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1-6eaiMm Pazgen 1 Section 1
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Qualitative Behavior of the Solutions to Delay and Difference Euations

Ioannis P. Stavroulakis, Department of Mathematics,
University of Ioannina, 451 10 Ioannina, Greece,
Department of Mathematical Sciences, University of South Africa,
ipstav@Quoi.gr

It is noteworthy to observe that a first-order linear ordinary differential equation without delay
does not possess oscillatory solutions. Therefore the investigation of oscillatory solutions is of
interest for equations with delays or for the discrete analogue difference equations. Furthermore, the
mathematical modelling of several real-world problems leads to differential equations that depend
on the past history rather than only the current state. In this article conditions are presented
such that all solutions of delay and difference equations are oscillatory while all solutions of the
corresponding ordinary differential equations without delay are, for example, decreasing and tend
to zero. Equations with constant and variable arguments are investigated. Several examples of
delay and difference equations with applications to many sectors of life are presented.

Key words: oscillation, delay differential equations, difference equations.

1 Introduction

The oscillation theory of Ordinary Differential Equations (ODEs) was originated by Sturm
[26] in 1836. Since then hundreds of papers have been published studying the oscillation
theory of ODEs.

The oscillation theory of Delay Differential Equations (DDEs) was mainly developed
after the 2nd world war. It was during the war that the admirals and officers in Navy (Fleet)
observed that the ships were vibrating and asked the engineers and the scientists to solve the
problem. Investigating the problem of vibrations (oscillations) the scientists found out that
the equation which was to be taken into consideration was not an ODE (a usual equation
without delays) but it was a differential equation with delays.

In the decade of 1970 a great number of papers were written extending known results from
ODEs to DDEs. Of particular importance, however, has been the study of oscillations which
are caused by the delay and which do not appear in the corresponding ODE. In recent years
there has been a great deal of interest in the study of oscillatory behavior of the solutions to
DDEs and also the discrete analogue Delay Difference Equations (DAESs). See, for example,
[1-31] and the references cited therein.

The problem of establishing sufficient conditions for the oscillation of all solutions to the
differential equation

'(t) +p)x(T(t)) =0, ¢ > to, (1)

where the functions p, 7 € C([tg,00),RT) (here RT = [0, 00)), 7(¢) is non-decreasing, 7(t) < t
for t > ty, and lim;_,, 7(f) = oo, has been the subject of many investigations. See, for
example, [4-6, 8-12, 14-17, 19, 21, 22, 24, 28, 29, 31] and the references cited therein.
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4 Ioannis P. Stavroulakis

By a solution of Eq. (1) we understand a continuously differentiable function defined on
[7(Tp), 00) for some Ty > t, and such that (1) is satisfied for ¢ > Tj. Such a solution is called
oscillatory if it has arbitrarily large zeros, and otherwise it is called nonoscillatory.

The oscillation theory of the (discrete analogue) delay difference equation

Ax(n) +p(n)x(r(n)) =0, n=0,1,2,..., (1)

where p(n) is a sequence of nonnegative real numbers and 7(n) is a sequence of integers such
that 7(n) < n —1 for n > 0 and lim, ., 7(n) = oo, has also attracted growing attention
in the recent few years. The reader is referred to [1-3, 7, 13, 18, 20, 23, 25, 27, 30| and the
references cited therein.

By a solution of Eq. (1) we mean a sequence z(n) which satisfies (1)’ for n > 0. A solution
z(n) of (1)’ is said to be oscillatory if the terms of the solution are not eventually positive
or eventually negative. Otherwise the solution is called nonoscillatory.

2 Oscillation Criteria for Delay Equations

In this section we study the delay equation
2'(t) + p(t)a(r(t)) =0, > to. (1)

The first systematic study for the oscillation of all solutions to Eq.(1) was made by
Myshkis. In 1950 [22] he proved that all solutions of Eq.(1) oscillate if

1
limsup[t — 7(t)] < oo and liminf[t — 7(t)] liminf p(t) > " (CY)

t—00 t—o0 t—o00

In 1972, Ladas, Lakshmikantham and Papadakis [19] and in 1982 Koplatadze and Can-
turija [15] concluded the same result if

¢
A= limsup/ p(s)ds > 1, (Cy)
t—o0 7(t)
or
! 1
= hmlnf/ p(s)ds > —; (Cs)
t—o0 T(t) [
respectively, while ([15]) if
¢
1
limsup/ p(s)ds < —, (Ny)
t—o00 (t) €

then Eq.(1) has a nonoscillatory solution.

It is obvious that there is a gap between the conditions (C3) and (C5) when the limit
tlim f:( 9 p(s)ds does not exist. How to fill this gap is an interesting problem which has been
—00

investigated by several authors.
In 1988, Erbe and Zhang [6] proved that all the solutions of Eq.(1) are oscillatory, if

O<0z§% and

042

A>1—Z. <C4>
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Qualitative behavior of delay ... 5

In 1991, Jian [12] derived the condition

042

A>1—m, (05)

while in 1992, Yu and Wang [28] and Yu, Wang, Zhang and Qjian [29] obtained the condition

1—a—vI—2a—a?
A>1-—¢ 5 ez (Cs)

In 1990, Elbert and Stavroulakis [4] and in 1991, Kwong [17|, using different techniques,
improved (Cy), in the case where 0 < o < %, to the conditions

A>1_(1_¢%_1)2 (C7)

and

In )\1 +1
A

respectively, where \; is the smaller root of the equation A\ = e,

In 1994, Koplatadze and Kvinikadze [16] improved (Cg), while in 1998, Philos and Sficas
[23] and in 1999, Zhou and Yu [31] and Jaro$ and Stavroulakis [11]| derived the conditions

A> (Cs)

a? a?
A>1— ——— — —)\
T T30 —a) 27" (Co)
l—a—+vV1—-2a—a2 1
A>1-— —(1 - —)% C
and
In\+1 1—a—+vV1—-2a—a?
A _
> N 5 ) (Cn)
respectively.

Consider Eq.(1) and assume that 7(t) is continuously differentiable and that there exists
6 > 0 such that p(7(t))7'(t) > 0p(t) eventually for all £. Under this additional condition, in
2000, Kon, Sficas and Stavroulakis [14] and in 2003, Sficas and Stavroulakis [24] established
the condtions

2
A>2a+ — —1, (C12)
A

In A\ — 1+ /5 —2X + 2a)
> 1 \/)\1 1 1. (013)

In the case where a = %, then A\; = e, and (C3) leads to A > /7 — 2e/e ~ 0.459987065.
It is to be noted that as @« — 0, then all the previous conditions (Cy) — (Ci2) re-
duce to the condition (Cy), i.e. A > 1. However, the condition (Cj3) leads to A >
V3 —1 = 0.732, which is an essential improvement. Moreover (C13) improves all the
above conditions when 0 < a < % as well. Note that the value of the lower bound
on A can not be less than % ~ (0.367879441. Thus the aim is to establish a condition

A

Becruuk KasHY. Cepusi maremaruka, Mexannka, nadopmarnka N.2(98), 2018



6 Toannis P. Stavroulakis

which leads to a value as close as possible to % For illustrative purpose, we give the

values of the lower bound on A under these conditions when o = 1. (C4):0.966166179,
(C5):0.892951367, (C):0.863457014, (C7):0.845181878, (Cs):0.735758882, (Cy):0.709011646,
(C10):0.708638892, (C11):0.599215896, (C12):0.471517764, (C13):0.459987065.

We see that the condition (C}3) essentially improves all the known results in the literature.

Example 2.1 ([24]) Consider the delay differential equation

1 1
o' (t) + pr(t — gsin® vVt — —) =0, p >0, ¢ >0 and pg=0.46 — ~.
pe e

Then o = liminf,_, f:(t) pds = liminf,_,. p(¢sin® v/t + ]i) =1 and

t 1 1
A = lim sup / pds = lim sup p(gsin® vVt + —) = pg + — = 0.46.
. pe e

t—o0 (t) t—o0

Thus, according to (Ci3), all solutions of this equation oscillate. Observe that none of the
conditions (Cy)-(C1a) apply to this equation.

3 Oscillation Criteria for Difference Equations

Consider the first order linear delay difference equation

Az(n) +p(n)x(r(n)) =0, n=0,1,2,..., (1)
where p: N — Ry, 7: N — N, 7(n) is nondecreasing 7(n) < n — 1 and liI_’I_l 7(n) = 400,
n—-+0oo
and the particular case of the equation with constant delay
Au(n) +pn)u(n—k)=0, ke N (1)”

which has been the subject of many recent investigations.
In 1981, Domshlak [3| studied this problem in the case where k£ = 1. In 1989, Erbe and
Zhang |7| proved that all solutions of (1)” oscillate if

g :=liminfp(n) >0 asnd limsupp(n) >1—p (Dy)
n—00 n—00
or
o K
or .
A :=limsu i) > 1. Cy)"
"—’Wpi:zn;kp() (Cs)
while Ladas, Philos and Sficas [20] improved the above condition (D5) as follows
1 & ik

ISSN 1563-0277 Journal of Mathematics, Mechanics, Computer Science, N.2(98), 2018



Qualitative behavior of delay ... 7

Concerning the constant # in (D5) and (C3)” it should be empasized that, as it is shown
in [7], if
k,k
Supp(n) < (k’—f—l)k—i_l’ (Nl)

then (1)” has a nonoscillatory solution. Moreover, when p(n) is a constant, say p(n) = p,
then conditions (Ds) and (C5)” reduce to

kk‘
> J—
P ey e
oscillation of all solutions to Eq.(1)”.
In 1990, Ladas [18] conjectured that Eq.(1)” has a nonoscillatory solution if

kk
i=n—~k
holds eventually. However this conjecture is not correct and a counter-example was given in
1994 by Yu, Zhang and Wang [30]. Moreover, in 1999 Tang and Yu [27], using a different
technique, showed that Eq.(1)” has a nonoscillatory solution if the so-called "corrected Ladas

conjecture"
n

o\ R
Z p(i) < (k’——l-l) for all large n, (Ny)

i=n—*k
is satisfied.
In 2017 Karpuz [13| studied this problem and derived the following conditions. If

n—oo A>1

1 n
liminf inf |- 1 ' 1
iminf in [Alzl;[k[ +)\p(z)]] > 1,

then every solution of Eq.(1)” oscillates, while if there exists Ay > 1 such that

n

H [1+ Xop(i)] <1 for all large n,

i=n—k

1
Ao

nonoscillatory solution. From the above conditions, using the Arithmetic-Geometric mean,
it follows that if

n L k
) < | —— for all 1 N.
Z'_nz_kp(z) < (k n 1) or all large n, (N3)
then Eq.(1)” has a nonoscillatory solution. That is, Karpuz [13] replaced condition (N2) by
(N3), which is a weaker condition.

As in Section 2, it is interesting to establish sufficient conditions for the oscillation of all
solutions to Eq.(1)"” when both (C3)” and (C3)” are not satisfied.

In 2004 Stavroulakis [25] established the following: Assume that 0 < a < (kiﬂ)lwrl .Then

either one of the conditions
o2

lim sup Z ) >1—— (Cy)"

n—oo .
i=n—Fk

Becruuk KasHY. Cepusi maremaruka, Mexannka, nagopmarnka N.2(98), 2018



8 Toannis P. Stavroulakis

or

n—1
lim sup Z p(i) >1—a” (Ds)

n—oo .
i=n—k

implies that all solutions of (1) oscillate.

In 2008, Chatzarakis, Koplatadze and Stavroulakis [1,2] investigated for the first time
the oscillatory behaviour of equation (1)" in the case of a variable delay argument 7(n) and
derived the following. If

n—00

limsup > p(j) > 1 (Co)
Jj=7(n)

or limsup, ., Y0, p(i) < +oo and

n—1
o N1 /
Q= hﬁ}i}f Z p(i) > - (Cs)
i=7(n)
then all solutions of equation (1) oscillate.
4 Applications
1. Nicholson’s blowflies
The delay differential equation
N(t) = —5N(t) + PN(t — 1)e" Nt ¢ >0 (4.1)

was used by Gurney et al. 9, p.51] to describe the dynamics of Nicholson’s blowflies. Here P
is the maximum per capita daily egg production rate, 1/a is the size at which the population
reproduces at its maximum rate, § is per capita daily adult death rate, 7 is the generation
time and N (t) is the size of the population at time t.

2. Delay logistic equation
The delay differential equation

N(t)=rN({#)[1 - N(t — 7)/K], (4.2)

where r, 7, K € (0,00) is known as delay logistic equation and has been investigated by
numerous authors [9, p.85|. This equation is a prototype in modelling the dynamics of single-
species population systems whose biomass or density is denoted by a differentiable function
N. The constant r is called the growth rate and the constant K is called the carrying capacity
of the habitat.

3. The Lasota-Wazewska model for the survival of red blood cells

The delay differential equation

N(t) = —pN(t) + pe N >0 (4.3)

ISSN 1563-0277 Journal of Mathematics, Mechanics, Computer Science, N.2(98), 2018



Qualitative behavior of delay ... 9

has been used by Wazewska-Cryzewska and Lasota |9, p.89] as a model for the survival of
red blood cells in an animal. Here N(¢) denotes the number of red blood cells at time ¢, p
is the probability of death of a red blood cell, p and « are positive constants related to the
production of red blood cells per unit time, and 7 is the time required to produce a red blood
cell.

4. Discrete delay logistic equation
The delay difference equation

OéNt

Nyyy = ————
a 1+ BNy

(4.4)

where a € (1,00), 5 € (0,00), and k € N was considered by Pielou [9, p.194] as the discrete
analogue of the delay logistic equation (4.2).

5. Kalman Filter-Solar Station

Several real world PVC (Photovoltaic) parks use various mechanisms, including micro-
controllers and autonomous robots to rotate the panels to the sun. The obvious advantage of
rotating (as the sunflower) over stationary panels is that the first produce 40% more energy
than the second.

There can be several approaches to track the sun. Since the sun’s trajectory is fairly
regular, the panel’s current position — angle §(n) and the sequence Af(n—1) , ... Af(n—k), of
previous rotation to the sun provide an accurate estimate of the rotation to the sun’s current
location. This idea has a simple formal description in the following equation:

y(n) = Z a;AO(n — 1) + Z_ bif(n—1i)=0, (4.5)

meaning that the rotation to bring the panel to an optimal orientation to the sun’s current
location is a function of the preceding N rotations and the panel’s angle in each of the panel’s
N most recent positions, along its trajectory.

5 Note

The results of this paper were presented in the 2nd SUMMER SCHOOL "Mathematical
Methods in Science and Technology" held in Almaty, Kazakhstan, 28-08 June 2018.
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Uccienyercst jinnelinoe audepeHnnaibHOe ypaBHEHNE C YAaCTHBIMHM IIPOM3BOIHBIMU I1€PBOIO
MopsiJiKa, rje Kod(pUIMEHTh ypaBHEHUS 3aJ[aHbl HA HEOIDAHMYEHHOM MHOYXKECTBE W HMEIOT
HEIIPEPBIBHBIE YaCTHBIE TPOU3BOJIHBIE TEPBOr0 Hopsaka. Kaxmoe muddepeHuaibHoe ypaBHEHTE
C YACTHBIMU MPOU3BOJHBIMU HAXOJUTCS B TECHOM CBS3W C HEKOTOPOW CHCTEMOM OOBLIKHOBEHHBIX
nuddepeHInaIbHbIX yPABHEHHI - CHCTEMON TaK HA3bIBAEMBIX XapaKTEPUCTHIECKUX YPaBHEHUN
JaHHoro AudOEpeHnajIbHOr0 ypaBHEHU € YaCTHBIMUA ITPOU3BOJIHBIMU  IIEPBOTO  IOPSIKA.
Kaxmoe muddepennmanbaoe ypaBHeHHE € YaCTHBIMEA ITPOM3BOIHBIMU IIEPBOIO IOPSIIKA IIPU
HEKOTOPBIX YCJIOBHSIX HMeEET (DYHIAMEHTAJbHYI0 CHCTEMY WHTEIDAJIOB WJIN WHTErPAJIHHBIMA
bazmc. 3ameruMm, Ay 00IIero JuHEHHOrO audMEPEHITNAIBHOIO YPaBHEHUS C YaCTHBIMU
[IPOU3BOJIHBIME TIEPBOT0O MOPSJIKA MOXKET HE CYIeCTBOBATh HETPUBHUAJIBHOIO uHTErpaja. s
JmHeHOoTro M depeHInaIbHOr0 YPABHEHUSI € YACTHBIMEU [TPOU3BOIHBIME IIEPBOIO MOPSIIKA, TJIe
K03 huUIneHTs ypaBHEHUs 33JaHbl Ha HEOIPDAHMYEHHOM MHOYKECTBE M UMEIOT HeIPepbIBHBIE
qaCcTHbIE TPOU3BOIHBIE IIEPBOIO TOPSIIKA, PUYEM IEpBbIi KO(DMUIMEHT paBeH eIuHuIe,
WHTErpajbHblil 6asuc cymectByer. s smueitnoro muddepeHmajipHoro ypaBHeHUsT ¢ YaCTHBIMA
[TPOU3BOJIHBIMEU TIEPBOTO TIOPSIJIKA IIPUBEIEHO OIpEJeJIEHHEe aCUMITOTUIECKON yCTONYIMBOCTH
JINHEHHOTO OJIHOPOIHOTO D HEPEHITNAIBHOIO YPABHEHUSI ¢ YaCTHBIMUA ITPOU3BOIHBIMU IEPBOTO
nopsijika. lIpuBesieHO J1I0CTATOYHOE YCJOBUHE ACUMIITOTHYECKONH YCTONYMBOCTH JIMHEHHOIO
b depeHIuaIbHOrO ypaBHEeHUsI ¢ YaCTHBIMEM ITPOU3BOIHBIME IIEPBOTO IMOPsJIKa. B Hacrosiee
BpeMst Teopusi AuMGEPEHIINATBHBIX YPABHEHUIT C YACTHBIMU I[IPOU3BOJHBIMUA HAXOIUT CBOE
[IPUMEHEHNe B PA3JINIHBIX 00JIACTHAX €CTECTBO3HAHIM.

KiroueBbie cjioBa: ypaBHEHHE, YaCTHBIE ITPOU3BOHBIE TEPBOTO MOPSIJIKA.
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Koaddunenrrepi yaimiccis mepbec TybIHIBLIAPEL 6ap, MeHeIMEreH 00JIbICTa Oepiiren GipiHIi perTi
nepbec TYBIHIBLIBI ChI3BIKTH AuddepeHnuaIbK, TeHIey 3epTreieai. Opbip gepbec TybBIHIbLIbI
muddepeHnuaNIbIK TeHgey Oepinren Oipinmi perti gepbec TyBIHABLIBL Tu(OEPEHITHATIBIK,
TEHJIEY/IIH CUMATTAYBII TEHJACYIep el AaTaJaTblH KyHeciMeH THIFbI3 OaflIaHbICTBI 0OJIaIbI.
Opbip Gipinmni perti jgepbec TYBIHABLIBL JudepeHImalIIblK, TeH ey IiH oearin 6ip maprrapia
dyHIaMEHTAIILIK, WHTErpaagap »Kyileci HeMece HWHTerpasjblk 0a3uci Oap Oosagpl. 2Kasmbr
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KOJITAaHBICTAPBIH Taby/1a.

Tyiiin ce3aep:teney, 6ipinmm perTi gepbec TyBIHILLIAD.

ISSN 1563-0277 Journal of Mathematics, Mechanics, Computer Science, N.2(98), 2018



O nmHeRHBIX YpaBHEHUAX C JaCTHBIMU IIPOU3BO/IHBIMU . . . 13

On linear partial equations of first-order
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We study a linear differential equation with first-order partial derivatives, where the coefficients
of the equation are given on an unbounded set and have continuous first-order partial derivatives.
Each partial differential equation is closely related to a system of ordinary differential equations,
a system of so-called characteristic equations of a given first-order partial differential equation.
Each first-order partial differential equation under certain conditions has a fundamental system of
integrals or an integral basis. We note that for a general linear partial differential equation of the
first order there can be no nontrivial integral. For a linear first-order partial differential equation,
where the coefficients of the equation are given on an unbounded set and have continuous first-
order partial derivatives, with the first coefficient equal to one, an integral basis exists. For a
linear first-order partial differential equation, where the coefficients of the equation are given on
an unbounded set and have continuous first-order partial derivatives, with the first coefficient
equal to one, an integral basis exists. For a linear first-order partial differential equation, we define
the asymptotic stability of a linear first-order partial differential equation. A sufficient condition
for the asymptotic stability of a linear partial differential equation of the first order is given. At
present, the theory of partial differential equations finds its application in various fields of natural

science. ) . o
Key words:equation, first order partial derivatives

1 Bsenenue

Ucciteryerca nuneiinoe auddepennuaibHOoe YpaBHEHNE ¢ YaCTHBIMU ITPOU3BOTHBIMU ITEPBOTO
mopsijika, rae Kod(p(UIMEHTh ypaBHEHHs 3aJaHbl Ha HEOIDAHWYIEHHOM MHOXKECTBE U
UMEIOT HeITPEPBIBHBIE YaCTHBIE TPOU3BO/IHBIE TIepBOro nopsika. Kaxtoe quddepennuaibroe
ypaBHEHHE C YACTHBIMH IPOM3BOJHBIMU HAXOJUTCSI B TECHOH CBA3M C HEKOTOPOIl
CUCTEMOI OOBIKHOBEHHBIX Ju(DepeHInalbHbIX yPABHEHUI - CHCTEMON TaK Ha3bIBAEMbIX
XapaAKTEePUCTUICCKUX YPABHEHUN JTAHHOTO UM @PEPEHITNATBLHOIO YPABHEHUST C YACTHBIMU
MIPOM3BOHBIMU T1€pBOro mopsiyika. Kaxkaoe muddepeHimanipbHoe ypaBHEHUE € YACTHBIMEI
[IPOUBBOJIHBIME TIEPBOIO  MOPSIKA IIPU HEKOTOPBIX YCIOBHAX HMeeT (QyHIAMEHTATbBHYIO
CUCTEMY WHTErpajoB WM WHTErPaJbHbI 0Oasuc. 3ameTnM, g OOIIero JIMHEHHOTO
s depeHImaibHONO0 yPABHEHUST C YACTHBIMU ITPOU3BOHBIMU IIEPBOIO IOPSJIKA MOYXKET
HE CYIIEeCTBOBATH HETPUBHAJIBHOrO wuHTerpasa. Jng suHeitnoro mpuddepeHnnabLHOro
yPaBHEHUsS C YaCTHBIMHU IIPOU3BOIHBIMU MIEPBOTO MOPAJIKA, Ijie KOI(PDUIUEHTH YPABHEHUST
3a/[aHbl HA HEODAHUYCHHOM MHOYKECTBE U MMEIOT HEIPEPBIBHBIE YACTHBIE MTPOM3BO/IHBIC
[EPBOrO  TOPSAJIKA, [PUYEeM TepBbiii  KOIMDMUIMEHT paBeH eJIUHUIE, UHTErPAIbHDBII
6aszuc cymectByer. g smneitnbix  auddepeHnuaabHbIX  ypaBHEHUI ¢ YACTHBIMU
[IPOM3BO/IHBIMU TIEPBOTO TOPSIIKA ITPUBEICHBI OIIPEIC/ICHIST ACUMIITOTUICCKON YCTONIMBOCTH.
[IpuBesnenbl KoM DUIUEHTHbIE MPU3HAKKA ACUMITOTUIECKONW YCTONYIMBOCTU JIMHEHHBIX
i depeHInabHBIX YPABHEHNI ¢ TaCTHBIMI TTPOU3BOIHBIMU IIEPBOTO MOPSIIKA.

2 O0630p JuTEPATYyPHI

Ob6mias Teopust uznaraercs B kKuure "Ypasaenus ¢ dactabivu poussoaabivu” (Bepe, 1966:
352). ObstacTh cymiecTBOBaHUsI PEIeHuii ObLIH HccseoBanbl B paborax (Wazewski, 1938: 522-
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532). O6 oreHKe 006JIaCTH CYIIECTBOBAHNS HHTEIPAJIOB YPABHEHUSI ¢ TACTHBIMU IIPOU3BO/HBIM
epBOTo mopsiKa n3snoxkerno B kaure (Wazewski, 1935: 149-177). Kuuru o Teopust ypaBHeHUHI
B yacTHBIX pou3BoaabIX: (lenbdan 1959: 87-158), (Gross, 1914: 2233-2251), (Caratheodory,
1935: 7-9). B pabore (Kpyzxkos, 1970: 228-255) paccmarpusaercst 0000IIEHHbIE PEIEHUs.
Teopema Kosasesckoii omybnkosana B pabore (Kovalevskaya, 1885: 18-21). Obmiast Teopust
uznaraercs B kKuure (Kypant, 1964: 23-27). O6siacthb cymiecTBOBaHUsI PEIEHUI MCCIe0BaH
Kamre n comepxurcs B cupasodnnke (Kamke, 1966: 46-48). Bropoit meron Jlsmynosa
npuMeHeH st ucciefoBanus B pabore(3ybos, 1955: 25-31). Tak ke ¢ obOIIUM KypCoM IO
TEOPUU YPABHEHUU B YACTHBIX [POU3BOIHBIX MOYKHO O3HAKOMUThCs B Kuurax (IlerpoBckui,
1961: 38-43), (Ilerposckwmii, 1970: 114-116), (Maccepa, 1970: 50-59), (Mwusoxara, 1977:
504). Ilpumep He cymiectBoBanus pertenun mnocrpouwsa Ileppon (Perron, 1911: 1-32). C
JIOTIOJTHUTEIbHBIE OOIIUME  CBEJICHUSIMUA MOXKHO O3HakoMuThcst B (Cwmupaos, 1981: 551),
(Crenanos, 1959: 338-343), (Tpukomu, 1957: 67), (Tuxonos, 2004: 798), (Xaprman, 1970:
627-329), (Hormander, 1958: 213-225); (Hormander, 1959: 177-190), (Subcrossr, 2013: 57-
67), (fuenko, 1978: 223-225). Paccmorpen dacTHblil ciayvail B (Asgudekos, 2008: 1582).

3 Marepuajbl 1 MeTOAbI UCCJIEIOBAHUS

PaccmatpuBaercs JmneiiHoe ojiHOpojiHoe tudpdepeHIuaabHoe  YypaBHEHUE € YaCTHBIMU
IIPOU3BO/IHBIMHU [IEPBOI'O MOPHAIKA

ou -

= St Y P =0 1

o7 + > pu(x )yk + Zp r( (1)
riae u(z,yi, ..., Yp)- Hem3BecTHAS QYHKIW, Tg < T < 400, Tg > 0, —00 < Y1,..., Yy <
+oo, pi(z), i« = 1,...,n; k = 1,...,n; UMEIOT HeNpepbIBHbIE YACTHBIE MPOM3BOJHbIE

[IEPBOIO MOPsJIKA HA IIPOMEXKYTKe Tg < x < +00. Jlyist ypasaenus (1) xapakrepucTuaeckast
cucreMa, auddepeHnnaIbHbIX YPaBHEHNN NMeeT BU

3@ - .
y Zp““ yk,z:l,...,n. (2)

XapakrepucTuieckyo cucremy (2) paccMaTpuBaeM TPU HAYAJbHBIX 3HAYCHUSIX Yk |p—py=

Yo,k =1, ..., n. Pemmenne xapakrepucrudeckoii cucremsl (2) cyinecrByer
= 0 N k=1 3
yk—@k($7$07y17-~=yn>a =14...,N. ()
IPU MTPOM3BOJIBHBIX HAYATBLHLIX JaHnbix yY, (K = 1,...,n). (3) paspemmmMbl OTHOCHTEIHHO
y), ... 9% u umeer mecto
0_ C
Up = or(To, T, Y1, yk), 1=1,...,n. (4)

(4) obpaszyer MHTErpasIbHBIN 6A3KC JIHHEHHOIO OJIHOPOIHOTO JUdhEPEHIINATIBHOIO Y PABHEH s
C YACTHBIME TIPOM3BOAHBIMEU miepBoro mopsiaka (1). Cremyromee muddepenmanbHoe
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YpaBHEHHUE C YaCTHBIMUA ITPOU3BOJHBIMUA IIEPBOI'O ITOPAIKA

ou
Zplk i+ 91(T Y1, - -, Yn) 8_y1+

. 5 (5)
u
ank(x)yk+gn(l‘;y1;---7yn) — =0

OYn
Ha3bIBAETCsl BO3MYIIEHHBIM ypaBHeHueM, rvie ¢;(T,y1,...,Yn), ¢ = 1,...,n; Majble
BO3MYIIEHUsI, KOTOPBIE YJIOBJIETBOPSAIOT HEKOTOPOMY YCJIOBHIO MaJI0CTH. MaJjible BO3MyIIeHust
gi(z,y1, .. Yn), @ = 1,...,n; 3amanbl Ha Tg < o < +00, g > 0, —00 < Y1,...,Yp < +00 U

UMEIOT HEeIIPpEPbIBHBIC YaCTHBIC ITPON3BO/IHBIEC U
gi(z,0,...,0)=0,i=1,...,n.

Mg muddepeHnuaibHOro ypaBHeHHsT ¢ YaCTHBIMU TPOU3BOIHBIME MEPBOrO Hopsiika (5)
XapakTepucTuieckas cucreMa nuddepeHmajlbHbIX yPaBHEHI UMeeT BH/T

0yz - ‘
szk Yk + G (T, y1, - Yn), P =1, (6)

[TpunnMaeM ciejyrolee orpeeaeHue.

Oupenenenne 1.Eciim BLINTOJHSIOTCS CIILyIONIUE YCIOBU:

1) smmeiinoe ogHOpOAHOE uddepeHuaTbHOe YpaBHEHHe € YaCTHBIMU IIPOU3BOHBIMU
nepBoro mnopsijika (1) mMeer WHTErpaJibHBI 6a3uc, KOTODBIA CTPEMSITCS K HYJO IIPH
To — +00,

2) BoamyIienHoe ypasuerue (5), KOTOpoe mojydaeTcs u3 ypabHenust (1) mpu Masbix
BO3MYIIEHHUSIX, UMEEeT MHTEerpabHblii 6a3uc, KOTOPbI CTpeMATCd K HYJIO 1P Ty — +00,
Torma JuMHEiHOe omHopoaHoe aud depennuaabHoe ypaBHEHHE ¢ YACTHBIMU IIPOU3BOIHBIMA
nepporo nopsizika (1) Ha3bBaeTCsi ACUMITOTHYECKH YCTOHYUBBIM TpU Ty — —+00. Jlerko
YCTAHABJIUBAETCS CJIEAYIONIEE YTBEPIKIEHNUE.

Jlemma 1. Ilycrb g XapaKTepUCTHYECKOW CHCTEMbI  JIMHEHHOIO — OJHOPOJHOIO
nuddepeHnuaabLHOro ypaBHeHust ¢ YaCTHLIMU IIPOU3BOIHBIMU IIEPBOIO TIOPSIIKA

az u
y Zm Y, = 1,. (7)

rje K03bdUIMEHTHl HelpepbIBHbIE JIeHCTBUTe/IbHbIE (DYHKIUH, OIpe/IeIeHHbIe Ha II0JYOCH
I = [xg, +00) , BBIIOJIHSIOTCS CJICYIONINE YCIOBHUA:

(D)pr—1,4-1(x) —pkk(x) >ap(x), e l,k=2,....,n.a>0,¢(x) e C),
p(z) >0, gz fw )ds 1 +o0;

(2) lim %:0, ik, i=1,2....n k=1,2,....n
r—r+00

(3) lim (prkk 6k7 - 727"'7”) Bl < Oa rae Q(l’) = f%o(s)ds T “+00.

r—+00 To

[Tpuaem [ < 07 Torja JimHeitnas cucteMa (7) 0b0OIIEHHAs TPABIIbHAA OTHOCHTEIHHO ()
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U aCUMITOTHYECKH ycToiuuBa 1o JIamynoBy nmpu & — +00.
Jlemma 2. Ilycth j1j1s XapaKTepUCTHIECKON CHCTEeMbl BO3MYIIIEHHOTO jud depeHImaabHOTro
yPaBHEHUSA C YaCTHBIMH ITPOM3BOIHBIMU MIEPBOTO MOPSAIKA

dy; - .
dr :Zpik(x)yk+gi(xay17"'7yn>7 Z:L...,TL. (8>
k=1
rue (byHKHI/Ifl pzk<l'), 7, = 1, Lo, k = 1, ..., N, HEIIPECPLIBHbLIC ,HGI'/JICTBI/ITGJH:HI)IG q)yHKHHﬁ,

oInpe/iesieHHbIe Ha 11o1yocu [ =[x, +00) , BBIIOJIHSIIOTCS CJIEJIYIOIINe YCIOBUSI:
Dpr—1p-1() — pre(z) > ap(x), v €1, k=2,...,n. a >0,
x

p(z) € C(I), p(z) >0, [ p(s)ds = +o0;

zo
2) lim Pel—0 £k i=1,2...,n k=12,... n

z—+00 e(x)

3) lim ﬁfpkk(s)ds =0k k=1,2,...,n. 51 <0;
o

T—r—+00
Dgi(z, Y1, Yn), © = 1,2,...,n.HeOpepblBHA 0[O I[IE€PBOMY AapryMEHTY ¥ HElPEPHIBHO
nuddeperHnupyemMa HaIrHAsi CO BTOPOTO apryMeHTa, KPOMe TOTO BBIOJIHSIIOTCS YCIOBUST:

gi(2,0,...,0)=0,i=1,....n. |lg(z,y)|| < 5(x)||y||,$ll)riloo % = 0 Torya Hy/I€BOE perleHne

HeJIMHeHHO cucTeMbl uddepeHnmanbibiX  ypapHeHuit (9) acHMITOTHYECKH YCTONIHBO
OTHOCUTEJLHO () TIpu & — +00.

HokazarenscrBo. Hemuneiinyio cucremy auddepeHnnaibubix  ypasuenuii  (8)  yao6HO
paccMaTpuBaTb BEKTOPHO-MAaTPUYIHOM BHUIE

dy

o= P(x)y + g(z,y) (9)

Bosbmem v Takoe, uTo 0 < v < |%1|I/I B cucreme (9) BBIIOJHUM TPe0OpPA30OBaHIe
y = e a(@)=a(zo)]

KOTOPBII coXpaHsieT O0ODIIEHHYI0 MPABUJIBHOCTE W OTPHUIATETHHOCTH  CTAPIIEro
00001TIeHHOTO TIOKa3aTesd. Torga OyaeM uMerhb

rie
B(z) = P(z) + dng)E,

rae £ —n X n equHudHas MaTpUIa.
f(z,2) = 67[Q($)—Q($0)]g (x, 26—7&1(%)—61(10)})
npudaeM z(xg) = y(xo). JIluneiinas cucrema

Z=B(x)z (11)
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0000IIIEHHO TIpaBUJIbHAS W HMEET OTPHUIATEbHBIN cTapIiiuil 0OO0OIIEHHbBI I0Ka3aTe lb.
Bekroprasi dbyskims f(z, z) HENIPEpbIBHO O T > Ty U HeNpepbiBHO aud depeHrmpyeMa 1o
zZ.

[Tepexoaum or nuddepennuanbaoro ypasenus (10) K MHTErpaJbHOMY ypPABHEHHIO

z2(x) = H(x)z(xg) + /K([L’,T)f(T, z(7))dr (12)

rae H(x) vopMmupoBaHHas (yHIaMeHTaJbHas MaTpuila JuHeiHo# cuctembr (11). B cmry
OTPUIATETBHOCTH CTapIiero oGOBIIEHHOTO MoKasareasd Jiisd (dyHJIAMEeHTaJIbHOR MaTpPHUIbI
smHeiiHoit cucrembl (11) numeer MecTo oreHKa,

[H(z)|| < C1, (C120), x> (13)

Bamernm, 910 1 + v ABIsgeTCsT OOOOIEHHBIM BEPXHUM IEHTPAJIBHBIM MTOKa3aTeIeM JTNHEHHOM

CHCTEMBI % = P(x)y, a 1 + v aBasgercsa 0600IIEHHBIM BEDXHIM IIEHTPAJIbHBIM [OKa3aTe1eM
muHeitHoi cucrembl (11), mosromy st sioboro € € (O, @) st Marpuiel Ko K (z, 7)

JHeHo# cucreMbl (11) 1o OIpe/ie/IeHII0 MeeT MECTO OICHKA
|K (z,7)|| < ePrtrtala@=—aml g0 <7 <2 < 400, >0 (14)

Hasee onennBas BekTOpHYIO QyHKIMIO f(7, 2) MMeeM

1f (2, 2)]| < ()=
Tenepb, u3 unrerpasbHoro ypasaennus (12) orenusast 110 Hopme, B cuity (13), (14)
[z(@)]| < Chllz(2o) +/6(61”“)[Q(T)_q(xO)]CS(T)HZ(T)HdT (15)

Zo

Nmeer mecTo HEpaBEHCTBO

T

/6(61+7+a)[Q(T)—Q(xO)]é(T)dT < @7 B>0
|81
Zo

Torya u3 (15) ncnonssys aemmy I'ponyosuia-Bemvana un Bosspamiasich K y(z) nmeem

9@l < Dlly(ao) @50 0 < < 2]
upu
lyeo)ll <.

rae § J0CTarodHO Majsa. llosToMy, TpHUBHAJBHOE pellleHne HeJUHeiHoi cucreMbl (8)
ACUMIITOTHYECKN yCTOHUMBO npu xr — —+00. Jlemma 2 nokazana. VMiMeer mecto ciiemytoree
yTBEPKJICHNE.
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Teopema 1.Eciu nuneiinoe oguopojnoe jmddepeHimaibioe ypaBHEeHHE € YacTHBIMU
IPOM3BOJIHBIMU TIepBOro mopsjaka (1) m BosmyrnerHoe muddepeHnnaibHoe ypaBHEHHE C
YaCTHBIME [POU3BOJHBIMU EPBOro MOpsijika (5) YIOBIETBOPSIOT CJIEYIONIHAE YCIOBHS:
pi(x),i =1,...,n.k = 1,...,n; HenpepbIBHbIE JeiicTBUTENbHBIE (DYHKIUIA, ONpe/ie/eHHbIe
Ha nosyocu I = [xg, +00), KDOME TOro BBIIOJHSIOTCs 1)-4):

Dpr—1p-1(x) — pre(z) > ap(x), z €I, k=2,...,n.a >0, p(z) € (),

o(x) >0, fxgp(s)ds = +00;

zo
; lpi(z)| _ : C _ .

2)xgr+noo oy =0, i£k i=1,2,....,n, k=1,2,...,n;

3) xgrilooﬁa{pkk(s)ds = Bk? k= 172a sy My 61 < 07

Ng(x,y) = colon(gi(z, Y1, Yn)s---Gn(T,Y1,...,Yn)) HWMEET HENPEPBLIBHBIE YACTHBIE

POM3BOJIHBIE HA MHOXKeCcTBe o < = < H4o0o, g > 0, —o0o < y1,...,yp < 00,

gi(z,0,...,0) = 0,7 = 1,....n. |g(z,y)|| < go(m)||yH,xl_1>I&Ogo(x) = 0 Torma smueitHOe

oJiHOpoJiHOE JrbdepeHImaabHoe ypaBHeHne ¢ YaCTHBIMEU TPOU3BOIHBIMU TIEPBOTO TIOPSJIKA
(1) acHMIITOTHYECKHN YCTOWINBO TIPU Xy — +00.
JlokazarebeTBO TeopeMbl. Kak nsBectHo, eciin hyHKIIUN

n
szk(x)yk +gi<x7yl7 cee 7yn)7 1= 17 N
k=1

Or'paHMYeHbl 1 UMEIOT HEIIPEPbIBHbIC YaCTHBIE ITPOU3BOJIHBIC IIO Y;

agi(xﬂyh s 7yn)
OYr,

pir(T) + ,i=1,...,n, k=1,...,n,

TOIJIa, B KaKJIOH 1oaobJacTu MpuHAIeKaleil OTKPhITO 1mojoce Tg < & < 400, —00 <

Yl, - -+ Yn < +00, CymIecTBYeT Jisl ypaBHenus (5) uHTerpanbubiii 6asuc ¢¥;(z,y), i =1,...,n,
JIJISE KOTOPOT'O BO Beeil obyracT (hyHKITMOHAIBHDIN OITPEIeTUTE b

a(wla SR 7¢n)

- > 0.

a(yla s 7yn)

Unrerpanpubiii  6asuc (4) ypamenuss (1) B cmiy JsemMbl 1 cTpemMsaTcs K HYJIO
npu g — +oo. Pacemorpum ypasmenue (5) B obmactu ||y(xo)| < 9, y(xg) =

colon [y1(0). - -, ya(20)], yi(wo) = yf,i = 1,....n, [ly(2)|] < Dy(zo)|le @70 y(z) =
colon[yy (x), ..., yn(x)],x > xy. Torga obiee perenre XxapakTepucTHIECKOii crcTeMbl (6)

Ui :wi(x,xo,y?,...,yg), i=1,...,n; € (xg,+00)
pas3penuMbl OTHOCHTEIBHO ¥y, . .., YO, mosTomy
Yi(x,y) = Vi(zo, T, Y1, Yn), 1=1,...,1 (16)

obpasyer mHTErpasbHbIi 6asuc Bo3MyIieHHOrO ypasuenus (5). B cury jiemMbl 2 BbITEKaer,
49TO

lm  ¥(xo, 2,91, ,yn) =0, i=1,... n.

xo—+00
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CrieioBaTesIbHO, TI0 TPUBEIEHHOMY OIIPEJIC/ICHUIO JInHEHOE 0/HOpOIHOE qud depennabHoe
yDaBHEHME ¢ YaCTHBIMHU [POU3BOIHBIMU MEPBOrO MOpsijika (1) acCHMIITOTHYECKH YCTOWIHBO
upu 1y —  +oo. Teopema 1 jokasama. PaccMoTpum —JiHeiiHOe —HEOJHOPOJIHOE

nuddepeHImaabHoe YpaBHEHHE ¢ YaCTHBIME ITPOU3BOIHBIME IIEPBOTO TOPSIIKA

ou = u - du
9 + ;pm(fv)yka—yl +.o ;pnk@)yka—yn = f(x) (17)

rjge npasast 4actb f(x) HenpepbiBHO JudpepeHnUpyeMa Ha IPOMEKYTKE Tg < T <
+oo Ecmu (@, y1,...,9yn) 1 Yo(z,yl,)...,yn) mobble aBa pemenus ypapHennsa (17),
10 X pazHocTh Y1 (x,yl),. .., Yn) — Vo(x,y(l),...,yn) SBIAETCA DeEIICHHEM JIHHEIHOTO
oaHOpoaHoro AuddepeHnnaJIbLHOr0 ypaBHEHUS ¢ YaCTHBIMU IIPOU3BOHBIMU IIEPBOIO MOPSIIKA
(1). Ecou 4po(z,y(1),...,y,) pemenne ypasuenus (17) u ¢p(o, 2, y1,...,yn), k = 1,...,n
UHTErpasbHbIi 6asuc ypasuenus (1), To

¢0<x71/(1)7 s 7yn)7uk(x7y(1)7 s 7Z/n) = w0<x07:€7y(1)7 s 7yn)+

18
(pk’(l‘>yla--'7yn)7 k’:l,...,n. ( )

obpasyeT HHTerpasbHblii 6asuc ypasaenus (17).

Onpenenenue 2. Ecaum jmHeiinoe HeoaHopojHoe uddepeHimaibioe  ypaBHeHne ¢
YACTHBIME IPOU3BOJHBIMU TIE€PBOrO mopsijika (17) umeer mHTErpasbHbIA 6a3uc, KOTOPbIil
CTPeMSATCS K HEKOTOPOMY pellleHuio ypasHenus (17) mpm xy — 400, Torga JmHEiHOE
HEOTHOPOTHOE T epeHInaIbHOE YPAaBHEHNE ¢ YACTHBIMU TPOU3BOIHBIMU TIEPBOTO MTOPSIIKA
(17) masbiBaeTca acuMmnToTHYeCKN ycTofiamsoil. 13 (18) BeITEKaeT, /1 aCHMITOTHYIECKON
YCTOWYMBOCTH JIMHEHHOTO HEOJHOPOIHOTO MudepeHInaIbHOr0 ypaBHEHNST C YaCTHBIMU
[POU3BOJHBIMU  [epBOro  mopsizika (17)  J10CTATOYHO —ACHMITOTHYECKAS —YCTONYUBOCTD
COOTBETCTBYIOIIETO JIMHEHHOIO OJIHOPOIHOIO YPABHEHHS ¢ YACTHBIMU IIPOM3BOIHBIMU IIEPBOIO
nopsiyika. CrieoBaTe/IbHO, UMEEM TeopeMy 2.

Teopema 2. Ecju nuneitnoe HeomgHOpOHOE aud hepeHnnaabHoe YPaBHEHNE C IaCTHBIMU
[IPOU3BO/HBIMU [IEPBOTO TOPsIKa (17) yI0BIETBOPAIOT YCJIOBUSAM: 1) BBINOIHSIIOTCS YCIOBHSI
reopembl 1; 2) f(x) nenpepbiBHO juddepeHnupyeMa Ha HPOMEXKYTKe o < = < —+00
TOrIa JIMHEHOe HeoIHOPoaHOoe aud depeHnnaabHoe ypaBHeHe ¢ YacTHBIMU ITPOU3BOIHBIMEI
niepBoro nopsjka (17) sBjisercss aCHMIITOTHYECKH yCTONIUBOIA.

4 PesynbraThl 1 00Cy2KeHUE

[IpuBesieno orpejeeHue ACUMITOTHICCKON yCTOWYIUBOCTH JIMHEHHOTO OJIHOPOJIHOIO |
HEOJIHOPOTHOTO  Jn(bpEepEeHITUATBHBIX YPaBHEHHUII € YaCTHBIMU ITPOM3BOJIHBIMU IIEPBOTO
opsIKa. YCTaHOBJIEHBI KO DUIMEHTHbIE MPU3HAKK ACUMIITOTHIECKON yCTONINBOCTH
JINHEITHOTO OJTHOPOJIHOTO U HEOJTHOPOJIHOTO JuddepeHnalibHbIX YPABHEHUN C YACTHBIMU
IIPOU3BOAHBIMHA IIEPBOI'O IIOPAIKa.

5 3akJroueHue

B pabore paccmarpuBaeTcd JmHeliHOEe OHOpPOHOE JddepeHImaabHoe ypaBHEeHUEe C
YACTHBIMHU IIPOU3BOAHLIMHU IIEPBOTO IOPsifiKa, e KO3(DPUIMEHTh ypPaBHEHUsS 3aJaHbl
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Ha HEOIPAHUYEHHOM MHOXKECTBE U UMEIOT HelpepbIBHbIE YacTHBIE ITPOU3BOJIHBIE
nepBoro mopsijika. IlojiydeHbl TpU3HAKU aCUMITOTUYECKONW YCTOWIUBOCTHU JIMHEITHOTO
JuddepeHnuaIbHOro ypaBHeHus ¢ YaCTHBIMU TPOU3BOIHBIMU TIEPBOIO ITOPSIKA.

6 BiaromapHocTb

Pabora BbImo/siHeHA TIpU  TO/JIEPXKKE T'PAHTOBOTO (puHancupoBanus MuHECTEPCTBOM
obpazoBanuga u Hayku Pecnybsmmku Kazaxcranm ma 2018-2020 rr., o Tteme «HccnemoBanus
ACHMIITOTHYECKOI YCTOWYIMBOCTH PENIeHUi 1 PazpadOTKa aCUMITOTHIECKNX XapaKTePUCTHUK
cucreMbl M GepeHnaIbHbIX yPABHEHUI ¢ YACTHBIMUA TPOM3BOIHBIMU TIEPBOTO MOPSJIKAS.
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MPHTU 27.31.44

3apaua Jlupuxiie /Ijii MHOTOMEPHBIX runepoboJo-rapaboimyecKux ypaBHEeHU ¢
BBIPOXKJIEHUEM THUIIA U TOPsIIKA

Maiikoros M.H., Kazaxckuit HarmoHa/IbHBIH 11e1arorudecknii yHuBepcuter nMenn Abast,
r. Anmmarer, Pectiybnuka Kasaxcran, +77272391273, E-mail: mukhit777@mail.ru

OpHoit u3 dyHIaMEHTaJIbHBIX 3aja4d MaTeMaTUudeCKOl (DU3UKU sBJIsieTCs U3ydeHUe IOBeleHue
KOJICOJTIONIECsT  CTPYHBI, KOTOpas HEKOPPEKTHA, €CJIM KpaeBble YCJIOBHsS 3aJIaHbl Ha Beeil
rpanutie obsactu. A.B.Bunanze u A.M.Haxymes ormerniu,aro 3agaga Tupuxie HekoppekTHA(B
CMBICJIE OJIHOZHAYHON DPa3pelIuMOCTH) He TOJIBKO Jjisi BOJHOBOIO YDaBHEHHs, HO U JIJIsd
obmux runepbosmaeckux ypasuenuit. C.A.AymamesbiM panee Oblia u3ydeHa 3ajada Jlupuxie
JUIST  BBIPOXKJIAIOIIUXCSI MHOIOMEPHBIX —T'UIEpO0JIO-Iapabo/InuecKuX ypaBHEHUil, Tje ObLIa
JIOKA3aHa OJHO3HAYHAS PAa3PElINMOCTb ITOW 3aJadu, KOTOasi CyIIeCTBEHHO 3aBUCUT OT BBICOTHI
paccMaTpuBaeMoil UIMHAPUIECKON o0acTu. B TaHHON cTaThe MOKa3aHa PAa3pPENIMMOCTh 3a1a9n
Hupuxie B MUIAHIPAIECKON 00JIACTH /)i MHOTOMEPHBIX TUII€PO0JIO-TIapabOIMIecKuX ypPaBHEHUI
C BBIPOXKJIEHUEM THUIA U ITOPSIKA.

KuroueBble ciioBa: MHOTOMEpPHBIE TUTIEPOOIO-TIAPAOOIMIECKIEe YPABHEHNSI, BHIPOXK ICHUE TUIIA, U
OP/IsiKa, IUJINHIpUIecKas 00J1acTh,3ama49a Jlupuxiie, paspemumocTs,yHKImMs beccerrst.

Typi MeH peTi a3FbIHJAAJIFaH KO eJIIIeM/ i runepbosio-nmapabosaibiK, TeHaeyaepre dupuxiie
ecebiniH mermimmisriri
Maiikoros M.H., A6aii aTbiHIarbl KA3aK, YITTHIK I1€JarOTUKAJIBIK, YHUBEPCUTET],
Kaszakcran Pecriy6aukacer, Anmarsr K. +77272391273, E-mail: mukhit777@mail.ru

MaremaTukaablK, (DU3NKAHBIH HEri3ri ecemrepiniy, 6ipi imriexTtiH Tepbesicin 3eprrey. Erepme
3epTTey OOJIBICHIHBIH, OapJiblK, IMeKapacblHIa MOH Oepiice, OHIa Oy ecem IKa3bIKTHIKTA
0ip memimai emec eked. A.B.Bumanze, A.M.Haxymes xkeiiin kepcerkenzeit dupuxie ecebi
TeK KaHA TOJIKBIH TeHJeyiHe eMec, KoHe Jie 0acKa CBI3BIKTBIK I'HIIepOOJIAJIbIK TeHJeYIepre
ge 6ip mermimal 6oamait mBIKTBL. C.A.AJIaIeBThIH »KYMBICHIHIA CHI3LIKTBIK, KOII OJIIIEeM/I
rurepbosIo-tapabostabik, Teraeyiepre Jlupuxie ecebi 3eprrenren. By ecenriy 6ip rmentiM i
KapacTBIPBLIFAH ITUINHIPIIK OOJIBICTHIH, OMIKTIriHEe TiKemei OaiIaHbICThl €KEHIITI 9/ IeHTeH.
By sxymbicTa TYpi MeH peTi a3rbIHIaraH KOI OJIMeM/ Il TurnepbosI0-mapaboIaiblK, TeHIeYIePIiH,

MITAHAPJIK OOJIBICTA TN MM KOPCEeTiIreH.
Tyitin ce3aep:kon eJimeMIi TUIEPOOIO-TTAPAOOIATIBIK TEHICYIEP, TYPI MEH PeTi a3FbIHIAJIFaH,

IUITHAPJIK 0bubic, Jlupuxiie ecebi, mermimMaitik, Beccenb DyHKIIUACHI.

The Dirichlet problem for multidimensional hyperbola-parabolic equations with degeneracy
of type and order
Maikotov M.N., Kazakh national pedagogical university after Abay,
Almaty, Kazakhstan, 477272391273, email: mukhit777@Qmail.ru

The fundamental problems of mathematical physics-the study of the behavior of an oscillating
string-is incorrect when the boundary conditions are given on the entire boundary of the region.
As A. Bitsadze, A.Nakhushev noted, the Dirichlet problem is ill-posed (in the sense of unique
solvability) not only for the wave equation, but also for general hyperbolic equations. S.A Aldashev
previously studied the Dirichlet problem for degenerate multidimensional hyperbolic equations,
where a unique solvability of this problem is proved, which depends essentially on the height of
the cylindrical region under consideration. This paper shows the solvability of the Dirichlet problem
in a cylindrical domain for multidimensional hyperbola-parabolic equations with degeneration of

type and order.
Key words: multidimensional hyperbolic-parabolic equations, degeneration of type and porch,

cylindrical domain, Dirichlet problem, solvability, Bessel function.
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1 Bseaenue

Ha miockoctu Teopusi KpaeBbIX 3a/1ad JIJIsT BBIPOXKIAIONINXCA THUIEPO0JIO-TTapad0InIecKuX
ypaBHeHU# ObLIn u3ydeHbl J10BOJILHO Tiiyboko (Haxymes A.M., 2006). VIx mMHOromepmbie
aHAJIOTU UCCJIEI0BaHbl He joctatodno xopomro (Bparos B.H., 1983). B mupempiayiueit
pabore(Ammames C.A., 2016) ycraHoBieHa KOPPEKTHOCTH 3adaun Jlupuxie s
BBIPOKJIAIONIUXCS MHOTOMEPHBIX TUIEPO0JIO-TIapabOInIeCKUX YPaBHEHUI B IUIUHIPUICKON
obsiactu. B uccreryemoit pabore 1t MHOTOMEPHBIX THIIEPOOJIO-1TapabOIMIecKuX ypaBHEHU
C BBIPOXKJIEHMEM THIIA U TOPSJKa B IUJIMHIPUYIECKON 00/IacTU MOKa3aHA Pa3PelnMOCTDb
zagaun upuxie.

2 (O030p JuTEpaTypHI

Pamnee Teopueil 10 KpaeBbIM 3aja49aM /I THIepOO/I0-NapaboInIeKIX yPaBHCHIN 3aHUMAJINCD
usBectHble yuenble Haxymes A.M (Haxymes A.M., 2006), Bparos B.H. (Bparos B.H.,
1983). B mociiesnue 1ol aKTUBHO 3aHuMaercs ucciaenosanusvu Ajpgames C.A. B ero
UcCIeOBaHI U3ydeHa 3ajada Jupuxie Jjis BRIPOXKIAIOMINXCS MHOIOMEPHBLIX THIEpOOJIO-
napaboymmdeckux ypaBaennii. OIHaAKO, MHOIOMEPHBIE AaHAJIOIU MAJIO UCCIEOBAHBI U N3y YEHBI.

3 Marepuajbl 1 METOIbI

IIycte ®,¢ - ecrb nmaupapuyecKasd 00JIACTb EBKIMJIOBA IIPOCTPAHCTBA [, TOYEK
(X1,..., Xpn,t), KOTOpag orpanmdena mumaapom v = {(X,t) : |X| = 1} a rakxke
wiockoctsivu t =1 > 0, t = ( <0, rue | X|— ammua BekTopa X = (X1, ..., X;n).

Yepes @, u @ obosnauum vacrtu obnactu P,c, a @,, O~ 910 vacTu nosepxuocru P,
KOTOPbIe OOBIYHO JIeXKaT B noJrynpocTpancTsax t > 0 u ¢t < 0; 0, - 9T0 BepxHee OCHOBaHUe
obsactu D, ¢, a 0¢ - 970 HUZKHEe ocHOBaHUE 00s1acTH D).

S - obmag vacth rpanun obacreit @, , O, KoTopas IpeJCTaB/IfgeT COOOH MHOMKECTBO
{t=0,0<|X]| <1} B Ep.

B ykaszannoit obnactu @, paccMOTPUM BbIPOXKJAIONMECA MHOIOMEPHbLIE TIHIIEPOOJIO-
napaboImIecKrne ypaBHEHN

hl(t)AxU — hz(t)Utt + Z Cli(X, t)UXZ + b(X, t)Ut + C(X, t)U, t> 0,
0 izlm
q)AxU — U+ > di( X, t)Ux, + e(X, 1)U, t <0,

=1

(1)

rie hi(t) > 0 mpu t > 0, hy(0) = 0, h(t) € C([0,7]) N C?*((0,n)), i = 1,2,G(t) > 0 upn
t>0,G(0) =0, G(t) € C([¢,0]), a Ax— 310 oneparop Jlamaca o nepemeHHbiM X7, ..., Xy,
m > 2.

BareM HaM HEOOXOUMO TEPEHTH OT JEKAPTOBBIX KOOPAUHAT X1, ..., X,,, t K cheputeckum
koopuHaTaMm 7,604, ....60, 1,t, 7 >0,0< 6, < m 1 =1,2,..m—2, 0< 0,1 <2rm,0 =
(01, ceny Qm_l).

Bagava 1(Jupuxie). Heobxozaumo maiitn pemenne ypasuennsi (1) B obmactn @,
mpu t # 0 u3 caeyromero kimacca C(®,) N CH®, U &), koTopas GyieT yI0BICTBOPAT
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CJIETYTONITAM KPAEBbIM yCJIOBUSIM

U =wl(r0), U

an

= wl(t7 9)7 (2)

Tn
=(t,0), Ul = pa(r,0). (3)
%
rue Sol(]w 0) = ¢1(a7 0)7 ¢1(0a 0) = ¢2(07 0)7 ¢2(C7 0) = @2(17 0)

{Zﬁ’m(ﬁ)}— 9TO CHUCTEMA JIMHEHHBIX HE3aBUCUMBIX cepuuecKuX (PYHKIUA CJIeLyomero
nopsyika n, 1 < k < k,, (m —2)lnlk, = (n +m — 3)!(2n +m — 2), Wi(S), I = 0,1, ...
upoctpancra CobosieBa. Ilpu sTom Oymer umers mecto (Muxmuua C.I'., 1962).

Jlemma 1. Ecom pag F(r,0) € Wi(S). ul > m — 1, To pan

U

9¢

oo kn

=D Ei(Z;,.0), (4)

n=0 k=1

CJIEJIYIONINE PAJIbI, KOTOPhIE OBLIN MOJIyueHbl quddepennmpoBannemM mopsiaka h < [ —m + 1
OyIyT cXomuTCsd abCOIOTHO U PABHOMEPHO.

Jlemma 2. Urobnt pag F(r,0) € WI(S), xoropomy HEoBX0mUMO 1 JOCTATOYHO, UTOOHI
K03 durenTsl psijia (4) yAOBIETBOPSIIN CJIELYIONIUM HEPABEHCTBAM

oo kn

|Fy ()] < e, ZZn2l|F7’f(7’)\2 < ¢g, €1, ¢y = const.

n=1 k=1

Ecm  uepes  dh,(r,t), db,(rt), @h(rt), di(r,t), ok, Bh,(r), @5,(r), ¢.(0), U4, (0),
obo3HaunM  KO3(DUIMEHTBI  pa3jioKeHust psjga  (4), COOTBETCTBYOMUX  (DYHKIMI
d (T 0 t)ﬂ? dl r p7 (T797t)p7 (T797t)p7 10(6)7 1= 17 ey T, 901(7,7 6)7 ¢2(r7 9)7 wl(tae)a w2<t79)7
npudeM p(f) € C(H), me H — 910 eaunuuHast cdepa B E,,

Eomn 4050, U Sred € Wi(®,) C C(Py), dilr,0,1), e(r,0,1) € Wi(®e),
1=1,....m 5 >m+ 1. Toma CIIpaBe IInBa,
TeopeMa 1. HYCTB 901<T7 6)7 <)02(7.7 9) S W2h(5>7 wl(t78) € W2h(’y77)7 ¢2(t70> € W2l</y€)7

h>371/1

cos s #0, s=1,2,..., (5)
TO UCCIeyeMas 3a1a49a 1 pa3peHmMa ]I fls,n,— 9TO HOJIOKHUTEIbHBIC Hysn DyHKImit Beccesns
h
epBoro poza J et (m=2) , = f h;g

4 Jloka3aTeJbCTBO

Brauasne ykaxkem Ha paspemmumoctb 3agaun (1) um (3). B cdepudecknx roopmmaarax
ypasuenue (1) B obactu ®¢ nMeer cJieyIOMMit BIT:

m—1 1 -
LlU = G(t) (Urr + TUT — ﬁ(SU) — Ut + Zdl(r?e?t)UXi + €<T,9,t)U = O, (6)

i=1
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m—1
— § : 1 9 soom—j—1 9 : : 2
0= — 1 ma—% (Sln J eja—ej) 5 Gl = 1, Gj = (81n91...81n¢9j_1) , ] > 1.

U3 meppoucrounmnkos Ham u3BecTHO (Muxsmmu C.I., 1962), uro cmekTp omeparopa d,
KOTODBIN COCTOMT U3 COOCTBEHHBIX qucea A, = n(n +m — 2),n = 0,1,..., KaxKIOMYy u3
KOTOPBIX MOKET COOTBETCTBOBATD Kk, OPTOHOPMUPOBAHHBIC COOCTBEHHBIC (DYHKITUIA Zﬁ’m ().

Hckomoe pemenue ucciiejpyemoii 3ajiauu 1 B ykasanHoit obsactu @ OyjieM ucKaTh B Bu/Ie:

0o kn

U(r,0,t)=> Y Uk t)Z,.(0), (7)

n=0 k=1

e UF(r,t)— s10 byHKIUE, KOTOPBIE TIOJIEXKAT OIPEIeIICHHIO.
[MoxcraBus (7) B (6), a 3aTeM yMHOXKHB TI0JyUeHHOe BbipazkeHue Ha p(f) # 0,a 3arem

npowmHTErpupoBas ero 1o chepe H s U:, B urore nojayunMm (Ajmames C.A., 1994),
(Anpames C.A.,2006), (Anmames C.A., 2007)

_ _ m — 1 m _
G(1) U — U + (TG(t)Pé + Z d}()) Us, + €Uy +
i—1

n=1 k=1

m

k
] Pk

=1

+

m}za (8)

astee 6ynem paccMarpuBaTh OECKOHEUIHYIO crucTeMy auddepeHnnaibHbiX YpaBHEHMT

_ _ m—1 -

()0, — ot + =N Gy, = 0 ©)

_ _ m—1 B A -

G008~ + T Dttt - M0t - (zd 0+ 100) =l k=T,

(10)

(m—1) gy (R
+ éﬁ—l Z(dfn 2 ( )dfn 1) Uf—l} 5 k= 1a kna n = 273 (11)

=1

Hasee cymmupyst ypasuenue (10) or 1 g0 ki, a takxke ypasuenue (11) - ot 1 mo ky,
B JIaJIbHEIIIEM CJIOXKUB TI0JIyYeHHbIe BhIpayKeHus: BMecTe ¢ (9), IPUXOIUM K CJIEIYIONIEMY
ypaBHeHHO (8).

Hamee cieyer, 9ro ecin {Uff}, k=1,k, n=0,1,...-5To pemenue cucremsr (9) - (11)
1 OHO OyJIeT SIBJIATCS pelleHneM ypapHeHus (8).
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Moxuo 3amernTb, 9TO 3TH ypaBHenus cucteMbl (9)-(11) MOXKHO HPEJCTABUTL B
CJIEIyIOIIEM BH/IE:
— m—1) - An = — _

r 72

e FF(r,t) GyayT onpejiensites U3 NpeIbULyIIUX ypaBHeHuil 3Toit cucreMsl, mpudem Fyl(r, t)
=0.
I3 kpaesoro ycsosug (3) B cuity (7) nmeem

Up(r,Q) = @5,(r),  Up(Lt) =5,(t), k=1Lky, n=01,... (13)

Hasee npoussea zameny YK (r t) = Uk(r,t) — & () B (12) u (13),n0myaum

- m—1) - A -
TE(r,¢) =5 (r), YE(1,t)=0, k=1,k,, n=0,1,.., (15)
A G(t)

Fy(r,t) = Fy(r,t) + 5, + Vsns Pon(r) = @30 (1) — 15, (C).

r2

N (a-m)
Janee npoussens zameny YE(r.t) = r = YE(r,t) crenyromme zanauu (14) u (15),
OpUJeM K CJIEAYIOIIeH 3a1a4e

An -
LYF = G(t) (szw + ﬁTi”;) =Ty = Fp(r,1), (16)
To(r,¢) = @h,(r), Th(l,t) =0, (17)
- - 1 3 - - 4)\77, ~ Lﬁl - m—1
- DO =B B SR, ) = )

Pemenne 3amaan (16), (17) 6yaem uckats B Buje
T(rt) = T3,(r,t) + T5,(r, 1), (18)

rie Y4 (r,t) - 3T0 U ecTh pemntenue 3a1a4u

LYE = Ff(r,t), (19)
T1,(r,¢) =0, Ty, (1,1) =0, (20)
a Yk (r,t)- aTo pemenne 3aja4m
LYE =0, (21)
T50(r ) = @ (r), Y5, (1,1) = 0. (22)

anne yKaBaHHI)Ie 3a /a9 peIHI/IM " paCCMOTpI/IM B BHJIE
YE(rt) =) Ri(r)T.(t), (23)
s=1
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IIYCThb IIPA 3TOM

EFE(r,t) Zasn Ry(r), &k (r stnR (24)
[Toacrasus (23) B (19) u (20), ¢ yuerom (24), B KOHEIHOM HTOTE MOJTY UM
An
Rer + R+ pRs =0, 0 <7 <1, (25)
r
Ry(1) =0, [Rs(0)] < oo, (26)
T+ pG(t)Ts = —asn(t), ¢ <t <0, (27)
T4(¢) = 0. (28)
[Tycts orpanmdennsiM permenueM 3a1aqu (25) u (26) asiserca (Kamke 9.,1965)
Rs<r) = \/;Jy(,us,nr)? (29>
by =nt 52 = g2,
Pemennenm 3agaqan (27) u (28) Gyzer
t ¢ £
Toalt) = (expl s, [ GO [ aun(©lexpii, [ GleNad).  (30)
0 ¢ 0
[Toxcrasus (29) B (24) B KOHIE TIOJIYIUM
r 2Fk7’t Zasn y(fsnr), T 280271 Zb V(s nr), 0 <7 <1 (31)
s=1
Pser (31)- 10 pasmoxenus B psibl Pypre-Beccens (Beiirmen I1.,1971), rue
a];,n(t) = 2[Jl/-i-l :usn /\/_Fk 5 t :us n€) dg, (32)
b];,n =2[J,11 ,usn /\/_QOQn ,us n§)dE, (33)
Psns S = 1,2, ...— nosoxkurenbusle vy Gynkmumit Beccens J,(z) , KOTOpble PacIOIOKEHbI
B [OPZAJIKE BO3PACTAHMUs UX BEJUYHUH.
U3 (23),(29) u(30) B KoreunoM urore nosyduM perrenue 3ajaa4d (19) u (20)
Tk (r.1) Z VT ()T, (15 7)), (34)

rae af,(t) Gymyr onpenensores us3 (32).
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IMoxgcrasus (23) B (21) u (22), a Takxke ¢ ydueroM (24), nmeeM 3a1aty

T+ 12, G)T, =0, ( <t <0, T,(¢) =0t

s,n?

F,He peH_IeHI/IeM ABJIAETCA
¢
Ton(t) = by exp(ii, / G(E)de). (35)
t

3 (29) u (35) Gymem nmernb

¢

T4 (r,t) stn\/_ exp,usn/G(f)dg I (fsnt), (36)

t

rae b, Haxogures u3 (33).

[Tostomy, Bravase permms 3amady (9) u (13) (n = 0), manee (10) u (13)(n = 1) u 7.1
naiigem nocyienosarensho see YF (r t) us (18), rue Y%, (r,t), Y5 (r,t) 6yayT oupejensres us
(34) u (36).

Taxum obpasom, B ob1actu P, OyjieT UMeTh MecTo

/ p(0)LUdH = 0. (37)

H

Ecmun f(r,0,t) = R(r)p(0)T'(t), rne R(r) € Vy, Vo— mnorna B Lo((0,1)),p(0) € C*(H)—
wiotHa B Lo(H), T(t) € Vi, Vi— miorna B Lo((C,0)). Bynem umers F(r,0,t) € V,V =
=V ® H ® V1 — xoropas mwioraa B Lo(P,) (Kommoropos A.H., ®ovun C.B.,1976).

U3 (37), caeayer, aro

/f(r, 6,1 [\ UdD, =0

¢

LU =0, V(T,@,t) S (I)C‘

Pemennenm 3amauu (1) u (3) B obiactu O, aBisiercs ciefyrommast QyHKIUS:

U(r,0,t) iZ{an

n=0 k=1

P () + T, (0] } Z2,,(0), (38)

e Y5 (r,t), Y5 (r,t) naxonsarea us (34) u (36).
Ucnonbsyst dopmyiy (Beitrmen I, Dpaeiin AH., 1974) 2J/(2) = J,-1(2) — Jo41(2), a
takzke orenkn (Tuxonos A.H., 1966) nu (Muxsun C.I'., 1962)

Jl,(z):\/zcos(z—gu——)+0( ), v=>0,

ol < exn™ 2, | Zr 280 <9>)<cmz M =Tm =1, ¢=0,1,...,

(39)
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¥ BbIIlIe YKAa3aHHBIE JIEMMbI, OrpaHuyueHus Ha KoddduimenTs! ypasaenns (1) u Ha 3a/aHHbIE
dbyurim Y9 (t,0), vo(t, d), kak B (Amgames C.A., 2016), MOXKHO JT0Ka3aTh, YTO MOJIYI€HHOE
perenne (38) npunajexut kiaaccy C(®q) N C?(P;).

Us (34), (36) u (38) t — —0 Gyaem umersb

oo kn

U(r,0,0) =3 ") 7k r) (40)

n=0 k=1

- ¢ 3 ¢
TH(r) = ¢4, (0 +Zr@ N aan(©(exp,, | G(E)AE)DE + by exp(p,, | G(E)dE)
ettt | /

g (m=2) (fsnr)-

Uz (32)-(34), a takxke u3 (36) u BbIIe yKa3aHHBIX JIEMM BbITeKaer, dro 7(r,0) €
Wi(S), | >3

YuureiBast Kpaessle yciaosust (2) u (40), B urore noyunm B obsactu P, 3amaay lupuxie
JUISL CJIELYIOIIEr0 YpaBHEHHS

LoU = hy()AxU — ha(t)Uy + Y _ ai(r, 0,6)Uy, + b(r, 0, ) + c(r, 0, )U = 0, (41)

=1
C JaHHBIMUA

=1 (t,0), Ul = p(r,0). (42)

Tn In

U‘S —r(r6), U

B [Maiikoros M.H.,2017] 6b11a JoKazana cieyionias TeopeMa
Teopema 2. Ecim 7(r,0), ¢1(r,0) € Wi(S), 1(t,0) € Wi(y,), | > 2 u Bemonnsercs
coornomenne (5), To sagauu (41) u (42) B xinacce CH(®,) N C?(P,) pa3pem1/1Ma.
Ucnons3ys TeopeMy 2, B UTOre IPUXOIUM K PA3PEIIIMOCTH 3aa9n 1.
Teopema mokazana.

5 PesynbraThl 1 00CyKaeHUE
Takum obpa3om, B pe3yjbTaTe U3yUYEHUs] NPEAbLIYIINX pabdOT M3BECTHBIX YUYEHBIX, IJIE
U3ydJaJanuch WX MHOTOMEPHBble aHaJorn. B JaHHON pabore BHepBble ObLIA ITOIyYeHA

paspemumMocThb 3a1a4u Jlupuxiie Jj1st MHOTOMEPHBIX THIEPOO0JIO-1T1apaboInIecKuX ypaBHEHU I
C BBIPOXKJIEHUEM TUIIa U TOPSIIKA.

6 3akJiroyeHue

B wuccnenyemoit pabore rmojiyueHa paspemmMocTb 3asiadu  Jlupuxie g MHOMOMEPHBIX
rurepooJIo-mapaboInIecKuX ypaBHEHNUI.
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About the separation of finely divided particles during centrifugation in
liquid media

Kydyrbekuly A.B., Al-Farabi Kazakh National University, Almaty, Kazakhstan,
+77071143341, E-mail: almatbek@list.ru,
Rahmetolla A.Sh., Science Research Institute of Mathematics and Mechanics, Almaty,
Kazakhstan, +77476193631, E-mail: abzhan.rakhmatolla@mail.ru,
Ibraev G.E., Al-Farabi Kazakh National University, Almaty, Kazakhstan, +77051111745,
E-mail: ybraev.alysher@mail.ru,
Rakhimzhanova A.Zh., Al-Farabi Kazakh National University, Almaty, Kazakhstan,
477078191246, E-mail: anarar.88@mail.ru

This work is devoted to the study of centrifugation processes, which are one of the most complex
processes of technology. The use of the action of the centrifugal force field for the separation
of heterogeneous liquid systems in a rotor system (centrifuge) is very effective. Separability of
centrifuged materials, multiphase dispersion, the relationship between phases cause ambiguous
processes of centrifugation, and therefore it is not always possible to accurately predict and evaluate
the main characteristics of the separation of heterogeneous systems in the centrifugal force field.
For a qualitative assessment of the main separation characteristics, such as the angular velocity
of rotation, the dependence of the angles of inclination of the glasses on the angular velocity, the
settling time of particles, etc., is created a mathematical model of the vertical rotor system. The
rotor represents a round disk on which cups (vial) with a multiphase liquid are symmetrically
suspended. A particular case of a fixed rotor is considered. Nonlinear differential equations of
motion of the suspension particle, which have no exact solution, are obtained. The research is
conducted by analytical and numerical methods. The dependence of the slope angles of the tubes
from the angular rotational speed of the rotor, sedimentation curves are obtained , which allow
estimating the time of particle deposition and the effect of the particle size distribution on the
separation process. The results of this research work allow us to determine with sufficient accuracy
all the necessary characteristics of the sedimentation working process, and also, in certain cases,
it is possible to exclude the conduct of experimental work. The results of the work confirm the
physical meaning of the process, which can serve as a justification for the use and introduction of
this mathematical model in industrial production.

Key words: separation, settling, centrifuge, multiphase fluid, rotor system, demetallization of oil.
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Bepinren KyMmbIC TEXHOJOTHsI MPOIECCTEPIHIH €H Kypaeaiepmid, 6ipi OOJbII  TabbLIaThIH
uentpudyrupiey yiepicin seprreyre apHajran. Poropubik kyitege (menrpudyranga) Giprekcis
CYHUBIK JKyfesmepi Oesy VIMiH MEHTPAeH TEeIKill KYIITep OpiciHiH ocepiH KoJgaHy eTe THiMIi.
[enaTpudyrupienerin MaTepuaaIapablH, OOMIHTIIITIC, aUCIIepCTi Kyi#eaepmid Komdas3ablfbl,
dazagap/iblH, ©3apa KATbIHACKI EHTPpUMYTupJey yaepicinin 0ip MoHII emec OOJYybIH TYFbI3aJIbI,
COHJIBIKTAH/A IEHTPMEH TeNKilll KYIITep OpiCiHieri rereporeHji XKyiieJepiiH Herisri OeJiiHy
cumaTTaMajiapblHA OPKAIaH HAKTHI Oo/KaMIap MeH Oarajay 2Kacay MYMKIHIIID 60sa
G6epmeiini. Bemmekrepmin, TYHY yaKbITBI, CHIHAYBIKTAP/IBIH KOJIOEYIIK OYPBIINIbI MEH OYPBIIMITHIK,
JKBULIAMIBIKTHIH aPACBIHIAFbl KATBIHAC, ailHAIYABIH OYPBIMNTHIK, KbUIIAMIBIFBl KOHE T.C.C.
cernapalsaHbIH HeTi3Ti cumarTamMaiapblHa canaJjblk 6ara 6epy VIiH BepTUKAJIb POTOPJIbIK »KYHeHiH,
MaTEeMaTUKAJBIK, MOJET KypbUIIbl. POTOp peTiHJAe CUMMETPUSIBI TYPJE JIOHTEJIEK JIHCKKE
OpaHAJIACTBIPBLIFAH KOIha3ajbl CYWBIKTBIKTHIFBI 0ap ChIHAYBIKTAD ajbiarad. PukcarusiaHraH
POTOPIBIH Jepbec Karaalibl KApACTBIPBLIBII OThIP. HakThI miemnriMi 2KOK, cycrien3ust OeJImeKTepiniy,
CBI3BIKCHI3 MuddepeHnmat KO3raablc TeHIey/epi ajablHIbl. 3epTTey aHAJTUTUKAJIBIK YKOHE CAHJIBIK,
9IiCTEP apKBLIbI XKY3€ere achIPhLIAbI. BOIIMeKTepIin TYHY YaKbIThIH Oaraiayra MyMKIH/IIK OepeTin
CeJIMMEHTAITNST KUCBIKTAPDI, ChIHAYBIKTAP/ILIH KOJIOCYIiK OYPBIINIbGI MEH POTOPJBIH, OYPBIMITHIK,
affHAJTy KBLIJIAMJIBIFGIHBIH, apaChIHIArbl, YKAJIbl CeNapalus Y/epiciHe JiereH TpaHyJIOMeTPJIK
KYPAMHBIH, 9CEPIiH €CKEPETiH KATHIHACTAD AJIBIHJIBI. 3ePTTEy HOTUKEJEPl CeIMMEHTAIINsT YKYMBIC
yIepiciaig 6ap/IblK KayKeTTi CHITaTTaMaJapblH KaXkKeTTl JO/IIIKIIEH aHbIKTayFa MYMKIHIIK Oepesi,
JKOHe JIe Kelbip karmaiiyiapia ToxKipuOesTiK >KYMBICTap/Ibl »KYPri3y KarKeTTiTiriHeH KyTbLIyFa
MYMKIiHIK 6epei. 2KyMbIc HOTHXKeepi ecenTe KapaCcThIPBLIBII OTHIPBLIFAH Y/IEPiCTiH (DU3UKAJIBIK,
MaFbIHACBHIH JIOJICJIACHIl, aJ OJ 03 Ke3eringe OepiireH MaTeMAaTHUKAJBIK, MOIEIbIl ©HJIpicTiK
OHEPKOCINKE eHTi3yTe YKoHEe KOJJaHyFa HerizmeMe 0oJia aiajibl.

Tvyiiin ce3nep: cenaparus, TyHy, IeHTpudyra, Komdas3aabl CYHbIKTHIK, POTODJIBIK, XKYiie, MyHai
JeMeTaTN3AIIICH.
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Hamuast paboTa MOCBSIIEHA UCCIIETOBAHUIO TIPOIECCOB MEHTPUMYTUPOBAHUS, SIBJISIIOIIMXCST OJTHUMA
u3 HamboJiee CJIOXKHBIX IIPOIECCOB TexHOJoruu. lcrnonbp3oBanne AeidcTBHs MOJIs IEHTPOOEXKHBIX
CUJI IS PA3JeJIeHUs] HEOJHOPOMHBIX KUJKUX CHCTEM B POTOPHOI cucreme (mentpudyre)
BecbMa 3ddekTuBHO. PasznmenseMocts HeHTPpU@YTUPYEMbIX MATEPUAJIOB, MHOTO(a3HOCTD
JUCIIEPCHOM CHCTEMbI, COOTHOIIIEHIE MEXK Y (hazamu 00yCIaBINBAIOT HEOJHOZHAYHOCTH IIPOIIECCOB
neHTpudyrupoBaHus, W MOTOMY He BCErjia CyIIeCTBYeT BO3MOXKHOCTH TOYHOIO IIPOTHO3a U
OIIEHKU OCHOBHBIX XapAKTEPUCTUK PAa3JeJIeHUs T'eTEPOreHHBIX CUCTEM B IIEHTPOOEXKHOM IOJIe
cun. [l KadecTBEHHON OIEHKM OCHOBHBIX XapaKTEPUCTUK Celapallii, TaKhe KaK YIJIoBasi
CKOPOCTh BpAIIEHUsI, 3aBUCAMOCTb YyIJIOB HAKJIOHA CTAKAHOB OT VIJIOBON CKOPOCTH, BpEeMsi
oceaHus YACTUIL U T.JI., TOCTPOEHA MaTeMaTUIeCKas MOJIEIb BEPTUKAJIBHON POTOPHOI CHUCTEMBI.
Porop npescrasisier coboif KpyTiblif JUCK, HA KOTOPOM CHUMMETPHYHO IMOJBEIIEHBI CTAKAHIUKH
(npobupku) ¢ MHOroda3HON KUAKOCTbIO. PaccMarpuBaercss 4acTHBINA ciydail (bUKCHPOBAHHOIO
poropa. Ilosyuensr HeuHeitHble qud depeHnaIbHbe yPAaBHEHNS JIBUYKEHUST YACTHUIbI CYCIIEH3HH,
KOTOpBIE TOYHOT'O PelleHusI He MeroT. VceieqoBanue MpoBOINTCST AHAJIMTUIECKUME U YUCIEHHBIMU
METOJAMH.
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ITosygyensl 3aBUCHMOCTH YIJIOB HAKJIOHA IPOOMPOK OT YIJIOBON CKOPOCTH BpAIEHWs POTOpPA,
KPUBBIE CEJIMMEHTAIINN, IIO03BOJIAIONINE OIEHUTH BPEMs OCAXKJEHUSA YacTUIl, a TaKxKe BIIUSTHUE
TPAHYJIOMETPUIECKOT0 COCTABA HA IIPOIIECC CEIAPAIIIH B I1eJI0M. Pe3yIbTaThl NCCIe0BAHNS TAHHONT
paboThl TO3BOJISIOT C JIOCTATOYHONW TOYHOCTBHIO ONPEIEIUTh BCE HEOOXOIMMBbIE XapaKTEPUCTUKN
pabotero mporiecca CeIMMEHTAITNN, a TaKyKe IMO3BOJISIOT B OIPEJIECTCHHBIX CAYyYasX HCKIIOYUUTD
IIPOBEJIEHIE YKCIIEPUMEHTAIBHBIX PaboT. Pe3ysbrarsl paboThl MOATBEPKIAIOT (DU3UIECKUN CMBICIT
IIPOIIECCa, PaCCMATPUBAEMOTO B 3aJade, UTO MOXKET CJIyKHUT OOOCHOBAHUEM WCIIOJb30BAHUS U
BHEJIPEHUA JIAHHOM MaTeMaTUYeCKON MOJEIN B IPOMBIIIJIEHHOM IIPOU3BO/ICTBE.

KuroueBble cioBa: cenapanusi, ocefanue, rneHTpudyra, MHOrodasHas »KHUIKOCTb, POTOPHA
cucreMa, JieMeTasIn3aIus HedTu.

1 Introduction

Today the purification of oil and the extraction of foreign bodies from it have several meth-
ods. These methods are conventionally divided into chemical, physical and physico-chemical.
Such extraction methods as chemical impact, the impact of various fields and radiations,
treatment with sorbents can well fit into the technological process of oil preparation for
transportation and processing. However, currently used methods of demetallization of oil
from foreign impurities with chemical and thermally treated are ineffective, they have low
productivity and imperfect technology (the degree of purification is rather low, high cost,
etc.) and quite harmful to the environment. One of the solutions to these problems is the
using of special centrifuges for the separation of different densities’ substances, in particular,
for the separation of a mixture of solid particles of substances and liquids.

2 Literature Review

Centrifugation processes is the most complex processes of technology, and centrifuges are the
most complex technological mechanism. Not all the questions of the theory of the centrifuges
operation have been sufficiently developed. It is not always possible to accurately predict
the separation of heterogeneous systems in centrifuges [1-3]. Fundamentals of theoretical and
experimental research of these machines are laid in the works of G.I.Bremer, V.I. Sokolov,
P.G. Romankova, N.N. Lipatova, E.M. Goldina. Research of U.N. Bochkova, S.A. Plyushkina,
E.V. Semenova, and V.Shlau significantly developed the theory of centrifugation processes
and contributed to the creation of new effective centrifuges [4]. Despite the complexity and
ambiguity of the centrifugation processes, they still obey the corresponding mathematical
dependencies. The flow of fluid inside the rotors of centrifuges can not be considered with its
flow in the field of gravity. Coriolis forces play an important role in this case. Stability of flows
in the field of centrifugal forces is not characterized by the measures which used to estimate
the stability of flows in the field of gravity [3,5-6]. Modern trends in centrifugal technology
have caused the appearance of multiple designs of centrifuges, some of which are difficult to
estimate by calculation [7-8]. Numerous scientific works are devoted to this topic, patents and
author’s certificates have been obtained, methods of mechanically separating solid particles
from liquids by means of centrifugation and devices for their implementation have been
proposed [9-15]. In [16,17], where the particle motion accounted only for the tube axis, the
results were insufficient to completely analyze the sedimentation process of the suspension.
So, the spatial motion of a particle is studied in this work, where it is also necessary to take
into account that the values of the angular rotational speed of the rotor, the tubes and the
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angle of their inclination are variable depending on the time for a complete assessment of
the separation of solid particles from the liquid, which also complicates the search general
solution of the differential equations of motion of a particle and the mechanical system as
a whole[18]. We propose a solution to this problem under certain assumptions in this work.
A special case, which takes place in industrial production, has been given and analyzed.
Analytical research methodology, which used for technical rotary installation used for slurry
treatment in the industry was developed and presented in [19].

3 Material and methods

Consider a vertical rotor mounted on a flexible shaft symmetrically relative to the supports,
which rotates with an angular velocity w. The rotor represents the circular disk on which
tubes with a suspension are symmetrically suspended. Tubes can rotate around their own
horizontal axis (Figure 1).

axis of rotation

of the tube

Figure 1 - Disc with test tubes

The rotation angle of the tubes from the vertical determines by the angle a; €2 = & - the
angular speed of tubes rotation,L, - the distance from the axis of rotor rotation to the axis
of tubes rotation,L,; - the distance to the particle M of the suspension with mass Am,r -
the radius of the cups,g - the acceleration of gravity,L - the length of the tubes. The position
of the rotor defines in the fixed coordinate system Ojz1y;21 (Figure 2). The position of the
investigated particle M is given in the moving coordinate system Oxyz, M(x,y, z). The axis
Oy is directed along the axis of symmetry of the tube downward. The axis Oz is directed
along the axis of rotation of the tube.
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Figure 2 - Scheme of the rotor system

When compiling the equations of motion, the following assumptions were used:

1.

= W

the angular velocity of the rotor is sufficiently large, so the gravity can be neglected
(g << w?r);

the particles have a spherical shape;
the length of a free particle is much larger than its size;
there is no turbulence in the suspension;

forces of interaction of particles between themselves and the walls of the glass (tubes)
are absent;

. the tube is narrow enough what allow take a diameter much smaller than the length;

after deposition on the tube wall, the particles stop their movement;

. the frictional force between the tubes and their rotation axes, as well as the change in

the severity of the tubes with suspensions and the frictional force of the particle with
the tube wall is neglected.

To compose the equation of the particle motion, it is necessary to determine the transport
F, and Coriolis forces F, of inertia of the suspension particle. The transport acceleration of
a particle M determines by the formula (Figure 2)

T = Q(Q -7) =72 +E X T, (1)

where

Q=w+Q (2)
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an instantaneous angular velocity of the rotor system.
Projecting the vector of the transport acceleration, which defined by the formula (1), on the
moving coordinate axes Ox, Oy, Oz, we obtain:

(Gp = wsina - [w(zsina — yeosa) — Qz] — (Lycosa + x)(w? + Q)+

+Q(Lycosa + x) — 2wsina,

ey = —wcosa - [w(zsina — ycosa) — Qz] — (Lgsina + y)(w? + Q)+ (3)
+Q(Lycosa + x) — 20sina,
G = —Q - [w(zsina — ycosa) — Q2] — z(w* + Q) +w - (L + ysina + zcosa)

The transport force of inertia is equal F, = —Ama,, the Coriolis force of inertia is F, =
—Ama,. Coriolis acceleration of particle M of the suspension, taking into account the fact
that Qo, = wsina, Qo, = —wcosa, Qp, = €, has the form

aer = —2(w - Zcosa — Y£2),

Uy = —2(w - 2sina + ©€2), (4)

e, = —2w(ysina + Tcosa),

After using formulas (3) and (4), taking into account the assumed assumptions, the motion
equations of suspension particle M have the form:

(i = —gsina — 6mmrod + (Lscosa + x)(w? 4+ Q2) — wsinalw(zsina—
—ycosa) — Q2] — Q(Lysina +y) + 2(w - Zcosa — §9),
§ = gsina — 6mmroey + (Lssina + y)(w? + Q?) + weosafw(zsina—
—ycosa) — Qz] — Q(Lycosa + ) + 2(w - Zsina — 12), (5)
2= —6mmroz + z2(w? + Q) + Qw(zsina — ycosa) — Qz] — w(Ls + ysina+
+zcosa) — 2w(ysina + Ecosa),

’]’h = _n = = U] = 37,7
\ Am %ﬂ"r‘gpr 47rr8pr .

Here ry is the particle radius of the suspension M by mass Am; 7 - dynamic viscosity of the
liquid (suspension);p, - particle density;67nrg - the friction coefficient of the particle M (the
coefficient of resistance of the liquid of the medium) when it moves.

The system of equations (5) is nonlinear, because of w = w(t),a = a(t),Q = Q(t), in
this case, the rotation angle « is an argument of trigonometric functions. In addition, the
coefficients of x,y, z, &, 7, 2 are variables. In this connection the system (5) does not have an
exact solution.

Let us consider a special case when the rotation of the rotor occurs with a constant
angular velocity (w = const), and a # 0 = const, i.e. & = 2 = 0, which corresponds to the
case of a fixed rotor. Also it is necessary to determine the dependence of the angle a from
the angular velocity w of the rotor. From the balance equation of forces acting on a tube

gsina = w*(L, + lsina)cosa. (6)

we find

g-tga
Y B S 7
W \ L, + lsina’ 0
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where [ - distance from the axis of rotation to the center of tube gravity with suspension.
When w — oo, — § or when a@ — 7,w — oo which follows from the physical meaning of
the problem.

From the relation (7) it is obvious that if the angular velocity w of the rotor is constant,
the angle of rotation « of the cups is also constant. Each value w has a corresponding specific
value a (Figure 3). For example, for the slope angle or; = 15° corresponds the angular velocity
w1 = 30,5 rad/s or 292 rpm. For the angle as = 30° — 382 rpm, for a3 = 45° — 463 rpm. For
other angles of slope a4 = 60°, a5 = 70°, ag = 80°, vy = 85°, ag = 88° correspond to angular
velocities of 577 rpm, 820 rpm, 1005 rpm, 1422 rpm , 1640 rpm.

/21

30+

20+

104

a, rad

Figure 3 - Dependence between the angular velocity and the angle of inclination

Accordingly, the faster the angular velocity of rotation, the faster the process of particle
sedimentation. But in general case it is better to avoid the acceleration of the rotor system
to huge angular velocities, it is necessary to determine the optimum slope of the tubes and
the corresponding rotational speeds that would satisfy the conditions of the problem of sed-
imentation of solid emulsion particles.

Now, when it is established that each value corresponds to a specific value , it is possible to
obtain from the system (5) with w = const, a = const, Q2 =0, =0

T+ 2ni — w?cos’a - v = —gsina + (L, + ysina)w?cosa + 2wcosaz,
i+ 2ny — w?sin’a - y = geosa + (Ls + xcosa)w?sina + 2wsinaz, (8)
Z42nz — w?z = —2w(ysina + tcosa).

Where 2n = 6119, n = 3mmry = 4%’; = 497"8% - coefficient of friction,p, - fluid density.

The equations system (8) can be solved analytically, assuming certain assumptions that were
made in [19]. In this case, taking into account the spatial motion of the deposited substance
in the cavity, it is possible to calculate the trajectory of the particle by a numerical method,
to estimate the time and the trajectory of settling the particles in the suspension for different
values of the slope of the tube, the particle size and the coefficient of resistance.
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4 Results and discussion

The calculations were performed for a centrifuge rotating at a speed of 300 to 1700 rpm.
During the calculation varies three basic parameters, the radius of the particles, the slope of
the tubes and the coefficient of resistance of the environment, which are the most important
and are fundamental in industrial production.

Figure 4 shows the results of calculations for different inclinations of glasses (tubes). As
was shown above, when the angular velocity of the rotor tends to an infinitely large value,
the angle of inclination of the tubes tends to an absolutely horizontal position, i.e. to a value
of 90°. In the production process, it is impossible to achieve an absolutely horizontal position
of the glasses (test tubes), which is confirmed by the mathematical model.

1o = 0.005 m,
n=1000

a= 88"
a=85°

a=175°

a=60°

— = 450
a=30°

—_— =15

Figure 4 - Movement of the particle at different values of the slope of the tube

Therefore, it is necessary to determine the angle of inclination, which would provide a
sufficient degree of purification and at the same time would be optimal from the constructive
point of view. For industrial centrifuges with operating speeds from corners of 80° are suitable.
For industrial centrifuges with operating speeds from 1500 rpm, the angles are from 80°. When
tilted at 88°, the particles settle more quickly than at smaller tilt angles of the glass (test
tube). Here cases with a larger slope are not considered in connection with design changes,
which, given the parameters, can lead to a decrease in productivity, as follows from formula
(7). Particle settling occurs already at the 9th second of the operating mode of the fixed rotor
(Figure 5). In cases where the inclination angles are less than 80°, the sedimentation process
passes more slowly and subsidence occurs along the spatial curves with increasing amplitudes
due to the increase in the centrifugal force (Fiures 4-5). The rotor needs rotate at a speed
of 1640 rpm to achieve a tilt angle of 88°. Thus, if the working speed of the centrifuge is
3000 rpm or more, as in many modern centrifuges of this class, then the goal of separation
is achieved at much lower speeds. This, obviously, will reduce certain economic costs for
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centrifuges with a specified degree of purification. The rate of particle sedimentation also
depends on the nature of the multiphase fluid, and, therefore, it is appropriate to consider
the resistance of the medium as the next important parameter.

/\ ro=0.005 m,
1000 n = 1000

a = 88°

3004

R
Il
o0
U

-500+

- 1000 a= 500

Figure 5 - Movement of a particle at different values of the inclination of the tube along
the longitudinal axis as a function of time

For the calculation, the resistance coefficients for crude oil and some more viscous liquids
were used. As expected, the resistance is higher, the longer the separation time, respectively,
the lower the coefficient of resistance, the smaller the settling time of the particles (Figure 6),
which confirms the correctness of the proposed mathematical model. The magnitude of the
emerging resistance depends mainly on the driving mode and the shape of the streamlined
body. The mode of precipitation of a solid phase particle can be taken as laminar as long
as the condition Re < 1 =+ 1,6 is satisfied. In practical centrifugation cases, the Reynolds
number is less than the transition value from laminar to turbulent.

In laminar motion, the body is surrounded by a boundary layer of liquid and flows smooth-
ly. If a precipitating particle, having reached a certain distance from the axis of rotation,
continued to experience the effect of a constant centrifugal inertia force with further precip-
itation, then the deposition rate of the particle would soon become constant. At the same
time, the resistance of the liquid would increase to the value of the centrifugal force. The
increase in resistance is due to the fact that the fluid molecules in the layer near the body
are densified, and when the distance between them decrease, the energy of mutual repulsion
increases. But in reality the centrifugal force of a particle inertia is always greater than the
resistance force of a liquid medium because of its increase (force) as the particle moves away
from the axis of rotation [20].

The last parameter is the granulometric (or dispersed) composition of the particles, which
must be separated. This characteristic is of decisive importance when choosing a centrifuge.
For a separator of this configuration, its required productivity is less than the finer particles
of the solid phase in the processed suspension, which results in a higher separation factor,
which formally represents the Froude number. Since it is initially assumed that the particles
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have the shape of a sphere, their radius is accordingly changed to consider different particle
sizes. It should be noted that in this model in one cycle of the system operation the particle
sizes were assumed to be equal, so, in each case all solid fractions in the suspension have the
same size.

1o=0.005m, = 88°
— 5= 10000
— 7 =5000

n=1000

-500-]

- 1000

- 1500-]

Figure 6 - Motion of a particle at different values of the coefficient of resistance of the
medium

Also, colloidal disperse systems are not considered, because of the particle size plays not the
most important role in the separation process as in a certain range (Figure 7). For example,
particles with a size ryp = 0.01 — 0.05 settle along an almost identical curvilinear trajectory,
although here the particle size increases 5 times (Figure 7). Initially, all particles up to the
fourth second of the operating mode of the fixed rotor have practically very close trajectories
of subsidence. Until the ninth second, particles of size ry = 0.01 — 0.05 move along very close
curves. The particles of size 79 = 51072 — 1 - 107% until the ninth second settle on more
curved trajectories, which further diverge even more. For these particles, these sedimentation
curves are natural, because they are small in size, which means the need for higher operating
speeds for micro- and nanoparticles. Since the separability of the suspension depends on the
degree of dispersion, it becomes necessary to use the sedimentometric method to estimate the
nature of the particle distribution. When applying this method, the duration of precipitation
is plotted along the abscissa axis, and the ordinate is the total amount of solid phase deposited
at the bottom of the centrifuge cup or passed through the reference level for a certain time.
This amount is composed of the whole precipitated particles and still precipitated [20]. This
method requires the presence of experimental data, which is not always possible. At a certain
stage of the research, using the above sedimentation data for a qualitative assessment,it is
possible to avoid the need for an experimental method.
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Figure 7 - Motion of a particle at different values of the particle radius

5 Conclusion

Important results were obtained in this work. A qualitative analysis of the results is carried
out on the basis of classical numerical methods for solving differential equations. The time of
particle deposition at different values of the tube inclination angle, the resistance coefficients
and the size of these particles is taken into account when taking into account the spatial
motion. Optimum parameters of operating modes for the a fixed rotor case, i.e.when each
specific value of the inclination corresponds angle to a specific angular rotation velocity of the
disk on the flexible shaft, are determined and proposed. The results of the performed work
confirm the physical meaning of the problem, which can serve as a justification for the use and
implementation of this mathematical model in industrial production. Obtained dependences
with sufficient accuracy for engineering practice allow to determine such operational charac-
teristics of the process as the time of sedimentation, the trajectory of precipitation and the
dependence of the rotational speeds on the slope angles, and also to predict the efficiency of
the centrifuge. In addition, these results allow to avoid the need of using the sedimentometric
method and to exclude additional costly experimental work.
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Determination of displacements in cross-sections of four-bar mechanism links
from distributed dynamic loads and their animation using MAPLE

Utenov M.U., al-Farabi Kazakh National University, Almaty, Kazakhstan,
+77478976989, E-mail: umub3@mail.ru
Zhilkibayeva S.K., al-Farabi Kazakh National University, Almaty, Kazakhstan,
+77755828228, E-mail: saltanatzh.kz@gmail.com
Baygunchekov Zh.Zh., K.I. Satpaev Kazakh National Research Technical University,
Almaty, Kazakhstan, +77772255647, E-mail: bzh47@mail.ru
Myrzaliyev D.S.; M. Auezov South Kazakhstan State University,
Shymkent, Kazakhstan, +7 725 230 05 70

The links of high-speed mechanisms and manipulators are deformed under the action of inertia
forces and external loads. These deformations have significantly influence on the accuracy of execu-
tion of the required law of motion by the operating point of the mechanism and the positioning of
the manipulator grip. Accordingly, longitudinal and transverse displacements, angles of rotation of
cross-sections of links under the action of distributed dynamic and external loads are investigated
in this paper. The developed technique allows defining deformations of links of mechanisms and
manipulators and can be applied at their designing. To determine the transverse displacements,
the angles of rotation of the cross-sections of the links — the basic differential equation of the elastic
line of the beam, to determine the longitudinal displacements of the points of the links — Hooke’s
law and the boundary conditions of the computed scheme of the investigated linkages for elastic
computation are used. The bending moment in the basic differential equation of the elastic line of
the beam and the longitudinal force in Hooke’s law were determined by the theory developed by
the authors of the analytical definition of internal forces in the links of planar linkages with stat-
ically determinate structures, taking into account the distributed dynamic loads from the masses
of links, dead weight and from the acting external loads. According to the developed technique,
programs are created in the MAPLE system and animations of the movement of mechanisms are
received, with the construction on the links the diagrams of transverse, longitudinal displacements
and angles of rotation of the link cross-sections. The developed analytical technique for determin-
ing deformations in the cross-sections of links is used to calculate the strength and stiffness of
elements of movable linkages.

Key words: Mechanisms, movable linkages, displacements, distributed dynamic loads.
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2Koraprbl KbLIIAMIBIKTH MEXAHI3MIEP MEH MAHUITYJIATOPJIAP/IBIH OybIHIaPBI MHEPIUs KYIITePi
MeH CBIPTKBI KYKTeMeep ocepiHeH medopMalusaaaHaabl. bya medopManusiap MeXaHU3MHIH
JKYMBIC HYKTECIHIH KaXXeTTi KO3FaJly 3aHblH aTKapy JIJJIrHe KoHe MAaHUIIYJIATOP/IBIH
KapMayblIIIbIH TYPFbLIAHIBIPYFa aifiTap ibikTail ocep eresii. OcbiraH opail, 0yJ1 >KyMBICTa TaApPKAJIFaH
JIMHAMUKAJIBIK, KOHE CBIPTKBI YKYKTEMeJIep ocepiHjeri OybIHIAp KUMAaChIHJA IMaiiga OoJaThiH
OOMJIBIK [T€H KOJIJIEHEH OPBIH aybICTBIPYJIap, OypaJly OYpBITAphl 3€PTTEIIHIeH. O3ipJIeHTeH 9JIiC
MeXaHu3MIep MEH MaHUITYIATOPIAP/IBIH OYBbIHIAPBIHIATHI 1eOpPMAIUIHBI aHBIKTAyTa MYMKIHIIK
Oepesi koHe oJlapAbl KobaJsiay KesiHme KoIgaHyra 0o0aabl. ByblH KUMaJapbHIATHl KOJICHEH
OPBIH ayBICTBIPYIAP/IbI, OYpaTy OYPBIITAPBIH aHBIKTAY VITiH apKAJJIBIKTHIH, CEPIIM/II CHI3BIFBIHBIH,
Herisri auddepeHnuaIbK TeH1eyi, OybIH HyKTeIepiHiH OOMJIBIK OPBIH &ybICTHIPY/IAPbIH AHBIKTAY
yirin 'yk 3aHbI, KOHE Jie CEePIMJIl ecenTeyre KaXKeT 3ePTTENIETIH cepHiM/ii KyHeepin ecenrey
CXEeMAJIAPBLIHBIH, IIEKAPAJIBIK [MAPTTAPbl KOJIAAHBLIAABI. APKAJIBIKTHIH, CEPIIMJ]l ChI3LIFBIHBIH
Herisri auddepeHnuaiablK, TeHIeyiHe KipeTiH uiomr MOMeHT »KoHe ['yK 3aHbIHa KipeTiH OOMIBIK,
KYIIT aBTOPJIAP/IBIH, KacaraH KYPbLIBIMBI CTATHKAJIBIK aHBIKTAJIFAH »Ka3bIK, CEPIIM/II MEXaHU3MIEP
MEeH MaHWITYJIATOPJIAPIbIH OYBIHIAPBIHIA Taiiga 60IaThiH iIKi KyIITep/Ii, OybIHIap CaJIMarblHAH,
CBIPTKBI KYIITEPJI€H TYBIHIAUTHIH TapKAJFaH JNHAMUKAJBIK JKYKTeMejep OCepiH ecKepeTiH
TaJJIaMaJIbl JKOJIMEH AHBIKTay TeopusichbiMeH Tabbliann. 2Kacamran meronuka Goiibiama MAPLE
XKyieciHge mporpaMMasap KYPBLIBII, TaOLIIFaH KOJAeHEH, OONIBIK OpPBIH AybICTHIPYIAp MeH
OypaJsty OYpBIMITapbIHBIH, SMIOpPJIepl OybIHAapFra TYPFBI3BLIBIN, MEXaHU3MIEDP KO3FABICHIHBIH
AHUMAITUSICHI AJTBIHILI. BybIHIap KIMACHIHIAFDI J1e(hOPMAITHSIIAP/Ibl AHBIKTANTHIH OCHI TAJIIAMAJIBI
9MIiC KO3FaJIMaJIbl CEePHiMJI KYHeTep/iH 3JEeMEHTTEePIH OepiKTIK IeH KATAHJBIKKA €CelnTeyre
BIHFANJIBI.

Tvyitin cesmep: Mexanm3amuep, KBIDKBIMAJIBI CHIPBIKTHL 2KYUeJE€p, OPBIH AybICTBIPYJIAP,
TapKaJraH JUHAMHAKAJIBIK KYKTEeMeIep.

Omnpenenenne nepeMereHnii ce4eHnii 3BeHbeB YeThIPEX3BEHHUKA OT PaCHpPeeJIEHHbIX
AUHAMUYECKNX HArpy30K U mx aunmMmaius B cpege MAPLE
VYrenos M.V., Kazaxckuii HanmoHa/IbHBI yHUBEpCUTET UMeHU ajib-Papadbu, r. AamaTsr,
Pecnybnuka Kazaxcran, 477478976989, E-mail: umub3@mail.ru
Kunkubaesa C.K., Kazaxckuii HAIMOHAILHBIN yHUBEpCHTET UMeHN aib-Dapabu, T. ATMaThI,
Pecny6iiuka Kazaxcran, +77755828228, E-mail: saltanatzh.kz@gmail.com
Baiirynuekos 2K.2K., Kazaxcknit Harmonaabubiii Texandeckuit yansepcurer umenn K. M. Carnaesa,
r. Anmvarer, Pectiybsinka Kazaxcran, +77772255647, E-mail: bzh47@mail.ru
Mpuipzanues J1.C., FOxuo-Kazaxcranckuii rocynapcrsennbiii yuusepeurer umenun M. Ayesosa,

r. HleivkenT, Kazaxcran, +7 725 230 05 70

B BBICOKOCKOPOCTHBIX MeXaHH3MaX U MAHUIYJIATOPAX 3BEHbs JeDOPMUPYIOTCS 110, BO3eiCTBIEM
CUJI WHEPIUU U BHEIIHUX HArpy30K. IDTU Je(OpMalliid CYIIECTBEHHO BJIUSIOT HA TOYHOCTH
WCITOJTHEHUsT TPeOyeMOoro 3aKOHa JABUXKEHUs pabodeil TOUKON MeXaHU3Ma U Ha MO3UIMOHUPOBAHIE
CXBaTa MAaHUITYJIATOpa. B CBsi3U ¢ 9TUM, B JaHHOI padOTe UCCIIELYIOTCA MPOIOJIbHbBIE, IIOIIEPETHBIE
IepeMeleHns, yribl I0BOPOTa CeUYeHNi 3BeHbeB HaXOIAIINXCA 10T BO3/IeICTBIEM Paclpe/ieIeHHbIX
JUMHAMAYECKUX ¥ BHEITHUX HArpy30K. Pa3paboTaHHblil MeTOJ II03BOJISET OPEeATh nedopMariiii
3BEHBEB MEXaHU3MOB M MAHUIIYJISITOPOB M MOYXKET IPUMEHSATHhCI IIPU HUX IPOEKTUPOBAHUU.
s onpesesieHnsT TONEPEYHBIX IIEPEMEIeHnit, YIJIOB TOBOPOTa CEYEHHH 3BEHbEB HCIOJIB30BAHBI
ocHOBHOE T dEpPEHITNATBHOE YPABHEHNE YIIPYTOi JIMHUK OAJIKHU, IS OIpee/IeHns] TPOI0TbHBIX
IepeMeIeHnit TO9eK 3BeHbEB — 3aKOH |'yKa 1 rpaHnvHbIe YCIOBHUA PACIETHON CXEMBI UCCIIELYEMbIX
CTEPXKHEBBIX CHCTEM I YIPyroro pacdera. V3rubarommit MOMEHT, BXOIMAIUI B OCHOBHOE
nuddepeHnaIbHOe YpaBHEHNE YIIPYIoi JIMHAN OaJIKM U IPOJIOJIBHAA CHUJIA, BXOJSAINAas B 3aKOH
I'yka ObLIM OIpeJieIeHbI 10 pPa3pabOTAHHON aBTOPAMHU TEOPUN AHAJIUTHIECKOI'O OIPEIEJICHUS
BHYTPEHHUX YCUJIAI B 3BEHbAX INJIOCKUX CTEPXKHEBBIX MEXaHU3MOB U MAaHUILYJISITOPOB CO
CTATUYECKHN OIPEIEIUMBIMHU CTPYKTYPaMH C yYeTOM PaCIpPe/IeJICHHbIX JUHAMUYECKNX Harpy30K
OT MACC 3BEHBEB, COOCTBEHHOI'O BeCa U OT JIEUCTBYIOIMIMX BHEITHUX HATPY30K.
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ITo pazpaboranHoii MeToUKe cocTaByieHbl nporpaMmbl B cucreme MAPLE u nostydensr anumarumn
JIBUKEHUS MEXaHU3MOB C IIOCTPOEHUEM Ha 3BEHbSX IIOIMEPEYHBIX, MPOJOJbHBIX IepeMeIeHni
W YIJOB TOBOPOTA CEYEHUN 3BEHLHEB. Pa3paboTaHHBIN aHAJUTUYECKHII METOM OIpEeIe/IEHIST
JedopMmaluit B CeE€HNAX 3BEHBEB TPUMEHSIETCS JJIsT PAcUeTa MPOIHOCTH U YKECTKOCTH IJIEMEHTOB
ITOJIBUKHBIX CTEPXKHEBBIX CHCTEM.

KoroueBble ciioBa: MexaHusMbl, IIOJBHKHBIE CTEpPXKHEBbIE CHCTEMBI, IIepeMelleHuns,
pacupejiesleHHble TUHAMUYEeCKIe Harpy3KH.

1 Introduction

Dynamic analysis of high-speed mechanisms and manipulators received considerable atten-
tion in the last two decades. Every frame structure is deformed under the action of large static
and dynamic loads. Whenever such a load occurs, several problems persist, for instance: the
problems of failure, caused by large forces of inertia; elastic deformations of the mechanism
can be significant, as a consequence, the mechanism become unusable; the mechanism cannot
satisfy the kinematic requirements because of the large deformations of links. When design-
ing high-speed mechanisms, the designer must either reduce the elastic deformations of the
mechanism, or take them into account in computation. To test on stiffness and stability of
the structure, it is necessary to be able to determine the displacements caused by the defor-
mation of its elements. The techniques for determining these displacements are very diverse.
They mainly differ from each other by the degree of complexity and scope of application.

2 Literature review

The method of direct integration of differential equation of elastic beam line is an earlier
one for determination of displacements. However, in the case of beams with a large number
of cross-sections, the implementation of this method involves considerable difficulties, which
are not in the integration of differential equations, but in the technique of determining the
arbitrary integration constants — drafting and solving of systems of linear algebraic equations
(Jindal, 2012 : 294), (Timoshenko, 1948 : 134 — 135), (Darkov, 1975 : 289).

When computing by the displacement method, the main sought values are the displace-
ments of the nodal points caused by the deformation of the system. Knowledge of these
displacements is necessary and sufficient to determine all internal forces that arise in the
cross-sections of the elements of a given system (Kaveti, 2014 : 412), (Tschiras, 1989 : 111),
(Pisarenko, 1979 : 85). In the works of Sadler and Sandor (Sandor, 1973 : 497 — 516), the
lateral bending vibrations of the elements of mechanisms, which can be considered as pin-
ended beams making planar motions, are investigated. The normal dynamic stresses caused
by the concerted actions of bending and axial loads are studied. A scheme is given for min-
imizing the maximum stresses in the flexible linkages of a given length without increasing
the total mass. This is done using an iterative method of finding a full-strength form seek-
ing method. The study is limited to the case of a rectangular cross-section, where the only
variable is the width. Longitudinal deformations are considered negligible and, therefore, are
not considered here. Abe proposed an accurate mathematical model of the flexible link in
two-link rigid-flexible manipulators by taking the axial displacement and nonlinear curvature
arising from large bending deformation into consideration for suppressing residual vibrations
in optimal trajectory planning (Akira Abe, 2009 : 1627 — 1639). Mingxiang et al. presented
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a kinetostatic modeling method for flexure-hinge-based compliant mechanisms with hybrid
serial-parallel substructures to provide accurate and concise solutions by combining the ma-
trix displacement method with the transfer matrix method. This work established a general
kinetostatic model of the whole compliant mechanisms based on the equilibrium equation of
the nodal force (Mingxiang, 2018).

Finite element method (FEM) is used to structure the system into single finite elements
and the stiffness matrix of element and of the whole system provides connection between
displacement of nodes of element and system, as well as forces therein (Hutton, 2007 : 387),
(Gokhale, 2008 : 416). Du and Ling have developed a general non-linear finite element model
for dynamic analysis of three dimensional beam-like mechanisms undergoing both large rigid
body motion and large elastic deflections. They adopted the non-linear strain-displacement
relationship taking into account the axial strain and the shear strains due to the pre-twist in
the beams (Hejun Du, 1995 : 56). Absy and Shabana show that the consideration of longitu-
dinal displacement caused by bending would eliminate the third and higher order terms from
the strain-energy expression, if the strain energy is written in terms of axial deformation.
This leads to nonlinear inertia terms and a constant stiffness matrix (El-Absy, 1997 : 207).
Zhaocai studied the dynamic stress of the flexible beam element of planar flexible manipu-
lators. Considering the effects of bending-shearing strain and tensile compression strain, the
dynamic stress of the links and its position are derived by using the Kineto-Elastodynamics
theory and the Timoshenko beam theory (Ding Zhaocai, 2006 : 17-20). Yue computed the
maximum payload of kinematically redundant manipulators using a finite element method
for describing the dynamics of a system (Shigang Yue, 2001 : 36). Korayem et al. considered
a complete dynamic model to characterize the motion of a compliant link capable of large
deflection (Moharam H. Korayem, 2010 : 17).

In this paper the longitudinal and transverse displacements, the angle of rotation of link
cross-sections under the action of distributed dynamic loads and external forces are studied.
The developed analytical technique makes it possible to accurately and quickly determine
the deformations of links of mechanisms and manipulators and can be used in their design.
Earlier the authors have developed a new analytical technique for determination of internal
forces in the links of planar mechanisms and manipulators under the action of distributed
dynamical loads and it was described in the work (Utenov, 2016 : 5-10).

3 Materials and methods

The main differential equation of elastic beam line (for the element k) has the form (Darkov,
1975 : 289), (Kaveti, 2014 : 412), (Tschiras, 1989 : 111), (Pisarenko, 1979 : 85) :

Py, M) "

When a transverse distributed trapezoidal load acts on the element, the bending moment
in the cross-sections of the element is determined by (3) from the previous work (Utenov,
2016 : 5-10). Substituting the values of Mg(z}) from (3) into (1) and integrating one time,
we will have expression to the rotation angles of cross-sections of the element & :
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which contains one arbitrary constant Cj;. By integrating second time, we find the ex-
pression for beam deflection v, (z},)

, L 1 1, 1, 9 9
wy () = yi(z)) = Ek]k{ [5(%)2 - m(ﬂﬁk)?’ + F@%(xk)4 — —(xk)ﬂ M+

9 4 45, o 9 ., 18 YA
+[6lk(xk) YA )]M’“ﬁ[ PTASCARETTAS o' (xk)]M‘“?’Jr

1 /\3 9 i /\5 /
gy - 2a W) o () Mes} + ot + Cie 3)

which contains two arbitrary constants C; and Cis. The values of these arbitrary constants
Cy1 and Cjy are defined from consideration of two boundary conditions, i.e. from the condi-
tions of end restraint.

The element aspect ratio dzj, from the longitudinal force Ni(x}) by Hooke’s law would
be:

T By (4)

When a distributed trapezoidal load is applied to the element, the longitudinal force is
given by (5) in the work (Moharam H. Korayem, 2010 : 17). Substituting it into (4) and
intergrating one time, we find the following expression for longitudinal displacements of the
element points:

L 1 3, 2
i) = g, [ Mutanas = g [{[1- g el

4 4 1 2 1 3 2
+ E%—E(%)?}NMJF[ I $k+lz( )2}Nk3}d$§g = m{[%—z—lk(%f*‘?)—lz(%)g N1+
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4, 4 1 2

* 2 F N3 VA Y A W AY:
51, (k) 3lz(xk>]Nk2+[ o1, (k) +3z,§(“”’f)}N’“3}+C’“" (5)

gl

The arbitrary constant CY,, is determined from the conditions of end restraint.

Let us consider the determination of displacements in the links of four-bar mechanism
(Figure 1). As the displacements of the link 1 cross-section O are known (Phiy(0) = 0
— the angle of rotation of cross-section O, uyl0 = w;(0) = 0 — the displacement that is
perpendicular to the axis of the rod of the same cross-section, uzrl0 = w,(0) = 0 — the
displacement along the axis of the rod of the same cross-section, that it is possible to define
constants C1, C and CY,,. Substituting into (2), (3) and (5) the value of 7}, =, 0 and taking
into account above said three boundary conditions, we will receive that Cy;, Ci2 and Cj,
are equal to zero. It allows defining transverse and longitudinal displacements in any cross-
section of the link 1. Let us introduce three Cartesian coordinate systems BX|Y/, BX}, Y,
and BX,Y; at the point B (Figure 1), where X is directed along the axis of the first link,
X/ is directed along the axis of the second link, X, is directed parallel to the axis X. Let us
determine the coordinates of the point B of the first link B’ (a new position of the point B
after deformation) uxlly, uyll; with respect to the coordinate system BX]Y]. For this we
substitute into (5) and (3) the value of X| = [y, we will get:

L1 2 1
1= “Ny + =Ny + =N 6
ux A, <6 11—1‘3 12+6 13> (6)
2 (13 3 3
U= My +-—My+-—M 7
YT EL (120 et g 13) (7)

We will denote the coordinates of the point B’ in the coordinate system BX)Y, through
ux20, uy20. Then position of the point B’ with respect to the coordinate system BX5Y5,
using the coordinates of the point B’ in the coordinate system BX/Y/, will be equal to:

oy | | costh — sin 64 uxlly (8)
yor | | sinb, cos 6, uylly

and using the coordinates of the point B’ in the coordinate system BX}Y;, we get:
Toy | | cosbh — sin 6y ux20 ()
yo | | sinfy cos 0, uy20

Equating the equalities (8) and (9) we receive two equations with two unknowns ux20 u
uy20 :

ux20 cos Oy — uy20sin Oy = uxlly cos By — uylly sin O
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Figure 1 — The displacements in the links of four-bar mechanism

ux20 sin 0 + uy20 cos Oy = uxlly sin 6y + uylly cos Oy

Solving the resulting system of equations, we have:

uz20 = (uxlly cos 6y — uylly sinby) cos by + (uxzlly sin 6y 4+ uylly cos ;) sin Oy (10)

uy20 = (uxlly sin Oy + uylly cos0y) cos Oy — (uxlly sin by + uylly cos ;) sin by (11)

Now, let us introduce three Cartesian coordinate systems C' XY, C’X;)Y?: and CX3Y3 in
the point C' where the axis X7, is directed along the axis of the second link, the axis X7 is
directed along the axis of the third link, the axis X3 is directed parallel to the axis X. Then

position of the point C’ with respect to the coordinate system CX3Y3, using the coordinates
of the point C" in the coordinate system CX3}Y;] will be equal to:

x3y | | costy — sin 6, ux2l (12)
ysy | | sinf cos 0, uy2l [’
using the coordinates of the point € in the coordinate system C'X. :;Y?)/ will be equal to:
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x3y | | cosO —sin 6} ux3l (13)
ysy || sin6 cos 04 uy3l |’
where 6} = arctgu.
Te — Tp

Equating the equalities (12) and (13) we receive:

—uy2l sin Oy + uy3l sin 0y = —ux2l cos O 4+ ux3l cos b (14)

uy2l cos 0y — uy3l cos Oy = —ux2l sin O + ua3l sin 0 (15)

As the point D is hingedly fixed, that we have following boundary conditions:

luz30 =0
ux (16)
uy30 =0

Substituting the value of X/ =[5 into (5) we get:

Iy 1 2 1
2] = ux20 —N. —N. —N.
uzx UL +E2A2 (6 21+3 22+6 23)

Using the first boundary condition (15), and substituting a5 = I3 into (5) with respect to
the coordinate system CX,Y; we have:

s /1 2 1
3= ——3 2Ny + 2Ny + —N.
ur Esls (6 e 33)

Substituting the found values uz2l and ux3l into (14) and (15), solving in common, we
get:

—(—ux2l cos Oy + ux3l cos 0}) cos 0y — (—ux2l sin Oy + ux3l sin b3) sin b5

uy2l =
Y sin 0, cos 05 — sin 0% cos 6,

—(—ua2lsin Oy + uz3l sin }) sin Oy — (—ux2l cos Oy + ux3l cos 65) cos by

uy3l =
Y sin 0, cos 05 — sin 05 cos 6,

Substituting the found values uy20 and uy2l into (2), conducting some simple transfor-
mations, we find:
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21 20 b 5 My + 5 M.
uy2l — — — —
Y i Ey1, \ 10 ST

D20 =
ly

Using the second boundary condition (16), we get:

g B (B 3y
_u — — R
YT B L \107 T g

30 =

4 Results and discussion

For the first time the authors have developed the technique for analytical determination
of longitudinal and transverse displacements and the angles of rotation of cross-sections of
links of the four-bar mechanism under the action of distributed dynamical loads. According
to the given algorithm the programs in the Maple system were created and animations of
the movement of mechanisms with the construction on the links the diagrams of transverse
and longitudinal displacements and angles of rotation of the link cross-sections were received
(Figure 2 - 6).

Figure 2 — The investigated mechanism with the construction on the links the diagrams of
longitudinal inertial loads
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Figure 3 — The investigated mechanism with the construction on the links the diagrams of
transverse inertial loads

A
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Figure 4 — The investigated mechanism with the construction on the links the diagrams of
the angles of rotation of the link cross-sections

Figure 5 — The investigated mechanism with the construction on the links the diagrams of
the longitudinal displacements of the link cross-sections
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Figure 6 — The investigated mechanism with the construction on the links the diagrams of
the transverse displacements (deflections) of the link cross-sections

5 Conclusion

The developed technique allows determining the deformations in the links of mechanisms and
manipulators under the action of distributed dynamical loads and can be used in the study of
stress-strain state of the projected and existing movable and fixed linkages (planar linkages,
manipulators, frames, etc.).
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Application of differential evolution algorithm for solving the Solow model with
the addition of human capital
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This paper is devoted to a numerical study of defining of parameters of dynamical systems arising
in financial and economic problems. The importance of parameters that are difficult to measure is
great, so defining them will help to make forecasts and a work plan for the future at the govern-
mental level. An effective way to restore parameters is to solve the inverse problem. The method
of coeflicient recovery using the algorithm of differential evolution, which was proposed by Rainer
Storn and Kenneth Price, is presented in this paper. On the example of solving the direct prob-
lem of the mathematical model of neoclassical economic growth of Robert Solow and the results
obtained, the inverse problem was solved and unknown parameters were determined. The Solow
model is based on the Cobb-Douglas production function, taking into account labor, capital and
exogenous neutral technical progress. Also, for further calculations, the economic model proposed
by Mankiw-Romer-Weil based on the Solow model was considered, but with the addition of hu-
man capital, where the number of variables and coefficients that need to be restored has already
increasing. A direct problem was also solved, results were obtained that were applied in the algo-
rithm of differential evolution for parameters recovery.

Key words: economical model, inverse problems, optimization, differential evolution, Solow mod-
el.
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Herisri kxyMbIC KapKbI-9KOHOMUKAJIBIK, MOCeJIeepe TYyBIHIANTHIH IUHAMUKAJIBIK, KYyHeaep/Iin
nmapaMeTpJyiepiH aHBIK TayJ/blH CAHJBIK, 3epTTeyine apHajraH. OJireyl KUblH TapaMeTpJiep/IiH
MaHbI3/IBLIBIFBI COHIMAJBIK, , OJIAP/IbIH AHBIK, TAMAaJIAPBI OOJIAINAK, Ta MEMJIEKETTIK JeHreii e OoKaM
JKacay KoHe JKYMBIC KOCIApbIH »Kacayra KemekTecesdi. llapamerpiiepiH KaJliblHA KeJITiPYIiH
TuiMl KoJibI - Kepi ecenrepzi temry. Ocbr makasana Paitmep Cropu men Kenner Ilpaiic
yeoiaran  audbepeHnnaablK, SBOIONNs AJTOPATMIH Maiijaiany apKbLIibl KoM dUImenTTepai
KaJlblHa KeJTipy oici yebiabrad. Pobept CoJioyabiH, HEOKIACCUKAJIBIK, SKOHOMUKAJIBIK, OCYIHIH,
MaTEMATUKAJIBIK MOJIEJIH TiKeJell IIeITin »KoHe aJIbIHFaH HOTHXKEJIEep/ll MbICAJIFa KeJTipim, kepi
npobJieMa mentijl koHe Oesricis nmapamerpsiep anbikTasael. Cosioy momeni Kob66-lyriiacThiy,
OHIpiCc (DYHKIMSACHIHA HETi3/esie/l, eHOeK, KaluTaJIbl XKoHe 9K30IeH K Oefftapal TeXHUKAJIBIK,

IIPOTPECT1 ecKepe OThI-
poin. Conpait-ax, , kejeci ecenrreysep yimia Mankbio-Pomep-Yaitr yepraran, 6ipak ajaM KaluTabiH

Kocy apk buibl, CoJIoy MOJe/liHe HEri3/IereH dKOHOMHKAJIBIK, MOJEIb/I KapacThIpaMbl3, Oipak,
KAJIITBIHA KEJITIPY/Ii KaXKeT eTeTiH aybIchaabuiap MeH Ko3ddunueHTTepIis canbl oceai. ConbiMeH
Oipre Tikeseit ecem mremIiJil, MapaMerpJepiH KAJMbIHA KeaTipy VI auddepeHInai bk,
IBOJIIOIUS AJITOPUTMIHJIE KOJJIAHBIIFAH HOTUKEJIED AJIBIHJIBI.

Tvyiilin ce3aep: SKOHOMUKAJBIK MOJE/b, Kepi ecemrep, OHTANIAHIBIPY, AUMOQOEPEHITHATIBIK
spostiortusi, Cosoy Mozesti.

Ilpumenenune ajaropurma auddepeHInaaIbHOM IBOJIONMNN IJist peiteHuss moaeau CoJioy ¢
nobaBIeHEM YeJI0BEYEeCKOro KaIlnuTaia
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r. HoBocubupck, Poccuiickas @enepanus, +7(383) 3308353, E-mail: kabanikhin@ssce.ru
Bekremecos M.A., Kazaxckuii HAIMOHAJBHBIA [TeJarorundeckuii yausepcurer um. Adas,

r. Asmarer, Kazaxcran, +7(777) 2629301, E-mail: maktagali@mail.ru

Mumnutennn M.A.) Macturyt BeIMucanTebHON MaTeMaTuku u MareMarudeckoil reodpuzukun CO PAH,

r. HoBocubupck, Poccuiickas Penepanust, +7(383) 3308460, E-mail: mshishlenin@ngs.ru
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Kazaxcran, +7(702)9062830, E-mail: jolaman252@gmail.com

Jlannast paboTa IOCBHAIIEHA YMCIEHHOMY UCCJIEIOBAHUIO OMPEJICICHNS TIAPAMETPOB JUHAMUIECKUAX
CHCTeM, BO3HHKAONNX B (DUHAHCOBBIX M SKOHOMHUYECKHX 3ajadaxX. 3HAYUMOCTH IapaMeTpoB,
TPY/JHOMOCTYIHBIX JJIsI M3MEPEeHWsi, BeJUKa, I[09TOMY HUX OIPEJeJeHne TOMOXKeT Ha
roCyJJapCTBEHHOM YPOBHE COCTaBJIATH IIPOrHO3bI W ILIaH paboThl Ha Oyiyrnee. DddeKTUBHBIM
CII0cOO0M BOCCTAHOBJICHNUS [IAPAMETPOB sIBJISIETCs pellieHne obpaTHoil 3a1a4u. B pabore npusejien
METOJI BOCCTAHOBJIEHHST KOI(DMUIINEHTOB C MMOMOIIBIO ajaropurMa JuddepeHIna bHONl SBOJIIOIIH,
KoTopas Oblia npenmoxkena Paiinepom Croprom u Kennerom Ilpaiticom. Ha mpumepe perenus
NpSMON 3aJIaN MaTEMATHIECKOW MOJEJIM HEOKJIACCHIECKOr0 IKOHOMHUYIECKOro pocta Pobepra
Cojioy " TOJIyYeHHBIX pe3yJIbTaToB, ObLiIa pelleHa obpaTHas 3a/ada W ObLIH OIpPeJesIeHbI
HensBecTHBIE TapameTpbl. Mogenb CoJsioy OCHOBaHa Ha IIPOU3BOJCTBEHHON (yHKIuu Kobba-
Hyrnaca, ¢ ydeToM Tpyna, KaluTajJga M SK30I'€HHONO HEHTPAJBLHOIO TEXHUYECKOr'O IIPOrpecca.
Takke, mjs JaJbHEANINX PACIETOB PACCMATPUBAETCH SKOHOMHUYECKAS MOJIEJb, IMPEJIOXKEHHA
Mbsukbio-Pomep-VYaiinom (Mankiw - Romer - Weil), ocuoBannas ma wmomesu Cosoy, HO ¢
JI00ABJIEHUEM YEeJIOBEYECKOI0 KAIUTAJA, TJIe yKE YBEJIUIUBAETCS KOJIMYECTBO HEPEMEHHBIX
u KO3(p@UIMEHTOB KOTOPbIE HAJ0 BOCCTAHOBUTH. TakxKe peliajach IIpsMasi 3aJada, ObLIN
MTOJIy9€HBI PE3YJIbTAThI, KOTOPBIE IIPUMEHSINCH B aJropuTMe JIuddepeHIna bHON SBOIOUN I

BOCCTaHOBJICHUA IIapaMeTPOB.
Kirouesnle CJIOBa: IKOHOMUYECKaA MOIEC/Ib, 06paTHbIe 3a1a41, OIITUMHU3AIINA,

nuddepeHmanbHas IBOJIONHs, Mojeb Cotoy.
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1 Introduction

Nowadays economic processes plays a huge role in human’s life, because it is in every part
of our daily routine: food, clothes, home, entertainment and many others. Peoples’ economic
independence is the one of the most valuable things that is why we go to work and earn money.
Also no one wants to waste hard earned money, so we try to optimize it by mathematical tools.
It is not only the personal issue, but also of the countries and government, where interesting
roles play the population growth and capital accumulation. There is a mathematical model of
neoclassic economical growth of Robert Solow (Solow 1956: 65 - 94) which will help to predict
economic situations by using differential evolution algorithm. There will be used methods for
solving inverse problems to identify the coefficients by known data at the fixed time moments.

2 Literature review

The study of economic models was developed in the 1930s XX century. The first publications
on production functions include the work of Cobb and Douglas (Cobb 1928: 139-165), which
gave impetus to subsequent studies in the field of economics as the work of Douglas (Douglas
1976: 903-916), Houthhakker (Houthhakker 1955: 27-31), Berndt (Berndt 1973: 81-113), and
further based on the work of Cobb-Douglas and their production function, the work of Solow
(Solow 1956: 65-94) and Swan (Swan 1954: 334-361) was published. These works served
to develop the proposed models described in the articles of Mankiw-Romer-Weil (Mankiw
1992: 407-437), Nazrul (Nazrul 1995: 1127-1170), Benhabib (Benhabib 1994: 143-173), Temple
(Temple 1999: 112-156), Durlauf (Durlauf 2005: 555-677) and many others.

As for the identification of the parameters, the work was based on the publications of
Yang (Yang 2014: 1-300), Storn and Price (Storn 1995: 1-12), (Storn 1997: 341-359), and
later Lampinen (Storn, Lampinen 2005: 1-539).

In his 1956s article Solow proposed that the study of economic growth starts by assuming
a standard neoclassical production function with decreasing returns on capital (Solow 1956:
65 - 94). He showed that two variables such as the population growth and rates of saving
determine the steady-state level of income per capita. Because these variables illustrates
different steady-states of various countries. Solow’s model gives simple testable predictions
about how these variables influence the steady-state level of income. The higher the rate
of saving, the richer the country. The higher the rate of population growth, the poorer the
country.

Solow’s model takes the rates of saving, population growth, and technological progress as
exogenous. There are two inputs, capital and labor, which are paid their marginal products.
The Cobb-Douglas production function was assumed, so production at time ¢ is given as

Y(t) = K()*(A(t)L(1)) (1)

The notation is as following: Y is output, K capital, L labor and A the level of technology.
L and A are assumed to grow exogenously at rates n and g:

L(t) = L(0)e™ (2)

A(t) = A(0)e? (3)
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The number of effective units of labor, A (t)L(t), growth at rate n+g. The model assumes
that a constant fraction of output, s, is invested. Defining k as the stock of capital per
effective unit of labor, k = K/AL and y, and y as the level of output per effective unit of
labor, y = Y /AL, where we substite y(t) as k%(t), so the evolution of k is governed by

k(t) = spk®(t) — (n4 g + 0)k(t) (4)

where 0 is the rate of depreciation. The sum of rates of population growth, technological
progress and depreciation can be rewriten as s. So the direct problem that we solve has the
following form

() = sike () — sk(t)
{ k(0) = 1 5)

with the time period ¢ € [0,0.5] i.e. half of the year with the time step h = 0.1 and the
given coefficients as s, = 0.5, = 0.3 and s = —0.5.

Then for the inverse problem, we assume that the coefficients are unknown and to identify
them, we can use, the additional data from the direct problem, the obtained solution at the
time steps ¢t = 0.0,0.1, ..., 0.5 for the differential evolution algorithm.

3 Materials and methods

Differential Evolution (DE) is a vector-based metaheuristic algorithm. The method of differ-
ential evolution was developed by Rayner Storn and Kenneth Price in 1995 and published
in 1997 (Storn 1995: 1-12), (Storn 1997: 341-359). The main example of the application of
this algorithm is search engine Yandex uses the differential evolution method to improve its
ranking algorithms.

Differential evolution is a method for solving multidimensional mathematical optimization
related to the class of stochastic optimization algorithms (that it uses some random num-
bers) and has some mutation with some similarity to genetic algorithms, but, unlike genetic
algorithm, DE does not require working with variables in a binary code. It is a gradient-free
optimization method because it requires only the ability to calculate the values of the objec-
tive functions, but not its derivatives. The method of differential evolution is designed to find
a global minimum (or maximum) of non-differentiable, nonlinear, multimodal functions with
many design variables. The method is easy to implement and use (it contains three control
parameters that require selection), it can also be easily parallelized (Storn, Lampinen 2005:
1-539).

Initially, a certain set of vectors (n > 4), called the generation ¢, representing possible so-
lutions of the optimization problem, is generated. By vectors we mean points of d-dimensional
space in which the objective function f(x) is defined, which is required to be minimized. And
then the vector on each generation is written as

J,’f = (mg,z" wg,z" ) 'rfi,z) (6)

and has d-parameters in d-dimensional space.
The algorithm of differential evolution is divided into three stages: mutation, crossover and
selection. At each iteration, the algorithm generates a new generation of vectors, randomly
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combining vectors from the previous generation. For each new generation (¢ + 1) of a vector
from each vector z; from the old generation (t), we randomly select three vectors x,, z, and
x,, with the exception of the vector itself, and generate so-called a mutant vector according
to the following formula:

vt =al + F(al — 2t) (7)

where F' € [0,2] is a constant called the differential weight. Although in theory it is
assumed that F' € [0,2], but in practice F' € [0, 1] gives greater efficiency and stability. In
fact, almost all literature studies use F € (0, 1).

Crossover operation is performed on the mutant vector, during which the coordinates
of the mutant vector are replaced by the corresponding coordinates from the base vector.
Each coordinate is replaced with some probability (r; € [0,1]) and the crossover coefficient
C, € 10,1] is used, which is also part of the differential evolution setting controlling the rate
or probability of crossing. All this is presented as

u:{ <Gy g ®)

J x; otherwise

This way, it can be decided randomly whether to exchange each component with a donor
vector or not.

The vector obtained after crossover is called the test vector. If it is better than the base
vector (that is, the value of the objective function has improved), then in the new generation
the base vector is replaced by a trial one, otherwise the base vector is stored in the new
generation.

7§+1 — {UE—H if f(u§+1 S f(xf) (9)

Ty t .
x; otherwise

It is worth noting that the overall search efficiency is controlled by two parameters: the
differential weight F' and the probability of crossing Cr (Yang 2014: 1-300).

4 Results and discussion

In the first experiment, the direct problem of the Solow model with given coefficients and
initial conditions, k(0) = 1, was solved in the time period ¢ from 0 to 0.5 measured in years
(that is, six months) and the following were obtained results (Figure 1):

k(t) = spke(t) — sk(t
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Figure 1 - Growth of capital intensity with given coefficients

To the results obtained, a 5% error was added to restore the parameters, so using them
in the differential evolution algorithm gave the results of the identified coefficients (Table 1).

Table 1- Comparison of restored values with true

Coefficients True solu- | Restored values | Difference
tion

Sk 0.5 0.4749 0.0251

o 0.3 0.3487 0.0487

s -0.5 -0.1344 0.3656

As it is shown in the table 4, the restored unknown coefficients are way too similar to the
true ones. The value of the identified parameter si is 0.4749, which slightly differs from the
true solution of 0.5, and the value of the parameter « is 0.3487, which diverges from the
true solution 0.3 only by 0.0487. However, compared with the previous coefficients, the last
parameter s, while restoring, showed not so good results and has a difference with the true
value of about 0.37, which is very much for such small coefficients.
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In the second experiment, the model proposed by Mankiw-Romer-Weil based on the Solow
model (Mankiw 1992: 407-437) was used. Where they changed the production function as

{/}z(t) = spk(t)*h(t)’ — sk(t) (11)
h(t) = spk(t)*h(t)? — sh(t)

where k = K/AL and h = H/AL are quantities per effective unit of labor. They assumed
that the same production function applies to human capital, physical capital and consump-
tion. It means the one unit of consumption can be transformed costlessly into either one
unit of physical capital or one unit of human capital. In addition, it is assumed that human
capital depreciates at the same rate as physical capital (Temple 1999: 112-156), (Durlauf
2005: 555-677).

To solve the direct problem of the second experiment, we used the following initial condi-
tions and coefficients (true): £(0) = 10,h(0) = 0.1, s, = 0.3, s, = 0.2,5 = 0.042,a = 0.6, 5 =
0.5; in a time interval of up to 10 years, and the following results of solving a direct problem
were obtained (Figure 2):

for

60
50 Ia"J
40 r
30 i

20

10 o=

o=@ . | | |

Figure 2 - The graph of direct solutions for & is the stock of physical capital (blue dotted
line) and A is the stock of human capital (red line with circles)

There was illustrated that both stocks of physical and human capital experienced expo-
nential growth at the hole period 7" € [0, 10] and repeating the curve of each other and doing
no crossover. The graph of physical capital started from 10 billion and finished at nearly
60 billion, while the human capital began from 0.1 billion and in the end of period was at
about 36 billion. The obtained results, where we took only 10 points, helped us to recreate
the graph (Figure 3) using only data of stock of physical capital and to identify the unknown
5 coefficients (Table 2).
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Figure 3 - Restoration of two graphs (red and purple lines) using only the obtained data
on physical capital (10 blue crosses)

As it can be seen the recreated graph line goes through the given known data, which
means that inverse problem solved correct enough. Also the graph repeated the exponential
way of growth and did not over rose the last measured point at T' = 10, whereas the graph
line of the stock of human capital showed the similar trade and repeated the graph of direct
solution (yellow stars), but from the 4th year there is started the residual and it was getting
bigger with following years.

Table 2— Comparison of recovered values (using data only on physical capital) with true

Coefficients True solu- | Restored values | Difference
tion

Sk 0.3 0.3576 0.0576

Sh 0.2 0.1469 0.0531

« 0.6 0.6599 0.0599

16 0.5 0.5031 0.0031

S 0.042 0.0806 0.0386

There clearly showed that two coefficients out five are identified almost correct with small
differences as 0.0599 and 0.0576 in coefficients a and s, also the coefficient showed a great
result with residual from true solution equal to 0.0031, while other two parameters s, u s
namely have errors and difference in values from true solution equal to 0.0531 and 0.0386
respectively.

After the quite success of restoring parameters only using the data of one variable, we
tried to do it with data set of both variables and got sufficient results (Figure 4 and Table
3).
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Figure 4 - Restoration of two graphs (red dashed and purple lines), using the obtained
data on both physical and human capital (10 blue circles and stars)

Even though there are some residuals of physical capital with known data and over rising
in the end of period and of human capital with its known data in the middle of period, the
coefficients identified much better than in previous experiment (Table 3).

Table 3 — Comparison of recovered values (using both capital data) with true

Coeflicients True solu- | Restored values | Difference
tion

Sk 0.3 0.3134 0.0134

Sh 0.2 0.1783 0.0217

o 0.6 0.5212 0.0788

15} 0.5 0.6402 0.1402

S 0.042 0.0038 0.0382

As it can be seen, the a and 3 coefficients got worse, by 0.0788 and 0.1402 namely,
than in experiment written above, but also are close to the true solution. What about the
parameters s, and s, they showed significant progress in identifying, becoming really close
to true values and decreasing the difference down to 0.0134 and 0.0217 namely. Also the s
coefficient identified the way too bad and was far for 0.0382 from true value. Worse identifying
of a and B parameters could be explained by similarity of equations and little difference of

coefficients values.

This kind of problem with big residuals in identifying unknown parameters refers to
identifiability analysis problem that could give us extra confidence in designed program,
chosen method and algorithm, which helps to find unknowns by indicating identifiable and
non-identifiable parameters, that some of our coefficients could be.
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5 Conclusion

The work was carried out in the ICMaMG SB RAS, Novosibirsk, where an algorithm of
differential evolution was considered and applied. As a result of all three experiments, it can
be said that although the third coefficient (s) was incorrectly identified in all experiments
and the difference varied from large to small, but still was significant than in s, and sy, in
the second experiment. This can be defined as the non-identifiability of the coefficients or
because of too big of their nonlinearity. Maybe changing the model or using more known data
will give better results, as it was in the third experiment.
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Enterprise Security Assessment Framework for Cryptocurrency Mining Based
on Monero
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Mining a cryptocurrency is profitable on someone’s resources. It is becoming increasing problem
in the enterprise to control the operations of its infrastructure while in idle or “off-work” time. In
this paper we present enterprise security assessment framework for cryptocurrency mining based
on Monero cryptocurrency. The framework consists from surveying power consumption on GPU
mining farms and traditional desktop PCs, analysis of web resources for browser-based mining
on both internal and external domain names, the handy network logs analysis tool based on the
regular expressions. While there had been significant difference between GPU and traditional
desktop PC’s power consumption, computational ratio of the idle PCs after working time remains
questionable. In the browser-based cryptocurrency mining, there were no data on public domains,
however there had been a possibility for using the private domain names, thus further research
and different tools are required. In the network analysis, there were not enough evidences on the
network mining, and this leads to the different research question that attackers may use proxy
techniques to bypass traffic filtering and network analysis.

Key words: cryptocurrency mining, monero, hidden mining, cloud abuse

MeToapl, MOA€JI U AJITOPUTMBI OLIEHKHN 0€30MaCcHOCTU HPEIIIPUSTUAS IJIS KPUIITOBAJIIOTHOTO
MalfHHHra Ha ocHoBe Monero

Monepo HeriziHae KpUIITOBAJIOTAJBIK MalHUHT Kayilci3aiK YIIMiH K9CimOpBIHHBIH, Kayinci3airin
Oarajiay saicTepi Mojesbaepi »koHe aJIropuTMaepi
Bucammes M.C.*, on-@apabu areiagarsl Kasak yITTBIK yHUBEPCUTETI,
Aumvarsr K., Kazakcran Pecriybisimkacor, +77015539459,
Hiocynos A.T., AKmapaTTbiK »K9HE €CeNTeyill TeXHOJOrUIap UHCTUTY ThI,
Anmvarer k., Kazakcran Pecriybiiukacst, +77073120047,
Mycupamuesa I1.2K., ox-@apabu areiagarsr Kazak yiaTThIK, yHUBEPCUTETI,
Anvarer k., Kazakcran Pecriybimkacer, +77059011283
*Email: mbissaliyev@gmail.com

Kpunrosammoransr enzey 6Oacka pecypcrapga tuimai.  KocimopsiHma KyMbIC YaKbBITBI MEH
JKYMBICTAH TBIC YaKbIT HHMOPACTPYKTYPACHl OIepaIUsIapblH OaKblLiay MAHBI3IbI MOCeJere
afiHasbIn Oapa »KaTbeIp. Dyn maxkanaza Monero KpunroBaJoTachl HerisiHe KPHIITOBAJIOTA
2KACaNThIH KOCIIOPBIH KAyilCi3/iiri KypbUIBIMBIH OaFasiay/ibl YCBIHBII OTBIPMbBI3. DByJI KYypPBLIbIM
GPU - nma xome mocrypii K Kymbic ycrestiHIe SHEPrusiHbI MaiTajaHyabl KAPACTHIPYIAH,
imki »koHE CBIPTKBI JIOMEH aTayJIapbIHBIH eKeyiHge e Opaysepre HETi3/Ie/reH OHJeyIep
VITiH BebO-peypcTapabl TaJJaylaH, PEryasap epHeKTepe WHCTPYMEHT Heri3iHiae bIHFAMIbl Kesi
)KypHaJIapeia Tajagayaad rypagasl. GPU men mocrypii K »KyMbic yeTestiHjie SHEPrUsiHbI
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naiijaiany apachlH/a afdTapJblKTail aiffbipManblibik, 6ap, K KyMmbic icremeil TypraH yakbITTa
€CenTeINeH KATBIHAC OHBIH JKYMBICHI AdKTaJraH Ke3le KY/IIKTI OOJIbIll KaJaibl. Dbpaysepre
HeT13/1eJITeH KPUIITOBOJIIOTAIBIK KOPFAHBIC HETI3iH/IE, YKAJIIbIFa KOJIKETIM/II JJOMEH aTay/Iapbl 2KOK,
bipak 2Keke IOMEH aTayJiapblH IaiijlajaHyra 00Ja/bl, OJI YIIIH KOCBIMINIA 3€PTTEyJIeD 2KOHE 9P
TYpJi Kypas-caifimanap Kaxket. [labywuigaymibiiap TpaduKTi cy3y/al KoHe KeTTK TasIay bl
affHAJIBIN OTY YIIiH IMIPOKCH dJIiCTEPIH Maiijlajana aJaThlH XKeJI TaJiayaap/ia, KeJiJiK THTeICKT
TaJagay CaJachIHIA YKETKITIKTI JRJIesT 2KOK, KoHe Jie OyJI op TYpJi 3epTTey CYpaKTapbIHA AJIBII
KeJiesIi.

TyiiiH ce3aep: KpUMITOBATIOTAHBLI OH/IEY, MONETO, XKACKIPHIH OHJIeY, OYITTHI TEPIc Tai atany

Bucamues M.C.*, Kazaxckuii HalmOHAJILHLIN yHUBepcuTeT uM. aib-Papabu,
Anvarer, Pecriybnuka Kazaxcran, +77015539459
Hrocynos A.T., UucturyT nHGOPMAIMOHHBIX U BBIMUCIUTEIBHBIX TEXHOJIOIHUI,
Asmvarsr, Peciybsnka Kazaxcran, 77073120047
Mycupasuesa I11.7K., Kazaxcknit HarimoHaJIbHBINH yHUBEpPCUTET M. atb-Papabu,
Aumvarsr, Peciyosuka Kazaxcran, +77059011283
*Email: mbissaliyev@gmail.com

KpunroBastoTHbIl MaHUHT $IBJISIETCsI BBITOJIHBIM, €CJIM OH PEAJM30BAH HA CTOPOHHUX PECYpPCaxX.
s mpenampusaTHs CTAHOBUTCS Bce Oojiee MPOOJEMATHIHO KOHTPOJIUpoBaTh pabory UT
nHMPaCTPYKTYpbl BHepabodee BpeMs. DB 3Toif craTbe MBI IIPEJCTABISLEM METOJbI, MOIEIH U
AJICOPUTMBI JIJIsl OIIEHKM OEe30IIaCHOCTH IIPEIIPUATUs] OCHOBe KpunroBajroThl Monero. Moesn
cocTouT u3 uccaegopanus 3uepromnorpedaennss GPU u rpamunumonsbix HacToabHbIX 11K, anaansa
BeO-pecypcoB Ha, HAJWYIAe MAWHWHI CKPUIITOB KAaK BO BHYTPEHHUX; TAK W BO BHEITHUX JOMEHHBIX
MMEeHaX; MHCTPYMEHTa aHAJN3a CETEBbIX YKy PHAJIOB Ha OCHOBE PEryJIsAPHBIX BbIpakenuii. HecmoTps
HAa TO, 4TO pasuuiia sHepromnorpebienus mexjpy GPU w rpajunmonnsiM HacTobHBIM [TK
ObLIa 3HAYUTE/bHAs, coOoTHOoIeHne Oe3meiicTByomux IIK mocsie pabodyero BpemMeHH ocCTaeTCs
COMHHTEJIbHBIM. B OCHOBE KPUIITOBAJIIOTHOW 3alllUThl Ha OCHOBE Opay3epa He OBbLIO JIaHHBIX
0 mnyOJIMYHBIX JIOMEHAX, OJHAKO ObLja BO3MOXKHOCTH HUCCJIEJI0BATH OTKPBITHIE IIO/IIOMEHbI,
IO3TOMY HEOOXOIMMBI JAJIbHEHINNe NCCIEOBAHNS U PA3INIHBIE HHCTPYMEHTHI JJIs UCCJICIOBAHIS
3aKPBITHIX JIOMEHHBIX UMEH. B cereBoM aHasmu3e ObLIO HEIOCTATOYHO [I0KA3ATEHCTB B CKPBITOM
MaifHHHIe, U 9TO IPUBOJUT K Pa3HBIM BOIIPOCAM HCCJIEOBAHUSA, YTO 3JIO0YMBIIIJIEHHUKA MOTLYT
HCITOJIb30BaTh METO/IbI IIPOKCH JIJIsl 00X0a (bujibrpanuu Tpauka U aHAJIN3a CETH.

KittoueBbie cJiOBa:  KPUIITOBAJIIOTHBIA MAWHUHT, MONEro, CKPBITHI MaifHWHT, 00JIaYHOe
3JI0yIoTpedIIeHTE

1 Introduction

Mining a cryptocurrency is profitable on someone else’s resources. It is becoming increasing
problem in enterprise to control the operations of IT infrastructure in the off-duty time.
There had been reported cases, where IT personnel were involved in intentional abuse of
utilizing enterprise resources for personal enrichment [1]. Also, there had been reported cases
on cryptocurrency mining in public [2| and corporate sectors [3].

In this paper, we present the enterprise security assessment framework for cryptocurrency
mining based on Monero cryptocurrency. The framework consists from the survey of power
consumption on GPU hardware and traditional desktop PCs; analysis of web resources for
browser-based mining on both internal and external domain names; handy network logs
analysis tool based on the regular expressions.

In Section 2.1 we explore the miners and hidden mining; how mining software is spread
in Section 2.2; mining detection methods in Section 2.3; case based framework in Section 3;
the results and limitations in Section 4.
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2 Literature Review

2.1 Miners and hidden mining

Miners can be compared to those who distribute files on torrent tracker: they provide work
to the peer-to-peer network by making peers to download a movie or a music album, as
a result, making it possible to download those files later from other peers later. In case of
cryptocurrency, miners play the role of distributors, supporting the work of monetary system:
they carry out transactions and keep the consensus about the unified state of cryptocurrency
network. As the reward, miners receive cryptocurrency asset, which could be converted into
the fiat money.

Cryptocurrency mining heavily worns out hardware, since it has to work with great in-
tensity and computational load. In addition, the crypocurrency mining reduces the network
bandwidth and causes network performance problems [4].

One of the important considerations for cryptocurrency mining is electricity: as the com-
plexity grows, more computational capacity is required for the mining. Initially, a simple
home computer was enough for mining, later on, miners switched to the top gaming graphics
cards, and later, to specialized mining devices. At first, they were just reprogramming chips,
and then application specific integrated circuits (ASICs), which gave them an opportunity to
increase the performance of hash calculation and lower power consumption. The hash rate is
the measuring unit of the processing power of cryptocurrency network. For example, the Bit-
coin network must make intensive mathematical operations for securing the network. When
the network reached a hash rate of 1 Th/s, it meant it could make 1 trillion calculations per
second [5].

After the hardware acqusisition, the cost of the miner consists of the utility bills: elec-
tricity and the Internet. In 2011, the purchase of a top-end video game card for mining could
be paid off in approximately two weeks, but with the increasing complexity, it had became
increasingly expensive to get investments recovered in such short time frame.

2.2 Mining software distribution

There are many methods exists for spreading mining software from Trojans, abuse of the
resources, cryptojacking and to the threat of the bring-your-own-devices.

Inserting the malicious code into the downloaded software [6]. Such programs are usually
called Trojan horses, as they are masked as genuine tools. By misleading users, such malicious
program resides in the victim’s machine and activates its hidden functions.

Embedding the code in mailing lists [7]. This method is implemented on the basis of
sending spam messages, which usually contain malicious code or malware. The recipients of
such attachments are unaware of the danger and are often exposed to them.

Transmitting through social networks [8]. Social networks are the most favorable place
for malicious activity. With the help of various methods of social engineering, on the basis
of the weakness of the human factor, the active spread of malicious software is explored.

Cryptojacking web resources [9]. Cryptojacking refers to the process by which web ad-
ministrators insert a piece of JavaScript code into the websites for the purpose of hidden
digital currency mining. In most cases, the malicious script is the Monero miner, which is
used for the hidden mining of the Monero cryptocurrency. The Monero miner is developed
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on the basis of the cryptocurrency service Coinhive [10]. Especially vulnerable are the adver-
tising modules of the most popular web resources. In reported cases, by injecting the small
Javascript code, web administrator was earning $10,000 per month [11].

Bringing Your Own Device. It had been reported that attackers use enterprise technical
infrastructure to bring your own device (BYOD) [12] in order to avoid paying the utility bills
such as electricity and the Internet usage.

2.3 Mining detection methods

Standard antivirus tools reduce risks but do not guarantee a complete solution due to the
fact that mining is a standard application process that is launched by many users [13].

Another approach is deploying the network policy at the enterprise level: there are known
IP addresses, hostnames, and miner signatures. However, miners may combine their compu-
tational resources into grouped or pool mining.

While we are solving problems with the pool mining, solo or personal mining is becoming
an issue, since the miners can configure network settings in their own desirable way to bypass
the network filtering methods.

3 Material and Methods

Based on the literature readings, we propose the theoretical framework based on the power
consumption usage, network analysis, and tool for scanning web resources (Figure 1).

The power consumption, mining software and network logs defined within the context of
mining in enterprise organizations. The research method is based on the case study research
methods used in software engineering [14|. The power consumption is divided into two units
of analysis. First is the GPU farms power consumption. Second unit of analysis is considered
that during the off-work time, the I'T administrators may use the desktop PCs and make them
work for their purposes. In the mining software context, we observe the Monero based web
browser mining and for public and private domains based on the web resources. In the
network logs analysis, we study the raw network logs generated on the firewall.

Context - mining in enterprise organizations

Network logs based, containing

Mining software, containing Monero JS T
destination hostname

Power consumption

Units of analysis -
power
consumption of
GPU based
mining hardware

Units of analysis -
power
consumption of
traditional
desktop PCs

Units of analysis -
public domains of
organization

Units of analysis -
private domains of]
organization

Units of analysis - network
events based on specif ¢
hostname, destination
IP address

Figure 1 — The theoretical framework based on the power consumption usage, network

ISSN 1563-0277

analysis, and tool for scanning web resources.
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3.1 Power consumption of mining hardware

For data collection on power consumption, Floureon power meter Energy Monitor TS-836A
was used (Figure 2). The data had been collected during 30 days period, running 24 hours
without interruptions.

The components of Setup #1 (Figure 3): 6x Nvidia GTX 1080 Ti, 1x Motherboard, 4x
2GB RAM, 1x Intel Celeron CPU, 1x 500GB HDD, 6x Power Risers Generation 4.

The components of Setup #2 (Figure 3): 2x AMD Radeon 480, 1x Nvidia GTX 1050,
1x Motherboard, 1x 500GB HDD, 4x 2GB RAM, 2x Power Risers Generation 4. The power
consumption was calculated as following;:

E(k‘Wh/day) = P(w) X t(h/day) ~ IOOO(W/kW)
Where:
E - electricity power consumption per day in kilowatt-hours
P - power in watts
t - time in hours

The data had been collected for 30 days period. The power consumption rate based in

Almaty, Kazakhstan prices.

Figure 2 — Power Meter Energy Monitor T'S-836A shows the power consumption of setup
#1 consuming an average of 1,800 Watts per hour running on the sample rate of 5 minutes.
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Figure 3 — Example of cryptocurrency miner setup: at the bottom level Setup #1 is
shown; at top Setup #2 is shown. We compare data to the average power consumption of
Desktop PC with LCD Display [15].

3.2 Detection framework for Monero web miner

One of the techniques is the injection of Javascript code or the Monero library into the web
page. The following framework was developed.

Algorithm 1: Detect Monero Miner in Web Resources
Input : Text file with the list of websites
Output: List of websites with boolean values for Monero miner

1 Load list of websites
2 while The end of the file do
3 Scan next website in the file

4 Get the source code of the web page

5 Search of malicious Javascript code, containing Monero miner
6 if match = true then

7 flag = true

8 append website name, flag, scantime to report file

9 end

10 end

11 return final report containing viruses-miners on input website

The method for the analysis of Monero miner is based on case study unit analysis within
Mining software, containing Monero JS (Figure 1).

3.3 Network events log analyzer

The data was collected in the raw text containing between 7-8 million events. Due to the
absence of applications for analyzing the real time traffic, the custom solutions was developed
for analyzing processed traffic using regular expressions.
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Algorithm 2: Universal network logs analysis based on Fortinet logs structure using

regular expressions

Input : Network Log Files
Output: Grouped Data From Logs
Put all files into one folder
Concatenate log files into one log file
Load list of websites

Set regex search:

(date=\d+-\d+-

U A W N =

\d-+\s+time=\d+:\d+:\d+)(.*)(srcip=\d+\.\d+\.\d+\.\d+) (.¥) (srcport=\d+)

(.*)(hostname=.+7\")
while The end of file do
if search = true then
Store match into the database
end

© 00 N o

10 end

4 Results and Discussion

4.1 Results on power consumption

The data had collected during for 30 days period, running 24 hours without interruption
(Table 1). The data is limited to the traditional electricity miners, not included with the

photovoltaic-based (solar miners) [16].

Table 1 — Results on of power consumption of Setup #1, Setup #2 (Figure 3) and average
desktop PC with LCD display. The cost was calculated based on Almaty, Kazakhstan power

grid provider rate in 2017.

Item Name Setup #1 | Setup #2 | Average
(6x Nvidia | (2x AMD | Desk-
GTX 1080 | Radeon top PC
Ti) RX480 with LCD
+1 Nvidia | display [15]
GTX 1050
Ti)|
Average Power consumption (Watts/hour) | 1.8 0.45 0.1
Hours of operation per day (hours) 24 24 24
Total kWs per day (kWs) 43.2 10.86 2.4
Price per kWh (in US Dollars) $0.082 $0.082 $0.082
Number of operating days 30 30 30
Total cost (in US Dollars) $106.27 $26.71 $5.90
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4.2 Results on Monero miner analysis on subdomains

While we were able to make the analysis on public subdomains, however, we were unable to
analyze the internal domain names. The data of the full Uniform Resource Identifier (URI)
was truncated (Table 2).

Table 2 — Results on the Monero web based miner on the enterprise domain and subdomains.

URL isExist | Scan Timestamp
kaznu.kz FALSE | April 7, 2018 15:03:18
univer.kaznu.kz FALSE | April 7, 2018 15:03:18
pps.kaznu.kz FALSE | April 7, 2018 15:03:19
online-test.kaznu.kz FALSE | April 7, 2018 15:03:20
elibrary.kaznu.kz FALSE | April 7, 2018 15:03:21
welcome.kaznu.kz FALSE | April 7, 2018 15:03:22
repository.kaznu.kz FALSE | April 7, 2018 15:03:22
icd.kaznu.kz FALSE | April 7, 2018 15:03:22
science.kaznu.kz FALSE | April 7, 2018 15:03:23
portal.kaznu.kz FALSE | April 7, 2018 15:03:23
journal.kaznu.kz FALSE | April 7, 2018 15:03:24
open.kaznu.kz FALSE | April 7, 2018 15:03:24
post.kaznu.kz FALSE | April 7, 2018 15:03:24
student.kaznu.kz FALSE | April 7, 2018 15:03:25
be.kaznu.kz FALSE | April 7, 2018 15:03:25
philart.kaznu.kz FALSE | April 7, 2018 15:03:25
cu.kaznu.kz FALSE | April 7, 2018 15:03:26
bulletin-geography.kaznu.kz | FALSE | April 7, 2018 15:03:27
jirbis.kaznu.kz FALSE | April 7, 2018 15:03:28
ijbch.kaznu.kz FALSE | April 7, 2018 15:03:28
dl.kaznu.kz FALSE | April 7, 2018 15:03:29
univer okmpi.kaznu.kz FALSE | April 7, 2018 15:03:30
connect.kaznu.kz FALSE | April 7, 2018 15:03:31
bulletin-history.kaznu.kz FALSE | April 7, 2018 15:03:32
demou.kaznu.kz FALSE | April 7, 2018 15:03:33
atu.kaznu.kz FALSE | April 7, 2018 15:03:34

4.3 Results on network log analysis

We analyzed between 7.5 and 8 million events with the total of 4.4 GB of logs. As the example,
singular regular expression (regex) with four search groups was proposed. The groups consist
of date, source IP, source port and hostname respectively. However, the regular expression
may have different setup depending on the required search groups.

While the log analysis required significant amount of time to process the large datasets,
on demand analysis tools are required.
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In the network analysis, there were not enough evidences (Table 3) on the mining: this
may lead to the different research question that attackers may use proxy techniques to bypass
traffic filtering and network analysis.

Table 3 — Categorized data collected from the enterprise firewall.

Category Number of Events | Percent

Mining 17,180 0.22605

Uncategorized 7,582,820 99.77395
Total 7,600,000 100.0

5 Conclusion

In this paper, the conceptual framework for enterprise security assessment for cryptocur-
rency mining detection was proposed. Within the framework, the different units of analysis
in three different contexts: power consumption, application mining and network analysis
were proposed. While there is significant difference in power consumption between GPU
and traditional desktop PC’s, the ratio of the idle PCs and GPUs after the duty time still
questionable. On the browser-based cryptocurrency mining, there were no evidence that ap-
plication mining exists on public domains, however, investigation on internal domain names
should be considered. On the network analysis, there were little data on the network mining,
and this may lead to the different research question that attackers may use proxy techniques
to bypass traffic filtering and network analysis.

The results of this paper were presented in the 2nd SUMMER SCHOOL "Mathematical
Methods in Science and Technology" held in Almaty, Kazakhstan, 28-08 June 2018.

References

[1] Broderick, Ryan. “How to Get Rich on Bitcoin, By a System Administrator Who’s Secretly Growing Them On His
School’s Computers”. Motherbard. 2011. Accessed May 5, 2018.
https://motherboard.vice.com/en_us/article/nzzz37/how-to-get-rich-on-bitcoin-by-a-system-administrator-
who-s-secretly-growing-them-on-his-school-s-computers

[2] Getbitcoin.com.au. “Government employee caught mining using work supercomputer”. Getbitcoin.com.au. 2014. Accessed
May 5, 2018.

https://www.getbitcoin.com.au/bitcoin-news/government-employee-caught-mining-using-work-supercomputer

[3] Falconer, Joel. “ABC employee caught mining for Bitcoins on company servers”. The Next Web. 2011. Accesssed May 5,
2018.
https://thenextweb.com/au/2011/06/23/abc-employee-caught-mining-for-bitcoins-on-company-servers/

[4] Seals, Tara. “ABC employee caught mining for Bitcoins on company servers”. Infosecurity Magazine. 2018. Accessed May
5, 2018.

https://www.infosecurity-magazine.com:443/news/cryptomining-spikes-500/

[5] Bitcoin.org. “Some Bitcoin words you might hear”. Vocabulary Bitcoin. 2018. Accessed May 5, 2018.
https://bitcoin.org/en/vocabulary

[6] Makandar, Aziz, and Anita Patrot. “Trojan Malware Image Pattern Classification”. Paper presented at the annual Inter-
national Conference on Cognition and Recognition, 253-262. Springer, Singapore, 2018.

[7] Edge, Charles, and Daniel O’Donnell. “Malware Security: Combating Viruses, Worms, and Root Kits”. Paper presented
at the annual conference for the Enterprise Mac Security, 221-242. Apress, Berkeley, CA, 2016.

Becrauk. Cepust MmaremMaTnKa, MexaHuka, uadopmaruka N.2(98), 2018



76

Bissaliyev M.S. et al.

(8]

(9]

[10]

[11]

[12]

(13]

[14]

15]

[16]

Hajli, Nick, and Xiaolin Lin. “Exploring the security of information sharing on social networking sites: The role of perceived
control of information”. Journal of Business Ethics, 133, no. 1 (2016): 111-123.

Zalbina, M. Ridwan, Tri Wanda Septian, Deris Stiawan, Moh Yazid Idris, Ahmad Heryanto, and Rahmat Budiarto.
“Payload recognition and detection of Cross Site Scripting attack”. Paper present at the annual conference for Anti-Cyber
Crimes (ICACC), 2017 2nd International Conference, 172-176. IEEE, Abha, 2017.

Coinhive. “Coinhive — Monero JavaScript Mining”. Coinhive. 2018. Accessed May 5, 2018.
https://coinhive.com/

Eskandari, Shayan, Andreas Leoutsarakos, Troy Mursch, and Jeremy Clark. “A first look at browser-based Cryptojacking”.
Accessed May 5, 2018 arXiv preprint, arXiv:1803.02887, (2018).

Miller, Keith W., Jeffrey Voas, and George F. Hurlburt. “BYOD: Security and privacy considerations”. It Professional,
14, no. 5 (2012): 53-55.

Kizza, Joseph Migga. “Virus and Content Filtering”. Paper presented at the annual conference for Guide to Computer
Network Security, 325-343. Springer, London, 2015.

Runeson, Per, Martin Host, Austen Rainer, and Bjorn Regnell. Case study research in software engineering Guidelines
and examples. (New Jersey: John Wiley & Sons, 2012), 135-136.

Pickavet, Mario, Willem Vereecken, Sofie Demeyer, Pieter Audenaert, Brecht Vermeulen, Chris Develder, Didier Colle,
Bart Dhoedt, and Piet Demeester. “Worldwide energy needs for ICT: The rise of power-aware networking”. Paper presented
at the annual conference for Advanced Networks and Telecommunication Systems, 2008. ANTS’08. 2nd International
Symposium on, 1-3. IEEE, Bombay, 2008.

Torpey, Kyle. “How Bitcoin Mining Could Solve One Of The Issues With Space-Based Solar Power”. Forbes. 2018.
Accessed May 5, 2017.
https://wuw.forbes.com/sites/ktorpey/2017/09/15/how-bitcoin-mining-could-solve-one-of-the-issues-with-
space-based-solar-power/#1d98e4a22c8d

ISSN 1563-0277 Journal of Mathematics, Mechanics, Computer Science, N.2(98), 2018



ITocTpoenne onTuMaILHON UMMYHHOCETEBOI MOJIENN . . .

7

MPHTU 28.23.25

HOCTpOEHI/Ie ONTUMAJILHOI I/IMMyHHOCeTeBOﬁ MOJeJIn Ha OCHOBe
MO,I[I/Id)I/IIII/IpOBaHHOI‘O AJITOPpUTMA PO 9aCTUuIj

Camurymuna I'A.* Macumkanosa 2K A **
Kazaxcrancko-bBpuranckuii TeXHn4ecKuii yHUBEPCUTET,
WNucruryTt uadopmannonabix n BeraucauTeabubix Texuosornit KH MOH PK,
r. Ainmvatsel, Pecriybsinka Kazaxcram,
*galinasamigulina@mail.ru, **masimkanovazh@gmail.com

Pazpaborka nHdOpMAIMOHHBIX TEXHOJOTUH HA OCHOBE OMOMHCITUPUPOBAHHDBIX MHTEIEKTYaTbHBIX
METOJ[0B, HAaIpUMep IOJX0Ja HUCKYCCTBEHHBIX HWMMYHHBIX CHCTEM, JjIsl KOMIIBIOTEPHOIO
MOJIEKYJISPHOIO JIN3aifHa, HOBBIX JIEKAPCTBEHHBIX IIPEIAPATOB M IIPOrHO3UPOBAHUS] 3aBUCHUMOCTU
"crpykrypa-cBoiictBo/aktuBHocTh " (QSAR)  XuMHYECKMX COeJMHEHMH SBJISIETCH AKTYAJIbHON
pobsiemoii. CraThst ocBsIIeHa perternio 3a1auu QSAR 110 mocTpoernio nMMyHHOCETEBO MOJIETH
Ha OCHOBE BBIOOPA ONTUMAJIBLHOIO HAOOpa JECKPUIITOPOB st OOJIETIeHHs TTPOIEcca 0TOOPa HOBBIX
XUMHUYECKUX COeJMHEHNII B KaHUIAThl JIEKAPCTBEHHBIX IIPEIAapaTOB C 3aJI[AHHBIMU CBOMCTBAMU.
B coorBercTBUEM C KOHIENIMEH MyJIBTHAJITOPUTMUYECKOIO ITOJIX0Ja Pa3pabOTKa ONTUMAJIBHON
UMMYHHOCETEBOI MOJleJin U BbljesieHne WH(MOPMATUBHBIX JIECKPUITOPOB OCYIIECTBJISETCS Ha
OCHOBE aJITOPUTMOB PpOsi dYacTHIl. B JaHHOil paboTe ONMCAHO CpaBHEHHE KJIACCHIECKOTO
agropurma post dacrun, (PSO) u mMomudunupoBaHHOrO ajaropuTma pPosi YACTUI, C BECOM
urepipn (IWPSO) mist or6opa mHGOPMATHBHBIX JECKPUITOPOB HA NPUMEDPE JIEKAPCTBEHHBIX
COEJIMHEHU CyIb(haHUIAMUIHON TI'PYHIbl € Pa3IudIHON (HapMaKOJOIMIECKOl AKTUBHOCTBIO.
IMpoanasusuposan Boibop napamerpos (durnec-byHKIMA, pazMep NOMYJISAIUN, KOJIUIECTBO
urepanuii U Ap.), oupeiensdiomux PdOEKTUBHOCTL PabOThl IIPEIJIOKEHHBIX AJIOPUTMOB [
[MOCTPOEHUsI ONTUMAJILHOIO Habopa JIeCKpUITOPOB. [IpuBeneHbl pe3ysIbTaThbl MOJICTUPOBAHUS
3aBUCUMOCTY 3HaYMeHW (DUTHEC-DYHKIUNA OT KOJUIECTBA WTEPANU B MPOIPAMMHBIX IIPO/LYKTAX
WEKA u Yarpiz (PSO).

KurouyeBbie ciioBa: onTuMajibHasi WMMYHHOCETEBasl MOJE/b, BBIJEJEHNe WH(OOPMATHBHBIX
JIECKPUIITOPOB, ajropurMbl post dactul, (PSO).

Kycrap yiiipinin moaudukanusjganrad aJropuTMi HerisiHae
OHTAJIBI UMMYH/IbI XKeJIJIIK MOJEeJb KypY
Camurynmna I.A.*, Macumkanosa 2K. A **
Kazakcran-bpuran TeXHUKAJIBIK YHUBEPCUTETI,
KP BI'M 'K AknaparThik KoHe ecenTeyil TeXHOJOTUsIIap WHCTUTYTHI,
Amvarer k., Kazakcran Pecrry6ukacsr,
*galinasamigulina@mail.ru, **masimkanovazh@gmail.com

Buonncnuparnusiianran  MHTEJIEKTYAJIbI  OJIiCTEp  HErisiHjge, MBbICAJbI, KaHA  JOPLIK
IIpernapaTTapIblH KOMITBIOTEPJIIK MOJIEKYJISTPJIBIK, TU3ANHBI VIITIH YKOHE XUMUSLIIBIK, KOCHLIBICTAP/IHIH,
"kypouibiM-kacuer /Gescenaiik ' (QSAR)  royesmiminirin  GospKaMIaysa  JKACAHIBI  UMMYHIIbI
KYHeIePIiH, aKIapaTTHIK, TeXHOJOTHSACHIH KYPY ©3eKTi Mocese 00Jbin oThip. Makasa mMMyHIIBI
KEJITIK MOIeab Herisimge Iopiiik mpemapaTrra KaHauaaT peTinge Oepiaren kacmerTepi Oap
JKaHa XUMUSJIBIK KOCBLUIBICTAP/Ibl TAHJAY 9JIEPICIH 2KEHIJIJIETY YIIiH OHTAMJIBI JIECKPUIITOPJIAp
JKUABIHBIH TaHay apkblibl QSAR-IbIH TamchlpMachiH IIeNIyre apHaJfaH. MyJbTHAJITOPUTMIIK
TOCIJT KOHIIENIUSCHl HETi3iHAe OHTAMIbI MMMYHJbI 2KEJUIK MO KYPY MEH aKIapaTThIK,
JIECKPUIITOPJIApAbI  Oesirijiey  Kycrap VifipiHid, —ajaropurmiepi Herisinme Ky3ere —acajsbl.
Bepinren xympicTa aKmapaTTBIK [IeCKPUIITOPJIAP/LI CYPBINITAy VIIH MBICAJ PETiHJEe, 9PTYpJi
dapMaKOTOTUANBIK, OeJICEH TN 6ap CyabdaHuIaMuT TOOBIHBIH, J9PITIK KOCHIIBICTAPBIH KYCTap
yitipinie knaccukanbik asroputmi (PSO) MeH MHEPIUSUIBIK CAIMaKThl KycTap YHIpiHiH TypiieHreH
anropurmepin (IWPSO) cansictbipysl cunarrasirad. OHTARIBI JeCKPUITOPIIAD KUBIHBIH KYPY
VIIiH YCBIHBIFAH AaJTOPUTM KYMBICBIHBIHBIH, THIMJIUITNH AHBIKTAy/Ia ITapaMeTpjepal TaHjaay
(burnec-bynknUAIAp, TOMYIANMs MOJIIIep], uTepanus canbl xkoue T.6.) Tammanas. WEKA xoue
Yarpiz (PSO) unporpammasiblk eHiMJepiHge urepanus caHblHA OalliaHblCTbl dbuTHeC-DYHKIUS
MOH/IEPiHIH TOYEJIJITNH MOJIesIJIey HOTHUXKeIepl KeJITipiareH.
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Tyiiia cesmep: OHTANIBI UMMYHJIBI JKEJITIK MOJETb, aKIAPATTHIK, JI€CKPUIITOPJIAPIBI CYPBIITAY,
Kycrap yitipinin asropurmi (PSO).

Construction of an optimal immune network model
based on the modified swarm algorithm
Samigulina G.A.*, Massimkanova Zh.A.**
Kazakh-British technical university
Institute of information and computational technologies CS MES RK
Almaty, Kazakhstan,
*galinasamigulina@mail.ru, **masimkanovazh@gmail.com

The development of information technologies based on bioinspired intellectual methods, such as
the approach of artificial immune systems, for the computer molecular design of new drugs and
prediction the "structure-property/activity"relationship (QSAR) of chemical compounds is an
actual problem. The article is devoted to the solution of the task of QSAR on the construction of
immune network model based on the choice of optimal set of descriptors to facilitate the selection of
new chemical compounds for candidate drugs with predefined properties. According to the concept
of multialgorithmic approach development of optimal immune network model and allocation of
informative descriptors is carried out on the basis of swarm intelligence algorithms. In this work
comparison of standard particle swarm optimization algorithm (PSO) and modified inertia weight
particle swarm optimization (IWPSO) is described for selection of informative descriptors on the
example of drug compounds of the sulfanilamide group with various pharmacological activities. The
choice of the parameters (fitness functions, population size, the number of iterations, etc.), which
define performance of the offered algorithms for creation of optimal set of descriptors is analysed.
The results of modeling of dependence of fitness function values on the number of iterations in
software products WEKA and Yarpiz (PSO) are given.

Key words: optimal immune network model, selection of informative descriptors, particle swarm
optimization(PSO).

1 BBenenue

B macrositiiee Bpemsi akTyaJIbHO MPUMEHEHNE WHTEIEKTYATbHBIX METO/0B JIUIsi 00pPabOTKH
XUMUYIECKUIX JAHHBIX ¥ PEIeHus 3aJadd [MPOTHO3UPOBAHUA 3aBUCHMOCTH 'CTPYKTypa-
coiictBo/akTuBHOCTE" (QSAR) HOBBIX coenmuenuii. [1lupokoe pacipocrpanenue Moy Iu/Im
UHTEJUIEKTYAJIbHBIE TEXHOJIOTMH C WCIOJb30BAHUEM HEHPOHHBIX CeTel, IBOJIIOIHUOHHBIX
AJITOPUTMOB, UCKYCCTBEHHBIX UMMYHHBIX CHCTEM, AJIOPUTMOB poeBoro uuTesiekra (PI)
u JIp. 3a TOCJeTHUe TOJbl OCOOEHHO MIMPOKOe IPUMEHEHNe IOy ajaroputmbl PU,
TaKue KakK aJrOpUTMbl pos dvactur; (particle swarm optimization, PSO), wmypasbuHoil
U IYEeJIMHON KOJIOHUU, CEPBIX BOJKOB, KYKYIIKA U OaKTepuil, KOTOpble ITPUMEHSIIOTCS
JUTsT pelieHus ONTUMU3AIMOHHBIX 3aJ1a4d. AyiroputMbl PU omyimyatorcst OT 9BOJTIOIHOHHBIX
AJICOPUTMOB OOJIBITIEH TOYHOCTHIO U IIPOCTOTOH MpOrpaMMHO#l peasm3arui. JPHEKTUBHOCTD
ajropurMoB PU 3aBucut ot psjia pakTopoB, TAaKUX KaK Ka4ecTBO U pasMep 00padaThbiBAEMbIX
JIAHHBIX, HACTPOMKU IapaMeTpoB, BbiOOpa durHec-pyHKIMi u jp. [IpaBuibHblil 110100D
3HAYCHUIl BECOBBIX KOI(M@MUIIMEHTOB aJrOPUTMOB VJIYUIIAET CIHOCOOHOCTH K IJIODAJHLHOMY
U JIOKAJLHOMY TIIOUCKY, peliaer IpobjeMy mpexKjaeBpeMeHHoit cxojaumoctu. OjHuM u3
9 DEKTUBHBIX MOJXOJIOB siBjIsieTcst ajqroput™ post dactut, (PSO). Paspaboransl pasiundnbie
MO InDUITMPOBAHHBIE AJITOPUTMbBI posi dacTull, Takue Kak Guaranteed Convergence PSO
(GCPSO) [Farsangi, 2007: 1], modified PSO (MPSO) [Khan, 2016: 1; Jena, 2015: 3263-3272],
inertia weight PSO (IWPSO) [Mu, 2009: 151-155|, Fully informed PSO (FIPSO) [Jukasik,
2014: 155-161], Adaptive PSO (APSO) [Zhan, 2009: 1362-1381] u ap.
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2 O630p JuTEpaTypbl

Pabora |Thamaraichelvi, 2016: 744-760| mocesiiieHa NpPUMEHEHHIO MeTOJa POS FACTHIL W
AJITOPUTMA CBETJIAIKA JIJI JTUATHOCTUKHU OIYXOJIU B N300paKEeHUSIX MarHUTHOW PE30HAHCHO
U KOMITbIOTepHO# Tomorpadun. I[IpeamoKeHHblii MeTOJ POsd YacTHIl MPUMEHSIETCS s
[IOMCKA OINTUMAJbHOIO KOJUYECTBA JIECKPUIITOPOB U YMEHDBIICHUS pPa3MEPHOCTH JIaHHBIX
crieKTpasibHoro ms3obpazkenus. B crarbe [Liu, 2015: 147-156] coBMecTHO HCIIOIB3YIOTCSI
XAaOTUYECKUIl aJI'OPUTM ONTUMUBAIUN U AJITOPUTM POl YACTUIL JIJIsI TOBBIIIEHUST TOYHOCTU
MPOrHO3a IMPHU OTOOpE JIAHHLIX C ONPEJICIECHHBIME (DapMAKOJOTUIECKIMU CBOMCTBAME
nperapata. Pe3yabraThl 9KCIIEpUMEHTa IMOKAa3bIBAIOT, YTO IIPEJIOKEHHDBINH METOJ HMeeT
XOPOIIyI0 00y4aeMOCTb U CIoCOOHOCTL K 0bobimennto. B pabore [Goodarzi, 2012: 636-
651] npejaraercs ucnosb3oBanue MoauduIUpoBanHoro ajaropurMa posi dactul, (MPSO)
U MHOXKeCTBeHHOI JimHeiinoit perpeccun (MLR) s orbopa nadOpMATUBHBIX JECKPUIITOPOB
npu mogesmpoBarnn QSAR. B cratee [Guo, 2014: 2251] onuchiBarorcsi ONTHMU3AIMOHHBIE
AJIrOPUTMBI (3BOJIIOIMOHHBIE AJITOPUTMBI, METO/ POsI YaCTHUIL) JIJIsi IPOTHOZMPOBAHMSI CBONCTB
XUMHUYECKUX coejinHennii. lVcceioBanust BBITOJHEHBI € HUCIOJIB30BAHUEM ITPOIPAMMHOIO
npoaykra AutoDock. CpaBHernue pe3yIbTaToB MOIEINPOBAHNSA TOKA3bIBaeT 3P OEKTUBHOCTD
[IPUMEHEHHsT aJIlOPUTMOB post dacTuil. B pabore [Bin, 2008: 698-705] paccmarpuBaeTcs
MOIUMUITTPOBAHHBIN aJITOPUTM PO YACTHUIL, B KOTOPOM C YBEJIMYCHUEM KOJIMIECTBA UTEPATTUT
YMEHbBITIAeTCA Bec wuHepruu. [[o cpaBHEHUIO € KJIACCUYECKUM AJTOPUTMOM PO YACTHUIL
JIAHHBIA aJICOPUTM yJIydiiaeT MOUCK ONTUMAaJjbHOro perterus. B crarbe [Umapathy, 2010:
1| amamusupyercsi BiusiHue Beca WUHEPIUU ([MOCTOSIHHBIA BeC WHEPIUH, W3MEHSIOIUICS
BO BDEMEHH BeC WHEPIMU U BEC WMHEPIUH IPH JIOKAJIbHO-TJIO0AIBHOM JIydIineil mo3urun)
Ha 3(pdEeKTUBHOCTL PA0OTHI aJITOpUTMa pos dYacTwull. B pe3yabrare ormMedaeTrcs, 4YTO
UCIIOJIb30BaHUE aJITOPUTMA PO YACTHUIL C TIPEJIJIOKEHHBIM BECOM MHEPIIUH MTO3BOJIAET OBICTPO
obOpabaTbiBaTh OOJIBINON 00bEM JAHHBIX U O0ECIICYUBAET JIyUIllee PeIieHue.

O/IHUM U3 M3BECTHBIX WHTE/JIEKTYAJIBHBIX MOIX0/0B P KOMIIBIOTEPHOM MOJIEKYIIPHOM
JM3aifHe HOBBIX JIEKAPCTBEHHBIX MPENapaToOB ABIAIOTCH NCKYCCTBEHHbIE MMMYHHbBIE CHCTEMBI
(MNC), ocHOBaHHBIE HA HPUMEHEHWM NPHUHIUIOB TEOPeTHYeCcKol wummyHogorun [Tim-
mis, 2000: 143-150]. Pabora |[Carkli, 2017: 1387-1391] mocssimieHa ITPOrHO3UPOBAHUIO
KapOOHa JIHOKCHJA Ha OCHOBe ajropuTMoB KioHaubHO# cemeknmun CLONALG u AIRS.
Hcnonb30Banne MpeJIoyKeHHBIX aJIOPUTMOB I103BOJIsieT 00jiee TOYHO IIPOIHO3UPOBATH
BBIOPOCHI KapOOHA JIMOKCUJIA 10 CPABHEHUIO C AJITOPUTMOM MHOTOCIONHOTO TEepIEnTPOoHa
u  MerojioM OymKaiiimux coceseii. B crarbe [Lasisi, 2017: 101-110] npejyaraercst
NNC nHa ocHOBe aJIrOPUTMa KJIOHAJIHHON CeJIeKIMH I HPOrHO3UPOBAHUSA BTOPUIHOMN
CTPYKTYPHI Oesika. VcKyccTBeHHas MMMYHHas CUCTEMa, IIPOrHO3UPYET BTOPUIHYIO CTPYKTYPY
reMOTJIOOMHA € BBICOKOI TOYHOCTBHIO TPOTHO3MpoBanus 88,38 mporieHToB. B ucciemoBanmax
[Samigulina, 2017a: 88-94; Camwurymmna, 20176: 92-104] permaercst 3ajada OCTPOEHHUSI
ONTUMAaJILHON MMMYHHOCETEBOI MOJEIN Ha OCHOBE aJrOPUTMOB POEBOTO WHTE/LIeKTa. B
COOTBETCTBMU C KOHIENIMEH MyJIbTHAJIIOPUTMUIECKOro 1ojaxoaa [Samigulina, 2013: 21-
29| paccmaTpuBarOTCA pa3IUIHBIE MOANMDHUIMPOBAHHBIE AJTOPUTMBI POEBOTO MHTEJITICKTA.
[IpoBejieHHBIE SKCIIEPUMEHTHI TTOKA3BIBAIOT, YTO BhIJAEIeHNEe HH(MOPMATUBHBIX JIECKPUIITOPOB
C WCIOJb30BAHUEM AJTOPUTMOB POEBOTO WHTEJIEKTA, a TaKyKe MOCTPOEHHBIE ONTHUMAaJbHbIE
MMMYHHOCETEBBIE MOJIENIN CYIIIECTBEHHO MOBBIMIAIOT KaIeCTBO MTPOTHO3a TIPU PEIEHNN 38141
pacnosnasanust 06pa3os Ha ocaose NNC [Samigulina, 2015: 172].
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[TocranoBka 3ajiadu  GOPMYJUPYETCs: CJIEAYIONIUM 00pa30M: HEOOXOJMMO IIOCTPOUTH
ONTUMAJILHYI0 UMMYHHOCETEBYIO MOJE/Ib Ha OCHOBE MOJU(UIIMPOBAHHOIO AJTOPUTMa POsT
¢ Becom wuuepiu (IWPSO) wacrury miag nporHosmpoBanusi 3aBucuMocTd "CTPYKTypa-
ceoiictBa/akTuBHOCTH" (QSAR) HOBBIX JIeKADCTBEHHBIX MpenapaToB (CyabhaHnIaMuIOB).
CpaBHUTL pe3yJbTaTbl MOIEJIMPOBAHUS KJIACCUIECKOIO aJ'OPUTMa pOsi  YacTUll U
MOIU(DUITUPOBAHHOIO aJITOPUTMa POsT YACTUIL C BECOM HHEPITUH.

3 Marepuasbl 1 MeTO/IbI

B crarbe cpasauBatorcst kKiaaccuueckuii (PSO) u MommudunupoBaHHbBI aaropuT™Mbl Post
gacrur, (IWPSO) g mocrpoenusi ontumaabHOro HabOpa JECKPUITOPOB XUMUYIECKHUX
coejluHeHnit (Ha HpuMepe CyJabMaHUJIAMIJIOB), a TakXKe JajbHeiimeli pa3paboTku
OITUMAJIbHON MMMYHHOCETEBON MO/ICJIN.

3.1 Kunaccuueckuii anropurm posi yacrtur, (PSO)

Kitacengeckuii anropurm post wacturl [Kennedy, 1995: 1942-1948| paspaboran [Ix. Kennenn
u P. D6epxaprom B 1995 romy Jjisi ONTHMU3AIUOHHBLIX 3aa4. [lycTh mosuius dacTuribl B
D-mepHOM TIpocTpaHCTBe TpejcTaB/sgercs caeayonmm obpazom [Mu, 2009: 151-152]: X; =
(i1, Tigy ..., Tip), & CKOPOCTb dacTulpl: V; = (v, v, ..., vp). s BeiGpanHoil dbutHec-
byHKIMN 3a/1a€TCsd pa3Mep MOIMYJIAIN, KOJUIeCTBO UTepaIuii U BeCOBbIe KOI(PDUIIMEHTHI
anropur™a. [Tpu KaxK0ii uTepau onpeensoTcs JOKaJIbHOe Jydliee (p;q) U TI0baIbHOe
aydmee (pgq) 3Hadenus. JIokaibHoe sydiiee 3HaYECHHE PACCMATPUBACTCHA KaK HANITYHIIee
[IOJIO?KEHNE YaCTUIBl B IPOCTPAHCTBE MOUCKA. [J100asibHOE JIydlliee 3HAYEHUE SIBJISIETCS
JIYUIIIAM TIOJIO2KEHUEM BCEX YaCTHUIL B IOIMYJIAIH.
Jamee qacTunbl MeHSIOT CKOPOCTh (1) 1 mosozkenns (2) mo opmymnam:

deﬂ = wojy + ey (Pia — Thy) + cara(Pea — T1y), (1)
ab =ak +oft i =1,2,...N;d=1,2,...,D, (2)

IJe Vjg - CKOPOCTb YaCTHUIlbI, k - KOJUYIECTBO WTEpallnii, w - BeC HUHEPIUU, ¢, C
- KO3(DUIMEHTBI YCKOPEHUs, T, To - PABHOMEDHO paclpejie/ieHHble CirydaifHble Yuciia
B unrepsase [0,1], KOTOpble HCIONBL3YIOTCA JIJId COXPAHEHMsI PA3HOCTU TIONYJISIIUU, Dig -
JIOKAJILHOE JIydIllee 3HAUCHHE, Dyq - [VI00AIbHOE Jiydinee 3uadenne, N - pasMep MOIy/ISIHN.

Boibop seckpuntopos BeinoJiHgeTcst ¢ ucnosb3opanuem ajropurma CFS (Correlation-
based feature selector, CFS), npemmoxkennoro B pabore [Hall, 1999: 69|. ®urnec-bynkimst
[IPEJICTABIISETCS CJIEYIOMMIM 06pPa30M:

— krsy
M = T, ¥

rJe s - TMOJIMHOXKECTBO, KOTOPOE CONEPKUT Kk JECKPHUIITOPOB, TI'sf— CPeIHAA KOPPEJIAIns
" neckputrrop-kiacc" (f € s), r7f - Cpe/iHssa KOPPEJISAus MexKLy " JeCKpUITOp-aeckpurrop”.
Hanee cpaBauBaiorcst 3uadenust purnec-dpyuknumit [Ahmad, 2015: 3-4]:

e ccm M (a1 < M(piq), T0 yeranosurs pig = 2%,
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o ccit M (pig) < M(pya), TO yCTAHOBUTD Dyg = Did.

Ojoit 13 0cOBGEHHOCTEl AJNOPUTMOB POsi YACTHIL SIBJIFETCSI HEOOXOJUMOCTD MOAG0DPa
K03 DUIMEHTOB B 3aBUCHUMOCTH OT YCJIOBHUil 3a1a4u. EC/Iu yeTaHOBUTH €1>Co, TO YACTHUIIBI
CTPEMSATCSA K CBOMM JIyUIITHM TIOJIOKeHusIM. e ¢1< ¢z, TO Bee 9acTuInl OyIyT CTPEMHThLCS
K JIy9IIeMy TI06aTbHOMY MOJIOXKEHUIO, KOTOPOE MPUBOUT K IIPEKICBPEMEHHON CXOIMMOCTH
[[Trayxkuna, 2017: 8-9).

3.2 Aaropurm posi yactui ¢ Becom unepuuu (IWPSO)

Asrropurm IWPSO [Shi, 1998: 73-79] 6611 pemiozken P. D6epxaprom u FO. Ilu gist perrernst
pobJIeMbI TIPEKIeBpeMeHHol cxoumocTu. [Ipu ureparum Bec MHEPIUN YaCTUIBI MEHSETCS
ot 6oJibIioro 3uavdenue K Menbinemy [Mu, 2009: 153| mo dbopmyie:

_ _ Wmax—Wmni
0 = U — P, (1

rae w - BeC I/IHeI)ILI/II/I7 Wmax -~ HavaJIbHBIA BeC I/IHeI)III/II/I7 Wmin - KOHEYHBII Bec I/IHepILI/II/I,
itermax - MaKCUMaJIbHOE€ KOJINYECTBO nrepanunuu, k - TeKyHLaH nrepanusd. HpI/I w Z ]. CKOpOCTI)
JaCTHUIIBI yBeJII/ILII/IBaeTCH 1 IIO3BOJIAET 9aCTUIaM JIy‘{H_Ie nuccjaeg0oBaTb HpOCTpaHCTBO ITIOUCKa.
HpI/I w < 1 JaCTHUIIbI 3aMEIJIAIOTCA U HaXOAAT JIOKAaJIbHBIC S3HAYCHU .

4 PesynbraThl 1 00CyK/eHUE

s uccnenoBanns 3HPEKTUBHOCTH TPEIIOKEHHBIX METOO0B HUCIOJIb3yeTcs 0a3a JaHHBIX
JIECKPHUIITOPOB cysibdannaaMuioB Ha 6ase pecypca Mol-instines 1 PubChem |[molinstincts,
2018: 1]. Basa mammbix (B/I) cocrout m3 Gosee 1000 [1eCKpUIITOPOB PA3HBIX YPOBHEIL.
Paccmorpennble  XuMHUYecKHe COEJMHEHUA KJIacCU(UIMPOBAHbI Ha  CYJIb(MaHUIaMUIIbI
KOPOTKOI'O JIeHCTBUsA, CpeaHeil UIMTEJbHOCTH JAefiCTBUS ¥ JIJIATEJILHOTO  JIefCTBUS.
[Ipumepamu JAeCKPUIITOPOB ABJISIOTCS KOJIMIECTBO ATOMOB, OTHOCUTEIBHOE KOJIMIECTBO
aToOMOB KapOOHA, OTHOCUTENbHOE KOJMIECTBO ATOMOB BOJOPO/A, MOJIEKY/ISPHBIN Bec,
KOJIMYECTBO CBsi3eil, IpaBuTanuoHHbli wuHuekc u ap |Camurymmna, 20178: 99-107].
HeobxouMo 10CTpouTh ONTHMAJIBHBI HaOOP JECKPUIITOPOB, KOTOPBIH HamboJee ITOJIHO
OIUCHIBAET XUMUYIECKOE COeTUHEHNE.

Cy1miecTBy0T pa3jaudHble MPOrPaMMHBIE MPOIYKTHI HA OCHOBE AJTOPUTMOB POSI TaCTHUIL
JTsT perienns npukIaaabix 3a1a4d. Hanpuvep, WEKA (Waikato Environment for Knowledge
Analysis) [Moraglio, 2007: 125-137|, Yarpiz |Yarpiz, 2017: 1|, SwarmNLP [SwarmNLP, 2015:
1], Co-PSO [Shen, 2011: 1], DPSO (Dissipative particle swarm optimization) |Jia, 2014: 37-
47|, ParadisEO [Liefooghe, 2010: 87], EPSO [tribespso, 2017: 1| u ap.

st BeLIEIeHnsT HH(MOPMATHBHOIO HAOOPa JAHHBIX HA OCHOBE KJIACCHIECKOI'O aJI'OPUTMA
posi  YaCTHI] MCIOJb3yercss mporpaMMubiii naker WEKA, peajmnsoBanmblii Ha S3bIKE
nporpammupoBanus Java. [Ipu moeiupoBannm 3a/1aHbl CIe Iy OIIIE TAPAMETPI: KOJTUICCTBO
gactuil B poe N = 100, konudectBo urepanuit k = 50, koadduimentsr yckopenus ¢; = 1
U Ccy = 2, Bec WHepnmuu w = 1, paBHOMEPHO paclpejie/leHHoe caydaiinoe dmcjio r; = 1.
Bpemsa Bwramciienuss pasuo 3 Mc. B pesynbrate mojsenmpoBanug uz 1024 jmecKpunTopon
BeIOpanbl 49 uHGOpMATHUBHBIX JeckpunTopoB. Ha pucynke 1 mnpuBesieHbl pe3yJibTaThbl
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ITERATIONS

0,1100 0,1150 0,1200 0,1250 0,1300 0,1350 0,1400

FITMESS-FUNCTION VALUE
Pucynok 1 — MogenupoBanue Kjiaccudeckoro ajaropurma pos gacrur (PSO)

MOJIE/TUPOBAHNS 3aBUCUMOCTH 3HadeHUil (GuTHec-QyHKIUH OT KOJUIecTBa HUTEpanuii B
nporpammMuoM 1pojykTe WEKA.

Suauenne durHec-QYHKINA XapaKTepusyeT HH(MOPMATHBHOCTL OTOOpAHHOIO Habopa
JeckpunTopoB u Mensiercs or 0 o 1. Ilpu yBesmuenun urepaiuu yBeJIMIUBAETCs 3HAUECHNE
durnec-pynkrmuu. Ecim komudecrBo wuteparuii Oosibie 100, TO BO3HMKaeT mpodsema
MIPEKJIEBPEMEHHOM CXOIMMOCTH.

ITERATIONS

0,0000 00200 00400 00600 O0800 O,1000 01200 01400 0,1600

FITNESS-FUNCTION VALUE

Pucynok 2 — Mogenuposanue mopudunupoBannoro ajaropurma pos dactul, (IWPSO)

Boijiesienne nndopMaTuBHbIX J1ecKpunTopos Ha ocHoBe ajroputma IWPSO Boimostastercst
B IIPOI'PAMMHOM IIPOJIyKTe Yarpiz, pa3padoTaHHOTO Ha d3bIKe IporpaMmupoBanus Python.
[Ipu MojeTMpoBaHUE 38 IaHbl CJIEYIONINE ITapaMeTphl: KojandecTBo dactuil B poe N = 100,
KoyimgecTBo utepamnuiit k = 50, kKodhduImenTs yckopeHus c¢; = 1 uW ¢ = 2, Bec
UHEPINHT Wpax = 0,9 1 Wy, = 0,4, paBHOMEPHO pacupejiesieHHoe CJIydaiiHoe 9ucjao r1=1.
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Bpemsa Boraucienusi pasao 3 Mc. B pesyibrare mojenupoBanus u3 1024 jmeckpuntopos
BeIOpanbl 44 wHGOPMATUBHBIX JleCKpunTopoB. Ha pucynke 2 mnpuBeJeHbI pe3yJIbTaTh
MOJICJTUPOBAHUS 3aBUCUMOCTU 3HAYCHHI (uTHeC-DYHKIINI OT KOJUYECTBA HUTEpaIlii B
IIPOIPAMMHOM IIPOJIYKTE Yarpiz.

s onerku 3(M@EKTUBHOCTH MPEJJIOKEHHBIX aJTOPUTMOB B TabJmile 1 cpaBHUBAIOTCS
pe3yJIbTaThl MOJACIUPOBAHUS ONTUMAJILHBIX HaOOPOB JIECKPUIITOPOB CyJIh(paHUIAMUIOB IPU
Pa3HOM KOJIUYIECTBE UTEPAIUii.

Tabmuma 1 - CpaBHeHHe pPe3y/JIbTATOB MOJEIUPOBAHUS ONTUMAJIBHOIO HabOpa
JIECKpUITOPOB Ha ocHOBe ajaroputMmoB PSO u IWPSO.

AJtropuTMBI pOsT IaCTHUIL Konuuectso Snadenne Habop
ATepaIumii durnec- nHGOPMATUBHBIX
dyHKIMi JIECKPUIITOPOB
50 0.1146 49
100 0.1196 49
Anropury PSO 200 0.1368 48
300 0.1368 48
400 0.1368 48
50 0.0826 44
100 0.1028 43
Asropurm IWPSO 200 0.1187 A0
300 0.1272 38
400 0.1406 38

[Ipu cpaBHEeHHEH pe3y/abTATOB MOJe/JUpoBaHusa Ha ocHoBe ajropurmoB PSO u IWPSO
celyeT OTMETHUTh:

- B asiroputMme PSO perienne jpocturaerca npu ureparuu pasaoit 100 u Beioupaercs 49
JneckpunTopoB. Ilpu manbHEHIUX uTepausax B KadeCTBe HCXOIHBIX JAHHBIX HCIIOJIb3YeTCs
caydaiiHas BBIOOPKA JIAHHBIX U3 IPOCTPAHCTBA MMOUCKA, YTO MPUBOJIUT K IIPEXK/IEBPEMEHHO
CXOJIUMOCTH;

- B amgropurme IWPSO ¢ yBenmdenmeMm KoJmdecTBa UTEpAINil YIydIIaeTCsl 3HAUECHHE
dutnec-pyukiuu. [Ipu nrepanun 400 jpocturaercd Jrydiinee 3HadeHue (puTHec-QYyHKIMA U
BbIOUpaeTcd 38 MHMOPMATUBHBIX JICCKPHUIITOPOB.

Takum ob6paszoM, OOJBIIOE KOJHIECTBO HTepaluil gaerT Oojiee TOYHOE pelleHne, HO
HPUBOJIUT K JIONOJTHUTEIbHBIM BBIUNC/IEHUSAM.

5 3akJroueHue

Ojpmoit 3 BaKHEHINUX 3aJ@a49 [PU  MOJIEKYJSIDHOM JIM3aiiHe HOBBIX JIEKAPCTBEHHBIX
npernapaToB U HPOTHO3MPOBAHUU  3aBHCHMOCTH "CTPYKTYpa-CBOWCTBO/aKTUBHOCTH " Ha
OCHOBE IIOJIXOJIOB HMCKYCCTBEHHOI'O WHTE/IJIEKTa SIBJIIETCS MOCTPOEHUE OINTUMAJIHLHOTO
Habopa JIECKPUIITOPOB, HAKOOJIee TTOJTHO XapaKTEePU3YIONINX PACCMATPUBAECMbIC XUMUICCKIE
coe/imHeHnsI. Pe3ybrarsl MojempoBaHusd MoKasan 3MHOEKTUBHOCTD TPEBAPUTEBHO
00pabOTKM JIAHHBIX C KCIOJb30BAHUEM MOAUMUIIMPOBAHHOIO aJrOPUTMa POsi YACTHIL C
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Becom uHeprmu [WPSO g BbriesneHus mHGOPMATUBHBIX JECKPUITOPOB ¥ OCTPOCHUS
OLITUMAJIbHON HMMyHHOCETEBOH MoOJeJ, a TakKxKe JlaJbHe}IlIero perleHud  3a/a4u
pacrio3HaBaHUs 00pa30B Ha OCHOBE IIOJIXOJ@ WCKYCCTBEHHBIX HWMMYHHBIX CHCTEM W
IIPOTHO3UPOBAHUS CBONCTB HOBBIX AaHTHCENTHYECKUX IIPENapaToB CyJIbMAaHUIaMUTHOMN
I'PYIIIBL.

6 BuaaromapHocTu

Pabora Bemonnena mo rpanty KH MOH PK ma temy: "Pazpaborka u anamms 6a3
JIAHHBIX JJI  WHMOPMAIMOHHOW CHCTEMbI POTHO3MPOBAHKS 3aBUCUMOCTH "CTpPYKTYypa-
CBOMCTBO"/IEKADCTBEHHBIX ~ COEJMHEHWI  HA  OCHOBE  ajJI'OPUTMOB  MCKYCCTBEHHOI'O
nnresiekta (2018-2020 r.r.)
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Design of adaptive unstructured grids using differential methods

Turar O.N., Al-Farabi Kazakh National University,
Almaty, Kazakhstan, E-mail: turar _olzhas@mail.ru
Akhmed-Zaki D.Zh., University of International Business
Almaty, Kazakhstan, E-mail: Darhan. Ahmed-Zaki@kaznu.kz

Adaptive generation of computational grids can improve the efficiency of mathematical model-
ing by increasing the accuracy of numerical approximations. The paper describes a method for
constructing unstructured grids with adaptation based on differential methods. The application
of these methods ensures a smooth distribution of the geometric characteristics of the grid, i.e.
the appearance of adjacent cells that differ greatly in size and shape becomes unlikely. To achieve
proper adaptation in unstructured grids we use the novel approach based on methodology of adap-
tive structured grid construction. This approach uses the method of grid construction based on
solving inverted Beltrami equation to create mapping of some sample grid domain to the physical
area. This mapping is used to construct point set on which the unstructured grid is constructed
using Delaunay triangulation method. Thus, the result is unstructured grid with proper adapta-
tion. Adding fault and fractures or other structure elements may be supported by implementing

constrained Delaunay triangulation.
Key words: computational grid construction algorithm, unstructured mesh, adaptive mesh, dif-

ferential elliptic equations, reversed Beltrami equation

duddepennuanabl saicTepai KOJMAAHBIIT OeliiMaesred KypblLIbIMIBIK €MeC TOPJIapabl KYPY
Typap O.H., On-®apabu arbragarst Kazak Y ITTHIK YHABEPCUTET],
Anmarer k., Kazakcran, E-mail: turar _olzhas@mail.ru
Axmvene3aku J1.2K., Xansikapasibik busHec YHuBepcureri
Asmater K., Kazakcran, E-mail: Darhan. Ahmed-Zaki@kaznu.kz

Ecerrreyim GeitimmesireH TopIapipl 2Kacay CaAHIBIK, ANIPOKCUMAINS MDJIITIH apTTHIPY APKBLIBI
MaTEeMATUKAJIBIK, MOIEIbIEY/IIH, THIMIIJIITIH apTThipa bl. Makamamga auddepeHmaian o1icTepre
Heri3jesireH OGeiiMie/INeH KYPBLIBIMJIBIK €Mec TOPJapibl Kypy oiici cunarrairan. Ockl omicrepii
KOJIJTAHY TOP YATIBIKTaPBIHBIH T€OMETPUSIIBIK, CHIIATTAMAJIAPBIHBIH, TETiCTETyiH KAMTAMAChI3 €Te ],
sSPHU OYJI YKAFJaii1a KOPI YNIbIKTAPILIH KeJIeMIepi MeH MIIHIepi ThIM yKcaMay MYMKIiHIIT oTe
ToMeH. KypblIbIM cakTaMaiTBIH TOpJapia Jypbic OefiMaenyai KaMTaMachl3 €Ty VIIMH aJIallTHBTI
KYPBUIBIMIBIK TOPJAPAbl KYpy OJiCTeMeciHe Heri3fe/reH »KaHa ToCLT KONTAHBLIAIBL. DByl
Tocinme Kepisenren Benmrpamu TeHjeyiH Iientyre Heri3enreH TOpJapiabl Kypy oici oemrini 6ip
AHBIKTAMAJIBIK, alMaKTbl (DUBUKAJIBIK, TYpJie KapTara OeiiHeseyai Tady VIIMiH MMaiiIaaaHbLIa b
Ocbl caJBICTBIPYIBI Tafigaiana OTHIPbIN, JleJoHe TpUaHTY/ISIMs 9IICIH MailJaJIaHbIl KYPBLIBIM
CAaKTaMaMWTBIH TOp KYPY VIIIH MaiiIaJaHbLIATBIH HYKTEJIEp >KUBIHTHIFBI Kacajaamgbl. OcbLiaiiia,
HOTHIXKE Jaypbic OeifiMaenyi 6ap KypBLIBIM CaKTaMaWTBIH TOp O0JbIn Tabburamabl. 2KapbhikTap
JKOHE CBIHBIKTAp Hemece 0acka Ja KYPBLIBIMIBIK, dJIeMEHTTEPl Kocy IekTeysaepi 6ap lemone
TpI/IaHFy.HHL[I/IHCI)IHI)IH KGMeFiI\’IeH )KYSeFe a.CprbLHa)lbI.

Tvyiiia cesnep: Ecenrey TopbiH Kypy aJropuTMi, KYPBLIBIMJIBIK €MeC TOp, OeifiMiesireH Top,
b depeHITnaAIBIK, SITUITUKAJBIK, TeHIEY/IeP, Kepiiearen Bearpamu Teneyi.

PaspaboTka agjanTuBHBIX HECTPYKTYPHUPOBAHHBIX CETOK C IIOMOMIBIO
anddepeHTUAIIBHBIX METOI0B
Typap O.H., Kazaxckuit HaruoHa bublil yHuBepcuTer nmenn Ajb-Dapabu
Anvarer, Kazaxcran, E-mail: turar _olzhas@mail.ru
Axwmen-3axku [1.2K., Yausepcurer Mexaynapoaoro Busneca
Amvarer, Kazaxcran, E-mail: Darhan. Ahmed-ZakiQkaznu.kz
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leneparust  BBIYMCIUTEBPHBIX — AJANTUBHBIX  CETOK  MOYXKET IOBBICUTH  3(PDEKTUBHOCTD
MOJIEJTUPOBAHUST 3a CYET MOBBINIEHUS TOYHOCTH YHUCJIEHHOW allmpokcuManuu. B crarbe
OIMCBHIBAETCS METOJ, IOCTPOEHUsI HECTPYKTYPHUPOBAHHBIX CETOK C aJalTalieli Ha OCHOBE
JuddepeHIuaJbHbIX MeTOI0B. [IpuMeHeHre 3THX METOI0B 00eCIeUrBAET IIJIABHOE PACIIPE/Ie/IEHIE
reOMETPUYECKUX XaPaKTEPUCTUK STIEEK CEeTKHU, TO eCTh BO3SMOXKHOCTH ITOSIBJIEHHSI COCETHUX STIEeK,
KOTOpPBIE CHJIBHO OTJIMYAIOTCS 10 pa3mepy u Gopme, sBjsgeTcs Kpaiine Hu3Koi. Jlns obecnedenns
HAJJIeXKAIE aJalTalid B HECTPYKTYPHUPOBAHHBIX CETKAX WCIOJIB3YETCS HOBBIA MOIXOM,
OCHOBAHHBIN HA METOJOJIOTUH ITOCTPOEHUs aJANTUBHBIX CTPYKTYPUPOBAHHBIX CETOK. B 3TOM
[IOJTXOJIE€ MCIIOJIB3YEeTCsl METO/J] MOCTPOEHUsI CETOK Ha OCHOBE pelleHus OOPAIEHHOIO yPABHEHUSI
Besbrpamu s co3maHust 0TOOpaKEHUsT HEKOTODPOil 3TajoHHON obsiactu B dusndeckyo. C
IIOMOIIBIO  3TOTO OTODOpaXkeHWsl CTPOUTCS HAOOp TOYEK, KOTOPBI OyJeT WCIOJIb30BAH I
ITOCTPOEHUsT HECTPYKTYPUPOBAHHON ceTK:u MeTomoM Tpuanrynsnun Jlemone. Takum obpaszom,
pPE3YJIBTATOM SIBJISIETCST HECTPYKTYPUDOBAHHAsl CeTKa ¢ Xopormeidl anamnranueit. Jlobasienne
PA3JIOMOB ¥ TPEIINH WA JAPYTUX CTPYKTYPHBIX OIPAHMIEHUBAIONINX JIEMEHTOB IO/[JIEPyKUBAETCS
IIyTeM peaJIn3aliy TPUAHTY/Isuu JlejioHe ¢ orpaHuYeHUsIMIY.

KurouyeBbie cjioBa: ajirOpuTM MOCTPOEHHS PACUYETHBIX CETOK, HECTPYKTYPUPOBAHHAsI CETKA,
aJanTUBHAs CceTKa, audepeHnraabHble JUIMNTHIECCKIEe yPAaBHEHWs, OOpAIEHHOE ypaBHEHHE
Benbrpammn.

1 Introduction

Adaptation methods for computational grid generation improve the efficiency of physical
simulations. They increase accuracy of numerical approximations, because most industrial
computational processes have big changes of physical values in some parts of domain. It
leads to high gradients and values of solution in those locations which, in turn, leads to lack
of accuracy.

Generally grids constructed to numerical solving of partial differential equations are
grouped into two essential groups: structured and unstructured grids [1]. Each of those groups
has its own construction methodology and fields of use which is almost does not intersect.
However, some theoretical principles that may be implemented to overall numerical grids let
us consider comparing and combining those methods. One of those is adaptation of the grids.

Adaptive grids allow researchers to avoid creating fine grids for the whole domain. Such
grids critically increase computational run time. In many cases locations with smooth solution
does not need such surplus accuracy, since it does not take effect considering bad accuracy
of places with high gradients of solution.

Computational grids can be constructed in such a way that the places of such big solution
values and gradients are covered with small cells. It reduces the error of numerical solution
generated in the locations of steep gradients and high values. The grid on the smooth solution
locations is coarsened to optimize the computation time. Computational grids are grouped
into fundamentally different types of grids called structured and unstructured grids. Both of
them have own grid construction methodology.

Unstructured grids are widely used in finite element and finite volume methods. They are
necessary in certain situations and have a several benefits comparing to structured grids in
case of complicated shapes of domain. Mostly such grids are constructed by geometric and
graph methods. The adaptation in those methods are done by adding additional points in
the certain locations of the grid.

Common structured grids usually used in finite difference methods are constructed using
simple algebraic methods. But the construction gets complicated in situations of adaptation
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to physical area boundaries and control functions. In such case the structured grid represents
curvilinear coordinate system and found by solving non-linear differential equations.

The paper describes grid construction method that has positive characteristics of both
approaches by combining them in one method. Combination implemented by constructing
unstructured grid based on set of points uniformly scattered over the curvilinear structured
grid. In such method the result grid is unstructured grid and, therefore, have all its positive
sides. It also keeps the smooth adaptation based on differential methods.

2 Literature review

Most of unstructured grid generation algorithms [2] have 3 groups separated by general
approach to construction. First group is advancing front algorithms [3, 4]. In such algorithms
they grid is constructed by attaching new cells to the existing grid starting from boundaries
of the domain. Next approach is iterative construction of Delaunay triangulation by adding
new points to the existing triangulation |5, 6]. After adding the new point whole triangulation
is to be reconstructed to satisfy principle of Delaunay. Algorithms based on tree containers
such as quadtree algorithms [7, 8]. In such algorithms the forms of the result grid cells may
be far from perfect. However this approach allows very convenient adaptation of grid in terms
of cell fining.

These approaches may be improved to support constrained grids such as constrained
delaunay triangulation [9, 10]. Constrained grids are the grids that keep some initial given
structure elements such as pre initialized curves or edges, surfaces and volumes. This is the
way we are going to add faults and fractures in the mesh.

In the case of unstructured grids several approaches exist at the moment [11, 12, 13, 14,
15]. But all of them based on the algebraic methods. In common case it is hard for algebraic
methods to guarantee such good characteristics of grid as smoothness and proper cell forms.
Best numerical grids keep the similarity of forms and sizes of adjacent cells all over the
domain. Methods based on differential equations can be very handful in for this purpose.

Such differential methods are very widely used in structured grid construction. Methods
are based on numerical differential geometry and those lead to very natural adaptation of
structured grids [16, 17, 18|. There are very much of such approaches of constructing struc-
tured adaptive grids [19, 20, 21, 22|.

Namely, the approach we are going to use is solving the inverted Beltrami equation |19,
17]. This approach guarantee the property of smoothness for cell form and size changes since it
is based on variational methods. The equation is taken by minimization of energy functional
which is based on theory of constructing isometric coordinate system on the surface [16].
Thus, the approach is the best in terms of the physicality of the result grids.

3 Materials and methods

3.1 Unstructured grid construction

To construct unstructured grids, we used Delaunay triangulation and Voronoy diagram [6]
since they create comparatively good grids for computations on the given set of points using
control volume methods. Delaunay triangulation is the triangulation of the set of points in
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which all the triangles and points satisfy principle of Delaunay (figure 1A). This principle
states that the triangles are not to contain other points from set inside of their circumcircles.
The goal is to create such grids in common cases with initial structural limitations such as
pre-defined edges that cannot be reconstructed.

To implement support of limitations we chose iterative method that allows adding new
points to existing Delaunay triangulation. On figure 1 cases of adding new points inside the
triangular cells and on the existing edge are demonstrated. Simple fragmentation of those
cells may lead to appearance of cells that does not satisfy the principle of Delaunay. For
such triangle and point we have to make flip operation, i.e. change diagonal in quadrilateral
convex figure constructed on those 4 points (figure 1, E).

& b
o L L7 [N

Figure 1 - Delaunay triangulation: A) Delaunay principle; B) Delaunay construction: adding new
point in triangular cell; C) Delaunay construction: adding new point to existing edge; D) flip
operation; E) demonstration of constructed triangulation on the random 100 points
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Diagram of Voronoy is constructed using Delaunay triangulation by constructing central
perpendicular segments for every triangle of Delaunay triangulation. Those segments connect
mass centers of corresponding triangles. Such grid has many positive sides for computation
using finite volume methods.

3.2 Adaptive structured grid construction

Structured grid adaptations are based mostly on solving differential elliptic equations. Con-
sequently, they tend to smooth scattering of nodes of the grid. They find the mapping of
some sample domain with common cartesian grid to the given physical area (figure 2, A).
One of the most advanced in terms of adaptation is the method based on solving reversed
Beltrami equation. The following equation is the reversed Beltrami equation that can be used
to construct structured grids adaptive to gradients or values of scalar fields or to directions
of vector field [19, 17].

i . 024

500\ — S im
59 (VI°0:) = V99, R

(1)

In the formula (1), repeating indexation means summation over those indexes on the one
side of equality. S represents new grid coordinate system and &? is initial grid’s curvilinear
coordinate system. Here ¢/l are contravariant tensor components and g¢* is its determinant
of the mapping shown in figure 2, A. Equation (1) is non-linear in such form and cannot
be solved using standard elliptic equation solving methods, so to solve it we have to add
time derivative. Thus, we convert it into parabolic equation and solve it by iterations. In
each iteration we get new curvilinear grid which is little closer to the result adaptation than
the previous one. Boundary conditions in those methods are taken by solution of the same
problem on the lesser dimension. For 3D domain it is surface grid construction which in turn
uses curve 1D grids as boundary conditions. The result grid constructed by described method
shown in figure 2.

3.3 Proposed adaptive unstructured grid method

The unstructured grid construction method described above can construct it on any point
set. So, the problem is initialization of the proper point set.

Our way to choose the point set is to use curvilinear adaptation provided by differential
methods. The set is uniformly scattered on the sample domain, which is represented on
the left side of figure 2, A. So, after mapping it represents uniformly scattered set with
adaptation to the values of some scalar control function. Further this adapted set of points
is used to construct the unstructured grid. Figures 3 and 4 demonstrates the results of the
implementation of proposed algorithm. The points in figure 3 are chosen simply as the nodes
of structured grid after adaptation. Since the sample cells are squares adaptive grid lines are
still close to orthogonal. Therefore, in triangulation represented in figure 3, B, we can see
that triangles are close to right triangles.

Figure 4 demonstrates unstructured grid constructed on the adaptive set of points. This
set defined by mapping of regular triangulation on the sample field.
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S(X)

Figure 2 - Structured grid construction: A) mapping demonstration; B-C) using reversed Beltrami
equation, control function is presented by colors
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Figure 3 - Example of unstructured grid constructed using points set defined by nodes of adaptive
structured grid: left — Voronoy diagram and right — Delaunay triangulation
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Figure 4 - Example of unstructured grid constructed using adaptive close regular points set

4 Results and discussion

In real industrial applications of physical simulation, the domain of physical process may
have very complicated forms. They may have inner limitation structures, such as faults or
fractures or very sophisticated boundary topology. In such cases it is very hard to use struc-
tured grids even with adaptation. Adaptive structured grids demand choosing sample domain
for mapping close enough to physical one. Since in opposite case it is possible to generate
prolongated cells of grid. This process is not automatized at all and it is the first serious
drawback of the adaptive structured grids.

Complicated boundaries force researchers to make extremely fine grids near those bound-
aries in structured grids. Because the topology of the boundary has to became smoother in
inner part of the domain. It leads redundant amount of fine parts and overall loss of optimiza-
tion. In case when the domain has structural elements that put limitations for computational
grid construction such as, for example, faults and fractures of porous media or some objects
inside of continuous media, etc., unstructured grids also have benefits comparing structured
grids. Those structural lines or surfaces can intersect in random order and make complicated
non-structured topology. In such cases it is impossible for grid lines to trace the limitation
lines. But in many cases, it is necessary to trace those lines as accurate as possible in numer-
ical methods since the behaviour of the model along them are very critical to correctness of
the solution.

Those advantages of unstructured grids fully preserved in our method since our result
grid is unstructured grid. Only the choose of the sample domain for adaptive structured grid
generation is still not automatized and have to be done manually before construction. However
now it is not such limited as in construction of fully structured grid on the physical domain.
Now the mapping must not map exactly to given boundaries. In general, it is enough to map to
some area that contains whole physical domain. Researcher still have possibility to manually
bind some boundaries or inner grid lines to boundaries or inner structural limitations of
physical area correspondingly to get grids with proper tracing of such structural elements.
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Adaptive structured grids in turn have main advantage that briefly can be stated as
physicality of adaptation. Since we got adaptation on the base of solving differential equations
that also used to describe the behaviour of physical simulations. Namely elliptic equations
are used to implement diffusion processes and, therefore, to produce smoothly adaptive grids.
This leads to smooth changes of such grid cell properties as size and elongation, i.e. how much
the cell is squeezed in one dimension.

Existing unstructured grid adaptation techniques are based on using algebraic, geometry
and graph algorithms. It is very unnatural and unconvenient to design those methods in
such a way that they can guarantee the smoothness of such properties of the grid. Most of
them does not guarantee that there are no leaps in size changes of adjacent cells. But the
smoothness of size and forms of cells shows positive impact on the accuracy of the overall
numerical method.

Unlike them differential methods based on elliptic equations guarantee such smoothness.
It is due to fundamental property of elliptic equations to even the values of solution. Also, the
method of solving reversed Beltrami equation is based on minimization of energy functional.
It constructs the adaptive coordinate system in such way that grid cells are close to equal in
case when the control metric is the metric of the surface itself.

Our method keeps that smoothness property of adaptive grid and transfer it to unstruc-
tured grids. Initial point set on sample domain is regular triangular grid nodes and its adap-
tation tries to keep those regularity. Due to that fact inner angles of cells are close to each
other in the whole triangulation. Exceptions may occur if we need to add structural limitation
lines that are not traced by structured grid lines because in such case initial point set has
not any kind of relation to the predefined structural line or surface.

One significant drawback of adaptive structured grids is the process of using it with
finite difference methods. Since the computational grid on physical domain is a mapping of
some sample grid researchers must bring the expression to the correct form. Expressions are
to be modified by substituting function to be found by its complicated mapped form and
further implementation of all the derivations. Thus, researcher obtains complicated equation
with Jacobians of the mapping and components of the metric tensor. Simple heat transfer
equation is written in the following form

ou 0 11 Ou 12 Ou 13 Ou
o = (Vo g + Vs s + Vi ) +

0 0 0 0
5@@&%+@ﬁ%+@ﬁ%ﬂ )
31 32 33

This process has to be done manually for every equation in the model and yet has not
any automatization. Solving the same equation with the finite volume method is much easier.
Taking into account the fact that we have constructed Voronoy diagram and choose initial
points as cell centers we can avoid non-orthogonal diffusion components in approximation.
This approximation has not any differences from any other unstructured grid.

However, the most important reason to use adaptive structured grids is a possibility to
use finite differences method with higher order approximation difference schemes. Proposed
approach may be handy in situations when those schemes are not necessary.
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5 Conclusion

The paper describes methods of unstructured grid construction based on differential meth-
ods. Differential equations are very good when it is necessary to create adaptive grids with
smooth change of cell sizes and forms. Up to the moment such methods were used mostly
for construction of adaptive structured grids. To transfer this property to unstructured grids
we implemented standard grid construction algorithms with ability to construct grid on any
given set of points. Further we choose the set of points that are going to be nodes of the
Delaunay triangulation and centres of Voronoy diagram by solving boundary problem for
reverse Beltrami equation. Solving the equation provides certain mapping of some sample
grid to physical domain and we use that mapping to define the point set with adaptation.

Such approach gives us a list of advantages comparing raw adaptive structured grids. It is
more effective and convenient to use in most cases except the case when it is important to use
finite difference approximation schemes of higher order. Also, such method has good influ-
ence to adaptation of unstructured grid since differential elliptic methods have fundamental
property to smoothen the solution.

6 Future work

This work is the first step of using differential methods for unstructured grid construction. At
the moment it is simple sequential execution of two algorithms using the results of structured
adaptive grid as an initialization point set to unstructured grid construction. Further work is
going to be aimed to solving of the described differential equations by FEM or FVM methods
for construction of unstructured grids.
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11) Baaromapuoctu (ecau umerorcs). Hanpumep: Pa6ora BbiosneHa 1mpu 1ojep:kKKe IPAHTOBOIO
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Pecny6iku Kazaxcran (rpant «HaumeHoBanne Tembl rpanTas, 2018-2020 rospr).

12) Cnucok smmreparypbi/References. (o6a crnmcka, eciu craTbs Ha PYCCKOM HJIM Ka3aXCKOM.
Eciu crarbst Ha aHrIMiiCKOM, TO TOJBKO OJMH CHUCOK 10 cTuio Jukaro). CIHCOK HUCIOIB3yeMOii
JINTEpPATYphI, miin bubsmorpadudeckuii CIIMCOK cOCTOUT u3 He Menee 30 HAMMEHOBAHUN JINTEPATYPHI,
u u3 aux 50% Ha aHTIMIICKOM A3bIKe. B clydyae HaJu4us B CIIUCKE JIATEPATYPhI PabOT, TPEICTABICHHBIX
Ha KUPHUJUINAIE, HEOOXOJAMMO IIPEJICTABUTH CIMCOK JIUTEPATYPBHI B JIBYX BapUAHTaX: IEPBBIH - B
OpUrHHAJIE, BTOPOii - POMAHU3UPOBAHHBIM a/ihaBUTOM (TpaHcuTepanus ). POMaHU3UPOBAHHBIN CIIMCOK
JIUTEPATYPBI JOJKEH BBINIAIETh B CJeAylomeM Buze: aBrop(-bl) (TpaHciaurepanus) —> HA3BAHUE
CTaThbll B TPAHCIMTEPUPOBAHHOM BApHAHTE [lIepeBOJ HA3BaHWs CTATbA Ha AHMVIMICKUN s3bIK B
KBaJIDATHBIX CKOOKAX|, HA3BaHUE PYCCKOS3BIYHOTO MCTOYHUKA (TpaHcauTepanus, Jubo aHIHHCKOoe
Ha3BaHUE - €CJIN eCTb), BbIXO/IHbIC JITaHHBIC C O6OSHa‘{eHI/I5{1\/II/I Ha aHIVIMIICKOM S$I3BIKE (FO)]‘ B KPYTJIbIX
ckoOkax) —> crpanunpl. Hampumep: Gokhberg L., Kuznetsova T. Strategiya-2020: novye kontury rossi-
iskoi innovatsionnoi politiki [Strategy 2020: New Outlines of Innovation Policy|. Foresight-Russia,
vol. 5, no 4 (2011): 8-30. Cuucok Jsureparypsl npejcrasigercs no Mepe nuruposanus, u TOJIBKO
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Te paboThl, KOTOpPbIe MUTUPYIOTCA B TekcTe. CChUIKM HA JIMTEPATYPY OMOPMIISIIOTCST B KBAJIPATHBIX
cKODKaxX ¢ yKaszauueM HoMepa Jjureparypbl. Ctusb odopmiterus "Crucok jureparypbl"Ha pyccKOM
n KazaxckoM s3bike coryiacao ['OCT 7.1-2003 "Bubmmorpadudeckas 3anuch. bBubnmorpadudeckoe
ommcanne. OOmue TpeGoBaHWsI W TpaBUia cocraBieHus"(TpeGoBaHWE K W3JAHUAM, BXOISANUX B
nepederb KKCOH). Crusb odopmiennust "References” poMaHn3npoBaHHOrO ClMCKa JUTEPATYDHI (CM.
BBIIIIE), & TAKYKE UCTOUYHUKOB Ha aHIVIUICKOM (JPyrOM HHOCTPAHHOM) A3BIKE JJIsl €CTECTBEHHOHAY THBIX
u TexHuueckux HanpasJenuii corsacao Chicago Style (www.chicagomanualofstyle.org).

B mannom pa3zzesie HEOOXOAMMO yI€CTh:

a) Ilutupyrorcst OCHOBHBIE HaydHble ITyOJIMKAIMN, IE€PEJIOBble METO/bl WCCIIE0BAHUs, KOTOPbHIE
[IPUMEHSIIOTCsT B JAHHOI 00JIaCTH HayKW U Ha KOTOPBIX OCHOBaHA paboTa aBTOpA.

6) M36eraiiTe upe3aMepHBIX CAMOIUTUPOBAHMIA.

B) Usberaiire uypesmepubix cebuiok Ha nybiaukamnuu apropos CHI'/CCCP, ucniosnb3yiite MUPOBOIi OIIBIT.
r) Bubmnuorpaduueckuii cumcox IozKeH coiepxkarh (yHIaMeHTaJbHble U Haubojiee aKTyaJbHbIE
TPY/Ibl, OILyOJIMKOBaHHBIE N3BECTHBIME 3apy0OeKHBIMU aBTOPAMH U UCCJIEIOBATENSIMU 110 TEMEe CTaTbhU.

6. 2KypHuanm upmaepKuBaeTcsi €IUHOrO CTUJIS W IHOITOMY UPEIbsABISeT Dsjl o0Imux TpeboBaHMl K
odopmitennio pabotr. Mcxonuplil (HEOTTPaHCIMPOBAHHDII) texX-haill MOJXKEeH IEeJUKOM [IOMEAThCs B
FOPU30HTAJIBHBIX PAMKaX 9KPaHa 38 BO3MOXKHBIM UCKJIIOYEHHEM MATPHUIL U TaOJIUIl U TPAHCIUPOBATHCS
6e3 iporectoB INTEX 2e u coobITeHMt 0 KpaTHBIX M HEOIIPEIEIEHHBIX METKaX, OOJIBIIUX IIePEIOJTHEHHBIX
7 He3alloJTHeHHbIX Ookcax. He ciemyer ompenesisith MHOTO HOBBIX KOMAaHJI, n300peTasi COOCTBEHHBINI
CJIeHT. ABTOPBI MOT'YT MOJNPYZKAThH APYIUe CTAHIAPTHBIE CTUIEBBIE TAKETHI, HO TOJBKO Te, KOTOPhIE He
BXOJAT B IPOTUBOpedne ¢ makeramu amsmath nm amssymb. EcrectBenno daiin, KpoMme Bcero mpotvero,
JIOJ2KEH OBITh MIPOBEPEH HA OTCYTCTBHE IPDAMMATHYECKUX U CTUJIUCTHIeCKUX Omubok. Crarbu, He
VJIOBJIETBOPSIIOIIAE STUM TPeOOBAHUSIM, BO3BPAIIAIOTCS HA JIOPAbOTKY.

DTaJIoHHBIT 00pa3erl pabOTHL ¢ JeMOHCTpalmeil rpadukn, ¢ npeaMOyJIoif yCTpanBaroIieil peIakiuio,
CIUCKN TUIMYHBIX OMMOOK ODOPMJIEHHST U METOJ/bl UX YCTPAHEHUsI MOYKHO MOJIYIUTh B PEJAKITUH UJIH
Ha caiite KasHY um. anb-®apabu http://journal kaznu.kz.

7. I'padugaeckune dailabl ¢ pucyHKaMu TOJKHBI OBITH TOJBKO KAaYeCTBEHHBIMU 9e€pHO-0esibiMu B hopmMaTe
.eps , OO0 BBHITTOJTHEHHBIME B JIATEXOBCKOM (popMmaTe. Pucynku B 3Tux popmaTax meraioTcs, HapuMep,
C TIOMOIIHIO MOIIHBIX MaTeMaTudeckux rmakeroB Maple, Mathematica uian ¢ momompio makera Latex-
cad. KauectBennble rpaduyueckue ailibl cie/laHHbIe IPYyTIMHU TpadpUIeCKUMU TPOrPAMMAMHE JIOJIZKHBI
ObITH CKOHBepTHpOBaHbI B (opmar .eps ¢ nmomorbio Adobe Photoshop mmu komseprepa Conver-
sion Artist. Bce pucyHKEu JO/KHBI OBITH yKe UMIOPTUPOBAHHBIMU B tex-hailyl U mpeICcTaBIsioTCs
B PEIAKIMI0O BMECTE€ C OCHOBHBIM aitom crarbu. | padutdeckne (HOPMATHI,OTIUIHBIE OT BBIIIE
YKa3aHHBIX, OTBEPTAIOTCS.

Pe,ZLaKL[I/IH BIIpaBe€ OTKa3aTbCd OT BKJIIOYCHUA B pa60Ty puCyHKa, €CJIn aBTOPp HE B COCTOAHUU
00eCIIeYnThL ero HaJaJjiezKalmee KadeCTBo.

VBarkaeMmble UTATEIH, BbI MOXKETE [TOJIIucaThCs Ha Hat Kypraas "Becrauk KazHY. Cepus maremaruka,
MexaHuka, nHdopMmaruka’, kKoropbiii BkiodeH B karajor AQO "Kasmnoura""TASETHBI U 2KYPHAJIBI".
KommuectBo HOMepOB B ro — 4. HjIeKe 171l MHIUBU Iy aJIbHBIX TOJIINCINKOB, IPEIIPUSITHN ¥ OPraHU3aIluNl —
75872, monmucuas 1eHa 3a rof, — 1200 TeHre; MHAEKC JTbIOTHON MOJAMUCKH JJIsl CTYJIEHTOB — 25872, moanucHast
meHa 3a roj s cryiaeaTos — 600 Tenre.
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