ISSN 1563 — 0277
eISSN 2617 — 4871
Wnnexe — 75872; 25872

OJI-OAPABU arpmmarst KASAK YJ/ITTBIK YHUBEPCUTETI

XABAPIIBI

Matemaruka, MeXaHUKa, THPOPMATUKA CEPUSICHI

KA3BAXCKNIT HAIIMOHAJIBHBIN YHUBEPCUTET nmenn AJTb-OAPABU

BECTHUK

Cepust MmaTeMaTHKa, MEXaHUKA, TH(HOPMATHKA,

AL-FARABI KAZAKH NATIONAL UNIVERSITY

Journal of Mathematics, Mechanics
and Computer Science

Ne 3 (99)

Amars
«Kazak ynusepcurerti»
2018



Sapezucmpuposar 6 Munucmepcmese undopmayuy u Kommyrurauuis Pecnybauru Kazaxcman,
ceudemenvcmeo N 16508-2K om 04.05.2017 2. (Bpema u HOMEDP NEPSUMHOT, NOCMAHOSKY HA YUem
Ne 766 om 22.04.1992 2.). Hswx uzdanua: kasaxckud, pycekudi, aneautickul. Boxodum 4 pasa 6 200.
Temamuveckan HANPABAEHHOCTND: MEOPEMUMECKAA U NPUKAGOHAA MAMEMAMUKG, METAHUKG, UHPOPMAMUKA.

PenaknuonHast KoJljierusi

Hay4HbIi penakTop — B.E. Kawneyorcun, 0.¢p.-m.n., npogpeccop, KasHY um. arv-Papabu,
3aMecTUuTe b HayIHOrO pepakTopa — . U. Bopucos, 0.¢.-m.H., npodeccop, Uncmumym,
MAMEMAMUKY C BHHYUCAUMEADHBM YEHMPOM Y Pumcrozo nayunozo yenmpa PAH,

Bawkupceruti 2ocydapemsennoii nedazozuveckuti yrusepcumem um. M. Axmyanro, Poccus,
oTBeTCTBeHHbIN cekperapb — I'M. Jaupbaesa, . ¢.-m. n., douenm, KasHY um. arv-DPapadu.

Aticazanues C.A. — d.m.n., npopeccop, KasHY um.anro-Dapabu, Kasaxcman
Axmed-Baxu J.2K. — d.m.n., Yrnusepcumem mescdynapodrozo busneca, Kazaxcman
badaes C.A. — 0.¢p.-m.n., npogeccop, KasHY um.anrv-Papabu, Kasaxcman

Bexmemecos M. A. - d..-m.n. npogecco Kasaxcxuti  nauyuonasvhuti  nedazo2uveckut
’ ’
YHUBEPCUMEIM UMEHU A6(Zﬂ, Kasaxcman

Kaxebaes J[.B. — PhD doxmop, KasHY um.anro-Dapabu, Kasarcman

Kabarnuxun C.H. — 0.¢p.-m.n., npogeccop, una.-kopp. PAH, HWHncmumym svuucsumenvroti
MAMEMAMUKY U Mmamemamuyeckots zeopusury, CO PAH, Poccus

Kodvipbexyave A.B. — d.m.n., npogeccop, KazHY um.arv-Papabu, Kaszaxrcman

Matinke M. — npogeccop, Henapmamenm Buuucaumenrvhoti eudpodunamury  Hncmumyma
aapoduramuru, Iepmarus

Manviwrun  B.D. — d.m.n., mnpopeccop, Hosocubupckut eocydapcmeenmnviti mernuveckud
ynusepcumem, Poccus

Paxuwesa 3.B. — x.¢p.-m.n., douenm, KasHY um.anro-Dapadbu, Kazaxcman

Pyorcancruti M. — 0.¢.-m.n., npogeccop, Umnepcruti xoanedoc Jlondowa, Beaurobpumarnus
Cazumos C.M. — d.¢p.-m.n., npogeccop, Ynusepcumem I'emebopea, Hlseyus

Cyxaues @.A. — npogeccop, axademux AH Ascmparuu, Yrnusepcumem Hoeozo Oocnozo Yanwvca

Tatimaros U.A. — 0.¢p.-m.n., npopeccop, axademur PAH, Hncmumym mamemamuru um. C.JI.
Cobosresa CO PAH, Poccus

Temaarose B.H. — 0.¢p.-m.n., npopeccop, Ynusepcumem FOocnot Kaposunw, CIIA
Toxmazambemos H.E. — PhD doxmop, KasHY um.anrv-Papabu, Kasaxcman

Hlunuwu Haxacyxa — PhD doxmop, npogeccop, Ynusepcumem Toxuo, Hnonus

Hayunoe usdarue

Becrauk. Cepusi MmaTemMaTnKa, MexaHuka, nadopmaruka, Ne 2(98) 2018.

Penakrop — I'M. laupbaea. Komnbiorepuas Bepcrka — .M. laupbaesa

"B N 12367

Popwmat 60 x 84 1/8. Bymara odcernast. Ileuars nudposast.
O6beMm 11 m.a1. Tupax 500 k3. 3akaz N 7008.
Wsnarensckuit qom “Kaszaxk yrumsepcureri”’
Kaszaxckoro HalmoHaJIbHOTO YHUBepcuTeTa UM. ajib-Papabu. 050040, r. Anmarsl, np.ans-Papadu, 71, KasHY.
Ornevarano B Tunorpacdun nsnaresbckoro goma “Kazak ynusepcureri’.

© KasHY um. ans-Papabu, 2018



Nonlinear differential equation with first order ... 3

1-6eaiMm Pazgen 1 Section 1

Maremaruka MartemaTuka Mathematics

IRSTI 27.31.17
Nonlinear differential equation with first order partial derivatives

Aldibekov T.M., Al-Farabi Kazakh National University,
Almaty, Kazakhstan, +77017477069, E-mail: tamash59@mail.ru
Aldazharova M.M., Scientific Research Institute of
the al-Farabi Kazakh National University,

Almaty, Kazakhstan, +77019870744, E-mail: a maira77@Qmail.ru

The asymptotic behavior of solutions of a nonlinear differential equation with first-order partial
derivatives solved with respect to one of the derivatives is investigated. Each first-order partial
differential equation under certain conditions has a fundamental system of integrals or an integral
basis. We note that for a general linear partial differential equation of the first order there can
be no nontrivial integral. For a linear homogeneous first-order partial differential equation, where
the coeflicients of the equation are given on an unbounded set and have continuous first-order
partial derivatives, with the first coefficient equal to one, an integral basis exists. In this paper,
a nonlinear partial differential equation of the first order, which is solved with respect to one
of the derivatives, is estimated from two sides by first-order partial differential equations. Using
differential inequalities it is proved that a nonlinear differential equation with first-order partial
derivatives solved with respect to one of the derivatives has a solution that tends to zero as one
tends to infinity to one of the independent variables. At present, the theory of partial differential
equations finds its application in various fields of natural science.

Key words:equation, first order partial derivatives.

ChI3bIKTHI OipiHIITi perTi Aepbec TYBIHABLIBI TEHAEYJIEP TYPAJIbI
Anmubexos T.M., Osi-Dapabu aTbIHIAFbI KA3aK YJITTHIK YHUBEPCUTETI,
Anvarer k., Kazakcran Pecriybiukacsr, +77017477069, DuekTpor sk, momTa: tamash59@mail.ru
Annazkaposa M.M., Os-Qapabu aTbIHIAFEl KA3aK, YITTHIK YHUBEPCUTETIHIH T'bUIbIMEU 3epTTEy HHCTUTYTHI,
Anmarer k., Kazakcran Pecriybamkacer, +77019870744, ek TpoHIbIK, moTa: a_ maira77@mail.ru

Tybiuaputapasie 6ipeyine GaitlaHLICTBI HIemijireH Oipinmt peTTi Aepdbec TYBIHABIIBI CHI3BIKTHI
eMec uddepeHIuaIbIK, —TEHJEY/IiH I[IelliMIepiHiH, aCUMITOTUKAJBIK MIiHE31 3epTrTeie.
Bipiami perri aepbec TywbHABUIBL TuddepeHnuaaIbK, TeHIEYIiH dPKANChICHIHBIH KaHaaima 6ip
maprrapia (pyHIAMEHTAIIBI WHTErPaaaap Kyiieci Hemece MHTErpasjblk Oasuci Gosaapl. Adita
KeTeTiHi, »Kajambl OipiHII peTTi CBI3BIKTHI JAepOeC TYBIHABLIBI JU(MDOEPEHITNATIBIK TEeHICYIiH
TPUBHAJIIBI €MeC MHTerpaJjbl 0OJMaybl da MYMKiH. Bipiatmri perTi ChI3BIKTHI j1epOec TYbIHIBLIBI
nuddepeHnnaIbK TeH ey YIMiH, OHBIH KoM @UITUEeHTTEDP] TIeHeIMereH KUbIH 18 Oepitin, y3imicci3
Oipirmi perti gepbec TybIHIBLIAPBL Oojica KoHe Oipinmi kKosdduimenTi Oipre TeH 06oJica,
UHTErpaJiaepl 6a3uc 6ap 60saabl. Byit XKyMbICTa TYBIHIBLIAPIBIH, Oipeyine OalIaHbICThI MIEMTiITeH
Gipimmi perTi mepdec TYBIHIABLIIBI CHI3BIKTHI eMeC M dePEeHITNAIBIK, TeHJIEY €Ki KarblHaH Oipinmi
perTi mepbec TYBIHABLIBI AuddepeHnuaiablK, TeHaeyaepMer baramanaasl. JIuddepennuaiabik,
TEHCI3/IKTep i IaiiajaHa OTBIPHIN, TYBIHIABIIAPBLIH OipeyiHe OailylaHBICTBI HIeNIreH Oipinmmi
perTi gepbec TYBIHIBLIBI CHI3BIKTHI €MeC TEHJIEY/IH TOyeJsICi3 aillHbIMAaJIbIIaPHBIHBIH Oipeyi ILIroc
MIEKCI3/IIKKe YMTBLIFAH YKAFIaii1a HOJIre YMTHIIATHIH IerriMi 6ap 601aThHbL o tesaeHren. Kasipri
Tagga nepbec TYBHABLIBL HuddepPEHITHAIbIK, TEHIEYJIeD TEOPUICHl KAPATHLIBIC TAHYIbIH TYPJI
caJIaJIapbIH/Ia 63 KOJIIAHBICTAPBIH Taby1a.

Tyitin ce3nep: TeHey, Oipinmt perTi gepbec TYBIHILLIAD.

Becrauk. Cepusi maremaTnka, Mexanuka, nagopmarnka Ne3(99) 2018
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O umesmmneiinom qudpepeHnnaibHOM YPABHEHUN C YaCTHBIMU ITPOU3BOAHBIMHA EPBOTO MOPIIKA
Anmubexos T.M., Kazaxckuii HAllMOHAJIBHBINA yHUBEpCUTET UMeHU ajib-Papadu,
r. Anmvarel, Pecriybinka Kazaxcran, +77017477069, E-mail: tamash59@mail.ru
Auinaxxaposa M.M., HayuHo-ucciieoBaTesIbCKiii HHCTUTYT
Ka3zaxckoro HanmoHaIbHOTO YHUBEPCUTETA UMEHH aJib-Papadu,
r. Asmvatel, Pectiybuinka Kazaxcran, +77019870744, E-mail: a_maira77@Qmail.ru

PaccmarpuBaercs acmMOTOTAYECKOE IIOBEJIEHME DeIreHnil HeJauHeiHoro auddepeHnaaibHOro
yPaBHEHUSI, ¢ YACTHBIMU IIPOU3BOIHBIMHU IIEPBOrO IOPSIKA DPa3PEIIeHHOE OTHOCUTEHHO OJHOM
u3 npousBoaHbix. Kaxkaoe nmuddepeniuaibHoe ypaBHeHHe ¢ YaCTHBIMU IIPOU3BOHBIMU IEPBOIO
MOPSAJIKA TIPU HEKOTOPBIX YCJIOBUSX HUMeeT (OYHIAMEHTAJIBHYI) CHCTEMY WHTEIDAJIOB WJIN
WHTErpajbHbIil 6a3umc. 3aMeruM, Jjisd OOIIero JnHeHHOro IuddEpPEeHIInAIHLHOTO YPABHEHUS C
FaCTHBIMU ITPOU3BOHBIMIE IIEPBOTO MOPSIIKA MOXKET He CyIIeCTBOBATH HETPUBUAJIBLHOIO HHTEIPAJIA.
s suueiiHoro ofHOPOAHOrO ud@EpPeHITNaIbHOIO0 YPABHEHUS € YACTHBIMHU ITPOU3BOIHBIMU
[IEPBOTO TOpsijKa, Tje Ko3(p@UIMEHTh ypaBHEHUs 3aJaHbl HA HEOTPDAHUYEHHOM MHOXKECTBE U
WMEIOT HelpepbIBHbIE YaCTHBIE MMPOU3BOJIHBIE IEPBOrO MOPSJIKA, MPUYEM IepBbIi KO3 duimenT
paBeH eIWHWIE, WHTErPAJIbHBIN Oa3uc cymectByer. B pabore nesmmueiinoe muddepeHnmaabHoe
yPaBHEHHE C YACTHBIMH ITPOM3BOJHBIMU HEPBOTO IOPSIKA, Pa3PENIeHHOEe OTHOCHUTEJHHO OJHOM
13 IPOU3BOIHBIX, OIIEHUBAIOTCS C JIBYX CTOPOH JAuddepeHnnaabHbIMUA yPABHEHUSAME C YACTHBIMU
MIPOU3BOIHBIMY TEPBLIX TOPAIKOB. Vcmonb3oBanneM auddepeHImaabHbIX HEPABEHCTB JI0KA3aHO,
qT0 HeJinHelHOe audpepeHnraIbHoe ypaBHEHNEe, C YACTHBIMEA ITPOU3BOIHBIME [IEPBOIO MOPSIKA
pa3pernteHHoe OTHOCUTEIBHO OJIHON M3 MPOU3BOIHBIX MMEET PEIeHNe CTPEMSINeicss K HyJII0 Mpu
CTPEMJIEHNU Ha IUIIOC OECKOHEYHOCTH OJHON M3 HE3ABUCHMON IepeMeHHOi. B Hacrosimee BpeMsi
Teopus IuddepeHINaIbHBIX yPABHEHNI ¢ YACTHBIMUA IPOU3BOIHBIMIA HAXOJAUT CBOE IPUMEHEHUE

B Pa3J/IMYIHbIX 00JI1aCTIX €CTEeCTBO3HAHUM.
Kirouesnle cioBa: YpaBHEHUE, JaCTHbIC IIPOU3BO/HbIC IIEPBOI'O IIOPsAIKA.

1 Introduction

The Cauchy problem for a nonlinear partial differential equation of the first order solved
with respect to one of the derivatives, as is well known, under certain conditions has a
unique solution in a small neighborhood. The paper deals with a nonlinear partial differential
equation of the first order solved with respect to one of the derivatives, and the solution of the
Cauchy problem is assumed extending to the right to plus infinity. A nonlinear differential
equation with first-order partial derivatives solved with respect to one of the derivatives was
estimated from two sides by partial differential equations of the first order, the behavior of
the solutions of which are known. Using differential inequalities, the asymptotic behavior of
the solution of a first-order partial differential equation solved with respect to one of the
derivatives was studied and was proved that the nonlinear differential equation with first-
order partial derivatives solved with respect to one of the derivatives has a solution that tends
to zero while one of the independent variables tends to plus infinity.

2 Literature review

The general theory is presented in the books [1-10]. The domain of existence of solutions was
investigated by Kamke and data is contained in the reference books [11, 12]. The domain
of existence of solutions was investigated in the works [13-15|. Non-analytic equations are
considered in the papers[16-18]. In work of Kruzhkov generalized solutions was considered [19].
Kovalevskaya’s theorem was published in [20-22]. An example of nonexistence of a solution
constructed in [23-26]. Differential inequalities are considered by Nagumo [27-29).

ISSN 1563-0285 Journal of Mathematics, Mechanics, Computer Science Ne3(99) 2018
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3 Materials and research methods

Let us consider a nonlinear partial differential equation of the first order with n + 1 inde-
pendent variables solved with respect to one of the derivatives

ou ou ou
K H (it g,y 2 ) — g 1
ot ( oI gy, 8yn> @
where
H<u7t7y17"‘7ynaaa;1 7%) = |:%kzp1k(t>yk+f(u7tﬂylv7yn7,3ayul 7%)]5_;1 +
=1

L;lp%(t)yk} et L;pnk(t)yk} o

U(O,yh...,yn)=<,0(y1,...,yn). (2)
We define the (t, y) set B as follows

B=A{(t,y) : 0<t <400, cx — Lyt <y <dp+ Lyt,k=1, ...,n}

where Lj, > 0, ¢x < 0 < dy. Function H(u,t,y,q) is defined in E C R*™?" whose projection
onto the (¢,y)—space contains B. (¢(0),0,0,¢,(0)) € E and ¢, € C%. The problem (1), (2)
for small |¢|, ||y||, has a unique solution wu(t,y) of class C*.[12,p.173]. We take sufficiently
small [to], |lyoll, where (to,y0) € B, to > 0 and we assume that the solution u(t,y) satisfying
the condition (2) defining on the point (to,y9) € B and continuing ont > t,. For definiteness,
we denote this solution of equation (1) with u(¢,y; to, yo)-

Theorem 1. Suppose that the following conditions hold on the set £ € R**?" whose pro-
jection onto the (z,y)—space contains B:

)|H<Uty177ynug;1 "’ay) H(uvtayla"'7yn7aa;1 "’8yn>|<
S Ll - %
B) The mequahty is fulfilled:

ou ou ] —
YL Yy, | < = t)Yg;
f(u U1 Yy s ayn) 2;p1k( )yk

pa(t) €C¥(I), i=1,...,n, k= n, I = [O +oo) satisfy next conditions:
a1)Pr—14k-1(t) — prr(t ) > alw(t) , k=2,...,n. a; >0,
)ds

U(t) € C(I), ¥(t) >0, tf U(s

0
by) ,lim %:0 ik i=1,2,....n k=12 n

t

cl) hm V(t) f —prk(8))ds = Bk, k=1,2,...,n. Where v = [ 9(s)ds T +oc and the inequal-
t

ity performs ﬁl < 05 '

M) next inequalities are true:
pir(t) > by(t), by(t) € C*(I),i = 1,...,n, k = 1,...,n, where by(t)i = 1,...,n, k =

Becrauk. Cepust mareMaTHKa, MexaHuka, nadopmaruka Ne3(99) 2018



6 Aldibekov T.M., Aldazharova M.M.

1,...,n satisfy next conditions:
CLQ)bk,l,k,l(t) — bkk(t) > Oégw(t), t e [, k= 2,...,n. a9 >0,
by) lim Lol —qg £k i=12 ... n k=12...n

t——+o0 d’(t)
CQ)tLifrn ol fbkk Yds = 1, k=1,2,...,n. Where u; < 0.

Inequality is true
fu,t,y,q) = h(u,t,y)
Where h € C*(D), D € E, t € [tg, +00), |h(0,t,y)] < (t)||y|l and

5(t
o(t) _
3(t) € (1), Jim o5 = 0

Then for the solution u(t,y; to, yo) of equation (1) there exists a limit

tlgrn U,(t y7t07y0) 0

Proof. On the set £ € R*™" whose projection onto (z,y)— space contains B, we consider
the equation

819 09
fl( t7ya8_y):0 (3>

where f; (0,y,t, gi) = (éplk(t)yk> 2 (ZP%() ) 24 (ank( )y ) o9

For equation (3), the characteristic system of differential equations has the form

d dy; - .
yl = Zplk Yk, - Zpik(t>yk 1=2,...,n. (4)
k=1

The characteristic system (4) is considered for initial values
Ylimto = J0, E=1,...,n
The solution of the characteristic system (4) exists
Uk = rt,to G- 0n)s K=1,...0m (5)

for arbitrary initial values 9, (k =1,...,n).
Let (to,y2) € B. (5) are solvable with respect to %7, ..., 7% and holds

g2:§0k<t0at7ylv--'7yn)7 ]{3:1,...,71 (6)
(6) forms an integral basis of equation (3). By B), inequality
vy > H(u,t,y,9,)

g:deei[(uty, 0 (Zplk() )[m (ZP%() >g—;’;+...+ (anpnk(t)yk)%_

k=1

ISSN 1563-0285 Journal of Mathematics, Mechanics, Computer Science Ne3(99) 2018
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<%,§:1p”f<t>yk + f(’/7tay=‘9y)) Bor <Z Pax(t) k) = - <§:1pnk(t)yk> 2

<% ];plk<t)yk - f(l/’ t7 Y, ﬁy)) 6y1 > 0

Let ¥(to,t,y) = pr(to,t,y1, -, yn), k € 1,...,n be a solution of the equation (9,t,y,9,) € E
satisfying the condition 9(tg, to,y) = wi(y), wi(y) € C? and such that wy(y) > p(y). Then
everywhere on B next inequality is true:

ﬁ(th tay) > U(t, yvt()vyO)v te I. (7)

In fact, if inequality (7) is not true, then there is a point (¢1, ;) € B, where t; > t is such that
inequality (7) is true (o, 1), and at (¢1, y;) will have equality, i.e. 9(tg, t1, 1) = w(t1,y1; to, Yo)-
Integrating equations (1) and (3), we obtain

u(ty, y1;to, o) — u(to, Yo; to, o) + /Hds =0

to

and

I(to, t1,y1) — V(to, o, Yo) — /flds =0

This implies
t1

u(t()?yO;tOv yO) + /(_H - fl)ds - 79(150, th yO) =0
to

The difference ¥ — u is positive for ty < t < t; and is zero for ¢t = t;. Hence, the derivative of
the difference ) — u at the point ¢ = ¢, is nonpositive, i.e. ((¢ —u);),_,, = 0, then this implies
the inequality

U(to, Yo, t07 yO) - 19(1’-07 th yO) Z 0.
This contradicts the inequality wi(y) > f(y). Consequently, we have (7). Consider the equa-

tion

~n(stn ) =0 ®)
where . .
o (8.0 38) = (S b+ 10,100 ) 22+ (5 bt ) 24t (£ st ) 22

For the equation (8), the characteristic system has the form

d dy;
ylz <Zb1k k—l—h@ty) y_ Zblk kZZQ,,n

Let
Yi = Hi(tat()ygjlo)"'agy?)a 1= ].,...,TL; le (to,—f—OO)

Becrauk. Cepust MmareMaTHKa, MexaHuka, nadopmaruka Ne3(99) 2018



8 Aldibekov T.M., Aldazharova M.M.

be a solution of the characteristic system, where (to,79) € B. This system of solutions is
solvable with respect to 77, ..., 7", therefore

Gi(to,t,y) = Qz‘(t(],t,yl, ,yn),k’ & 1, ., n

forms an integral basis of equation (8), for which in the whole domain the functional deter-
minant

a(0r,....0,)

>0
a(y17"‘7yn)

By condition M), inequality
0, < H(,ty,0,).

Indeed,
= HOnn0) = (Soumrneen) g o+ (Smm) 2 4o
k=1

(ﬂ%)% - (éplk(t)ywrf(@ t,0,0 ))% - <£P2k(t)?/k)§—£ - ... =

-n
M=
(=
3

I
-

(épnk(t)yk) i = é (b (1) = pu(t))yn + 1(0, 1, y) — f(Q,t,O,Hy)+> L
(é(b%(ﬂ _ka(t))yk) By T T (é(bnk(t) —pnk(t))yk> 20 <,

Let 0(to,t,y) = 6i(to,t,y),i € 1,...,n be a solution of the equation (8) (6,t¢,y,6,) € E
satisfying the condition (g, to,y) = wa(y), where wy(y) € C? and such that we(y) < f(y).
We have the inequality

U(t, ?J7t0>y0) > Q(to,t,y) t e I. (9)

Indeed, if inequality (9) is not true, then there is a point (¢1,y1) € B, where t; > t is such that
inequality (9) is true in the interval (to,t1), and at (t1,y1) have the equality w(t1,y1;to, yo) =
O(to,t1,y). Integrating equations (1) and (8), we obtain

u(ts, y1;to, Yo) — ulto, Yo; to, Yo) + /HdS =0

to

and

0(to, t1,y1) — O(to, to, Yo) — /fzdS =0

This implies
t1

—u(to, Yo; to, Yo) + /(H + fo)ds + 0(to, to,y) = 0
to

The difference u — 6 is positive for ty < t < t; and is zero for ¢ = t;. Therefore, the
derivative of the difference u — @ at the point ¢ = ¢; is nonpositive, i.e. we have the inequality

ISSN 1563-0285 Journal of Mathematics, Mechanics, Computer Science Ne3(99) 2018



Nonlinear differential equation with first order ... 9

((u = 0)t)1=t, < 0. From this and the inequality 6, = H(0,t,y,0,) it follows that equality
((u—0)¢)¢=1, = 0. Then equality

—u(to, Yo; to, Yo) + O(to, to, y)ds = 0

This contradicts the inequality wo(y) < f(y). Therefore, (9) holds. By assumption, conditions
A) and the integrals 9(to, t,y), 8(to, t,y) of equations (3), (8) with initial values 9(to, to, y) =
wi(y), (to, to,y) = wa(y) belong to B classC' and satisfy the following conditions:
)(19 t,y,v,) € E,(0,t,y,0,) € E;
2)0; > H(u,t,y,9,), 0, = H(0,t,y,0,)ink,
3)w (y) > f(y) > wa(y) Everywhere on B, inequality

19<th tvy) > U(t, Y; tOvyO) > 8(t07ta y)7 tel (10)

By condition ay,b1,c; of B), the characteristic system (4) has a generalized upper central
exponent equal to 5 < 0. Therefore system (4) is asymptotically stable in the sense of
Lyapunov as t — +o00. From which it follows that

lim 9(to,t,y) =0, t > to (11)

to—+oo

A linear homogeneous system of differential equations

dyl = szk Ye,t = 1,.

due to the condition as, by, ¢ of M) has a generalized upper central exponent equal to p; <
0. Therefore, the system is asymptotically stable in the sense of Lyapunov on ¢ — 4o0.
Moreover, system (8)

d
%: (Zblk yk_'_h(ety)’ szk yk7 - 7"'7

by the condition on h(f,t,y) has an asymptotically stable zero solution. Hence we will have

lim O(to,t,y) =0, t >ty (12)

to—+o0

Consequently, it follows from (10), (11), (12) that the solution u(t,y; o, yo) of equation (1)
has a limit
i u(t, yito, yo) = 0.

The theorem is proved.

4 Results and discussion

The paper deals with a nonlinear differential equation with partial derivatives of the first
order, solved with respect to one of the derivatives and the asymptotic behavior of the
solution. Using differential inequalities it is proved that a nonlinear differential equation with
first-order partial derivatives solved with respect to one of the derivatives has a solution
tending to zero as one of the independent variables tending to infinity.

Becrauk. Cepust MmareMaTHKa, MexaHuka, nadopmaruka Ne3(99) 2018



10

Aldibekov T.M., Aldazharova M.M.

5 Conclusion

A condition for a nonlinear differential equation with first-order partial derivatives solved
with respect to one of the derivatives was found, for which the equation has a solution that
tends to zero as one of the independent variables tends to infinity.
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Necessary and Sufficient Conditions for Oscillations of Functional Differential
Equations
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In this survey, necessary and sufficient conditions for the oscillation of solutions of retarded, ad-
vanced and neutral differential equations of first and higher order with one or several constant
coefficients and constant arguments, in terms of the characteristic equation, are presented. Ex-
plicit (in terms of the constant coefficient and constant argument only) necessary and sufficient
conditions are also presented in the case of one argument. In the case of nth order equations neces-
sary and sufficient conditions for the oscillation of all solutions are presented when n is odd, while
necessary and sufficient conditions for the oscillation of all bounded solutions are presented when
n is even. In this case explicit sufficient conditions for the oscillation of all solutions are presented
when n is odd, while explicit sufficient conditions for the oscillation of all bounded solutions for
retarded equations and of all unbounded solutions for advanced equations are presented when n
is even. In the case of several arguments explicit but sufficient conditions only are given and the
results are also extended to equations with several variable coefficients.

Key words: Oscillation; Delay, Necessary and sufficient conditions, Characteristic equation, Dif-
ference Equations.
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B 3r10it crarhe npeicTaBieHbl HEOOXOIUMBIE U JIOCTATOYHBIE YCJIOBUS I KOJIEOAHUIN BCeX PeIleHnin
3ala3/IbIBAIONINX, IPOABUHYTHIX W HEHTPAIbLHBIX A PepeHnnaIbHbIX YpaBHEHUI IIEPBOr0o M
BBICIIIETO MTOPSAJIKA C OJHUM WJIM HECKOJIHLKUMHU IIOCTOSHHBIMU KO3(D@MUIMEHTAMU U IIOCTOAHHBIMU
apryMeHTaMu B TEPMHUHAX XapaKTePUCTHYECKOI'O ypaBHeHUs. ZIBHbIE (TOJBKO 110 IOCTOSTHHOMY
K03bDOUIMEHTY U TIOCTOSTHHOMY apryMeHTY) HeOOXOIMMBIE M JOCTATOYHBIE YCJIOBHs TaKKe
IIPEJICTABJIEHBl B CJIydae OJHOTO apryMeHTa. B cilyyae ypaBHEHHS N-T'O MOPsiIKa HEOOXOIUMbIE U
JIOCTATOYHBIE YCJIOBUS I KOJeOaHMiT BCeX PEIeHUIT IIPeICTaBIeHbI KOTIA 1 SBJISI€TCS HEIeTHBIM,
a HeOOXOIMMBIE U IOCTATOYHBIE YCJIOBHS It KOJIeOaHUT BCeX TPaHNIHBIX PEIIeHHH peICTaBICHbI
KOIJIa 1 SABJISIETCI YETHBIM. B 9TOM cilydae siBHbIE JIOCTATOYHBbIE YCJIOBHSA JJIsi KOJebaHUil Bcex
pellleHnii IPeJCTABIEHbl KOIJa 7 sIBJIA€TCS HEYETHBIM, & sIBHbIE JOCTATOYHBIE YCJIOBUS JIJIs
KoJIeDaHUil BCeX I'PAHUYHBIX PEIIeHUii JjIs ypaBHEHUIl C 3ala3bIBAHUEM M BCEX HErpaHUIHBIX
pellieHnit Jjis TPOJBUHYTHBIX yDPABHEHUU IPEJCTABIEHBI KOIJA 7. SIBJISeTCd HEYeTHBIM. B
clIydae HEeCKOJBKAX apryMEHTBHI SBHBIE, HO JOCTATOYHDLIE YCIOBUS JTAIOTCSI, W PE3YIbTATHI TAKKe
PAaCIPOCTPAHAETC Ha YPaBHEHUs C HECKOJIBKUMHU IIEPEMEHHBIMEU KO3 puIineHTamu.

KuaroueBbie cioBa: Kosebanume; 3amasnpiBanne, HEOOXOINMbBbIE U JOCTATOYHBIE YCJIOBUA,
XapaKTePUCTUIECKOE YPABHEHNE, PA3HOCTHBIE YPABHEHUS.

1 Introduction

Consider the first-order linear functional differential equations with several deviating argu-
ments of the retarded

z'(t) + Zpix(t —7)=0 (1)
i=1
and the advanced type .
?(t) =Y pia(t+7)=0. (1)
i=1
In the special case that n = 1 the above equations reduce to the following retarded
) +pr(t—71)=0 (2)
and advanced differential equation
Z'(t) — px(t+71) = 0. (2)

Equations of higher order and equations with variable coefficients are also studied. Sev-
eral sufficient and necessary and sufficient conditions under which all solutions oscillate are
presented.

As it is customary, a solution is said to be oscillatory if it has arbitrarily large zeros.
Otherwise it is called non-oscillatory and in this case it is eventually positive or eventually
negative. Solutions are assumed to be defined for all t > 0.

The oscillation theory of differential equations was initiated by Sturm [26] in 1836. Since
then many papers have been published on the subject. See, for example, the references [1-26]
and the papers cited therein. For the general theory of delay equations the reader is referred
to the monographs [8,9,6,4].
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2 Literature review

The oscillation theory of Ordinary Differential Equations (ODEs) was originated by Sturm
in 1836. Since then hundreds of papers have been published studying the oscillation theory
of ODEs.

The oscillation theory of Delay Differential Equations (DDEs) was mainly developed
after the 2nd world war. It was during the war that the admirals and officers in Navy (Fleet)
observed that the ships were vibrating and asked the engineers and the scientists to solve the
problem. Investigating the problem of vibrations (oscillations) the scientists found out that
the equation which was to be taken into consideration was not an ODE (a usual equation
without delays) but it was a differential equation with delays.

In the decade of 1970 a great number of papers were written extending known results from
ODEs to DDEs. Of particular importance, however, has been the study of oscillations which
are caused by the delay and which do not appear in the corresponding ODE. In recent years
there has been a great deal of interest in the study of oscillatory behavior of the solutions to
DDEs and also the discrete analogue Delay Difference Equations (DAESs). See, for example,
[1-26] and the references cited therein.

The problem of establishing sufficient conditions for the oscillation of all solutions to the
differential equation

() + p(t)x(r(t)) =0, t > to, (1)

where the functions p, 7 € C([to,00),RT) (here RT = [0, 00)), 7(t) is non-decreasing, 7(t) < ¢
for t > to, and lim;_,, 7(f) = oo, has been the subject of many investigations. See, for
example, [4-6, 8-12, 14-17, 19, 21, 22, 24| and the references cited therein.

By a solution of Eq. (1) we understand a continuously differentiable function defined on
[7(Tp), 00) for some T > t, and such that (1) is satisfied for ¢ > Tj. Such a solution is called
oscillatory if it has arbitrarily large zeros, and otherwise it is called nonoscillatory.

The oscillation theory of the (discrete analogue) delay difference equation

Azx(n) +p(n)x(r(n)) =0, n=0,1,2,..., (1)

where p(n) is a sequence of nonnegative real numbers and 7(n) is a sequence of integers such
that 7(n) <n — 1 for n > 0 and lim,,_,~, 7(n) = 00, has also attracted growing attention in
the recent few years. The reader is referred to [1-3, 7, 13, 18, 20, 23, 25| and the references
cited therein.

By a solution of Eq. (1)’ we mean a sequence x(n) which satisfies (1)’ for n > 0. A solution
z(n) of (1) is said to be oscillatory if the terms of the solution are not eventually positive
or eventually negative. Otherwise the solution is called nonoscillatory.

3 Materials and methods

3.1 Necessary and sufficient conditions

In this section we present necessary and sufficient conditions under which all solutions of the
equations under consideration oscillate.
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3.1.1 First-order Equations

Consider the first-order linear retarded differential equation (1) with constant coeflicients. In
the following theorem a necessary and sufficient condition for the oscillation of all solutions
of (1) in terms of the characteristic equation associated with (1) is given.

Theorem 1. ([15])Consider the equation

o' (t) + Zpix(t —7;)=0 (1)

where the coefficients p; are real numbers and the delays 7; are non-negative real numbers.
Then all solutions of (1) oscillate if and only if its characteristic equation

D e =0 (3)
i=1

has no real roots.

In the special case of Eq. (2) and (2)’, we have the following theorem.

Theorem 2. (|17,8])Consider the equation with one constant coefficient and one constant
delay

() +px(t—7)=0, (2)

where p, 7 are real numbers. Then all solutions of (2) oscillate if and only if its characteristic
equation
A pe ™ =0 (4)

has no real roots.

Consider now the first-order neutral differential equation

d
E[a:(t) +px(t — 1) 4+ qx(t — o) = 0. (5)
The following theorem holds.

Theorem 3. (|24,8]) Consider Eq.(5), where p,q, 7 and o are real numbers. Then all
solutions of Eq. (5) oscillate if and only if its characteristic equation

Apre™ +ge M =0 (6)

has no real roots.

In the general case of the first-order neutral differential equation with several coefficients
we have the following.

Theorem 4. ([7]) Consider the neutral differential equation

%[:E(t) + Zpix(t - 7))+ Z gix(t — 0;) = 0. (7)

Becrauk KasHY. Cepusi maremaruka, Mexanuka, nadopmaruka Ne3(99) 2018
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where p;, ¢;, 7; and o; are real numbers. Then all solutions of Eq.(7) oscillate if and only if
the characteristic equation associated with (7)

AHAY pie M+ ) e =0 (8)
i=1 i=1
has no real roots.
3.1.2 Higher-order Equations

Consider now the nth-order delay equation
c™W(t) + (=) pa(t — 1) =0, p,7>0; n>1. (9)
In this case the characteristic equation of Eq. (9) is
A" (—1)"pe™ = 0. (10)
We have the following theorem.
Theorem 5. ([16]) For n odd [n even| the following statements are equivalent.

(a) All solutions of Eq.(9) oscillate [All bounded solutions of Eq.(9) oscillate].
(b) The characteristic equation (10) has no real roots [Eq.(10) has no real roots in (-0, 0]].

In the general case of the nth-order differential equation with several coefficients of the
form

M () + (=1)"H Zpix(t —7)=0, pj,7; >0and n > 1 (11)
i=1
the characteristic equation of Eq.(11) is
)\n _|_ (_1)n+1 Zpief)\ﬂ — 0 (12>
i=1

and we have the following.

Theorem 6. ([16]) For n odd [n even| the following statements are equivalent.
(a) All solutions of Eq.(11) oscillate [All bounded solutions of Eq.(11) oscillate].
(b) The characteristic equation (12) has no real roots [Eq.(12) has no real roots in (-o00, 0]].

Consider now the general case of the nth-order neutral differential equation with several

coefficients .
%[:p(t) + %:pix(t — 7))+ XK: gx(t —or) =0, n>1 (13)

where J, KC are initial segments of natural numbers and p;, 7, qx, 0, € R fori € J and k € K.

Theorem 7. (|2])A necessary and sufficient condition for the oscillation of all solutions
of Eq.(13) is that the characteristic equation associated with (13)

A" 4\ Zpief)\n + Z qief/\o'k -0 (14>
J K
has no real roots.
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3.2 Explicit Oscillation Conditions

In this section we present explicit (in terms of the coefficients and the arguments only)
oscillation conditions. In the case of equations with one delay an explicit necessary and
sufficient condition is also derived.

3.2.1 First-order Equations

Theorem 8. ([19,1,10])Consider the differential equation with several constant retarded
arguments

2 (t) + Zpix(t —7)=0 (1)

and the differential equation with several constant advanced arguments
n
?(t) =) p(t+7) =0 (1)
i=1
where p; and 7;, 7 = 1, 2, ..., n are positive constants. Then each one of the following conditions
(i) pi 7> % for some i, i =1,2,...,n,
i) OClyp)T > %, where 7 = min{r, 7o, ..., Tn },
(iil) i, pim > g,
(iv) [TTy ] oy ) > 4,

(v) E(Zmpm)?)’ > 1
implies that all solutions of (1) and (1) oscil-
late.

Remark 1. ([17,19]) It is noteworthy to observe that when n = 1, that is, in the case of
a differential equation with one deviating argument, each one of the conditions (i), (ii), (iii),

(iv), (v) reduces to

1
> — 15
pT > - (15)

which is a necessary and sufficient condition for all solutions of the retarded

() +pr(t—7)=0, p,7>0, (2)
and the advanced differential equation

Z'(t) —px(t+7)=0, p,7>0. (2)
to be oscillatory.
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We present the proof of this fact in the case of Eq.(2). [The proof in the case of Eq.(2)’
is similar|.
Proof. The characteristic equation associated with Eq.(2) is

F(A) =X+ pe ™ =0.

It is easy to compute the critical points of F'(A) and evaluate the extreme values. The first
derivative F'(A\) = 1 — pre™*" and therefore the critical point is Ag = £ In(pr). The second
derivative F”(\) = pr?e™*™ > 0. Therefore at the critical point \¢ the function F(\) has
a minimum value F'(\g) = w. The minimum value would be positive if and only if

In(pr) + 1 > 0, that is, if and only if p7 > %, which completes the proof.
Next we consider neutral differential equations of the retarded and advanced type as well
as neutral equations of the mixed type and present explicit sufficient oscillation conditions.

Theorem 9. ([25]) Consider the neutral differential equation with several constant re-

tarded arguments
k

%[m(t) +cx(t —r)] + Zpﬂf(t —7;) = 0. (16)

i=1

and the neutral equation with several constant advanced arguments

%[m(t) +ea(t+)] =D palt+m) =0. (16)°

and the neutral equations of mixed type

k ¢
%[m(t) +cx(t—r)| + Zpix(t —7)+ Z gx(t+0;) =0, (17)

and . ,
%[m) ()] = Y plt+m) = 3 gt —05) =0, (17)

where c€ R, r € (0,00), p;, ¢j € (0,00) and 73, 0; € [0,00) fori=1,2,.. k; j=1,2,..¢
Then in any of the following cases all solutions of the equations (16), (16)’,(17) and (17)’
oscillate:

(i) ec=-1

(i) —1<e¢,r<morc<—1,r>m and furthermore

1 1
1+c;pi(ﬂ r)> e
or
T I R 1
11ec sz] (Zpi(ﬂ—?")) > -
i=1 i=1
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is satisfied;
(ili) —1<e¢<0 and

i 1
;pm > -

] (2)-

is satisfied.

or

3.2.2 Higher-order equations and inequalities

Consider the n-th order delay differential inequalities
2(t) + (=1)"pta(t — nr) <0, (D)

and
™ (t) 4+ (=1)"Tp a(t — nr) > 0, (II)

and the delay differential equation
M (t) 4+ (=1)"p a(t — nr) = 0, (I11)

where p,7 > 0 and n > 1. A necessary and sufficient condition for the behavior of the
solutions to the above inequalities and equation is given in the following theorem.

Theorem 10. ([18]) The condition

1

is necessary and sufficient so that:

(i) When n is odd: (I) has no eventually positive solutions, (II) has no eventually negative
solutions, and (III) has only oscillatory solutions.

(ii) When n is even: (I) has no eventually negative bounded solutions, (II) has no even-
tually positive bounded solutions, and every bounded solution of (III) is oscillatory.

In the general case of the nth-order (n > 1) differential equation with several retarded
arguments

() + (=)™ pra(t —nm) =0, (18)

i=1

and the nth-order differential equation with several advanced arguments

#(t) =3 " pra(t +nr) =0, (18

i=1
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where p;,7; > 0,1 =1,2,.... k, we present the following sufficient oscillation conditions,
Theorem 11. (|20]) Each one of the following conditions

(i) pi 7> % for some i, 71 =1,2,..., k,

1/n
(ii) (Zle pf) 7> 1, where 7 = min{m, 7, ..., 7},

implies:
(a) For n odd, every solution of (18) and (18)" oscillates.
(b) For n even every bounded solution of (18) and every unbounded solution of (18)" oscillates.

3.2.3 First-order equations with variable coefficients

In this section we present a generalization of the results of Theorem 8 to differential equations
with several variable coefficients of the retarded

) + sz (t—7) =0 (19)
and the advanced type
sz (t+7)=0 (19

where 7;, ¢ = 1,2, ..., n are positive constants and p;(t), i = 1,2, ...,n are positive and contin-
uous functions.
Theorem 12. ([19]) Consider the differential equations (19) [(19)'] and assume that

t—o00 t—o00

t t+(7:/2)
liminf/ p(s)ds > 0, liminf/ p(s)ds >0, i=1,2,...n.
(7i/2) t

Then each one of the following conditions

t—o00 t—o00

t 1 t+7; 1
liminf/ pi(s)ds > —, {liminf/ pi(s)ds > —} , for some i, i =1,2,...,n,
t—; e t €

t+r 1 1
lim inf ’ d>— lim inf i(s)ds > —| ,wh = min|7my, ..., T, },
imin /TZp s llmln /t Zp(s) s e] where 7 = min[my, ..., 7, }

t—o00
i=1

or

1 e (hm inf,_, oo ft ds)
1/2
%Z:;j,i,j:l [(lim inf, oo ij pi(s)ds) X (hm inf, oo ftiT pj(s)ds)} > %
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D (hm inf; o0 ftJm )ds)
i [(hmmft_m [ pi(s )ds> (hmmft_,OO [T -(s)ds)]1/2 > 1

implies that every solution of (19) [(19)'] oscillates.

Next we present a further extension to the following differential equation with variable
delay of the form

+sz z(t —7i(t)) = 0 (20)

where 7; are continuous and positive valued on [0, 00).
Theorem 13. ([10]) If there is a uniform upper bound 7y on the 7; s and

o 1
h{gg}f ‘ pi(t)T(t) > -

then all solutions of Eq.(20) oscillate.

4 Results and Discussion

In this survey paper we present necessary and sufficient conditions for the oscillation of
solutions of retarded, advanced and neutral differential equations of first and higher order
with one or several constant coefficients and constant arguments, in terms of the characteristic
equation. Explicit (in terms of the constant coefficient and constant argument only) necessary
and sufficient conditions are also presented in the case of one argument only. In the case of
nth order equations necessary and sufficient conditions for the oscillation of all solutions
are presented when n is odd, while necessary and sufficient conditions for the oscillation
of all bounded solutions only are presented when n is even. In this case explicit sufficient
conditions for the oscillation of all solutions are presented when n is odd, while explicit
sufficient conditions for the oscillation of all bounded solutions for retarded equations and
of all unbounded solutions for advanced equations are presented when n is even. It is to
be pointed out that in the case of several arguments explicit but sufficient conditions only
are given. The results are also extended to equations with several variable coefficients where
sufficient conditions only are given.

5 Conclusion

We conclude that necessary and sufficient conditions for oscillation of all solutions have
been given in the case of differential equations with several constant coefficients and constant
arguments in terms of the characteristic equation only. While explicit (in terms of the constant
coefficient and constant argument only) necessary and sufficient conditions have been given in
the case of one argument only. It is to be pointed out that in the case of nth order equations
necessary and sufficient conditions for the oscillation of all solutions are presented when n
is odd, while necessary and sufficient conditions for the oscillation of all bounded solutions
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only are presented when n is even. In this case of nth order equations explicit sufficient
conditions for the oscillation of all solutions are presented when n is odd, while explicit
sufficient conditions for the oscillation of all bounded solutions for retarded equations and of
all unbounded solutions for advanced equations are presented when n is even. Furthermore,
in the case of several arguments explicit but sufficient conditions only are given.
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UccnenoBanue riiobabHOIl aCUMOTOTUYECKON yCTOMYMBOCTH MHOTOMEPHBIX
dazoBBIX cuctem

Aiicaraymmes C.A., Kazaxckuit HanmonaIbHBI yHUBEpCUTET UMeHH ajib-Papadu,
r. Asvarer, Pectiybsimka Kazaxcran, E-mail: Serikbai. Aisagaliev@kaznu.kz
AiicaraymeBa C.C., Hayuno-uccienoBarebCKuit MHCTUTYT MATEMATUKA U MEXAHUKH
KasHY umenn anp-Papabu, r. Anmvarser, Pecrybmka Kasaxcran,

E-mail: a_sofiya@mail.ru

Cozmana  ofmiast  Teopusi  IVIODAJBHON — ACHUMIITOTHYECKONH — YCTONYMBOCTA — MHOTOMEPHBIX
JAUHAMAYECKUX CHCTEM C IUJIAHIPAYECKUM (PA30BBIM IIPOCTPAHCTBOM CO CUETHBIM IIOJIOKEHHEM
paBHOBeCHSI. YCTAHOBJIEHA OIPAHUMYECHHOCTH PENIeHUH MHOTOMEPHBIX (PA30BBIX CHCTEM U UX
MPOU3BOJIHBIX. HaleHbl yC/JIOBUSI TPU BBIIOJTHEHUN KOTOPBIX PEIICHNEe U €€ IPOU3BOJIHAST
00JIAIAI0T ACHUMITOTHIeCKUME cBoiicTBamu. [lorydeHnr ycioBust rio0aabHON aCHMIITOTHYIECKOHN
YCTOWYMBOCTH MHOTOMEPHBIX (DA30BBIX CHCTEM C DPABHBIMH HYJI0O B I[IEPUOJE 3HAUCHUSMU
WHTErpajoB OT KOMIIOHEHTOB IepHOAMYecKnX Hejnueiinocreil. [logydenst ycaoBust ryiobaabHOM
ACUMITOTHYECKOH yCTOWYMBOCTH (PA30BBIX CHCTEM C HE PABHBIMU HYJIIO B IEPHOJE 3HAYEHUSIMU
WHTErpajioB  OT COCTABJIAIONINX HEJMHEHHBbIX Hepuogudeckux QyHkmmit. lcciemoBanbr
ACAMIITOTAYECKHE CBOIICTBA pENIeHNN TUHAMAYECKUX CUCTEM CO CYeTHBIM IIOJIO?KEHUEM PaBHOBECHUSI
B 0D0IIeM ciiydae, KOTJIa 9aCTh KOMIIOHEHTOB HEJIUHEIHBIX MMePUOANIEeCKUX (PYHKIUU 00JIa1a10T
3HAYEHUAMHU HHTErpajioB B IIepHOJie PAaBHBIMU HYJIO, a JUIg JAPYIUX KOMIIOHEHTOB 3HadYeHUd
WHTErpaJjioB B Ieprojie He paBHbIME HY10. OTIMYUTEIbHOM 0COOEHHOCTBIO MTPEJIaraéMoro MeToIa,
MCCJIEJIOBAHUST MHOTOMEPHBIX (PA30BBIX CHUCTEM OT U3BECTHBIX METOJIOB COCTOUT B TOM, UTO OH
[IPUMEHUM JIJIsi CHCTEM JTFO00TO TIOPSIJIKA C JIFOOBIM 9HCJIOM HEJTMHEHHBIX [TEPUOUIECKUX (DYHKITHH,
W He MPUBJIEKAIOTCH [JIs WCCAEOBAHUs mnepuomndeckne QGYHKIuM JIAmyHOBa W 9acTOTHBIE
Teopembl. [IpumeuarespHo TO, UTO UpeijIaraeMble YCJIOBHSA TVIOOAJBHON ACHMIITOTHYIECKOHN
YCTOMYMUBOCTUA JIETKO IIpOBepdeMble II0 CPAaBHEHMIO C YaCTOTHBIMU YCJIOBUAMU U YCJIOBUAMU
IMoJiydYeHHbIe C IIOMOIIbIO NTEPUOJINIECCKUX d)yHKLLI/II/I HHIIyHOBa.

KitoueBbie cioBa: AcuMmirormdeckue CBOWCTBA, OIPAHUYEHHOCTDH peIleHuil, TiobabHast
ACHMIITOTUYECKAS YCTONINBOCTD, HECOOCTBEHHBIE MHTETPAJIBI.

Kenenmiemi dazasbik >KylieJgepaiH ri1odaibai aCUMIITOTUKAJIBIK OPHBIKTBLIIBIFBIH 3€PTTEY
Aiicaranues C.O., osi-@apabu arbiHgarbl Ka3ak yiITTBIK yHUBEPCUTETI, AJIMaThl KaJIachl,
Kazakcran Pecniybsiukacer, E-mail: Serikbai.Aisagaliev@kaznu.kz
Aiicaramuena C.C., os-®apabu arbiagarsl Kaszak yarTeiK yHHUBepcuTeTi, MaTemMaTuka YKoHe MEeXaHUKa
FBI3BIMU-3€PTTEY MHCTUTYThI, AjMaThl Kajacol, Kazakcran Pecrybimkacsl,

E-mail: a_sofiya@mail.ru

CaHaJbIMIBI  TElMe-TeH K  JKarJalbIMeH IIWINHAPIIK (a3alblK KEHICTIKTe KOIeJIeMI
JTUHAMUKAJIBIK, KYHeJepIiH, T00adbll aCHMIOTOTAJLIK, TYPAKTHIIBITBIHBIH, YKAJIBl  TEOPUSICHI
Kypbutran. Kem emmemal daz3atblK Kyiheaep IMemnMaepi MeH OJapAbIH  TYBIHIbIIAPBIHBIH
mrekTeysiri anpikTaaran. [lenriMHIH KoHe OHBIH, TYBIHABICHIHBIH aCUMITOTHKAJIBIK KACHETTEPIHiH
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OPBIHIAJIYBI VIMH Karaaiiaap kacaarad. [[eprnoaThl ChI3BIKTHIK, eMeC KOMIIOHEHTTEPIEH TOYe I I
IIepUOTa WHTErPAJIIBGIH MOHIAEPl Hejare TeH O0JaTbiH KOm eJmeM Il (a3alblK Kyherepiis,
rI00AIBIIK  ACUMIITOTUKAIBIK, TYPAKTBLILIK IMapTTAPhl aJblHAbL. CBI3BIKTHI €MeC MEePOUITHI
dyHKIUAIAD KOMIIOHEHTTEPIHIH WHTErPAaJIJIAPBIHBIH HOJIJIEH ThIC MOHJepi Oap dasabiK
Kyieaepai riodaIb K aCHMITOTUKAIBIK, TYPAKTHIIBIFBI MAPTTaphI AJIbIHIEL. 2Kamnbs! Kargaiina,
CBIBBIKTBIK, €eMeC MEePUOATHI (DYHKIUAIAPILIH Keiihip KOMIIOHEHTTEepi HOJre TeH OOJraH Ke3eHJIe
MHTETPAJIIAP/IbIH, MOHIEPiHe ne OoJIFaH Ke3/e KoHe Dacka KOMIIOHEHTTED VIMiH WHTErPAJIIAP/IbIH,
MOHJIEpl He/re TeH OoJMaraH Ke3Je CaHAJBIMJIbI Tele-TeH/IK KaFIaflbIHIarbl JTUHAMUKAJIBIK,
Kyieaepais IeniMIepinid, acCuMITOTUKAILIK, KacueTTepi 3eprrepiared. Kemesmemal da3abik,
KyHesepal 3epTTeyIiH YChIHBLIATHIH OICIHIH, Oesrii oicTeplieH aflbIPBIKINA €PEeKIeiri — o
CBIBBIKTBIK, €MeC TEePUOATHI (DYHKIUAIAPIALIH Ke3 KeJreH CAaHbIMEH Ke3 KeJITeH pPeTTi Kyiiesaep
VITiH KOJJIAHBIIATHIHDI, COHBIMEH KaTap JISIyHOBTBIH, MEPUOATHI (DYHKIUATAPHI MEH KHUITiK
TeopeMaJIapbIH 3epTTEyTe eIl KAThIChl 60JIMaybiHa. AliTa KeTy Kepek, rJ100a/ib/iK aCUMITOTAJIBIK,
TYPaKTBLIBIKTHIH YCHIHBIIFAH Kafaailjaapbl, JISIyHOBTBIH HMEPUOATHI (DYHKIUSIIAPHI KOMeriMeH
aJIBIHFAH 2Kar/[ailylapMeH »KoHe >KUIJIK »Kar/aillapbIMeH CaJIbICThIPFaHIa OHAll TeKcepiiesi.
TyitiH  ce3mep: AcUMOTOTHKAJBIK, KACHeTTep, IMEmiMIEPIiH —MIeKTeyIIr, raodaabii
ACHUMIITOTAJIBIK, TYPAKTBIIBIK, MEHIITIKCI3 WHTErpaiIap.

Investigation of the global asymptotic stability of multidimensional phase systems
Aisagaliev S.A., Al-Farabi Kazakh National university, Almaty, Republic of Kazakhstan,
E-mail: Serikbai.Aisagaliev@kaznu.kz
Aisagalieva S.S., Research Institute of Mathematics and Mechanics of al-Farabi Kazakh National
University, E-mail: a_sofiya@mail.ru

A general theory of global asymptotic stability of multidimensional dynamical systems with a
cylindrical phase space with a countable equilibrium position is created. The boundedness of so-
lutions of multidimensional phase systems and their derivatives is established. Conditions for the
fulfillment of which the solution and its derivative have asymptotic properties are found. Condi-
tions for global asymptotic stability of multidimensional phase systems with values of integrals
equal to zero in the period from the components of periodic nonlinearities are obtained. Condi-
tions for global asymptotic stability of phase systems with nonzero values of the integrals of the
components of nonlinear periodic functions are obtained. The asymptotic properties of solutions of
dynamical systems with a countable equilibrium position are investigated in the general case when
some of the components of nonlinear periodic functions have values of the integrals in the period
equal to zero, and for other components the values of the integrals in the period are not equal
to zero. A distinctive feature of the proposed method for investigating multidimensional phase
systems from known methods is that it is applicable to systems of any order with any number of
nonlinear periodic functions, and are not involved in research periodic Lyapunov functions and
frequency theorems. It is noteworthy, that the proposed conditions for global asymptotic stability,
which are easily verified in comparison with the frequency conditions and conditions obtained with
the help of periodic Lyapunov functions.

Key words: Asymptotic properties, boundedness of solutions, global asymptotic stability, im-
proper integrals.

1 Bsenenue

PaccmorpuM  TMHAMUYECKYIO CHUCTEMY C  IUJIAHJPUYIECKAM (PA30BBIM  HPOCTPAHCTBOM
OIIACBHIBACMYIO YPaBHECHHUEM CJICIYIOIIETO BUJIA:

&t =Ax+ Bp(o), ¢ =Cx+ Rp(z), x(0) =0, 0(0) =09, t€l=1]0,00), (1)

rie A, B, C, R — IOCTOSTHHBIE MATPUIIBI TIOPSAIKOB 1 X 10, 1 X M, M, X N, M X M COOTBETCTBEHHO,
marpura A — rypsunesa, T.e. Red;(A) <0, j =1,n, \;(A) j = 1,n — cobcTBeHHbIe 3HATEHUS
satpib A, 2] < 00, |00] < 00, 9(0) = (1(01), -+ Em(T))s 7 = (1, ., o).
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QyHKIUA

P(0) € B0 = {4(0) = (@r(e) . emlom) € CRM R g < 07 < py

dO’i
pi(0i) = piloi + &), Yoy, o€ R, i=1,m},

rie A; — nepuon bynkmy ©;(0;), s, floi, @ = 1, m — 3agannble ducia, |p| < 0o, |us| < oo,
M1 = (Nn, . >M1m)a Mo = (:u217 e 7N2m)'

[Monoxkenne pasHOBecusi cucreMbl (1), (2) ompefesnseTcss u3 pereHns agrebpamdecKux
ypasuenuit. Az, + Bp(o,) =0, Cx,.+ Rp(o.) =0.

[Tockonbky x, = —A ' Bp(o.), (R — CA™'B)y(o,) =0, To npu R — CA™'B — neocobas
MaTpuIa mopsika m X m cucrema (1), (2) mMeer cranuoHAPHOE MHOXKECTBO.

A ={(z,0.) € R /2, =0, ¢(0.) =0}.

Tak kak ¢(0,) = @(o.+kA) =0,k =0,+1,£2, ..., T0O IOJIOXKEHIE PABHOBECUST CHCTEMBI
(1), (2) aBAsIETCS CYETHBIM MHOXKECTBOM, 0% = (014y .+ Oy ), A = (Aq, ..., Ap).

Onpenenenne 1 Cmayuonaproe  mmoorcecmeo N cuememve (1),  (2)  2sno0baavro
ACUMNMOMUYECKU YCMOTUMUGO, ecat 0as mobol dynkuyuu (o) € Py u 06020 HauaAbLIHO20
cocmosanus (xg, 09) € R*"™, |zg| < 00, |og| < 00 pewenue cucmemu x(t) = x(t; 0, zo, 09, ),
o(t) = o(t; 0,20, 00,9), t € I obnadaem ceoticmeom x(t) — x,. = 0, o(t) — o, npu t — oo,
ede p(o.) = 0.

Onpenenenne 2 Veaoguem 2406040100 acumnmomuueckol yemotuusocmu cucmemvt (1),
(2) masvieaomea COOMHOWEHUSA, CEAZVBAIOULUE KOHCTPYKMUBHDBIE NAPAMEMPDL CUCTILEMDL
(A, B,C, R, i1, fi2), npu 6bNONSHEHUY KOMOPOIT MHOACECMEO N 240004510 ACUMNMOMUYECKY
YCmotuyuso.

Heobxomumo uccieioBaTh B OTJIEIBHOCTH JIBa, CJIYYasi:
1.

oi+A;
©i(&)dé =0, Yoy, o € RY, i=1,m;

o4

oi+A;
©0i(&)dE; #£0, Vo, oy € RY, i=1,m.

o4

CraBsTcst caeayromnme 3a,1a u:

Bamaua 1 Hatmu ouenku HecobCmEeHHuT uHme2panos, 600ab pewenus cucmemos (1), (2),
ors cayvaes 1, 2.
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Bamaua 2 Hatimu nocoe  afdexmusnoe  ycaosue 2400040100  AGCUMNIMOMUMECKOT
Yemotinusocmu cmayuonaprozo muoocecmea A cucmemos (1), (2) das caywas, xozda

oitA;
¢i(&)dé =0, Vo, 0, € R, i=T1m;

o
HA OCHOBE OUEHKU HECODCTNEEHHBLL UHMEZPAN0E OAA CAYYAA 1.

Bagaua 3 Hatimu woeoe  afdexmusnoe  ycaosue  2400a4bHOG  GCUMNMOMUUECKOT
yemotuusocmu, cmayuonapiozo mmuoscecmea N cucmemov, (1), (2) das cayuaa, kozda

oi+A;
@i(&)d& # 0, Yoy, 05 € R17 1=1,m;

o
HA OCHOBE OUEHKU HeCO6C’n’L6€H’H,bL$ UHMEZPANOB aﬂﬁ CAY1aA 2

Pemenne 3amauu 1 npusegeno B pabore [16]. Januas crarbs siBjsieTcsi TPOJIOJIZKEHUEM
uccsiesioBanus u3 [16], B Hell npuBesensbl pemenns 3a1a4 2, 3.

2 O0630p JUTEPATYyPHI

[IepBoii paboToil, MOCBSIIEHHON KaueCTBEHHO-UYUCJIEHHBIM MeTOdaM MCCJIe0BaHus (Pa30BbIX
cucreM, Obuta crarbsa @. Tpuxkomwm [1]. [Ipumenennme meroja TOUEUHBIX OTOOpAYKEHUIT
K (Has0oBbIM cucTeMaM paccMOTpeHo B paborax A.A. AHApoHOBa M ero mocjeaoBaTeseil
[2,3]. Cureryromum 5TamoM pasBUTUS KAIeCTBEHHO-UUCIEHHBIX METOJ0B ObLIO IMPUMEHEHHEe
nepuojmieckux ¢yuknuii Jlsamynosa K ucciepoBanuio $hazoBbix cucteM. OCHOBBI TeOpUU
nepuomiaeckux dyHkiwit JIsgmynoBa mnpuseiensl B paborax [4,5]. Merombr mocTpoeHmst
PA3JINYHBIX TePUOAnIecKnX (yHKIni JIdamyHnoBa, obecredmBaOMNUX YCTONINBOCTD B
GobITMHCTBE (DA30BbIX CHCTeM, MOKHO Hajitu B [2]|. TIpubinkenHble HeJIOKATbHbIE METOIbI
uccsiesioBanns hazoBbIX CUCTEM U3JIOKEHBI B [6].

OpuruHaIbHBIM TOJIXOJIOM K HCCACIOBAHUIO (Da30BBIX CUCTEM SIBJIAIOTCH YACTOTHBIC
YCJIOBUSI aCHUMITOTUYECKON yCTOWYMBOCTH, OCHOBaHHBbIE Ha IMporeaype DBakaesa-I'yxa.
Takoit mogaxom BuepBble mnpeioxkern B pabore [LA. Jleonosa [7|. B mocremyrormx
paborax JleoHoBa u ero yuennkos [8-10| mccsieoBaHbl OrpaHUYEHHOCTH pelieHnst (ha3oBbIX
CUCTEM, ACUMIITOTUYECKHE CBONCTBa peleHuil uHTerpo-auddepeHmajlbHbIX yPaBHEHUH C
[EPUOINIECKIMU HEJIMHEHHOCTSAME, & TaKyKe YCTONYUBOCTbL U KoJiebaHusi (ha30BbIX CHCTEM.
Bubsmorpadudecknit 0630p HaydHON JUTEPATYPHI 110 (HA30BBIM CUCTEMAM MOYKHO HalTH B
monorpadusax [11], a rakxke paboTax aBropa, U3JI0KEeHHbIX B [12-16].

3 Marepuan n MmeToabl

MasITHIKOBBIE CUCTEMBI B MeXaHuKe, HaBUTralluOHHbIe CUCTEMbI B paJMOTEXHUKE, CUHXPOHHLIC
MalllUHbl B SHEPIETUKE, BI/I6paHI/IOHHbI€ CHUCTEMbBI B TEXHHKE ABJIAIOTCA JHUHAMHWYCCKHIMHN
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CUCTEMaMU C IWIKHJAPUIECKUM (ba30BBIM  [POCTPAHCTBOM (MJIM  IIPOCTO  (Da30BBIMU
cucremamn). MaremMaTraecKoit MOJIeIbi0 (ha30BBIX CHCTEM SIBJISETCS KJIACC OOBIKHOBEHHBIX
nuddepeHInaTbHbIX YPABHEHII NMEIOIINil CIeTHOe MHOYKECTBO IOJIOYKEHUI PaBHOBECHS C
MEPUOINIECKIMU HEJTMHEHHOCTIMI U3 33J]AHHOr0 MHOXKecTBa. (CJieJIoBaTeIbHO, YPABHEHUS
JIBUKeHUs (Pa30BbIX CHUCTEM OTHOCATCS K KJaccy ypaBHeHwit ¢ muddepeHuajibHbIMu
BK/TIOUeHUAMU. [[0CKOIBKY TOJI02KEeHe PABHOBECHUSI ABJISIETCS CHETHBIM MHOXKECTBOM, TO JIJId
YCTOMYUBOCTH CUCTEMbBI, HEOOXOIMMO, YTOOBI KaXKJI0€ pelleHne aCuMITOTUYECKH CTPEMUJIOCH
K KaKOMY-JIHOO MOJIO?KEHNI0 PABHOBECHS M3 CIETHOTO MHOYKECTBA.

B crarbe mnpemraraercs COBEPIIIEHHO HOBBIM IMOJXOJI K PENIEHHIO TJIOOAJIHHON
ACUMIITOTHYECKON yCTOWYUBOCTH (pa30BBIX CHCTEM OCHOBAHHBLI Ha AlpPUOPHON OIEHKe
HeCOOCTBEHHBIX MHTErPAJIOB BJIOJIb PENIEHUs CUCTEMBI.

3.1 BcnomorareJbHBIE JIEMMbI

Kak cnegyer u3 Jlemm 1-3, mpusegennoit B pabore [16] ypasmenme (1) ¢ meocoGbIM
peobpa3oBaHneM MPUBOAUTCS K BHJLY

y=Ay+ By(o); ¢=Cy+ Re(o), ¢(o) € Dy (3)
U3z (3) cremyet, aro

p(o(t)) = Hoy(t) —_Zny(_t), tel, Hyy(t)=Apy(t), tel, (4)
o(t) = (C — RAn)y(t) + RHoy(t), t €,

rie Marpura A — rypBHIeBa,

4 yl ym+1
11 0 0 — ([m Om nfm) . .

A= (20) 1 = Z oA Omn—m)y - ga L Hg = -
( 12) ( 1) ‘Hl = (Cn—m,m; In—m>, oY y 1y y

Jemma 1 [Tycmo evinoanens. ycaosus aemm 1-8 us [16], mampuuya A - eypsuyesa,
dynxyua o(o) € ®g. Toeda pynryusn z(t) = (y(t),y(t)), t € I oepanuvena, m.e. |2(t)| < a,
t € I, nenpepwieno dupgepenyupyema, npuvem |Z2(t)| = |(y(t),4(t))| < e, t € 1,0 < a < oo,
0<c<oo.

HokazareabcTBo. [lycrh BbIOMHEHBI yeaoBUA JieMMbI. [lokaxkem, 9TO MPOU3BOIHAS
o(o(t)) = (¢1(o1), ..., @m(om)), t € I orpanndena. B camom nese,

Tak Kak

d;

| dt
B cunty p(0) € Do, [0(t)] < csy t € I (em. Teopemy 1 u3 [16]), To |p(o(t))] < my, t € I,
0 < my < oo. U3 nepsoro ypasmuenusi Toxaecrsa (3), nmeem §(t) = Ay(t) + Bo(o(t)),
t € 1. Oreioma caenyer, wro [j(0) < IAN13] + IBIIg@@)| < I - s + [Blmy = ms,
0 < my < oo, Vi, t € I. U3 onenku |y(t)| < co, |y(t)| < s, |4(t)] = my, t € I caeayer
l2(t)] = |(y(t), 9(t)| < a, |2(t)] = |(y(t),4(t))| <c, Vt, t € I. Jlemma nokazana.

| < g, i = max(|pl, [p2l), [6:i(t)| < ey, t=1,m, tel,
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Wccnenopanue rimobaabHON aCUMITOTHIECKONH YCTOWIUBOCTH . . . 29

Jlemma 2 Ilycmov 6unoanenv, ycaosus aemmot 1, u nycmo, Kpome moezo:
1) cxanapnas nenpepuenasn dynxyus W(z) >0, Vz, 2 € R*™, W(0) = 0;
2zt <a, [FZ{H) <c tel;

3) necobemeerwits unwmezpan [ W(z(t))dt < oo.
0
Tozda tlim z(t) =0, 2de z(t) = (y(t),y(t)), t € I.
— 00
HokazarenscrBo. [lycrs BoimosnHens! yeaosus 1) — 3) aemmsl. [Tokazkem, aro lim z(t) =

t—o0
0, (lim y(t) = 0, lim §(t) = 0).
[IpenmosiozkuM TPOTUBHOE, T.€. tlim 2(t) # 0. Torma cymiecTByeT HOC/IEIOBATEIIBHOCTE
—00

{tx}, tx > 0, tx — oo mpu k — oo takas, uro |z(tg)] > ¢ > 0, k = 1,2,.... Boibepem
ther —ty > 1 > 0, k = 1,2,.... Ilockosbky z(t), t € I HenpeprBHO ;LH(deepeHquyeMa
lz(t)] < a, |2(t)| <c, t €1, 10 |2(t) — z(tg)| < c|t —tg|, Vt, t € [tk— 5 tk+ ] k=1,2,....

€ €
Tak Kak t, — 51 > te_1, tp + 51 <tpyr, W(z) >0, z € R?" 10

/ Wit > S / W(t))dt,
0 k=1 "¢,
tka

€1
cae [y(O)] = [y(te) +y(t) —y(te)l 2 [yl = ly(t) —yt)l 2 e e =0 > 0, V8, t €
[tr, — 51, t + %] Bceryia MO:KHO BLIOpaTh Besmununy €, > 0 Tak, 4To BesuuuHa £ > 0. Mrak
5 €

[2(O] > 2o, () S et € [t — 5t + 5]

Tak kak dynxinusa W (z) HenpepbiBHasg Ha KOMIIAKTHOM MHOXKecTBe £9 < |z| < ¢, TO
cymiecTByer 9ucyio m > 0 Takoe, 9To Iilllr‘l< W (z) = m. Torma 3navenne wHTErpaIa

ENLS|R|ISC

8
tk—

/W )dt > em, k=1,2,.

CitetoBaTesibHO,
€1
tk-l——
/W dt>z / Wlz(t)]dt > hm k(eym) = 0.
k—o00
tp— 2

Dr1o nporusopeunt yeaosuio 3) Jlemmer. Jlemma mokasana.
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3.2 T'mobasbHasi acHMOTOTUYECKAs YCTOWYIMBOCTD 1

PaccemorpuMm ciydait, Kora

oitA;

@i(&)d&; =0, Vo, o, € RY, i=T1m. (5)

(o4

Teopema 1 [Tycmo svinoanenv, ycrosus Jlemm 1-5 u meopemv, 1 u3 [16], u nycmo, xpome

moezo, dynryus (o) € Py, Komnonenmu, sexmop pynruyuyu (o) = (p1(01),. .., Pm(om))
ydosaemsopsrom  yeaosuam (5). Toeda das  mobwr JuazonasvHLT MamMPUy T, =
diag(Ti1, ..., Tim) > 0, 7o = diag(To1, ..., Tom) > 0, sexmop cmpox o = (o, ..., ) € R™,
B= (L1, 00) €ER", 7= (7,.--,7) € R" 6doav pewenus cucmemv, (3) necobcmaeernvii
urmezpan
i = [ @810 + 57 (0S25(0) + v (OS0) + 5" (OSa(0) + 5" (OSsile)+
0
00 d o(c0) (6>
sy (WOl < [ L5 0Qu0 +y ol — [ & (0)mdo <,
0 a(0)

ede Sy = HinHy — o*a, Sy = ZLﬁHg + HjR*pwnHy + HiR*TypeHy + 2073, S5 =

—(C — RAH) (1 + Tpe)Ho — 2a*y, Sy = HER* ym A + A*lTlAH + HiR*pympeRHy +
HiR* Tl,LLQAll — [B*B + H; TQRHO, Sy = All,ulTl(C RAy) — 2H} R* ,LLlTl,LLQ(C RAH) —
A117'1M2(C RAH) + 28* 7+A11T2RH0 (C RAH) ToHy, Wi = (C RAH) MlTﬂz(C -
RAH) : ’)/ ’7_— A 17—2(0 Réll)_@l = A lTlH[) —f—_HgR*_MlTlHO tH R TlMQEE —|— 25 a,
62_2 = (C_—RAH)*[LlTlAU—Q(C—RAH)*[LlTl[LQRHO—(C—RAH)*T1M2A11+2’Y*5+A117'2RH0—
(C — RAll)*TQHO.

okazaTeabcTBO. [10CKOIBKY BBINOJIHEHBI yCa10Bus JeMM 1 — 5 u reopembt 1 u3 [16], To
HeCcOOCTBEHHBIE UHTETPAJIbI

0 (7)

Lo = / = (B)a"aii(t) — " () Bi() — v (D vu(t) + 257 ()a* Bif(t)—

—2y° (a0 + 29" (OF Ot < [ G20 (OF ai(0)+
+2y" ()" Py(t )] < 00,
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Lo = / (T30 + " (8 Tay () + 5 () Ty (1)) dt =
0 oo - (9)
— [ ¢omdo [ L@ Tt < o
a(0) 0

s (7) - (9) caeayer, aro HECOOCTBEHHBIII HHTErPAJT

=T+ I+ I = [ [7(0S15(0) + 57 (0520 + 5" (OSai(0) + 5" (OSui(e)+
v (0Ss3(0) + 5" (OWiy(B)dt < / Sl 0@ + v QW (1)
o(c0) "

riae Sl == —A5 — Oé*Oé, SQ == A2 + 2(1*6, 83 == —A1 — 204*’}/, 54 == —A4 - 5*5 + T3, 55 ==
A5 +2B8%y =T, Wiy = =N ="y + T, Q1 = Ao +28%a, Q2 = A3 + 293 —T1.
Tax xax |y(t)] < co, |y(t)| < e3, VE, t € 1, TO

[ GO0 + ¥ (ol = 5700 + v (DQu(0)]] < o
o(o0)
/ " (0)Tado < 00
o(0)

B cuity coornorenus (5). Craenosarensho, I5 < oo. Teopema jiokazana.

Teopema 2 ITycmb 6binoanenbl Yeao6us meopemsvl 1, u nycmov, Kpome mozo:
1) S;=0,i=1,3;
2) Mampuyw Wiy, Wia, Wag, N = N* nopsadkos n X n, n X n, n X n, (n —m) x (n —m)

coomeememeenno, maxue, wmo Wy > 0, Wiy —WioWy!Wi, > 0, 2de Wy, = §(W1+W1*)+

(HfNAlg—i-A;NHl), W12 = %;5'5, W21 = %S;, WQQ = %(S4+SZ), W11 = Wl*l’ W22 = WQ*Q,
= N*.

Tozda cmayuonaproe mmoorcecmso N cucmemvr (1), (2) enobarvro acumnmomuvecky
YcmoUuuueo.

2[\3|>—t

HokazaTeabcTBO. Ecin quaronanbabie MaTpunbl 71 > 0, 7o 1 BeKTOpel v € R™, § € R™,
v € R™ BBIOpPaHBI TakK, YTOOBI

Sl == HngHO — Oz*oz == O, SQ == Z:I’T]HO + HSR*[I,lTlHO + HSR*TLMQHO + 20./*5 == 0,
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Sg = —(6 — Rle)*(ulﬁ -+ MQTQ)HO — 204*")/ = 0,

TO HecoOcTBeHHbIH nHTerpas (10) sanumiercst B Buje
/ DWay(t) + y*(£)Ss(t) + 5 () Sag(8)]dt < o, (11)
0

Kaxk ciemyer u3 Toxaecrsa (4) s ao6oit cummverpuanoit matpurbl N = N* nopsijika
(n —m) x (n —m) Bepuo mepaserctso y*(t)H{ NHyy(t) = y*(t)Hf N Ay(t), t € I. Torma
HECOOCTBEHHBII MHTEIPaJI

0 (12)
+wwm)uu:2(nmNm+HNmJ ‘<m
B cuiy Toro, 9to |y(t)| < co, Vi, t € 1. Orcromga nmeem
r1
/iy WHINH, + H:NH Jy(t) < cc. (13)
0

IIyctp maTpuia
_ Wi Wi
Wiy W)’
byurmua z(t) = (y(t),y(t)), t € I, tme marpuns Wiy, Wis, Wy onpeesnsiorcs

COOTHOIIEHUSIMU yKA3aHHbIE B yCJIOBUM 2) TeopeMbl. Torja cyMMUpys HeCOOCTBEHHBIE
urTerpasbl (11), (12), noxyanm

o0

1 — —
Lot — / Dr(t)dt = /{y S W)+ W)+ S(AIN Ay + AN Hyy(0)+

(O S09(0) + 3 TS5l (1) + 3 ([ (84 + S50}t < oo

BaMeTuM, 9TO MaTPHUIA T HOPSIKa 21 X 21 MOJIOXKUTENIBHO olpeiesienHast, ecin Way > 0,
Wi — W12W2_21Wf2 > (. Ilo ycioBuio TeopeMbl JJaHHbIE COOTHOINEHUS BBINOJHEHBI. Tora

W(z) = z*mz > 0, Vz, 2 € R*, W(0) = 0,

7WMmﬁ:7f@m@ﬁ<w

|2(t)] < a, |2(t)| < ¢, t € 1. CeoBaTesibHO, BBIIOJIHEHBI Bee ycyioBust Jlemmbr 2.
Tora tlim z(t) = 0. Orcroma mmeem tlim y(t) = 0, tlim y(t) = 0. Tak kak x(t) =
—00 —00 00

(P*)"'y(t), t € I, 10 tlim z(t) = 0. Kak nokaszano B pabore [16] cucrempr (1), (2) u
—00
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(3) pasmocuiabuel. Torma uz (4), umeem tlim p(o(t)) = Hp tlim y(t) — letlim y(t) = 0.
—00 —00 —0
Otciona cieyer tlim o(t) = o, tlim o(o(t)) = ¢(o.) = 0. 3amernm, 9TO tlim o(t) =
—00 —00 —00
(C — RAy) tlim y(t) + RH, tlim y(t) = 0. CieoBaresbHo, tlim o(t) = ox, p(a(t)) = (o).
—00 —00 —00

Urak, x(t) — x. = 0 upu t — oo, o(t) — o, upn t — 0.
Jlerko ybemurnest B ToM, uto napa (z. = 0,0,) € A. Teopema mokazama.

3.3 I'mobanpHast acuMOTOTHYECKAsA yCcTO4InBOCTh 11

Pacemorpum coryyait, korjia

R AV
¢i(&)dé =a; #0, Yoi, o, € RY, i=1m. (14)
o
Teopema 3 ITycmo svinoarenvs ycaosus aemm 1-5 u meopemovr 1 us [16], u nycmo, xpome
mozo gynruus o(o) € Oy ydosaemsopaem ycaosuro (14). Tozda das mobvr duazornarvivix
mampuy 71 > 0, 73, 74 > 0, 75 > 0 makux, wmo 47475 — (v73)(v73) > 0 u @ —vB = 0, sexmop
cmpox « € R, f € R", v € R", 6doav pewenus cucmemot (3) necobemeenmvili unmezpan

oo

I = /[3?* (t)Enij(t) + g™ (t) Eagi(t) + y* (1) Esii(t) + y™ (1) Exy(t) +y* (t) Esy(t)+
’ o0 d () (15)
Y (t) Esy(t)]dt < 7 [ Fuy(t) + y* (1) Fay(t))dt + / i(o9)T3idos,

0 =150
2de
Ey=—-As—a'a=HjnHy— oo, Ey=Sy, FE3=29S3 FE,=8,—HimRHo+
+H;mRHy — HR*7sRHy — H;14Hy, E5= S5 — A, mRHy — (C — RAy) 1y Ho+
+HIR*13A1 — Him3(C — RAL) + HiR*15(C — RAy) + (C — RA)*Ts RHy—
—2A,,uHy, F¢= Se+ A 7(C — RA;) — A},73(C — RAyy) — (C — RA)*5(C — RAy ) —
—AymAn, Fy= A n et Hy Ry Ho+ Hy R mi o Ho+28% 0, Fy = (C—RA) uum Ay —
—2(C — RA) e RHy — (C — RAN ) Ty jin Ay + 295 + A, 73 RHy—
—(C — RAy)*r3Hy + [H; R*15(C — RA)]* + (C — RAy,)*rsRHy — 24,7, H.

okazareabcTBO. JloKaszaTebCcTBO TeOpeMbl aHAJOTHIHO JIOKA3ATETLCTBY TEOPEMBI 1.
Hecobctennsrtit unrerpan I; = Iyg + Isg + 1o, 1€

o0 oi(00)
Lo = [0 OF0 + 5 O + <mydw§j/ (03—
° . Lol0) (16)

- [ STl < o,

0
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Fl = (6_: Rz_ll)*Tg_Ho — Z_LT;;R_HQ H*R*Tg,(C RAH) (U Rzll)*Tg,RHo + 22117'4H0,
FQ = —Alng(C—RAH)—(C—RAH) 7'5(0 RAH) A11T4A11, Fg HSTgRHO—HSR*Tg)RHO—
H6<7'4H0.

Cymmupys zecobcrsennbie unrerpasst (7), (8), (16) moaywamum (15). Teopema nokazana.

Teopema 4 [Tycmv 6viNoAHENDL YCAOBUA MEOPEMBL 3, U NYCMb, KPOME MO2O0:
DE=0,i=123
2) mampuyw, Vip = Vi, Vig, Vag = V5, N = N* nopadkos n X n, n xn, nxn, (n—m) x
(n —m) coomeemcemeeno maxue, ¥mo

Voo >0, Vip— V12V2§1 1o >0,

1 1 — — 1 1 1
2(96 ‘/11 = §(E6 + Eg) + é(HTNAH + A12NH1), ‘/12 = §E5, ‘/1*2 = 5E§, ‘/22 = §(E4 + EZ)
Tozda CMAYUOHAPHOE MHOHCECTNEO A cucmemmi (1), (2) 2A000AHO ACUMNIMOMUYECKU

YCmouvuso.

HokazareabcTBo. /[0Ka3aTeIbcTBO TCOPEMbBI AHAJIOTHYHO JIOKA3aTEIbCTBY TEOPEMBI 2.
Eciu BeinosHero yeaosue 1) TeopeMbl, TO HeCOOCTBEHHBII MHTErpast

/ DEG(E) + y*(8) Esylt) + y* (1) Bsy(£)]dt < o.
0
Torma cymma
I; 4+ I = /z t)dt < oo,
0

rae
v:(Vz} ‘Z) 2() = (90 9(0), tel

12

Ecisn Beimosaeno ycnosue 2) Teopemsl, To Marputia Vo= V* > 0. Jasnee npumenss Jlemmy
2, nosyanm lim 2(t) = 0. CiemoBaresbho, lim y(t) = 0, lim y(t) = 0.
t—o00 t—o00 t—00
[lasee, MOBTOPsS JOKA3aTETHCTBA TEOPEMBI 2, MOYKHO YOETUTHCS B TOM, YTO CTAIIHOHAPHOE
MHOXKecTBO A cucremsl (1), (2) rmobaibao acumIToTHdeckn ycroidanso. Teopema jgokazaHa.
3.4 T'moGanpHas acuMnToTuveckasi ycrondnBoctb 111

Paccmorpum cimydait, Korma

R AY R AY

pi(&)dé =0, i=T1s, / @i(&)dg =a; #0, 1=s+1,m. (17)

Ot wepes ¢W(0®) = (o) o)), $O0) =

(0541(0551), -+ Pmlom)), tae oM = (oy,...,04), 0@ = (0441,...,0m). Jlerko ybeaurhes B
TOM, 4TO
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(oM = Hyj(t) — AVy(t), ¢@(0@) = Hoy + A y(t), tel,
. — —(1 . . —_— —(2 .
() = (C — RA)y(t) + RiHoyi(t), 62 (t) = (C — RAD)y(t) + RoHoni(t), te€ 1,
(18)

rIe

Vol —(1)
a i Cl o Rl Os,m—s o H[)l T A11 HOl = (IS7 Os,n—s)v
C N <62> ’ R N (Om—s,s RZ ) ’ HO B (H02> ’ AH a (Z@) ’ H02 = (Im—sa Om—s,n—m-ﬁ-s)a

11

ralival —(1) —=(2)
marpuibt C'y, Co, Ry, Ro, Ho1, Hoo, Ay, Ay TOPSIKOB $Xn, (M—38)Xn, $Xs, (m—s)x(m—s),
sxXmn, (m—s)XxXmn,sxn, (m—s) X n coOOTBETCTBEHHO.

Teopema 5 [Tycmo svinoanenvs ycaosus aemm 1-5 u meopemovr 1 us [16], u nycmo, xpome
moeo, gynruusa p(o) € ®y ydosaemsopaem ycaosuro (17). Toeda dan a0bvix duazoHasbHbLT
mampuy, 7 = diag(Ti1, .., Tim), T2 = diag(Tor, ..., Tos), T3 = diag(Ts1, ..., Tam—s), T4 =
diag(Ta1, -, Tam—s) > 0, 75 = diag(7s1,...,Tsm-s) > 0, 47475 — (vT3)(1V73) > 0, v =
diag(vi,...,Vm—s), @—v-f=0,a =diag(ay,...,0n_s), 5 =diag(By,...,B,,_s) U 6exmopos
a € R", p € R" v € R" 8doav pewenusa cucmemuvi (3) necobemsernnvil unmezpan

Ig = Lo+ Ioo+ T30 + 4o = / ) D1gi(t) + 3" (1) Dagj(t) + v (¢)s8i(t) + 3™ (t) Dagy(t)+
. [d
+y"(t) Dsy(t) + y"(¢) Doy (t)]dt < /E OFg() +y ()(F — Tn = Tu)y@]di+ (19)
0
oi(00) oi(00)
+Z / sz Uz ngO'Z + Z / 0'1 TBszz < 00,
1= s+1

2de D1 = —A5 — Oé*Oé, D2 = A+ 206*6, D3 = —A1 - QOZ*’Y, D4 = —A4 - B*B + T31 + Fgl,
Ds = A3 +28%y =T, — Ty, Ds = —A_— Yy + To1 + o
3decv necobcmeernnvie unmezpanvs 1o, 14 pasroL:

0i(00) oo 4 (20)
— [ i(oi)Tado; — [ d—[y () Ty (t)]dt < oo
=1 5,(0) 0 t

—(1 _ J— —(1 — 1
ede T11 = —[Agl)]*TQRlHol + (Ol - R1A§1)> TQH()l, TQl == [Agl)] (01 - RlA ) T31 ==
H§ToR Ho, T2 = diag(To1, . .., Tas);
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Iy = /[—y*(t)F’flyf(t) + v (O)Taay(t) + y* () a1y (t)]dt =
0 (21)
m  0i(c0) o] d
i=5+1 ,(0) o i’
2de Ty = [All] T3sRyHgy + (Cy — RQAL) T3Ho — (Cy — RQZﬁ)) _5R2H02 — (Cy —

72

_ = —(2 _ =
R2A11)> T5R2H02 + 2[14( )] Hog, Fgl = _[All ]*’7'3(02 — R2A§1)> — (02 R2A11) 7'5(02 —
RzAu )" 4A11 , a1 = HiyT3RoHoo — Hiy RyTs RoHoo — HiyTaHo, @ — v33; = 0,0 =5 + 1, m,
FB = diag(7317 s 77—3m75)7 ?4 = diag(ﬂlla cee 77—4m73) > 07 ?5 = duig(’rSl_a c 77—5273) > 07
47,75 — (vT3)(vT3) > 0, v = diag(vy, ..., Um—s), @ = (@1, -, Qm—s), B= (813 Brs)-

HoxkazareabcTBo. Kak ciesyer us pesyiabraros [16]: HecobcTBeHHBIIT HHTErpaT

Iy = / [ (W ()] T2 (t)dt = / [Horj(t) — A y(O)]72[(Cr — A )y(t)+

s 0i(o0)

—|—R1H()1y ()OZ(O'Z)TQdO} < 0.

= o)

Otcroza ciejyer, 9To HecobCTBeHHBI nHTErpas I3y onpeesercs mo dopmyie (20).
AnanornasbiM myTem, st caydas (17) Ha ocHoBe TOXKIecTB (18) mMeem

/ (e (0 (1)) 7362 (1) — [ (o (1)) Tl (02 (1)) —

DR < 3 / (0()Fador; < o0,

= s+10

riie ®;(0;) = pi(0;) — vi|pi(oy)|, i = s + 1, m. Crenosarenbio, HecoGCTBEHHBIH HHTErpaT 1 4
onpejesiercs mo dpopmyite (21).

Hecobersennbie uarerpaist 11, Iy onpeessiorest popmyaamu (7), (8) cooTBeTCTBEHHO.
Cymmupys necobcTsennble muTerpaibl Iy, Iag, Isg, 14 momyumm omenky (19). Teopema
JIOKa3aHa.

Teopema 6 [Tycmv 6vinoanens Yeaosus meopemvl 5, u nYcmv, Kpome mozo:
1)D;=0,i=1,23;
2) Mampuuyw, G113 = G3y, Gia, Gag = Gy, N = N* nopadkos n X n, n X n, n X n,
(n —m) X (n—m) coomsemcmeento maxue, ¥mo
1

1 1 1 —
G22 = §(D4 + DZ) > 0, G12 - §D57 Gll - §(D6 + Dg) + §<HTNA12+

ISSN 1563-0277 Journal of Mathematics, Mechanics, Computer Science Ne3(99) 2018



Wccnenopanue rimobaabHON aCUMITOTHIECKONH YCTOWIUBOCTH . . . 37

A —1 vk X 1 .,
+ApNJ), Gu - G12G221G12 > 0, o= §D5-

Tozda cmayuonaproe mmooicecmeo N cucmemor (1), (2) eaobanvro acumnmomuyecku
Ycmouuuaeo.

JlokazaTeabcTBO. J[oKa3aTe/bCcTBO TEOPEMbl aHAJIOIMYIHO JIOKA3ATEIHLCTBY TECOPEMBI 4.
Ecm D; =0, @ =1,2,3, To HecCOOCTBEHHBIIT UHTEIPAJT

I — / 5 () Dagt) + v (1) Di(t) + y* () Dey(8)]dt < oo.

Tora HecobcTBennbIit nuTerpas (eum. (12))

0

rJie MaTPUIA
Co2() = (y(), (1), tel.
(G’{z G22) z(t) = (y(1),9(t))

Hanee, nosropsisi jokazaresabcTBa TeopeMbl 4, moayuum lim z(t) = 0, lim o(t) = o,
t—o0 t—o0

(o) = 0. Teopema okazana.

3.5 IIpumep

YpaBuenus (Has3oBoil CUCTEMbI UMEIOT BH]T

I"l =2+ X9 — (,02(0'2), {i‘g = —2ZE1 — 1,031’2 — O, 031'3 — 0, 7590(0'1),
i3 = —0,01lxe — 1,013 — 0,2501(01) + pa(02), (22)
d1:$2+$3+§01(01), (72:—1‘1—1—3:2—953—1—(,02(02),

riae

dip1 (o)

p(o) € g = {p(0) = (p1(o1), p2(02)) € CI(R21,R2) [ 1 < do

dps (o
piz2 < @;(5 2) < g, w1(01) = @il + A1), ©2(02) = pa(o2 + Ag),
2

Vo, 0 € R', Yoy, o09€ R'}.

S Ha1,
(23)

B wactHocTH, ¢1(01) = sinoy, wo(0oz) = sinos + 7, v € (0,1), Ay = Ay = 27. B srom
o1+2m oo+2m

ciyqae [ 1(&)dé& =0, [ @a(&)dE =a #0.

o2
B BekTopHOit hopme ypasHeHue (22) 3ammIiercs Taxk

&= Ax+ Bip(o), ¢ =Cx+ Rp(o), (24)

Becrauk KasHY. Cepust maremarnka, Mexanuka, nadopmaruka Ne3(99) 2018



38 Aiicarasmes C.A., Ajicaranuesa C.C.

rjae
1 1 0 0 —1 0
A= —2 —]_, 03 —0,03 5 B = (Bl,Bg) — —O, 75 0 5 Bl - —0, 75 5 BQ -
0 -0,01 —1,01 -0,25 1 —0,25
o 0, 1, 1 . 1, 0 . o . . (,01(0'1)
C - (_1 1 _1) ) R - (0 1) ) Cl - (07 17 1)a 02 - ( 17 L 1)a 90(0) - (902<0.2) :

1. HeocoGoe npeoGpaszoBanue. Bribepem Bektop 0 = (611, 012, 013) Tax, arobsl 0 B =
1, 03By = 0. Bexrop 67 = (1; —5/3; 1). Anamoruano, oupemgesnm BekTop 05 = (0a1, 0o, 0a3) 13
yeaous 03By = 0, 5By = 1. Bexrop 05 = (0; —1/3; 1). Hakoner, Bektop 65 = (031, 032, 033)
BeIOEpEM TaK, uTobbl 058, = 0, 05 By = 0. Bekrop 05 = (1; —1/3;1). Oupenenmrens

<91,91 > <¢91,92 > <61,¢93 > 43/9 14/9 23/9 16
F(91,92,93) = | <660 > < ‘92,02 > < 92,03 >| = 14/9 10/9 10/9 = g > 0.
< 93701 > < 03,92 > < 03,03 > 23/9 10/9 19/9

CuetoBarenibno, BeKTOPBI 01,65, 03 nuneiino mesaBucuMbl. Tak kKak BeKTOpbl 07 A =

(13/3:8,12/3,—0,96), 03A = (2/3;1/3,—1), 634 = (5/3;4/3, —1), T0

GrA = _5’T379T B 155))889; N 185))370; 0 Ay = _5,337y1 B 155))88y2 N 185))37%7
riae vy = 01z, y5 = Oz, y3 = 052. CrenosatesbHO,
. 5,37 15, 88 18,37
=g et oyt (o).
AHaJIOrMIHBIM IIyTEeM, HAXOUM
. 5 2 . 3 8 29
Y2 = —3b + 3Ys + p2(02), Yz = T T g + 1393
Tak kak C; = (0,1,1) = =107 +1-05+1-0%, To C1x = —y1 +y2 +y3, Co = (—1,1,—1) =
—EGI — =03, Cox = ——y; — 1yg,.
2 2 2 2

13 BBINIEH3IOKEHHOTO CJIelyeT, 4To ypaBHeHue (24) ¢ HeOCOOBIM MpeodpasoBaHUEM
IPUBOINTCA K BUJLY

) 5,37 15,88 18,37
="y — Y2 + ys + w1(01),
3 3 3 3 8 29
y2 = _§y2 + §y3 + 802<O-2)7 y3 = _Zyl - §y2 _'_ 53/37 (25)
01 ==y + Y2 +ys+pi(o1), o2 = —§y1 — §y3 + pa(02),
(o) = (p1(01), p2(02)) € V.
Marpura
1 0 1 4
1 1 1
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0 1 -5/3 1 0 -1 1
K=P=|[6;]=10 -1/3 1|, K'=[-3/4 0 3/4
03 1 -1/3 1 —1/4 1 1/4
Tak xak
—1,79 —15,88/3 18,37/3 10
A=KAK ' = 0 -5/3 2/3 |, B=KB=|[0 1],
-3/4  —-8/3 29/12 0 0

C=CK" = (—_1}2 (1) —i/2>
ypasHeHue (25) 3anmiieM B BEKTOPHOIT dhopme
y=Ay+By(o), & =Cy+ Rp(o), ¢(o) € Dy (26)
2. CsoiicTBa periieHnii. XapakTepucTUIecKoe ypaBHeHrne MaTpuiibl A paBHO
AN) = det(M3 — A) = |M3 — Al = X* +1,04\* + X\ + 0,98 = 0.

Tak Kak BCce KOI(PUIMEHTHI XapaKTEPUCTUIECKOTO TOJTHHOMAa OoJibie Hy/sd u 1,04 >
0,98, To marpuna A — rypsuiesa. Torya, kKak ciejpyer u3 Teopembl 1 [16] BepHBI oneHKM
lz(t)| < co, |2(E)] < e, ly(t)| < co, |9t)] < €3, |6(E)] < ¢y, t € T = [0,00). ITockosbky
marpunst A, A nomobubl, To A\j(A) = X\;i(A4), j = 1,2,3. Cnenosarenbno, marpuna A —
TYPBHIICBA.

3 (25), (26) nmeem

p(o(t)) = Hoy(t) — Any(t), o(t) = (C — RAn)y(t) + RHoy(t),
Hygy(t) = Awy(t), tel,

o) = (Ge) - mo=(o 1 0) m-oon () -n

— (An\ o [(-1,79 —15,88/3 18,37/3\ o . .,
A_(Zm)’ A11_< o T ) Au= (- -spa2012),

(27)

rie

U3 (27) cremyer, 9to

D, 37 15,88 18,37

p1(o1(t)) = = 3 Yt oy i =yi(t), 1=1,2,3, tel;
5 2 .
902(0-2( )):—y2——y3+y2’ te] yz_yz( )7 22112’3;
2, 3 13 88 21,37 (28)
oi(t) = ?[ y2+ LA tel,
Uz(t)z——y1+ yz——y3+y2, tel.

3 6
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Ha ocroBe Toxects (28) MOryT OBITH BBIMUCJECHBI HECOOCTBEHHBIE MHTErPasbl I1g, I,
139, 14, 130, 140, 1 yCTAHOBJIEHBI YCJIOBUSA TJIODAJIHLHON aCUMITOTUYIECKON yCTORIMBOCTH JIJIst
CJIy9aeB:

o1+A1 o2+Ag

a) / @1(&)dé = 0; / p2(&2)dEs = 0;
o1+ o2+As

6) / @1(61)déy = ay; / ©o(&2)dEy = o, @y #0, @z # 0.
o1+A1 o2+Ag

B) / @1(&1)dé = 0; / ©2(&2)déy = # 0.

s caygaes a), 6) py = diag(pin, paz2), po = diag(pior, o), 11 = diag(mi1,712) > 0,
Ty = diag(To1, Ta2), & = (a1, o, 3) € R*, § = (B, 02, 03) € R, v = (Y1,72,73) € R, 13 =
giag(Tgl,Tig),_u = diag(T41, Ta2) > 0, 75 = diag(7s1, T52), @ = diag(@y, as), v = diag(vy, 1),
B = diag(B, Bs), 4ma7s — (v73)(v73) > 0.

B uacrrocTH, ecin p1(01) = sinoy, po(0g) =sinoy — 7, 7 € (0, 1) BeauauHbI

oo+2m oo+21
ay = / p2(&o)déy = =217y, By = / |p2(E2)|dEs = 4[F arcsiny + /1 — 7],
_ Qo —0, 57'[‘7
Vo = =

B, Farcsiny + /1 — 72

4 Pe3ynbTaThl 1 00Cy2XKJIeHUE

Cozmana obmasg Teopus IVI00AJIBHON ACHUMITOTHYECKON YCTOWYMBOCTH MHOI'OMEPHBIX
daz0BBIX CHCTEM CO CYETHBIM IIOJIOXKEHHEM PaBHOBECHsI, OCHOBaHHAs Ha aIlpPUOPHOM
OIICHUBAHUU HECOOCTBEHHBIX MHTEIPAJIOB BJIOJIb PEIIEHUS CUCTEMBI.

OCHOBHBIMU pe3yJIbTaTAMU MTOJIYIEHHBIX B JIAHHONW pabOTe SIBJIAIOTCS:

— YCTAHOBJICHBI OIPAHUYEHHOCTDL PEIICHUN MHOTOMEPHBIX (a30BbIX CHCTEM € UX
IIPOU3BOJIHBIX IIEPBOT'O U BTOPOI'O MOPAIKOB;

— HaliileHbl YCJOBUSA I1IPUA BBIIOJHEHUNU KOTODPBIX PpPEIICHUEe JIUHAMUYECKUX CUCTEM
CO CYETHBIM IIOJIOKEHHEM PaBHOBECHS M €€ IIPOM3BOJIHOE IIEPBOTO IOPsIKa 00J1a1al0T
ACUMIITOTUYECKUMU CBOMCTBAMU;

— TOJyYEHBI YCJIOBHUSA TJI00AJIBHON ACHUMITOTHYCCKON YCTONYMBOCTH MHOT'OMEPHBIX
¢daz0BBIX CcHCTEM C PaBHBIMHU HYJIO B IEPHUOJie 3HAYECHUSIMU WHTErPAJIOB OT KOMIIOHEHTOB
[IEPUOJINICCKAX HEJIMHEHHOCTEN];
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— TOJIYYeHbI YCJIOBUA TIJIOOATBHON aCUMITOTUYECKOW YCTOHYMBOCTU (PA30BBIX CUCTEM C
He PaBHBIMHU HYJIIO B II€PUOJle 3HAYEHUsIMU WHTEIPAJIOB OT COCTABJISIIONINX HEJIMHEeINHbIX
EePUOINIECKIX (DYHKIIHIA;

— MCCJICJOBAHBI ACHMIITOTUYCCKAE CBOMCTBA PEIICHNN TUHAMIUYCCKIX CHICTEM CO CYCTHBIM
[OJIO?KEHEM PABHOBECH: B OOIIEM Cjydae, KOIJla 4YacThb KOMIIOHEHTOB HEJIMHEHHBIX
HepUOINIecKX (GYyHKIUU 00J1a/Ial0T 3HAYEHUSIMU WHTEI'PAJIOB B IIEPUOJIE PABHBIMU HYIIIO,
a JJisl Ipyroit 4acTh KOMIIOHEHTOB 3HaUY€HUsI MHTErPaJIoB B IIEPUO/E HE PaBHBIMU HYJIIO.
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PaccmarpuBaercs  3amaua  ommcanust kiacca 1M (Q,A) noreHnuanos, MepoMOpPMbHBIX B
OJTHOCBSI3HON obstacTu {2, ¢ MHOXKECTBOM MOJIIOCOB A, YIOBJIETBOPSIONIMX YCJIOBUIO TPUBUAJIBHON
MOHOZpoMuM: JI000E pereHne coorBeTcTByfommero ypaBuenus Illrypma-JluyBuians mpu Beex
3HAYEHUSIX CIIEKTPAJILHOTO ITapaMeTpa He UMeeT TOYEK BeTBJIeHUs HU B ojiHOM Touke A. [Tokazamno,
9TO B Cjlydae KoHeuHoro A JimHeiiHoe (OTHOCHTEJILHO OOBIYHOIO CJIOXKEHHs) IPOCTPAHCTBO
TM(, A) mMeeT KOHEUHYIO pasMepHOCThb 110 MOmyio moganpoctpanctea T My(Q, A) dyukimit,
rosioMopdHBIX B {) 1 MMEIOMUX B TOYKAX HYJIM 3aJaHHON KpaTHOCTH (CBOEH JJIsi KasKI0i TOYKH).
Tem cambim 1pu KoHeunoMm A mnosydeno nosmoe onwmcanue TM(Q, A, M) B TepMunax Jro60ro
KOHEYHOTO Habopa GPYHKIUI — PEIIeHNIT HHTEPIIOISIIMOHHON 33,1491 ¢ KPATHBIMU Y3JaMHU B TOIKAX
muoxkectBa A. [losydaenustit pe3ynbrar 06001IaeT N3BECTHBIE PE3YIHTATHI O KJIACCAX MOTEHIIHATOB
C TPUBHAJILHON MOHOJpOMHUEN Ha Bceil 110ckocTH, yopiBaoomux Ha 6eckoneunoctu (J.J. Duister-
maat, F.A. Griinbaum) ninm pacrymux e Gpictpee Bropoii (A.A. O6aomkoB) smbo mmecroit (J.
Gibbons, A.P. Veselov) crenenu. B ciiyuae, Korjga MHOXKECTBO A CUETHO U MMeeT €JIUHCTBEHHYIO
MIPEIETbHYIO TOYKY, IIOCTPOEH JIOCTATOYHO IMITUPOKU KJ1acC DYHKIINAN, YIOBIETBOPSIONINX yCJIOBUIO
TPUBHAHLHON MOHOPOMUH.

KiroueBsbie ciioBa: CrieKTpasibHasi HEYCTONIUBOCTD, JJOKAJIM3AINs ClIeKTpa, ypasHenue [IItypma—
JIyBUJL/IsI, TPUBUAJIBHAST MOHOIPOMUSI.

On the class of potentials with trivial monodromy
Ishkin Kh.K., Bashkir State University,
Ufa, Russia, E-mail: Ishkin62@mail.ru
Akhmetshina A.D., Bashkir State University,
Ufa, Russia, E-mail: azipuk@mail.ru

We consider the problem of describing the class TM (2, A) potentials meromorphic in a simply
connected domain 2 with a set of poles A satisfying the trivial monodromy condition: any solution
of the corresponding Sturm-Liouville equation for all values of the spectral parameter has no
branch points at any point in A. We have shown that in the case of a finite A the linear (with respect
to the usual addition) space TM (2, A) has finite dimension modulo the subspace T My(f2, A) of
functions holomorphic in Q and having at points A, zeros of a given multiplicity (its own for each
point). Thus, for a finite A, a complete description of TM (2, A, M) is obtained in terms of any
finite set of functions — solutions of an interpolation problem with multiple nodes at points of the
set A. The result obtained summarizes the well-known results on classes of potentials with trivial
monodromy on the C, decreasing at infinity (J.J. Duistermaat, F.A. Griinbaum) or growing not
faster than the second (A. Oblomkov) or the sixth (J.Gibbons, A.P. Veselov) of degree. In the case
when the set A is countable and has a unique limit point, a sufficiently wide class of functions that

satisfy the condition of trivial monodromy is constructed.
Key words: spectral instability, spectrum localization, Sturm—Liouville equation, trivial mon-

odromy.

1 Bsenenmne. O630p JmrTepaTypbl

Metromaer Teopun dyukimit  Kommiekchoit mepemennoit  (TOKII) upencrasisitor  coboii
ecrectBeHHOEe U 3(@EKTUBHOE CPEJICTBO I PENIeHUs] CaMbIX pa3HOOOpa3HbIX 3a/ad
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CIEKTPAJILHOM Teopuu orneparopoB. Hecamoconpsizkennbie auddepennnaibabie orepaTopbl —
TOT KJIACC OIepaToOpoOB, CIEKTPaJbHBIN aHa/JM3 KOTOPLIX 0e3 mpusjedenus metogoB TOKII
mpocto HeBo3MoOzKeH. Hambosee apKuilt ToMy mpuMep — TeOpHUsl PEryJIsipU30BaHHBIX CJIE0B
3aJ1a4, MOPOK/IEHHBIX OOBIKHOBEHHBIMU UM dEPEHITNATLHBIMI BIPAKEHUAMI HA KOHEYHOM
orpeske: B paborax [1,2| 6bLI0 yeTaHOBJIEHO, YTO HOJydeHne (hOPMYJI CIIEJ0B TaKUX 388
HE CBs3aHO, BOOOINE TOBOPH, C UX OIEPATOPHON TPAKTOBKOH, & HOCUT YHUCTO TEOPETHKO-
(DYHKIIMOHAJBHBIN XapaKTep U CBOJUTCA K HCCJIEJIOBAHUIO PEryJIAPU30BAHHBIX CYMM
KOpHE#l HEKOTOPOro KJacca MeblX (DyHKIHUA. DTOMY KJIACCY, B YACTHOCTH, MPUHAJICIKUT
XapaKTEPUCTUIECKUIT OIPeIe/INTe b CIIEKTPAJIBHON 3a/1a9n I CUCTEMbI

Y' =AY, z € [0,1], (1)

rje A— KyCOYHO-IIOCTOsIHHAST HEBBIPOZK IeHHast MaTpuiia n X n |3,4]. Kax ormedeno B [5], econ
cobcrsennble wucaa di, . .., d, marpunpl A™! ynosnersopsior ussectnbiM [6, 7| yenosuam
Bupkroda-Tamapkuna arg(d; — d;) = const, 4,7 = 1,n, To ykasaHHas 3aja4a CBOJUTCS
K CIEKTPAJIBHOI 3ajade Jisi HEKOTOPOTO OllepaTopa, OJU3KOrO K CAMOCOIPSIZKEHHOMY, TO
€CTh IPEJICTABIMOrO B BHJIE OTHOCHTEIHLHO KOMITAKTHOI'O BO3MYIIEHUS CAMOCOIPSIKEHHOTO
oreparopa ¢ JuckpeTHbiM criekTpoM. CoracHo u3sectHoit Teopeme Kespipiima [8] oneparopst,
OIM3KKME K CAMOCOIPSI?KEHHBIM 00JIaJIAl0T CBOMCTBOM CIEKTPAJIBbHOM yCTONIMBOCTH: U
MaJIbIX BO3MYIIEHUIX COXPAHAIOTCA U aCUMITOTUKA CIIEKTPA U MOJIHOTA CUCTEMbI KOPHEBBIX
BeKTOpoB. Kciam omeparop 1 He OJM30K K CaMOCOIPSIXKEHHOMY, TO, KaK IIPABUJIO,
CIIEKTpAJIbHO HeycToluns: pesonbsentiag HopMa |[(T° — A)7![| mMoker GbITh GOJbIION 1
npu A, jgajgekux or crmekrpa (em. [3,5,9-14] u umerommecs tam ccpuiku). [Tosromy B
caydae, Korga T — He GIM3KHUHA K caMOCONPsizKeHHOMY D bepeHITaIbHbIN OIepaTop, st
UCCJIC/IOBAHUS CIIEKTPa MPUXOJUTC HAKJIAJbIBATL Ha KOI(MMUIMEHTHI COOTBETCTBYIOIIErO
s depeHInaIbHOrO BEIPaKeHNs JOMOMHATEIbHOE (Topasno 6osee JKeCTKoe 10 CPABHEHHIO
¢ OIM3KHM K CAMOCONPSI?KEHHOMY CJIy9aeM) yCJIOBHE TOJOMOD(MHOCTH B HEKOTOPOIl
OKPECTHOCTH COOTBETCTBYIONIEro nmpomexyrtka [13,15-20]. Cucrema (1) B caydae

0 1

A:qo,

rje ¢ — JOCTATOYHO ryiaJjikas Ha orpeske [0, 1] dyukimst, moacTaHoBKOi JInyBUILIA CBOAUTCSE
k omneparopy llIrypma—/InyBusist Ha HEKOTOPOIi TVIAKON KPHUBOii 7 (TOYHOE OIpejie/IeHne
Oymer nmaHo Hmke B 1. 2). B paborax |21, 22| ommHOoro m3 aBTOPOB IOKa3aHO, 9TO
CIIEKTD 3TOT0 OIEPATOpPa JIOKAJIU3YETC OKOJIO OJHOIO Jiyda TOTJa U TOJBKO TOIJIA, KOTJa
HOTEHIMAJI JIOITyCKaeT MepoMOpMHOe IPOJIOIZKEHNE B HEKOTOPYIO OKPECTHOCTH ) KPHUBOii 7,
V/IOBJIETBOPSIOIIEE YCJIOBUIO TPUBUAILHOM MOHOIPOMUHM, TO €CTh KayKJ0€ PEIIeHIe yPaBHEHHs

—y"+qy =Xy, z€Q, (2)

npu KaxkjgoM A € C Takxke mepomopdHO B obactu ). YcjaoBue TpuBHAIbHON MOHOIPOMUN
XOpoIno u3BectHo [23]: ypasHenue (2) uMeerT TPUBHAILHYIO MOHOAPOMUIO B obsactu ) Torja
1 TOJIBKO TOIJIa, KOIJa JIJIs JIF0OOro mosoca a € §) GyHKIuN ¢ Haiiaercs: ee oKpecTHOCTE U,
Takasi, ITo

) =T g7 T S anlz — @)™ + (2 — )™ (2), 2 € U\{a}, (3)
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rme m € N, cg...,c, — HEKOTOpbIe ducja, (pyHKiums r rojomopdHa B U.

ycrs A = {ax}y, (N < o00) — mmoxkecto Touek (), koropeie (mpu N = o0)
MOTYT CKAILIUBaThCs TOJNBKO K rpanune (). lamee nycte M = {m; € N, k =
1,N}. O6osmauum uepes TM(Q, A, M) muoxkectso dynukimii, rosoMopdubx B Q\A 1
VJIOBJIETBOPSIONINX B KAaXKJIOW TouKe aj ycuoBuio (3) ¢ m = my. To, uro npm KoHedHOM
N wmoxectBo TM(Q2, A, M) He mycro, ciiefyeT W3 pe3yIbTaTOB NUTHPOBAHHON BBIIIE
pabotsr [Troiicrepmaara u I'pronbayma [23]: 1060i HoTEHIMA, TIOJTy 9eHHBI 13 TPOU3BOILHOI
rojjomopdHOit B obsactu () (DYHKIME € MTOMOIIBI0 KOHEYHOIO YHCIa IMpeodpasoBaHUil
Hapby (cm. mmke m. 2.2 u [24]), npunagmexur TM(Q, A, M) npu HEKOTOPBIX KOHEYHbBIX
A, M. B sroit xxe pabore nokazano, aro npu {2 = C kjacc yoObBaiommux Ha OECKOHETHOCTH
[MOTEHITUAJIOB ¢ TPUBHUAJBHON MOHOIPOMUEH COBIA/AET C HMOTEHIMAJIAME, [TOJIYIeHHBIMUA U3
HOTEHIMAIa ¢ KOHEYHBIM 9ucaoM IpeobpasoBanuit apby. B pabore [25]) sror pesymabrar
OBLT PaCIpoCTpPaHeH Ha KJIACC PAIMOHAIBHBIX IMOTEHIINAIOB C KBaJIPATUIHBIM POCTOM Ha
6eckoneunoctu. Ho yke /1 panoHaJIbHBIX TOTEHITNAIOB, PACTYIINX Ha OECKOHETHOCTH KaK
2%, pesynbraTer pabor [23,25] okazamucs nesepubivu [26]. Kak ormeueno B pabore [26], 3amaqa
ormcanus kiaaccoB T'M (€2, A, M) Bpsi Jiu BbIIOJHAMA. B CBA3M ¢ 9TUM BO3HHKAET BOIIPOC:
npu kakux €2, A, M mMoxkHO mosyunTh onucanue Kiaaccos TM(Q, A, M)?

B upemiaraemoit crarbe Tosiydeno mosiHoe onucanwe TM(Q, A M) B caydae
[IPOU3BOJILHON OJIHOCBSA3HON 00/IACTH U TPOU3BOJILHBIX KoHedHbIX A, M. Oka3asock, B cirydae
koneunbix A, M nuneiinoe (OTHOCHTEIBHO OOBIYHOIO CJI0¥KeHuUs1 ) ipocTpanctso T M (Q, A, M)
uMeeT KOHEYHYI0 pa3MepHocTh 1o momayao [27, IV, §14, m.6] nomupocrpancrsa
TMy(Q2, A, M) dyuknuii, rosoMopdHBIX B {2 U UMEIONUX B TOYKAX A HYJb Mk-T'0 MOPSIKA
(Teopema 3). Takum obpasom, nmpu N < oo muoxkectBo TM (2, A, M) nomyckaer moJHOe
olrcaHue B TePMHUHAX JTIOOOTO KOHEYHOro Habopa (DYHKIWIT — PelreHnii NHTePIOIAINOHHOMN
3aJ1a91 ¢ KPATHBIMU y3/1aMu B A.

B ciuyuae, xorma N = o0, B 0Omeil curyanuum MOJYYATH TaKOe Ke IOJHOe
ormcanue MuOkectBa 1M (€, A, M), mo-BuuMoMy, HEBOBMOXKHO. UTOOBI TIOJIYIUTh KaKyTO-
to wmadopmanuio o TM(Q, A, M), HyKHO HaKJIaJbIBATH JOIOJHHUTEJbHBIE TPEOOBAHMUS
Ha TIOBeJieHne TOUYeK aj BOgu3u rpamurpr 2. Tak, B upeamosnoxennn, 4to A wumeer

eJIMHCTBEHHYIO [PEJICJIbHYI0 TOUKY, YIAeTCs JOKA3aTh CYIIECTBOBAHNE JOCTATOYHO [IUPOKOTO
kiacca byaxmumit uz TM (2, A, M) (Teopema 4).

2 IlpenBapureisibHbIE CBeeHUS

2.1 Omeparop IHIrypma—JInyBusjis Ha KpUBOit

[Iycrs v — KpuBas ¢ mapamerpmsdanuein z(z) = x + is(z), x € [0,1], rme dyuknusa s
HernpepbiBHO nuddepennupyema, s He yowBaer u s(0) = s(1) = 0,5(0) < 0 < §'(1).
O6osnaunm oy = arctg s'(0), a; = arctg s'(1). Torna

/2 <oy <0< <m/2 (4)

[Iycrs dyukimsa y abCoOMIOTHO HeNpepbIBHA Ha KPHUBOW 7 (OTHOCHTENBHO Mepbl |dz]).
QyHKIHIIO

y'/y(z) = gigz —y(CC) : Z(z)7
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OIIPEJIEJIEHHYIO TIOYTU BCIOJy Ha 7y, OyJIeM Ha3bIBaThb Npou3odnoli 6dosv y. AHAIOTUYIHO
ompejienigeM Y. (z) u T.J1. (B IIPEINONOKEHNH YTO 3TH OOBEKTHI CyMmecTBYIOT). Betonty nasee,
eCJT He BO3HUKAET ITyTAHWIII, 3HAUOK 7Y B ygn) OyIeM OIyCKaTh.

Omnpenenenne 1 ITycmv g € LY(v). Onepamopom IITmypma—/Iuyeuiia na xpueot y 6ydem
nasweams onepamop L., deticmeyrouudi 6 npocmpancmee L? () no npasuay

D(L,) = {yeL’(7): y € AC(y),~y" +qy € L*(n), y(0) = y(1) = 0},
Ly = -y +qy. ye D(L,).
Touno Tak xe, Kak B ciaydae v = [0, 1] (em., mampumep, [27, § 17, Teopema 1|), nokasbiBaercst,
aro omeparop L. mrorHo ompenenen. Orciona, IOCKOJIBKY CHEKTp L. muckperen |29,

neMMa 2|, To omeparop L. 3aMkuyT. Vcmonssys yciaosue (4), HHTErpUPOBAHIEM II0 TACTSIM
BBIpaKEeHU s

/ (—y/"(2) + ay(=))y(F)d

JIETKO MTOKA3aTh, 9TO

a) oueparop L. — m-cekropuasen |28, ri1. V, §3, mw. 10],

b) 3a HCKIIOUEHNEM KOHEYHOIO YHCIa BCe COOCTBEHHBIEC 3HAYMEHNU olepaTopa L. jexkar B
yrire —2a; < arg A < —2ay.

[IpuseieM MeHee TpuBHabHble GakThl 0 ciekTpe oneparopa L. [Tyers {A7}72, (Res >
0) — coberBennble 3HadeHust L., IPOHYMEPOBAHHBIE B IIOPSJIKE BO3PACTANMS UX MOJLYJIEH C
YYeTOM UX aIre0pamdecKux KpPaTHOCTEIL.

Teopema 1 ( [29]) Ecau cywecmsyem

lim arg(\;) = a,
k—ro00

mo o = 0 u cnpasediusa acuMNMOMUYECKas HopMmYia
A~ 7k, k— oo

Onpepenenne 2 ITycmo n(r,(,0) — wucao N\ 6 cexmope {u : |u| < r,{ < argu < 6}.
Bydem eosopumo, wmo cnekmp onepamopa L., soxaiusosan okono aywa arg A = 0 moeda u
MoAbKo mozda, k0206 GyHKuuL

A(f) = lim nir, =/2,6)

r——+00 r
umeem 6ud

_f o, 0 € (—m/2,0),
Al) = { 1/, 0€(0,7/2).

Teopema 2 ( [22]) ITycmo dynxyus q cymmupyema na . Tozda das mozo, wmobwv. cnexmp
onepamopa L., 6via aokarusosar oxoso ayya arg A = 0 neobxodumo u docmamouro, 4mobo

(i) dynryua q donycrana mepomopdroe npodossicerue ¢ kKpusot vy 6 obaacmy €,

(i) Kaorcwd noaoc q YooeAEMBOPAN YCAOBUIO MPUBUANLHOT MOHOOPOMUL (3).
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2.2 TIpeoGpazoBanue /lapOy

Pacemorpum mudbdepennuanbioe Beipaxkenne Ly = —0% + qo, tie 0 = d/dz, byukiusa qo
rosioMopdHa B ojHOCBs3HO# obtactu (2. Eciu f — Hekoropoe perenne ypapHenus Pukkaru
f'+ f? = qo — X\ upu nexkoropoMm \g € C, To BeIpaxkenue Lg ponyckaeT haKTOPU3AIMIO:

Lo=Q*Q+ X\, tie Q = -0+ f, Q* =0+ f. Homoxum L; := QQ* = —0* + q1, r1e
@ =qo—2f" — Xo. (5)

Ecm f = ¢(/wo, 10 Qo = 0, ciuemoBarensuo, Lop = Mop. Boipaxkenne L; u
coorBercTBytonuit moreniwan D(qy) := ¢1 = qo — 2(Inp)” — A\ Ha3BIBAIOT Npeobpasosaruem
Jlapby [24] Beipazkenusi Ly (COOTBETCTBEHHO MOTEHIMAA (o) Ha ypOBHE ¢g. [locKOIBKY
tst moboro (rosomopdHoro B §2) perennst 1 ypasaerust Loy = pi (mepomopduas B )
dbyukus x = Qi sBisiercs pererneM ypaBaenust Liu = (pt — Ag)u, TO TOTEHIHA ¢ UMeET
TPUBHAJIBHYIO MOHOIpOMUIO B ). ZlcHO, uro TO )Ke camoe BepHO u jyist D,,(qy) — pe3ysibraTa
n urepanuit npeodpasosanuii JJapOy Ha HEKOTOPBIX YPOBHSIX g, 1, - - -, Pp_1-

3 IlocTpoeHue MOTEeHIUAJIOB C TPUBUAJIbBHOII MOHOJPOMUE

3.1 Cayuaii N < oo

Teopema 3 [Tycmv A = {ay,...,an}, M = {mq,....,my}. Qyuxyua q € TM (2, A, M)
mo20a U Moavko mo2da, K020a OAL ¢ CNPABECAUBO NPEICTNABNEHUE

N
me(mg + 1
o) = Y P L ) 4 ), )
= (F—a)
2de
N
P(z) = [](z—a)™, (7)
i=1
N my
P(z) = chz‘jpij(z)7 (8)
i=1 j=0
(25 4+ 1)lmy,(m, + 1)
J Vﬁ;ﬁv (ai _ CLV)2]+3
3decv 1 — npouseoavnan Pynryua, eosomoppran 6 obaacmu ), pi; — MHO20UAENDL,

y&oeﬂemeopﬂmugue YCAOBUAM UHTMEPTLOAAUUY,

pz('JQ'S_l)(a'k) = 5ki58j7 kal = lama S;j = 17mk7 (10)
di; — cumeoav. Kponerepa.
Joxazameavcmeo. Iyers A = {ap}¥, M = {my}Y. Cornacno (3) dbyukmua q €
TM(, A, M) Torma u TOJBKO TOTJA, KOTJIA
e m(me 4 1)
Z) = —I— — 5 11
i) =i+ 3T (1)
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rie QyHKIWMs ¢ ToJioMopdHa B obactu () U JO/KHA YIOBIETBOPATD YCIOBUSIM

Q(jSl)(ai) — Cijyi = 17N,j = 1,mi. <12)

Jlerxo mposeputsb, uto pasencrsa (3) u (11) paBrocuiabuer pasercrBam (6) — (9), rae p;; —
rosiomopdubie B obactu §) dbyukimn, yaosiaersopsitomne yeiaosusaMm (10). [Tokaxkem, aro ux
MOZKHO B34Th B BUJC MHOI'OYJICHOB:

(z —a;)¥1
Pij = Wwﬁ(ij, (13)
[1(z — ap)*™
ki
i = ) 14
ki
mi—j 2v
B (z — a;)
Xij = 1+ Z; biqu? (15)
rae bij,(i,j = 1,N,v = 1,m; —j — mnekoropsle uncia. HesaBucumo or sTmx tmcesn
yeaosus (10) npu Beex i, k, 7, s, kpome k = i,s = j+ 1, m;, Bomonnsiorcs. [logcrasss

Beipazkenus (13) — (15) B (10) npu kaxkgom ¢ = 1, N, j = 1, m;, HOJIyquM CUCTEMY yDaBHEHUIT
quist qucen by, (v =1,m; — j)

biji = = (a;),
bijo + d;ij2.m;—ibij1 = —%(4)(@1')7
bii o A i obii ot dii o h = _¢(2(mi—j))(a,)
1j,mi—J ij,m;—3,2Yig,m;—j—1 i3,m;—j,mi—jYigl i i)
rie
(2p)!
dijp = @) (a;).
i = e @)

Dra cucreMa paspeniiMa (ee MaTpulia TpeyrobHas ¢ onpejeuTeseM 1), OTKyla u cieyer
yTBEpZKJEeHUE TEOPEMBI.

3.2 Cuayuait n = 0o

IIycte A = {ar}p2 . M = {my}32, u mycts A umeer 1 npefebHyl0 TOYKY HA TDAHUIE
obnactu ). Bes orpanudenust OOITHOCTH MOXKHO CIUTATh, ITO 3Ta TouKa (. Jlastee, mocKoIbKyY
B obmacru ' = Q\{|z| < ¢} dyHKUMa ¢ WMeeT KOHEYHOE HYHCJIO IOJIOCOB, TO BHUJL

dyuxuu g B ) onuceiBaercsa Teopemoii 3. [Tosromy naTepec npecrasiser suy, g BOm3u 0,
cJIeJIOBaTEIbHO, MOXKHO cuntarhb, uro () = C\{0}.

[Iycts aj npomymepoBaHbl B nopsjike yobiBanusa momyseir. Torga mpu kaxkgaom N € N
nveer mecto dopmyra Buga (11), tne ¢ = gy ronomopdua BHe Kpyra {|z| < |ani1}
KoneuHno, takoe IpejicTaBjieHre HUKaKONH WHMOpPMAIMU O CTPYKType (DYHKIUU ¢ He JaeT.
Bouiee Toro, orcrojia BoBce He ClielyeT CynecTBoBanne (pyHKIMI, YIOBIETBOPSIONIEN YCIOBUIO
TPUBUAJIBLHON MOHOJPOMUU B HECKOHETHOM vuc/ie 1moJiocoB. CupasejmBa
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Teopema 4 Jlas npoudsosvholi nocaedosamesvHoCmy, HAMYPAALHHT wuces {my}° u
nabopa wucen vi;(i = 1,2,... j = —=2,—1,...,m; — 1) cywecmeyem Pynxyua q,
YA0BAEMBOPAIOWAA CAEOYIOULUM YCAOBUAM.:

(a) q eonomopgna 6 obaacmu 2 = C\ {0,ay,as,...};

(b) Vie N:
q(z) = i Vis(z —a;)* + O ((z —a;))™), z—a,. (16)

Jloxazamenvcmeo. PaccMoTpuM KaHOHUYECKOE TTPOU3BEJICHUE

z
k=1
Uk 1 Zk i
A = m3i(3)
=1

rjge 9muciaa My BLIOPAHBI TaKUM 00pa3oM, YTOOLI GECKOHEYHOE INPOM3BEICHUE CXOIMIOCH
paBHOMEpPHO B J060M Kouiblle G, = {|z| > r > 0}. fcno, uTo Takoii BHIOOP CyIIECTBYET.
Hampumep, MoxKHO B3Th ny = k.

Ouernno, hyukiws F romomopdua B C\{0}. B6mausu a; dyukiws F uMeer pasioxkeHue:

)

F(z)=(z —a)™ a[’)j"' [1 + fulz—a)+ -+ fims1 +O ((z — ai)mi”)} 2 — a;, (17)

re

) |
s a; k!
- G,Z-ni 2\ p (ai)
i = 1-— —) LA
filz) = 5 L[ (1-2) e

DyHKINIO ¢ OyJeM HCKATh B BUJIE

rie

06 = 2 (=B o+ 222 0,09, (13
j=1 J J

Z—Zj

1
();(2) — MHOTOYIEHBI OTHOCUTEILHO —, ODECIEIHBAOIINE CXOMUMOCTH pana (18) B obractu
z

Q.
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Uz (17) u (18) caemyer, uro dyHKIUS ¢ yJAoBieTBOpsier yeiaosuio (b) Torga u TOJBKO

torja, Korga qnciaa U, . .., U m,+1 — penterns (TPeyroabHOi) CHCTEeMBI yPaBHEHHIL:
U; = Vp,
Ui + Ji2Uio = Vi, (19)
Umi+1 + fitUm, + 0 FfimeUio = Vimgs1,

Pemas cucremy (19), maitném Uy, k=0, m; + 1.

r
VYkazkeM Tenepb BeO0p @Q;(%). Saduxcupyem r > 0 u Beibepem J, € N tak, 4robst |a;| < =

2
upu j > J,.. Oyakiusa
m]-—i-l
Uj
Uj(z) = kz:% (z — aj)mat2—F
rojiomopdua B obsactu |z| > |a;|. ITosromy
Up(2) = D uioz ™" 2] > layl. (20)
s=0

B cuty Beibopa J,., npu Jiro6oMm j > J,. pazn (20) paBaomepHo cxojuTes B obnactu G, = {|z| >
r}. CieoBaresibHO, JIst KazKI0ro j > J, HaliIéTcs HATYpaIbHOE THCIIO 77, TAKOE, ITO

|b;]

|a;|™s

Ui(z) = Y ujez™| < , z€G,, (21)

s=0

IJie YHC/Ia €; BBIOPAHBI TakK, UTO P »  €; cxoputcs. Ilomoxkum

s=0
Torna ps
Wi(z) = g (Uj(2) — Q;(2))
J:J'r J

cxouTesd paBHOMepHO B obstactu G,.. Teopema mokazana.

4 3akJiro4deHue

PaccvoTpena 3atada onncanus K/jacca MOTEHIINAIOB, MeEPOMOP(MHBIX B OJTHOCBI3HON 001aCTH
(2, yIOBJIETBOPSIONINX YCJIOBUIO TPUBHAJILHON MOHOIpomun B obsactu €. Ecmm A = {a; €
QO k=1,N,M ={m, € N, k = 1,N} (N € N), to TM(Q,A, M) — maneiiroe
(OTHOCHUTEILHO OOBIYHOIO CJIOYKEHNUS ) TIPOCTPAHCTBO TIOTEHIIUATIOB ¢ MHOZKECTBOM TIOJIIOCOB A,
VJIOBJIETBOPSIIONINX YCJIOBHIO (3) B KaXKJION TOYKE () C M = My, IMEET KOHETHYIO PA3MEPHOCTh
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1o MoztyJtio o pocrpancrsa T My (2, A) dyuknuii, rosoMopdHBIX B §) 1 IMEIOMUX B TOYKAX
HYJIH KPATHOCTH 1My, Tem cambiM mipu KoHewHOM A 110J1yUeHo mosiHoe ormcanne T M (Q, A, M)
B TepMHHAX JIIOOOI0 KOHEIHOIO Habopa (bYHKII — PEIIeHnil MHTEPIOJIAIIMOHHON 3a/1a4u ¢
KpPaTHBIMU y3JaMi B Toukax MuoxkecTBa A. [losyueHubiit pe3yabrar o00OIAaeT M3BECTHBIE
pesyibrarsl loiicrepmaara, I'pronbayma [23], O6iomkosa [25] u I'ub6onca, Becesosa [?]
0 KJjaccaxX HOTEHIMAJIOB C TPUBUAJIBLHON MOHOIPOMHEH Ha BCEil IJIOCKOCTH, MCUYE3AIONINX
Ha OECKOHEYHOCTH WJIM MMEIONUX CTEleHHON pocT na Oeckomeunoctu. B ciyuae, korma
MHOYXKECTBO A CYETHO M MMeeT eJIMHCTBEHHYIO IMPEIELHYIO TOUYKY, MOCTPOEH JTOCTATOTHO
MIUPOKHIT Kace DYHKIHI, YIOBIETBOPSIONINX YCJIOBUIO TPUBHAIBLHON MOHOIPOMUN.

5 BmaropapuocTu

Pabora Bbinosinena npu buHAHCOBON MOjIep:kKe I'panta Poccuiickoro nay4dnoro domia
(mpoexT Ne 18-11-00002).
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2-6eJ1iM Pazgen 2 Section 2
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HFD method for large eddy simulation of MHD turbulence decay

Abdibekova A.U., al-Farabi Kazakh National University,
Almaty, Kazakhstan, +77029299933, E-mail: a.aigerim@gmail.com
Zhakebayev D.B., al-Farabi Kazakh National University,
Almaty, Kazakhstan, +77017537477, E-mail: daurjaz@Qmail.ru

This work deals with the modelling of the Magnetohydrodynamic (MHD) turbulence decay by hy-
brid finite-difference method (HFDM) combining two different numerical methods: finite-difference
and spectral methods. The numerical algorithm of hybrid method solves the Navier-Stokes equa-
tions and equation for magnetic field by a finite-difference method in combination with cyclic
penta-diagonal matrix, which yields fourth-order accuracy in space and second-order accuracy in
time. The pressure Poisson equation is solved by the spectral method. For validation of the devel-
oped algorithm the classical problem of the 3-D Taylor and Green vortex flow is considered without
considering the magnetic field, and the simulated time-dependent turbulence characteristics of this
flow were found to be in excellent agreement with the corresponding analytical solution valid for
short times. We also demonstrate that the developed efficient numerical algorithm can be used to
simulate the magnetohydrodynamic turbulence decay at different magnetic Reynolds numbers.
Key words: Magnetohydrodynamics, Taylor-Green vortex problem, hybrid finite difference
method, spectral method, turbulence decay.

MTI O Typ0yseHTTiIKTIH a3FbIHAAYbIH YJIKEH KYUBIHIAP 94iCIeH MOesibJey YIIiH
TUOPUATI aKbIPJIbI-aNbIPBIMABLIBIK, 9/1iCi
AbubekoBa A.Y., osn-Qapabu arbigarsl Kazak yITTHIK yHUBEPCHATET,
Asvarer, Kazaxcran, 477029299933, email - a.aigerim@gmail.com
7Kaxkebaes /.B., on-Papabu arbingarsl Kazak yATTHIK YHUBEPCUTETI,
Anvarser, Kazaxcran, +77017537477, E-mail: daurjaz@mail.ru

By maxasia akbIpJIbl affbIPBIMIBLIBIK, YKOHE CIIEKTPJIK €Ki CAHIBIK, 9JicTep/ai 6ipikTipeTin rubpuari
AKBIPJIBI-ARBIPBIMABLIBIK oicied (TAAD) marauroruaponuaaMukaisik, (ML) TypOynenrrinikTin
a3FBIHAAYBIH MOJE/IAeyiHe apHaaran. KeHicTikTe TOPTIHIN pPeTTIK »KoHe YaKbIT OOWBIHIITA, YIMIHIIT
perTiKk mpsairin GepeTiH Oec-IMaroHAJbIbI MUKJIBIK MATPUIAMEH aKbIPJIbl —afbIPBIM/IBLIBIK,
ojic kemerimen Hapbe-CTOKC TeHieyiHIH »KoHe MArHUT ©pIC TeHJIeYiHIH MIelriMIepiHiy Heri3iHe
rubpui, 9IiCiHIH, CaHIBIK, aJropuTMi KypblaraH. Keicbivra apHasrad [lyaccon Tengeyl criekTpJiik
oJictien mmrermisiesti. JlaMBITBUIFAH aJTOPUTM/II TEeKCepy VIIIH MArHUTTIK ©picTi ecKepMmeilTin
Toaitop sxone I'pun ymr emmemM i KyHBIHIBI aFbIHHBIH KJIACCUKAJBIK MOCEJIECIH KapacThIPaMbI3,
2KOHE MOJIEbEY apKbLIbI AJIbIHFAH TYPOYIEHTTI CUTaTTaMaaaphl KbICKA MEP3iM/Ii MHTEPBAJIIATHI
aHAJUTUKAJIBIK IIElIiMHIH HOTHXKeJEpIMEH KaKChbl KejiciM Oepegi. Op TypJi PeitHosbic
CAHJIAPBIHIA MATHATOIUIPOIUHAMUKAJIBIK, TYPOYJEHTTIIKTIH a3FbIHIAYBIH MOJIEJb/ey YIIiH
JAMBIFAH THIMJII CAHJIBIK, aJITOPUTM KOJJIAHBLITYBI MYMKIH.

Tyitin ce3gep: Maraurormapoanaamuka, Teitop-I'puH KyWBIHIBUIBIK, —MOCEJIECl, COHFBI
ANBIPBIMIBIK, THOPU/ITI OIiC, CIIEKTPAJIbIBIK, 9iC, TyPOYACHTTITIKTIH a3FbIHIAYbI.

Mertoa kpynHBIX Buxpeii nys mozeaupoBanusi BeipoxKaeHuss MI'/I TypbysieHTHOCTH
KOHEYHO-PA3HOCTHBIM T'MOPUIHBIM METOI0M
Aomubekosa A.Y., Kazaxckuii HalmoHa/IbHBIN yHUBepcuTeT uMeHn ajib-Papadu,
Anvarer, Kazaxcran, 77029299933, email - a.aigerim@gmail.com
2Kaxebaes J1.B., Kazaxckuit narmonaj pHbIil yHUBepcuTeT nMmenn ajb-Papadmu,
Anvarsr, Kazaxcran, +77017537477, E-mail: daurjaz@mail.ru
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Jannast paboTa MOCBsIIEHa MOJIEIMPOBAHUIO BBIPOXKJIeHNN MarHuToruiapoanaamuyaeckoit (ML)
TypOYIEHTHOCTH KOHEUHO-Pa3HOCTHBIM ruGpuaabiM MetogoM (KPT'M), coueraromeiicss u3 nByx
PA3JIMIHBIX YUCJIEHHBIX METOJIOB: KOHEUHO-PA3HOCTHBIN U CHEKTPasbHbIi. Pa3paboran anciaeHnblit
aJICOPUTM THOPHJIHOTO MeTOjla Ha OCHOBe pertenns ypasuenusi Hasbe-CToKca 1 ypaBHeHUs JiIst
MAarHUTHOIO 110JIsI KOHEYHO-PA3HOCTHBIM METO/I0M B COYETAHHUH C IIUKJIMIECKON IISITH/INArOHAJIBHOM
MaTpHIEil, KOTOpasl JaeT TOYHOCTb HYETBEPTOrO IIOPsJIKa IO IPOCTPAHCTBY M TOYHOCTH
TPEThero NopsijKa II0 BpeMeHH. YpaBHeHHe llyaccoHa jursl j1aBjleHHE PEIIaeTCs CIIEKTPaJbHBIM
MerozoM. g Bammmanuu pa3pabOTAHHOIO aJIlOPUTMa PAacCMATPUBACTCs KJIACCHYeCKas 3a7a4a
TPEXMEPHOI0 BUXPeBOro mnoroka Teitnopa u ['puna 6e3 ydyera MarHuTHOrO 1OJIsI, U IIOJIYyUEHHBIE
TypOyJIEHTHbIE XapaKTEPUCTHUKHU IIPU MOJIEJIMPOBAHUN HMEIOT OTJINYHBIE COIJIACOBAaHHME C
pe3y/IbTaTaMi aHAJUTUYIECKOI'O PellleHns] Ha KPATKOCPOYHOM OTPe3Ke BpeMeHU. Takxke IT0Ka3aHo,
4TO pa3paboTaHHBINl S(PEGEKTUBHBIA YHCJIEHHBIN AJrOPUTM MOYKET OBITh WCIIOIB30BAH I
MO/ICJTUPOBAHNS  BBIPOXKJICHUSI MATHUTOTHIPOJIMHAMAYECKON TYPOYJIEHTHOCTH IIPU PA3IHMIHBIX

gucax PeitHoubIca.
KuaroueBble cjioBa: MarauroruapojuHaMuKa, BUXpeBasi 3ajiada leityiopa-I'puHa, KOHEYHO-

paSHOCTHbIIU/I I‘I/I6pI/I,ZLHbII71 MeTO/, CHeKTpa.HbeIfI METO/I, BbIDOXKJICHNE Typ6y.HeHTHOCTI/I.

1 Introduction

In the study of turbulent flows of particular interest is the simulation of cascade processes
of turbulent energy transmission, large-scale and small-scale vorticity, and various turbu-
lent laws are closely interacting with each other. Cascade processes determine the internal
structure of flows and the mechanism of turbulent dissipation. A lot of work was devoted
to the study and description of cascade turbulence models [15], [21] So far, cascade models
are mainly used for the study of isotropic turbulence, but their capabilities are not limit-
ed. Therefore, it is very important to build cascade models and study with their help the
properties of such complex turbulent flows as magnetohydrodynamic (MHD) turbulence.

2 Literature review

The problem of the magnetic field influence on turbulent flows was first raised by [2]|, who
provided basic equations and an analytical solution for the movement of an electrically con-
ducting fluid. The first numerical study of magnetohydrodynamic turbulence problem of the
first type conducted by [19] at the magnetic numberRe,, << 1. The numerical experiment
of Schumann was the reflection of the idea of [16], who researched a homogeneous isotropic
ow influenced by an applied external magnetic field. The modeling outlined in the publi-
cations of these scientists is performed using a spectral method, which is used as the basis
for presenting a quantitative description of magnetic damping, the emergence of anisotropy,
and the dependency of the results on the presence or the absence of a non-linear summand
in the Navier-Stokes equation. The low performance of computing machines at that time
did not permit the full solution of this problem. Later, a similar problem was researched by
[9] and later by [24]. These authors presented the results of direct numerical modeling of
large-scale structures in a periodic magnetic field, which reflected a change in the turbulence
statistical parameters as a result of an imposed magnetic field influence. The contribution
of these scientists in this area of expertise is determined by proving that the behavior of
two- and three-dimensional structures varies substantially. A similar result was obtained by
[22] in examining locally isotropic structures by the method of large eddies. The process of
the magnetic field influence on a developed turbulence was examined by [7],[14], and [14]
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demonstrated the possibility of using the quasi-stationary approximation for the solution of
the second type problem and suggested to use quasi-linear approximations to solve the prob-
lem at Re,, = 20. The aim of this study is to study MHD turbulence flows that are weakly
induced by a homogeneous external magnetic field by adapting the existing finite-difference
and spectral methods to this particular problem.

For validation of the developed algorithm the classical problem of the 3-D Taylor and
Green vortex flow is considered, and the simulated time-dependent turbulence characteristics
of this flow were found to be in excellent agreement with the corresponding analytical solution
valid for short times. The classical problem proposed by Taylor and Green [21] who considered
a possibility of solving the Navier-Stokes equations analytically by a method for successive
approximations, in order to describe three-dimensional turbulence evolution (specifically en-
ergy cascade and viscous dissipation) over time, with the resulting flow now known as the
Taylor-Green vortex flow. Their work was motivated by the decay of three-dimensional tur-
bulent flow produced in a wind tunnel, a fundamental process in turbulent flow, due to the
grinding down of eddies, produced by nonlinearity of the Navier-Stokes equations. In their
work the kinetic energy and its dissipation rate were determined analytically.

Taylor and Green’s original analytical investigation is rigorous only for short times. To
extend the understanding of the 3D Taylor-Green vortex flow, Brachet et al [5] solved the
Taylor- Green vortex problem by two methods: numerical solution using the spectral method
and power-series analysis in time. The resulting average kinetic energy and energy spectra
at different flow Reynolds numbers were presented and compared. Later, in [6] three dimen-
sional Navier-Stockes equations were numerically integrated with the periodic Taylor-Green
initial condition. In this direct numerical simulation study the slope of energy spectrum was
compared with Kolmogorov’s —5/3 slope in the inertial subrange. Moreover, the compress-
ible Navier-Stokes equations have also been applied to the Taylor-Green vortex problem using
large-eddy simulation in [8] at different grid resolutions, and the time evolutions of the kinetic
energy and its dissipation rate were compared at different grid resolutions.

3 Materials and methods

To evaluate the MHD turbulence decay is necessary to numerically simulate the change of all
physical parameters over time at different magnetic Reynolds number. This work is devoted
to study of self-excitation of magnetic field and the motion of the conducting fluid at the
same time taking into account acting forces. The idea is to specify in the phase space of
initial conditions for the velocity field and magnetic field, which satisfy the condition of
continuity [23|. Given initial condition with the phase space is translated into physical space
using a Fourier transform. The obtained of velocity field and magnetic field are used as initial
conditions for the filtered MHD equations. Further is solved the unsteady three-dimensional
equation of magnetohydrodynamics to simulate MHD turbulence decay.

3.1 Statement of the problem

The numerical modeling of MHD turbulence decay based on the large eddy simulation method
depending on the conductive properties of the incompressible fluid is reviewed. The numeri-
cal modeling of the problem is performed based on solving non-stationary filtered magnetic
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hydrodynamics equations in conjunction with the continuity equation in the Cartesian coor-
dinate system in a non-dimensional form:

o(4;) o(wiu;) _ 9(p) 1 9 (o) 8(7_1;1,_) o o
ot T axj] = _a_:i Te 0z, < oz, ) — (93:; +A%j (Hng),

oa;)

890; - 07

o(;) Lo o) 1 o (a(m)) cH

ot Ox; Ox; Repm, Ox; Ox; ox; ( )

1

o(1;)

az; = 07

T = <(Uij) - (@ZHJ‘)> — ((Hiuz) — (Hiay)),

where 4; (i = 1, 2, 3) are the velocity components, H;, H,, Hsz are the magnetic field strength
components, A = H?/(4wpV?) = II/Re?, is the Alfvén number, H is the characteristic value
of the magnetic field strength, V' is the typical velocity, Il = (V4L/ I/m)2 is a dimensionless
value (on which the value II depends in the equation for H;). If II << 1, then aﬁi/(?t =0.
The publication by [11] discussed in detail the physics of phenomena related to the ability
to disregard the summand ﬁﬁi/at. (Va)? = H2/47rp is the Alfvén velocity, p = p + ]:IQA/Q
is the full pressure, ¢ is the time, Re = LV /v is the Reynolds number, Re,, = VL /v, is the
magnetic Reynolds number, L is the typical length, v is the kinematic viscosity coefficient, v,
is the magnetic viscosity coefficient, p is the density of electrically conducting incompressible
fluid, and 77, Tg is the subgrid-scale tensors responsible for small-scale structures to be
modeled.

To model a subgrid-scale tensor, a viscosity model is presented as 7/} = —2upS;;, where

— 1 _
vr = (CsA)? (25;;5;;) ® is the turbulent viscosity, S;; = (0u;/0x; + 0u;/dx;)/2 is the defor-
mation velocity tensor value. To model a magnetic subgrid-scale tensor, a viscosity model is

\

used: Ti? = _277tjij, where 7, = (DSA)2 (jzj jij)% is the turbulent magnetic diffusion, the co-
efficients Cg, Dg are calculated for each defined time layer, and J;; = (0H;/0x;—0H;/0x;)/2
is the magnetic rotation tensor reviewed by [23].

Periodic boundary conditions are selected at all borders of the reviewed area of the velocity
components and the magnetic field strength.

The initial values for each velocity component and strength are defined in the form of a
function that depends on the wave numbers in the phase space:

k.

7

b—=2 i \2 b—2 2
U; (k?z, 0) = k;l 2 e_%(k:]ﬁ) : Hz (k;“ 0) — k;l 2 6_%(’€max) ,

where 4; is the one-dimensional velocity spectrum, ¢ = 1 refers to the longitudinal spectrum,
t = 2 and ¢ = 3 refer to the transverse spectrum, H; is the one-dimensional magnetic field
strength spectrum, m is the spectrum power, and kq, ko, k3 are the wave numbers.
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For this problem we selected a variational parameter b and the wave number k4., which
determine the type of turbulence. In figure 1 the parameter b varies when k,,,, = 10. For
modeling homogeneous MHD turbulence can be set parameters k., and b, which correspond
to the experimental data [20].

-15

Log(E(K)/E(kmax))

-25

2.5 2 1,5 -1 0,5 0 05 1 1,5
Log(k/kmax)

—1, -2, -3, 4

Figure 1: The equation of initial level turbulence, depending on the fixed wave number and
the variational parameter b: 1) b=2; 2)b=4; 3)b=6; 4) b = 8.

3.2 Numerical method

To solve the problem of homogeneous incompressible MHD turbulence, a scheme of splitting
by physical parameters is used:

L (@ —a@)/Al = — (V)@ + A (ﬁnv) A"+ (1/Re) (A@*) — Vi,
. Ap=Vi/At,
1L (@™ — @) /At = —Vp.

IV. ([—7”“ - ﬁ”) /At — —rot(@"*' x H™™) 4+ (1/Rey,) AH™ ! — vt
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During the first stage,, the Navier-Stokes equation is solved without the pressure consid-
eration. for motion is solved, without taking pressure into account. For approximation of the
convective and diffusion terms of the intermediate velocity field a finite-difference method
in combination with cyclic penta-diagonal matrix is used [4] ,[18], which allowed to increase
the order of accuracy in space. The intermediate velocity field is solved by using the Adams-
Bashforth scheme in combination with a five-point sweep method. The numerical algorithm
for the solution of incompressible MHD turbulence without taking into account large eddy
simulation is considered at [1]. Let’s consider the velocity component u; in the horizontal
direction at the spatial location (i + 1/2, 7, k):

8’&1 8(u1u1) 3(u1uQ) 8(U1U3) 8(H1H1) a(HlHQ) 8(H1H3)
=A
ot | 0m | 0m | om or, | om om )

" Re (&E% 013 8$§> a (81‘1 - oA * 8:163) 2)

When using the explicit Adams-Bachfort scheme for convective terms and the implicit
Crank-Nicholson scheme for viscous terms, equation (2) takes the form:

At At _ At
~n+1 n n n—1 n
W e~ Wi = Ty [h.:z:]wr%’j’k += [hx]ﬂr%’j’k + [am]i%’j’k +
At 1 (8212\1)11—&-1 N (82&\1)%&-1 N (8272\1)7&1 . (3)
2 Re O] i+dk O3 i+d,k O3 i+d,k
3At At 3At n ne1
T ij]i—&-%,j,k - [bm]iJr%,j,k 9 [Tm]i-‘r%,j,k T [Tm]iJr%,j,k’
where

[h ]n 8u1u1 " 4 8U1UQ " i 8u1u3 "

Tl 1 .. — —

i+3.0k (9951 1 8332 1 6£B3 1 ’
7/+§7]7k 7’+§7]7k 7/+§7J7k

aa]” 1, = — . (Qﬁﬁ)n +—<Qﬁﬁ)n +—<Qﬁﬂ>n
i+57k Re 8ZE% i+%,j,k ax% i+%,j,k 8m§ i+%,j,k
n O(H H)\" O(H Hy)\" O(H H3)\"
1 -y 2 i+d,jk 3 i+3.5.k

u n u n u n
ral” B oryy n oty . ot
Tivgir = \ g ox ox

L/ itk 2/ i+L.4k 3/ i+L.4k

Discretization of convective terms look as [12]:
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()i gk + 27(u})igr gk — 27(u])igk + (U3)ic1 k.

8U1U1
(9:1:1

ik 24Ax, ’
(8u1u2) B (u1u2)i+%,j—%,k - 27(u1u2)i+%,j—%,k+
aZEQ Z-Jr%%k N 24AZL’2
27<u1u2)i+%,j+%,k - (u1u2)z‘+%,j+g,k'
+ 24Al’2 ’
(8u1u3) B (u1u3)i+%,j,kf% - 27(UIU3)1+%,]',1¢7% n
Oxs ) ivsjn 24 Ay

27(u1u3)i+%7jﬁk+% - (U1U3)z‘+%,j,k+%_
24A[E3 ’

Discretization of diffusion terms look as:

82u1
o3

—(n)ips g+ 16(ur)ips iy — 3O(u1)i+%,j,k+

ik 12Ax2
16(u1)i_%,j7k - (ul)i_%j’k.
12A22 ’
0?uy ()i o H16(un)i g = 30(wa)ips
27 b
16(ua)is g0 = (Wi g0
12Ax2 ’
9%, ()i g g+ 16(u)ig g i — 30(u1)i+%vjv’f+
05 )| i1 12A77

16(u1)i+%,j,k—1 - (ul)i—&-%,j,kz—Q.
12Ax3 ’

where

2
(10 Ui 3 T i Lt O — Ui\ T

1U1); i =
.9,k 16 ’

(—“1i+;,j+2,k R e e Y u1i+;,j—1,k)

(u1u2)i+%,j+%,k =

16
. . 1
—U2i49 541k T 9u2i+1,j+%,k + 940, J + 5,k — U2i1j+dk \
16 ’
() ~ULip L jkre T UL L e T ML g T Uy L
uULusg); 1 1= .
1%3 Z+§7.]7k+§ 16
U3 2,5k41 + 9u3i+1,j,k+% + 9“3¢,j,k+§ U315kt ]
16 ’
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Discretization of magnetic field terms look as:

—(HY)it2,5k 4'27(11]12)1‘+1,j,k+

24AQ?1
—27(H?)ijn + (HY)ic1 ik |
24A$1 ’

_ (HlHQ)i—&-%,j—%,k - 27(H1H2)i+%,j—%,k+
N 24A.T2

27(H1H2)i+%,j+%,k - (HlHQ)iJr%,jJr%,k.
24 Az, ’
(H1H3)z‘+%,j,k;—% - 27(H1H3)i+%,j,k—%
24Axs +
20(HyHs)iy 1 jpyy — (HiHs)ijpqs
24A x5 ’

()

()

i+5.:k

i+3.5.k

+

()

i35,k

+

The viscosity model and the subgrid-scale tensor are, respectively,

1 (")ul c")ul
T11 vp - 011, =5 (3&01 + 8x1> )
1 /0u; Ousy
u— _9y..8 Go— = [y 22
Tio vp - 012, 12 = 5 (8:102 + 8:101) ;
1 /0w, Ous
U _9 .S Sio=—| — — 1,
T13 vr - 013, 13= 5 ((‘9:133 + 81'1)
Discretization of the strength tensor terms look as:
o(—1}4) 0 2 (U1>i+1 = (W),
_— = —_— 2 . S _ . L. e 5Jy
( 223} i+l Om (e Sn) Az, (VT)H%’M Az, *
(ul)ijk - (ul)i—ljk
+ (VT)i—%,j,k ' { Az ” =0,
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3(—7{3)) 0
Qup - S

( 019 Lk 8:62 (2ur - S12) =

= 2 ( ) . (ul)i,j—l-l,k - (u1>i,j,k B (u2)i+1,j,k — (u2>z’7j,k .

2 . Ax2 -7j+2,k Al‘Z Axl
()i = (Wa)igorge — (U2)ige — (U2)iyjn
+ (VT) k |: ALEQ o A.ﬂvl :|:| ,

I(—7i3) 0
e 2
( Ors /) lipn Oy (v - 51a) =

2

|:(u1>i,j,k+1 (u1); ijk <u3>i+1,j,k - (U3)”k]

Al’l *

Al’l

(ul)i,j,k - (ul)i,j,kq B (u3)i,j,k - (u3)i1,j,k”
)

)y { Az

Then the left hand side of equation (3) is denoted by g, ik
2

/\n+

qur 3Jk uler 5:J:k ul

z+2,]k:

We find {L\l?:f]k from equation (4)
2

A n+1
HQ,J kT Yyl L - ul”‘z»],k
Replacing all @3 + . from the equations (3) we obtain

At 1 (a2q> At 1 <82q) At 1 (82q>
qil.__._. R - .. P - .. J—— —
+t2ik 2 Re \ 022 i1k 2 Re 3 irije 2 Re Oz i1k

3AtL At
=~ [haliyy g5+ = [hal]

|38 At ., 3At
— bl — 5 [b$]i+§,j,k_7[m]

We can re-write equation (5) as

2 Re 027 2 Re 012 2 Re 022 ltish

+2,gk+At[ax]l+ kT

n At
i+lgk T 9

n—1

[Tx]iJr%,j,k ,

=dy1m0
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where
3AL At .
A At 3AE, At
+T [bx]i+%,j,k - 7 [bx]pr%,j,k - T [Tx]i-ﬁ-%,j,k + 7 [Tx]wé,j,k’

Assuming that equation (6) has the second-order accuracy in time, we may solve the
following equation instead:

At 1 07 At1 07 At 1 0?
- - S 1= s |l = dis g (7)
2 ReOz] 2 Re 03 2 Reodz3] "2 e
We can show that Equation (7) is an O(At?) approximation to equation (6) [13].
Equation (7) is a factorization approximation to equation (6), which allows each spatial
direction to be treated sequentially. If we denote the solution to Equation (7) as q;rljk, by
2
expanding Equation (7), subtracting equation (6) from it, and noting that Qi 16~ O (At?),
we obtain (q;‘+%jk —q +%jk) ~ O (At*). Therefore, Equation (7) is actually an order O (At*)
approximation to equation (6), rather than an order O (At?) approximation as stated in [13]
without proof. Since the difference between q;r Lk and ¢, Lk is of higher order, we shall
2
return to the same notation and just use ¢;, Lk

To determine g, e equation (7) is solved in 3 stages in sequence as follows:
2

At 1 0?
1T Re aag) Aertar = Gedan "
-1 At 1 0% ] B — A . )
1T Re gaz) Portar = A "
_1 At 1 0% ] - B 10
T2 Re a3 Grdan T P "

At the first stage, A, +1k is sought in the coordinate direction xi:
3.,

At 1 02
l—— —- —2} A1 = diga g
2 Re 0x? 20 2
At 1 0?A
Ai+l,j,kz - R (_(9 2) =dig1 i
2 € L1/ a4l gk ’
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At 1 —As . +16A 4 —304

P
A L = +27 ) +27 7k Z+§7]7k
i+30% 2 Re 12A22

_|_
16 A,

_A .
l_lzjzk l_é7]7k
+ 212Ax% =iy (1)

81A. 5 . 1681A

1+ 3.5,k

(1 + 3081) A

H— 3.k i—i—%,j,k_

- 1681Ai—%,j,k + SlAi_g . = d 1 . (12)

57]7]6 7’+§7]7k’
where s; = %RAe—fAI%.
This equation (12) is solved by the cyclic penta-diagonal matrix method, which yields
A .
i+57k

The same procedure is repeated next for the xy directions in the second stage, namely,
B 1, 1 obtained by solving equation (9), with the solution from the first stage as the
2
coefﬁcient on the right hand and the coefficient s; in the penta-diagonal matrix replaced by

S9 = m Finally, in the third stage, q. i Lk is solved through the similar penta-diagonal

system shown in equation (10).

Once we have determined the value of g, N nl

Weﬁndu1+ ik
DRYAL

1.9k

~n+1 o
UIZ+27.7 k- qi+%9jk + UI7'+ 7] k*

+1

1 . ..
J+Lk ntl o are solved in a similar manner.

The velocity components s; ikt L
1 2

and u3

3.3 Algorithm of solving the Poisson equation

In the second step, the pressure Poisson equation is solved, which ensures that the continuity
equation is satisfied. The Poisson equation is transformed from the physical space into the
spectral space by using a Fourier transform. The resulting intermediate velocity field does
not satisfy the continuity equation. The final velocity field is obtained by adding to the
intermediate field the term corresponding to the pressure gradient:

Ip
un—i—l _ a\n-&-l — At
n+1 — ~n+1 At@

Substituting the continuity equation, we obtain the Poisson equation for the pressure
field:
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2 2 2 A7L+1 A’rL+1 ~n—+1
d*p  0°p 8p:At(8 +8 +3u3 )z "
3

02 * 13 T o 0z, oA dx3

where Fjj; denotes the known right hand side of the Poisson equation, with each term
approximated by an order O(Az?) finite-difference approximation. For example, the first
term in F; ;j is approximated as

~n+1 ~n+
uy, s ., — 8uy, ;
2

-~ 1 -~ 1
Z_ijk: +8 n+ n+
2

Wiigs i — WMigs ik
]_QAJ,‘l ’

a/\n-i-l

At = At

le

itk

To be consistent with the spatial accuracy in the first step, the left hand side of the above
Poisson equation is discretized using 5-point scheme of O(Ax?) accuracy, as follows:

|:_Pz'+2,j,k +16F1jx — 30P, ;5 + 16FP;_1 1 — Pi—2,j,k] n

12A22
—P ok +16F; i1 —30P ;1 +16F; 516 — Pij_ok
+ ) +
12Ax3
—Pyjse+16P i1 — 30P 4 + 16P 51 — Py
+ |: 7 k42 1. k+1 12Alzj§,k g k—1 gk 2:| _ E7j7k- (13)

Now we apply the three dimensional Fourier transform

Ni—1 N2—1 N3—1

’Jk o N Z Z Z ‘szvjn ﬁm,n,s;

m=0 n=0 s=0
N1—1 N2—1 N3—1 (14)

Fue =50 30 30 3 VWV F

m=0 n=0 s=0

The inverse transforms are:

Ni—1 Ny—1 N3—1

ﬁm,n,s = Z Z Z V_va Jnvzi ok PZ]k;

=0 j=0 k=0
N1—1 Na—1 N3—1

J/C\m,n,s _ N ZO % ‘/1_””‘/2 ]n‘/:s—sk de

(15)

2n
where N = N; - N - Ng,V1—6< ) VQ—e( ) andV;;zeL(Ns).
Substituting equation (15) into equatlon (14), we obtain quickly the solution for the
pressure field in the spectral space as

~ 12/\mns
Pmmn,s = f —— (16)
Q1+ Q2+ Q3
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1 [ 47m 2m
Ql:A_x% —2008(N1)+32005(N1)—30],
1 [ 4rn 2mn
Qs = A_xg —2cos (E) + 32 cos (E) — 30] ,

1 [ 4s 27s
Q3:A_x§ —2COS<N3>—|—32COS(N3> —30] :

An inverse Fourier transform is then performed to obtain the pressure P, in the physical
space. The obtained pressure field is then used at the third step to determine the final velocity
field.

At the third stage, it is assumed that the transfer is carried out only by the pressure
gradient, where the final velocity field is recalculated.

(@ — @) At = —Vp.

3.4 Algorithm for solving the equation of the magnetic field strength

Let us review equation (1) for the first component of the magnetic field strength in the
horizontal direction at the spatial location (i + 1/2, j, k):

0H 0 0
(9_t1 + — 832‘2 (UQHl HQ'LL1> + 8_3 (Ung ngl) —

1 [0*H, ©0*H, 0*H, oril orlt ol
- st | = - + 2 .
Re,, | Oxf 0x; Oxs 0y 0xs 03

(17)

The strength of the magnetic field is found using the explicit Adams-Bachfort scheme
for magnetic convective terms and the implicit Crank-Nicholson scheme for viscous terms,
equation (17) takes the form:

—~n+1 SAt n At n—1
Lit+d ik — le+2,3, = T[Hx]i+§,j,k+7[Hx]z+ jk+ 2 [aHx]H Lok T
—\ nt1 \ nl n+1
LAt | (o8, (& L (2 (18)
2 Re 912 ) 0z3 | | 0x3 |
i+i,jk i+3.5.k 5.0k
3At At n—1
_T[THQ:]ZJr gkt 5 [TH:E]HZJk,
where
0 "’ 9 "
[Hx]z+2,],k | or (Ung H2u1) ox (U3H1 HSul)
T2 i+%,jk x3 i+3.5.k
1
l[aHz]}

i+3 ]k Rem

32H1 n ang n aQHl n
o "\ a3 o
LT /it Lk 2 /il ik T3 S it gk
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u n u n u n
_ <87'11) i (37'12) i (87'13>
’ 001 Jivsgn \O%2/) it \OTs /ity

Discretization of magnetic convective terms look as:

<8U2H1

(9@

<(9H2U1

8:1:2

<8H3’U1

(9.733

8u3H1
81’3

)
)
)
)

(uat1);p 1 o3y — 27(upHy )i 5 1y

aik 24A7, *
i 27(U2H1)z‘+%,g’+§,k - (U2H1)i+%,j+%,k‘
24Axo ’
 (Hayun)iyy o — 2T(Houn )i 51
i+l ik 24Ax,
+ 27(Hotn)iyy gy 5 — (H2“1)i+%7j+%,k.
24Axq ’
_ (Hsun)iy 1 jp-3 — 27(Haua)sy 1 51 N
i+l gk 24Axs
n 27(H3u1)i+%,j,k+% - (H3u1)i+%7j7k+%‘
24A x5 ’
B (u3H1)i+%,j,k—% - 27(U3H1)i+%,j,k—%
i+l ik 24Axs

27(U3H1)i+%,j,k+§ - (USHl)iJr%,j,kJrg_

+ 24A.Z'3 7

Discretization of magnetic diffusion terms look as:

0*H,
ox?

<82H1

2
Oxs

(821{1

2
0x3
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)
)
)

—(Hu)ips ju +16(H1);p3 55 — 30(H1)i+é7jvk+

Lk 12Az22
16(Hl>i7%,j,k - (Hl)if%,j,k,
12Ax2 ’
—(H1)is 1 jron + 16(H )i 1 50 p = 30(H1)ip 1 0
= > +
Lk 12Ax23
L 16(H1)i+%,j_1,k - (Hl)i+%,j—2,k.
12A22 ’
—(H)it 1 jara + 16(Hy) i1 jpr — 30(H )iy 1 g
— > +
Lk 12Az3
. 16(H1) iyt jr1 — (H1)ig1 jis
12Ax3 ’
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where
I U249 51L kT 9u2i+1,j+%,k + 9u2i,j+%,k U214 1k
(u2 1)i+%7j+%7k - 16 ’
—Hug Lo + 9 gt g O L — Higp e\
16 ’
I _ _H2i+27j+%,k + 9H2i+1,j+%,k + 9H2i,j+%,k: - HQi—l,j—&-%,k
( 2u1)i+%7j+%7k o 16
Ui d gk T UL e T ULk T Uik
16 ’
" Uikl T O el T OB Gl T U k]
(U3 1)i+%,j,k+% - 16 ’
—Hi 1 e T O 1 g O gy e — Hig1 g
16 ’
(Hyu,) —Hsig eyt +9Hs 0 gyt + 9 3501 — Hsy g jpy
ul ). . =
3U1 1+%,y,k+% 16

~ULiy L ghre T UL L e T UL g T Uy g .
16 ’

The viscosity model and the magnetic rotation tensor are, respectively,

1 (0OH, O0H;

T = =2 - Ju, Ji = 5 (_8x1 T Om, > =0,
1 (OH, 0OH,

7'1[_5 = —2n; - Jia, Jig = B (@_arg - 8_x1> 5
1 (0OH, 0OHj

Ty = =21 - i3, Jiz = 3 (8_903 - 8_m1> ;

The discretization of the magnetic rotation tensor terms look as:

8%2 (_Tg) = 3%2 (2n; - J12) =

=2 _|(n) N D= H D (H2)ia = (H2)i 50|
T 2. Axo Tt i,j-l—%,k Azo Azq

_( ) . (Hl)i,j,k*(Hl)i,j—l,k _ (HQ)i,j,k*(H2)i—1,j,k
T]t 7’7]7%71‘: AIQ AIl )
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6%3 (_Tg) = 3%3 (2n; - Ji3) =

2 ( ) N HD i = (H e (Hs)ig = (Hs)i g |
= 3Axs |\)ijktl Az Aay

_( ) N HD = H)i e (H3)i 56— (Hs)i g
)i jh—1 Azs Azq )

The equation is solved by he similar penta-diagonal system shown in section II and is
nt+i
found to be (Hy), -

2
(H 1)7;,3 ,(H 1)?;,1 components of the magnetic field strength are defined in a similar way.

Thus, all the components of the magnetic field strength determined this way.

3.5 Definition of homogeneous MHD turbulence characteristics

To identify turbulent characteristics in the physical space, it is necessary to average different
values in volume. The averaged values will be used to find the turbulent characteristics. The
procedure for calculating the turbulent characteristics is similar to the one specified in papers
by [17] and [3]. The value averaged along the entire calculated area is calculated by the
following formula:

N1 N2 N3

1
)= e DD

n=1 m=1 ¢g=1

N1 N2 N3

(Hi) = mZ > 2 ().,

n=1 m=1 ¢q=1

<uf> = (ui(z,y, 2z, t) - ui(z,y, 2,t)),
<u§> = (ug(x,y,z,t) ’ u2($7y727t)> )

<“§> = (us(z,y, 2,t) - us(x,y, 2,1)) .

The microscale length is determined by the following ratio:

1 1
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The integral scale is expressed as

L2 L2
A(t) = f(rt)dr, Ay(t) = /0 g(r,t)dr.

0

The dissipation rate is calculated by the following formula:

8u1 2 8u2 2 (‘3u3 2
(TS sy = [<(8$1) >+ <(3$2 " 0x3
1 8%1 8%2 2 1 8U1 6U3 2 1 (9u2 3u3 2
§<<a7+a—) "3\ T ) ) T2\ o T
The turbulent kinematic energy is found in the following way: The turbulent kinetic and
magnetic energy are, respectively,

+

+ 2v

By, = % ((u1)? + (u2)? + (ug)?) = = <“1>
Eyn = % (<H1>2 + (Ha)* + (Hs) ) =3 <H2>

Velocity derivative skewness is defined in the following form:
3 3 3
(3]()"+ ()" + (32))
2 2 2 3/2
ou ou ou
(Gl )

Flatness is defined in the following form:

3.6 Analytical solution of the Taylor-Green vortex problem

For validation of the developed algorithm the classical problem of the 3-D Taylor and Green
vortex flow is considered without considering the magnetic field, and the simulated time-
dependent turbulence characteristics of this flow were found to be in excellent agreement
with the corresponding analytical solution valid for short times.

We duplicate the classical example proposed in [21] in order to validate the numerical
simulation of increasing order of accuracy in time and in space O(At? ht), with efficient
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acceleration for sequential algorithm. Starting from a simple incompressible three-dimensional
initial condition of the form.

uy (21, T2, x3,t = 0) = cos(axy) sin(axs) sin(azxs),
ug (1, xe, x3,t = 0) = — sin(ax ) cos(axs) sin(axs), (19)

u3(x1,:1:'2,x3,t = O) =0.

and assuming periodic conditions in a cubic domain: 0 < 2y < 27,0 < x5 < 27,0 < 23 < 27
with a = 1, the three-dimensional filtered Navier-Stokes equation

Ouy Ou; _ _10p | 1 0%y
ot + U dx; —  powmy + Re 8z;0x;’
(20)
Qui
oxr. — 0.

can be solved analytically at small times, using perturbation expansion. In (1) all quantities
have been properly normalized by the initial maximum velocity magnitude Uy in the x; or
xo direction, and L/27 , where L is the physical domain size, u; -velocity at i = 1,2,3,
corresponding to w1, x9, r3 directions, Re = LUy /v is the Reynolds number of flow, Uy - the
characteristic velocity, T = alUyt,a = 2w /L. The pressure p has been normalized by pU? .
Taylor and Green obtained a perturbation expansion of the velocity field, up to O(#%) . The
resulting average kinetic energy is:

Uz .,
8
where
) 61 1872 5 36\ T3 5 54
21— 4/ =) T T Yy A
" Re Re? T Re? ) Re + 2Re? * Re? (22)
5 N 367 n 481\ 1° N 361 n 761 N 324\ T°
44.12 © 24Re* " 5Re'/ Re  \44.32 © 12Re®*  5Re'/ Re*’
The dissipation rate is written in the following form:
3U2a?__
W = u Za W (23)
where
, 6T 5 1877 5 36\ T°
W =1-— — T2 - [ 24+ — ) —
Re+ (48+ Re? ) (3+Re2) Re+
50 1835 54 361 761 324 \ T°
T — —. (24
* (99.64 TR T Re4) (44.32 TR T 5Re4> R (%)
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Simulation at different Reynolds numbers was compared with the analytical solution of
the Taylor-Green vortex problem from the point of view of: the average kinetic energy and
the average dissipation rate of the turbulent flow. Figure 2 compares the average turbulent
kinetic energy obtained in this paper with the analytical solution of the Taylor-Green vortex
problem for different Reynolds numbers. The results obtained by analytical solution of short-
time theory of TG, spectral methods at 256% grid resolution and hybrid finite difference
method at 1283 grid resolution show a satisfactory agreement till 7 = 3 at Re = 100, and
till T = 4 at Re = 300 and Re = 600 for the average turbulent kinetic energy. The error
between analytical and numerical solutions for the average kinetic energy was defined as:
Error(Ey) = |[BHFPM _ BIG| = 1074,

1.3
1.2
o 11
2
& 1
g 0.9 N\L e@{)__(}erﬂ o
= . \'\‘\\'\‘\o\.\ RS
0.8 \N\K\
ok )
0.7
0.6
0 0.5 1 1.5 2 2.5 3 3.5 4
T
1 + 2 o 3 x 4§ ——— 5 - - e 7 8 9

Figure 2: Comparative results of modeling the evolution of the average kinetic energy in
time, spectral and hybrid methods of modeling the Taylor-Green vortex of: TG short-time
theory at: 1) Re=100; 2)Re=300; 3)Re=600; Spectral method, 256% at: 4)Re=100; 5)Re=300;
6)Re=600; HFD method at: 7)Re=100; 8)Re=300; 9)Re=600.

Figure 3 compares the results of average rate of dissipation of the turbulence decay with
respect to time of the numerical simulation, and the analytical solution of the Taylor-Green
vortex problem at different Reynolds number. It can be seen from Figure 3 that the short-
term theoretical results and numerical simulation results are in good agreement till 7' = 2.5
for Re = 100, and T' = 2 for Re = 300; Re = 600. It is difficult to compare the analytical
solution with numerical simulation, since the analytical solution valid only for short-term
time, and the numerical solution can provide good results for long term, so it is worthwhile
to compare simulation results of spectral method and HFD method for long term. The rate of
dissipation increases sharply due to the formation of small-scale flow structures and reaches
a maximum at 7" = 3, for short time theory of TG at Re = 100, and at T" = 4 for other
case, and then the rate of dissipation shows a decrease in the tendency for result of analytical
solution of TG at Re = 100 because of the decrease in the total Reynolds number of the
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stream. In the simulation results, the error between analytical and numerical solutions for
the average dissipation rate is: Error(e) = [e#FPM — IC| = 1072

4
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Figure 3: Comparative results of modeling the evolution of the average rate of dissipation of
the decay of turbulence in time, the spectral and hybrid methods of modeling the Taylor-
Green vortexof: TG short-time theory at: 1) Re=100; 2)Re=300; 3)Re=600; Spectral method,
2563 at: 4)Re=100; 5)Re=300; 6)Re=600; HFD method at: 7)Re=100; 8)Re=300; 9)Re=600.

Figure 4 shows that with the increase in the resolution of the computational grid, the
results of skewness of the turbulence of hybrid method tends gently to the exponential results
of the pseudospectral method for the computational grid 256x256x256.

Figure 5 shows the results of modeling the evolution of flatness, spectral and hybrid
methods for modeling the Taylor-Green vortex at Re = 300.

4 Results and discussion

Numerical model allows to describe the homogeneous magnetohydrodynamic turbulence de-
cay based on large eddy simulation. For this task, the kinematic viscosity v = 107 was
taken constant and the magnetic viscosity were set in the range of v, = 1073 = 10~%. The
characteristic values of the velocity, length, magnetic field strength were taken equal to:
Ucxg = 1, Leg = 1, Hog = 1 respectively. Reynolds number is Re = 10%, the magnetic
Reynolds number varied depending on the magnetic viscosity coefficient. The Alfven num-
ber characterizing the motion of conductive fluid for various numbers of magnetic Reynolds:
A = Ha?/Re,,, where Hartmann number is Ha = 1. For the calculations used grid size
128x128x128. The time step was taken equal A7 = 0.001.

As result of simulation at different magnetic Reynolds numbers were obtained the follow-
ing turbulence characteristics: integral scale and Taylor scale.
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Figure 4: Comparison of the results of modeling the evolution of skewness, spectral and hy-
brid methods for modeling the Taylor-Green vortex of: TG short-time theory at: 1) Re=100;
2)Re=300; 3)Re=600; Spectral method, 256 at: 4)Re=100; 5)Re=300; 6)Re=600; HFD
method at: 7)Re=100; 8)Re=300; 9)Re=600.
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Figure 5: Comparison of the results of modeling the evolution of flatness, spectral and hybrid
methods for modeling the Taylor-Green vortex of: TG short-time theory at: 1) Re=100;
2)Re=300; 3)Re=600; Spectral method, 256% at: 4)Re=100; 5)Re=300; 6)Re=600; HFD
method at: 7)Re=100; 8)Re=300; 9)Re=600.

Becrauk KasHY. Cepusi maremaTuka, Mexanuka, nadopmaruka Ne3(99) 2018



74 Abdibekova A.U., Zhakebayev D.B.

0,30

0.25

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t

—a—1, 02, -3, 4

Figure 6: Change of the integral turbulence scale calculated at different magnetic Reynolds
numbers: 1) Re,, = 10%; 2) Re,, = 2-10% 3) Re,, = 5-10% 4) Re,, = 10*.

According to semi-empirical theory of turbulence integral scale should grow with time.
The results presented in Figure 6 illustrates the effect of magnetic viscosity on the internal
structure of the MHD turbulence. Variation of the coefficient of magnetic viscosity leads
to a proportional change in the integral scale. Figure 6 shows that the size of large eddies
rapidly increases at small number of magnetic Reynolds Re,, = 103, than in the case, when
Re,,, = 10* which leads to fast energy dissipation.

Figure 7 shows the change in the micro scale - calculated at different numbers of magnetic
Reynolds 1) Re,, = 10%; 2) Re,, = 2-10%; 3) Re,, = 5-10%; 4) Re,, = 10*. Figure 7 shows the
change of the Taylor microscale at different magnetic Reynolds numbers. It can be seen that
in the case Re,, = 10? when the magnetic viscosity coefficient is large then the dissipation
rate increases. In the case when the magnetic viscosity coefficient is smaller then the scale
gradually increases, and the small scale structure of the turbulence tends to slowly isotropy.
This also indicates that with small numbers Re,, the decay of isotropic turbulence occurs
faster than in the case when Re,, is high.

From the figures it is seen that in the case of high medium conductivity at Re,, = 10?
the frictional force increases and the flow rate is reduced faster than, at Re,, = 10*, that
corresponds to the low conductivity of the medium, in this version, the frictional force have
minimal impact on the flow velocity. Based on the study of the results determined that the
first part of the turbulent kinetic energy is used for turbulent mixing, the second part - at
creating magnetic field and the third part - on the forces of resistance between the components
of the velocity and magnetic tension.
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Figure 7: Change of Taylor-scale calculated at different magnetic Reynolds numbers: 1) Re,,, =
103; 2)Re,,, = 2-10%; 3)Re,, = 5 - 10%; 4)Re,, = 10%.

5 Conclusion

Based on the method large-eddy simulation was produced the numerical modelling of influ-
ence magnetic viscosity to decay of magnetohydrodynamic turbulence, analyzing simulation
results it is possible to make the following conclusion: the magnetic viscosity of the flow has
a significant influence on the MHD turbulence. Obtained results allow sufficiently accurately
calculate the change characteristics of magnetohydrodynamic turbulence over time at differ-
ent magnetic Reynolds numbers. To simulate the turbulence energy degeneration, a numerical
algorithm for solving the unsteady three-dimensional Navier-Stokes equations based on the
hybrid method was developed. The numerical algorithm is a hybrid method combining fi-
nite difference and spectral methods. It is also computationally efficient. The finite-difference
method combined with the cyclic Penta-diagonal matrix for the solution of the Navier-Stokes
equations allowed to achieve the accuracy of the fourth order in space and the accuracy of
the second order in time. The spectral method for solving the Poisson equation has a high
computational efficiency by using a fast Fourier transform library.

To check the adequacy of the developed algorithm, the classical Taylor and green problem
with the same initial flow conditions, for modeling the degeneracy of the kinetic energy of the
flow and the time evolution of viscous dissipation is considered. Average normalized errors
between analytical and numerical solutions for mean kinetic energy and mean dissipation rate
were established as Error(Ey) = |EFPM — ETY| = 1074, Error(e) = [eFPM — 16 = 1072,

respectively. Thus, the results of numerical simulation of turbulence characteristics show very
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good agreements with the analytical solution. Thus, the numerical algorithm was developed
for solving unsteady three-dimensional magnetohydrodynamic equations, and makes it pos-
sible to simulate the MHD turbulence decay at different magnetic Reynolds numbers.
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On positive solutions of Liouville-Gelfand problem
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Modern science is highly interested in processes in nonlinear media. Mathematical models of these
processes are often described by boundary-value problems for nonlinear elliptic equations. And
the construction of two-sided approximations to the desired function is a perspective direction of
solving such problems. The purpose of this work is to consider the existence and uniqueness of a
regular positive solution to the Liouville-Gelfand problem and justify the possibility of constructing
two-sided approximations to a solution. The two-sided approximations monotonically approximate
the desired solution from above and below, and therefore have such an important advantage over
other approximate methods that they provide an opportunity to obtain a convenient a posteriori
estimate of the error of the calculations. The study of the Liouville-Gelfand problem is carried out
by methods of the operator equations theory in partially ordered spaces. The mathematical model
of the problem under consideration is the Dirichlet problem for a nonlinear elliptic equation with
a positive parameter. The established properties of the corresponding nonlinear operator equation
have given us an opportunity to obtain a condition for an input parameter, which guarantees the
existence and uniqueness of the regular positive solution, as well as the possibility of constructing
two-sided approximations, regardless of the domain geometry in which the problem is considered.
The corresponding Liouville-Gelfand problem of the operator equation contains the Green’s func-
tion for the Laplace operator of the first boundary value problem, and therefore the condition
that the input parameter satisfies also contains it. Since the Green’s function is known for a small
number of relatively simple domains, Green’s quasifunction method is used to solve the problem
in domains of complex geometry. We note that the Green’s quasifunction can be constructed prac-
tically for a domain of any geometry. The proposed approach allows us: a) to obtain a formula,
which the parameter in the problem statement must satisfy, regardless of the domain geometry;
b) for the first time, construct two-sided approximations to a solution to the Liouville-Gelfand
problem; ¢) for the first time to obtain an a priori estimate of the solution depending on the select-
ed value of the parameter in the problem statement. The proposed method has advantages over
other approximate methods in relative simplicity of the algorithm implementation. The proposed
method can be used for solving applied problems with mathematical models that are described
by boundary value problems for nonlinear elliptic equations. In cases when the Green’s function is
unknown or has a complex form, the application of the Green’s quasifunction method is proposed.
Key words: Green’s function, Green’s quasifunction, two-sided approximations, invariant cone
segment, monotone operator.
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B coBpemennoit Hayke wHaOromaeTcs OOJBINON WHTEpEC K IIPOIECCaM, IMPOUCXOISINAM B
HEJIMHEHHBIX cpefax. MaTeMaTHIeCKUMU MOJIENsIMA TaKUX IIPOIECCOB 3a9acCTyIO SIBJISTFOTCS
KpaeBble 33J1a49u JIJIs HeJIMHEHHBIX SJTUIITHIeCKUX ypaBHeruii. [lepcrek TMBHBIMI HAITPABJICHUSIME
JUIsl DeIlleHdsl TaKWX 3aJad eCTh I[OCTPOEHHE JBYCTOPOHHHUX NPUOJIMIKEHUNH K HCKOMOI
dbyuxnuu. Ilenbro gaHHON pabOTHI sABJISIETCS PACCMOTPEHHME BOIIPOCOB CYIIECTBOBAHUS U
€JIMHCTBEHHOCTU PEryJIIPHOIO IIOJIOXKUTEJILHOIO perterns y 3agadn JImysuis-lenbdania,
a TakyKe ODOCHOBaHME BO3MOXKHOCTH IIOCTPOEHUS JIBYCTOPOHHUX WPHUOJMKEHUN K PEIIeHUO.
JBycTopoHHIE TPHUOJINKEHIS MOHOTOHHO CBEPXY M CHH3Y AIIPOKCHMUPYIOT MCKOMOE DeIleHue,
U TI09TOMY OBJIAJIAIOT TEM BayKHBIM MMPEUMYIIECTBOM 0 CPABHEHUIO C JPYTHUME MPUOJINKEHHBIMI
METOJIAMH, ITO OHH JIAIOT BO3MOYKHOCTD [TOJIYIUTD YI00HYIO AITOCTEPUOPHYIO OIEHKY ITOIPEITHOCTH
Beruncienuit. Ucciemopanune 3amaun JImysuwiuis-Tesbdania TpPOBOAUTCS METOJAME TEOPUN
OIIepaTOPHBIX YPABHEHUU B IOJIYYIOPSIOYEHHBIX IIPOCTPAHCTBAX. MareMaTndecKoil MOIEIbIo
paccMaTpuBaeMoil 3aadd  ABJASeTCd 3afada Jupuxiie Uit HEJWHEHHOTO SJUTUITHYEeCKOrO
VPaBHEHUS C IIOJOXKATEJIHHBIM [apaMETPOM. YCTAHOBJIEHHBIE CBOMCTBA COOTBETCTBYIOIIETO
HEJIMHEHOTO OMEPATOPHOI'O YPaBHEHUs JIAJIN BO3MOXKHOCTH IOJIYYUTH YCJIOBUE JJIsi BXOSIIETO
B IIOCTAHOBKY 3aJladll IIapaMeTpa, KOTOPOe TIapaHTUPyeT CYIIECTBOBaHWE M €IMHCTBEHHOCTH
PErYJISPHOTO TIOJIOXKATEILHOIO PEIeHUsI, 8 TaKXKe BO3MOXKHOCTb IOCTPOEHUS JIBYCTOPOHHUX
NpUOIVKEHUN HE3aBUCHMO OT TeOMEeTpHU OO0JIACTH, B KOTOPOW pacCMaTPUBAETCS 3aJatda.
CooreercrBytommee 3amaqun Jlnysumis-Tenbdanma onepaTopHoe ypaBHEHUE COJEPKUT (DYHKIUIO
I'puna oneparopa Jlamraca mepsoit KpaeBoil 3aadd, a IOITOMYy U YCJIOBHE, KOTOPOMY
V/IOBJIETBOPSIET IIapaMerp, TakxKe ee coaep:kuT. Tak Kak @GyHKIWsa |'puHa u3BeCTHA s
HEOOJIBIIIOr0 YHUCJIA JIOCTATOYHO IPOCTBIX OOJIACTEH, /s PEIeHns 33/1a9u B 00JIACTAX CJIOXKHOI
reOMeTpHUN B paboTe MPUMEHSETCsT MeToJl KBaszudyHKnuil ['pura. 3aMeTnM, 9T0 KBa3udyHKIIAO
I'pura MOXKHO MOCTPOUTH NPAKTUYECKH [Jisi OOJAcTH JI000i reomerpun. VCmosib30BaHHBIN B
pabore IOJXOJ MO3BOJIMIL &) MOJYYUTh (DOPMYILy, KOTODPOIl JIOJI?KEH YJIOBJIETBOPSTH BXOJSIIITHI
B IIOCTAHOBKY 3aJ[a4M IapaMeTp, He3aBHCHMO OT TeoMeTpuu obJjactu; 6) BIEpBbIE st
sagaun Jlnysuis-lenbdania IOCTpOUTh ABYCTOPOHHUE MPUOJINKEHUS K PEIIEHUIO; B) BIEPBbIE
[IOJIy9UTh AIPUOPHYIO OIEHKY PEIeHHs B 3aBUCHMOCTH OT BBIODAHHOIO 3HAYEHWS HapaMeTpa,
KOTOPBIfl BXOIUT B MOCTAHOBKY 3amadn. 1IpemjIoXKeHHBIl METO PEIeHnsT UMEET MPENMYIIEeCTBA
B CPaBHEHUU C JPYIUMHU UPHUOJIMKEHHBIMA METOJAMH OTHOCHTEIBLHOW IMPOCTOTON pean3aIiun
asmoputma. IlpesgraraeMprit MeTOJT MOXKeT OBITH WCIIOJIB30BAH IPU PEIIEHUU TPUKJIATHBIX
3aJ1a4, MaTeMaTUYeCKUMU MOJIEIsIMA KOTOPBIX SIBJISFOTCS KpaeBble 3aJiadul JiIsl HeJUHEHHBIX
SJUINIITUYECKUX ypaBHeHuil. B curyanusix, korjaa ¢yHknus | prHa Hen3BeCTHA MJIK UMEET CJIOXKHBII

BUJI, IPEJJIOZKEHO IIPUMEHEeHNe MeToqa KBasudynknmii ['puHa.
KuroueBbie cioBa: dyuknus ['punra, kBasudyHKims ['puHa, IBYyCTOPOHHUE TPUOJIMKEHUS,

WHBApPUAHTHBIA KOHYCHBIII OTPE30K, MOHOTOHHBII OlepaTop.

1 Introduction

Modern science is highly interested in processes that take place in nonlinear environments.
Mathematical models of these processes typically are represented by nonlinear boundary
value problems of mathematical physics of the following form

—Au = f(x,u) VreQcRY,

u>0, uly,=0.

It is important to identify among the analytical methods ones that provide specific ways of
constructing the sought solution. These methods include iterative ones which are simpler than
the others and can be implemented on a computer. Among the iterative methods we highlight
a class of two-sided processes that approximate the sought solutions monotonically from above
and below. They have such an important advantage in comparison with other approximate
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methods that they place the sought solution in a "plug"at each step of the iterative process
which makes it possible to obtain a posteriori error estimate of the calculations.

The aim of this paper is to prove the existence and uniqueness of the regular positive
solution of the Liouville-Gelfand problem and the possibility of constructing two-sided ap-
proximations to it.

In this work we consider the boundary-value problem for the nonlinear elliptic equation
in the bounded domain Q c RV

—Au=Xe"* Ve, u>0, (1)
Ulgo =0 (A>0).

The equation of (1) is the stationary equation of the thermal-ignition theory at constant
thermal conductivity, u (z) is the temperature at the point x, the parameter A represents all
the quantities that are essential for problems of the thermal-ignition theory [1].

2 Literature review

The formulation of this problem belongs to Frank-Kamenetskii [1] and Zeldovich [2|. The
same problem arises in the study of prescribed curvature problems |3, 4].

If the domain € is the unit ball in RY, then by the classical result of Gidas, Ni and
Nirenberg [5], all positive solutions of (1) are radially symmetric, reducing (1) to the boundary
value problem

u'+ (N —1)/ru
u' (0) = u(l
For N = 1 this equation was first solved by Liouville in 1853 [6], using reduction of order
methods. In 1914, Bratu [7] found an explicit solution of (2) when N = 2. For N = 3 numerical
progress was made in 1934 by both Frank-Kamenetskii [1] in his study of combustion theory
and Chandrasekhar [8] in his study of isothermal gas stars. In 1963, Gelfand published a
comprehensive paper [9] hat included a review of (2) for N = 1,2,3. Approximately ten
years later Joseph and Lundgren [10]| determined the multiplicity of solutions for all N.
The problem (1) also attracted the attention of many other authors [11, 12, 13, 14].
However, they often considered (1) in fairly simple domains and found the exact solutions in
cases where this was possible. In this paper we investigate a nonlinear operator equation that
is equivalent to (1). The investigation is based on methods in nonlinear operator equations
theory in half-ordered spaces [15, 16, 17|. This approach allows us to obtain theoretical
results for almost any domain and justify the method two-sided approximations. Moreover,
we impose a condition on the numerical parameter of the problem A and on the introduced
parameter S which is an a priori estimate of the sought solution.

ru =0, re(0,1),
> ) = uliel. @)

3 Material and methods

The problem (1) is a particular case of a more general problem

—Au=f(\z,u) VreQcCR,
u>0, uly,=0.
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We assume that f (A, z,u) > 0in Q, A > 0. It is known [15, 16, 17] that (3) is equivalent
to the operator equation in the class of continuous functions in €2

w(z) = /G (2,5) f (A, 5,0 (s)) ds, (@)

where G (z, s) is a Green’s function of the operator A of the Dirichlet problem in the domain
O x=(r1,...,xn), s = (81,-..,SN)-
Let A (A, u) be an operator with the domain D (A) = K

AN\ u) = /G(x,s) f (A s,u(s))ds,
Q

where K is a cone of nonnegative functions in the space C' (Q)

We will investigate questions related to the positive solutions of (1) and hence the equiv-
alent operator equation (4) using methods in nonlinear operator equations theory in half-
ordered spaces. Let us give some definitions and main conclusions of this theory [15, 16, 17].

Definition 1 Let E be a real Banach space. A convex closed set K C E is called a cone if
au € K (a>0) and —u ¢ K follows from u € K, u # 0.

Using the cone K in E we introduce a half-order as follows:
u<wv, ifv—uekK, wuveE.

Definition 2 The cone K is called normal if there exists an N (K) such that |jul| <
N (K) ||v|| for 0 <u < wv.

It is known [15] that the cone of non-negative functions is normal in the space C (€2).
Definition 3 An operator A is positive if AK C K.

Definition 4 An operator A is monotone on the set T C E if Au < Av follows from u < v
(u,veT).

Definition 5 A positive operator in K is called concave if there exists a fized non-zero ele-
ment ug € K such that for any non-zero u € K

By (u)ug < Au < By (u) ug
where By > 0, By > 0, and also Vt € (0, 1)
A (tu) > tAu. (5)

Definition 6 A concave operator A is called ug-concave if (5) is replaced by a stronger
condition: ¥t € (0,1) there exists an n (u,t) > 0 such that

A(tu) > (1+7) t(Au).
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Definition 7 A collection of elements (v, wo) = {u : vy < u < wp} is called the conical in-
terval.

Definition 8 A conical interval (v, wy) is called invariant for a monotone operator A if A
transforms (v, wo) into itself, that is Avy > vg, Awy < wy.

The following theorems hold.

Theorem 1 [15, Theorem 4.1]. It suffices for the existence, for the monotone operator A,
of at least one fized point that there exists an invariant conical interval and that the cone K
1s normal and the operator A is completely continuous.

Theorem 2 [15, Theorem 4.4]. Let A be a monotone operator on the invariant conical in-
terval (v, wo) and has the unique fized point u* in (vy,wo). Let K be a normal cone and the
operator A be completely continuous. Then successive approximations

Up = Avp_q, wp, = Aw,_1, n=1,2 ..., (6)

converge in the norm of the space C (Q) to the exact solution u* of (3), whatever the initial
approzimation 4 € (v, wo) 8.

Remark 1 From the uniqueness of the fixed point it follows that the limits of (6) coincide.
If A(X\ u) = MAu, the following theorem holds.

Theorem 3 [15, Theorem 6.3]. If the operator A is ug-concave and monotone, then the
equation u = AAu does not have two distinct non-zero solutions in the cone K for any value
of the parameter .

Let us investigate the properties of the operator that corresponds to (1)

AN u) = )\/G(:U,s) e"®ds, D(A) =K. (7)

Q

It is obvious that the operator A is monotone, since u; < us is followed by Au; < Aus.
In addition, the operator A is completely continuous in the cone K [16, 17].
Let us build the invariant conical interval (vy,wy) C K. We put u = vy = 0 in (7) and
build the element v; = A [ G (z,5) e*®)ds = X\ [ G (z,s) ds > vy = 0. Having v;, we build the
Q Q

element vy (z) = A [ G (x,s) e"®ds > v;. Continuing this process, we obtain the relations
9)
0=vy <wv; <wg <+ <wy. If we put u=wy = =const >0 in (7) we obtain the element
w; = A [ G(x,s) e ds = X\e? [ G (x,s)ds. The parameters A and 3 are chosen in such a
Q 9)
way that w; < wy = B which leads to the condition A\e® [ G (z,s)ds < 8 Vz € Q. It now
Q

follows that

1

ds < —pe”.

rileaé{/G(x,s) s < )\Be (8)
Q
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Building the elements w; is similar to the process for v;. We obtain the inequalities
O=v<v< <0, <+ <wp <o <wp <wp = G,

therefore the conical interval (vg, wg) = (0, 5) is invariant for the operator A (A, u).
In order to prove the concavity of the operator A we use Definition 5. We compose

A\ tu) — tA (N u) = A / G (2, 5) (") — 1e1)) i,
Q

It suffices for this difference to be nonnegative that e’ > te* Vt € (0,1), u > 0, whence

tu>Int+u,oru(t—1) >1Int, orsincet € (0,1), u < {2t Let ¢ denote the function ¢ (t) =

lIl_t 1 g 1 et — = ] == ] hl_t —
27, 0 <t < 1. Since ¢ (+0) tlirilow(t) +00, ¢ (1 —0) tLl{rlocp(t) tk{rflo = = 1,

it follows that the sought solution u* (A, x) of (1) satisfies the condition 0 < u* (A, z) < 1,
which coincides with the results of Frank-Kamenetskii [1]. Let ug be ug (z) = [ G (z,s)ds.
Q

Then since u € (v, wp) it follows that the inequalities (5) are satisfied.
In order to prove the up-concavity of the operator A, where ug () = [ G (z,s)ds, we

Q
compose the difference
AN tu) — (T+n)tA(Nu) = )\/G (x,s) (etu(s) —(1+mn) te“(s)) ds.
Q
It suffices for this difference to be nonnegative that e — (1 + n) te* > 0Vt € (0,1), u > 0,
whence it follows that 0 < 7 (u,t) < etute;jeu, which proves the ug-concavity of the operator

A. Thus, we have just proved the following theorem.

Theorem 4 The problem (1) has the unique nonnegative reqular solution u* € C (Q) in the
cone segment (vy, wy), vo = 0, wg = [ which can be constructed with two-sided approximations
according to the scheme

v (2) =X [ G (z,5) e Ods, n=1,2,...,
Q

wy, (x) =\ [ G (z,5)e"—ds, n=1,2,..., 9)
9)

which converge uniformly to the sought solution if X and B satisfy (8).

Remark 2 [t follows from Theorem 3 that (1) does not have two distinct nonnegative regular
solutions for any value of the parameter X in the cone K.

Now we prove the following theorem which has a direct relation to (1) using the technique
of proving a similar theorem in [18].

Theorem 5 Let operator A (A, u) be monotone and concave for each A > 0 and monotoni-
cally increasing for each uw € K with respect to A and satisfy the condition

A\ 1) < %A()\,u), te (0,1]. (10)

Let uy and uy be positive solutions of the equation u = A (X u) which correspond to two
distinct values N1 and Ay, Ay < Ay. Then uy < us.
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Proof. Suppose that it follows from A\; < Ay that u; > us. Let 7y be the maximum constant
such that Touy < ug and tuy > uy if t > 79, t € (0, 1]. Obviously, 79 € (0, 1]. According to the
statement of the theorem we have uy = A (Ag,ug) > [since ug > Tour| > A (Aa, Tou1) > *.
It follows from the operator A concavity in the variable u that the inequality (5) can be
rewritten as: A (\y, Tou1) > 10A (A9, up) since 15 € (0,1), and therefore we have

A A A
* 2 ToA ()\g,ul) = ToA —2)\1,U1 Z [(10)] 2 7'0—214 ()\1,’&1) = 7'0—2U1.
A1 A A1

Thus, we have obtained that u, > Toi—ful. Further, it follows from the maximality of the

constant 7y that i—"l’ < 1 or Ay < A\; which contradicts the assumption A; < Ay. This completes
the proof of the theorem.

Now we show that all conditions of Theorem 5 are satisfied with respect to (1). The
monotonicity and concavity of the operator A (A, u) of the form (7) are shown at the
beginning of this section. Assume that A\; < Ay, it follows that A (A, u) — A (A, u) =
(M —X2) [G(z,8)e"®Dds < 0, that is, the operator A is increasing in the variable A

Q

2
Vu € K. Next, we compose the difference A (tX, u) — 1A (A, u) = M [G(z,5)e"®ds <0
)

vt € (0, 1], which proves (10). Thus, two different values A\; and A2, A\; < Mg, correspond to
two positive solutions u; and us, having u; < us.

4 Results and discussion

Computational experiments for (1) are conducted in four domains for different values of the
parameter A and the corresponding values of the parameter (.

For the domain Q; = {(z1,22) |1 — 2% — 23 > 0} the maximum value of \* which satisfies
(8) is A* = 1.47151, the corresponding value of 3 is § = 0.99999.

For the domain Qy = {(z1,%2) |zs (1 — 23 — 23) > 0} the maximum value of \* which
satisfies (8) is \* = 3.79257 with S = 0.99999. Table 1 lists the values of wy; (z) (in the
numerator) and vy; () (in the denominator) at the points of €5 with the polar coordinates
(pi, ;). where p; = 0.2i, p; = 7{—3, i = 0,5, 7 = 0,5 (the values in the other quarter are
symmetric). Figure 1 and 2 show the surface and the level lines of the approximate solution
wyy (x) respectively and Figure 3 shows the graphs of w,, (0,22) (solid line) and v, (0, x2)
(dashed line) for n = 0, 5.

For the domain Q3 = {(x,22)|(1 —z3) (1 — 22) > 0} the maximum value of \* which
satisfies (8) is A\* = 1.24704 with f = 0.99999. Table 2 lists the values of wy; (x) (in
the numerator) and vy () (in the denominator) at the points of Q3 with coordinates
(=14 0.24,—1+0.2j), where i = 0,5, j = 0,5 (the values in the other quarters are symmet-
rical).

The dependency of the norm ||u,|| in the space C (€;), i = 1,3 from X is shown in Figure
4 in the form of graphs for 2; (solid line), Q5 (dashed line) and 23 (dotted line), where
U, = Lotin
Hencze it follows that if A tends to zero then the desired solution u (x) tends to zero too.

Since the Green’s function is known for several fairly simple domains we apply the Green’s
quasifunction method for the solution of (3) in the regions (2, and €23 and compare the results
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Table 1: The values of wy; (z) and vy (z) at the points of Qg

¥

g0 N - 2 -

0 0 0 0 0 0 0

0 0 0 0 0 0
0.9 0 | 0.12494 | 0.22831 | 0.30383 | 0.34954 | 0.36482
101 0.12493 | 0.22828 | 0.30378 | 0.34949 | 0.36477
0.4 0 | 0.21457 | 0.36929 | 0.47301 | 0.53271 | 0.55213
1 0] 0.21455 | 0.36924 | 0.47294 | 0.53262 | 0.55204
0.6 0 | 0.23401 | 0.37849 | 0.46710 | 0.51620 | 0.53179
1 01(0.23399 | 0.37845 | 0.46703 | 0.51612 | 0.53170
08 0 | 0.16504 | 0.24750 | 0.29450 | 0.31992 | 0.32787
10 (0.16503 | 0.24748 | 0.29446 | 0.31987 | 0.32782

1 0 0 0 0 0 0

0 0 0 0 0 0

Figure 1: The surface of wy; (2)

with those obtained according to the scheme (9).

The essence of the Green’s quasifunction method in Rvachev’s interpretation [19] (for
linear partial differential equations) with our adjustments for nonlinear partial differential
equations [20, 21, 22| consists in the transition from the boundary value problem (1) to the
equivalent nonlinear integral equation

u(x) = /Gq (z,5) Ae"®ds + /u (s) K (z,s)ds, (11)
Q Q
where
Gy (z,s) = % <1n% —C (a:,s)) , C(z,8) = —%ln (r* + 4w (z) w (s)) ,
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0.2¢

[ S—

0.0 &,
-1.0

-0.5 0.0 0.5 1.0

Figure 2: The level lines of wy; ()

Figure 3: The graphs of w,, (0, x2) (solid line) and v, (0, x2) (dashed line) for n = 0,5

Table 2: The values of wy; (z) and vy (z) at the points of €

X2
I 08 0.6 0.4 0.2 0
10 0 0 0 0 0
0 0 0 0 0 0
‘o5 |0 | 0:08458 | 0.13846 | 0.17550 | 0.19564 | 0.20311
0 | 0.08457 | 0.13845 | 0.17549 | 0.19562 | 0.20310
0.6 |0 | 0-13846 | 0.23664 | 0.30471 | 0.34332 | 0.35683
0 | 0.13845 | 0.23662 | 0.30468 | 0.34328 | 0.35679
o4 |0 [ 017550 | 0.30471 | 0.39602 | 0.44870 | 0.46700
0 | 0.17549 | 0.30468 | 0.39598 | 0.44865 | 0.46695
"0y |0 | 0-19564 | 034332 | 0.44870 | 0.51022 | 0.53146
0 | 0.19562 | 0.34328 | 0.44865 | 0.51016 | 0.53140
o | 0| 0.20311 | 0.35683 | 0.46700 | 0.53146 | 0.55376
0 1 0.20310 | 0.35679 | 0.46695 | 0.53140 | 0.55370

K(I7S> = _%Asc (‘r78)7
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iz |l

A of
0.5} -

04}

Figure 4: The dependency of the norm |[|u,|| from A for Q; (solid line), Q5 (dashed line) and
23 (dotted line)

for Q C R? and

Gy (z,s) i(%—C(m,s)), C(:U,s):(r2+4w(x)w(s)) ,

:47r

N

1
K (ZE, S) = _EASQ. (ZL’, S) 3
for Q C R2. Also in both cases

N
0? >0 Ve,
r=le—sli A=) 55 s€QCRY; “(5’3):{ 0 Vo e o

i=1

We use the method of successive approximations in Svirsky’s interpretation [23] to con-
struct an approximate solution of (11) which leads us to a sequence of linear integral equations

i @:)-/unﬂ (S)K(x,s)dS:/Gq (2, 8) A" Ods, n=12,...,
Q Q

where we put u; () = 0.
Each of these equations can be solved by the Bubnov-Galerkin method [23]. We obtain
the following sequence of approximate solutions

k
un(x)zzcn7z¢z(x), n:1,2,...,
=1

I
=
-

where {¢; ()}, is a coordinate sequence, ¢,; (i n = 2,3,...) is a solution of a

system of linear algebraic equations

ai | [onta)oy@ydn— [ [ K (@5)01(5) 0, (o) ds | =
Q Q Q

i=1
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/Gq z,8) A
Q

Zcm Q/@ ) ¢; (x dx—//szqﬁZ ) ¢; () dsdz | =

¢J (z) dsdz,

Vo (x) dsdx, j§ =1k,

unl

Q Q
We use the Legendre polynomials which are orthogonal on the segment [—1, 1] to construct
the coordinate sequence
1 a4 ,, i
A
For the domain Qy = {(z1,22) |r2 (1 — 2% — 23) > 0}, \* = 3.79257 and 8 = 0.99999
Table 3 lists the values of u, (z) for n = 10 at the points of Qs with the polar coordinates
(pi,pj), where p; = 0.2i, p; = 7{—3, i = 0,5, 7 = 0,5 (the values in the other quarter are
symmetric).

P (2) = z € R.

Table 3: The values of u, (z) for n = 10 at the points of €y

G R 0 2
010 0 0 0 0 0
0.2 ] 0] 0.12847 | 0.23407 | 0.31131 | 0.35798 | 0.37355
0.4 10 0.21253 | 0.37045 | 0.47570 | 0.53492 | 0.55393
0.6 | 0] 0.22795 | 0.37949 | 0.47028 | 0.51744 | 0.53199
0.8 1 0] 0.15910 | 0.25238 | 0.30189 | 0.32573 | 0.33292
I |0 0 0 0 0 0

For the domain Q3 = {(z1,22) | (1 —22) (1 —2%) > 0}, \* = 1.24704 and 8 = 0.99999
Table 4 lists the values of wu, (z) for n = 10 at the points of 3 with coordinates
(—=1+0.2i, -1+ 0.25), where i = ﬁ 0,5

,5 (the values in the other quarters are symmet-
ric).

Now we apply the Green’s quasifunction method to (3) for the domain Q4 =

{(x1,29) |1 — 2% — 2§ > 0}. We use the inequality \ < T [ G fee(
16959

to select the values of the

parameter A, where (23 is the smallest square containing Q4 Hence we have \* = 1.24704,
f = 0.99999. Table 5 lists the values of u, () for n = 9 at the points of 4 with polar
coordinates (p;, ¢;), where p; = 0.2, ¢; = T, i = 0,5, j = 0,5 (the values in the other
quarters are symmetric).

In contrast to the authors who solved the Liouville-Gelfand problem in some rather simple
domains and for the most part found solutions in cases where the equations of the problem
could be reduced to an ordinary differential equation, in our work we propose a technique
for finding a regular solution in almost any domain. However, it should be noted that we
have not considered the solutions multiplicity, but proved the existence and uniqueness of a
regular solution of (1).
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Table 4: The values of w,, (x) for n = 10 at the points of €3

T

U 08 0.6 04 0.2 0

0 0 0 0 0 0
1 0 0 0 0 0 0
-0.8 | 0 [0.07651 | 0.13407 | 0.17415 | 0.19778 | 0.20559
-0.6 | 0 | 0.13406 | 0.23487 | 0.30502 | 0.34638 | 0.36004
-0.4 | 0 [0.17411 | 0.30500 | 0.39605 | 0.44971 | 0.46744
-0.21 0 [0.19772 | 0.34632 | 0.44969 | 0.51060 | 0.53071
0 | 01]0.20553 | 0.35998 | 0.46741 | 0.53071 | 0.55161

Table 5: The values of u, (x) for n =9 at points of 4

P 0 E T 2 3T 2T T
10 5 10 5 2
0.50295 | 0.50295 | 0.50295 | 0.50295 | 0.50295 | 0.50295
0.2 | 0.48881 | 0.48883 | 0.48884 | 0.48885 | 0.48885 | 0.48885
0.4 | 0.44608 | 0.44621 | 0.44636 | 0.44635 | 0.44621 | 0.44611
0.6 | 0.36934 | 0.37146 | 0.37444 | 0.37440 | 0.37140 | 0.36930
0.8 | 0.23022 | 0.24560 | 0.26746 | 0.26739 | 0.24544 | 0.23008
1 — 0.04938 | 0.11977 | 0.11966 | 0.04927 —

5 Conclusion

In this paper we have proven the possibility of constructing of two-sided approximations to
regular positive solutions of the Liouville-Gelfand problem. We have obtained the conditions
that guarantee the convergence of the two-sided iterative process. Constructing the cone
segment (vg, wp), we have obtained an a priori estimate of the sought solution u*, since
vy < u* < wy. The obtained two-sided approximations to the solution of the problem makes
it possible to make a posteriori conclusions.

One of the advantages of the applied method in comparison with others is the relatively
simple algorithm in terms of implementation.

We note that for the first time we have constructed two-sided approximations for the
Liouville-Gelfand problem in certain domains for which Green’s function of the problem is
known. We propose to use Green’s quasifunction method in case of complex domains where
Green’s function is unknown. We have improved the method to solve boundary value problems
for nonlinear elliptic equations. The above-mentioned represents the scientific novelty of the
results.

The practical value lies in the fact that this approach can be used to find solutions to
applied problems with mathematical models represented by boundary value problems for
nonlinear elliptic equations.
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The paper describes three-dimensional visualization of grid models of oil and gas reservoir for
virtual reality systems. It was implemented in a C ++ programming language, for visualization of
the model using the OpenGL library and in the virtual environment of the OpenVR library, which
needs use of the SteamVR utility. Created module of visualization requires connection of special
equipment for operations with the virtual environment, such as headset with its own display,
base stations and controllers. As input data for drawing of model geometrical data and physical
characteristics of oil field in .GRDECL format provided by Shchlumberger Eclipse are offered.
Files of this format store data describing three-dimensional models consisting of N, x Ny x N,
of cells on Oz, Oy and Oz, which represent the distorted parallelepipeds. The advantage of using
virtual reality in visualization is that for the observer visual perceptions considerably improves,
and immersion in a virtual environment is accompanied by the effect of presence. In the VR display
the quality of drawing of an object significantly differs from what can be watched on a flat screen

monitor.
Key words: computer graphics, computer animation, machine graphics, virtual reality, OpenGL,

OpenVR, shader, visualization, grid model visualization.

TpexmepHasi BU3yaausamnusi Moiejn u PU3NIECKNX XapaKTEePUCTUK HedTEera3soBoro mjiacra
JJIsl CUCTEM BUPTYAJIbHON peaibHOCTHU
Axwmen-3axku [1.2K., Yausepcurer Mexaynapoanoro Busneca
Aumvarel, Kasaxcran, E-mail: Darhan. Ahmed-Zaki@kaznu.kz
Typap O.H., Kazaxckuii HanuoHa/IbHbI yHUBEpcuTeT nMenn Ajib-Dapabu
Aumvarsr, Kazaxcran, E-mail: Olzhas. Turar@kaznu.ru
Paxeivosa A.P., Kazaxckuii Harmonaabubiit yausepcurer umenn Ajb-Dapabu
Amvarer, Kazaxcran, E-mail: Aktumar@mail.ru

B pabore omumcaHbl OCHOBHBIE JIEHCTBUS IS TPEXMEPHON BH3yaJM3aIluil CETOYHBIX MOJEJIei
HeTIHBIX W TA30BBIX MECTOPOXKJIEHUN JjIs CHCTEM BUPTYAJBHOU peasbHOCTH. Pabora ObLia
peaJsim3oBaHa Ha si3blke TporpamMmmMupoBanus C +-, J7Is BU3yaJn3aiinu MOJIeJN ObLTa NCIIOIb30BaHA,
oubsimoreka OpenGL u s Busyasmsanuu MOJIEJUM B BUPTYaJbHON Cpejle HCIOJIb30Bajiach
o6ubsimorexka OpenVR B jmonosinennn ¢ nporpammoit SteamVR. Co3nanHblil MOJLYJIb BU3YaJIU3AIMN
TpeOyeT MONKJIIOYEeHNs] CIeNUaJbHBIX O00OpYIOBaHUil Jjis pabOThl € BUPTYAJbHON CpEJOii,
TaKWX KaK IJIEM BHUPTYAJbHONW pPeajbHOCTH, 0Aa30Bble CTAHIMM W KOHTDOJUIEPBI. B KadecTBe
BXOJTHBIX JIAHHBIX JIJIsI IIPOPUCOBKY MOJIEJTH TIPEJJIOKEHBI TeOMEeTPUYIeCKHe JaHHbIe U (DU3NIECKUE
xapakrepuctuku moaesu B ¢popmare .GRDECL. Janusbiit popmar cosman dpupmoii Shchlumberge
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Eclipse u wucnosb3yercs Jjisi ONUCAHUS MOJEJUPOBAHUSA HEPTIHOTO MeCTOpOXKAeHus. Daijibl
TaKoro popMaTa XpaHAT JIAHHBIE OLMCHIBAIONINE TPEXMEPHBIE MO/, cocTodmue u3 Ny X Ny X
N, sueex o Oz,0y u Oz, KOTOpbIE NPEJICTABISIOT CODON MCKAXKEHHBIE MapAJLICIICIIHITEIbI.
[IpenmyniecTBO IpUMEHEHUSI BUPTYAJBHON PEAJIBHOCTH IPH BU3YAJM3AIUU COCTOUT B TOM, UTO
JUIst HAOJIIOaTe sl BU3YAJbHOE BOCIPUSITUAS 3HAYUTEIBHO YJIyUIIAeTCsI, TAKXKe I[OIPYKEHUe B
BUPTYAJbHYIO CPEJLY COMPOBOXKIAeTCs 3(PPEKTOM MPUCYTCTBUSI. B BUPTYAJBHBIX 0YKAX KAYeCTBO
[IPOPUCOBKU OOBEKTA CYIIECTBEHHO OTJIUYAETCS OT TOrO, YTO MOYKHO HaOJIONATH HA IJIOCKOM
9KpaHe MOHUTOPA.

KuroueBble ciioBa: KoMIbioTepHas rpaduka, KOMIbLIOTEpHAsS AHUMAIlNs, MAITAHHAS T'paduka,
BupTyajbHas peasbHOCTh, OpenGL, OpenVR, meiinep, Busyanusaiusi, BU3yaau3aliusi CETOYHOM
MOJIEJIN.

Bupryanapl mbIHABIK >Kylie/iepite apHaJfaH MYHAall >koHe ra3 KabaTbIHbIH MO/IeJIiH >K9He

(busuUKaIBIK cUIaTTaMaIapbiH YII OJIIEeM/ Il BU3yaTu3aUsIay

Axwmen-3aku J1.2K., Xansikapasibik busnec Yuusepcureri

Ammarer k., Kazakcran, E-mail: Darhan. Ahmed-Zaki@kaznu.kz
Typap O.H., Os-®Papabu areiagarel Kazak YJITTHIK, YHUBEPCUTETI,

Anmarsr X., Kazakcran, E-mail: Olzhas. Turar@kaznu.ru

Paxeimosa A.P., On-®apabu areragarsl Kazak YITTHIK, Y HHBEPCUTET,
Aumvarsr K., Kazakcran, E-mail: Aktumar@mail.ru

Maxkasama BAPTyaJIbl IMIBIHABIK, KYileciHae MyHail »KoHe ra3 KabdaThl MOIEIHIH TOPJIBI
YIATUIEpiH Y eJimeM il BU3yaJu3aIusiayIblH, Herisri opekerrepi cunarrtaiaasl. 2Kymbic C
++4 GarmapJiamaay TTHAE iCKe achIpbLIIbI, Mojesbal Oeiinesey yimia OpenGL kitamxanacs
JKOHE BUPTyaJJbl OpTaja Mojebil Busyasmsanusiiay yiniH OpenVR — KiTanxaHacbl KoHE
KocbiMIna SteamV R, bariapiaMach! HailaaHbLIIbL. KYPhLUIFAH BU3YaIU3aIUsi MOILYJIl BUPTYAJIbI
opTajia KYMBIC iCTey VIINiH BHUPTYaJabl IIBIHIALIK, KO39UHeri, 0a3ajblK CTAHIUSIAD KOHE
KOHTPOJLJIEPJIED CEKIl apHANbI KaOIBIKTAPIBI KOCYIbI Tajal eremi. Mozensi Busyann3amnusiay
yirin kosmaubuiaTein siepektep peringe .GRDECL dopmaTbimarsl reoMeTpHUsIIbIK, JepeKTeD
JKOHE MOJIEJIb/IH (PU3UKAJIBIK CHUIaTTaMa apbl yebiHbLiaabl. Schlumberge Eclipse dwupmacoiven
kypouraln .GRDECL dhopMarsr MyHal KeH OPHBIHBIH MOJIEJIIH CUIIATTAY YIIiH KOJIaHbLIaIbl. By
dopmarTarer daitnmap Oz, Oy xkoHe Oz 6oibrHga N X Ny X N, yANBIKTapbIHAH TYPATHIH YIII
OJIIIIEM/Il MOJIEJIbJIi CUIIATTANTHIH JePEKTEPIl caKTaliibl. BUPTya bl MIBIHIBIKTHL A aIaHY IbIH
aPTBHIKIIBUIBIFEI — OAKBbLIAYIIBIHBIH, KOPHEKTI KaObLIAaybl afTapJbIKTail »Kakcapabl KOHE
OaKpLIayIIbl ©3re BHUPTYyaJ bl OPTaJa KaTbICy ocepiHe we 60s1a7pl. BupTyasmsl IIBIHIBIK
KO30iHErHIe 00bEKTIHI ChI3y Calachl TEric 3KpaHIbl MOHUTODJAFbI OeiHe/eyIeH aiTapIbIKTai
epeKIIesIeHe Ti.

Tyitin ce3gep: KoMmboOTEPIiK TrpaduKa, KOMIBIOTEDJIK AHUMAIUs, MAIIMHAJIBLIK, T'paduka,
Bupryasiapl  meHABIK, OpenGL, OpenVR, meiizep, Busyasmsaius, TOPJIbI MOJIEB/IIH,
BU3YaJIA3AIHACHL.

1 Introduction

Visualization is an integral part of science, which represents evident display of big arrays of
numerical and other information, which is an obviously possible thanks to computer graphics.
Currently, the computer graphics has a wide application, both in scientific activities and in
everyday life. In scientific activities the computer graphics helps to build the virtual three-
dimensional objects for the analysis of simulation results, presentation of work, etc. And also
this branch found the application in a pattern of computer games, for creating animated films
and special effects for movies.

There visualization in a format of the virtual reality, which demonstrates projects in
head mounted display (HMD) or in special rooms of virtual reality, is described. Today the
virtual reality founds the application in many spheres. For example, in science the virtual
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reality allows to plunge into the environment and in details to research different models. In
architecture the virtual environment considerably reduces expenses by replacing construction
of expensive products with an illustration of the virtual model, which also allows to research a
product and even to test different technical characteristics. The virtual environment, created
for trainings and preliminary training in spheres of education: piloting, driving or for military
tests, considerably reduces risk of different injuries and unnecessary expenses. Also, virtual
reality has found the application in medicine.

Virtual reality objects are as close as possible to similar objects in the real world. They
have a texture, material, behavior, close to reality, in case of collision with other objects and
it can be noted in case of interaction with an object, since in a virtual environment there is
the possibility of installing physics.

The paper describes a three-dimensional visualization of oil and gas reservoir model, which
is performed using OpenGL [1,2| library and with the known data in a format .GRDECL in
virtual reality system using OpenVR [3| library. For this purpose it is necessary to study the
geometrical basic data provided in a format .GRDECL and to create the tool to read the
following data: the volume, model coordinates, activity of the cells, physical characteristics of
model. Then it is necessary to consider the main possibilities of OpenGL library, of shading
programming language (GLSL) and to define spheres of their application and draw a three-
dimensional model within the developed program with computation on GPU. In conclusion
it is necessary to connect HMD, base stations, controllers and to make drawing of oil and gas
reservoir model with effect of presence.

2 Literature review

Nowadays there is a research laboratory "The Collaboration Centre which works on solving
problems of modeling and visualization [4, 5|. For this purpose the laboratory uses tools to
support applications for the virtual and augmented reality, which work at different platforms.
These tools include rooms and the head systems of virtual reality, sensor desktops, different
systems of tracking, etc. The research laboratory "The Collaboration Centre"works in differ-
ent directions; scientific programming, visualization, virtual reality consulting, display and
smart space consulting, etc.

“TechViz” company also works in the field of virtual reality [6]. The company is engaged
in different decisions for 3D — visualization, where the latest technologies are used. Also
they are engaged in development of technologies in the field of computer architecture, cluster
computing, etc.

The article [7] "A Collaborative Virtual Reality Oil & Gas Workflow"describes the re-
search in oil and gas branch, in particular marine engineering. This research considers the
visualization of marine engineering projects with use of the virtual reality technology. Also
the specialized web interface was created for users, where they could work jointly with oth-
er users, imitating workflow in virtual reality environment. As a result of the research, the
authors proposed their own version of the problem solution.

VR is used in many different science fields to improve human interaction with computa-
tions (8, 9, 10, 11].
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3 Materials and methods

3.1 Input data for three-dimensional visualization of the oil and gas reservoir model
and physical characteristics

There is a simulator called ECLIPSE, which is used to create hydrodynamic oil and gas field’s
models [12]. Source data of ECLIPSE is a plain text file, so they can be read out and used
for designated purpose by means of library intended for files. ECLIPSE has two formats of
a grid - .GRDECL and .EGRID, where the grid geometry is given in binary format. Format
.GRDECL, created by Schlumberge Eclipse, describes modeling of the three-dimensional oil
and gas reservoir consisting of N, x N, x N, of cells. The advantage of this format is to
minimize the volume of the used random access memory.

To draw a grid model the main files with geometrical data, which store arrays called
COORD, ZCORN, ACTNUM and an array that stores data about physical characteristics
of model - NTG are used.

e The COORD file provides the array of X, Y, Z coordinates of directing vectors for cell‘s
edges. The array of the size (N, + 1) x (N, + 1) x 6 contains (N, + 1) x (N, + 1) of
vertical or oblique needles, which in turn have 2 points (X1,Y1, 71, X2,Y2, Z2). On
needles, which are directing vectors, are located the vertices of cells.

e The ZCORN file provides the array Z coordinates of cell‘s vertices. An array of size
2N, x 2N, x 2N, contains values of coordinates on an Oz axis of eight peaks of cells.

e The ACTNUM file provides the array that determines the activity of cells. The array of
the N, x N, x N, size contains values 0 and 1, respectively mean inactivity and activity
of cells.

e The fourth file, named according to the title of the physical parameter, provides the
array, which defines color of each cell. The array of the N, x N, x N size contains data,
which are transformed to values on an interval [0, 1.

The used input data for testing of the developed program were obtained from real fields,
such as the model of East Moldabek section of the Kenbay field from JSC KazMunaiGas
Exploration Production [13], open data of the project “SAIGUP”. Also the test model “Sam-
ple” and MATLAB Reservoir Simulation Toolbox Models: Project Data Geological Storage of
CO2: Mathematical Modelling and Risk Analysis (MatMoRA) [14] and project data of "Sen-
sitivity Analysis of the Impact of Geological Uncertainties on Production"[15] were used.

3.2 Three-dimensional visualization of model and physical characteristics of oil and gas
reservoir by means of OpenGL library and the OpenGL Shading Language

The used OpenGL library [16] is the low level, hardware-independent program interface,
which makes visualization [17]. In other words, it is possible to define an object by specifying
the corresponding coordinates of all vertices, set color, interact with an object (rotate, reduce,
increase, move), determine the location of an object or position of the observer in three-
dimensional space. This interface has many sets of functions for defining operations and
commands necessary for visualization of three-dimensional objects.
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At the time of an application window creation the basic frame buffer is created, that is
area of graphic memory. OpenGL was designed as a state machine to update the contents
of the frame buffer. In fact, OpenGL is the finite state machine having different statuses. In
OpenGL states can be modified by controlling buffers, various options, and then to draw on
a certain context.

Using only OpenGL library leads to the fact that all work on a draw of frames is performed
by the central processor. Therefore the graphic accelerator was used for implementation of
the program, which gives an opportunity to write programs for computation the pixel‘s color
on the screen. To use a graphics accelerator, a program called a shader is used. Applying
shaders, it is possible to use most effectively all computing power of the modern graphic
chips. Shaders are programmed in the C programming language similar GLSL [18] language,
which is a high-level programming language.

Each shader must perform its mandatory work, that is, write some data and transfer
them further on the graphic pipeline. It is a small program consisting of vertex, fragment
and many other shaders and running on the GPU. There are several types of a shader:

e Vertex shader - performs transformation associated with vertex data, such as multi-
plying vertices and normals by a projection and modeling matrix [19], setting vertex
colors, etc. The compulsory work for a vertex shader is to record the vertex position in
the built-in variable gl Position.

e Geometrical shader - a shader that can handle not only one vertex, but also a whole
primitive. It can either drop the primitives, or create new ones, that is, the geometry
shader is able to generate primitives.

e Fragment shader - processes each received fragment at the previous stages of the graphic
pipeline. Processing can include such stages as: obtaining data from a texture, rendering
light, mixing miscalculation. Mandatory operation for a fragmentary shader is to record
fragment color in the built-in gl FragColor variable.

All objects in OpenGL are presented in the form of a set of graphic primitives: in the form
of points, lines and triangles. With use of these geometrical primitives and the subsequent
mathematical processing of basic data, as a result, it is possible to construct difficult screen
objects. Therefore for visualization of required model, it is necessary to create the instrument
to identify the coordinates of all vertices of triangles.

3.3 Virtual Reality System

Virtual reality (VR) represents the three-dimensional environment generated by means of
the computer, where the user can fully or partially immerse into this environment and in-
teract with it. The probable virtual reality supports the user’s sense of the reality of what is
happening. VR providing interaction with the environment is called interactive. Also there
is computer-generated VR and VR, available to a study, giving an opportunity to research
the big detailed world.

Today there are several types of the VR. One of them has effect of complete dipping in
probable simulation of the world with a high level of detailing. It uses a high-performance
computer capable of recognizing user actions and responding to them in real time.
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In addition special equipment connected to the computer is used, which create, output
the image and provide an immersive effect in the process of the environment research. During
operation HMD, base stations and controllers of the HTC VIVE model were used (fig. 1).
For interaction with the virtual reality was used the program interface OpenVR [20]. It was
developed for support of SteamVR technology and virtual reality equipment, where SteamVR
is the environment for performing virtual reality [21].

Figure 1: Headset - HMD, base station and controller of HTC VIVE

The used HMD consists of two small screens located opposite to each eye to which images
for the left and right eye are displayed; the system monitoring orientation of the device in
space; the blinders preventing hit of external light. Screens show the stereoscopic images
which are slightly offset from each other, providing realistic three-dimensional perception.
HMD also contain the built-in accelerometers and position sensors. The most important
thing in the system of this type — the accuracy of tracking operation, when tracing turns of
the head for correct output of the corresponding image to displays.

There are special devices for interaction with the virtual environment - controllers. They
contain the built-in position and motion sensors and also buttons and scrolling wheels, as at
a computer mouse. With OpenVR library it is possible to connect controllers for interaction
with objects in the virtual space. For convenient use of controllers by developers was entered
an object controller, which creates even more realistic effect of presence by drawing the
identical controller in the environment. In case of connection of these devices on the screen
and HMD it is possible to observe how this object moves to identically real movements of
controllers.

The realized program as a result gives three-dimensional model of oil and gas reservoir in
virtual reality system (fig. 2 - 3). A cube (3 x 3 x 3) was chosen as the initial test model.

After visualization, it is possible to add various transformation functions for three-
dimensional objects. In graphic programming these functions of interaction are used quite
often. They allow examining in detail the drawn object from all sides by moving, increasing or
rotating. The idea of this method consists that all transformations are presented in the form
of matrixes, where they are multiplied among themselves and then coordinates of vertices
are multiplied by a final result. In the program these conversions are carried out in parts of
the visualization with use of projection matrixes for the left and right eye, tracking of the
position of HMD and controllers. To interact with drawn model it is necessary to use the
following formula, where current position of HMD, controllers and a projection of the left
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Figure 2: The constructed cube (3 x 3 x 3) in the virtual reality system. Projection of the
image from the virtual reality glasses on the display. The display shows two frame buffers for
the left and right eyes with different angular displacement of the image

Figure 3: The constructed cube (3 x 3 x 3) in the virtual reality system. Example of display
of model in the head mounted display

and right eye can be received by means of special functions in OpenVR library.
M = Projection x View x Model (1)

M — transformation matrix; Projection = Get ProjectionMatrixz(nEye, nearClip, farClip)
— projection matrix for specified eye; View = HM D Position™! — inverse HMD position
matrix; Model = Model,., — matrix transformer, which is solved using the formula (5).
Formula (5) is calculated using a well-known mathematical expression. To obtain a new
transformed matrix, the transformer matrix T and the current matrix are used (2, 3).

Model,e., =T x Model,q (2)

Controller Positione, = T x Controller Positiong (3)

Controller Position,y — current controller position matrix; Controller Position,e., — new
controller position matrix. Next, to find an unknown matrix Model,,, using equation (4),
we derive formula (5).

T = Controller Position,, x Controller Position_} (4)

Model,,e,, = Controller Position,e, X ControllerPositionO_lé x Model,q (5)
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It is known that for transformation (rotation, displacement, scaling) it is necessary to multiply
the resulting matrix by the starting point, where it is changed to the vector (z,y, z, w), adding
the new parameter w. If w = 0, then this direction, if w = 1, then this vector is a position in
space (fig. 4).

Xnew = M X4 (6)

X g — current position vector of the model; X,,.,, — new position vector of the model.

s s

Figure 4: Connection of controllers

4 Results and discussion

For testing of the realized program different reservoir models were used. Figures 5 — 13
provided visualization of models with use of OpenGL in virtual reality system:

e Model of East Moldabek section of the field Kenbay with JSC “KazMunaiGas Explo-
ration Production” (fig. 5 and 6), cell‘s quantity of complete model —36 x 77 x 33 [13].

e MATLAB Reservoir Simulation Toolbox. [17] Data of the "Geological Storage of CO2:
Mathematical Modelling and Risk Analysis"(MatMoRA) project, cell‘s quantity of com-
plete model — 100 x 100 x 11 (fig. 7 and 8) and cell's quantity of second complete model
~ 100 x 100 x 21 (fg. 9) [22].

e Test model of layer — Johansen, cell’'s quantity of complete model — 149 x 189 x 16
(fig. 10)

e MATLAB Reservoir Simulation Toolbox. Data of the project "Sensitivity Analysis of
the Impact of Geological Uncertainties on Production"(fig. 11), cell‘s quantity of com-
plete model — 40 x 120 x 20 [15].

e Sample models, cell‘s quantity of complete model — 33 x33 x 11 (fig. 12) and 67 x49x 10
(fig. 11).
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Figure 5: Test model of the field Kenbay, visualized in the virtual reality system

Figure 6: The edited model of the field Kenbay, visualized in the virtual reality system

In these figures, it is possible to watch an image projection from HMD to the monitor screen,
where two frame buffers for the left and right eye with an angular displacement of the image
are displayed. The figures also show a controller which carries out the control of test models
of an oil and gas reservoir.

The developed program uses the graphic accelerator that helps to create more difficult
objects, to add different matrixes for interactivity of application, to superimpose operation
on GPU, at the same time reducing loading of CPU. However the developed program spends
a certain amount of time for reading of large volume of data, with later processing of the
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Figure 7: Test model of layer from MATLAB Reservoir Simulation Toolbox, visualized in the
virtual reality system

Figure 8: Test model of layer from MATLAB Reservoir Simulation Toolbox, visualized in the
virtual reality system

acquired information for loading in the buffer, which means that this part of work is performed
by the central processor.
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Figure 9: Test model of layer from MATLAB Reservoir Simulation Toolbox, visualized in the
virtual reality system

Figure 10: Test model of layer Johansen, visualized in the virtual reality system

5 Conclusion

The paper describes the main actions for developing an application, which represents three-
dimensional grid model of oil and gas reservoir on VR headset, with necessary use of the
appropriate equipment. The advantage of using virtual reality consists in improving of visual
acceptability and dipping in the virtual environment with effect of presence. In VR headset
display the quality of drawing of an object significantly differs from what can be watched on
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Figure 11: Test model of layer from MATLAB Reservoir Simulation Toolbox, visualized in
the virtual reality system

Figure 12: Test model of layer — Sample, visualized in the virtual reality system

the plane screen of the monitor. Also it is worth noting that in headset display it is easier to
notice different errors, small details, which are difficult for noting out in a 2D format. This
work also gives an opportunity to interact with the drawn model by means of controllers in
real time that many times improves perception of the events. With use of OpenGL library
there is also a possibility of interaction with model by means of a computer mouse. However
the virtual reality and interactivity of operation by means of controllers has big advantage
over primitive visualization with control of a mouse, since realistic images are created in the
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Figure 13: Test model of layer — Sample, visualized in the virtual reality system

virtual environment. They imitate physical presence for the user that leads to the effect of
full presence.

6 Future work

In the future, it is planned to use the Vulkan standard, which was created to reduce the load
on the central processor. It is also planned to add the user interface (UI), visualization in
augmented reality system (AR) and in mixed reality system (MR).
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The initial hype around massive open online courses (MOOCs) already subsided, but the number
of new learners in MOOCs platforms is still growing. Due to low completion rates in the MOOCs
compared to enrolled students it is important to establish and validate quality standards for these
courses. Employing of educational data and learning analytics to improve lesson plans and course
delivery become an innovative approach for teachers, curriculum developers and policy makers in
education. Learning analytics of online courses can be also used for enhancement of classroom
teaching by blending online and face-to-face learning models.

This work presents some observations about the behavior of students, obtained by analyzing
the data generated during delivery of 13 MOOCs. Besides classification of learners by analysis
their activity data, other interesting characteristics about platform learners like demographic,
gender and level of education are described. The results indicate that the quality of interpersonal
interaction within a course relates positively and significantly to student scores.

Key words: MOOC:sS, learning analytics, educational data, online learning, blended learning.

Qui-®apabu ar. Kaz¥YVY-uing MOOK nsnardopmaceiaga 6isgimv 6epy majstimerrep MmeH
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Kammaii ambik omnaitn kypcrap (2KAOK) asramkpr gypiikie temengem, 6ipak ZKAOK
wraTOPMACHIHIAFBI YKAHA CTYJAEHTTED CaHBI dJii Jie ocin Kejemi. TipKearen cTyIeHTTep CAaHbIMEH
caspicthiprafga, 2AKAOK-1er askraymbiap Gipimama a3 GoJFAHIBIKTaH, OYJI KypCTapible Cara
CTAHJAPTTAPBIH KYPACTBIPY JKoHE OeKiTy MaebI3fbl KajaMm Oosbin Tabbuiaael. OKy KoCHaphbl
MEH OKY KYPCTapbIH KETLIAipy VIIiH OuLriM 0epy JepeKkTepiH »KoHe aKIapaTThIH TaJaay bl
KOJIZIaHy OKY OarmapJsiaMaJjiapblH o3ipJieyliijepre xoHe 0i1iM 6epy casicaThblH KYPaCThIPYIIbLIAPEA,
WHHOBAIUSJIBIK, TOCIT O0Jtbin Tabbuta bl. OHIANH-KYPCTHIH J€PEKTEPIH TAIIAYIbl KAITBIK THIKTAH
JKoHE JI9CTYDPJ OKBITY MOJEIbJIEPIH apajacThIpy apKbLIbl OKY IIPOIECiH KeTIipy VIIiH
naiaIaHbLIy bl MYMKIH.

Byn wmakanama 13 2KAOK-ra kunakTagran JgepekTepii TaJjjay apKbLIbl ajbIHFAH KypC
KaTBICYIIBLIAPBIHBIH 1C-9peKeTi TypaJibl Keiibip 3eprreysep kesripiired. Horwmkenep KypCThiH,
immingeri e3apa KapbIM-KaTBIHACTBIH CATIACHI CTYACHTTED YIITiH OH, *(KOHE MAHbBI3/Ibl €KEeHIH KOPCETEI].
Tyitia cesgep: ?KAOK, akmaparrsiH capantamachl, 6iiM Gepy MaJjiiMeTTep, OHJIAMH OKBITY,
apapJsiac OKBITY.

OGpa3zoBaresibHble JaHHbIE U aHAJUTHKA 00y4deHus: Ha miiardopme MOOK KaszsHY um.
anb-Papabu
Amnvikanos E.C., Yausepcurer Mex1yHapoaHoro o6usueca, Ajmarsr, E-mail: aermek81@gmail.com
Mamncyposa M.E., Kazaxckuii HarmoHaIbHBIH yHUBEpCUTET M. ajib-Papabu, AMATHI,
E-mail: mansurova0l@mail.ru
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HauaspHbIi a)KnoTask BOKPYT MaCCOBBIX OTKPBITHIX OHJaliH Kypcos (MOOK) nomen Ha cras, HO
qucio HOBBIX yuamuxcsi Ha mardopmax MOOK Bce eme pacrer. M3-3a HU3KEHX IOKa3arTesiei
zapepirennst MOOK 1o cpaBHEHHIO C 3aperuCTpupOBaHHBIMHU CTYJIE€HTAME, BAXKHBIM 3ITAIIOM
SABJISETCsl YCTAHOBJIEHNE U YTBEPXKIEHNE CTAHIAPTOB KAYeCTBA I 9TUX KypcoB. Vcmosib3oBanne
00pa30BaTE/IbHBIX JIAHHBIX W AHAJMTHKA OOYYEHWs I YJIydIIeHWs IJIAHOB YPOKOB U
[IPEJIOCTABJICHUST KYpPCOB CTAHET WHHOBAIMOHHBIM IIOJIXO/IOM JIJIsI y9HUTesel, pa3paboTInKOB
yueOHBIX IpOrpaMM U IOJUTUKUA B objacTu obOpasoBanmsi. AHajmTuKa OOydeHWs OHJIAH
KyPCOB MOXKET OBITh WCIOJIb30BAHA, I YJIydIleHus 00Pa30BaATEIBHOIO MPOIECCa CMEIMBAHTEM
JIMCTAHITMOHHBIX W TPAJUIINOHHBIX MOJEseil 00y IeHumsl.

B mammoit pabore mpencTraBieHbI HEKOTOPBbIE HAOJIIONEHWSI O TMOBEICHUM CJIyIIaTeaeil KypcoB,
[OJIyYeHHBIE IIyTeM aHaJn3a JAHHBbIX, HakomuieHHbIX 1pu mposegernn 13 MOOK. Pesynbrarsr
[TOKa3bIBAIOT, YTO KadeCTBO MEXKJIUYHOCTHOIO B3aUMOJIEHCTBUSI B paMKax Kypca HMeer

[IOJIOZKUTEILHBIA U CyIIEeCTBEHHBINH XapaKTep s yUalluxcs.
Kurouessie caoBa: MOOK, ananu3 obydenusi, oOpa3oBaTejibHBIE JaHHBIE, OHJIAWH OOyJeHUe,

CMeIIaHHoe 00y UIeHue.

1 Introduction

In 2012, Massive Open Online Courses (MOOCs) made a real sensation in the higher edu-
cation sector, providing open access through the Internet to the best courses from the best
professors and universities of the world [1]. For the last 6 years the number of MOOCs and
open education platforms has continuously grow around the world. These MOOCs platforms
are developing together with universities evolving into a new market of higher online educa-
tion providing massive online specializations, credentials and academic degrees [3]. If we look
at the numbers, now there have been released more than 7,000 online courses (Figure 1) from
above 750 universities and institutions, which are located in more than 40 MOOCsSs resources
where up to 60 million users are enrolled [2]. This numbers are given only according to the
data of the Class Central MOOCs aggregator where many other online courses and providers
are not taken into account.

The Learning Management System (LMS) allows to collect detailed information about
the users’ activities and interactions with course content during the learning in the online
course. These data are actively used by researchers to improve the quality of educational
resources and improve the content of online courses, as well as a deeper understanding of the
learning process in online format and other practical purposes (see e.g., [4], [5]). In addition,
the accumulated data is sufficiently large to facilitate the development of intelligent LMS and
new methods of active learning in the future.

One of the negative indicators of MOOCs is a large dropout rate [6]. But in many cases
they do not take into account the fact that learners participate in the MOOCs with different
initial intention and motivation [7]. If the traditional university courses are mainly attended
by full-time students whose main activity is studying, then MOOCs participants are mostly
employed people with tertiary education [8]. According to statistics it is known that for in
MOOCs about half enrolled students never engage with any of the content [9]. Most of the
students do not reach the end of the course due to lack of time or lack of digital and learning
skills for studying by online courses [10]. Therefore, the classification signed up for MOOCs
students in their initial motivation will help determine the exact causes of failure and to
understand how to improve the course to achieve their goals.

In this paper we try to describe some finding about our MOOCs learners and classify
them by their activities. Also we try to answer to the following questions:
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Growth of MOOCs

\NO COURSES

2012 2013 2014 2015 2016 2017

Figure 1: Growth of MOOCs number from 2012 according to Class Central data [3]

1. What is the motivation of each MOOCs learner?
2. How they interact with each other and teaching staff?
3. What they should do to successfully finish the course?

This findings and question answers can help to understand MOOCs developers and providers
how improve course content, schedule and delivery methods, also policy makers and admin-
istration of universities can evaluate of MOOCs potential to include in academic process in
appropriate blended learning model.

2 Literature Review

Several investigators (e.g. [11], [12]) expect that MOOCs can play an important role in
future of global education system and even change it. The popularity of MOOCs has made
a high volume of learner data available for analytic purposes. A number of scientists began
to perform relative researches based on MOOCs data recently, which mainly focus on two
aspects. The first is how to improve the MOOCs platform in personalization or to provide
new features for both learners and instructors. For example, J. J. Williams and B. Williams
[13] investigated how varying reminders and resources sent through emails to participants
influence their use of course components like forums and their overall outcomes. C. Shi et al.
[14] introduce VisMOOC, a visual analytic system to help analyze user learning behaviors
by using video clickstream data from MOOC platforms. Kennedy et. al. [15] analyzed the
relationship between a student’s prior knowledge on end-of-MOOQOC performance.

The second aspect is to explore cognitive rules of learner by analyzing learning behavior
and therefore to predict their following actions such as whether he will fall out the course.
Predicting student performance in MOOCs is a popular and extensive topic. Kizilcec et
al. |[16] presented a simple, scalable, and informative classification method that identifies
a small number of longitudinal engagement trajectories in MOOCs. Learner classification
can be fulfilled by different criteria. Researchers from Stanford [17] divided learners into
five categories by analyzing learning activities such as viewing a lecture and handing in an
assignment for credit: Viewers, Solvers, All-rounders, Collectors, and Bystanders. Researchers
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from MIT [18] divided learners into four types based on whether or not they participated in
the class forum or helped edit the class wiki pages: passive collaborator, wiki contributor,
forum contributor, and fully collaborative.

Many researchers’ works based on Person-Course Dataset AY2013 [19] which is provided
by HarvardX-MITx (e.g. [20]) and others used CAROL Learner Data [21]| by Stanford Uni-
versity (e.g. [22]). In this work we used learners data which collected during providing online
courses in the Al-Farabi KazNU’s own MOOCs platform [23].

3 Material and methods

3.1 MOOCs by Al-Farabi KazNU. Data Description

In 2014 al-Farabi KazNU became the first from Kazakhstani universities, which have joined
the MOOCs movement and began work on producing own online courses. Initially, as the
target audience was selected prospective students: graduates from secondary schools, stu-
dents of vocational schools and colleges. Since the project was an initiative, funds for the
development and delivery of courses was not provided. Despite the high teaching load and
other professional duties of teaching staff we found and revealed among them enthusiasts and
volunteers, which agreed to create courses in the new format.

In 2015 al-Farabi KazNU launched the first MOOCs for high school and undergraduate
students. Since then we have developed, tested and implemented in the educational process
of the University more than 35 courses in Kazakh, Russian and English. Currently on our
website for open education registered more than 12 000 users and over 7 000 of them are
actively studying the provided courses. Over the past years to KazNU MOOCs was enrolled
about 7 200 learners: 6 624 from Kazakhstan, 432 from other countries of CIS, 42, 58 and 43
from EU, Asia and other countries respectively.

In the table 1 there are demographic characteristics of the platform learners. As you can
see in he table most of learners are females, under the age of 25, with bachelor or associate
degree. Average age of learners is equal to 25.2 and median age is 21.

Table 1: Demographic characteristic of learners (None means not provided)

Age between Male Female None All
under 25 1768 3 103 9 4 880

25 and 35 315 735 1 1051

36 and 50 173 650 0 823

over 50 92 231 0 323

None 37 78 7 122

Level of education

Doctorate 108 285 0 393
Master’s degree 314 922 3 1239
Bachelor’s degree 1187 2 458 1 3 646
High school 669 864 4 1537

Other 107 268 9 384
Total 2 385 4 797 17 7 199

Before the launch of the course, various marketing events were held to gather as much as
possible the audience of learners. Most of the courses were conducted in the framework of

Becrauk KasHY. Cepusi maremaruka, Mexanuka, nadopmaruka Ne3(99) 2018



110 Alimzhanov Ye.S., Mansurova M. Ye.

programs for the refresher courses of teaching staff from universities and secondary schools.
All certificates provided freely. That is why learners had very high motivation to get certifi-
cates and many courses have high completion rates than in usual MOOCs. In the table 2 the
most popular courses are listed, where the number of successfully completed a course learners
as well as external students from this number are indicated. Here external means MOOCs
students from other institutions.

Table 2: Most popular online courses by Al-Farabi KazNU

Title of the course | Language | Enrolled | Completed | External
Management English 699 508 212
Selected Issues of Inorganic Chemistry Kazakh 450 169 90
Biophysics Russian 186 32 32
Branding Kazakh 405 206 109
Ethnography of the World Nations Kazakh 326 177 41
Al-Farabi and Modernity Kazakh 993 535 341
Constitutional Law of the RK Russian 1028 650 318
Conflictology Russian 129 68 45
Law Enforcement Bodies of the RK Russian 370 107 46
Statistics Kazakh 510 190 121
Probability Theory Russian 553 125 25
Solving Physical Problems with prof. Russian 725 68 12
V. Kashkarov
Methods of Ethnological Research Kazakh 454 276 109

Total | 146+6 | 6828 | 3111 | 1501

The dataset collected from this courses (about 3 GB of JSON and CSV data) is used
for analyzing users activity and classify them by their behavior. Initial row data is analyzed
and reduced to 10% of original volume by dropping the insignificant attributes, personal
data and the records with inconsistent and administrative information. Then we performed
denormalization of the tables (users, enrollments, certificates and tracking logs) to get one
universal table with the records where the most informative attributes collected. Below the
attributes of cleaned dataset and their description are described: user id: deidentificated id
number of user; course id: id of the courses; viewed: anyone who accessed the ‘Courseware’
tab; explored: anyone who accessed at least half of the chapters in the course content; certified:
earned or not a certificate; level of education; gender; year of birth; grade: final grade of the
course, ranged from 0 to 1; start time: date of course registration; last time: date of last
interaction with course, blank if no interactions; nevents: number of the interactions with
the course; ndays act: number of unique days student interacted with course; nvideo plays:
number of play video events within the course; nchapters: number of chapters with which
the learner interacted; nforums: number of posts to the Discussion Forum.

3.2 Methodology

Due to the great diversity of learners in age, education background, region, motivation and
learning habits predicting of their successful course completing is a big challenge. Online
survey is a good option to recognize learners’ motivation, but most of them may not respond
to an online survey. Therefore, learning activities may reflect a learner’s motivation. The
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detailed records of learning activities in MOOCs platforms give us a chance to analyze a
learner’s motivation. Learners have different goals when following a MOOC. These goals are
reflected in their behaviour patterns when following the course. Hill [24] has identified five
categories of learners’ behaviour in a MOOC:

e No-shows: register but never log in to the course whilst it is active.

e Observers: log in and may read content or browse discussions but do not take any
form of assessment followed after videos.

e Drop-ins: perform some activity (watch videos, browse or participate in the discussion
forum) for a select topic within the course but do not attempt to complete the entire
course.

e Passive participants: view a course as content to consume. They may watch videos,
take quizzes and/or read discussion forums but generally do not engage with the as-
signments.

e Active participants: fully intend to participate in the MOOC and take part in dis-
cussion forums, the majority of assignments and all quizzes.

A recent study by Wang and Baker [25] has shown that participants who expected to finish
a MOOC were more likely to do so than participants who did not think they would complete
the course. This motivation in the category of “active participants” is a good predictor for
completing a MOOC. Although this finding is in line with the findings of other studies, the
authors concluded that further research is needed to gain more insight into the motivations
of MOOC participants and how these relate to MOOC design, in order to provide a learning
experience worthwhile for a large community of learners.

Figure 2 displays the learners which have some activity entries, mark above 0 and those
who obtained a certification. The average certification rate of 13 courses is 22,7%.

4 Results and Discussion

Figure 3 shows the average total activities and average video watchings of two group learners
with mark above and equal to 0. The difference between these two groups is apparently
huge especially in total events and activities. The average activities of learners with mark
above 0 are three times more than learners with no mark at least. If a learner wants to earn
certificate, he/she will spend more time on this course.

Based on the above analysis, learners can be divided into different categories according to
their activities. Learners in category Active participants have highest activities while learners
in category Observers have lowest ones. An activity index value was proposed to measure the
engagement of a learner. According to above statistics, if a learner spend more time (days)
in one course or with higher activities especially video playing events, he/she should obtain
a higher grade value, while if a learner enrolled on too many courses, the engagement in one
course will be less.

Understanding the reasons behind dropout rates in MOOCs and identifying areas in which
these can be improved is an important goal for MOOC development. Many widely-quoted
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Figure 2: Course statistics on active, mark above 0 and certified learners

dropout rates are calculated from baseline numbers which include registrations by people
who never engage with the course or who engage in their own way but without completing
assessments. Despite this, it is clear that many of those who do wish to follow and complete a
course are hindered by factors such as level of difficulty, timing and lack of digital and learning
skills. These problems become even more acute when MOOCs are proposed as a replacement
for traditional teaching (rather than just free, spare time activities) and particularly when
they are suggested as the means to close gaps in education.

5 Conclusion

Employing of educational data and learning analytics to improve lesson plans and course
delivery become an innovative approach for teachers, curriculum developers and policy mak-
ers in education. Learning analytics of online courses can be also used for enhancement of
classroom teaching by blending online and face-to-face learning models. In the figure 4 weekly
learners engagement in the course can be useful information for the teaching staff to apply
motivating posts or emails to learners when learners become inert. Also learning analytics
can help to identify flush of activity and reasons of occurrence which can help apply right
conducting strategy during the course delivery.

In this paper, we first made an analysis about learning behaviors of learners in MOOCs
and explored the differences and characteristic of learning behavior features between the
learners with different grades. MOOCs learning is one kind of high-level behavior, learners
may be influenced by many incentive factors of ultimate goal. The passing rate maybe not
enough incentive for some learners. Survey research has bolstered the notion that effective
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Figure 3: Average activities learners with grade above and equal to 0

learner—instructor and learner—learner interactions are critical to effective online learning and
concluded that increased interpersonal interaction within the framework of the course, either
with the instructor or with learner peers, positively affects student learning.
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Figure 4: Weekly learners engagement chart of ”Solving Physical Problems” online course
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This article presents the development of a hybrid parallel algorithm for solving the Dirichlet prob-
lem for the two-dimensional Poisson equation. MPI and OpenMP were chosen as the technology for
parallelization. For the numerical sequential solution of the Poisson equation, an explicit “cross”
scheme was used (the Jacobi iterative method). A parallel algorithm was implemented by the
method of decomposition of regions, namely, one-dimensional decomposition. In the article in the
form of tables and graphs shows the acceleration and efficiency of parallel algorithms using MPI
and OpenMP technologies separately and were compared with the acceleration and efficiency of
the MPI + OpenMP hybrid algorithm. Also, the choice of the hybrid program architecture is justi-
fied and the distribution of data between processes is explained. The results show the effectiveness
of using a hybrid algorithm for solving such problems and show the acceleration of time by 1.5-2
times. The presented algorithm was tested on a cluster of the computing center of the Novosibirsk
State University for a different number of points in the computational domain (from 64x64 to
1024x1024). The results of the presented work can be applied to the simulation of problems of
hydrodynamics, ecology, aerodynamics, the spread of chemical reagents, the propagation of heat
and other physical processes.

Keywords: high-performance computing, hybrid technologies, parallel computing, MPI, OpenMP.

MPI xone OpenMP Texnosorusisiapsl Heriziume Ilyaccon TeHaeyiH mrelnryre apHaJiFaH rubpu
napaJIesib/i aJropuTM Kypy
Kemxebexk E.T., On-®apabu arciagarsl Kazak YITThIK YHUBEPCUATETI
Amvarer k., Kazakcran, E-mail: kenzhebekyerzhan@gmail.com
Baproicosa C.B., Os-Qapabu areiagarel Kazak ¥YaTThIK YHUBEPCUTET]
Aumvarsr K., Kazakcran, E-mail: sandugash.baryssova@gmail.com
Nmankysios T.C., Oun-Papabu areiagarsl Kazak ¥YJITTHIK, YHUBEPCUTETI
Anmarer k., Kazakcran, E-mail: imankulov_ts@mail.ru

byn makamazma exi esmempi Ilyaccon rempeyi ymmin Jlupuxse Mmocesecin Imernnyre apHajraH
rubpuATI MapasuIesibii aJropuTM YCbIHBLIFaH. [lapasiesnsiey TexHoJorusickl peringe MPI »kone
OpenMP ramnanger. [lyaccon TeHaeyiniH caHIbIK KY€/l MerriMi YITiH aflKbIH «KPEeCT» CXeMAaChI
KoJaHbLIIb(SIko6u urepanusiibik oici). Iapasuiesbai ajropuT™M OGJIBICTHL JIEKOMIIO3UIUSLIAY
omici OoibIHITA Ky3ere achIpbLIAbl. Makagaga TapasiiesbIi aJrOPUTMIEPIiH, YIAeyl KoHe
THiMIiTiri  KecTesmep MeH TrpadurTep TYpiHIAE KOpCETIIreH KoHe THOPHWIATI aJrOPpUTMHIH
yaeyl »koHe THIMILIrIMEeH cajbicThipyaap Kypriziial. Conpaii-ak, rubdpuaTi Oarmapiama
apXUTEKTYPaChlH TaHjay cebebl »KoHe IPOoIecapaJsblK, JePEeKTEPIiH, YJIeCTipiiyl TyCiHmipiiesd.
AJtbiHFaH HOTUIKEJIED, TUOPUITI AJITOPUTMJI OCHIFAH YKCAC ecernTepie KOJJIAHY THIMJI eKeHiH
JKOHEe YaKBITTBIH Kemesmerinyi 1,5-2 ece aprarsiabi kepceremai. By amropurm HoBocubupck
MemitekeTTiK YHUBEPCUTETIHIH €CenTeyill OpPTAJBIFBIHBIH, KJIACTEPIH/E ecerTey OOJIBICHIHBIH
oprypai Hykresepinge (64x64-ten 1024x1024-re geiiin) ceamgpl.  ZKacasraH KyMBICTBIH,
HOTUKEJIEPIH TUJIPOTUHAMUKAHBIH, SKOJOTUAHBIH, a3POJIMHAMUKAHBIH, XUMUSIBIK, PEATCHTTEPIiH,
TapaJlybIHbIH, 2KbLIy Me€H 0acKa Jda (QU3KNKAJIBIK YP/IICTEPiH TapajyblHBIH MOCEeJeIepiH
MOJIEJIBIEYTE KOJIIAHYFa OOJIAIbI.

Tyiiin ce3mep: Korapbl OHIMII ecenTeysep, THOPU TEXHOJIOTUIIAD, HMapasIe/ibIl ecenTeyaep,

MPI, OpenMP.
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Paspaborka ruGpuasoro napasuienbuoro aiaropurma (MPI4+OpenMP) nis peruenust
ypaBHeHnus Ilyaccona
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Nwmankynos T.C., Kazaxckuit HAIlMOHAJIBHBINA YHUBEPCUTET UMEHU aJib-Papabu

Anvarer, Kazaxcran, E-mail: imankulov_ts@mail.ru

B nmannoit cratbe mpejcTaBiaeHa pa3pabOTKa THOPUIHOTO TAPAIETHHOTO AJTOPUTMA  JIJIs
pemenns 3aja4uu Jlupuxie jjsi 1ByMepHOro ypapHenus Ilyaccona. B kayecTBe TexHOJOrUU J1Jist
pacnapaJuienuBanust 6but BoiOpansl MPI m OpenMP. [Insa guciaeHHOTO IOC/IEI0BATEILHOIO
peltenusi ypaBHeHus IlyaccoHa HCHOJIB30BAJIACH SIBHAs CXEMa <«KPeCT» (MTEPAIMOHHBIA MeTO.I
$kob6u). [TapasuienbHblil aaropuTM ObLI PEATM30BAaH METOIOM JIEKOMIO3uIpeli obacreil, & MMEHHO
OJIHOMEpHAas JeKoMIo3uiius. B crarbe B Buzge Ta0daul[ u rpadUKOB IIOKA3AHbI YCKOPEHUS U
3¢ HEKTUBHOCTH TapaJIIeJIbHBIX AJOPUTMOB IIpHU wuciojb3oBanun rTexaosoruii MPI u Open-
MP mo otmenpHOCTM U OBLIN CpaBHEHBI C YCKOpeHHeM U 3(M(OEKTUBHOCTHIO TUOPUIHOIO
agropurma MPI + OpenMP. Tak ke, 060cHOBaH BBIOOp apXUTEKTYpPbI THOPUIHON MIPOrpaMMBbI
U OOBbSICHEHBI PACIPEIETEHUS MTaHHBIX MEXKIy Iporeccamu. llosiyueHHbIe PE3yIbTATHI TOBOPSIT
00 3(MDEKTUBHOCTH WCIOJH30BAHUS THOPUIHOTO AJTOPUTMA JJIsi PENIeHus TOI0OHBIX 3a/1at
7 TIOKA3bIBAIOT yCKOpeHme BpemeHu B 1,5-2 paza. IIpencraBiieHHBIH aJropuTM IPOTECTHPOBAH
Ha KJIaCTepe BBIYUCIUTEIbHOrO IeHTpa Hosocubupckoro locymapcrBeHHOro YHUBEPCUTETA JIJIsT
Pa3JIMYHOIO KOJMYECTBA TOYEK pacdernoil obgactu (ot 64x64 mo 1024x1024). Pesysbrars
[IPEJICTABJICHHON PAbOTHl MOXKHO IPUMEHUTb [JIsi MOJEIUPOBAHUS 337ad THUIPOINHAMUKH,
9KOJIOTUW, ad9POJNHAMHUKH, PACIPOCTPAHEHNE XUMHUIECKAX PEAreHTOB, PACIPOCTPAHEHUE TEIlIa U

Apyrux U3MIECKUX IIPOIECCOB.
KiroyeBble  cjoBa:  BBICOKOIPOU3BOAUTEIbHBIE  BBIUNCIEHUS, T'HOPUIHBIE TEXHOJIOTHH,

napaJsuieabable Boraucienusi, MPI, OpenMP.

1 Introduction

Currently, parallel programming and high-performance computing systems are relevant in
various fields of science and technology. High-performance computing uses parallel technolo-
gies, such as MPI, OpenMP and CUDA. The greatest productivity can be achieved by cre-
ating hybrids of the above technologies. The most high-performance, under a certain range
of tasks, will be the merging of CUDA, MPI and OpenMP technologies into a single whole.
Therefore, at present the development of hybrid parallel programs is very relevant.

The most complex of the parallel types are hybrid tasks. Particular interest to them is
the trend towards the use of multi-core architectures and SMP-clusters for high-performance
computing. One of the most effective programming approaches for such clusters is the hybrid,
based on the combined use of MPI and OpenMP. The hybrid approach assumes that the
algorithm is split into parallel processes, each of which is itself multi-threaded. Thus, there
are two levels of parallelism: parallelism between MPI processes and parallelism within the
MPI process at the thread level [1].

2 Literature review

There are many works devoted to the research of the MPI / OpenMP approach [2-4]. As
practice shows [5-7|, by consolidating MPI processes and reducing their number, a hybrid
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model can eliminate a number of MPI deficiencies, such as large overhead for message trans-
mission and poor scalability with an increase in the number of processes [8]. However, the
performance of a hybrid technology depends very much on the mode of its launch and exe-
cution, which determines the ratio of MPI processes and OpenMP threads on one computing
node [9]. Chan and Yang [10] argue that MPI can be more favorable with the scalability of
clusters. However, OpenMP can favor the speed of shared memory. In addition, the appli-
cation performance can be affected by the type of problem that is being solved and its size.
They show that the effect of MPI communication is the main weakness of this programming
model. And finally, they conclude that OpenMP prevails over MPI especially with using a
multi-core processor.

It is well known that the implementation of MPI for algorithms in which data is naturally
distributed across processes demonstrates very high efficiency (almost linear scaling in time
from the number of MPI processes). As it was shown, for example, in [11], in order to achieve
comparable performance on one compute node in the case of OpenMP implementation, it is
required to implement OpenMP using the concept on which MPI technology is based, but
taking into account the presence of shared memory on the node.

Hybrid parallel programming enables to explore the best that is offered by distribut-
ed and shared architecture in HPC [12]. Hybrid programming models can match better
the architecture characteristics of an SMP cluster, and that would replace message passing
communication with synchronized thread-level memory access [13-15]. However, the hybrid
programming model can not be regarded as the ideal for all codes [16, 17].

3 Materials and methods

3.1 Purpose of the work and formulation of the problem

The purpose of this work was the creation of a hybrid program that solves the two-dimensional

Poisson equation using Jacobi’s iterative method in the C ++ programming language using
MPI and OpenMP technologies.
The two-dimensional Poisson equation of the form:

0%u N 0%u

oz Oy?

Where x, y are the coordinates; u (x, y) is the desired function; f (x, y) is a continuous
function on a rectangular domain with Dirichlet boundary conditions.

= —f(z,y) (1)

fley) =201 —x)+2y(1-y) (2)
The Dirichlet boundary conditions for the problem under consideration are:

u(0,y) = 0;

u(l,y) = 0; (3)

u(z,0) = 0;

u(x,1)=0;
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3.2 Methods of solution

The most common approach for the numerical solution of differential equations is the method
of finite differences. Following this method, the solution domain is represented as a discrete
set of points [18|. For sampling internal grid points, a five-point pattern is used, thus using
the Jacobi method to perform iterations, the equation takes the following form:

U/Z_‘;l — O 25 (u?‘i'l, ] + U?_L j + uz j+1 + 'U/Z j—l + h2fl]) (4)

Here, u*! is a new layer of Jacobi iterations, and u? ;is the previous iteration layer. As

Z? J
shown in Figure 1, to calculate the value of each point of the new layer uZJrjl,

. . . : n n n n
values of four neighboring points of the previous layer u,; ;, wi ;, w11, uf ;4.

we need the

Figure 1: Jacobi method

3.3 Parallelizing a task in MPI

The first thing to solve when parallelizing such tasks is the way to share data between compute
nodes. In the problem under consideration for solving the Poisson equation, a tape scheme
was used to separate the data. With this division of data, the computing area can be broken
down into several horizontal bands. For each process that performs processing of any band,
the boundary lines of the previous and next bands were duplicated. The resulting enlarged
bands are shown in Figure 2 with dashed frames. Calculations in each band are performed
independently of each other and before each new iteration of Jacobi it is necessary to update
the duplicated boundary lines.

The exchange of boundary lines between processes consists of two data transfers. First,
each process passes its lower boundary to the next process and receives the upper boundary
of the line of this process. In the second case, the transfer of boundary lines is performed in
the opposite direction, that is, each process passes its upper boundary line to the previous
process and receives the lower boundary line from that process. For this operation, combined
reception and transmission of MPI SendRecv messages was used.

3.4 Parallelizing a task in OpenMP

When organizing the problem in question using OpenMP (Open Multi-Processing) technolo-
gy, the compiler directives were added to the sequential program code. Within this technology,
these directives are used to allocate several parallel areas in which processing is performed
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Figure 3: Exchange of boundary lines between processes

using threads. The processors used are multi-core, in order to optimally load all the kernels,
there should be several parallel threads in the program. The number of threads that are
specified in the program should not exceed the number of cores [19].

3.5 Hybrid method MPI + OpenMP

After creating parallel MPI and OpenMP algorithms, a hybrid method MPI + OpenMP was
developed for parallel computation. When creating a hybrid program, a suitable architec-
ture was considered to solve the problem under consideration and the advantages of each
technology were taken into account.

MPI technology is used to parallelize a task between SMP nodes for processes, which al-
lows using address spaces and processor computing resources. When performing calculations,
each node does not take advantage of the shared memory between the cores, so OpenMP
technology is used to parallelize the cores of each of these SMP nodes. MPI was run in a
clustered configuration that uses the computational resources of several processors and runs
several separate MPI processes on each used node [20].

The distribution of data between the processes was carried out using MPI, and parallel
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calculation of data within each of the processes was handled by OMP threads.

The architecture used is shown in Figure 4. This architecture has several modes for work-
ing with MPI processes and OpenMP threads. In a hybrid technology, the multiplication of
MPI processes and threads specified in the program should correspond to the total number
of cores used in the computer system. This is used to correctly load all the kernels. If you
exceed a certain number of threads assigned to each MPI process, this can lead to a collision
of threads between them. Thus, this will lead to an increase in the execution time of the
work.

As shown in Figure 4, for example, if we have two nodes with eight cores on each, the
multiplication of the processes and threads used should not exceed 16. This will ensure the
balancing of work between processes and threads.

4 MPI processes 16 MPI processes
16 MPI processes 4 threads / process 1 thread / process

HeEsfTesH HEE[REH F |

8 MPI processes 2 MPI processes
2 threads / process 8 threads / process

I_ _| I— || —‘ MPI process on the core

| | Master thread of MPI process

I_ ] _| l_ _| Threads of MPI process

Figure 4: The architecture of the hybrid program MPI + OpenMP

4 Results and discussion

All parallel programs were tested on the Novosibirsk State University (NSU) cluster, which
had 2 nodes available. Each node has two 4-core Intel (R) Xeon processor (R) CPU E5-2603
v2 1.80GHz. The tables show the averaged values of time based on several measurements.

Bectauk KazHY. Cepusa maremaruka, Mexanuka, uagopmaruk Ne3(99) 2018



122 Kenzhebek Y.G. et al.

Table 1. Time of parallel program execution using MPI technologies(p-process)

. . The execution time of the
o The execution time of the
Grid size sequential program. sec MPI parallel program, sec
’ p=2|p=4|p=8|p=16
64x64 0,11 0,099 | 0,092 | 0,1 0,13
128x128 1,41 0,9 0,59 0,49 | 0,52
256x256 17,08 9,12 5,1 3,81 2,88
512x512 176.6 90,3 47.3 28,82 | 191,2
1024x1024 | 1549,3 781,74 | 335,7 | 191,2 | 135.2
14

Intel(R) Xeon(R) CPU E5-2603v2 1.8
12 2 Inlndac

10 /K

g / X ——64x64
/ / —m—128x128

° //// —h—256x256

4

——512x512
2 - ~ a— = ——1024x1024
—- < —

1 2 4 8 16
Number of processes, P

Speed-up, S

Figure 5: Speed-up of parallel version of the MPI program

1,4
Intel(R) Xeon(R) CPU E5-2603 v2 1.80G
1,2 2 nodes
m 1 T T
= —o— 64x64
2 0,8 \s*
5 \ \\ —-— 128128
S 0,6
E \ \\\x —#—256x256
0,4 \\ ‘.\"l e 512%512
0,2 \\,.. —4—1024x1024
0
1 2 4 8 16
Number of processes, P

Figure 6: The efficiency of parallel version of the MPI program
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Table 2. Time of execution of the parallel program using OpenMP technologies (thread)

) ) The execution time of the
S The execution time of the
Grid size sequential program,sec(thread—1) OpenMP parallel program, sec
4 program, o thread=2 | thread=4 | thread=8
64x64 0,08 0,06 0,04 0,05
128x128 1,03 0,55 0,34 0,26
256x256 12,25 6,2 3,4 1,9
512x512 320,6 187.4 95,5 708,3
1024x1024 | 2317,3 1381,3 708,3 406,3
! Intel(R) Xeon(R) CPU E5-2603
6 1 IIUdC ZA(
5 e
‘;. 4 / —— 64x64
= —- 128x128
L]
;,1’ 3 —h— 256x256
2 — —512x512
1 ——1024x1024
0
1 2 4 8
Number of threads, thread

Figure 7: Speed-up of parallel version of the OpenMP program
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—t=—1024x1024
0
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Figure 8: The efficiency of parallel version of the OpenMP program
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Table 3. The execution time of the hybrid parallel program using MPI and OpenMP
technologies (p-process, thread-thread)

) . The execution time of the hybrid
o The execution time of the
Grid size . parallel program MPI + OpenMP, sec
sequential program,sec

(p—1) p=2, p=4, p=38, p=16,

P thread=8 | thread=4 | thread=2 | thread=1
64x64 0,11 0,1 0,08 0,095 0,12
128x128 1,41 0,69 0,43 0,42 0,51
256x256 17,08 5,65 2,87 2,81 2,96
512x512 176,6 53,4 23,4 19,45 21,73
1024x1024 | 1549,3 406,8 150,6 127,1 132,17

Based on the obtained data, the average speed-up and efficiency of parallel programs MPI
and MPI + OpenMP (Hybrid) were calculated for solving the Poisson equation. The results
are shown in Figures 9 and 10.

14

)\
|

/// 7 —4—1024x1024{Hybrid)
—8—512x512(Hybrid)
1024x1024(MPI)

/ ——=512x512(MPI)
2

Speed-up, S

\
\

Number of processes, P

Figure 9: Speed-up for parallel versions of programs

On the efficiency figure of the parallel MPI program, it is noticeable that at the number of
1024x1024 points the efficiency at four processes becomes higher than one. The main reason
for this is the total cache size available for the parallel program. With a large number of
processors (or cores), one has access to more cache memory. At some point, most of the data
fits into the cache memory, which greatly speeds up the calculation. Another way to take
this into account is that the more processors are used, the less data that each gets until this
part can fit inside the cache of a separate processor. For example, in our case, the cache
memory of the Intel (R) Xeon processor (R) CPU E5-2603 has 10 MB of capacity. And in
the Poisson problem under consideration there are 3 quantities of the double type. Therefore,
when executing the program on one processor, the data did not fit into the cache memory. And
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SN \
\ ——512x512(MPI)
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1 2 4 g 16
Number of processes, P

Efficiency, E

Figure 10: The efficiency of parallel versions of programs

when the program used all the processors in the computer system, each processor had a piece
of data that was placed in the cache memory, thereby ensuring speed-up of the calculation.
The resulting superlinear acceleration using hybrid technology MPI + OpenMP is ex-
plained by the fact that MPI processes and threads use all the performance of the cores
of the computer system. Because the threads assigned to each MPI process effectively use
the computing resources of several computers. This hybrid program uses MPI technology to
distribute data between processes, and OpenMP separates the iterations of the loop between
threads of the program. This ensured the acceleration of work on each compute node.

5 Conclusion

This work was devoted to the development of a hybrid program using MPI and OpenMP
technologies. Hybrid implementation of the program is more efficient when working with a
large number of nodes and using multi-core processors, because this hybrid technology has
the ability to use the cores of several computing nodes. The hybrid program MPI + OpenMP
for solving the Poisson equation accelerated the performance of the work by 1.5-2 times in
comparison with the MPI program.
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OIIBITA IIPEJINIECTBEHHUKOB COODIIaeTcsd O HaJuduu IpobJeMHON cuTyanuu (OTCyTCTBHE KaKUX-
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paborel. Ilesb ucciieoBanms CBsA3aHa € JOKA3aTEIbCTBOM TE3UCA, TO €CTh IPEJICTABIEHUEM IIPEIMeTa
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a TaK>Ke IIOJIHOI'O OIIMCAaHMA MCIIOJIB30BaHHBIX METOIO0B. XapaKTepI/ICTI/IKa njam oInrucaHue MaTepuaJia
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uccyeoBanus. B aToM paszene onucbiBaeTcs, Kak mpodsema Oblia u3ydeHa: nopobHasi mHMOpMAIus
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HEM HeOOXOJMMO IIPOBECTH AaHAJM3 Pe3yIbTaTOB CBOEHl pabOThl M 0OCYXKJIEHHE COOTBETCTBYIONIUX
pe3y/IbTaTOB B CPaBHEHUU C MPEIbIAYIIUMI PabOTaMU, aHAJIM3aMU U BBIBOJIAMHU.

10) Bakurouenue. OGoOmIeHNE U NOABEIAECHUE UTOrOB PabOTHI HA JAHHOM ITAlle; MOATBEPXKICHUE
WCTUHHOCTH BBIIBUTAEMOTO YTBEPIXKICHNs, BBICKA3AHHOTO AaBTOPOM, M 3aKJIOYEeHHe aBTopa 00
W3MEHEHNN HAyYIHOTO 3HAHWS C YIETOM IIOJYIEHHBIX PEe3y/JAbTATOB. DBBIBOJABI HE IOJKHBI OBITDH
abCTPaKTHBIMKA, OHM JOJI2KHBI OBITH HCIOJIHL30BAHBI JJIsT 0OOOITEHNsT Pe3yIbTaTOB WMCC/IEIOBAHUS B
TOW WM WHOU HaydIHON 00JIaCTU, C OIHMCAHUEM NPEJJIOKEHUIT MM BO3MOXKHOCTEH JlajIbHenei
paborel. CTpyKTypa 3akK/IIOUYeHUs JOJKHA COIEPXKATh CJIEIYIOIe BONPOChl: KakoBBI Tieaum u
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BO3MOXKHOCTHU BHEIPEHUS, IPUMEHEHUs pa3pabOTKN?!

11) Buaromapuoctu (ecsu umerorcs). Hanpumep: PaGora BblmosHeHa 1pu HOIJEpKKe IPAHTOBOIO
(UHAHCUPOBAHUSI HAYYHO-TEXHUIECKUX IIPOIPAMM U IIPOEKTOB MUHUCTEPCTBOM HAyKU U 0Opa30BaHUs
Pecny6iuku Kazaxcran (rpant «Hanmenosanue tembl rpantay, 2018-2020 rompr).

12) Cnucok smreparypsbi/References. (0o6a crucka, eciam craTbs Ha PYyCCKOM WU Ka3aXCKOM.
Eciu crarbs Ha aHIMICKOM, TO TOJBLKO OJIWH CHUCOK N0 cTuio Jukaro). CHHCOK UCHOIb3yeMOil
JmTeparypsl, win bubinorpadudeckuii ciiucok cocTouT u3 He Menee 30 HAMMEHOBAHUIT JINTEPATYPHI,
u u3 nux 50% Ha aHrINIICKOM A3bIKe. B cilyuae HAIMYIHA B CIIUCKE JINTEPATYPLI paboT, IPEICTABICHHBIX
Ha KHPUJUIAIE, HEOOXOJUMO MPEJICTABUTH CIMCOK JIUTEPATYPhl B JIBYX BapUAHTAX: IEPBBIH - B
OpHUrHHAJIE, BTOPOH - POMAHU3UPOBAHHLIM ajihaBUTOM (TpaHcauTeparys ). POMaHU3UPOBAHHBINA CIUCOK
JIUTEPATYPBI JIOJIZKEH BBIJISIZIETh B CjeyiomeM Buje: aBrop(-bl) (TpaHciaurepanus) —> Ha3BaHUE
CTaThby B TPAHCAMTEPUPOBAHHOM BAapHAHTE |[IEPEBOJ HA3BAHUS CTAThbU HA AHIVIMICKUN $A3BIK B
KBAJIPDATHBIX CKOOKax|, Ha3BAHME PYCCKOSI3BITHOTO MCTOYHUKA (TPAHCIUTEpANUs, JUOO AHTIHICKOE
HA3BaHUE - €CJIM €CTh), BBIXOJHbIE JaHHbIE ¢ O0O03HAYEHNSIMH HA AHTJIMHCKOM sI3bIKE (TOJ B KPYTJIBIX
ckobkax) —> crpanunpsl. Hanpumep: Gokhberg L., Kuznetsova T. Strategiya-2020: novye kontury rossi-
iskoi innovatsionnoi politiki [Strategy 2020: New Outlines of Innovation Policy]. Foresight-Russia,
vol. 5, no 4 (2011): 8-30. Cuucok aureparypbl npejcrasigercs no Mepe nuruposanus, u TOJIBKO
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Te paboThbl, KOTOPbIe IMUTUPYIOTCS B TekcTe. CCBUIKU Ha JINTEPATYDPY OMDOPMIISIOTCS B KBAJIPATHBIX
cKOOKax ¢ yKazanmeM HOMepa Jureparypbl. Ctuib odopmienus: "Crucok nureparypbl"Ha pyccKoM
n kazaxckoM s3bike coryacio I'OCT 7.1-2003 "Bubsmorpadudeckast 3amuch. Bubsimorpaduaeckoe
onmcanue. O6mue TpeboBaHus W UpaBuia cocraBieHus"(TpeboBaHre K W3JAHUSM, BXOIUSIIUX B
nepederb KKCOH). Crusb odopmienns "References"poMaHn3npoBaHHOTO CIHCKA JUTEPATYPHI (CM.
BBIIIE), & TAKYKE UCTOYHUKOB Ha aHIJIUICKOM (JPyroM MHOCTPAHHOM ) A3BIKE JIJIs €CTECTBEHHOHAY IHBIX
U TexHUYeCKUX HanpasJennii corsiacao Chicago Style (www.chicagomanualofstyle.org).

B nmannom pa3zzesne HEOOXOIUMO yUIECTh:

a) Ilurupyrorcst OCHOBHbIE HayuHble IYOJMKAIUN, [EPEJOBble METOJbl HCCJIEOBAHAS, KOTODHIE
[IPUMEHSIIOTCsI B JIAHHOM 00JIACTH HAYKU M Ha KOTOPBIX OCHOBaHa paboTa aBTOpA.

6) sberaiite upe3MepHBIX CAMOIUTUPOBAHUIA.

B) Usberaiite upesmepubix cebuiok Ha mybiaukanuu apropos CHI'/CCCP, ucnosib3yiite MUPOBOIi OMBIT.
r) Bubsmorpaduueckuii cnmcok JoirkeH cojepxkarb (DyHIaMeHTAJbHble U Haubosiee AKTYaJIbHbBIE
TPY/IbI, OIyOJINKOBAHHBIE U3BECTHBIME 3apPy0OeKHBIMU aBTOPAME U HCCJIEJI0BATESIMA 110 TEMe CTATHU.

6. 2Kypnan npumepKuBaercss €IUHOTO CTHUJIS WM IIOITOMY IIPEIbsBISAET Psili OOmmX TpeboBaHuWii K
odopmtennio pabor. Vexonublil (HeOTTPaHCIUPOBAHHBI) tex-haill JOKeH IIeJIMKOM [IOMEeIaThCs B
FOPU30HTAJIBHBIX PAMKaX 9KPaHa 38 BO3MOXKHBIM UCKJIIOUYEHUEM MATPUIL U TabJIAIL U TPAHCIUPOBATHCS
6e3 nporecroB IWTEX2e 1 cooOIIeHMIT 0 KPATHBIX U HEOIIPEJIEJIEHHBIX METKAX, OOJIBIINX [T€PEIIOJTHEHHBIX
U He3aIoJIHeHHbIX Ookcax. He ciemyer ompenesisitTh MHOINO HOBBIX KOMAH[I, M300peTasi COOCTBEHHBIH
cJIeHT. ABTOPBI MOTYT MOJINPY2KATh APYIHe CTAHIAPTHBIE CTUJIEBbIE TAKETBI, HO TOJBKO T€, KOTOPHIE He
BXOJISIT B IPOTHUBOpedne ¢ makeramn amsmath u amssymb. EcrecTtBenno daiisr, KpoMe BCEro mMpotvero,
JIOJKEH OBbITH MPOBEPEH HA OTCYTCTBHE I'PAMMATHYECKUX M CTHIUCTHIECKHX OMmOOK. Crarbu, He
V/IOBJIETBOPSIOIIIE ITUM TPeOOBAHUSIM, BO3BPAIIAIOTCS Ha JI0PabOTKY.

OTaJIoHHBI 00paser] paboThl ¢ JeMOHCTpalueil rpadukn, ¢ mpeaMOy/Ioil yCTpanBaloIeil PeIaKkIinio,
CIUCKU TUIWYHBIX OMMUOOK 0(POPMJIEHUsST U METOJIbI UX YCTPAHEHUSI MOYKHO MTOJIYIUTh B PEIAKIN WK
Ha caiire KasHY um. anb-®apabu http://journal kaznu.kz.

7. I'padudaeckne daitiabl ¢ pucyHKaAMU TOJKHBI OBITH TOJBKO KAYECTBEHHBIMA YepHO-0estbiMu B (hbopmare
.eps , OO0 BBITTOJTHEHHBIME B JIATEXOBCKOM (popmaTe. Pucynku B 3Tux popMarax JeIaioTcs, HallpuMep,
C TIOMOTIIHIO MOIIHBIX MaTemaTudecknx maketoB Maple, Mathematica wiu ¢ momombio makera Latex-
cad. KagecrBennbie rpacduueckue paitiibl clie/laHHbIE IPYTUME IPAPUIECKIMI ITPOIPAMMAMHY JTOJIXKHBI
OBITH CKOHBEPTUPOBaHbLI B (popmar .eps ¢ nomoibio Adobe Photoshop miu komeeprepa Conver-
sion Artist. Bce pucyHKEM JO/IKHBI OBITH y?Ke€ UMIOPTUPOBAHHBIMU B tex-hailyl U MpeIcTaBIIsIIOTCS
B PEIAKIMI0O BMECTE€ C OCHOBHBIM aitioMm crtarbu. |'paduiaeckme (OPMATHI,OTIUIHBIE OT BBIIIE
YKa3aHHBIX, OTBEPIaIOTCS.

Penaknust BopaBe oTKasaTbCs OT BKJIIOYEHHUsI B pabOTy PHUCYHKA, €CJIA aBTOP HE B COCTOSHUH
00eCIIeInTDh €ro HaJjIesKaliee KadecTBo.

YBarkaeMble UnTATEIH, BBl MOYKeTe MojnucaTbes Ha nam )Kypaaiu "Becrank KazsHY. Cepust maTemaruka,
MexaHuka, nHdopMmaruka’, kKoropbiii BKiodeH B karajgor AQO "Kasmoura""TASETHI U >KYPHAJIBI".
KomuuecTBo HOMepoB B ro — 4. HjieKe J1jist MHAMBULyaJIbHBIX HOIIIUCINKOB, IPEIIIPUITUA U OPraHU3aIUuil —
75872, monmucHasd 1ieHa 3a rof, — 1200 TeHre; WHAEKC JbIOTHON MOIUCKH JJIsI CTYJIEHTOB — 25872, moanucHast
IeHa 3a 1oj1 Jiyisd ctyaeHToB — 600 Tenre.
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