aro dyHKIiwei mpucnocobrerroctr (fitness function) mrst mogbopa
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ONITUMAJIbHBIX [IAPAMETPOB KOHeUHOCTell Oyier dyHKIMs:
Vi, 7: AD = Itn<aTX(D(t), D(T —1t)) — max (D(7),D(T — 7)) — 0,

D(t) = Ya(t) — ys(1), D(7) = Ya(T) — y5(7), 9)
DT —t)=Yy(T —t)—ys(T —t),D(t —7) =Yo(T — 7) — y5(T — 7),

t# T,

rie 1’ - mepuojt IBUKEHUS UCTOKOB.

B mpakTnyeckux pacdérax yjpo0Hee HCIOJIb30BaTh CyMMY KBaJIPATOB OTKJIOHEHHI TOYEK
TPAEKTOPUHU OIMOPHOW KOHEYHOCTU OT CpEJHEero 3HadeHusl 3a NUKJI. Ecam obo3HaduTh
KOJTUIECTBO PACCYUTAHHBIX 3a UK/ TOYEK TPAeKTOPUN KaK /N, TO MBI TIOJIYIUM CJIETYIOITY IO
GYHKIMIO TTPUCTIOCOOJIEHHOCTH, TPUMEHEHHYIO HAME JIJIs OIEHKH <«KadeCcTBay TPACKTOPUH
CTOKA.

AD:Z Dav_%azz((D(t%D(T_t)) 2_>07
t=0 - (10)
N max (D(t), D(T —t))
Dy, = = .

Jlnss  mojgbopa  mapaMeTpoB  KOHEYHOCTH, ODECIIeUIHBAIONIMX —BBIIOJHEHNUE IIeJIeBOM
dbyukmum (10) Hamu ObLT HCIOTB30BaH TeHeTHdecKuil agroputm [26],[27]. Vcmoas3oBanne
FeHETHYCCKUX AJTOPUTMOB OIPaB/IAHHO K 3aj@adaM, He UMEIONNM YETKON aHATUTUICCKOi
dopmyaupoBku. OIHAKO JId TAKUX 3aJa9 MOKHO C(OPMYJIMPOBATH YKeJaeMblil KPUTEPUii
HpUOIMZKEHN K PEIIeHUI0 U HUCIOJIb30BaTh €ro Jiisi OIEHKH MHOYKECTBa, I10J1yYIaeMbIX
pertiernii. I3BecTHBIC METO/IBI AHAJIMTUICCKOTO PEIIEHUsT MAJIOTPUTOIHBI JIJIsl TJAHHOT'O TUIIA
zaJiad. Kpome TOro mmeercsi MHOXKECTBO COOTHOIIEHUIN MAapaMeTPOB KOHEYHOCTH, KOTOPBIE
MIPUBOJAT K BBIPOYKIEHHBIM KOHCTPYKIMSAM, T.e. KOHCTPYKITUSIM, KOTOpPbIE HEBO3MOYKHBI B
cuy pusndeckux orpanndennit. OTc/iekKnBaTh AaHATUTHIECKH CJTYIal BBIPOXKIEHUS CJI0KHO,
ojiHaKo nesieBasg dyukiust (10) crpemuTest K 6eCKOHEUHOCTH JIIsi BBIPOKIEHHBIX KOHCTPYKIIU
U 9TO MOYKET SIBJIThCSI CUIHAJIOM K OTOPAKOBKE COOTBETCTBYIOIINX KOHEYHOCTEl [28].

B kadecTBe reHoTHMIIA MBI HCIIOJIB30BAIN  CJIEJAYIONIUE [APAMETPb: JeCATh JIJINH
COEJIMHUTE/IbHBIX CEeIrMEHTOB, KOOD/IMHATHI JIBYX HEMOJBUKHBIX IIAPHUPOB, DPaJINYCh
JIBUKEHNsT UCTOKOB 1 (paza. CoOTBETCTBEHHO XPOMOCOMa, OHON 0cobM IpeacTaBisgercsa 17-10
YUCJIAMU:

G = {Lh L27 L3> L47 L57 L67 L77 L87 L97 L107 X17 }/17 X27 }/27 Rh RQ? Oé}. (11)

Mpbl ucnoJib30Baju Jijisi [IOMCKA TPAEKTOpUM HEOOJIBIIYIO MOMmyJidnuio u3 9 ocobeii.
Brauase kaxjasd ocoOb MHUIMUPOBAJIACH CJIYYaiHBIM TI'€HOTUIIOM, Cr€HEPUPOBAHHBIM U3
YHCes, COOTBETCTBYIONMX (PU3NYeCKN KOPPEKTHOH IIAPHUPHON KOHCTPYKIMH C JIAJIEKO
HEOIITUMAJILHON TPACKTOPUEH IMyTEM MCKarKeHUd UX Ha MAJIYIO BEJIUYNHY.

[TomHOCTBIO AITOPUTM MOKET OBITH OIFCAH CJIEYIONIIMU IITaramu.

1) Munmuupyiorces 9 ocobeit myTéM HMCKayKeHUs XPOMOCOMBI (DU3MUECKH KOPPEKTHOI
HIAPHUPHON KOHCTPYKIIUY;

2) Ucrok KaxkJ0il MapHUPHO KOHCTPYKIIUU COBEPINAET MOJIHBIH UK 1’ JIBUMKEHUsI, U
3anoMuHaeTcs Kaxaoe 4-e snadenne max (D(t), D(T —t));
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3) Boruncisiercst cpejiiee nosioxkenne croka Dy, onopHoii koneanoctu 110 (opmyste (10);

4) Boraucasierca AD - cymMMa KBaJIpaTOB OTKJIOHEHHUil CTOKA OT CPEeJIHEr0 3HAUEHUs 34
BeCh IUKJI JBrzKeHust 0 (opmyite (10);

5) Yem menbiie AD iyt ocobu, Tem GJ1zKe TPAEKTOPHsI JTAHHONH 0COOH K ONTHMAJIBHOI.
Ecim B mokosennn p cymecrByer ocobb, y Kotopoit AD < & OygeM TOBOPHUTH, HTO
JlaHHasi 0CO0b MMeeT £—ONTUMAaJIbHYI0 TPAeKTOPUIO U CUYUTATh e€ mobemureaemM. AJropurm
3aKaHINBaeT CBOIO paboTy. ONUBITHI MOKA3BIBAIOT, YTO BEJIUUNHA € HE MOYXKET UMETh 3HaYeHUe
pasHoe (. DTO CBA3AHHO C IMOI'PEITHOCTBIO Bhruucaeuuit. Mbl ucnosb3oBasn 3uadenue 15 jist
BEJINIUHBI €.

6) Ec yesioBue mynkTa 5) He BBIIOJHEHO, TO TOILYJISINS ToBepraercs cenekimu. Ocobu,
eHOTUIl KOTOPBIX OKa3aJICd BBIPOXKJIEHHBIM U OCODb, MMEMIas MAaKCUMaJbHOE 3HAUYCHUE
AD He TepexoidT B CJeyoliee MoKojeHue. VX XpOMOCOMBI 3aMEHSIIOTCS XPOMOCOMAaM,
MOJIYI€HHBIMU CKPEIUBAHUEM XPOMOCOM OT JIBYX POJIUTETHCKUX 0COOEl M3 POTUTETHCKOTO
myJia, BBIOPAHHBIX METOJIOM CeJIEKITUU. POJMTETbCKHI Iyl COCTABJISIOT BCE OCTABIITHECS
ocjie 0TOpakoBKM 0codbu. MBI UCIOIB30BAIN HanboJIee MIUPOKO PACIPOCTPAHEHHBIN METO
CeJIeKIIMM, Ha3bIBAEMbI MeTOHOM pyJserkKu. dem menbiie 3uadenue AD iy ocobu, Tem ¢
OoJIbIIIEl BEPOSATHOCTRIO JJaHHAs 0COOb MEPEXO/IUT B CJIEJIYIOIIee TTOKOJICHIUE.

7) Omneparop ckpenBaHus jeficTByer 1o Kjaccuueckoii cxeme. Pomnresnbckue
XPOMOCOMBI, BBIOPAHHBIE METOJAOM PY/IETKH U3 POIUTE/IHLCKOIO IIyJa, JeJIsITCs Ha JIBe YacTh
B IIPOU3BOJIbHON TOUKe (OJIMHAKOBOIL Jijisi 00EMX XPOMOCOM, UTO ODECIIeUUBAET COXPAHEHUEe
JUTMHBL XPOMOCOMBI Hem3MeHHoiT). [ToToMOK Hacsieryer o/iHy 9acTh XpPOMOCOMBI OT IIEPBOTO
poJIUTENIA U JAPYTYIO 9acTh XPOMOCOMBI OT BTOPOrO pojuTesid. JIpyras Bapuaiys TepaeTcs.

8) HacTb mommysisiiuy mojBepraeTcs JefcTBUIO oreparopa MyTtarmu. /leifictBue oneparopa
MyTAIM 3aKJI0YAJI0Ch B UCKAYKEHWM Ha MAaJIyl0 BEJIMYUHY OJHOIO CJIyYaillHOTO AJLIesIs.
OrmepaTop MyTaIMK TO3BOJISIET «BJIMTH HOBYIO KPOBb» B IOILYJISIIIUIO, T.€. MCCJIEIOBATE JIPYTHe
TOYKHU IIPOCTPAHCTBA PEIICHUI.

B cremyroriem pasjiesie MpuBOJIATCA PE3yAbTaThl YUCJICHHOIO MOJICTUPOBAHUS IBOJIIOIUN
MMAPHUPHON KOHCTPYKIINH, aHAJTH3UPYIOTCS PE3Y/IbTaThl MOJICTMPOBAHNSA U JIEJIAIOTCS BHIBOJIBI
110 MMPAKTUIECCKOMY MPUMEHEHHUIO TOJIYIeHHBIX PE3YIbTATOB.

4 PesynbTaThl n 006Cy2XK/IeHUE

g 1poBesieHMS YUUCIEHHOIO MOJIEJIMPOBAHUS ¥ PAcdYeéTa ONTUMAJIBLHON TPAeKTOPUHU
CTOK& MBI HAIlUCAJU MPOrPAMMHBIN cuMyadaTop. [IporpamMma mo3BoJisieT BU3yaIU3UPOBATD
pPe3yIbTATHI PacIéra KUHEMATHKW IMapHUPHONW KOHCTPYKITMH, WHTEPAKTUBHO B PEXKIME
peaJibHOr0 BpPEMEHN MeHSITh IapaMeTphbl IMAapHUPHON KOHCTPYKIUMH, CTPOUTH TIpaduKn
CKOPOCTH M KOOPJIMHATHI CTOKAa, 3allyCKaTb SBOJIONUIO 9 0cobeil Ha IOWCK TPaeKTOPUM,
ontumusupymoieil  dyuknuo npuctnocobiennoctr  (10). Bee pesyibrarsl  9ECIEHHOTO
MO/IeJIMPpOBaHusd, HpI/IBe,ZLéHHI)Ie B JaHHOM pas/eJie, IIOJIydYeHbl C IIOMOIIBIO 9TON IporpamMmubl.

Ha Puc. 4 nokazana Bcs TONyJIsIids B IIEPBOM ITOKOJIEGHUH U BCS IOMIYJISINASA B IIOCTIE
OCTAHOBKU I€HETUIEeCKOro orbopa.

Ha pucynke KpacHble TOYKH OTMEYAIOT TPAEKTOPHUIO CTOKA IMApHUPHON KOHCTPYKIIUU.
CI/IHHH JIMHUA II0Ka3bIBA€T TPACKTOPUIO JABU2KCHHA HEHTPa MaCC KOHCTPYKIIHH. Ka}K,ZLaH
TOYKa CUHEN JIMHUU OTMedaeT BCJIMINHY OTKJIOHEHUA CTOKaQ OHOpHOfI KOHEYIHOCTH OT CpeHEero
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Agent 0: Rating - 8761 Agent 3: Rating - 1613 Agent 6: Rating - 3721

/\w/\/
Agent 7: Rating - 8413

Agent 5: Rating - 2 Agent 8: Rating - 6

Agent 2: Rating - 3856 Agent 5: Rating -0 Agent 8: Rating - 2067

Pucynok 4: Cocrosgnue nomyssinun Jijist nepsoro (caesa) n 161-ro (cupasa) mokosennii

3a IMUKJI 3HAYEHUs, YMHOXKEHHYIO Ha MacTabHbIi Koaddurment. Mbl BBIOpam MaciTabHbIi
KO3 PUIUEHT paBHBIM 4-M, YTOOBI BU3YaJIbHO OIEHUBATH KA4eCTBO pabOThI aJropUTMa.

B mepBoM moKoJIeHUM BCe TPACKTOPUU PA3JIMYIHBI, HECMOTPS HA TO, UYTO IOJIyYEHBI
MaJIBIMA UCKAayKeHUMH OT OJIHOM HEONTHMAJbHONH XPOMOCOMBI. TpaekTopuu IeHTPOB
MacC TPEJCTABJIAI0T cO00i JAJIEKUe OT NPAMBIX JIMHUN KPUBbIE C JBYMs XapaKTePHBIMU
BIIQ/INHAMHM, XapPaKTEPU3YIOMNUMHI MOMEHTBI CMEHBI OIIOPDHON KOHEYHOCTH Ha Kpadax
tpaekropuii. Hacrs tpaekropuit (1-si, 2-s1, 3-s1, 5-s1 1 6-51) COBEPIIEHHO HEIPUIOIHBI JIJIsT
OpraHu3aIu MepeIBUKeHnsd PoO0Ta, TaK KaK IPEJICTaB/IAI0T COOOU TeT/ieo0pa3Hble JIMHII
60 KoJiebaTeIbHbIC IBUKEHUSI.

Ha 161 mnoxojenum mobemuresieM oOKa3ajach 0OCOOb I10J] HOMEPOM 3 CO CJIELYIONIM
renoruriom: Ly = 199,81; Ly = 224,96; Ly = 245,49; Ly = 167,00; Ls = 161,38; Lg =
157,03; Ly = 148,42; Lg = 150,46; Ly = 265,37; L1y = 208,70; X7 = 0;Y; = 0; Xy, =
—152,09;Y, = —35,31; Ry = 48,65; Ry = 49,67; a = —8°.

N3 cpaBHeHUsT PHCYHKOB BUJIHO HACKOJIBKO 3BOJIOIMOHUPOBAIN OCOOM W  Kak
BUJIOU3MEHUJIUCH TPAEKTOPUU IEHTPOB Macc. Y MO0euBINeil 0coOu TPaeKTOpHUs IEHTPa
MacC MaJIo OTJIMYAeTCs OT MPAMOi JIMHUU. HeKoTopble OTKJIOHEHUs! CBA3AHHBI B OCHOBHOM
C HEYCTPAHUMBIMH MOTPEITHOCTSIMU BbrauceHuii. OCoOEHHOCTBIO HAIEHHON aropuTMOM
TpaeKTOpHUH sBJsieTcsd MaJiasi (asza «. /IBa mMcToKa HMpaKTHUIECKH CAWINCH B OJUH OOIIUii
ncToK. Mpl 3aIlycKajm SBOJIOIMUI0 MHOTO pa3. 3aMeYeHHAsd TEHJCHINS K O0beIMHEHHIO
HUCTOKOB HaOJIIOJIaJIach TPHU BCEX 3alycKax. JTO MOCIYKWJIO MPUIMHONH TOTO, YTO JIJId
MPAKTUIECKOI'O WCIOJIb30BaHusd B KOHCTPYKIUU poOOTA MBI OOBLEIWMHUIN UCTOKA U
B3sJIM 3HAYEHUs [ApaMeTpoB, OJIM3KME K PACCUUTAHHBIM BEJIUYIUHAM U KOMIIEHCUDYIOIIUE
obbemuenue. TexHn4ueckn OJIMH UCTOK UCIIOJIb30BATh Jierde, YeM JIBa.
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Tpaekropus-modeuTe/ib  UMeeT OYeHb OCTPble Kpasi COOTBETCTBYIOIIME MOMEHTAM
CMEHBI OIIOPHOIl KOHEYHOCTU. MOXKHO IPEeIoIOKATH, 9T0 000CTpeHne KPaéB TpaeKTOPUU
U SIBJIAJIOCH CKPBITBIM MOTHBOM oTOopa. Ha TpaekTopusx B IE€PBOM ITOKOJIEHUN
COOTBETCTBYIOIINE Kpas OKPYIJIEHBI, YTO $BJIAETCS HUCTOUYHUKOM XapaKTEPHBIX ITPOBAJIOB
TPAEKTOPUH IIEHTPa MAaCC B MOMEHTHI CMEHBI OIIOPHOI HOTHW. DBOJIONHUS IPUBEIA K
CILTIONIABAHUIO TPAEKTOPUH M MaKCUMAaJIHbHOMY CHPSAMJIEHUIO HUXKHEN JacTh TPaeKTOPHH.

Ha Puc. 5 nokazan rpaduk m3mMeHeHNsT CyMMapHOT'O CPEJIHEKBAIPATHIHOTO OTKIOHEHUS
JUI 9 9BOJIFOIIMOHMPOBABIINX 0cobeil B Teuenne 161 moko/ieHus.
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Pucynok 5: I'pacduk m3menennsi cyMMbl KBaJIpaTOB OTKJIOHEHHUI KOOPIUHAT CTOKA OIMOPHOIA
KOHETHOCTHU OT CpPeJIHEeTr0 3HATEHUS

['pacbuk gemMoOHCTPUPYET MPOTrPECCUPYIONIee CHUXKEHUE OTKJIOHEHUS € HeOOJIbITNMEI
dyKTyanuaMu, BBI3BAHHBIMI ~ MYTallUsIMi  ajiieieil  xpomocom.  AjropuT™m  OBICTPO
uzbaBysgeTcs or ocobeir ¢ OoJbINOI cymMMoil KBajipaToB orkjaoHenuii. Ha Puc. 4 nepBbivu
KaH/nJaTaMi Ha OTOPAKoBKY ObLiu ocobu ¢ nomepamu 1, 2, 3, 5 u 6. Jliobasg myrarms,
MPUBOJIAIAST K YMEHBITEHUIO OTKJIOHEHUS , TIOJIHUMAET PEHTUHT OCOOU U TIOBBIIIAET IITAHCHI Ha
repexoji ocobu B HOBOE MOKOJIEHUE U PACIPOCTPAHEHUE CBOEH XPOMOCOMBI Ha JIpYTUe OCOOM.
Bce BoImmeykazanubie (pakKTOPbI IPUBOJIAT CHAYA A K OBICTPOMY BbBIJIEJIEHUIO TIEPCIEKTHBHOIO
MHO>KECTBa, [IapaMeTpPOoB, a 3aTeM K MeJJICHHOMY Y/IyYIIEeHUIO TPACKTOPUU U ITPHUOJIMKEHIIO
eé K HaWJIydIlei.

B rabsmiie 1 cobpaHHbI pe3yabTaThl YUCIEHHOTO MOJIECJIMPOBAHNS JI/1s1 ITapaMEeTPOB 3BEHbEB
MAPHUPHON KOHCTPYKIIUU U KOOPJIMHAT HEINOABUKHBIX IAPHUPOB.

B nepBoii KoJIOHKe TTPUBEICHBI 3HAYEHUS JIIMH U KOOP/IMHATHI HEIIO/IBUKHBIX MAPHUPOB
st koHerpykiuii Teo fHcena, HafiileHHBIe HAME B OTKDBITHIX HCTOYHUKAX [24]. B ckobkax
NPUBEJIEHBI 9TH K€ 3HAYEHUsl, IepeCUYUTaHHble B MacIITad HCIOJIb3yeMOW HaMH MOJIEIIH.
Bropoii cTosibert conepKuT mapaMerphl, HaifiIeHHbIe HAMU SMIUPUIECKIM IIYTEM € ITOMOIIHIO
BU3Ya/JIbHOI'O OlleHUBaHUSA TpaeKTopuu. MOKHO BUJAETH, YTO 3TU 3HAYEHUS OYEHb OJIM3KU K
snadenusam Teo fHcena.

B Tperbem crTosOIEe TAOJUIBI TPUBEJICHBI 3HAYEHUs] IAPAMETPOB, KOTOpPbIE OBLIN
HCIIOJIb30BaHbl KaK WUCXOJHBIC I 3allycKa Imporecca 3poJioruu. Cregayromnmii  cTooerr
COOTBETCTBYET 3HAUYECHUAM, TIOJIYIEHHBIM B XOJI€ 9BOJIIOIIH.

[Tocnemnuii  cTosiber; IOJIyYeH JIONOJHUTEJBHBIM 3allyCKOM IIPOIECCa IBOJIONUU B
MIPEJIITOJIOKEHNUN, YTO UCTOKHU CJUTHI B oinH. [lo/rydernbie yucsia Maao OTJINYaloTcs OT YHCeT
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Axxkanosa A.ZK. u np.

Ta6mna 1: [TapameTrpbl KOHETHOCTH

[Tapamerp | 3nauenus SHavueHnsl, Ncxomabie SHaueHusl, OxkoHUaTETIbHBIE

Teo dmcena | maiineHmnble | 3HAYCHIS HaliJIeHHbIE | 3HAYEHUS

SMITUPUICCKH JIJTsT 9BOJIIOTTHEH
9BOJIIOITIHT

Ly 50 (166,67) 167 200 199,81 199,13
Lo 55,8 (186,00) | 186 223 224,96 222,41
Ls 61,9 (206,33) | 199 247 245,49 242,16
Ly 41,5 (138,33) | 138 166 167,00 167,19
Ly 40,1 (133,67) | 134 160 161,38 159,66
Lg 39,4 (131,33) | 131 157 157,03 155,10
Lo 36,7 (122,33) | 122 146 148,42 146,82
Lg 39,3 (131,00) | 125 150 150,46 149,99
Ly 65,7 (219,00) | 219 262 265,37 265,65
Ly 49 (163,33) 175 210 208,70 211,19
O1(X1,Y1)| 0 0 0 0 0

0 0 0 0 0
05(X5,Y5) | -38 (-126,67) | -125 -150 -152,09 -153,62

-7,8 (-26,00) | -28 -33 -35,31 -36,99
Ry 15 (50) 50 50 48,65 50,38
Ry - - 50 49,67 -
a - - 0 —8Y -

13 IPEJIBIILYIIEro CTOI0IA U JIUIb HEMHOTO UCIIPAB/ISIIOT TPACKTOPUIO, COXPaHsisl €€ IOJIe3HbIe
CBOICTBa, YTOOBI KOMIIEHCHPOBATh COEIMHEHME JIBYX HCTOKOB B OJWH. KIMHCTBEHHBIM
CYIIECTBEHHBIM OTJIMIHEM TPAEKTOPUHU U3 ITOCAEIHErO CTOJONA OT MPEIbIAYINeil TPAeKTOPUN
OBLIO yMEHBITIEHNEe BBICOTHI HAWBBICIIEH TOUKM. TpaekTopus craja 6ojee «CIUTIOCHYTON» 1
HAITOMUHAJIA, KAIJTI0 PTYTH Ha HECMadUBAEMOIl TTOBEPXHOCTH B I0JI€ CHUJIBI TSXKECTH.

Mg zamyckanan 3Bosonnio MHOTO pa3. Orbop 3anmman B cpeaneM 200 TOKOJIEHUI.
Kazkiprit paz Mbl nojiydayu OJIM3KUE 3HAYCHHS ¢ HEOOJIBITUMU BapualnuaMmu. Paszimdaus
B OCHOBHOM OBLINM CBS3aHHBI C BapualuaMu KoopjuHaT ToYKu (Jo OTHOCUTE/IHLHO
toukn (), KOTOPYIO MBI MPHUHSIN 3a Hadajgo oTcYéra. Bapuamunm JjIuH  ObLIN
CBA3aHHBI € HEOOXOIMMOCTBIO KOMIIEHCHPOBATH pasiumdus B KoopaumHaTtax (Jy. Takum
00pa30oM, CYIIECTBYeT IeJI0e CEeMeCTBO IapaMeTpoB, OTBEYAIONINX ONTUMAIBHON (DYyHKIII
npuctiocobsiernoctu (10). Beejienue 0MOMHUTEIBHBIX KPUTEPUEB 0TOOPaA JJIsi TPAEKTOPUH
MOKET BBIJIEJIUTH W3 9TOTO MHOXKECTBa O0Jjiee y3K0e MO IMHOXKECTRO.

B 1memom mpoBenéHHOE HCCIEI0BAHUE IO3BOJIMIO HAM HAWTH IapaMeTpbl KOHETHOCTH
poboTa, KOTOpPBIE IMO3BOJISIOT POOOTY JIBUTAThCA 0€3 BUJIUMBIX BEPTUKAJIBHBIX KOJIEOAHMIT
KopIiyca. Takoe JBMXKEeHHE HepreTudecku OoJiee BBITOAHO. HaiijeHHass HamMu B IIpolecce
9BOJIIOIUU TPACKTOPHUsI JBUKEHHUSI CTOKA ITPEBOCXOJUT IO KAUeCTBY TPACKTOPHUIO, KOTOPYIO
JIEMOHCTPUPYIOT KOHEUYHOCTH <«KHHETHYECKUX CKYJbITYp» Teo fHceHa B HPUIIOKEHHH K
pobOTY ¢ IeThIPbMSI KOHETHOCTSIMI.
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Bo Bpemsi sKcrepuMeHTOB MbI 3aMETUJIH, 9TO (hba3a (v CHIbHO BJIASET Ha TPAEKTOPUIO.
Masble msmenenns as3bl TIPUBOAAT K OOJBIIMM MCKayKEHUAM TPAEKTOPUM CTOKa. JacTh
TpaekTopuii 6bta HerpuemseMa 10 Kpureputo (10), oJHAKO 9TH TPaeKTOPUH MOTYT OBITH
MOJIE3HBI ISl JIBUKEHUS B JAPYrux ycaoBusax. C WHKEHEPHON TOYKHU 3DEHUs yIPABJICHUE
dazoit MoxKeT oKazaThCs yjgo0Hee, YeM JIPYTUMH IlapaMeTpaMHi KOHEYHOCTH (HO.HO}KGHI/IG
OIIOPHBIX ITAPHUPOB, JJINHDLI CTepH{HeI‘/’I), JUIA aJanTanul KOHEYHOCTU K YCJIOBUAM JIBUXKEHUA
29).

Haiiiennble HaMu mapaMeTpbl YIOBJIETBOPSIIN HAIIUM TPeOOBAHUAM M ObLIN IPUMEHEHBI
JIJISI TIOCTPOMKM JIefiCTBYIONIEH MOJIe/ N Tarainero podoTa ¢ IJIaBHBIM XOJI0M IIEHTPa MacC.

5 3akJrouyenue

B crarpe mocrpoeHa Mojesb pacuéra KHHEMATUKHA IMAPHUPHON KOHCTPYKIIMKM Ha OCHOBE
meroa Herorona. OnmcbiBauck maru Mo COCTABJIEHUIO CUCTEMbI HEJTMHEHHBIX yPaBHEHNUI,
OINMCHIBAIONINX KWHEMATHUKY IPOM3BOJIBHBIX MIAPHUPHBIX KoHCTpyKimit. CocraBjieHHas
cHUCTeMa peliajach IOCIe0BATE/ILHBIM IIpUMeHeHneM MeTojia  Hpiorona K rpyrmam
ypaBuennii. Onucantasi MoJie/Ib IPUMEHEeHa JJIsi pacuéra KMHEeMATUKd KOHEIHOCTH poboTa.
KoneunocTsb 1pejicraBiisier co0oil MmapHUPHYIO KOHCTPYKIuio Teo fHceHa.

B Tperbeit yacTu crarbyu ONMUCAHHBIN AJTOPUTM PacdéTa KHHEMAaTHKN ObLIT IIPUMEHEH 115
o/1oopa ImapaMeTpoB KOHETHOCTH O0ECIEeUUBAIONINX MPAMOJIUHEHHOCTD JIBUYKCHUS IEHTPA
Macc poboTa ¢ YeTbIpbMsi KOHEUHOCTAMU. UepHOBOI 10/I00p HapaMeTpoB OCYIIECTBIISIC
SMIUPUIECKUM TIYTEM C MCIOJIb30BAHUEM YUCJIECHHOTO MOJIETMPOBAHUA.

OMIMPUIECKHI TTOI00pAHHBIE ITapaMeTPhl UCIOJIB30BAINCH B KAUeCTBE MCXOIHON TOIKOI
JIJISI 9BOJIIOIIMOHHOIO ajiropuTMma. [locTpoeH reHeTmvdecKuili ajaropuTM, KOTOPBIA ITO3BOJIIII
VIIYHIIATD apaMeTpbl KOHEYHOCTH PoOOTa U 0OECIIeUNTDh MPAMOJINHENRHOE JIBUKEHUE TIEHTPa
Macc pobota. [locTpoena dyHKIMs TPUCITOCOOICHHOCTH TEHETUYIECKOTO aJIrOpuTMa, KOTOpast
NpUMeHeHa JIJIsi ITOUCKa NPAMOJUHENHON TPaeKTOPUM IeHTPa MacC JIBYX KOHEYHOCTel u
obecrievueHnsi OBICTPOI CMEHBI OIIOPHON KOHEYHOCTH B KpallHUX TOYKAX IAroBOTO ITUKJIA.
Haiinennast MeTOIOM T'€HETHUYIECKOI'o OTOOpa TpPaeKTOPHUsl TrapaHTUPYeT IPsMOJMHEHOe
JIBUZKEHUEe KOopIryca poboTa ¢ 9eThIpbMsI KOHETHOCTSIMUA.

B szakjodenwe ormMeTwM, UTO JlajbHeiIIeir  paboTe  IJIAHUPYETCs  MOCTPOUTH
JUHAMHYIECKYIO MOJEIb KOHEYHOCTH € YIETOM TPEHUs B IMApHUPAX ¢ HHEPIMOHHDBIX
XapaKTEePUCTUK 3BEHBEB U MCCJIEIO0BATH HEPreTUUeCKHe 3aTpaThl Ha JIBUXKEHUE W IIYTH WX
MUHUMEU3aIun. Tak »Ke IJIaHUPYeTCs MPUMEHUTh BO3MOKHOCTH PETYJIMPOBKH (has3bl MEXKLY
MCTOKAMHU JIJIsl aJIallTaIluy I1ara pobora K YCJIOBUSIM JIBUXKEHUSI.
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3-0eJ1iM Paszgen 3 Section 3
KoamaaplmMmaibl  IIpukiaagnas Applied
MaTeMaTuka MaTeMaTuka Mathematics

MPHTU 27.41.19, 27.35.25

Meton ynciieHHOTro aHa/M3a PUIBTPAIIMOHHBIX TE€YEHUI Mo/ KAacKaIoM
T IPOCOOPYyKEHU

[Toaropusrit A.P., XapbKoBcKuil HAIMOHAIBHBIN YHUBEPCUTET PAJIMOdIEKTPOHUK,
r. XapbkoB, Ykpanna, F-mail: alex.aminuts@gmail.com
Cuyopos M.B., XapbKoBckuil HAIIMOHAIBHBIN YHUBEPCUTET PAJIMOIICKTPOHUKN
r. XapbKoB, Ykpanna, F-mail: maxim.sidorov@nure.ua

QuiIbTPAIMOHHBIE TEYEHUsT IMUPOKO PACIPOCTPAHEHBI B TPUPOJE U K HEOOXOJUMOCTH UX
PACCMOTPEHUsI 9aCTO MPUXOJISIT B XOJIe XO3AMCTBEHHOI IesiTeIbHOCTH. B pabore paccMaTpuBaeTCst
3a7a9a TEOPUHU CTAIMOHAPHONW (UIBTPAIMU B TIPYHTE IOJ KACKAIOM TIHIPOCOODYKEHUI B
[IPEJIIIOJIOZKEHUN, 9TO BbINOJHAETCH 3akoH Jlapcum. Maremarmdeckoit MOJEIBIO ITOW 3ajadn
SIBJIFETCS SJUINITUYECKUE yPaBHEeHUs I DYHKIMH TOKA ¢ KPAEBBIMHU YCJIOBUSIMU BTOPOI'O POJIA
Ha yYacTKaxX I'PAHUIBI BOJIOEMA W KPAEBBIMH YCJIOBHSIMU IIEPBOTO POJA HA yUIACTKAX T'DAHUIIBI,
ABJISTIONUMUCS HEMPOHUTIAEMBIME )T YKUJIKOCTU. [Ipw 9TOM B TOCTAHOBKY 33241 BXOJIAT
HEU3BECTHDIE 3HAYCHUS TIOJHBIX PACXO/IOB YKUJIKOCTH IO KAYXKIBIM 13 THIPOCOODYKEHUI KACKa 1A,
JUTS HAXOXKIEHNA KOTOPBIX (hOPMYIUPYIOTCSH IOIOIHUTEIbHbIE HHTEIPAJIbHBIE COOTHOIIeHns. Jirs
YUCJIEHHOIO aHaJN3a 3aJa4l IIPe/JIaraeTcs WCIOIb30BaTh CTPYKTYPHO-BAPHAIMOHHBIA MeTOJ]
(meros; R-dyHKImit), uro nossoinut Hambosee MOJHO yUeCTh B BBIYUCIUTEIBHOM AJITOPUTME
BCIO N€OMETPHUYECKYI0 U AHAJUTUICCKYI0 HH(MOPMAINIO, KOTOpas BXOAUT B IOCTAHOBKY 3aJadvu.
B coorBercrBMm ¢ TPUHIUIIOM CYIEPIO3UNANA OT WUCXOTHOW 3aJadd OCYIIECTBICH IIEPEXO]T
K HabOpPy KpaeBBbIX 3a/@ad C U3BECTHBIMA KPAEBBIMHU ycCJoBusMU. Jljisi KaxKaol u3 9Tux
3aja4 corsiacHo Merosy R-dyHKIHiI 1MOCTpOeHbI CTPYKTYDPBI PEIIeHHs, TOYHO YUHUTHIBAIOIINE
BCe KpaeBble YCJIOBUsl, W OOOCHOBAHO WCIIOJb30BaHNE BapHAIMOHHOIO MeToJa Purma jyist
aANPOKCUMAIINHI HEOIPEJICJIEHHON KOMIOHEHTHI. [locsie 3Toro n3 monoHuTe IbHbIX HHTETPATbLHBIX
COOTHOIIIEHUIT HAXOJAATCS IPUOJINYKEHHbIE 3HAYCHUS HEN3BECTHBIX PACXOMIOB YKUJIKOCTH, & 3HAYNT,
U TpUOIMKEHHOE DeIeHne UCXOHOM 3a/adu. Db IpOBeIeH BBIYUCIUTEIbHBIN IKCIEPUMEHT
JIJIST cJIydasi TIOCTOSHHOTO KoddduimenTa GuabTparun B 00aCT, KOTOpas UMeeT BUJI HUKHEH
[IOJIOBUHBI KOJIbIIA, C JIBYMSI ITOJIYKPYIJIBIMU 3arjyOJIEHUsIMUA, PACIIOJIOKEHHBIMUA CHMMETPHIHO.
[Ipemraraemprit MeTO YUCIEHHOTO AHAIN3A TIOKA3AJI CBOIO 3(h(DEKTUBHOCTD IIPU PEITEHUN TECTOBOMN
3a/a9 U MOYXKET OBITh WCIIOJb30BAaH I PEIeHns IPUKJIAIHBIX 3a7ad. lIpemvyrmecTBaMu
pa3paboTaHHOTO YUCIAEHHOIO METO/IA ABJISAETCHA BOSMOXKHOCTD ITOJIYYeHUsl PENIeHNs KPaeBoii 3a/1a4n
B BUJIE €JIUHOTO AHAJTMTUIECKOTO BBIPAXKEHUS U TOYHOE YJIOBJIETBOPEHNE BCEM KPAEBBIM YCJIOBHUSIM.
KurroueBbie ciioBa: huibTpaiioHHOe TedeHne, (DYHKIMS TOKA, TPUHITUI CYIIEePIIO3UIIANA, MEeTO/T
R-dyukuii, meron Puria.
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Fluid flows in porous media are widespread in nature and they often come to the need for con-
sideration in the course of economic activity. The paper deals with the problem of the theory of
stationary fluid flows in porous media in the ground under the construction of hydraulic struc-
tures under the assumption that Darcy’s law is fulfilled. The mathematical model of this problem
is the elliptic equations for the stream function with boundary conditions of the second kind on
sections of the boundary of the reservoir and boundary conditions of the first kind on sections of
the boundary that are impermeable to liquid. At the same time, the formulation of the problem
includes the unknown values of the total fluid flow rates under each of the hydraulic structures of
the cascade, for the determination of which additional integral relations are formulated. For the
numerical analysis of the problem, it is proposed to use the structural-variational method (the
R-functions method), which will make it possible to fully take into account in the computational
algorithm all the geometric and analytical information that is included in the formulation of the
problem. In accordance with the principle of superposition from the original problem, a transition
was made to a set of boundary-value problems with known boundary conditions. For each of these
problems, according to the method of R-functions, the structures of the solution are constructed
that accurately take into account all the boundary conditions, and the use of the Ritz variational
method for approximation of the uncertain component is justified. After that, of the additional
integral relations, the approximate values of the unknown flow rates of the fluid, and hence the
approximate solution of the original problem, are found. A computational experiment was carried
out for the case of a constant filtration coefficient in an area that has the form of the lower half
of a ring with two semicircular burials located symmetrically. The proposed method of numerical
analysis has shown its effectiveness in solving a test problem and can be used to solve applied
problems. The advantages of the developed numerical method are the possibility of obtaining the
solution of the boundary value problem in the form of a single analytical expression and the exact

satisfaction of all the boundary conditions.
Key words: fluid flow in porous media, stream function, superposition principle, R-function

method, Ritz method.

1 BBenenue

C camoro Havaia XO3AMCTBEHHOW JIEATEJILHOCTH 9YeJIOBEKA OJIHUM U3  BaKHEMIux
€CTEeCTBEHHBIX IIPUPOJHBIX PECYPCOB sBJIAIOTCA BOJHBIE pecypcbl. Ux  addexTusnoe
UCIIOJIb30BaHNe, B YaCTHOCTU, JJId HYKJI SHEPTeTUKH, JTAJ0 MOIIHBIA TOTYOK PA3BUTHIO
nuBuaIn3anuu. Kak cjieJcTBHe 3TOr0 BO3HUKAECT HEOOXOJIUMOCTD I HUCCTICTIOBAHUSI
COOTBETCTBYIONNX (DU3MIECKUX IIPOIECCOB  COBEPIIEHCTBOBATH YNCJIEHHBII — ammapar
MaTeMAaTUIECKOTO MOjenpoBanusd. Bayknoe MecTo cpejyu TUIpPOJINHAMUYECKHUX ITPOIECCOB
3aHUMAIOT MPOIECChI MpOcaYMBaHus KUAKocTH (HedTH, rasa) B IOPUCTOH  cpejie
- TakK Ha3blBaeMble (DUIbTPAIMOHHBIE TeueHus. K paccMOTPEHUI0 TaKuX TEeUeHMit
MIPUBOJIAT IIPOIECCHI OCYIIEHUS U OPOIIeHUd, OOTEeKAHUSA THIPOTEXHUUECKUX COOPYZKEHMUIT,
pocadnBaHue BOJbI CKBO3b 3eMIgHble gaMObl 1 11p. [1]. Takum o6pasom, pazpaboTka HOBBIX
U yCOBEPIIEHCTBOBAHME CYIIECTBYIONINX METOJ0B YHCJIEHHOTO aHaan3a (UIbTPAIIMOHHBIX
TeYCHUN ABJIdeTCA aKTyaJIbHOU Hay4dHOI 3ajaueil.

enbio HacTosIeil paboThl ABJIsIeTC pa3pabOTKa MeTOJa IUCIEHHOINO aHaJIM3a ILJIOCKUX
CTAITMOHAPHBIX (PUJIBTPAIIMOHHBIX TEYEHHIl, MaTeMaTHIeCKON MOJEIbI0 KOTOPOTO CJIyKUT
KpaeBas 3ajada s QyHKIuN ToKa. Jlannass pabora Mpomo/zKaeT UCC/IeI0BaHnsl, HadaThle
B 2], u pacupocTpaHseT HOJIydeHHBIE TaM pPe3YJbTaThl Ha CJIydail OOTEKaHWs CHCTEMBbI
I'UJIPOCOOPYZKEHUI.

ISSN 1563-0277, eISSN 2617-4871  Journal of Mathematics, Mechanics, Computer Science, N.1(101), 2019



MeToz, YMCICHHOrO aHAIN3a, (PUILTPAIMOHHBIX TCUEHUI . . . 117

2 O0630p JUTEPATYyPHI

B kadecTBe MareMaTUYeCKUX MOJIe/ell TeUeHUN YKUJKOCTU B IOPUCTBIX CPEJIaX OOBIYHO
BBICTYTIAIOT KPaeBble N Ha9aJIbHO-KPaeBble 3a/Ia4N JIJIsl YPaBHEHNI B YaCTHBIX ITPOU3BOTHBIX.
Tounble perenus 3aja4d GUILTPAIME MOYKHO TOJYYUTH JIUIIL B HEKOTOPBIX MTPOCTENIITIX
caydaax |3, 4|, mosromy 6ojiee NPAKTUYHBIMU U YHUBEPCATLHBIMU SABJISIOTCS METOJIbI
qucjaeHubie. Cpein METONOB YHCJIEHHOTO aHan3a (QUIBTPAIMOHHBIX TEUYCHUNR MOYKHO
BBIJICTUTH METOJ/IbI CETOK, KOHEYHBIX JIEMEHTOB, MayKOPAHTHBIX W (PUKTUBHLIX 00J/IacTeif,
croxactuyaeckue merojwsl [5, 6, 7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19]. Kax st u3
9TUX METOJIOB UMEET CBOM IPENMYyIecTBa 1 HejpocTaTku. OOIMUM HEeJIOCTATKOM YIIOMAHY THIX
METOJIOB SBJISETCS TO, YTO MPU WX MCIOJIB30BAHUN B IN€OMETPUYECKH CJIOXKHBIX 00JIACTIX
rpanuia 06JIaCTU AlPOKCUMUPYETCs, HAIIPUMED, BIUCAHHOM JIOMAHOMN, TO €CTh IIPOUCXO/IUT
[OTEPsl TOYHOCTU B ydeTe reOMeTPUIecKOil nHdOpMaIui B 9UCIEHHOM aJrOPUTME.

Haunbostee TOYHO M IMOJHO yYeCTbh NeOMETPUUECKYIO M AHAJIUTUIECKYIO WHMOPMAIIUIO,
KOTOpasl COJIEPXKUTCA B ITIOCTAHOBKE 3aJladld MaTeMaTH4IecKOoil (pusmkm, M03BOJISIET
crpyKTypHbiii  Meroy R-dymkumit |20, 21|, paspabarbiBaeMblil IMIKOJIOH —aKaJeMuKa
Hanmonambnoit akajiemun nayk Ykpaunbl B.JI. Ppauésa. J[ns auciaennoro pemrenus 3ajiad
dbuprpanun meros R-dyukiuit 6611 puMeneH, HanpuMep, B (22, 23, 24|, #Ho B 9THX paborax
ObLIN PAacCMOTPEHBl JIAIIb 3aJ@di (DUIBTPAINN 1O/ €IUHUIHBIMUA TI'HIPOTEXHIIECKIMA
COOPYZKEHUSIMI W IIPU YCJIOBUM, YTO BCE BEJMYUHBI, BXOJAIINE B IIOCTAHOBKY 3aJ/a4H, B
YaCTHOCTHU, TOJTHBIN PACXOJ], KUJIKOCTH, M3BECTHBDI.

3 Marepuajibl U METObI

3.1 IlocranoBka 3aJa4n

PacemarpuBaercst 3ajiada cranuonaphoii samopuoit duisrpanuu |1, 10, 11, 12| B obnactw,
nokasanHoii Ha puc. 1. Obsactb duabrpaiun §) orpaHndeHa HEIPOHUIAEMBIMU TPAHUIIAMEI
000 u Oy, k = 1,2,....,n, KOTOpbIE SBJIAIOTCA JUHUAMU TOKA, a TaKrKe IIPOHUIAEMBIMU
rpanutiamu  (rpanunamu  Bojoema) Oox_1, k = 1,2,...,n + 1, KOTOpBIE SIBJISIFOTCS
HOTEHIMAJILHBIMU JITHIAMU.

[Tpunumaem, 4To B 3ajaHHOl obsacTu JeiictByer 3akoH Jlapcu, dusmyeckuii cMbIC/
KOTOPOI'O O3HA4aeT, 4TO IMOTepU Hamopa Ipu (GUIBTPAIUN TPOIOPIUOHAIBHBI CKOPOCTH
dbunsrparmn. Bextop crkopoctn dbuibTpanum moToka 0003HAUNM KaK V = (Uy, Uy).

Anamus wockux (GUILTPAIMOHHBIX T€YeHUH y100HO MPOBOJUTL C MOMONILIO (DYHKIUN
Toka ¢ = (x,y), BBOAUMOI COOTHOIICHUSIM:

_ %
Uy = ayvvy - ax (1)

Toryma ana dyHKIMM TOKA MOTyYIUM CJIEIYIONLYIO KPAeBYIO 3a/1ady:

0 (10N 0 (10

“or\nar) "oy \nay) B 2)
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S S

LS L el e Ll e e

S S S R Al L LY e

H

Rl e e L e e T e
Rl e e L e e T e
Rl e e L e e T e
Rl e e L e e T e
Pl Al al e L e et a el
T T T
Rl e e L e e T e
Rl e e L e e T e
Rl e e L e e T e
Rl e e L e e T e
Pl e e L e bk e

Pucynok 1: Obnacts dunbrparun €2

Bl =05 Voo, = Qs k= 1,21, (3)
9,
9y —0, k=1,2,...n+1 (4)
onfaq,,

Baecb £ =  k(z,y) - kodpdurment duiabTpanun, N - BHENIHsS HOPMadb K

COOTBETCTBYIONIUM yIacTKaM I'PAHUIIbI, () - TIOJTHBIH PACXOJ] JKUJIKOCTU Ha, yIACTKE TPAHUIIBI
O, k=1,2,....,n. Besmaunb! ()}, ABIAIOTCA HEM3BECTHBIMU U ONPEIEIAIOTCS CJIeIYIONUMI
MHTETrPaJIbHBIMIA COOTHOIEHUSIMU:

K On

1
/ fajds:—[ﬂt, k=1,2,...,n, (5)
80y,

rje H), - neficTByionuii Haop Ha ydacTke rpanuibl 0o, k= 1,2, ..., n.
I'panuna 02 obsractu dpusibrpanun () npeacrapiger coboit oobeauHenne Juanit 0€g, 0§,

2n+1
...,ankH: o) = U 89]
=0
g amammsa 3azadan (2) - (5) BOCIOJB3yeMCsS HPUHIUIIOM —CyIIEpro3uimn |25

U CTPYKTYPHBIM — MeToJoM  (MeTojoMm  R-yHKImil), NpeIoKEHHBIM — aKaJIeMUKOM
Hanumonassnoit akajgemun nayk Ykpaunbl B.JI. PBauesbim.
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3.2 OcHoBuble cBeieHus n3 Teopuu merona R-dyHkiimii

Paccmorpum ocnoBubie cBejienuns u3 Teopun R-dyHKImit u oOIIyo cxeMy HTPUMEHEHUS
METOJIOB 3TOW TEOPUU B MATEMaTUYECKOM MOJEIUPOBAHUN (DU3UKO-MEXaHUIECKUX T10JIei

20, 21].

Omnpepenenne 1 Qyuruua y = f(x1,....,2,), f : R* — R, nasweaemcsa R-Pynxyued
(pyrryuet B.JI. Psauesa), coomeememeyrowets pasbuernuto mnoscecmsa X = (—00, +00) =
R na mpu epadayuu

S51(0) = x(0) = (=00,0), S3'(1) = x(1) =0, S5(2) = x(2) = (0, +00),

ecau cywecmeyem makas Gynryus mpexranaunot aoeuku Y = F(Xq, ..., X,), wmo

Sg[f([)’}l, ceny IL‘n)] = F[S3(I1>, ceey Sg(l‘n)], (6)
0, t<0,
2de S3(t) =< 1, t=0,
2, t>0.

Oyukims  TpEx3HAYHOW Joruku F',  yroBierBopsiomias yciaoBuio (6), Ha3bIBaeTCs
corpoBoK 1atoreit it R-byuxnun f.

Takum obpazom, cpeau (pyHKIHI HEIPEPHIBHOIO apryMeHTa BblJIe/IeH Kjacc (DyHKIHII,
UMEIOIIX CBOMCTBA, CXOXKHE CO CBOMCTBaAMM (DYHKIUI JTUCKPETHOIO apryMeHTa - (DyHKIIHi
Tpéx3nadHoil Jjoruku. Jlokazawo [20, 21|, 4ro sTOT KIacc (DYHKIMIA HMeEET HEIyCcToe
repeceveHne ¢ MHOYKECTBOM 3JIEMEHTAPHBIX (DYHKITUIA.

Haubosee ymorpebiisiemoit Ha MpakTUKe siBJsgeTcs cucteMa R-dyHKImii Buga

T=-—2, 1 NogTa =1 + To — \/ 22 + 2%, 21 Vo a9 = 21 + o + /22 + 22 (7)

Mg R-dyukuumit (7) cOnpoBOXKIAIOMUME  SIBJISIIOTCS  (DYHKIIMUA TPEX3HAYHON JIOTUKH
OTPUIAHNE, TU3BIOHKIINS U KOHbBIOHKIUSA COOTBETCTBEHHO.

Cxema npumenenust anmapara Teopun R-dynkmmit npm pemenun oOpaTHOi 3ajgadn
AHAJINTUYECKO TeOMeTpHUM 3aK/liodaercs B ciemaylomeM. [lycTb reomerpmyecknii 00ObekT
1 C R" mocrpoen U3 OHOPHLIX MHOXKeCTB X; = (0;(x) > 0), ¢ = 1,...,m, ¢ mOMOIIBIO
omneparuit —, A, V ajaredpbl JOTUKN HaJl HUMU:

Q= F(21, ..., 5). (8)

Bynem cumrars, uro o;(x), i = 1,..,m, - mpocTble HeNpPepbIBHbIE (JIeMEHTApHbIE)
dbyuxmum, T0 ecth 0;(x) = 0 aBisercs rpaxueil MEOKecTB 0;(Xx) > 0 u 0;(x) > 0. Ecom B
(8) mpoussectu dopmabhyio 3ameny {2 Ha w(X), X; Ha 04(X), i = 1,...,m, a CUMBOJIOB —, A,
V aare6phbl JIOTHKK Ha CHMBOJIBI COOTBETCTBYIOMMX R-(yHKIUiA, TO MOJIyYUM B BUJIE €IUHOTO
AHAJIITHIECKOTO BBIPAYKEHUS dJIEMEHTApHYIO (DYHKIMIO w(X), PABHYIO HyJIIO Ha rpanute O0S).
[Tpu sToM Jijist BHYTPEHHUX TOUYEK () BBIIOJIHSIETCS HEPABEeHCTBO w(x) > 0.
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Taxkum obpasom, ypashenne w(x) = 0 B HesgBHOII (opme OnpeieseT reoMeTpuIecKoe
MEeCTO TOYEK, KOTOPOe sABJISIETCS TPAHUIEH NeOMeTPIUIecKOro oobekTa ).

Oyukimo w(X) TakKe MOXKHO IOJIMHUTEL JOMOJHUTEIBHBIM YCIOBUSAM, HAIPUMED,
YCJIOBUIO HOPMAaJIN30BAHHOCTHU

w(x) =0 ma JN; w(x) > 0 BayTpH §2; Qw =1, 9)
on |,
r7e n - BHelHssd K 0f) HopMaJIb.

Jlns anajim3a KpaeBbIX 3ajlad MaTeMaTUIecKoil ¢pusmku Metosr R-dyHKImii mo3Bosiser
CTPOWUTDH TaK Ha3bIBaeMble CTPYKTYPBI DeIlleHns] KPaeBbIX 3a/a4, TO €CTh IIYyYKH (DYHKIINIA,
KOTOPbIE TOYHO YJIOBJIETBOPSIOT BCEM KPAEBBIM YCJIOBHAM 3aJIa9di U 3aBUCAT OT HEKOTOPBIX
HEOIPE/IEJIEHHBIX KOMITOHEHT.

[Tpumenenue meroa R-dbyukiuit qjist auc/ieHHOro anamsa (pu3nko-MeXaHnIeCKUX MoJIei
COCTOHUT U3 CJIEYIOMNX STAIOB!

1) ToYHOE aHAJMTHYECKOE OIHMCAHUE MeOMETPHU PACYeTHON 00JIACTH, TO €CTh IIOCTPOCHIE
dbyukimm w(x) co croiictBamu (9);

2) UPOJO/IKEHNE KpaeBbIX YCJIOBUH BHYTPh 00J1aCTH, TO €CTh JIOONpPEJIeIEHIe BO
BHYTPEHHHUX TOYKAX 00J1acTh (PYHKIUI U ONepaToOpoOB, 3a/IaHHbIX Ha I'DAHUIIE;

3) mocTpoenue 001Ieli CTPYKTYPbI PEIIeHNUsT, TO eCTh TaKoil (pOpMyJIbl, 3aBUCHIIIE OT OJIHOM
UJIM HECKOJIbKUX HeOIPe/IeJIeHHbIX (DYHKIUi (KOMIIOHEHT), KOTOpas IIpU JIEOOM HUX
BBIOOPE TOYHO YJIOBJIETBOPSAET BCEM KPAEBBIM YCJIOBUIM 331a4U;

4) IIOCTPOEHUE HpI/I6JH/I}KeHHOFO pemieHud, TO €CTb alllIPOKCHUMallued HeOIIpede/ICHHBIX
KOMITOHEHT CTPYKTYPbI HEKOTOPLIM YUCJICHHBIM METOIO0OM.

Jyist IPOJIOJIZKEeHHsT KPAeBBIX YCJIOBHI BHYTDb OOJIACTU UCIHOJB3YIOTCS CJIEJYIOIIE JBa
OCHOBHBIX TI0/1X0/1a [20].
[Iycrs dyukIms ¢y B Toukax Of) 3ajaHa KAk COCTaBHAS B BUJIE

e (s), s € 0,
wols) = . e
gp(()r)(s), s € 0Q,,
r7e yaacTKu rpasuiibl 0§y ,..., 0€), MOnapHo pa3InvHble, He UMEIOT OOINUX BHYTPEHHUX TOYEK
n 02 =00, U...U0dQ,.

[ycte manee ¢;(x), i =1, ..., 7, TAKOBBI, UTO @;yq = gpg), a wi(x), i =1, ..., r, Takue,
aro w;(x) = 0 Ha 0 1 w;(x) > 0 B QU (9Q\0Q;). Torna bynkius
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FMeeT CBOICTBO ¥|,0 = .

Bropoit nojixos cBst3an ¢ mpojioszkenneM JuddepeHnaabHbIX OlepaToOpOB, 33/ IaHHbIX Ha
L), BuyTph obsactu ). [lycts w = 0 - HOpMaM30BaHHOE ypaBHeHUe TpaHuiibl 0S) obractu
Q. Torma omeparop Dy, JiefiCTBYOMNIL 110 TTPABUITY

B PEryJIspPHBIX TOUKaxX 0f) yJIOBIETBOPSIET PABEHCTBY

ou

_D1u|3Q - 8_n7

r7le N - BHEMTHAA K 0) HOpMaJIh.

[Ipu sTOM BBIpazkenme Diu nmMeer cMmbicy Beropy B 2 U 0€).

O6muit MeTos TIOCTPOeHUsT CTPYKTYPHBIX (opmys pacemorper B [21, 26]. OcHoBubIe
npuMenenus metoja R-dyukiuit K pacuery (HU3NKO-MEXaHUIECKUX TOJIEH Pa3InTHOM
HPUPOJIBI COJIEPIKATCs, HATIpUMED, B |26, 27].

3.3 Meroa 4YnCcJAEeHHOrO aHAJIn3a

Pemenue 3asaan (2) - (5) B coorBeTCTBUE € MPUHIUIIOM CYIIEPIIO3UIIUNE OY/I€M UCKAThH B BHJIE

rie wi(z,y), i = 1,2, ...,n, - pelienne 3a1a9n

IR —_ ([ Z =080 11
8.75(583;) 8y(1<;8y) B (11)
ul-|(990 =0, ui\m% =0, k=1,2,...,n, k #1, ui\m% =1, (12)
Ju;
Y —0, k=1,2,...,n+1. (13)
on 0ok 1
[Iycrs dbynkimun w;(z,y), j = 0,1,..,2n + 1, DOCTPOEHHbIE C HCIOIL30BANIEM

KOHCTPYKTHBHOTO armapara Teopun R-dyHKINi, TaKOBbBI, 4TO:

w;(z,y) = 0 ma 09Q;; wi(z,y) > 08 QU (IN\0Q;);
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a .
Tl -1, j=01,...2n+1.
On o9,

O6o3HaYNM

T($7y) = wl(x7y) /\0 wl(xvy) /\0 /\0 w2n+1(x>y>7

(2, y) = wo(x,y) Nowa(,y) No ... Nowaj—2(x,y) Ao wajra(T,y) Ao ... Nowan(T,y),

Torna onepatop DY), OIlpeJle/IEHHbIIT PaBEHCTBOM

orou 01 0u

D(T) -z
L= 8x8x+6y8y’

00J18J12€T CBOMCTBOM

a dyskua 7(x,y), i = 1,2, ...,n, TakOBa, 4TO

Ti(x,y) = 0 ma 00\,

Ti(x,y) > 0 ma 0.

Torma u3 pesysnbraroB paboTer [28] cieyer, 4To mydok dyHKITH

Ti No Wo;

u; = fi — —DY)fi + (7 Ao wai)P; —

Ti + Wa; Ti + Wa;

AN i (r
TR025 DO (73 Mg wii) D), (14)

riae ¢, = ®,;(x,y) - HeonpeeeHHAs KOMIOHEHTA,

(2 _ Ti(xvy)
fi(z,y) 7i(2,y) + woi(z,y)’

sIBJIsIeTCsT ODITell CTPYKTYpOil periennst Kpaesoit 3agaau (11) - (13), T.e. mpu yio6oMm BIGOPE
Heornpe/ieJieHHoN KommoHeHTbl P; dbynknus u; Buga (14) TOUHO YIOBIETBODPSET KPAEBBIM
yesoBusim (12), (13).

Jst anmpokcuMarn HeolpeiesieHHoi KoMmoneHTsl O; B Kaxk0i u3 3ama4d (11) - (13),
i =1,2,...,n, BoCHoOJIb3yeMcsl BaprannoHHbiM MeTojgoM Puria [29, 30]. s sroro B 3ama4e
(11) - (1 )C,HGJI&GM 3aMeHy

U; = @; + Vg,
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.
rie ¢; = fi — ————D; ' f;, a v; - HOBad HeusBecTHAs (DYHKIIUS.

Torna dyuxnusa v; Oyaer pelreHneM KpaeBoil 3aJladd € OJHOPOJHBIME KPaeBbIMU
YCJIOBUSIMU:

0 (10v; 0 [ 10v;
—— |- )= (- )=FE3BQ 15
Oz (/ﬁax) Dy (m@y) B (15)
Viloaguansu...uoas, = 0, (16)
Ov: =0, (17)
on 901UN5U...UI0n 41

I‘,ZLGFZ—% E@x)Jra_y(an)'

C samaqeit (15) - (17) cBszkem omeparop A 9Toit KpaeBoil 3ajaqu, JeficTByOMuii B
npoctpancTse Lo()) 1o mpaBuiy

0 (10v 0 (10v
I _9 18
! Ox (m@x) oy (m’?y) (18)
Ha obslactu onpefenenust Dy, cocrosimeit u3 Tex ¢yHkimit npocrpancTsa Ly(€2), KoTOpbIE

npunaieskar Muozkectsy C2(Q) N CH(Q) u yaosnersopsior kpaesbivm yeiaosuam (16), (17).
OueBuano, Dy - 1mHea.

Jlemma 1 Onepamop A euda  (18)  asasemca  aunelnvim, — CUMMEMPULHDIM,
NONOAHCUMENOHBIM U 0AHCE NONOHCUMENDHO ONPEIEAEHHDBIM ONEPATNOPOM.

Jokxazameavcmeo JluaeitHOCTH omepaTopa A TpPHUBHAJILHO COEAyeT W3 JIHHEHAHOCTH
oneparmn auddepeHInpoBaHus U TOro, 910 [ 4 - JTUHeaJI.

s mokazareibCcTBa CUMMETPUYHOCTH PACCMOTPUM TeEePh CKAJISIPHOE ITPOM3BEICHIE
(Av, w), tae v,w € D 4. llpumenss nepsyio dopmyry ['puna [29], mosyamm:

o= [ ()-8 () -

// 8@811) ov ow drd /l@wds
or Oz &y dy Y7 ) won
59

Uurerpas o 0§2 obuy/sieTcss B Cuity TOro, 9to v, w € D4, a 3Ha9HT,
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1 [ 0vow 07} ow
(Av,w) = //E (% o T a0y )dmdy (19)
Q

u (Av, w) — (v, Aw) = (Av, w) — (Aw, v) = 0, TO ecTb A - CUMMETPUIHBII OIEPATOP.
[TosozkuTebHOCTH onepaTopa A cieyer u3 Toro, 4to i Beex v € Dy

o= 15+ (5) |z

npudeM B cuity yesosuii (16), (17) pasercrso (Av, v) = 0 Bo3MOXKHO Juiib, ecn v = 0.
JlokazkeM Tereph IOJOKHUTEIbHYIO onpejerseHnocTs oneparopa A suga (18). Kaxk
ussectHO [30], ms dyukuuit u uz npocrpancrea Cobosesa W) () umeer MecTo HEpaBEeHCTEO

o <t [f|(3) - (5)

rje §2 - objacTh ¢ gummmieBoi rpanureii J€2, I'y - oTkpbiTasg yacTh rpanuibl 0F) obsactu §2

[IOJIOKUTEIbHON MephI Jlebera, ¢ > (0 - mocrosHHAsI, 3aBUCHIIAs TOJBKO OT objactu () u ot
I.
[Tockosbky

ou\? ou
2 _ 2
Hu||w21(§z) —// u” + (8x) + <3y) ]dxdy7
Q

To u3 HepaseHcTBa (20) cieyeT oleHKa

2 ou\’ ou
ol = [[ sty < e [ [(8—) (2
Q Q

[Iycts koadpdburment duabrparuun B objactu () yJIOBJIETBOPAET HEPABEHCTBY
0 < k1 < k(z,y) < Ky. Torma st Beex v € Dy

o= [\ )+ () o2 | R)+ (5) oo

Beibupast masee B (21) I'y = 099 U 95 U ... U 0y, 1 yunTbiBasg, 910 HyHKIU v € Dy
YZOBJIETBOPSIOT KpaeBoMy ycaoBmio (16), mosydaeM HEpaBEeHCTBO

d:vdy—l—/qus : (20)

Iy

d:cdy+/u2ds . (21)

Iy
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(Av, v) > (cka)™" ||U||ig(9)7

o3HauaIee, 4To A - IOJIOKUTEeILHO Olpe IeIeHHbII olepaTop.

Jlemma okaszana.

Ha ocnoBanun paserctBa (19) BBemem Ha D, SHepreTmdeckoe IMPOM3BENEHHE [v,w],
HOJIOZKIB

ov Ow (% ow
[v, w] // (&E e 8y 3y )dwdy, v1, Uy € Dy. (22)

[Tortontasist D4 B cMbIC/Ie CXOJAUMOCTHU 110 SHEPreTUIecKoil HopMe

il = vl = | Jf 21 (2) + (20 ] et (23)
Q

HOPOZK/ICHHO}T CKaJISIPHBIM TIPOU3BeieHneM (22), Moy IiM HEPreTHIeCcKoe TTPOCTPAHCTBO H 4
oneparopa A Buja (18).

Torma no Teopeme o dynknnonasne suepruu [29] samaga (15) - (17) upm yciaoBun
F;, € Ly(Q2) mmeer B H, enuncrBennoe (0000IIEHHOE) peIieHne v, SABJIAIONIEECs TOYKOM
vurnmyma B Hy dyuknmonana sueprun

1| [0v\? i\’
sl =l =205 v = [ |2 (52) + (52) | - 26| doas.
Q

g vuanMmuszanun - dyaknnonana J[v;] Bocmosb3syemcs mertogoM Putia, corsiacHo
KOTOPOMY MpHOJIMZKeHHOe pertierne 3ajaaun J[v;] — inf uimem B Buje
H 4

UZN_E C]ggoka

e {gp,(;)} - KOODJIMHATHASI TI0CIEI0BATETHLHOCTD.

U3 Buga crpykTypsl (14) ciremyer, 910 KOOPJAMHATHYIO [TOCJIEI0BATEIbHOCTh {(pff)} MOZKHO
COCTABUTH U3 (DYHKITUI

i) Ti No W2;

SOI(C = (T; No wai) Xk — DgT)((Ti No Wi ) Xk)

T; + Wa;

rie {xx} - mobas nonHasg B Lo(§2) cucrema dbyHKIHIL.
Torma aya onpejiesieHnst MOCTOSTHHBIX cg), k=1,2,...,N, doynem umers cucremy Purra
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N
Sl e = (Bl j=1,2,.., N,

k=1
rie
i (@) i (@)
o 0] = / 1[0 0% +5’<P1§)590j drdy
kord k| Or Ox dy Oy ’

Q

(Fi,sog-i)) Z/Fi-gog-i)da:dy, k,j=1,2,...,n.
Q

U3 reopem cxompmmoctun Merofa Puria [29] ciemyer cXoamMoOCTh OC/IEI0BATETBHOCTH
{vin} K vf Kax B Hopme (23), Tak u B HopMe Lo(€2).

Torma dyskmmio v = ¢; + v] MOXKHO paccMaTpuBaTh KakK OOOOIIEHHOe pelleHne
sagaan (11) - (13), kK KoTropomy B HOpMe Lo(§)) cXomuresi MOCIIeI0BATEILHOCT {u; v}, Ti1e
Ui N = Pi T Ui N-

Ecmn u}, i = 1,2,...,n, - permenne 3amaun (11) - (13), To juist oupesenenns Besnant @,
1 =1,2,...,n, TOJIYyYNM CHCTEMY JIMHEHHBLIX aaredpandecKux ypaBHeHHi

Yo (;ﬁ ds = —H., k=1,2,...n,
=1

= 0o,

KOTOpAasi B CHJIY Pe3ysIbTaToB |25| 11 Bujon3MeHeHHo 3a1a1m J{upuxiie uveer e nHCTBEHHOE
pelieHue.
Wrak, cripaBe/iyinBa, cJre/IyIomniasi TeopeMa.

Teopema 1 Ilyemov F; € Ly (), i = 1,2,...,n. Toeda nocaedosamenvrocmo

Q/JN = Z QgN)ui,N7
=1

N) . . .
2de QE ), 1=1,2,...,n, - pewenue cucmemvt AUHETHBLT aA2e0PAUMECKUL YPAGHEHUT

S / %dsz_[{lfw k=1,2,....n,
. n
i=1 0oy,

cxodumes 6 Lo (Q) x 0bobwernnomy pewenuro 3adavu (2) - (5).

Bamerum, aro ycinosusa F; € Ly (), 7 = 1,2,...,n, ABIFIOTCS YCJOBUSIMU IIPUMEHUMOCTI
K PeIeHunio 3a1a4u Metosa R-pyuknii.

a?)i

TaK}Ke OoTMETHUM, YTO yCJIOBI/Ie a— = 0 ABJIdEeTCA eCTeCTBeHHbIM7
|90, U8Q3U...U8Q 0 11
[O9TOMY TPH BBIOODE KOODJMHATHON IIOCTIE0BATEIBHOCTH {@g} €My MOXKHO He

YAOBJIETBOPSTh.
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4 PesynbTaThl 1 00CyXKJ/IeHUE

BeraucamrenbHbiit sxciiepuMenT B 3aade (2) - (5) npu £ = 1 6b110 1poBesieHo B obmactn €2,
rpanuniia 0f) KOTOPOil COCTOUT M3 BHEITHEH MOJyOKPYKHOCTH pajuyca R, 1ByX BHYTPEHHUX
MIOJIYOKPYKHOCTEN PAJIUYCOB 71 U T9, 1 < R, ro < R, TpexX OTPe3KOB rOPU30HTAIBLHON ITPAMOi
y = 0. g obrmactu Q dyukium w;(z,y), i = 0,1, ..., 5, 6bLII BEIOPAHBI CJIELYIONIM 00Pa30M:

1
wO(x7y) = ﬁ(RQ - ‘TQ Y )7 wl(xvy) = wg(x,y) = W5($,y> =Y,
1 1
wa(,y) = 2_7“1(T% —(z+ $0)2 - ?JQ), wy(r,y) = 2—742(7’% G $0)2 - y2).

Obmacts Q mpu R =4, ry = ry = 1, xo = 2 nmoka3aHa Ha puc. 2.

El- ! " N 1 N - L] = " A L] L ! = om -

00, U o, Kjags |
af ]
3k ]
-4k N

Pucynoxk 2: O6sacts {2 Jj1 BBIYUCIUTEIHHOTO IKCIIEPUMEHTA

B kadecrse dyuxnumit {x;;} ObuM BBIOPAHBI [IPOU3BEIEHUS CMEIIEHHBIX IIOJIHHOMOB
Jlexkamnipa:

2
Xij (%, y) :131(}%)1% (%Jrl), i+7=0,1,2,...

B rabiuie 1 npuBeennbl 3HAUEHEs TOJTHBIX PACXOJI0B JKUJIKOCTH QgN) u QéN) (Hy =1,
H!} =1,1) B 3aBUCHMOCTH OT KOJIMIECTBA KOOPMHATHBIX (byHKIwiT N.

Kak BujiHO, 3HAYEHUS QgN) u QgN) ¢ pocrom N crabunmsupyiores. Ha puc. 3 npusejienb
JIMHUU YPOBHS HPUBINKEHHOTO perenust Yog(x,y), a Ha puc. 4 NPUBEJECHO BEKTOPHOE I10JI€
CKOpOCTeil 10TOKa, BoccTanoB/ienHoe 1o dpopmysam (1).
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Tabmuma 1: Snadenns QgN) u QgN)

N 6 10 15 21 28
) 0,0933 0,0525 0,1086 0,1224 0,1351
M 0,2314 0,1317 0,1293 0,1490 0,1676

Pucynok 3: Jlunuun ypoBHsI TpUOJINKEHHOTO pereHust Pog (T, y)

J7)|

Pucynok 4: BekropHoe 1oJjie CKOpocTeii, BOCCTaHOBJIEHHOE 110 og (T, )
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5 3akJrouenue

JI1s1 quceHHOr0 aHaIn3a 3a1a9u (PUIBTPAIIN YKIUJIKOCTH IO/ KACKAIOM THIPOCOOPY KEHIIt
B paboTe BIEPBbBIE MPEJJIOKEHO UCIOIb30BaTh MeTO R-DyHKINT B KOMOMHAIIUN C METO/IOM
Puriia. OcobeHHOCTBIO TMOCTAHOBKU 3aJa9H IIPU TOM SIBJISIETCS TO, YTO IOJHBIE PACXOJIbI
JKHUJIKOCTH TI0J, KazKJIbIM U3 THIPOCOOPYKEHUI, BXOISMIINX B KacKal, 3apaHee HEM3BECTHBI
U OIPEJEISIIOTCS U3 JIONOJHUTEIbHBIX HHTErpajbHbIX COOTHONIEHU. BbrancmreabHbIi
9KCIIEPUMEHT, IIPOBEACHHBINA I TECTOBONH 3a/1a9M, IIPOAEMOHCTPUPOBAJ BO3MOXKHOCTU U
5P HEKTUBHOCTD IpeyTIaraeMoro MeToia. PaspaboTaHHbBI MEeTOI MOYKET HallTH IpUMEHEHNe
IpPU PeIIeHnr TPUKIATHBIX 3aJ1ad, CBI3aHHBIX C pacdeToM (QUIHTPAIIMOHHBIX TeJIeHMUIl.
OTUM olpejiesideTcsd HaydHasd HOBU3HA U MPaKTHYECKasl 3HATMMOCTD IOJIYIEHHBIX B pabore
pPe3yJIbTaTOB.
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1. B xypuan «Becruuk KazsHY. Cepus maremaruka, Mexanuka, uHGoOpMaTuKay> (B aHIVIUIICKON Bepcuu
«Journal of Mathematics, Mechanics and Computer Science Series») upuHUMAIOTCH HAOpPAHHDbIE
TOJBKO B TekcToBOM opmare INTEX2: Ha KazaxCKOM, pyCCKOM WJIM aHTJIUNACKOM sI3bIKAX, paHee He
oyOJIMKOBAHHbBIE TTPOOIEMHbBIE, 0O30PHbBIE, TUCKYCCHOHHBIE CTATHU B 0OJIACTA €CTECTBEHHBIX HAYK, TJIe
OCBEIAIOTCS PE3YJIbTATEI (DYHIAMEHTATHHBIX W TPUKJIAHBIX UCCIIEIOBAHMIA.

2. MarepuaJibl cieyer HalpasJisiTh 110 ajpecy: 050040 Ayimarst, yi. ajab-Papabu, 71, kopiyc 13, Hayuno-
UCCJIe0BATE/IbCKIIT HHCTUTYT MexaHuku u Maremaruku KasHY uwm. anb-Papabu, kabd. 125, rer. 377-
32-23. Duiekrponnas nodra: Lazat.dairbayeva@gmail.com (oTBercTBeHHBINH CeKpeTapb pPejIKOJUICTHUH,

Haup6aesa JI.M.)

3. CraThbs JOJKHA COIMPOBOXK/ATHCH MUCHMOM OT YUPEXKJEHUsI, B KOTOPOM BBINIOJIHEHA JaHHast paboTa,
rJie yKasbIBarorcst ceejiernst o6 apropax: ©.11.0. 10gHOCTHIO, MeCcTO uxX paboTh! (HA3BaHHUE By3a, [EHTPA
6e3 cokparenuii), pabounii wim Mo6. Tesedon, e-mail, JoManHAUN aIpPec U KOHTAKTHBIH Te/iedOH.

4. B penmaxmuio HEOOXOINMO MPEICTABUTH IJIEKTPOHHYIO BEPCHUIO cTaThbu: tex-daitabl paboThl u dailist
PUCYHKOB Ha OJTHOM JIUCKe. [Ijist (hailyloB pUCYHKOB PEKOMEH/IyeTC sl UCII0JIb30BAThH CPEJICTBA OCHOBHOTO
nakera WTEX2e niam dopmar eps [em. 11.7]. B penaximio rakzke IpecTaBIsieTcst OTTUCK pabOThI B JIBYX
IK3EMILISIPAX.

5. ObbeM craTbu, BKJIIOUYAs CIIMCOK JIUTEPATYPBI, TAOJMIBI U PUCYHKHU C MOJPUCYHOUHBIMU HAITUCSIMU,
AHHOTAINN, HE JOJKEH IPEBBIMNATh 17 CTPAaHUI] Me9aTHOTO TeKcTa. MuHIMAIbHBIT 00beM cTaThu - 7
CTPaHUIIL.

CrTpyKTypa CTaTbu.

Iepsast cTpaHuna:
1) Iepras crpoka - Homep MPHTU (IRSTI) (MoxHO B3sTH 371ech: http://grnti.ru/), BeIpaBHIBaHIE
- 0 JIEBOMY KDAlo, MPUMDT - Oy 2KUPHBIL.

2) Haspanume crarbu (3aroioBoK) JOJZKHO OTPayKaThb CyTh W COJEDPXKAHME CTATbU M IPUBJIEKATH
BHUMaHUue 4unrareid. Haspanume [MOKHO ObITh KpaTKUM, UH(MOPMATHUBHBIM U HE COJEPXKATH
JKAProHU3MOB min  ab0pepuaryp. OnTuMasbHas JUIMHA 3arojioBka - 5-7 CI0B (B HEKOTOPBIX
ciayuasx 10-12 cyos). Hassauuwe crarbu JOMKHO OBbITh IIPEJICTABJICHO HA PYCCKOM, KA3aXCKOM
U aHMINACKOM sA3bIKax. Ha3BaHuwe CTATbU IPEJCTABISETCA IOJIYKUPHBIM IMPUMTOM CTPOIHBIME
OyKBaMM, BHIDABHUBAHUE - 110 TIEHTPY.

3) Aprop(s) crarbu - Maumansr u dbamuans, mecto paborsl (adbdummanus), ropos, crpana, email
- Ha PYCCKOM, Ka3aXCKOM W aHIJIMACKOM si3bikax. CBejieHHs 00 aBTOpax IPEeJICTABIISIIOTCS OOBIYHBIM
mpudTOM CTPOYHBIMU OYKBaMU, BRIDABHUBAHUE - 110 IEHTPY.

4) Annoranus oobemom 150-500 cjioB Ha PYCCKOM, Ka3aXCKOM U aHIIMACKOM s3bikax. CTpyKTypa
annoraruu BrJo4daerT B ceds cienyonme OBA3SATEJIBHBIE nynkrer: "BerynurensHoe cyioBo o
Teme wuccienoBanus. "llesib, OCHOBHBIE HallpaB/EHUs] U MJEU HaydHOro uccjejgoBanust. "Kparkoe
OlMCAHMEe HAy4YHOH U TIPaKTUIeCKOl 3HaummocTu paborbl. "Kparkoe omnmcanme MeTO0I0IUH
uccaenoBanus. "OCHOBHBIE Pe3yJIbTaThl M aHAJN3, BBIBOIBI UCCJIEI0BATEIHLCKON padboTsl. "llenHOoCTH
[POBEJICHHOIO UCCIeNOBaHNsl (BHECEHHbI BKJaJ JAHHONH pabOThl B COOTBETCTBYIOLIYIO 00JIACTDH
suannii). "IlpakTuueckoe 3Hadenne UTOros paboThI.

5) KurroueBble €JI0Ba,/CII0BOCOUETAHNsI - KOJIMIECTBOM 3-5 HA DPYCCKOM, KA3aXCKOM U AHTJIMHCKOM
SA3BIKAX.

Tocnenyiomas crpanuia (HOBas):

CranmapTable pasfenbl cratbu: BBegenue, O030p Jjawureparypbl, Marepuas u MeTOObI,
PesysbraTrel u obcyxkaenue, 3akiaouenune, BiaromapHoctu (ecsm umerorcst) , Crmcok
JIATEPaTyphl (Ha3BaHUS PA3/IeJIOB HE MEHSTD)

6) BBenenme. BejeHne cOCTOMT W3 CJIEIYIOMUX OCHOBHBIX 3sieMeHTOB: "OGocHOBaHME BbIOOpA
TeMbI; aKTyaJbHOCTb TeMbl wmwin Ipobjembl. B obocHOBaHMM BBIOOpAa TEMbI HA OCHOBE OIMCAHUS
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OIIBITA IIPEJIIECTBEHHUKOB COO00OINAaeTcsd O HAJUYuM HpoGJeMHOil curyaiuu (OTCYyTCTBUHE KAKHX-
Jubo  WCCJIeIOBaHUil, TOsIBIIEHHEe HOBOIO O0OBEKTAa M T.J.). AKTYaJbHOCTH TEMBI OIPEEJISeTCsT
OOIIIUM MHTEPECOM K M3YUYE€HHOCTH JAHHOIO O0bEKTa, HO OTCYTCTBHEM HCUEPIIBIBAIOIINX OTBETOB HA
UMEIONTNEeCsT BOMMPOCHI, OHA JIOKA3BIBAETCSA TEOPETUUECKON WM MPAKTUIECKON 3HAYMUMOCTLIO TEMBbI.
"Onpenenenne o0bEKTa, IPeAMeTa, [eJeid, 3a1ad, MeTON0B, IOAX0/I0B, THIIOTE3bI U 3HAYEHUS Balleil
pabotsl. Ilenb nccmemoBanmst CBA3aHa C JIOKA3aTEIHLCTBOM TE3UCA, TO €CTh IIPEJICTABICHUEM IPEIMETa
UCCJIEJIOBAHUS B N30PAHHOM aBTOPOM ACIIEKTE.

7) O630p aureparypbl. B pasjeiie 0630p JUTEpaTyPhl JOKHBL ObITH OXBAYCHBI (DYHIAMEHTAIbLHBIE
U HOBBIE TPYJBI [0 MCCJIEYEMON TeMaThKe 3apy0eKHbIX aBTOPOB Ha AHIIMHCKOM s3blke (He MeHee
15 TpymoB), aHaJU3 JAHHBIX TPYAOB C TOYKHU 3DEHUs MX HAYYHOIO BKJIAJA, & TaKyKe HPOOesbl B
nccsie/loBannn, Koropele Bor ponosnnsere B cpoeit crarbe. HEJOIIYCTUMO nanudme MuOXKECTBA
CCBIJIOK, HE HMMEIONUX OTHOMICHUsS K paboTe, MU HEYMECTHBIE CYXKJICHHS O BANIUX COOCTBEHHBIX
JIOCTUYKEHUSX, CCBLIKN Ha Balmu npejplrynme paboThl.

8) Marepuan u Meroabl. Pasiesl HOJKEH COCTOITh U3 OIUCAHUSI MATEPUAJIOB U XOJa PabOThI,
a TakK’Ke IOJIHOTO OIMCAHUS HCIOJIb30BAHHBIX METO/IOB. XapaKTEPUCTUKA WU OIUCAHUE MATEpUasa
HCCJIEJIOBAHNST BKJIIOYAET €ro MPEJCTABJICHNE B KAYECTBEHHOM U KOJUIECTBEHHOM OTHOIIEHUN.
XapakTepucTHKa MaTepraJsia - OJUH U3 (PAKTOPOB, OIPEIEISIIOIIII JOCTOBEPHOCTH BBIBOJIOB U METOJIOB
ucce/oBaHus. B 9TOM pa3jielie OnuchBaeTcsi, Kak mpodjiema Obljia u3yvueHa: HoapobHasi nHMOPMAIHST
6e3 MOBTOpEHUS paHee OIyOJMKOBAHHBIX yCTAHOBJIEHHBIX IPOIEIYD; UCIOIb3YeTCsT UACHTU(DUKAIIIS
obopyoBanus (IPOrPaMMHOIO 0DECIIeUeHUsI) U ONUCAHUE MaTePHAJIOB, ¢ 00A3aTEJbHBIM BHECEHUEM
HOBW3HBI [IPU MCIOJB30BAHIUM MATEPUAJOB U MeTOJ0B. Haydnas MeToJ00rus JIOJIKHA BKJIIOYATD B
cebsi: - MCCIIeI0BATENbCKAN BOIPOC(-bI); - BBIIBUIAEMYIO MMIOTE3Y (TE3UC); - STAIBI MCCIIEJOBAHNUS; -
METOJIbI UCCJIEIOBAHUST; - PE3YJIBTATHI UCCJIEIOBAHMUSI.

9) Pesyabrarel u obcyxKaeHue. B 3roM paszjiesie IPUBOAATCS AHAIN3 U OOCYKIEHUE HOJTY YeHHBIX
BaMU PE3YJILTATOB HUCCJIEIOBAHUA. [IPUBOIAATCS BBIBOJLI 1O TOJYYEHHBIM B XOJI€ HCCJIEOBAHUS
pesysbTraTaM, pacKpbIBAETCS OCHOBHAs CyTb. Il 9TO OJMH W3 caMbIX BaskKHBIX pa3/eloB craTbu. B
HEM HeOOXOJIMMO ITPOBECTH aHAJHM3 Pe3yIbTaTOB CBOEHl pabOThI M 0OCYXKJIEHHE COOTBETCTBYIONINX
pe3y/IbTaTOB B CPABHEHUU C MPEILIIYIINMA PAOOTAMU, AHAJM3AMHI W BBIBOJAMUI.

10) Bakurouenue. OGobiIeHEE U HOABEJECHUE UTOrOB PA0OTHI HA JAHHOM ITAlle; HOATBEPKICHUE
WCTHHHOCTA BBIJIBUTAEMOI0 YTBEDXKJEHUS, BBICKA3AHHOI'O aBTOPOM, M 3aKJ/IOYEHHe aBTopa 00
U3MEHEHUN HAydYHOIO 3HAHUS C YYeTOM IIOJyYeHHBIX Pe3yJbTaTOB. DBBIBOIBI HE JOJIKHBI OBIThH
abCTPaKTHBIMKU, OHHM JOJI2KHBI OBITH HCIIOJIL30BAHBI JJIsT 00OOIIEHUsT PEe3yIbTaTOB HCC/ICIOBAHUS B
TOW MJIM WHON HAydIHOH O00JIACTH, C ONUCAHUEM IPEJJIOKEHUI WM BO3MOXKHOCTEN 1ajIbHeIei
paborel. CTpyKTypa 3ak/IIO4YeHUs [IOJKHA COHEPKATh CJIEAYIOMNe BOIPOCH: KakoBbl Ienm wu
MeTojbl uccaenoBanus! Kakue pesysnbratel nostydenni! Kakoswr BeiBosbl? KakoBbl HEpCHEKTUBLI 1
BO3MOXKHOCTH BHEJPEHNsI, IPUMEHEHUsT pa3paboTKn?

11) BaaromapHoctu (ecam umerorcsi). Hanpumep: PaGora BBIIOIHEHA IPU TIO/JIEPYKKE TPAHTOBOIO
dbuHAHCHPOBAHUS HAYYHO-TEXHUIECKUX IPOIPAMM U IIPOEKTOB MUHICTEPCTBOM HAYKU U OOPA30BAHIS
Pecuy6iuku Kazaxcran (rpanr «HaumenoBanue tembr rpanTas, 2018-2020 rospr).

12) Cnucok smreparypsbi/References. (06a cuucka, eciu crarbs HA PYCCKOM HJIH KAa3aXCKOM.
Eciu craThst HA AHMIMHCKOM, TO TOJBKO OJWH CIUCOK 1O cTUo Ynkaro). CHuCOK HCIOIb3yeMoit
JIiTeparypbl, Wik bubsmnorpadudeckuil Ciucok cocTouT u3 He MeHee 30 HAUMEHOBAHUI JINTEPATYPHI,
n u3 Hux 50% Ha aHTIMIICKOM s3bIKe. B ciiyvae HAIuans B CIIACKE JIUTEPaTyphbl paboT, PEICTaBICHHBIX
Ha KHUPUJJIAIE, HEOOXOIMMO MPEJCTABUTH CIHCOK JINTEPATYPbl B JIByX BapUAHTaX: I[EPBBIA - B
OpHUrUHAJIE, BTOPOii - POMAaHU3UPOBAHHBIM asihaBuTOM (TpaHcauTepanus ). POMaHU3UPOBAHHBIN CIIUCOK
JIATEPATYPBI JIOJZKEH BBIMJIAJETh B CJeayiomeM Buje: aBTop(-bl) (TpaHciamTeparnus) —> Ha3BaHUe
CTATbU B TPAHCJIUTEPUPOBAHHOM BapHaHTe [[I€PEBOJ HA3BaHWsl CTATHM HA AHIVIMACKUN $3BIK B
KBaJIpATHBIX CKOOKaX|, Ha3BaHHE PYCCKOS3BIYHONO MCTOYHUKA (TpaHCJIUTEpalysi, Jub0O aHIIHHACKOe
HA3BAHUE - €CJIU €CTh), BBIXOJHbIE JaHHbIe ¢ 0003HAUCHUSMU Ha AHIVIMIICKOM s3bIKe (IOi B KPYTJIBIX
ckobkax) —> crpanuibl. Hanpumep: Gokhberg L., Kuznetsova T. Strategiya-2020: novye kontury rossi-
iskoi innovatsionnoi politiki [Strategy 2020: New Outlines of Innovation Policy|. Foresight-Russia,
vol. 5, no 4 (2011): 8-30. Crumcok JurepaTypsl Ipejcrapisiercst mo Mepe muruposarus, 1 TOJIBKO
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Te pabOThI, KOTOPbIe MUTHPYIOTCA B Tekcre. CChLIKM Ha JUTepaTypy 0MOPMIIAIOTCS B KBaPaTHBIX
CKODOKax ¢ ykazaHueM Homepa Jinreparypbl. Cruib odopmienust "Crucok Jjimreparypbl"Ha pycCKOM
n kazaxckom s3bike corstacuo ['OCT 7.1-2003 "Bubamorpadudeckast 3anuch. bubamorpadudaeckoe
omucanue. O6mume TpeboBanug U OpaBwia cocraBienus(TpeboBaHre K M3JAHUAM, BXOIAIIMX B
nepedernb KKCOH). Cruib odbopmienus "References" poMaHu3npoBaHHOIO CIIMCKA JIUTEPATY DB (CM.
BbIIIIE), & TAKYKe UCTOYHMKOB Ha aHIJIMIICKOM (JAPYyroM MHOCTPAHHOM) sI3bIKE JIJIsl €CTeCTBEHHOHAY IHBIX
U TeXHUIeCKUX Hampasienuit corsacio Chicago Style (www.chicagomanualofstyle.org).

B nmanmom pazmene HEOOXOIMMO yIECTh:

a) Hurupyrorcs OCHOBHbIE HaydHbIE IIyOJIMKALUM, [€PEJIOBbIE METOAbl UCCJIEJ0BAHUSI, KOTODBIE
MPUMEHSIOTCS B JJAHHON 00JIACTH HAYKN M HA KOTOPBIX OCHOBaHa paboTa aBTOpA.

6) 36eraiiTe Ype3sMepHBIX CAMOIUTHPOBAHMIA.

B) Usberaiite upesmepbix cebuiok Ha mybaukanuu asropos CHIT' /CCCP, ucnio/ib3yiire MUPOBOIi OIIBIT.
r) Bubsuorpaduueckuii crmcok JoJzKeH coiep:karh (DyHJIAMEeHTaJbHble U HauboJiee aKTyasbHbIE
TPY/IbI, OIyOJIMKOBAHHBIE U3BECTHBIME 3apPYOeKHBIMI aABTOPAME U MCCJIEIOBATEISIME 110 TeMe CTATHH.

6. 2Kypnan upuiaepKuBaercs €IMHOTO CTHUJIS W I[OITOMY IPEIbSBIsieT ps o0mmX TpedoBaHUil K
odopmternio pabor. Vexonublil (HeOTTpaHCIUPOBAHHBIN) tex-ailyl JoKeH 1eJIMKOM HOMEIIATHC B
TOPU3OHTAJIBHBIX PAMKAX 9KPAHA 33 BO3MOXKHBIM UCKJIIOYEHHEM MATPUIL U TabJIAIL U TPAHCIUPOBATHCS
6e3 iporectoB INTEX 2¢ 1 cooOIeHmiT 0 KpATHBIX U HEOIIPEJIEJIEHHBIX METKAX, OOJIBIIIX [IEPEIIOTHEHHBIX
U He3aIoJTHEHHBIX Ookcax. He ciemyer ompejienisiTb MHOIO HOBBIX KOMAHJI, M300peTasi COOCTBEHHBI
CJIeHT. ABTOPBI MOTYT MOJAIPYZKATH JPYIUe CTAHIAPTHBIE CTUJIEBBIE TAKETHI, HO TOJBKO T€, KOTOPhIE He
BXOJSAT B IPOTUBOpedne ¢ makeramn amsmath n amssymb. EcrectBenno daiir, Kpome BCEro mpodero,
JIOJZKEH OBITH MPOBEPEH HA OTCYTCTBHE I'DAMMATHYECKUX M CTUIUCTHYECKHX omubOoK. Crarbu, He
VJIOBJIETBOPSIIOIIIE STUM TPeDOBaHUSIM, BO3BPAIIAIOTCS Ha J0pabOTKY.

DTaJIOHHBI 00paser; paboThl ¢ JgeMoHcTpalueil rpadukn, ¢ TpeaMOy/Ioll yCTpauBaloIieil PeIaKIinio,
CHUCKN TUIWYHBIX OMMOOK O(DOPMIIEHUST U METOJIbl UX YCTPAHEHUSI MOYKHO MTOJIYIUTh B DEIAKITIHH HJIH
Ha caiite KasHY nwm. anb-®apabu http://journal kaznu.kz.

7. I'pacduyeckue daiiapl ¢ pucyHKamMu JTOKHBI OBITH TOJIBKO Ka9eCTBEHHBIME UepPHO-OebIMu B hopMaTe
.eps , JIMOO BBITTOJTHEHHBIMHU B JIATEXOBCKOM hopmaTe. Pucynkn B 3Tux bopmMaTax JaemaroTcs, HAITPUMED,
C ITOMOIIBIO MOIMHBIX MaremMaTndecknx makeroB Maple, Mathematica win ¢ momombio nmakera Latex-
cad. KagecrBennbie rpacduieckue dhailiibl clie/laHHbIE IPYTUME IPAMDUICCKIMEI ITPOrPAMMAMU JTOJI2KHbBI
ObITH CKOHBepTUpOBaHLI B (opmar .eps ¢ nomomnibio Adobe Photoshop wim komnseprepa Conver-
sion Artist. Bce pucyHku J0JKHBI OBITH y»K€ UMIIOPTUPOBAHHBIMU B tex-dailal u NIpeacTaBIsioTCs
B DEJIaKIMI0 BMeCTe C OCHOBHBIM aityiom crarbu. l'paduyeckune HopMaThl,OTIMYHBIE OT BBIIIE
YKA3aHHBIX, OTBEPTAOTCH.

Penakmus Bupase orkasarbcsd OT BKJOYEHHs B pabOTy PHCYHKA, €CJAA ABTOD HE B COCTOSHUM
obecriednThb ero Ha/jIieXKalnee Ka4ecTBo.

VBazkaeMble YUTATEIH, BbI MOXKETe TOJIucaThcs Ha Hai 2KypHas "Becrauk KasHY. Cepust MmaremaTuka,
Mexanuka, uHdopmarnka’, koropbiii Brioden B kKarajgor AO "Kasmoura""TASETBI 1 2KYPHAJIBI".
Kommaectso nomepos B rox — 4. Ingexc i WHINBULYATbHBIX TOAMNCINKOB, TPEIIPUATAN U OPTaHn3aIinii —
75872, nonucHas 1eHa 3a roji — 1200 TeHre; MHJIEKC JTbIOTHOM MOJIITUCKA JIJIA CTYJIEHTOB — 25872, 1o/ ImcHas
neHa 3a roji, g cryjenTos — 600 Tenre.
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