ISSN 1563 — 0285
WNnnexe — 75872; 25872

OJI-®APABU arbinparsr KASAK YJITTBIK YHUBEPCUTETI

KazYy XABAPIHIBICHI

Matremaruka, MexaHnKa, THHOPMATUKA CEPUSICHI

KA3BAXCKNI HAIMOHAJILHBIN YHUBEPCUTET umenn AJTb-OAPABU

BECTHUK KazHY

Cepust MaTeMaTHKa, MEXaHUKA, HH(pOPMATHKA

AL-FARABI KAZAKH NATIONAL UNIVERSITY

KazNU BULLETIN

Mathematics, Mechanics, Computer Science Series

Ne 4 (92)

Amars
«Kazak ynuepcureri»
2016



Sapecucmpuposar 6 Murnucmepcmee KYsbmypot, unGopMayuL 1 06ULLCMEEHH020
coenacusn Pecnybaurxu Kaszaxcman, ceudemenvcmeo Ne 956-2K om 25.11.1999 e.
(Bpems u nomep nepeunnol nocmanosky wa yuem M 766 om 22.04.1992 e.)
Buixodum 4 pasa 6 200

Pepaknumuonnasi kKoJsuterus:

Haywnoitl pedakmop: M.A. Bexmemecos - 0.¢.-m.n., npopeccop, KasHY um. arv-Dapabu
aamecmument Haywrozo pedaxmopa: A.B. Kvidupbexyasv, — d.m.n., npogeccop, KasHY um. anrv-DPapabu

omeemcemaennuiti cexpemaps: .M. aupbaesa — k.@.-m. 1., douenm, KasHY um. anrv-Dapabu

Yieusbt peakKoJlJIerum:

Aticazanues C.A. — d.m.n.,
uMm. anv- Papabu, Kazaxcman
Aaues @.A. — 0.¢p.-m.1., npodeccop, axademur Ha-
YUOHAAOHOU axademuu Hayx Asepbatioocana, Hn-
cmumym npuksadnotic mamemamuru Baxuncrozo
2ocydapcmeennozo yrusepcumema, Aaepbaiioocar

npogpeccop, KasHY

Axzmeod-Baxu 2K, — d.m.n., KasHY um.anro-
Dapabu, Kasaxcman
Badaes C.A. — 0.p.-m.n., npogeccop, KazHY

uMm. anv-Papabu, Kazaxcman

Katimaxos A.2K. — d.¢p.-m. 1., npodeccop, axademur
HAH Kuwipevisckoti Pecnybauru, Kvipevidckuill 2ocy-
dapcmeentbili MeTHUMECKUT YHUBEPCUMEM UM.

U. Passaxosa, Kvipevidcman

Kabarnuxun C.U. — d.¢p.-m.1., npodeccop, wi.-Kopp.
PAH, Hucmumym 8uluucAumerbhoti Mamemamuk
u mamemamuyeckoti eeopusuruy CO PAH, Poccus
Kaamaes A.2K. — 0.¢p.-m.n., mpogpeccop, KasHY
uMm. anv-Papabu, Kazarcman

Kaneyorcunw B.E. — 0.¢p.-m.n., npopeccop, KasHY
uMm. anv-Papabu, Kazaxcman

Maiinke M. — npogeccop, Henapmamernm Buivucau-
meavhot eudpodurnamuryu Uncmumyma Aspoduna-
Mmuxu, I'epmarus

Masviwusun B.D. — d.m.n., npogeccop, Hosocu-
bupckull 20cydapcmeennvili mexnuveckul yHueep-

cumem, Poccus

Metipmarnos A.M. — 0.p.-m.H., npogeccop, Benzo-
podcxuti 2ocydapemsennoiti yrusepcumem, Poccus
Myzxambemorcanos C.T. — 0d.¢p.-m.H., npogeccop,
KasHY um.anrv-Dapabu, Kasaxcman

Omenbaes M.O. — 0.¢p.-m.n., npogeccop, arxademur
Hauuonanrvrotli axademuu wayx PK, FEepasutickut
HAYUOHANLHBLT YyHusepcumema um. JI.H. lymuiesa,
Kasaxcman

Hangunos M. — 0.¢p.-m.n., npogeccop, Hayuonann-
Hul noaumexrnudeckut unemumym Jlomapuneuu,
Dparuyun

Pyorcarcxutt M. — 0.¢p.-m. 1., npodeccop, Umnepcruti
rxoanedoc Jlondona, Beaurobpumarus

Tatimarnoe U.A. — 0.p.-m. 1., npogeccop, arxademur
Poccutickoti axademuu nayx, Uncmumym mamema-
muxu um. C.JI. Cobosesa CO PAH, Poccus
Tyxees Y.A. — d.m.n., npogeccop, KasHY um.anro-
Dapabu, Kaszaxcman

Hloxurn FO.H. — 0.p.-m.n., mpodeccop, arademur
Poccutickoti axademuu nwayx, Hncmumym evuucau-
meavnur mexnonoeutt CO PAH, Poccus

FOndawes 3.X. — 0.¢p.-m.n., npogeccop, Hayuonann-
HoLll yrusepcumem Yabexucmarna um. M. Yayebexa,

Vsbexucman

Haywnoe usdanue

Becrauk KazsHY

Cepust MaTeMaTHKa, MEXaHUKa, HHHOPMATHKA
Ne 4(92) 2016
Penakrop: I"M. /lanpbaesa

Kommnbiorepras Bepcrka: B.A. Aerosa

B N

10307

Tlognucano B nevars 20.12.2016 r. ®opmar 60 X 84 1/8. Bymara odcernas.
Tleyars nudposasi. O6bem 9.9 m.s1. Tupax 500 sk3. 3akaz N 6137.
Nzparensckuit jom “Kasak ynuBepcureTi”’

Kazaxckoro HaImoHaJbHOIO yHUBEpCUTETa UM. aab-Papadu.

050040, r. Anmarsl, np.anb-Papabu, 71, KazHY.
Orneuyarano B Tunorpadunn usnareabckoro noma “Kasak yausepcureri”.

© KasHY um. anp-Papabu, 2016



About the group approach ...

1-6eaim Pazgen 1 Section 1
Maremaruka Maremaruka Mathematics
UDC 005

Akhmetova A.Zh.**, La L.L. !

'Faculty of Information technologies, Eurasian National University, Republic of Kazakhstan,
Astana
*E-mail: akhmetova_azh@enu.kz

About the group approach in the task of fuzzy synthetic evaluation

The fuzzy synthetic evaluation method can be applied to problems where we need to evaluate
object determined by various heterogeneous features. The problem is to determine quantitatively
significances of various features th6666/at is their weights. Using various weight vectors leads to
the different results of evaluation. There are various methods to define weight vectors but there
is no criterion to determine the best of them. The work is devoted to the problem of determining
the balance in the method of fuzzy synthetic evaluation sites. The paper proposes the use of the
cluster approach to determine the weights of the criteria which in a sense, a universal and can
be applied to various modifications of this method. We establish a connection between the fuzzy
synthetic evaluation method and fuzzy classifications and propose a group approach to determine
weights of the method. Also, the article describes the proof of the theorem, which determines the
weight of the criteria for the group approach.

Key words: the synthetic method, a group approach, the weight criteria, fuzzy classification.

Axmerosa A.2K., Jla. JI.JIL

O rpynmoBoM MoOAXO/€ B 3aJa4e HEYETKON CMHTETUIECKOM OIEeHKH

CuHTeTrvecKuil MeTOJ] HEYEeTKOM OIEHKU MOXKeT ObITh IPUMEHEH K 3aJa4aM, B KOTOPBIX HYKHO
OIIEHUTDH OOBEKT, OIpee/IIeMblil PA3IMIHBIMUA PA3HOPOAHBIMEU (hyHKIUsAMHU. [[pobiaema cocTont B
TOM, 9TOOBI OMPEIETUTD 3HAYCHUS PA3INIHBIX (DYHKIHI, KOTOPBIM SIBJISI€TCS KOJUIECTBEHHAS Xa-
PaKTEpUCTUKA — UX Bec. Vcmonp30Banne pa3inIHbIX BECOBBIX BEKTOPOB HPHUBOJUT K PA3JIMIHBIM
pesyibrataMm oneHkn. CyIecTBYIOT Pa3jInuHble METO/IBI JJIsl OIIpeeJIeHUs] BECOBBIX BEKTOPOB, HO
HET HUKAKOI'0 KPUTepUsi, YTOOBI OIIPeIe/INTh JIyUlline U3 HUX. B MeTojle He4eTKO! CHHTEeTHIeCKO
OIIEHKM OOBEKTOB MOXKHO OmIpenesmTh Beca. [Ipemraraercs ucmop30BaHre IPyHIIOBOTO MOIX0/IA,
¢ TIOMOIIBI0 KOTOPOT'O MOYKHO OTIPEIE/INTh Beca KpurepreB. OH SBJISETCS YHUBEPCAILHBIM U MO-
’KeT ObITh MPUMEHEH K Pa3JInIHBIM MOAMMUKAIMSIM 9TOT0 MeToja. i onpegesieHust Beca MeTosa
YCTAHOBJIEHA CBSI3b MEXKJIy CHHTETUYECKUM METOJIOM OIIEHKM M HeYeTKOl Kjaccuduramnuu. Kpome
TOrO, B CTAThE OIUCHIBAETCS JIOKA3ATEHCTBO TEOPEMbI, KOTOpasl OlpeJesiseT BeC KPUTEPUEB JIJIs
I'PYIIIOBOIO TOIXO/IA.

KurouyeBbie ciioBa: CHHTETHYECKAN METO/I, TPYIIIOBOI MOIX07, BeCa KPUTEPUEB, HEIETKAs KJIac-
cuduKaIms.
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4 Akhmetova A.Zh., La L.L.

Axwmerosa A.2K., Jla. JI.JI.
Bynaapip cuHTeTHMKAJBIK, Oarasiay ecebiHaeri TOITHIK, 9/1iC TypaJibl

Bynaeip 6aramaynsl 2Ky3ere acbIpaThblH CHHTETUKAJIBIK, OJICTI TYpJi (DYHKIMSIIAPMEH CHIATTAIA~
TBIH OOBEKTTEP Il Oaramayra MYMKIHIIK OepeTin ecemTepre KoJmanyra bomaanl. Mymmait ecemrep-
Jeri Herisri mMocese — CAHJIBIK, CUMIATTaMa OOJIBIT TaOBLIATHIH TYPJIl (DYHKIUIAPILIH MOHIEPI,
SAFHU OJIAPJBIH, CAJIMAFBIH AHBIKTAY OOJIBIT TaOBLIaIbl. TYPJl caJIMAKTHIK BEKTOPJIAPIbI KOJIIa~
Hy OaraJiayiblH TYPJI HOTUXKeJepiHe ajbin Kejieni. CalMaKkThIK BEKTOPJIAPIbI aHBIKTAY/IBIH TYPJIL
omicTepi OOITAHBIMEH, OJIAP/IBIH, IIHEH eH THIM/IICIH TaH Al 6epeTiH KpUTepuitIep/IiH, XKOKTHIH Ka-
col. O6beKTTEP/Ii OYIIBIP CHHTETUKAJIBIK, Oaraiay ofici apKbLIbl CATIMAKThl AaHBIKTAayFa MYMKIHJIK
6ap. Kpurepuitiepin caaMarbiH aHBIKTayFa MYMKIH/TIK O€PETiH TONTHIK, €CENTey/Ii KOJIIaHY YChi-
ubLTya. OJ1 yHUBepCaJ bl 2KOJI OOJIBII CAHAJIA bl YKOHE OHbI CHHTETHUKJIBIK, OaraJiay oJIiciHiH TypJi
Mo UKAaIUsiIapbiHa KoJimaHyFa 60518 1bl. COHBIMEH KATap 9/IICTiH CAJIMAFbIH AHBIKTAY MAKCATHIH-
I GarasiayIblH CHHTETHKAJIBIK, Oici MeH OYIIbIp KiIaccuuKanusiiay o9fici apachlHia OailIaHbIC
OopHATHLIIBL. Bynan Oesiek Makasiaja TONTHIK eCenTeyre apHAaJFaH KPUTEPUIIED CAJIMAFBIH AHbI-
KTalTBIH TeoOpeMa JI9JIeJ/Ieyi CUTTATTAIA b

TyiiiH ce3aep: CHHTETUKAJIBIK, BIiC, TONTHIK €Cell, KpUTEePUitaep caaMarsl, OYIIbIp Kaaccuduka-
U,

Introduction

This article is devoted to an application of the group approach for solution of an object
evaluation problem where the object is described by numerous non homogeneous attributes.
The group approach is used to determine the weights in the fuzzy synthetic evaluation method
and a theorem that allows us to find the corresponding weights of the group solution is proved.
The fuzzy synthetic evaluation method can be applied to numerous problems where we need
to evaluate object determined by many heterogeneous features. Examples include assessment
of fire safety in buildings, river and ground water quality [1-3],|9], evaluation of seismic safety
of buildings, road transport congestion, air pollution [4-8|, [10] and so on. We propose to
use a group approach for determining weights which is in some sense universal and can be
applied to various modifications of the fuzzy synthetic evaluation method.

Let’s remind the definition of the fuzzy synthetic evaluation method and define necessary
auxiliary concepts and notations.

Let M = {51, ..., 51} be a finite set of evaluated objects. When an object S € M is the
vector S = ($1,...,8,) € R" of dimension n, we say that S is described by n features or
attributes. The magnitude s; expresses the quantitative value of i-th feature of the object
S. In applications attributes characterize various properties of an object that are measured
in different units. For example, a roll of fabric S = (s1, 2, s3) can be determined by three
features: width, length of the roll and the price for 1 meter of fabric.

As a result of applying the fuzzy synthetic evaluation method we get object’s evaluation
that is equal to one of the m values of natural language. For example, the evaluation of fire
safety of building can accept one of the values: very safe building, safe, medium, not safe,
dangerous. That is after applying of the method the object will be evaluated to belong to
one of 5 classes of buildings.

Let L = ({a1, ..., am }, <) be a finite lattice, where a; < a; iff i < j.

Definition 1 [11]. A fuzzy subset A of the set M is a map

pa: M — L.

ISSN 1563-0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series Ne4(92)2016



About the group approach ... 5

Here M is a set of evaluated objects and the value p4(.S) is interpreted as the degree of
membership of an element S to the fuzzy set A, in our case, we suppose that S with a degree
of pa(S) possesses the evaluated property. The task of assessment of S € M will consist
in determination of pa(S). Definition of 114(S) happens at some stages called model levels.
Depending on quantity of levels we will distinguish one, two, etc. level models.

We suppose that a; accept values of the natural language, expressing some quality, for
example, good, bad, etc.

Now we proceed to the description of the method applied to the two-level model.

Assume that there are k factors ®q, ..., ®, on which the object will be evaluated. Each
factor is described by n;, t = 1, ..., k, attributes. Let’s consider how an object is evaluated for
factor ®,.

In the initial phase, with respect to each attribute, object belongs to one of m classes that
corresponds to a;, j = 1,...,m. Object’s belonging to one of the classes is defined as follows.

Let’s determine the matrix R® = (r};)n,xm by the following way.

Let s; € J; = [Yi1, Yim+1) C R, i =1,....,n and [yi1, Yim+1] be partitioned into m intervals

[Z/z'h yi2>7 [yi2> yi3)7 e [yimy yi,m+1]'

The values vi2, Yis, .., Yim and the functions pj, : J; — L such that py(s;) = a; iff s; €
[Yij, Vi j+1) are defined by experts of subject’s domain of the solved problem. We suppose
that the functions pj, are either increasing or decreasing i.e. uy,(a) < py,(b), whereas a < b
(or pug,(a) > py,(b) at @ < b ) Then if pj, increases the values rf; are defined as follows:

Yij+1—Yiz’
0, otherwise.

( { o if g, (si) = aj;
r
Similarly, if o, is decreasing then

Yij—Si . N
rtg = Yij—Yi,j+1’ if MJi(SZ) Qj; (2)
Y 0, otherwise.

The first level of the fuzzy synthetic evaluation method is described by equation

(W) R! = bt 3)

where w' = (wi,...,w! ), 0 < w! <1, is a weight vector, b* = (b}, ..., b)), the vector (w")" is
t

the transpose of w*,

b= S uir (@)

j=1,...m. We call b* = (b¢,...,b! ) the evaluation vector. On each level, starting from
the second one, factors of the prior acts as attributes of the current level We now describe

Becrauk KasHY. Cepusi maremaTnka, Mexanuka, uadopmaruka Ne4(92)2016



6 Akhmetova A.Zh., La L.L.

the second level of the fuzzy synthetic evaluation method. On the first level we estimated the
object S € M with n, attributes in each of the factors ®', ¢t = 1, ..., k we used.Let

bt — (Wt)/ Rt7 (5)

be equations determined on the first level of the method in factors ®!, where w! =
(wi, ...,w!,) is the vector composed of the weights of its attributes, R’ is a matrix composed
of the values of the membership function pf;, R* = (r};)n,xm, 1i; = piz, b = (b1, ..., 0,) is
the evaluation vector on the first level of the method. Let B = (by;)kxm,

by = b;- = Z wfrfj , (6)

t=1,...k, j=1,...,m. Then the second level of the fuzzy synthetic evaluation method
is described by equation

c=W'B (7)

where W = (W, ..., W},) is a weight vector on the second level, W, is a weight of the factor
k

D, ¢ = (c1,...,¢,,), ¢j = >, Wibyj is the evaluation vector on the second level. Analogously,
t=1

o bm

the fuzzy synthetic evaluation can be determined on the higher levels. Let ¢ = (¢y, ..., ¢,,)

oy by

be an evaluation vector on the last level of the fuzzy synthetic evaluation method, ¢ is
m

positive integer closest to ) jc;. Then object S will be estimated by a linguistic meaning
j=1

that corresponds to an element a; of lattice or in other words, we assume that it belongs to

c-th class.

A correspondence between fuzzy synthetic evaluations and fuzzy classifications

In this section the accordance between the fuzzy synthetic evaluation method and fuzzy
classifications is established. It’s shown that the application of the method to the set of
objects will result in a fuzzy classification of these objects. Let’s remind the definition of
fuzzy classification. Denote

Vit = {AJA = (@) 0<ay <1, > a=1; i=1,..,h}. (8)

j=1
Definition 2 [1]. Each matrix Ax € V;” defines a fuzzy classification K of the set M =
{S1, ..., Sn} on m classes. Elements a;; of the matrix Ay are interpreted as the membership
degree of S; in the j-th class. We say that classification K is given by matrix Ay and that

matrix Ax determines classification K. The j-th class is a fuzzy set determined by the
membership function p;(S;) = a;;. We call a vector x = (1, ..., x,) normal if

ixj =1.
j=1

ISSN 1563-0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series Ne4(92)2016



About the group approach ... 7

Any vector with positive components can be normalized by dividing each component by the
sum of all components. On the each level of the fuzzy synthetic evaluation method we get an
evaluation vector b = (by, ..., b,,). Denote by b" its normalization, that is b = (b, ..., b)),
where

b =bi/ 32711 by (9)

Let M = {Si,..., S} be the set of objects to be evaluated, b; be the normal evaluation
vector of S;, ¢ =1, .., h on some level. Then the matrix composed of these vectors

b;
BK = = (bij)hxm
by,

is the matrix of fuzzy classification of the set M = {5}, ..., Si}, here b;; is j-th element of b;.
The element b;; expresses the membership degree of the object S; in the j-th class.

Proposition 1. Let (b")Y = (b%,...0% ), t = 1, ..., k, be the normal evaluation vector of the
object S in the factor ®; on the [-th level. w = (wy, ..., wy) is the normal weight vector, where
wy is the weight of the factor ®;. Let ¢ = (¢y, ..., ¢;,) be an evaluation vector on the level [+ 1.
Then

=1 (10)

Proof. Let B be a matrix composed of the vectors (b")™, ¢ = 1,....k, B = (bij)kxm;
by; = U% is the j-th component of the vector (b)". Then

k k
C:W/B = <Zwtbﬂ,...,2wtbtm> . (11)
t=1 t=1
Let’s find the sum of the component of the vector c.

m

ch => O wiby) = Zwt(z by)=> w-1=1. (12)

j=1 t=1

Thus, by normalizing the evaluation vectors and weight vectors in each factor on the first level,
we will have normal evaluation vectors on the next levels. Accordingly, if on some level of the
fuzzy synthetic evaluation method for each of the factors we have fuzzy classification of the
evaluated objects represented by the matrix By then on the next level the matrix composed
of evaluation vectors of the S; ¢ = 1, .., h also will be the matrix of fuzzy classification of the

set M ={51,..., S}
Group approach to determine the weights

When we use the fuzzy synthetic evaluation method, it is an important task to determine
quantitatively significances of various criteria that is their weights. Usually the weights are
defined by experts, using the various weight vectors leads to the different results of evaluation.

Becrauk KasHY. Cepusi maremaTnka, Mexanuka, nadopmaruka Ne4(92)2016



8 Akhmetova A.Zh., La L.L.

There are many methods to define weight vectors but there is no criterion to determine the
best of them. In this section the group approach is proposed to determine the weights.
The essence of this approach is to determine an evaluation vector that is the closest to
the evaluation vectors obtained by using different weight vectors. We will call it the group
evaluation vector. The weight vector corresponding to the group evaluation vector is the
required one.

Let’s define the group evaluation vector which is modification of the definition of the
group classification[1]. Group evaluation vectors and corresponding weight vectors will be
determined separately on each level. For definiteness, we consider the procedure of finding a
group decision on the second level of the fuzzy synthetic evaluation method. Group solutions
on the first, third, etc. levels are determined in a similar way. Note that on the first level we
consider the group evaluation vector for every factor.

We will denote by c(w) the evaluation vector obtained on the second level as a result of
application the fuzzy synthetic evaluation method with the weight vector w = (wq, ..., wy,).
Let X be the set of all weight vectors, ¢(X) = {c(x) : x € X} be the set of evaluation vectors
for all weight vectors from X.

Definition 3. Let c(wy), ..., c(w,) are evaluation vectors obtained on the second level by
applying the fuzzy synthetic evaluation method to the object S by using different weight
vectors wy, ..., w,.. We call c* a group evaluation vector for c¢(wy), ..., c(w,) if the minimum
of the functional

F(c) =) p*(c(wy),c). (13)

is attained on this vector, i.e.

cec(

F(c) = mi&) sz(c(wp), c). (14)

r

Lemma. Let Ay, ..., h,. be arbitrary real numbers, z = (Z hi> /r. Then
i=1

r

S b < Yy — bl (15)

i=1
for any real y.

Proof. We have

D (= hi)? =ra® = 2w(hy+ ..+ he)+ Y hI=ra’ =22’ + ) R, (16)
i=1 i=1 i=1
Z(y —h)?=ry* —2y(hy + ... + h,) + Z h? = ry* — 2yrx + Z hZ. (17)
i=1 i=1 i=1

ISSN 1563-0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series Ne4(92)2016
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Assume that for some y

T

D= hi)* > Sy =)’ (18)

i—1
then

ra® — 2ra? > ry? — 2yrx (19)
or

0>y*—2yr+22=(y—x)° (20)

The last inequality is impossible, the contradiction proves the lemma.

The next theorem allows us to find the weight vector corresponding to the group evaluation
vector.

Theorem. Let cq,co,...,c, be the evaluation vectors obtained on the second level of the
fuzzy synthetic evaluation method by r different ways, w1, wo, ..., w,. be corresponding weight
vectors, ¢, = (d},...,c%), ¢, = ¢(w,), p = 1,...,7. Let c* be the group evaluation vector for
C1,Co,...,C., p be the Euclidean metric. Then the components of the weight vector w* =
(w7, ...,wy) corresponding to ¢* are determined by the following formula

wr = (Zw;f’) Jr.i=1,.. k. (21)
p=1

Proof. For the group evaluation vector ¢* = (cf, ..., ¢,) we have

ey Oy

cec(X) p=1 cec(X) p= cec(X) j=1lp=1

F(c*) = min Zr: p*(cp, ) = min il < é(cf — cj)2> = min zm: Zr:(cf —¢j)?, (22)

where ¢ = (cq, ..., ¢). By Lemma the group evaluation vector c¢* = (cf, ..., ¢,) is defined as
follows

¢t = (ch?) /r, j=1,..,m. (23)

Let’s show that w* is a weight vector for c*, i.e. Then

k

r k
i=1 1 =1

p:
k
> wib;. (24)
=1

Becrauk KasHY. Cepusi maremarnka, Mexanuka, uadopmaruka Ne4(92)2016
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Akhmetova A.Zh., La L.L.

So,
c* = (w")'B. (25)

The theorem is proved.
Note that if w,, ¢, = ¢(w,), p = 1,...,r are normal vectors then ¢* and w* are normal

vectors too.

Conclusion

Fuzzy synthetic evaluation method can be applied to problems of estimation of objects

is determined by many heterogeneous criteria and factors. The paper proposes the use of

the
can

cluster approach to determine the weights of criteria, which in some sense universal and
be applied to various modifications of this method. The article established a connection

between the method of fuzzy synthetic evaluation and fuzzy classification, proved the theorem
that determines the weight of the criteria for the group approach.

(1]

2l

(3]

(4]

(5]

(6]

(7]

(8]

[

[10]

[11]

References

Averkin, A. N., Batyrshin, I. Z., Blishun, A. F., Silov,V. B., Tarasov V.B. Fuzzy Sets in Methods of Control and
Artificial Intelligence. - Moscow: Nauka, 1986.

Bohui Pang, Shizhen Bai. An integrated fuzzy synthetic evaluation approach for supplier selection based on analytic
network process // Journal of Intelligent Manufacturing. Volume 24, Issue 1, 2013, - pp.163-174.

Chang, Ni-Bin, Chen, H. W., Ning, S. K. Identification of river water quality using the Fuzzy Synthetic Evaluation
approach //Journal of Environmental Management. -(2001). - 63(3), - pp.293-305.

Fachao Li, Wenfang Wang, Yan Shi2 and Chenzia Jin. Fuzzy synthetic evaluation model based on the knowledge system
// International Journal of Innovative Computing: Information and Contro. Volume 9, - Number 10, - October, 2013, -
pp-4073-4084.

Gao, Z., Zhong, Q., An, M. Fuzzy Integration Method of Synthetic Evaluation for Traffic and Transportation Systems
//Proceedings of the Second International Conference on Transportation and Traffic. Studies -2000, - pp.211-223.

Gorai A. K., Kanchan , Upadhyay A., Goyal P. Design of fuzzy synthetic evaluation model for air quality assessment.
// Environment Systems and Decisions. Volume 34, Issue 3, - September, 2014 - pp 456-469.

Hu, B. Q., Lo, S. M., Liu, M., Zhao, C. M. On the Use of Fuzzy Synthetic Evaluation and Optimal Classification for
Fire Risk Ranking of Buildings //Neural Computing and Application -2009, - 2, - pp.113-127.

Khan F , Sadiq R. Risk-based prioritization of air pollution monitoring using fuzzy synthetic evaluation technique
//Environ Monit Assess. - Jun, 2005, - 105(1-3), - pp.261-83

Sudhir Dahiya, Bupinder Singh, Shalini Gaur, V.K. Garg, H.S. Kushwaha Analysis of groundwater quality using fuzzy
synthetic evaluation //Journal of Hazardous Materials. Volume 147, Issue 3, - 2007, - pp.938-946

Tesfamaraim, S., Saatcioglu, M. Seismic Risk Assessment of RC Buildings Using Fuzzy Synthetic Evaluation //Journal
of Earthquake Engineering. -2008, - 12(7), -pp.1157-1184.

Zadeh, L. A. Fuzzy sets and their application to pattern classification and clustering analysis. //Fuzzy sets, fuzzy logic,

and fuzzy systems. -1996, - pp.355-393.

ISSN 1563-0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series Ne4(92)2016



Soliton immersion for nonlinear ...

11

UDC 517.968.2

Zhunussova Zh.Kh.

Al-Farabi Kazakh National University Republic of Kazakhstan, Almaty
E-mail: Zhanat.Zhunusova@kaznu.kz

Soliton immersion for nonlinear Schrodinger equation with gravity

One of the developed directions of mathematics is studying of nonlinear differential equations in
partial derivatives. Investigation in this area is topical, since the results get the theoretical and
practical applications. There are some different approaches for solving of the equations. Methods
of the theory of solitons allow to construct the solutions of the nonlinear differential equations in
partial derivatives. One of the methods for solving of the equations is the inverse scattering method.
The aim of the work is to construct a surface corresponding to a regular onesolitonic solution of
the nonlinear Schrodinger equation with gravity in (1+41)-dimension. In this work the nonlinear
Schrodinger equation with gravity in (1+41)-dimensions, as well as solitonic immersion in Fokas-
Gelfand sense are considered. According to the approach the nonlinear differential equations in
(141)-dimension are given in the form of zero curvature condition and are compatibility condition
of the linear system equations, i.e. Lax representation. In this case there is a surface with immersion
function. The surface defined by the immersion function is identified to the surface in three-
dimensional space. Surface with coefficients of the first fundamental form corresponding to the
regular onesolitonic solution of the nonlinear Schrodinger equation is found by soliton immersion.
Key words: nonlinear equation, immersion, surface, solitonic solution, fundamental form, zero
curvature condition.

Kynycosa 2K.X.
CosnToHHast UMMepcusa HeJimHelHOro ypasHenus 1lIpeauHrepa ¢ nputs>KeHneM

OpHUM U3 pa3BUBAIOIIUXCS HAIIPABJICHUIT MATEMATHKY SBJISIETCS MCCIEOBAHNE HEJTUHEITHBIX 1ud-
depeHnnaIbHBIX YPABHEHUN B YACTHBIX MPOU3BOIHBIX. Vccmei0BaHme B JAHHOM HAIIPABJICHUN aK-
TYaJbHO, TAK KAK Pe3yJbTAThl HAXO/ISAT TEOPETUIECKUE U MpAaKTHIecKue mpumenerus. CymiecTsy-
10T PA3JIMIHBIE [TOJIXO/IBI JIJIs PEIIeHUsI JJAHHBIX ypaBHEHUU. MeTo/Ibl TeOpUN COJTMTOHOB TO3BOJISI-
0T TIOCTPOUTH PEIIeHUsI HeJIMHEHHBIX T depeHnnabHbIX YPABHEHUN B YaCTHBIX TPOU3BO/HBIX.
OpmHUM U3 METOMOB JIJTsi PA3peIleHns BhIIeyKa3aHHbIX YPABHEHUN SIBJISIeTCS MeTO 0bpaTHOil 3a-
maan paccesaus. 1lenb manHO#l pabOThI TOCTPOEHNE MOBEPXHOCTH COOTBETCTBYIOIIEH PErysIspHO-
MY OJIHOCOJIMTOHHOMY pellleHuio HejiuHeiinoro ypasaenus [IIpegunrepa ¢ npurszkenuem B (1+1)-
pa3mepnocTu. B manmoit pabore paccMmorpeno Henuneiinoe ypasuenune IlIpeannarepa ¢ npuTsaKeHn-
eM B (1+1)-pasMepHoCTH, a TaKKe COMMTOHHAst MMepcns B embiciie @okaca-Tenbdanga. CormacHo
nJaaaoMy noaxomay B (1+1)-mepaoM cityuae nenuneiinbie auddepennuaibable yPaBHEHUS B 9aCT-
HBIX [IPOU3BOJHBIX JAIOTCS B BUJIE YCJAOBUI HYJIEBOI KPUBU3HBI U SBJISIIOTCS YCJIOBUEM COBMECTHO-
CTH CHCTEMbI JIMHEHHBIX ypPaBHEHUiT, T.e. mnpecraBieHnn Jlakca. B aTom ciaydae cymectByer mo-
BEPXHOCTH C UMMepCUOHHON dyHKImel. [IoBepXHOCTD Ompe/ieieHHast TOCPEACTBOM UMMEPCHOHHOMN
byHKIIN HAeHTHMUIUPYETCS € MOBEPXHOCTHIO B TPeXMepHOM mpocTpancTse. C HOMOIIBIO COJIH-
TOHHOM MMMEPCHUU JIJIsi PEryJIsiDHOTO OJIHOCOJIUTOHHOIO PeIlleHusl HeJInHedHOro ypapHenus IIpe-
JIMHrepa HaliJleHa MMOBEPXHOCTh C COOTBETCTBYIOIIMMHU KO3 duimenTaMu mepBoil KBaJIpaTudHON
dOopMBL.

KuroueBsbie ciioBa: HenHETHOE ypaBHEHIE, UMMEPCHs, IOBEPXHOCTD, COJIMTOHHOE Pellenne, Py H-
JlaMeHTaJIbHast hopMa, YCJIOBUE HYJIEBOH KPUBU3HBI.
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2Kymnicosa 2K.X.
Taprbeiabickl 6ap cbi3bIKThI eMec IIIpenurrep TeHaeyiHiH COMMTOHABIK NMMEPCUSACHI

ChBI3BIKTBI eMec jiepbec TYBIHIABLIBL JuddOepeHIaIbIK, TeHIeYIep/Ii 3epTTey - MATEeMATUKAHBIH,
JAMBIT KeJIeXKaTKaH TapayIapbiHbiH Oipi. HaTm:kemepain TeopusaablK, KoHe TPaKTHKAJIBIK KOJIa-
HBICHI OOIFAHIBIKTAH, OyJT OAaFBITTArbl 3ePTTEYIED 63eKTi. By TeHaeyaepdi Imerry yimH opTypJai
ojicrep 6ap. ChI3BIKTBI eMec JepOec TYBIHJbLIBI TEHJIEYJIEPiH IIeNIiMiH COJIUTOHIAD TEOPUSICHI
9JIiCTepiH KOJIaHBIN TabyFa 60s1a1bl. Kepi ceitiy ofici - aifThIIFaH TEHIEYIEP/Il MIEIIyre apHaFaH
omicrepin 6ipi. 2KymbicTbig, MakcaTsl - (14-1)-esmmemaeri cosbikTol emec [peaunrep Teneyinin,
PeryJsipJiblK, 6ip CONMTOHMIBIK, IemtiMine colikec 6er Kypy. Byu xymbicra (1+41)-esmemueri cbi3bi-
kTol emec IlIpemnunarep termeyi xone Pokac-T'embdan MarbIHACHIHAAFBI COTUTOH/IBIK, TMMEPCHUST
KapacThipbura. (1+1)-esmmemie ChI3BIKTBI eMec JepOec TyBIHIBLIIB AuddepeHTnanpK TeH,Ie-
yJIep HOJIIK KHCBIKTBIK MIAPThl apKbLIbl Oepijiesi »KoHe ChI3BIKTHI TeHIey/IepiH, Jlake xKyira-
PBIHBIH MApTHI OOJIBIT TabbLIA R, Byl XKaFmaiia nMMepCusiIbIK, DYHKIUICH Oap 6eT TabbLIa b
NvmepcusiiblK, byHKIUASICHI aPKBLIBI AHBIKTAJFAH O€T YIIT OJIIIeM Il KeHICTIKTeri OeTIeH coilkecTeH-
Jipiies.

TyiiiH ce3/ep: ChIBLIKTHI eMec TeHJEY, UMMEPCHUsi, OET, COJUTOHIBIK, MIEITiM, (PyHIAMEHTAJIBIK,
dopma, HOIK KACHIKTBIK, IIIAPTHI.

1 Introduction

Some nonlinear differential equations in partial derivatives are integrable and have physical
interesting exact solutions, moreover these integrable equations are solved by the inverse
scattering problem [1]-[6]. Investigations of the integrable equations in (1+1)-, (241)-
dimensions are topical with mathematical physics point of view [2]-[5]. The integrable
equations allow different kind of solutions as onesolitonic solution, domain wall, vortex etc.
Moreover solutions of the integrable equations have geometric characteristics. To investigate
the geometric characteristics of the solutions the theory of differential geometry of curves
and surfaces are applied.
One of the well-known models is Heisenberg ferromagnetic model

St =S X Sgy,

where x is vector product, S = (S, Ss,53),S = 52 + 57 + 52 = 1.

Lakshmanan established that the model, which is applied in the physical applications, at
S? = +1 is equivalence to the nonlinear Schrodinger equation with gravity in geometrical
sense. This equivalence is called by Lakshmanan equivalence. We note, that Lakshmanan
equivalence is developed as integrable, as nonintegrable differential equations in partial
derivatives and its application domain is limited by establishing of equivalence between
a spin system and some nonlinear differential equation in partial derivatives, for example
Schrodinger type. We note, that for integrable nonlinear differential equations in partial
derivatives the Lakshmanan equivalence does not assume knowledge of Lax representation for
these equations. Now some generalizations of the Heisenberg ferromagnetic model in (2+1)-
dimension are known. For example, in the work [5] a generalized Heisenberg ferromagnetic
model is considered

S, = (S x S, +uS),,
Uy = _(Sa (Sx X Sy))>
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where S is spin vector, S? + 52 + 5% = 1, x is vector product, u is scalar function. According
to the work [2| we identify the spin vector S with vector r,

S=r,
Then the generalized Heisenberg ferromagnetic model takes the form
Iy = (Ty X Iy +ury),

Uy = _(r:m (rzm X ra:y)>‘

A surface corresponding to the onesolitonic solution of the generalized Heisenberg
ferromagnetic model is found in our previous works [2]

772
- 772 +§2 860h2(X1R>7

S3(z,y,t) =1
S (,y.1) = i€~ nth(xi)]sech(xir).
n? =+ &
X1 = X1r tix1, A1 =1+,
my = mig(p) +imar(p), m;(y,t) = m;(p),
Xir = nT +mir(p) + cir,  p =y +iAt,
x11 = &x +mar(p) + cir, ¢ = In(2n/A)),

mir(p) = Re[mi(p)l,  mar(p) = Im[mi(p)],
The result is formulated and proved as the following theorem [5]

Theorem 1 The onesolitonic solution of the generalized Heisenberg ferromagnetic model can
be represented by components of the vector r,,, where

2
r = B 277 + Cy,
(n? +&2)chxir

£
ry = arctg(sh + co,
2 7+ & g(shxir) + c2
2n
r3=x— ————=th + c3,
3 7?1 e X1R T C3

1, Co, C3 are constants. Solution in the form r,, corresponds a surface with coefficients of the
first and second quadratic form

Bo1 G- ‘M
’ (n? + &2)ch?x1R’
_ 2nmy gy 4nPémag,
(n? + &2)ch?x1R’ VI +&2)%chtxir’
Anémig, AnEm3p,
VI + E)%chixig VI + 2)2chixip
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Thus, we have used the unified spin approach for investigating of geometric characteristics
of the solution of nonlinear equation.

In this work we consider soliton immersion in Fokas-Gelfand sense [3]. In the modern
literature the notion of immersion is widely expanded and related not only to the soliton
theory. It is a transition from sophisticated origin problem to the simple problem.

2 Soliton immersion

According to the Fokas-Gelfand [3] work we present the description of the soliton immersion.
In (1+41)-dimension the nonlinear differential equations are given in the form of zero curvature
condition

Ut_‘/:n+[U7V]:O7 (1)

where [U, V] = UV — VU, the matrix U is prescribed, and matrix V' is expressed in the terms
of elements matrix U.

One of the well-known nonlinear models is nonlinear Schrodinger equation with gravity
which is important for physical applications

where § = +1, v is complex function.
Such nonlinear differential equations (1) are compatibility condition of the linear systems

Gz =Ud,pr = V0. (3)

In this case there exists a surface with immersion function P(x,t) defined by formulas
% = ¢ 1Xo, % = ¢~ 'Y ¢. The surface defined by P(x,t) identified to the surface in three-
dimensional space defined by coordinates z; = Pj(x,t), j =1,2,3. Frame on the surface is

given by triple [3]

or oP

—=¢"'X¢, ——=¢ Vo, N=¢1J

5 =0 Xo, So=0Yo, N=9¢Jo,
where J = (554, | X |= < X, X >. Here by definition

1
<XY >=—otr(XY),

where X, Y are some matrixes. The first and second fundamental forms in the Fokas-Gelfand
sense are given as

=< X, X>de®+2< X,Y >dadt+ < Y,Y > dt?, (4)

ot ot

As it is shown in the work [3] the immersion function P can be defined as

0X 0X oY
II=<——+ (X, U),J >dx* +2 < —— +[X,V],J > dadt+ < — + [V, V], J > dt*. (5)

3
P =0ty + o Mg = Z P;fj,
j=1
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where M, is matrix function defined by A, z,t. 3necs f; = —%aj is corresponding algebra

basis, o; are Pauli matrixes and [f;, f;] = fk. In this case, X,Y can be written
X =vUx + My, + [My, U], Y = Vi + My + [My, V].

Let the matrixes X, Y, J have the forms

X — a11 Aa12 Y= bii bio g = C11 C12 . (6)
a1 Q22 ba1  bao Ca1 C22

In this case elements of the matrix J are expressed through elements of the matrix X and Y
in correspondence to the following formulas

P a12b21 — b12a21 P azl(bn - 522) + 521(CL22 - @11)
1 = ) 21 = )
| [X, YT | [X, YT
1y — b12(a11 - G22) + G12(b22 - bn) oy — az1biz — bararz (7)
b | [X, YT C | [X, YT

Then the first fundamental form (4) of the surface [ = Edx? + 2Fdzdt + Gdt?, where

1 1
E = —§(af1 + 2a12a9; + a§2)7 F= —§(a11b11 + a12ba1 + ag1b12 + a9ba), (8)

1
G = _§<b%1 + 2b12bo; + b3y). )

As example of the soliton equation leading to the immersion we consider nonlinear
Schrodinger equation (2). In this case the matrixes U,V take the forms [4]

iN? 12 (0 q 0 G
v—703+Z|Q| 0'3—2)\( q 0 —+ —q» 0 . (10)
The lemma is valid.
L e m m a. The second fundamental form in Fokas-Gelfand sense corresponding to the
reqular onesolitonic solution q of the nonlinear Schrodinger equation has the form

Il = Ldx? + 2Mdxdt + Ndt?, (11)
where
L= —i{auxcn + A12:Co1 + A21:C12 + A22,Co0 — Ni(a21C12 — A19C21)+
+iQ(G12011 + ag2C12 — a11C12 — a12022) + Z'(j((121022 + @11Co1 — Qo2Co1 — Cl21011)}, (120)

1 )
M = _§{a11tcll + @12¢Co1 + A214C12 + A29¢Co2 + Z()\Q + 2’Q’2)(G21012 — Q12Ca1)+

+(qz + Aig)(ar1c12 + ar2c29 — a12¢11 — A22¢12)+

+(Ge — M) (@111 + G129 — Gg1¢11 — G92C21) }, (120)

Becrauk KasHY. Cepusi maremaTnka, Mexanuka, nadopmaruka Ne4(92) 2016
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1 )
N = _§{blltcll + b12tCa1 + baricia + bagicon + 2()\2 + 2\Q|2)(521C12 — b1aCa1)+

+(qe + Aiq)(br1ci2 + biacag — biacyy — baacia)+
+(Gz — Niq) (by1ca1 + barcag — bayciy — bagcan) }, (12¢)

P r o o f. We substitute the matrixes (6), (10) to (5). After some algebra we get (11),
(12a)-(12c). The lemma is proved.

3 Theorem about surface to regular onesolitonic solution

We consider a particular case at 7o =1, M; = 0. In the case we get

1 — 7l 0o -
x=t=o (2 0 ) vy ) u=| BENGE)
22\ 0 —1 q A W

and P = ¢~ 1¢,. In order to calculate the explicit expressions for immersion function P we
consider the regular onesolitonic solution of the nonlinear Schrodinger equation which has
the form [4]

3
NI
<

exp(—2ifx — 4i(€2 — n?)t — i6)
ch2n(x + 46t — xo)] ’
where 7y = %ln\:’;—gﬂ, 0 = argmos — argmoi, & = Re\, n = Im\.
Theorem. Regular onesolitonic solution of the mnonlinear Schrodinger equation

corresponds to the surface in Fokas-Gelfand sense with the coefficients of the first fundamental
form

Q(x7t> =2n (14>

64n*(&* +n?)

E = _ 15
(= N el Pr(e + 461 — a0 oo
19872¢(£2 4+ 2
r_ _ 28n*¢(€° + ) ’ (15b)
(A = AN)4ch?[2n(x 4+ 4€t — x0)]
256 2(¢2 2\2
a- _256n°(&° +17°) 7 (15¢)
(A = A)*eh?[2n(x 4 48t — 20)]
where A\ = const.
P r o o f. Solution of the linear system we find in the form
b = (be*(?fﬁ%ogt). (16)
Taking into account (16) and applying (10) we get
)\0’3 /\0'3 )\0'3 >\0'3 )\0’3
= (52 - = - =22 . 1
Yo = (G2 + U0 — 0 = Do~ 622 U = [0+ g, (17)
We take
p a b 10 .
@Z):I—)\_Xlk,whereA:(é &)’[:(0 1), Al — const. (18)
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We substitute (18) to (17)

Vo =Uo— 55 — 5lo0 A 22'(;— g 7s Al
On the other hand from (18) follows
A
b= 55
From (19) and (20) we get
Y ilx)q = Uy — )\U_Oil\%{ - %[US,A] - ﬁ[a&/ﬂ-

Thus ) Y ) .

A, =UgA+ 2—;[03,/1], Up = 2—[03,14]
We note, that )

[03,121] :(73141—[103:2< _05 8 )

Then we substitute (23) to (7) and get

Lo b
Yo=1 ( —¢ 0 ) '
Substituting (23) to (22) we get

a. b\ _L(be bd N\ A0 b
ép dy ) i\ —éa —éb i\ —=¢ 0 )’

From (10) and (24) we get

(0 g\ 1/ 0 b iq=1b b=—q
Z(q 0>_E<—c O):>{iq:—%c:> c=q.

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

Therefore, we have found the matrix A in the explicit form with components (25). Using (14)

we get
a = i2nth2n(x 4+ 4t — zo)] + 1.

From (25) follows @ = —%= — X} = @ = —1 [ gqdz. Using (14) we get

1~ 1
CNZ:L« = —bé = &x = —(—q_)q,
1 3
Then )
i=—"d_

Becrauk KasHY. Cepusi maremaTnka, Mexanuka, nadopmaruka Ne4(92) 2016
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Consequently, from (25), (26) follow

- b, - Q=
b ! (—q)

—N=d=2= -\ (30)

From (25), (26) follow
d, = —~cb, (31)
Moreover from (23), (31) follow
d= 1/qqdm (32)
Taking into account (22), we get (28) in the form
d= —a. (33)

Therefore,
a = —i2nth[2n(z + 4&t — x0)] + c1. (34)

Thus, the matrix A for regular onesolitonic solution (14) of the nonlinear Schrodinger equation
takes the form

. exp{i(26x+4(62—n?)t+6)}
o (e e s, -
opelertale ol —ianth[2n(x + A€t — x0)] + ¢4
We take ¢ = I — oo )\ o where A is constant, then from (13) we get
A A
P=¢gy=(I —. 36
o=+ T G (30)
On the other hand we get
& i L P ip—1p
P = Pif = —— Pio. = . 2°3 T2tl gt ) 37
; il 2; 393 (—§P1+§P2 Py ) (37)
From (36), (37) by (31) we get P; = o 21/\“ . With help of (33) we find P; in the explicit form
for regular onesolitonic solution of the nonhnear Schrodinger equation
4n
), = ()\ N sthi2n(z + 4€t — x0)] + c1. (38)
From (36), (37) we get P, = ﬁ Thus
i(¢+b) (& —b) 2id
= = =
(A= Xp)? (A= Xp)? (A= Xp)?
From (36), (14) using the well-known formulas
sh¢ = — ch¢ = — cosC = — sin( = — (39)
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where ¢ = 2n(x — x¢ + 4€t) we obtain the values for the components P;, P, of the matrix P
_Ansin(28x +4(&% — )t +0)
(A = \)2ch[2n(z + 4&t — x0)]’
_Ancos(26x + 482 — nP)t +9)
O\ = NP ch[2n(w + A€t — o)
Then we calculate coefficients of the first fundamental form by formula
E =P} + P}, +F;,. (41)

We calculate the derivatives Py, Ps,, Ps,. The square of the first derivatives is substituted to
(41), then

Py (40a)

(400)

P

647%(&* + 1)

B N (e + A& —xo)]

By the similar way we find
F = PPy + Po, Py + P3, Py, G=P],+P;+P;
we obtain the values
1287*¢ (€2 + %)
(N — N2 2n(z + A€t — o))
2560°(6* +1*)°
(= Ve + 46l — 20)]

F =

(42a)

G:

(42b)

Theorem is proved.

4 Conclusion

Thus, we investigate soliton immersion in (1+41)-dimension. As example, we have considered
(1+41)-dimensional nonlinear Schrodinger equation with gravity. The first fundamental
form with corresponding coefficients (15) for integrable surface corresponding to regular
onesolitonic solution of the nonlinear Schrodinger equation with gravity is found.
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Banauu dupuxie u Ilyankape B MHOromMepHoii
obJiacTu JIJisl OJTHOTO KJIacCa CUHTYJISPHBIX T'UNepOoJmvIecKnX yYpaBHEHUN

Ha mockocTu 061710 MOKa3aHO, ITO OHA U3 PYHIAMEHTAJIHHBIX 33189 MaTEeMAaTUIeCKOW (DU3NKMI
- U3yd4eHne KOJeOJIIoIeficss CTPYHBI HEKOPPEKTHA, KOIJ[a KpaeBble YCJIOBUS 3aJIaHbl Ha BCeil Ipa-
uure obnactu. Kak pokazaHo masee, 3ajadn JIupnxie HEKOPPEKTHA HE TOJBKO JIJIsi BOJHOBOI'O
YPaBHEHUsI, HO U JJisd OOIUX TMIIepOOJIMIeCKuX ypaBHeHuii. B paborax aBTopa M3ydeHbI 3aJia9u
Hupuxie u [lyankape /ist TMHEHHBIX MHOTOMEDPHBIX TUIIEPOOTNIECKUX YPABHEHUH, /1€ TTIOKA3AHDI
KOPPEKTHOCTh 3TUX 3324, CYIIECTBEHHA 3aBUCATH OT BHICOTHI PACCMATPUBAEMOI ITUIHHIPUIECKOHN
obytactu. B mannoit pabore HaiijleH MHOTOMEPHDIN 00J1acTh B KOTOpPOi, 3amaun JIupuxise u Ilyan-
Kape pa3peruMbl JIjisi OJHOIO KJIACCA CUHTYJISIPHBIX TUIEPO0IMIeCKUX YPaBHEHUIA.

KitroueBbie cjioBa: pa3penimMOCThb 33/1a9, MHOTOMEPHAasi 00JIaCTh, CUHTY/IsIDHbIE YDABHEHWSI, CU-
cTeMa ypaBHEHUU.

Aldashev S.A.
Dirichlet and Poincare in the multidimensional field for
a class of singular hyperbolic equations

It has been shown in a plane that one of fundamental problems of Math Physics, i.e. studying the
behavior of a hesitating string, is not correct when boundary conditions are given on the whole
boundary of the domain. As it is shown below, Dirichlet problem is incorrect not just for a wave
equation but for general hyperbolic equations. In the works of the author studied the Dirichlet and
Poincar? problem for linear multidimensional hyperbolic equations, which shows the correctness of
these tasks, depending essentially on the height of the considered cylindrical domain.In this paper
we find multi-dimensional area in which the Dirichlet and the Poincare problem solved for a class
of singular hyperbolic equations.

Key words: solvability problems, multidimensional domain, singular equations, system equations.

Anpames C.A.
CUHTYJISIPJIBIK, TUTIEPOOJIAJIBIK, TeHAEYJIepre KOl eJIIeM/ i 00JIbICTa
Hupuxie xoue Ilyankape ecemnrepi

MaremarukaabiK, pU3UKAHBIH HETI3T1 ecenTepinin 06ipi — imekTin Tepberticin 3eprrey. Erepme 3ept-
Tey OOJIBICHIHBIH OapJIBbIK, TIeKapachlHIa MOH Oepijce, oHa OYJI ecell Ka3bIKTHIKTA OiprrentiM I
emec ekel. Keitin kepcerinreneit, Jlupuxiie ecebi TeK KaHa TOJKBIH TEHIEYiHE eMec, XKoHe e bacKa
CBI3BIKTBIK TUIePOOIAJIBIK TeHIeyepre Jie Gipimertinm i 60Mail MBIKTI. ABTOP/IBIH XKYMBICTAPBIH-
JTa CBI3BIKTHIK, KOII OJIIIeM 1l rurepbosiajbik Teraeyiepre Jupuxie xoue [lyankape ecenrepi 3ept-
Teared. Byt ecenrepain GipmrentiMIiIiri, KapacThIPBLIFAH IIHJIMHIPJIIK OOJBICTHIH, OMIKTIriHE TiKe-
Jieit GallJIaHBICTBI eKEHJIIT HosiesieHreH. Byur 2KyMbIcTa CHHTYIISPJIBIK, TUIIEPOOIAJIBIK, TEHIEyIepre
KO eJIIeM/Ti 00JTbIC TabbLIFaH, onma Jupuxiie xoue [lyankape ecebiHiH menriMiIiri 1o1e/eHreH.
Tyiiin ce3aep: ecenrep MENTiMIIIIT, KO OJIIEM/Ii, 00IBIC, CHHTY/ISIPJIBIK TEHIEYIep, TeHIeyIep
Kyiteci.
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1 Bsenenue

Ha mtockoctu 66110 1IOKa3aHO, ITO OJIHA U3 (PYHIAMEHTAJIBHBIX 3a/a1 MaTeMaTuIecKon (hu-
3UKHU - U3y4IeHUe KOJIeOTIoNeiicss CTPYHBI HEKOPPEKTHA, KOT/Ia KpaeBble YCIOBUS 3a/IaHbl Ha
Bceil rpanuie obsractu. Kak rnokasano gaJgee, 3agadn Jlupuxie HeKOppeKTHA He TOJIbKO JIJIsd
BOJIHOBOI'O ypaBHEHUs, HO U JIJId OOIIUX THIEPOOINIECKUX YPABHEHUI.

[Ipob/iema KOPPEKTHOCTH KPAEBbIX 33/t C JAHHBIMU Ha BCeil rpaHure odJiacTu Jjisd T'H-
epbOTMIeCKNX ypaBHEeHN Obliia 00BEKTOM HUCC/IEIOBAHUII MHOIMX aBTOPOB Ha ILJIOCKOCTHU
[1 —5] u B mpocrpancrse [6 — 10]. Bagaan dupuxite u [lyankape B numapuaeckoit obaactu
JJTsl MHOTOMEDHBIX CHHIYJISIPHBIX TUIIEPOOINYeCKIX ypaBHeHuii usyvauuch B [11,12].

B nannoit pabore Haii/ieH MHOroMepHbIit 00/1acTb B KOTOPOIt, 3a1a4uu Jupuxiie u [lyankape
Pa3pEIIUMBbI JIJIsT OJIHOTO KJIACCa CHHTYJIAPHBIX TUIIEPOOJINICCKUX YPABHEHMIA.

2 IlocranoBka 3ala1 U pe3yJibTaT

[Tycrb 2— KoHewHast 06JIaCTh €BKJINI0BA IPOCTPAHCTBA Fy,\ i1 TOYeK (&1, ..., Tm,t), O'DAHU-

venHast npu ¢ > 0 Kornueckoit nosepxuoctoio K 1t = (1), ¢(0) = p(1) =0,

o(r) € C1([0,1]) N C?((0,1)), |¢'(r)] < 1, ¢'(r) # 0 u wiockoctbio t = 0 rae r = |x|— auna

BEKTOpa T = (X1, ..., Ty ). Hepes S oboznatumm muO)KecTBO {t = 0, 0 < || < 1} Touek uz E,,.
B obsiactu §2 paccMOTPHM MHOTOMEDHbIE CHHIYJISPHBIE MHIEPOOINIECKUe Y PABHEHHsI

Lu = Aju— uy + Z a;(x, t)uy, + b(x, t)uy — %ut + c(x, t)u =0, (1)
i=1

rae A,— omeparop Jlamnaca 1o HepeMeHHbIM Iy, ..., Ty, M > 2, (v— JeHCTBUTEILHOE YUCIIO.
Hepes u,(z,t) obosnatdmm pererne ypapHenusi (1) mpu gaHHOM Q.
B nanbreiiiem HaMm yJa00HO TIEPERTH OT JEKAPTOBBIX KOOPIUHAT L1, ..., T, T K cpepraec-
KuM 7,01, ..., 0 1,6, 7 >0,0<0; <27, 0<6; <m, i=23,...m—1,0=(61,....,0,,1).
B kauecTBe MHOroMepnnix 3agad Jupuxie u ITyaHkape pacCMOTPHUM CJIeLyTOLTHe
Bamaga 1. Haiitu pemenme ypasuermns (1) B obmactn ) m3 kmacca C(Q\ S) N C%(9),
VJOBJIETBOPSIONIEE KPACBLIM YCJIOBHAM

Uy g T(?", 0)7 Uq, K O'(T, 9), o < 1 ( )

sl =r(0) =o(r,0), a=1; (3)

lntS_Tr’ ’ UaK—UT, , e =13

a—1 — _ 1 4
(" ua) g 7(r,0), Uq . o(r,0), a> (4)

Bagaua 2. Haittm pemenme ypasmenns (1) B obmactn Q us xmacca C(Q\ S) N C?(),
YJIOBJIETBOPSIONIEE KPAEBBIM yCJIOBUSAM

H%t (Ug — Ua2)t = v(1,0), Uy = o(r,8), a <1, (5)
. 2 U — ua,l o - 1.
ll_r)%t(ln t) (—lnt )t =v(r,0), uq = o(r,0), a =1, (6)
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: 2—apa—1 - — —
%g%t [t (ua ua,?)]t V(T', Q)? Ua K O-(Tv 0)7 o > 17 (7>

rae Ua (7, 0,1), Uua2(r, 0,t) Bnoane onpenenennsie GyHxuii, 3asucsamue or v(r, ).

[Iyctn {Yf’m(Q)}— cucTeMa JIMHEHHO HEe3aBUCUMBIX chepruyuecKux (DYyHKINI MOpsiKa n,
1 <k <ky (m=2)nlk, = (n+m—3)!1(2n +m — 2), Wi(S), | = 0,1... — upocrpancTsa
Cobonena.

Unmeer mecro ([13])

Jlemma 1. Tlycrs f(r,0) € WA(S). Ecimua I > m — 1, To psi

oo kn

=D n)Y.0), (8)

n=0 k=1

a TaKKe PsIJIbl, IOJIYIeHHOTO U3 Hero jauddeperiupoBanueM nopsiaka p < [ —m+1, cxoagarcs
abCoJIIOTHO U PABHOMEPHO.

Jlemma 2. Jlja Toro, urobwr f(r,6) € W(S), neobxomumo u joctaTouno, 4Tobbl Koddbdu-
UEHTHI Psijia (8) YIO0BJIETBOPSIN HEPABEHCTBAM

oo kn
1fo()] < e, ZZn2l|fk W < ¢y, c1, ca = const.
n=1 k=1
Yepes @, (rt), ab(nt), B(rt), Bn ), ok, 7). BA(), 3h(r), oGosa-
UM KO3 PUITUEHTBI pazIoKeHn s psa (8), COOTBETCTBEHHO dyuKIMit

ai(r,0,0p(0), a:%p, b(r, 0,2)p, c(r,0,t)p, p(0),
i=1,...,m, 7(r,0), v(r,0), o(r,0), upuaem p(d) € C*°(H), H— epunuunas chepa B F,,.

[Iycrs p > 0— HaMMeHbINEe IEJIOe YUCTIO, YOBJIETBOPSIONIEEe HEPABEHCTBAM o + 2p >
>m—l,ecma<0u2—-—a-+2p>m-—1, ecm a > 2; ¢ > 0— HaUMeHDIIEE TIEJI0€ YNUCIO,
yAOBJIeTBOpstoIiee HepaBeHCTBaM 2 —a+2¢ > m— 1l,ecm 0 < a < 1un a4+ 29 > m — 1,
ecm 1 < o < 2; a TakxKe § Takoe, 4to § = [—§|, ecmm a < 0u s = [—§ — 1], ecm a > 2, e
[a]— mesioe wacry dncia a.

Beejsiem obosnavenus [ = max{s+ 1,p}, v = max{s + 1, q}

Teopema. Eciu a;(r,0,t), b(r,0,t), c(r,0,t) € Wi(Q), i =1,. m [>m+1ur7(r0) =

Ar5(r,0),v(r,0) = riv*(r,0), o(r,0) = rio*(r,0), 7(r,0) € ( ), v¥(r,0) € WJ(S),

o*(r,0) € WitH(S), mpu a < 0w o > 2; 7(r,0), v*(r,0),0*(r,0) € WitTH(S) mpu 0 < o < 1
nl<a<?2 1o3agada 1 1 2 mmeet perenne.

3 Csenenus 3asaun 1 1 2 K JIBYMePHBIM 33aJ1a4aM JiJisi cucutem auddepeHiaib-
HBIX ypaBHEHU

B cdepuueckux koopjuaaTax ypasHenue (1) umeer Buj

-1 1 =
Lou=u,, + m U ﬁdu — Uy + ; a;(r, 0, t)uy, +b(r, 0, t)u — %ut +c(r,0,t)u =0, (9)
= 1 0 5,
_ - m—j—1 - . 2
= — Z ma—% <SlIl 7= 80 > g1 = 1 g9; = (Slnel...snlej_l) , ] > 1.

=1
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Nssectno ([3]), 4To crekTp omeparopa ¢ COCTOUT U3 COOCTBEHHBIX THCET A, = n(n + m—
—2), n = 0,1,..., KaKJIOMy U3 KOTOPbIX COOTBETCTBYeT Kk, OPTOHOPMUPOBAHHBIX COOCTBEH-
npix dynkuuit ¥, (0).

ckomoe pertrennst 3a/1a4 Oy1eM HCKaTh B BUJIE

ua(r.0,t) =y Z ak L (r)YE(0), (10)

k=1

e G, (r, t)— dyHKIm, HOIeXKAIIIE OLPEIEICHIIO.
[Mogcrasus (10) B (9), yMHOXKUB 1Oy YeHHOE Bbipazkenue Ha p(0) # 0 1 IPOMHTErpUPOBAB
1o euHuynol cbepe H, s 1y, , noxyunym ([12,14])

1

m—1 ap,

1-1 1-1 15 0~ ~1-1

PolUe.orr — PolUa,0mt T < Po + Z a; ) Ug op T b Uy, Ot ; Ug 0p T Collg ot
=1

oo kn

+ 2 Z {pn Uenrr pn antt + (Tpfz + ;afn) Ug nr bn ant lgznt+ (11)

n=1 k=1 t
~k Anpﬁ i ~k k —k
+ ¢ — r2 + Z(ain—l - nain) Ugm (= 0.

Teneps paccMoTpum GeckoHedHYIO cucTeMy JauddepennnaaibHbIX YpaBHEHIH

m—l11 a4

1-1 1-1
Pola,orr — Polao T+ , —— Polaor — Poua o =0, (12)
Q@ A1
k—k k—k m—1 k-k k—k k=k ~k __
plua,lrr — P1Uq 14t +  P1Uq1r — 7P1Uq1t — _2p Ua U1 =
' (13)
kl <Za10ua0r+bua0t+cu k=1, kl’
kg +_1kk_gkk_ Egk — iza o 4
Pp a,nrr pn antt r Prt a,nr tpn a,nt ern an T in—1"%a,n—1r
k=1 \(:=1

k’
bk U n—1t + |: -1 Z(&fn—Q - (n - 1)a£€n—1):| ag,n—l} k= 17 kn? n = 273

i=1
(14)

Cymmupyst ypasuenne (13) or 1 1o kq, a ypasaenue (14) - or 1 10 k,, a 3arem CJI0KUB
[OJIyYeHHbIe BhIpaxkeHus Bmecto ¢ (12), npuxoanm K ypasaeruio (11).

Orciona creayer, uro ecmu {af , }, k=1,k,, n=0,1,....— pemenne cucremsr (12) - (14),
TO OHO sIBJIIETCs perieHneM ypapHenust (11).

Herpyamno 3amernts, 9To Kaxkjgoe ypasHenne cucreMsbl (12)-(14) MOXKHO mpegcTaBuTh B
BUJIE

m — 1 o A -
ko _k _k ke nok _ fk
Uanrr — Yantt + r Uanr — ?ua,nt - ﬁuoz,n - fa,n(r7 t)’ (15)
rae f¥,,(r,t) onpenensiores U3 npeabLIyIUX ypasHeruit s1oii cucremsl, upudeM fL(r,t) =

=0.
Ipoussess B (15) sameny @l (r,t) = P ul ,(r,t) nomydum

5\
L&u(’;,n - ulgz,nrr - ulgz,ntt j‘/ Ioint + ) 7n = fi,n(r7 t)? k= 17 kn? n= 07 17 B (160!)
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(m—1) —
aa(rt) =rTT fRL ().

. (m=1)(3—=m) -4\,
An = 4

Haiee, u3 kpaesbIx ycnosuit (2)-(7) ps dynkmuit uf  (r,t) 8 cuny (10), ¢ ygeTom jemmbl
1, coorBeTcTBEHHO, GyjIeM UMETh

u§7n(r, 0) = 7%(r), uz,n(r, o(r)=c"(r),a <1, k=1k,,n=0,1,.., (17)
U
Ln =7h0), uk (ro(r) =c%(r), a=1,k=1,k,, n=0,1,..., (18)
Int | lt=o0 ’
t* =7(r U r,o(r)) =0 a>1 k=1 n=20,1,... 19
(1 g)| = (r6), k(o) = A > L k=T =01, (19)
litng 0 (4, — u2)e = VA(), k() = 0E(r), @ < 1 )
k: 7kn7 nzo? 17 )
ub okl
g ( S ) <000 00 = o) 0= 1, o
k=1k,, n=0,1,..,
i 21, — h2)], = 00, 0), (1, 9(r) = A1), @ > 1
- ,

(22)

k=1k,n=0,1,..

(m—1) _ (m—1) _ (m—1) _
Ta(r) =12 (), va(r) =17 5(r), op(r) =17 ay(r).

Taxum obpazom, 3aj1a4un 1 U 2 cBeJIEHBI K JBYMEPHBIX 3a/ladaM Jjisd cucteM Juddepen-
nuasbHbIX ypasHenuit (12)-(14). Pemenne stux 3ama4d 6yaem usydars B 1.4 u 1.5.
Hapsiny ¢ ypaBaeruem (16,) paccMoTpuM ypaBHEHHE

A
k. —  k k —k k
LOUO,n - uO,nrr - uO,ntt + T_;uo,n = fn (T7 t)? (160>

KOTOPOE € MOMOIIBIO 3aMEHBI IIEPEMEHHbIX § = =, 1) = TT’t CBOJINTCH K YPaBHEHUIO

A
kE _ k n
Muo,n = Ug ey + m

Pemenne 3amaan Komm yist (23) ¢ mannsivu

ouf ouf
%Aaozﬂ@x(gy—~%%)

mmveer Bug ([14])

U = fa (&), (23)

ey =VF(€),0< €<

N | —

1 . . B
ﬂ{[Vn(fl)R(flafl,fW)

-7, (§1) R(&,m; €, 77)|£1 =m Jd&, +fffk E,m)R(&, ms & m)dévdn,,

L kR e6m) +

1
G (§m) = 5T (MR, 0 &m) + 5

2 n
(24)
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(m=1) _ (m=1) _
e Ti(g) = (2077 720, v(&) = (2077 720, R(&,mi&n) =
P“[(£1fn1()£(1£;7273;2525_§:)+£1n1)] = Pu(z)— dynkuus Pumana js ypasmenns Muf, = 0 [15],

a P,(z)— dyuxuus Jlexxangpa, = n + —(m;3)7

0 1 /o0 0
a_NL—n - E (5_5 N 5_77> ‘5—77'

4 q)YHKI_II/IOHaJILHaﬂ CBA3b MeXK/y pelHIeHusAMUu 3aJa49u Ko JJIA ypaBHeHI/Iﬁ
(164) 1 (160).

CuavaJia mpuBeJIeM HEKOTOPBIE CBOMCTBa orepaTopa L, KOTOpble HeOOXOIUMbI JIJTd JTaTbHell-
IIUX UCCJIeTOBAHMII.
1°. Eciu u,— pemenne ypasnenusa Lou = 0, To QyHKIH

Uy o = 1% g, (25)

sBJIgeTCd perenneM ypasuenus Lo u = 0.
20, Ecin un— pemenne ypasuenus Lou = 0, To dynKinus

1 0uy,
— = ua 26
ey 2 (26)
Oyzaer pemenuneM ypaBuenusd L, ou = 0.
3%. Oneparop L, obiajaer cBoiicTBOM
Lotia = ' "Ly o(t* ug). (27)

VKazaHHbIE CBOCTBA yCTAHOBJIMBAIOTCS AHAJOIMYHO TOMY, KAK OHU ObLIM JOKA3AHbI I/
MHOIOMEPHOI0 ypaBHeHus Jiinepa-/apoy-Ilyaccona ([17 — 16])

AIU — Ut — %Ut = 0. (28)

I3 paBencTsa (25) uMeeM Us_q—2, = 1771y, 9, K KOTOPOMY IIDUMEHUB p pa3 GopMy.Ty
(26), a 3arem (25), nosrydnm

10\" _
Up—q = (ga) (T g pgp). (29)

Coornorrernne (29) sBisgercs dbynaamentanbuoii dpopmystoit ([17 — 16]) ms pemenus 3a-
naan Komn.

[Iycts p > 0, ¢ > 0— HauMeHbIIUE IeJIble YUCIa, YA0BJIETBOPAIOINE HEPABEHCTBAM (v +
2p>m—1,2—a+2¢q>m—1.

Yrepxaenne 1. Ecin ulgfl(r, t)— pemenue 3agaun Komm s ypasuenus (16¢) yzaos-
JIETBOPSIONIEE YCJIOBHIO

0
ub2(r,0) = 0, Sul2(,0) = (), (30
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TO (PYHKITHS

1

ul? (rt) = y_at™® /Uo A e = &) TN dE = 7T ( > D0t2u0 a1, (31)

0

npu « < 0 Gyzer pererneM ypasHenus (16,,), yI0BIETBOPSIONIIM YCIOBHIO
k,2 a0 ko k
uys (r,0) =0, imt*—ups = v, (r). (32)
’ t—=0 Ot @

Ecmm xe 0 < a < 1, 1o pyHKIMSA

) = (3 ) [ b €0 - €t =
[ ’3;;<r,t>] (33)
t

= Yyat2,27 (g — 2 +1)D2,

ABjgeTcs pemnenneM ypasuenns (16,) ¢ mauambupiMuE gapEbIME (32), Tae /7TL(§)7e =
20(¢H), T'(2)— ramma-dynxmnus, D§,— oneparop Pumana-/Tnysunsa [17], a ulgi('f t)— pe-
merne ypasaenus (16y) ¢ HAYAIBHBIME yCIOBHSMIE

k,1 VS(T) 0 k,1
ton0) = T B =) g s 1=a) 9t

(r,0) = 0. (34')

Yreepxenne 2. Ecim ugi(r t)— pemenne 3amaun Komm s ypasuenus (16y) yaos-
JIETBOPSIIOIIEE YCIOBHIO

0
ugin(r,0) = 7 (1), = uga(r,0) = 0, (34)
TO DYHKITUS
L k,1
o Uy, (75T
L (1) /u’g; r €)1 — €)371dg = 271y, (2) t-op % [%} . (35)
0
npu « > 0 ectb perenne ypasaerus (16,,), yaoBierBopsioriee yeaoBuio (34).

Yrepxaenne 3. Ecin ugi(r t)— pemenue 3amaun Komm s ypasuenns (16¢) yaos-
JerBopstioriee yejaosuio (34), To dyHKIms

1

WFL (1) = / dELr €0)(1— €)1 — €)]de (36)

0
ABJIFETCA PellleHueM 3ajaun it ypasaenust Lyuy, = fF (r,t) ¢ HauagbHbIMU JaHHBIME

k,1
U’ln

7l = e (r). (37)
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[Ipu sTom pyHKIMN fin(r, t), f&n(r, t) cazanbl popmyaamu (31) u (33) B ciryuaae yTBep-
xkuenns 1 u dopmynamu (35) u (36) B caydasx yTBepKeHuii 2 u 3.

JlokazaTe/bCcTBa IPUBEJIEHHBIX YTBEPKJIEHUH YCTAHOBIMBAIOTCA aHAJIOTUIHBIM 00Pa30M,
Kak OHU JIOKA3aHbl JIjisi ypaBHeHusl (28) 1 MHOIOMEPHOIO BOJIHOBOIO ypaBHeHUsT A u — Uy =
0([14,18 — 21)).

[IpuBesem HEKOTOPBIE CiecTBUS U3 yTBepkKAeHuUi 2,3. CHadasa pacCMOTPHUM CJIydait
a<0,a# —2r+1),r =0,1... Ecim ulgjrlb(r, t)— pemenne 3amadn Komu g (16,) ¢

JaHHbBIMHA
k

k1 _ 7, () 2 k,1 _
uO,n(h 0) - (Oé . 1)(0& + 2p _ 1)7 8tu0,n(ra O) - 07 (38)

TO U3 YTBEPKJIEHUS 2 CJIEJIYET, UYTO

1

W (71 8) = Yarap / L et) (1 — €2) 51
0

SABJISIETCS. PENICHUEM yPABHEHHS Loyopu = fF . (r,t), yJ0BIeTBODSIONIM HAYATLHOMY
ycaioBuio (38).
Torna n3 coornomennit (29) u (25) BeITEKAET, 9TO (DYHKITHA

10

k1 1-a g a+2p—1, k1 17/ a l—ap~ 2 US&L(T7 t)
ua:n(,m t) =1 za <t P ua,—i-Qp,n) = 7k‘+2p2p ]-—‘(5 + p)t D0t2 7T

(39)
ectb perienne ypasaenusi (16,) u yaoBiaerBopsier yejioButo (34).
Teneps mycts o = —(2r + 1). Ecim ulg:}L(r, t)— pemernne 3ana4n Komu qs (16¢) ¢ gan-
ubiMu (34), 1o u3 (25), (29) u U3 yTBepXKIACHNS 3 HETPY/IHO MOJYIUTh, U4TO

k,1 _ 2(r+1) 10 s ; k1 oy _1 9
Wl =200 (32) | a0 - ) e - nde| ()
0

siBjIsieTcst perierreM 3aaan Ko st (16,,), yaoBiaersopsitoriee yeaoBuio (34).
Ucnons3ys [17], coornormenue (40) MOXKHO 3aInCaTh B BH/JIE

k,1 11
k1 @ oy rd | gy (7, t) 1 I"(3)
U gy ) (1) = STV DG [T ca=3I(1) - —2 —Int. (41)
5 Jloka3aTeJbCTBO TeOpEMBI Jis 3a4a4u 1
1) Cayuait o < 1. Pemmenne 3agaqau (16,,), (17) 6yaem uckath B Buje
U (7, 1) = gy (1, ) + g (1), (42)

rae ull (r,t)— pemenne sagaun Komn (164) ¢ ganusivm (34), a ul? (r,t)— pemenue 3a1adu
JlupuxJie Jyisi ypaBHEeHHUsI
Lou™? =0 (43)

aa,n
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C ycaoBueM
ug’%(“ 0) =0, Ufi’,i(ra 90<T)) - 0’2(7“) - ug’}z(ﬁ QD(T’)), (44)
k=1k,,n=0,1,...,
YuaursBas dhopmyist (35), (39) u (41) sagaga Kommu (16,,), (34) ceoaum k 3amadam Ko
(169), (38) u (16¢), (34), perrenns KOTOPBIX UMeeT BH (24).
Hanee, ncronbsys dopmynsr (31), (33) zamada dupuxie (43), (44) cBoguM K 3a/1aqe
Jupuxiie i ypaBHEHUsT

Loug2 =0 (45)
¢ JIAHHBIMUI
u’é:i(r, 0) =0, ulgfl(r, o(r)) = afn(r), k=1k,,n=0,1,.., (46)
npu a < 0 u x 3a1aue [Tyankape s (45) ¢ yeaosuem
0
&ugﬁ(r, 0) =0, ulgfl(r, o(r)) =0 (r),k=1,k,,n=0,1,..., (47)

npu 0 < a < 1, e of (r)— dbyukius Beipazkatonuxes depes 77 (r), ok (r).
B [22] nokasamo, aro 3amaun (45), (46) u (45), (47) ogHO3HAYHBI PA3PEIIIMBL.
Jasee, ucmonb3ys yTBEPK/ICHIN 1-3, yCTAHOBIMBAIOTCSA OTHO3HATHBIC PA3PEIINMOCTH 3a-
maa (16,,), (34) u (43), (44).
2)Ciyuait o = 1. Pemenue 3anaan (16,), (18) Gymem uckars B suge (42), nue ut'! (r, 1) —
k2 ’
penterne sataan Komm (16,), (37), a uy), (r, t)— pemenne sagaqn [lyankape jjis ypasHeHus

(43) ¢ ycaoBuem

o) k2 o k2 _ .k k,1
aul,n(ru O) - 07 ul,n(r7 SO(T)) - O-n(r) - ul,n(ra @(T))a (48)
k=1,k,,n=0,1,....

B cuny (36) 3amaqa (16,) (37) cBoaures k 3azgade Kormm (16), (34). YaursiBas dhbopmyiry
(35) samaua Ilyankape (43), (48) nmpusogum K 3ajade [lyankape (45), (47).

Crenosarensho, 3aga4a (16,), (18) ogHosnadno paspermma.

Ucnonszys dopmyist (27), (25) 3anady (16,), (19) mpu a > 1 cBOIuM K HCCIICI0BAHHOMY
ciaydao o < 1.

Takum obpaszom,cHadasa pemus 3aga4dy (12), (17) (n = 0) u a 3arem (13), (17) (n=1) u
T.JI. HaiiJieM Bce u(’;’n(r, t), k=1,k,,n=0,1,...

Urak, B obractu §2, nmeer MecTo

/p(@)LudH = 0. (49)

H

[Iycrs f(r,0,t) = R(r)p(0)T'(t), upuuem R(r) € Vy, Vo— mnorna B Ly((0, 1)),
p(0) € C*(H)— mnorna B Ly(H), aT(t) € Vi, Vi— morna B Ly((0,¢(3))). Torma f(r,0,t) €
eV, V=V®HV,— uioraa B Ly(Q2) ([23]).

Orciona u u3 (49), caemyer, 9To

/f(r, 0,t) Lud =0
Q
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Lu =0, Y(r,0,t) € Q.
Takum obpazom, psiji BIIA

oo kn

u(r,0,t) er 2ol (r )YE(0) (50)

n=0 k=1

ABJIfeTCs pernenneM 3a1a9n 1, rae dynxman ub  (r,t) onpeaensioTes U3 IBYMEPHbIX 3a/1ad.
YuuThiBasg OrpaHUYeHns] Ha 3aIaHHbIE cbyHKuI/H/I 7(r,0), o(r,0), semmbl u dbopmyibl [24]

dm F'(p+m+1) 1—=2
—P = F(1 — 1;
dzm #(Z) 2mF<;U/_m+1) ( +m+:u7 m s m 4+ ) 2 )7 (51)
I'(z+ «a) 8 1
— =271+ —(a— —p-1 -2
15 2 A la=Bla=F-1)+0")
a Takxe oreHku ([13])
01 -
|kn| < cin™” WYn’fm(e)’ <em2 M =T m—1, ¢=0,1,..., (52)
J

rae F(a,b,c, z)— runepreomerputdeckas GyHKIHUS, «, J— IPOU3BOJIBHbBIEC JIEHCTBUTEIbHBIE
qucsia, Kak B [12,20], MOXKHO HOKa3aTh, 9TO HosryderHoe perrenne (50) IpUHAIIEKAT HCKO-
MOMY KJIaccy.

6 /lokazaTeJbCTBO TeopeMbl AJd 3aJa4u 2

1)Coyuait o < 1. Pemenue sazaun (16,), (20) Gyuem nckars B Buge (42),rme ub? (r,t)—
pemenue sagaqu Ko (16,), (32), a ul} (r,t)— pemennue sayaun Iyankape st ypaBHeHMs
(43) ¢ ycmosuem (48). B cuny (31), (33) zamaua (16,,), (32) npusomnrcs K 3amate (45), (30)
npu « < 0 u (45),(34") mpu 0 < a < 1.

Ucnounb3yst popmysst (35), (39) u (41) samaqay (43), (48) cBoaum k 3azade [lyankape (45),
(47).

Taxkum obpaszom, 3amada (16,), (20) oqHO3HATHO pa3perinma.

2)Cnyuqait o = 1. Pemenne 3ama«m (16,), (21) mmem B Buge (42), rae ulfrll(r, t)— perenue
saaan Komm (16,,), ¢ ganabMu

ulfrll(r 0) = —v"(r), gtulfi(r 0)=0,k=1k,,n=0,1,.., (53)
a ul? (r,t)— pemenue sanaqu Ilyanxape ust (43) ¢ yeiosuem (48).
YaureiBast dopmyay (35) samada Komm (16,,), (53) cBomum k 3amade Kommu (169), (53),
a 3ajaqy (43), (48)- k 3amade (45), (47), KOTOPOe UMeeT eJMHCTBEHHOE DelleHHe.
Buaunt 3ama4a (16,), (21) Takzke 0HO3HAYHO pa3pelnrMa.

[Ipnmensis dopmymy (27), (25) samaay (16,), (22) mpr «a > 1 cBoguM K cnyqafo a < 1.
Cnenosarenbio, dbynxnus (50) sBisercs pemenne 3ajaun 2, e dynkum uk (i),
k=1, k;n, n = 0, 1... onpegensdioTcs U3 MPEJIbIIYIINX JBYMEPHBIX 3a/lad U B CHJIY (bopMyJI
(51), (52) npUHAIIEKUT HCKOMOMY KJIACCY.

Teopema JT0Ka3aHO.
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7 3akJjroueHue

B pabore naiijen MmHOroMEpHBIN 00J1aCTh B KOTOpOit, 3ajaun dupuxie n [lyankape paspe-
IIUMBI JIJIsI OJIHOT'O KJIACCA CHUHTY/ISIPHBIX THIEPOOJINIECKUX yPABHEHUIA.
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IlepBsoiil perysisipu3oBaHHBIN cjeq MHTErpo-anudepeHImaaIbHOr0 orneparopa
Irypma-JInyBujiiasg Ha OTpe3Ke C MPOKOJIOThIMU TOYKAMU IPU MWHTETrPAITHLHOM
BO3MYIIIEHUU YCJIOBUII CKJIEMBAHUSA

PaGora mnocBsImeHa BBIYUCIEHWIO MEPBOTO  PETYJISPU30BAHHOIO CJIEHAA OJHOIO HWHTErpo-
muddepeHnnaILHOTO onepaTopa ¢ TyiaBHoi dacthio Tuna ltypma-JluyBuiisg Ha oTpeske ¢ mpo-
KOJIOTBIMH TOYKAMH IIPY MHTErpaJbHOM Bo3Mylenun ycjosuii "ckieiiku". PaccMarpuBaercs ome-
™ o
parop Mlrypma-Jluysmmns —y"(x) + q(z)y(x) + v [y y(t)dt = Ay(z), samanmeri ma orpeskax
T(k—1) <2< Tk, k=1,n; n > 2. Ha neBoM n npasom Konrax orpeska [0, 7] 3a1aiorcs Kpa-
esble ycioBus tuia Jupuxie: y(0) = 0, y(m) = 0. Pemenusvu spisiorces HenpepbiBabie Ha [0, 7]
byHKIUH, NepBble IIPOU3BOJIHbIE KOTOPBIX UMEIOT CKAavYKM B Toukax r = k. Benuuuna ckadyxos
o1k _ 1 xk m T o7

BbIpazkaeTca dopmyioit y' (57 — 0) =y (22 +0) — By, fo y(t)dt, k = 1,n — 1. OcHOBHBIM De3yJIb-
TaToM paboThI ABJAETCH TOYHAsA (GOPMYJIa EPBOr0 PEryJISPU30BAHHOIO CJIEJA PACCMATPUBAEMOTO
muddepeHnaIbHOr0 OepaTopa.

Kunrouesbie ciaoBa: [lepBblii peryaspu3oBaHHbBIA ciemn, HHTerpo-auddepeHnuaabLHbIi OIepaTop,
BHYTPEHHE-KPAeBOe YCJIOBHE.

Zhumanova L.K., Sadybekov M.A.,
The first regularized trace of integro-differential Sturm-Liouville operator on the segment
with punctured points at integral perturbation of transmission conditions

The paper is devoted to calculating a first regularized trace of one integro-differential operator
with the main part of the Sturm-Liouville type on the segment with punctured points at integral
perturbation of "transmission" conditions. The Sturm-Liouville operator —y”(z) + q(z)y(z) +
,onﬂ y(t)dt = Ay(x) given on the segments = (k — 1) < x < Tk, k = 1,n; n > 2 is considered.
Boundary conditions of the Dirichlet type: y(0) = 0, y(n) = 0 are given on the left-hand and
right-hand ends of the segment [0, 7]. The functions continuous on [0, 7] , the first derivatives of
which have jumps at the points x = Tk, are solutions. The value of jumps is expressed by the
formula y'(%k —-0) = y’(%k +0) — B fow y(t)dt,k = 1,n — 1. The basic result of the paper is the
exact formula of the first regularized trace of the considered differential operator. Key words:
first regularized trace, integro-differential operator, inner-boundary condition.

2Kymanosa JI.K., Cagpibekos M.A.,
OiibIK, HYKTEJII KeciHigeri »kejriiMaey MapThl MHTErPAJIAbIK, aybITKYyJIapMeH Oepijren
HIrypm-JInyBuin nuarerpo-aunddepeHnuanaay onepaTopbiHbIH OipiHmIi peryispJiaanran izi

2Kymbic ofibik, HYKTen keciumizeri "»kemimiey" mapThl MHTErpaJIIbIK, aybITKYJIApMeH Oepiarexn
6acter Oeuiri Typm-JInyBuiut Tekrec naTErpo-nuddepeHuaiiay onepaTopbIHbIH Oipinmi pery-
nApJanran i3in ecenryre apmasran. - (k —1) <z < Tk, k = 1,n; n > 2 kecingicinge Gepinren
—y"(z) + q(x)y(z) + ’yfo7r y(t)dt = Ay(z) Wrypm-Jluysuin oneparopsl KapacTbipbuiaist. [0, 7]
KeciHiciHIH OH Kak, koHe coul )ak, merrepinge y(0) = 0, y(7) = 0 rypueri Jupuxie tekrec mapr
Gepineni. Mlermimi [0, 7] apanbireiaa ysimiceis, 6ipinnt perti Typmapuiapsr © = Tk nykresepine

cekipicke ne dynkuus Gomnaspr. Cekipic ysbimpirst y' (T2 — 0) = y/(ZE + 0) — By, Jo y(t)dt, k =
1,n — 1 dopmynaceiven eprekTesei. 2KyMBICTBIH HErisri HOTHXKECI KapacThIPBLIATHIH dudde-
PEeHIHAJIIAY OMEPATOPLIHBIH, OIPIHII pery/sipu3allusiIAHFaH 131HiH alKbIH (OPMYJIACHIH aHBIKTAY
0OJIBIIT TaOBLIAIbL.

Tyiiin ce3aep: Gipium peryaspusausaaanrad i3, THTerpo-auddepeHnuaiay onepaTopsl, irmKi-
MIEeTTIK IMapT.
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1 Bsenenue

Ha cerogusiraem sTaire ¢Boero pa3BuTHUs CIIEKTpaJbHas TeOpHUs OOBIKHOBEHHBIX i depeH-
[UAJIHHBIX OTIEPATOPOB SIBJIAETCS OJTHIM M3 BaXKHBIX PA3/IEJI0B O0IIEll ClIeKTPaIbHON Teopun u
AKTUBHO pa3padaThiBATCd PA3JIUIHBIMU MaTeMaTudecKuMu mKoaamu. OHuM u3 eé Harpan-
JIEHUI SIBJIAETCH TeOpusl Cae0B uddepeHImaIbubIX OlepaTopoB, KOTopas pa3padaTbiBacT-
s, TIPeXKJie BCero, MOCKOBCKOM ITKOJION 10T pyKOBOJACTBOM akajemuka B. A. CamgoBHudero
[1, 2|. Tosibko 3a TOC/IE IHIE TOBI MU PEJCTABIEHBI (GOPMYJIBI IEPBOIO PEryJISPU30BAHHO-
ro cjiejla Jjis JTUCKPETHBIX OIePATOPOB, PEryJIAPU30BAHHbBIE CJIEJIbI CUHTYJISIPHBIX OIEPATO-
POB, PEryJisipu30BaHHbIE CJIEIbI HECAMOCOIIPZKEHHBIX JUCKPETHBIX OIIEPATOPOB C HEdJIePHOIT
pesosibBeHTOI, hopmysibl caega M. I Kpeitna na ciaydait Bosmyienuns tuna ['misbepra—
[MIMuaTa, peryagpu3oBaHHbIil cjes orteparopuoro ypasuenus [IItypma—/InyBusis na koned-
HOM OTpe3Ke, (popMysia cieja Jjisd MOTEeHIaa, COJAEPKAIero JAebTa-PyHKINI, (hOPMYIbI
PeryJIspu30BaHHbBIX CJIEJOB OIEPATOPOB C OTHOCUTEIHHO KOMITAKTHBIM BO3MYIIIEHUEM U T. JI.

OJiHaKo psiji CyIIECTBEHHBIX MTPOOJIEM CIEKTPAIbHON TEOPUU OCTAETCS IO-IIPEKHEMY He
pasperieHHbIM. K MX 9UC/Iy OTHOCUTCS HAXOXKJIEHUE PETY/IsIPU30BAHHBIX CJIeI0B auddepen-
[AAJBHBIX OIEPATOPOB B OOJIACTAX € MPOKOJOTHIMEM TOYKaMu. JlaHHOe HAmpaBjieHue TEeCHO
CBA3aHO C UCCJIEJIOBAHUEM OIEPATOPOB C IMOTEHIHAJIAMU, COJICPIKAIIUMU JIe/IbTa—(pyHKITIH,
OJIHAKO MMeeT U cBoum ocobennocTu. Ha cerojusiinnuii JieHb 9TO HalpaB/IeHUe HAXOJUTCH Ha
CTaJINM HAKOILIEHUs TEePBUYHON WHMOpPMAIUU, g Yero HeoOXOJMMO IOJydeHrne (opMyt
SIBHOT'O BUJIA BBIUUCJICHUS PETYISPU30BAHHBIX CJIEJIOB PA3JIMIHBIX KOHKPETHBIX duddepen-
[UAJBHBIX OIIEPATOPOB B 00JIACTAX C IMIPOKOJIOTHIMU TOYKAMH.

2 IloHsiTue peryjisipu30BaHHOTO CJIega

Teopus perynsapu3oBaHHBIX CJI€I0B JIMHEHHBIX OIIEPATOPOB OEPET CBOE Ha4dasIo ¢ (DyHTaMeH-
TaJbHOrO (haKTa KOHEYHOMEPHOW TEOPUU — WHBAPUAHTHOCTH MATPUYUHOIO CJIEJIa JIMTHEITHOrO
orepaTopa M COBIAJIEHUU €r0 CO CIIEKTPAJBLHBIM CJIEJIOM, U HCCJIEyeT BOIIPOC O PACIPOCTPa-
HEHUW TTOHATHUS WHBAPUAHTHOCTHU CJIeJla Ha HeOrPaHWYEHHbIE OIePaTOPHI.

UcciteioBanns peryasgpu30BaHHBIX CJIEIOB OIEPATOPOB C JUCKPETHBIM CIEKTPOM OBLIO
HadaTo B 3HaMennToii paboroit .M. Tenbdanna u B.M. Jlesurana (3], B KoTopoii aBTOpHI
HaILIN cjeq onepaTopa B 3ajade LItypma—/Inysuiis

—y"(x) + q(x)y(z) = My(z), y'(0) =0, () = 0.
Honst g(z) € C'[0, 7] upu Buinonennn ycaosust fj g(z)de = 0 6buta nomydena dbopmyiia

o0

(/\n - Nn) = (q(o) + Q(W»’

ANy,

n

rjae )\n - coOCTBEHHbBIE 3HAYCHUSA 3ala9U, a Uy = TL2 - coOCTBEHHbIE 3HAYCHUSA 3TOM Ke 3a /a1

¢ ¢(x) = 0. Cymma psijia HA3BIBAETCS NEPELM PEYAAPUI0BAHHBIM caedom onepamopa. Dop-
MYJIBI TAKOTO THUIA HA3BIBAIOTCS (DOPMYJIAME [IEPBOTO PEryIApu30BaHHOTO cjega. OqauM u3
MPEUMYIIECTB MOJI00HBIX (DOPMYJT SABJIAETCA TO, UTO XOTdA COOCTBEHHDbIEC 3HAUEHUS OIIePaTOpa
npu ¢(z) # 0 He MOryT ObITH BBIUUCJEHBI B SIBHOM BHJIE, CyMMa DEryJisipu30BaHHOIO CJejia
ompeesIeTcss TOYHO U BCErJa MOXKET ObITh BBIYHC/ICHA.
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K anayoruanbiM pesysibratam mpuiines B Tom ke roxy JILA. Jlukwit, ucross3oBaBimii
HECKOJILKO MHbIe MeToIbl. [loyuenuio hopmys perysisipu30BaHHbBIX CJIEJIOB JIJIsT OOBIKHOBEH-
HbIX AuddepeHnnaJIbHbIX oepaTopoB ObLIH mocBsienbl padborer .M. I'enbdanga, M.I'. I'a-
ceimoBa, P.®. [Tlepuenko, A.I'. Kocriouenko, B.A. CamoBandero n Muorux apyrux. Hamnbosee
o0I11e pe3yJibTaThl Jiisi OOBLIKHOBEHHBIX M depeHna bHbIX OlepaTopoB mnosaydensl B.B.
Jlupekum u B.A. Cagosamanm [4]. Vimu 661710 yCTAHOBIIEHO, 9TO BBIBOJ, (DOPMYJT YKA3AHHOTO
TUIA JJIs MIAPOKOTO KJIacCa KPAaeBbIX 3aJiad, MOPOKJIEHHBIX OOBIKHOBEHHLIME I depen-
IUAJIbHBIMU BBIPAYKEHUAMU HA KOHEYHOM OTPE3KE CO CJIOXKHBIM BXOXKJIEHUEM CIEKTPAJIHLHOTO
napameTpa, CBOJIUTCA K U3YUICHHUIO PEry/IsipPU30BaHHBIX CyMM KOPHEH 1e/IbIX (DYyHKIHiT ¢ orpe-
JEJICHHOM aCUMIITOTUYECKON CTPYKTYPOIL.

3 Kparkwuii 0630p 6JM3KUX MO0 TeMaTuKe paboT Ka3aXCTaHCKNX aBTOPOB

Cpean OOJIBIIOTO KOJUYIECTBA OIYOJMKOBAHHBIX pabOT 10 (OPMYJIaM PEryaspu30BAHHOIO
caena muddepeHnuaIbHOTO onepaTopa HeoOX0IUMO OTMETUTh PabOThl Ka3aXCTAHCKUX Ma-
TEeMATHKOB. JTO Mpexkie Bcero paborer mpodeccopa b.E. Kanrykmna m ero yueHukoB u
ocJieJoBaTETIEN.

B pabore [5]| mpejjiozkena MaremMaTHYecKasi MOJEIb O BBIHYKJIEHHBIX KOJIEOAHUSAX Ia-
KeTa IJIOCKUX IJIACTUH ¢ TOYEYHBIMU YIpyrumu cBsizsimu. B [6, 7] mano nmosmoe onucamnue
KOPPEKTHO PAa3pEIUMbIX KPAEBbIX 3a/1a4 JIJIsi OMTapMOHUYECKOr0 olleparopa B Kpyre u Ia-
pée, BBIIUCAHBI X KOPPEKTHO Pa3peninMble KOHETHOMEDHBIE BO3MYIIEHNA, BOSHUKAOIINE IIPU
PaCCMOTPEHUH 33/1a9i B IIPOKOJIOTON obsacTi. B [8| HaitgeHsl ToxkmecTBa 11 COOCTBEHHBIX
3HAYEHHUI onepaTopa, MOPOXKIEHHOI'0 OOBIKHOBEHHBIM UM dEPEHITUATBLHBIM BhIPAYKEHUEM €
BHYTPEHHE KPAeBbIMU ycjioBusiMu. B pabore 9] jano mosiHoe onucanue KOppEKTHO pa3peru-
MBIX KPAaeBBIX 3ajad Jijist onieparopa Jlamraca B Kpyre u B IPOKOJIOTOM KPyTe, TPUBEICHBI
bopMyIIBI pe30IbBEHT KOPPEKTHBIX 3a/1a4. B [10] B rubbepToBOM IPOCTpaHCTBE U3yYeH Olle-
parop Jlamraca B mpokoJioToi 0bacTH, moJydeH anajgor ¢popmy/bl ['puHa u onmcan Kiacce
CaMOCOIIPsIZKeHHBIX paciupenuii. B [11, 12] pacemorpen Kiace KOpPEKTHBIX 3a/1a4 JIJIst Ollepa-
Topa m-Jlamaca B IpOKOJIOTOI 00JIACTU U TOJIYYIEHbI (POPMYJIbI PEryISPU30BAHHOIO CJIEjIA.

Haubosee 6sm3koil Kk Hacrosieir pabore 1o temaruke sipisercs: [14]. B weit momyuena
dopmysia 1epBOro Perygpu30BaHHOIO CJiejia OJIHOrO JuddepeHIuaIbHOr0 oepaTopa THIIa
[Irypma-JInyBu/iis Ha OTpe3Ke ¢ MPOKOJOTHIMUA TOYKAME IIPU WHTEIPAJTHHOM BO3MYIICHIH
yesoBuii "ckaduka' IMEepBBIX MPOM3BOJHBIX B 9TUX MPOKOJOTHIX TOYKaX. [IpuBegem sToT pe-
3yJbTaT O0JIee TOIPOOHO.

Paccmorpena 3aja4da Ha cOOCTBEHHBIE 3HAUCHUS:

(@) +q(e)y(e) = Wy(e), ~(k—1) <z <k, k=Tm n>2 (1)
y(0) =0, y(m) =0, (2)
W =0 =y 10, 7O -0 =y 0 -5 [ yod k=Ta=1, @)

riae ¢(x) — gocrarodnoe umcso pas auddepeHnupyemas JeicTBUTeIbHO3HATHAS (DYHKIHS;
B) - neficTBUTEIbHbIE KOHCTAHTDI, A — CIEKTPAJIbHBIN TapaMeTp.

Ormernm, uro npu S = 0, k = 1,n — 1 gua ypasaenus (1) ¢ JONOTHUTETBHBIME CJIa-
rACMBIMI BIIA Y f_; oy (%) B paborax [13], [2, ¢. 112] Gbn Bbinucanb! GOPMYIIBI IEPBOTO
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PeryJIsipu30BaHHOTrO cyiesia 3a1aqu. Jlanusie paborsl BMecre ¢ [14] aBisores nanbosee 6ins-
KUMH 110 TEMaTHKe K PAcCMaTPUBAEMOIl HAMU 3a/1ade.

OcuoBHBIM pe3ysbTaToM paboTs! [14] saBisgercs

TEOPEMA 1 [14]| Jlaa nepsozo pezyaapusosanrozo caeda 3adavu (1) -(3) cnpasedausa
caedyrowan Gopmyaa:

55 (s a7 (1 5 ) 2 [ o) -

m=0 j=1

— =5 (00 o) + 5= [ ato 4

2de N, j - cobcmeenmwie 3navenus sadawu (1) - (3). Ipu smom cobemeermbie 3naveHUAs Ume-

om acumnmomury )\m,j = 87271,]-, 2de
. Cl,j Cg’j 1
= (2 o(l——), 5
smy = ( nm+‘7)+2nm+j+(2nm—|—j)2+ ((2nm+j)3) (5)
j Z -1 injk
Cl,j:_ dt C27]: ;Z 5k+5n k e, (6)
k=1

i=12n,m=0,1,2,....

4 TlocramoBKa 3aJa9Yi n Cl)OpMyJ'IPIpOBKa OCHOBHOTI'O pe3yJibTaTa

PaccmorpuMm 3a1a4dy Ha coOCTBEHHbIE 3HAUECHUS JIjIsi HTHTETPo-1irnddepeHInaabHOro orepaTo-
pa:

/(@) atalyle) + [ u0d = (o), D=1 <o < Tk k=T a0

¢ KpaeBbIMHU ycstoBusMu (2) u ¢ 0600mieHEbIMI yestoBusiMu "ckienBauns” (3) B IIPOKOJIOTHIX
TOYKAX OTPE3KA.

Hareii nespio siBJigeTcss nocTpoerne (hopMysibl EPBOTO PETYJISIPU30BAHHOIO CJIEJIA, Ha-
no06uu dopmysisl (4), 1y paccMaTpuBaeMoil crieKTpasbHoil 3amadn (7), (2), (3).

OCHOBHBIM PE3yJIETATOM HACTOSIIEH PABOTHI SABIISIETCS

TEOPEMA 2 Jlas nepsozo peeyaapudosannozo cieda 3adawu (7), (2), (3) cnpasedrusa

popmyna:
o) n . 1 9 -
Z Z ()\m,j — (2nm —|—j>2 — (1 + m) ;/0 q(t)dt) =

= —Z(q(()) + q(ﬁ)) + 2i /Oﬂq(t)dt — (8)

2de A\, j - cobcmeennvle 3navenus sadawu (7), (2) (3). IIpu smom cobecmeentivie 3HAEHUA
NP BONGUNUE T UMEIM, ACUMITOMUKY A j = Sp, 5, ] = 1,21, 20€ 6EAUMUNDL Sy j, C1 5, C2j
onpedeasromesn popmyaamu (5) u (6) coomeememeserino.
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5 Kparkuii xom J0Ka3aTeJIbCTBA TEOPEMbBI

CranapTHBEIMI BEIMHCACHHAMI Ha KaxKJoM mnrepsase I : T(k — 1) < x < Tk, mMoxmo
BBIIKCATH ACUMITOTUKHU (TIpU |$| — 00) JABYX JIMHEHHO HE3ABUCUMBIX DEIIeHUil ypaBHEHMUsI

(1):

“.a (x) o0 a1 ()
yii(s) ~ e 3R Ly (e s) e 3 (-
v=0 § V=0 S

re ap () = 1,

- x
) = 5§ nlo) =l (7 ) = [ atOauatorie )
2 ’ ’ n .
3J1eCh, KaK 0OBIMHO, TIPEJIOIAraeTcst, IT0 KOMILIEKCHAS IIOCKOCTh (A = s%) s = \/X) pazbura
Ha YeThIpe CeKTopa Jiydamu arg s = 0 u arg s = § 1 JaHHad aCHMITOTHKA UMEETCs B KazKJ0M
U3 9eThIPEX CEKTOPOB.
U3 pexyppenTHOii dopmysbl (7) mosydaem

k-1
n n

k—1
ay,k(ﬂ >:0,V21,2,...;
n

]{ — 1 iw(kfl)s k - 1 _,L‘ﬂ'(kfl)“
Ne|™ n y$ ] =¢€ "oy Yok | T n S =¢€ T

Ha kaxk oM u3 unTepBajioB [ obiee pernienne nHTErpo—audepeHIuaj bLHOTO yPaBHEHU
(7) cTpouM METOJIOM BapHalliy IPOU3BOJIbHBIX MMOCTOAHHBIX. [IpejicTaBiisieM pelienne B Bujie

(o) = — / 0)dt, ase(x) = | q<x>—q(ﬁ—1)_; / adt) b

y(x) = Ap(x)y1x(z, 8) + Br(x)yak(x, s).

[Monyuaem mpejcraBienne obIero peiennst ypapaerusi (7). D9To pelieHne sBjsieTcs JByIIa-
pamerpudeckuM cemeiicreom. O6o3HaUNM 3TH KOHCTaHTHI uepe3 AY. BY.

YIOBIETBODsIsi YCJIOBUAM KPAaEBBIM YCIOBUAM (2) u 0OOOIIEHHBIM YCIOBHAM 'CKIICHBa-
aust" (3), mosTydaeM OTHOCHTEILHO MOCTOsHEBIX AY, BY mueiinyto cucremy 3 2n ypaBHeHUit,
onpejiesuresib A(s) KOTopoii u Gy/eT XapaKTepUCTHUECKUM OIPEIeTUTeIeM CIIeKTPaIbHOI
sazaan (7), (2), (3).

Dra byuknusg A(S) onpenensercs CIeyOMUM aCUMITOTUIECKIM BbIDAYKEHIEM:

A(s)zei”s{1+%+a2_(51+“'+5n—1)+w+O<i)}+

52 53
- — _ 1
+e—”5{—1+%—a2 (B + ;B” 1>+W+O(§>}+
n—1 n—1 .
izbg [ B+ Brk 1 _izkg | B+ Bk 1 diry 1
+Z€" {T+O E —Ze n T+O g + ?—FO g .
k=1 k=1
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Anasmsupys ypasuenue A(s) = 0, nosydaem, uro 3ana4a (7), (2), (3) umeer 4n cepwuit
coOCTBEHHBIX 3HaUeHN{T ¢ acuMiToTukami (5), (6). YuauroiBas, aro Gynknus A(s) - nedernas,
IIOJIyIaeM, ITO BMECTE C COOCTBEHHBIME 3HAUCHUAMHE Sy, j U3 (D) GUCTIA — Sy, j TAKIKE SBJIAIOT-
Cs1 KOPHSAME XapaKTePUCTUIECKOTO MHOTOWIEHA. VIX MBI 0G03HAMUM 9€pPe3 S, jion, ] = 1, 21.
Orciona mosmydaem obparienue B HylIb KOIMDOUIHEHTOB ¢y ; u3 (6) ¢ YeTHBIMEI HOMEpPaMH j.
Takum 06pa3oM, B TepMUHAX CIEKTPAIBHOIO IapaMerpa A Mbl MOIy4uM 2n cepuil cobcTBeH-
HBIX 3Ha4YeHuil.

[Tpu srom bysxims A(s) npuHaie:kuT kinaccy K nesnbix byHKIMA mepBoro mopsjka [4].
[Tosromy jy1st Hee IPUMEHUMa, METO/IUKA, BHIUUCJICHUS PETy/IsiPU30BAHHON CyMMbI KOPHEil KBa~
3UMHOTOYJIEHOB, OCHOBAHHAsI HA [IOCTPOEHUHN J13eTa~-(YHKIUN, aCCONMMPOBAHHON ¢ (DYHKITHET
A(S) 1 UCIOIB30BAHUU METOJI [OCJIeI0BATe IbHBIX npubsmzkennit XopHa (cM. [4]).

Tak Kak JaHHAs METOJMKa XOPOIIO pa3paboTaHa, B CHJILY IPOMO3JKOCTH BBIUUCIECHUN MbI
UX 3/I€Chb IIPUBOJIUTH He OYJIEM M HA 9TOM 3aBEPIIUM JI0OKA3ATEIbCTBO TEOPEMBI.

SBAMEYAHUE 1 B wacmnom cayuae, xo2da v = 0, sadaua (7), (2), (3) cosnadaem c
sadavet (1) - (3) u dopmyaa (8) meopemv, 2 cosnadaem c pezyasvmamom meopemv, 1 —
Bopmyaoti (4).

BAMEYAHUE 2 B wacmmuom cayuae, xozda v = 0, By = 0,k = 1,n — 1, 3adana (7), (2),
(3) cosnadaem ¢ 3adaveti Jupuxae u ocnosnotll pesyasvmam meopemv, 2 — dopmyara (8) —
co6nadaem ¢ KAACCUMECKUM DE3YNLIMAMOM:

Z Ay — Mm% — 1 /07r q(t)dt ) = —i(q(()) +q(m)) + % /07r q(t)dt.

m
m=0

B 3akmiouenne aBTopsl BbhIpazkaroT npusHaTeabHocTh 1.1, KampmenoBy, B.E. Kanryxu-
Hy 1 BceM ydacTHHKaM Obmeropo/ckoro Hay4anoro cemunapa " Iunddepennmaibabie omepa-
TOPBI U UX NPUIOKeHus" 3a II0J0TBOPHOE 0OCYKJIEHUE TTOJIYICHHBIX PE3Y/IbTATOB.

Pabora BbINo/IHEHA TIPU I0/1JIEPYKKE TPAHTOBOTO (PUHAHCHUPOBAHUS HAYYHO-TEXHUIECKIX
nporpamm u npoekroB Komurerom nayku MOH PK, rpant Ne 0825 /T'®4.
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PazpenmmocTs 3agauu lupuxiie ajiss TpexXMepHBIX JIINNTUKO-TIApaboIndecKnx
YPaBHEHUII ¢ BBIPOXKJIEHNEM TUINA U IOPAIKA

KoppekTHOCTh KpaeBbIX 3a3/1a4 Ha IJIOCKOCTU JJIS SJUIMITHYECKUX YPABHEHHUII METOJIOM TEOpUU
aHAJIUTUIEeCKUX (PYHKIUNA KOMIIJIEKCHOIO IIEPEMEHHOI'0 XOPOIIIo u3y4deHbl. [lpu ucciienoBanum ana-
JIOTMYIHBIX BOIIPOCOB, KOTJIA YHCJIO HE3ABUCHMbBIX IEPEMEHHBIX OOJIBbINE JBYX, BO3HUKAIOT TPY/I-
HOCTHU IPUHIIUINAJIBHOTO XapakTepa. BecbMa MPUBIIEKATETLHBIN U YIOOHBIN METOJ, CUHTYJISIPHBIX
WHTETrPAIbHBIX YPABHEHUN TEPSIOT CBOIO CIJIYy M3-32 OTCYTCTBHUS CKOJIBKO-HUOYIb ITOJTHON TEOPHH
MHOI'OMEPHBIX CHHTYJISIPDHBIX MHTErPAJIbHBIX ypaBHeHuil. B paborax C.A. Asamesa, mokazana o/i-
HO3HAYHAs Pa3PEINMOCTh U TOJYYeH ABHBIN BuJ 3aja4u Jupuxie B MUIMHIPUIECKO obracTu
JIJIsT MHOTOMEPHBIX 3JIMIITUKO-TIapabO0/IMIecKux ypapHeHuit. B jmanHoil pabore Jijisi TpeXMEpHBIX
JUIAIITUKO-TAPAO0INIECKIX YPABHEHNI C BBIPOXKICHUEM THIIA, U MOPSIIKA B IUJIHHIPUIECKON 00-
JIACTHU ITOKA3aHO PA3PEINMMOCTh U ITOJIYY€eH sABHBIM BU/ KJIACCHIECKOro perreHus 3aaadn Jupuxiie.
KimroueBsbie cjioBa: pa3penimMocTh, 3a1a49u lupuxiie, BBIDOXKIeHNEe THUIIA U TOPAJIKA, IJIOTHOCTb.

Kitaybekov E.T.
Solvability Dirichlet problem for three-dimensional elliptic-parabolic equations
with type and order extinction

Correctness of boundary problems in the plane for elliptic equations is well analyzed by analitic
function theory of complex variable. There appear principal difficulties in similar problems when
the number of independent variables is more than two. An attractive and suitable method of
singular integral equations is less strong because of lock of any complete theory of multidimensional
singular integral equations. In the works of S.A. Aldasheva, shows the unique solvability and
obtained form of the explicit Dirichlet problem in the cylindrical domain for multidimensional
elliptic-parabolic equations. In this paper, for the three-dimensional elliptic-parabolic equations
with degeneration of the type and order in a cylindrical domain shown solvability and obtained in
the form of a classical solution of the Dirichlet problem.

Key words: solvability, Dirichlet problem, degeneration of the type and order, density.

Kroitaitbexos E.
Typi MeH peTi a3FbIHAAJFAH VI OJIIIEM/Il JIJIUITHKO-TIapadoIaIbIK,
TeHaeyaepre dupuxie ecebinin menriMaimiri

KomrutekcTi aifHbIMAJIBI AHAJTUTUKAJBIK (DYHKIUSIAD TEOPUSICHIHBIH 9JICIMEH KA3BIKTHIKTA 3JI-
JINTITUKAJIBIK, TEHIeyJIepre MIeTTIK eCcerrTep/IiH OipImentiMIIiri 2Kakcbl KapacThIpblrad. Toyecis
aHBIMAJIBLIIAD €KiJeH KO OOJIraHia, OChl MOCeJesepl 3epTTereHe KO KUbIHIBIKTAD Ke3/ECE/Ii.
Ken emmemMai cuHrysIspJIbIK, HHTErpasgap TEOPUSICHl TOJIBIK, eMec OOJIFaHIbIKTAaH, OeJriai CuHTy-
JISIPJIBIK, MHTErpaJiap OJiCiH naiijaiany Kyl korajaraiasl. C.A. AJameBrbiH XKyMBICTAPBIHJIA
[UJIMHJPJIK OOJIBICTa KOIT OJIIIeM/Il JIIUIITHKO-1apabosIaiblK TeHeytepre Jlupuxie ecebinin 6ip
MOH/TJIIT JI9JIeJIJIeHTeH YKOHe HaKThl TYPi KeJTipijireH. Byur xKxymbicTa Typi MeH peTi a3fbIHIAJIFaH
VI ©JIIIEeMJI SJUTMIITHKO-TIaPA00JIAIbIK, TeHIEYIepre MUINHIPIIK o0abicTa Jupuxie ecebinin mre-

IiMITITT KepeeTiareH »Kome HaKThl Jupuxie ecebiHiH mernmriMinin afkKbIH TYPi aJbIHFAH.
Tyiiin ce3aep:memntivinik, Jupuxie ecebi, Typi MeH peTi a3rbIHIAIFaH, THIFBI3IbIK.
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1 Bsexaenue

KoppekTHOCTh KpaeBbIX 3a/ad Ha IJIOCKOCTH JIJIst SJLUIMITHYECKUX YPaBHEHU MeTOI0M Teo-
pUE AHAJUTUYIECKUX (DYHKIUN KOMILIEKCHOTO MEPEMEHHOTO XOPOIIO u3ydeHbl. [lpu wucciie-
JIOBAaHUM AHAJIOTMYHBIX BOIPOCOB, KOIJIa YHC/IO HE3aBUCUMBIX [EPEMEHHBIX OOJIbINe JIBYX,
BO3HUKAIOT TPY/AHOCTH IPHUHIMIIMAJILHOTO XapakTepa. BecbMa IpHUB/IEKATEIbHBIR 1 y100-
HBIA METOJI CHHIYJISAPHBIX MHTErPAJbHBIX YPABHEHHUH TEpPSAIOT CBOIO CUJIY M3-33 OTCYTCTBHUSA
CKOJIbKO-HUOY/Ib TIOJIHON TEOPUH MHOIOMEDPHBIX CHHI'YJIIPHBIX HHTErPAIbHBIX ypaBHenuit. st
OOLIUX JLTUIITUKO-TTAPAOOINIECKIX YPaBHEHU BTOPOTO TOPSIIKa IIOCTAHOBKY MEPBO Kpa-
eBoii 3ajaan (mwm 3amada Jupuxie) suepsoie ocymecrsui [ @ukepa [1]. B 0606mennbix
[IPOCTPAHCTBAX 9TO 3ajada u3ydena B [2|. B [3,4] ycranosiena koppektHocTn 3amadu upu-
XJI€ JJIsi BBIPOKIAIONINX MHOTOMEPHBIX 3JLIMITHKO-IapabOInIecKuX ypasHennii. B pabore
JIUIE TPEXMEPHBIX 3JLTUIITUKO-IIapaboIMIecKuX ypaBHeHii ¢ BHIPOXKIEHIEM THIIA M TOPSIIKA
[AJIMHIPUIECKON 00JIaCTH MOKA3aHO Pa3perimMOCTh U MOJIYYeH ABHBIA BHJI KJIACCUIECKOIO
penienus 3a1a4a Jupuxie.

2 IlocraHoBKa 3aJa4u U pe3yJbTaT

[Iyctb Q,p— muaMHIPHYECKas 0OIACTH €BKJIN/IOBA IPpOCTpancTBa s Touek (1, T2, t), orpa-
andennas mumaapoMm ' = {(z,t) : |z| = 1}, miockoctavmu t = a > 0ut = < 0, rae |z|—
JUIMHA BeKTOpa & = (Z1, T3).

O6oznaunm gepes €1, u (g gactu obnactu (2,3, a 1epes I'y, I's— gactu nosepxuocrnu I,
JexKaiue B mostynpocrpancrsax ¢ > 0 u t < 0; 0,— Bepxuee, a 0g— HIXKHEE OCHOBAHH
obsacth §2,3.

ITycrp masee S - obmias gacTb rpanul obsacteit (), u (g IpesCTaBIAIOIIEe MHOXKECTBO
{t=0,0<|z| <1} B Es.

B obmactu ,3 DPaccMOTPHM BBIPOXKJIAIOMINXCS TPEXMEPHBIE CMEIIAHHO 3JLIHITHKO-
napado/IMIecKne ypaBHeHUS

2 2
>_ D) e, + ps()un + - ai(z, t)ug, + bz, t)ue + c(x, t)u, t >0,
i=1 i=1 (1)

2 2
> gi(t)uge, —ur + Y di(x, t)ug, +e(x, t)u, t <0,
=1 =1

0=

rie pi(t) > 0 mpu t > 0, p;(0) = 0,9;(t) > 0 mpu t < 0 u MoryT obpararbcst B HyJIb IIPU
t =0, pi(t) € C([0,0]) N C*((0,q)), g;(t) € C([3,0), i =1,2,3, j = 1,2.

B pasbHeiiimeM HaM OHAI00UTHCA CBA3b JEKAPTOBBIX KOOPAUHAT 1, Lg, ¢ C HOJAPHLIMA
r,0,t:x; =7rcost, zo =rsinf, r > 0,0 <0 < 2.

Banaua 1(Jupuxse). Haittu pentenne ypasnenns (1) B obiactu €, npu ¢t = 0 n3 kiacca
C(Qap) N C%(Q, UQg), yaoBIeTBODSIONIEE KPACBBIM YCJIOBUAM

= wl(t7 9)7 (2)

o

=i(r,0), wu

Oa

u

= ¢2(t7 Q)? u os = @2(7"7 9) (3)

Ls
pu sroM @1 (1,0) = ¥y (a, 0),91(0,0) = ¥(0,0),12(5,0) = @a(1,6).

u
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Myers 280 220 45 € O(Q,) N CH (), di(x, 1), e(x, 1) € CH(Q) N C*(Qp),
c(x,t) <0,V(zr,t) € D,.

Tora cripaBejiBa

Teopema 1. Ecit ¢y (r,0), @o(r,0) € C(S) N C2(S), ¥1(t,0) € C(T,) NC?*(T,),
Po(t,0) € C(T'5) N C*('5), To 3a1aua 1 paspemuma.

3 PazpemumocTts 3agaum 1

Crauasa nokaxkeM paspemumocts 3aga4du (1), (3). Ee pemenune O6y/eM nckath B BUJe psijia
u(r,0,t) = uyo(r,t) + Z(uln(r, t) cosnb + ugy, (1, t) sinnd), (5)
n=1

vie uio(r, t), U, (r,t), ug,(r,t)— dyHKIHE, KOTOPBIE OYIYT ONpEIeIeHbI HIKE.
[Moxcrapisis (4) B (1), B moagpHBIX KOOPMHATAX Oy/JIeM UMeTh

.2 2
sin” 6 . cos- 0
ulOr) + g2(1) <Sln2 D107 +

Liu = gy(t) (0052 Ouiopr + U10r) — Uyt

+dy(r,0,t) cos Quyg, + da(r,0,t) sin Quyg, + e(r, 0, t)uro+

2 sin? 6

>

1

{ g1(t) [cos.2 0(cos nbuyprr + sin nbugy,.,) + (cos nOuyy, + sin nbug,, )+

sin 20 sin 20
f S (sin nfuy,, — cos nbugy,,) + nem

(cos nOug, — sin nfuy,)—

r r2
n?sin’ @ ) . 9 .
—————(cos nfuy, + sinnbuy,) | + g2(t) [sm 0(cos nbuy e + sin nbugy,., )+
.
n sin 26 . cos? 6 ' (5)
+ (cos nbusy, — sin nbuy,,) + (cos nbuyy, — sin nfug,, )+

nsin260 . 2

n .
52 (sin nOuy,, — cos nfug,) — — cos? 0(cos nfuy, + sin n@uzn)l — cos nOu—
r r

in 6
— sin nBuay,; + dy |:COS 0(cos nOuyy,, + sin nfugy,,.) + nom (sin nfuy, — cos n9u2n)} +
r

n cos 0

+ds [sin 0(cos nbuyn, + sin nfugy,,) + (cos nfug, — sin n@uln)] +

+e(cos nfuy, + sinnbug,)} = 0.

Teneps nosydenHoe Boipaxkenue (5) cuadasa ymuoxkuMm Ha p(f) # 0, a 3aTeM mpomHTE-
rpupyem ot 0 10 27. [locse HeCI0KHBIX TTPEOOPA30BAHUI IOy YUM PJT

(g1 + 92)

1 - 1
5 P10 (Ulow + —U10r) — pProUior + —(91 gZ)dlo (UIOTT — —U10) +
r 2 r

Z{M

9 pjn(ujnrr+

6)
1 n? (91 — 92) 1 n’? (
+;anr - ﬁujn) = Pinljnt + " djn | Ujnrr — ;anr - ﬁuj” +

2
(92 - gl)n Ujn
T in ( gnr T #) + ajn(rv t)ujm“ + Cjn(ra t)u]n = 07

n=1 1

—|'Cl1()(’l“, t)umr + 610(7’, t)ulo + Z {

_|_
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e
2 21 27

pin = [ p(0) cosnbdb, ps, = [ psinnbdo, di, = [ pcos26 cosnddo,
0 0 0

2 2 2

don, = [ pcos20sinnfdf, ey, = — [ psin20sinnfdh, eq, = [ psin 26 cos nfdo,
0 0 0

21 21
a1, = [ p(dy cos@ + dysinf) cosnbdh, as, = [ p(di cos b + ds sin 6) sin nfdb,
0 0

nsin nd

2T
cin=[p {(dl sin § — dy cos 6) + e cos ne} do,
0

r

ncosn + esinnH} dd, n=0,1,....

27
Con=[p [(dz cos @ — dy sin )
0

r
Jlastee, paccMOoTpuM OECKOHEUHYIO CUCTEMY cuctemy juddepeHnnaabHbIX ypaBHEeHNH

1 t) + t
g(t)p1o (ulorr + ;Ulor) — protror =0, g(t) = Ma (7)

1 u; go — g1)d U10r
Q(t)l)jl <Uj1m~ + ;ujlr - %21) — Proljie = M (ulorr - ;0 > — a10U10r — C10U10, (8)

2
1 n? (g1 — 92)djn 1
g(t)pjn Ujnrr + ;Ujm" - ﬁujn — PinUjnt = _TJ Ujn—1rr — ;an—lr_
B P T Y S et Q)
7’2 jn—1 r jn—1 gn—1r 27a

—Ajin—1Ujn—1r — Cjn—1Ujn—1, ] = L2, n=2,3,...

Herpynuo mokasars, 4to eciu {u1g, Ujn}, j = 1,2, n = 1,2, ...— pemrenne cucremsr (7)-
(9), To oHO sIBJIIeTCH U perenneM ypasraenust (6).

Hanee, yuurbBag OpPTOrOHAJBHOCTH [4] cHCTeM TpUrOHOMETPHUECKUX —(DYHKITHI
{%, cosnf,sinnd, n = 1,2,...} wa orpeske [0, 27| u3 Kpaeporo ycyiosus (3) B cuiy (4) Oy-
JIEM MIMETh

u10(7, B) = p210(7), u10(1,t) = a10(t), (10)
ujn(ra 5) = 902jn(T)7 u]n(lat) = w2jn(t)> ] = 17 2a n = 1727 e (11)
27 27
1 1
wa10(r) = — [ a(r,0)dl, ©a10(t) = — [ ¥a(t,8)db,
27r0/ 27T0/

2

27
Ya1n(r) = %/gog(r, 0) cosnfdl, ey, (t) = %/wg(t,ﬁ) cosnfdo,
0 0

2m 2m
1 1
Yoon(r) = —/902(7“, 0) sin nfdf, o, () = — /1/12(15,9) sinnfdf, n =1,2,....
T
0

0

3
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Taxkum obpaszom, 3amada (1),(3) cBemena K cucreme 3aja4 Jyis ypasaenuit (7) -(9) ¢ gan-
ubivu (10) u (11). Teneps OyieM HAXOIUTH pelieHnst STUX 3ajad. HeTpyHo 3aMeTuTh, ITo
KazK/10e ypasHenue cucreMsl (7)-(9) MOKHO IPE/ICTABUTD B BH/IC

1 n?
o0) (ke + Tk = ) = e = £, (12)

rjie f,(r,t) onpenessaoTes U3 MpeIbl Iy X YpaBHeHU 9T0ii cucrembl, mpu 3toM fo(r, t) = 0.
B [5] nokazana, aro kpaesbie 3a1a4u s ypasaerus (12) ¢ yemousimu (10) u (11) mmeror
eIMHCTBEHHDIC PEIIeHNUS.
Crenosarenbio, cHadasa permms 3agady (7), (10) (j =1, n = 0), a 3arem (8), (11)
(j=1,2, n=1) ur 1 Haiizem nocjieroBaTeabHO Bee Uig(r,t), up(r,t), j=1,2,n=1,2,....

I/ITaK, IIOKa3aHO, 9TO
27

/,O(H)Lludé =0. (13)
0
[Iycrs f(r,6,t) = R(r)p(6)T'(t), npuuem R(r) € Vg, Vo— mwioraa B Lo ((0, 1)),
p(8) € C>((0,27))— mnorna B Ly((0,27)), a T(t) € Vi, Vi— mnorna B Ly((3,0)). Torma
f(r0,t) e V.,V =V, ® (0,2r) ® Vi— mwiorna B Lo(€25) [6].

Orciona u u3 (13) cremyer, aTo

/f(r, 0,t)LyudQlg =0

Qp

Lyu =0, Y(r,0,t) € Qp.

Takum obpasom, pemtennem 3agaqdn (1),(3) B obmacru Qg sBisierca bynkmus (4), rue
uo(r,t), ujn(r,t), 7 =1,2, n = 1,2, ... OUpeIeISIOTCS U3 IPEJBLIYIINX IBYMEDHDIX 3a/1ad.

YunreiBasi orpanudenusi Ha kodddunuentsl ypasHenus (1) u Ha 3ajanHBE (YHKIUT
a(r,0),19(t, 0), aramornaso, Kak B [3], MOXKHO MOKa3aTh, 9TO MOJIydeHHOe perierne (4) mpu-
najyiexxut kiaccy C(Qg) N C2(Qp).

Hasee, u3 (4) nmpu t — —0 umeem

u(r,0,0) = 7(r,0) = uip(r,0) + Y (u1,(r, 0) cos nd + ugy, (1, 0) sinnd), (14)
n=0
pu stom 7(r,6) € C(S) N C?(9).
CreoBaTesibHO, yauThIBast Kpaesble yeopus (14) u (2) npuxonum B obsractu €, K 3ajate
Jupuxiie 11 BBIPOKIAIOIIUXCS SJUTAITHIECKAX Y PaBHEHUI

2 2
Lou = sz(t)uxm + p3(t)uy + Z a;(z, t)ug, + b(x, t)us + c(z, t)u = 0,
i=1 i=1
C JaHHLIMU

= wl(t,e), u

Fa

= ¢2(T7 0)7

Oa

u‘s =7(r,0), u

KOTOPOE MMeeT eJIMHCTBEHHOE perrenue [7).
Ciie10BaTesIbHO, PA3PEIIUMOCTh 3a/1a9i 1 yCTaHOBJICHO.
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4 3akJjroyeHue

B pabotre /18 TpeXMEpPHBIX SJLITUITUKO-TIapabOInIeCKUX YPaBHEHU ¢ BHIPOXKJICHUEM THIIA 1
HOPSAIKA B IUINHIPUICCKONR 00JIACTH IOKA3aHO PA3pelInMOCTh U MOJIyUeH SBHBIM BUJ KJIacC-
CHUYECKOro perienusd 3ajadu Jupuxiie.
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O paBHOMEPHOI1 OlleHKEe CHU3Y pelleHuii HeJIMHEITHON CUCTEeMBbI
auddepeHInaIbHBIX ypPaBHEHUIA

MeTo10M 1IEPBOTo MPUDJIMXKEHUsI UCCIIeIyeTCs HeJInHeliHas cucreMa audpepeHImabHbIX ypaBHe-
HUII B KOHEYHOMEDHOM BEKTOPHOM IIPOCTPAHCTBE. PaccMarpuBaercsi cucremMa mepBoro mpudJimxKe-
HUS T.€., JUHeHas cucreMa nudepeHInaIbHbIX YPABHEHNN C HEIPEPHIBHBIMU U CTPEMATIIUMUCS
K HyJTI0 Koaddurmenramu Ha 6eckoHedHOM poMexkyTke. Ocobble moKa3aTe i JIMHEHHON CHCTeMbI
b depeHInaIbHbIX yPABHEHH B 9TOM CJIydae MPUHAMAIOT KPUTHYECKHE T.e., HyJIeBble 3HAYe-
HUS, TTOITOMY JIJIsI TIPUMEHEHUsT ABJISIIOTCA HETOAHBIMU. B paboTte ompeessiercss 0000IeHHbII 0Co-
ObIil HUXKHMIT [TOKa3aTe b JIMHEIWHON cucTeMbl 1udhepeHInabHbIX yPAaBHEHUI ¢ HEIIPEPhIBHBIME U
CTPEMSIIIIUMUCS K HYJI0 Koadunmenramu. [IpuBoaurcs sKBUBaIeHTHOE OIpeiesieHne 0000IIEeHHO-
o 0cOOOTO HMKHETO TTOKA3aTe Isl TUHEHHON crcTeMbl uddepeHITNaIbHBIX YPABHEHUI C HEIPEPHIB-
HBIMI U CTPEMSIIUMUCS K HYJI0 Kodddunuentamu. [Ipumenss 0000IIeHHbBIN HIKHIIT 0COObIi O~
KazareJib JUHEHHO cucteMbl JuddepeHnuaibHbIX YPABHEHNN ¢ HEITPEPBIBHBIMU U CTPEMSIIITAMUCS
K HYJII0 K03hUIMEeHTAMH, [TOJIyIeHa PABHOMEPHAsT OIEHKA CHU3Y PeNieHuil HeJIMHEHHON CHCTeMbI
b depeHuaIbHbIX yPAaBHEHHII B OIPEIEJIEHHOM KJIACCe HEJIMHENHBIX IuddepeHInalibHbIX Ch-
creM. [IpuBejieHo JI0CTATOYHOE yCJIOBHAE HEYCTONYNBOCTU HYJIEBOI'O PEIIEHUs] HEJIMHENHOM CUCTEMbI
b depeHITnaTbHbIX yPABHEHUIA .

KimtoueBsbie ciioBa: juHeitable auddepeHaibHble CACTEMbI, 0CODbIE TOKA3aTe/N, HEJTNHETHbIe
muddepeHnmaIbHbIe CHCTEMbI, OTIEHKa PEITEeHNI.

Moldabek Zh.T, Aldibekov T. M
The uniform lower bound of solutions of nonlinear system of differential equations

We study non-linear system of differential equations in finite-dimensional vector space with the
method of the first approximation. A system of the first approximation were considered, i.e. a
linear system of differential equations with continuous and tending to zero coeflicients on infinite
interval. Singular exponents of a linear system of differential equations, in this case taking the
critical ie, zero values, so are unsuitable for use. The paper defined the generalized special lower
rate of a linear system of differential equations with continuous and tending to zero coefficients. We
present an equivalent definition of a generalized special low index of a linear system of differential
equations with continuous and tending to zero coefficients. Applying a generalized lower specific
indicator of a linear system of differential equations with continuous and tending to zero coeflicients
obtained uniform lower estimate of solutions of differential equations solving the nonlinear system
in a certain class of nonlinear differential systems. Powered sufficient condition for the instability
of the zero solution of nonlinear differential equations.

Key words: linear differential systems, singular exponents, nonlinear differential systems, bound
of the solutions
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Mosabek 2K.T., Angudekos T.M.
ChI3BIKTHI eMec audepeHnAIAbIK, TeHAeyIep »XKyiieciHin 1menriMiHig ToMeHHeH 6ipKaJIbIIThI
OaraJsiaybl

AKBIpJIBI ©JIIIIeM/Il BEKTOPJIBIK, KEHICTIKTE CBHI3BIKTBI €MeC TeHJeysep »Kyiieci OipiHmm KybIKTay
omicimen 3epTresemni. Bipinmii XKybiKTay »Kyiieci, arHu Iekci3 apasbikTa KoddduieHTrepi y3imtic-
i3 yKoHe HOJITe YMTBIIATHIH JuddepeHITHaIbIK, TEHIEYIEP/IiH ChI3bIKTHI XKYeci KAPACTHIPHLIAIHI.
HuddepeHuali bk, TeHIeYIePIiH ChI3bIKThI 2KYHeCiHIH epeKIie KopceTKirrepi OyJ1 2Kariaiiga chbi-
HU, SFHU HOJIIIK MOH KaObLIJaraHIbIKTaH, KOJIIAHYFa KapaMChl3 00JIbII Kasaabl. 2K yMbicTa Koad-
durenTTepi y3igicci3 :KoHe HOJITe YMTHUIATHIH JuddePeHINAIbIK, TeHIEYIeP/IiH ChI3bIKTHI KYii-
eciHiH »KaJmblIaMa epeKIlle TOMEHIT KOpCeTKimm aHbiKTaaaabl. Koaddunentrepi ysimiccis xome
HOJITe YMTBUIATHIH ChI3BIKTHI AuMdMepeHnaIbIK, TeHIEYIEP/IiH KYHEeCiHIH KaJIbLIaMa epeKIie
TOMEHT1 KOPCETKIIIIHIH 9KBUBAJIEHTTI aHBIKTaMaChl 6epiieni. Koadduienrrepi y3imiccis xKoHe HOJI-
re YMTBLUIATBIH CBI3BIKTHI MM OEPEeHITUAIBIK, TeHIEYIEP/IiH, XKYIeCiHiH XKaJbljIaMa €PeKIe To-
MEHT1 KOPCETKIIIIH KOJIAHy apKbLIbl nuddepeHITnaiIblK TeHIEYIePIiH ChI3BIKTHI eMeC KYyHeciHin,
MIETTiMIEPIiHIH CHIBBIKTBI eMec Kyheaepain Oesrisi KIachblHIa TOMEHHEH OipKAJIBIITHI Oaraiaybl
aneiaanl. JInddepennuaiipik, TeHIeyaep iH ChI3BIKTHI eMec KYHeciHin HOIK mentiMiHiH OpHbI-
KCBI3JIBIFBIHBIH, YKETKITIKTI MapThl KeJITipiarex.

Tyitin ce3zep: cbBLIKTH JuddEepeHITNAIBIK, KYiiesep, epeKiine KOPCETKIITeD, ChI3bIKThI eMeC
muddepeHInabK XKyiieaep, MentiMIepais oaraiayaapsl.

BBegenne

B pabore MeTo10M 11epBOTO NPUOINZKEHUS UCCIIeIyeTcs HeJlmHeiiHasa cucreMa, auddepen-
MaJbHBIX yPaBHEHUI MJIM BeKTOpHOE JindepeHImaibHoe ypaBHeHIE

j]:F(t,CL’),ZEERn,tZtO

rie F(t,x) HempepbIBHASL 110 TIEPBOMY apryMeHTY U HEIPephIBHO judddepeHnupyemast 1o
BTOPOMY BEKTOPHOMY apryMeHTy BeKTopHas dyHkiws. [Tpeanonaraerca F(t,0)=0. Bekrop-
Has ynknus F(t,X) 10 BEKTOpHOMY aprymeHnTy passaraercs B Touke Xx—=0 1o dbopmyste Teii-
70pa u BekTopHoe ypasaerue (0) cBOAUTCsI K BEKTOPHOMY i DepeHIuaibHOMY Y PaBHEHUIO

t=Alt)x+ f(t,x),x € R",t € I = [tg,+0), f(t,0) =0 (0)

Kak mpasumjio, paccMaTpuBaeTcsd JIMHEHas OJIHOPOJIHAaA cucTeMa juddepeHImaIbHbIX
YPaBHEHUI WU CHCTEMa IIEPBOTO TTPUOIUKEHUS

i =AMz (00)

Cpe;u/l Pa3/IMIHbIX aCUMIITOTUYICCKUX XapPaKTEPUCTUK JIMHEMHOM CUCTEMBI OTMETHUM BepxHee
u HuzKHee ocobble mokasaresn. Ocobble okazaresn guneiinoil cucremsl (00) ¢ HEIPEPBIBHBI-
MU U orpaHudeHHbIME Koadbdunmentamu nzsecthbl u3 pador K.I1. Tlepcumickoro [1]. Ocobbie
[OKa3aTe i MPOYHBI IPU MAaJIbIX BO3MYIIEHUSIX, IIO9TOMY HAXOIAT IIMPOKOE IIPUMEHEHHUs B
TEOPUU YCTONIUBOCTU U B JAPYTrux obyactsx. [lo3zke cTaso u3BECTHO, YTO ITH XapaKTepUCTU-
KI I10JT HA3BaHUEeM HHJIeKC Obun BBesieHbl B padote (2] I1. Bosb, HO ocTasack He3aMedIeHHOI.
[Toapobroe u3moxemnue Teopun 0coOLIX mokaszareseit mveercs B [3]. M.I. Kpeitnowm [4] ocobere
IoKa3aTe/ Il PaclpoCTpaHeHbl K anddepeHnalibHbIM ypaBHeHnsIM B BamaxoBom mpocrpaH-
CTBE U HA3BIBAIOTCsI T€HEPAJILHBIMU [TOKA3ATEIAMI, TaM YKe NMeeTcst HebOoJIbINoit 0630p. Mme-
ercst 0630p B [5]. B [6] ocobbre mokazaresm B KOHETHOMEPHOM POCTPAHCTBE PACIPOCTPAHEHDI
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Ha JuHeiiryto cucremy (00) ¢ HEIPEPBIBHBIMU U HEODaHUIEeHHBIMU Kodhdurmenramu. Jlan-
Hasi paboTa SIBJISeTCs TIPOJIOJIZKeHneM paboTh [7], re ocobble moKazaTe i B KOHETHOMEPHOM
IPOCTPAHCTBE PACIIPOCTPAHSIOTCS Ha JinHejiHble cucteMbl (00) ¢ HePepPBIBHBIME 1 CTPEMSIIIH-
mucs K HyJo Koaddurmentamu. B arom ciyuae cucrema nepsoro npubimkenust (00) nmeer
HYJIEBBIE OCODOBIE ITOKA3ATEJIN, TIOITOMY JIJIs UCCJIEJOBAHUS 9TU CUCTEMbI OHU HEACKBATHDI.
ZL.HH uccjieJJoBainusd TaKuX CUCTEM T.€., B KPUTUYIECKOM CJIydae OCO6I)IX IIoOKa3aTeen BBOJATCA
0000ITIEHHbIE 0COOBIE TTOKA3aTE/ I U UCC/IeIyeTCsd HeJIMHelnble cCucTeMbl JTnddepeHimabHbIX
YPaBHEHUN.

ITocTanoBka 3amadn

OrnpenenTh 0000IIEHHBIE HUXKHHE OCOOBIE IMOKAa3aTean JUHEHHBIX cucTeM Jauddepen-
[AAJbHBIX YpaBHEHHUI. YCTAHOBUTH PABHOMEPHBIE OIEHKU CHU3Y PENIeHUN HCIIOJIH30BAHIEM
0DODIIEHHBIX HUXKHUX OCOOBIX TOKAa3aTesell B OIPEJIeIEHHBIX KJIACCAX HEeJMHEHHBIX CUCTEM
muddepeHnmaabHbIX YPaBHEHUN. YCTAHOBUTE, 9TO 0000IIEHHbIE 0COObIE IMOKA3aTE/ N SABJISA-
10TCs1 D0JIee YCTOMIMBBIMU XapaKTePUCTHKAMU cucTeM M pepeHIua bHbIX yPABHEHMIA.

bf Jluneitabie cucTeMbl U orpe/ie/ieHust 0O0OIIEHHOI0 HUYKHETO 0CO00T0 MTOKa3aTe sl WiIn
0cobOro ToKa3aTesss OTHOCUTEIHHO (.

I1. Bonb, uzydas Borpoc 06 yCTONIUBOCTH IIPU ITOCTOAHHO JIEHCTBYIOMNX BO3MYIIEHHUSIX
HpuUIle/l K TOHATUIO UHJIeKca. VHaeke oTndaeTcs 3HAKOM OT BEPXHEr0 0CODOro IoKasaTe-
s BeegeHHbiM KUII. [lepcupckum. Huxkanit ocobwbiit nokasaress 1. Bosib He paccmarpusadt.
I1. Bosib ycTaHOBMJT YCTOWYIMBOCTD BEPXHETO OCOOOIO MTOKA3ATE s TIPU MAJIBIX BOZMYICHUSIX.
K.II. Ilepcuackuit nmpuiiies1 K MOHATHIO BEPXHET'O 0CODOT0 MMOKA3aTe/Isd, B CBA3U C M3YICHHEM
BOIIPOCa 00 ACHMIITOTUYIECKON YCTOWIMBOCTU PEIIeHU HeJIMHEITHBIX KOHETHBIX CUCTEM ypaB-
HEHUl ¢ HeCTAIIMOHAPHON IJIaBHOM JinHelHO# YacThio. Clie/lyeT OTMETHTD, UTO PACCY K JICHUS
1. Bousa, ormmuatored ot paccyxaenuit K.I1. Ilepcuyickoro. M.I'. Kpeitn pactpoctpanut mo-
HsTHE 0COOOTO MTOKa3aTe/ s Ha, IMHEHBIE OJTHOPO/IHbIE YPABHEHNUA C ONPAHUYEHHBIM TIepeMeH-
HBIM OITepATOPHBIM KO3 @PUITMEHTOM B DAHAXOBOM ITPOCTPAHCTBE U BBISICHUJI POJIbL OTPUIIA-
TEJIBHOCTH TIPU U3YYEHUU OTPAHUYEHHBIX PEIICHUNl HEOHOPOIHOIO YPAaBHEHUs ¢ OTPAHUYICH-
HBIM CBOOOJIHBIM djieHOM. B janHoit pabore ucciemayercs auddepeHimaabHble CHCTEMbI, st
KOTOPBIX HOHSITHs OCOOBIX IMOKa3aTreseil He mpuMeHuMbl. OIpe/ieisgioTes aleKBaTHbIe aCHMII-
TOTUYECKNE XaPAKTEPUCTUKU B TaKUX cClIydadx. Panee m3ydasnchb, Kak IMPaBUIO BEPXHUE
OIICHKM pelenunii. B jannoii pabore mojiydeHa HUKHsAS OIEHKa perteHuil uddepenimaib-
HBIX CHCTEM B OIIPEJIEJIEHHOM KJIacce HEJIMHEHHBIX cucTeM jTuddepeHnnaabHbIX yPaBHEHUIA.
PaccmatpuBaercs smneiinasi oJiHopo/iHas cucteMa jTuddepeHnnaabHbIX ypaBHEeHN

t=A{t)x, v R", t>t (1)
rie marpuna A(t) HempepbIBHA ¥ YIOBJIETBOPSET YCIOBUIO

A @) | < Cagp(t), t =ty (2)
rie C'4—HOCTOsIHHAS, 3aBHUCAIIAs OT BEIGopa MaTpuIl A, ¢(t)— M0I0KATeIbHAS HEIIPEPBIBHAS
dbyHKIMSA HA TPOMEKYTKE [t, +00] Takas, 9TO tliglo ©(t) = 0 u unrerpan I(p) = ;{O(p(s)ds

PacxXoauTcCd.
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O603HaYUM
g(t) = / o (s)ds. (3)

Onpepesienne 1. [Tocrosianas n(q) HazpBaeTCst 0OOOIMIEHHO HUKHEH OTHOCHTEIBHO ¢ /IS
cucrembl (1) ¢ ycnoBuem (2), ecu jyist go6oro € > 0 jist BeceX HEHYJIEBBIX pereHuii (i)
cucreMbl (1) OCYIIECTBIISIFOTCS ONEHKH

dn,z—:exp{[n<Q) - g]Q<t)} < |.7}(8)‘ (4)

Juist Bcex t > s > 1y, rue d, . —KOHCTANTa, 3aBUCsAllasd oT BbiOopa €, n(q) n dynkius ¢(1)
omnpeiesiena 1o ¢gopmyiie (3).
MmuozkectBo {n(q)} 0600meHEbIX BepxHUX dyHKIHMIT cucreMbl (1) HA3bIBACTCA HUKHUM KJIac-
com cucrembl (1) orHocuTesbHO U 06o3HATaeTCst cuMBoIoM Hy (A, q).

Onpenenenne 2. Yucio

wo(A,q) = sup  n(q) (5)
n(q)€Ho(A,q)

Ha3bIBAETCs 0OOOIEHHBIM HUZKHIM OCOOBIM MOKazaTeseM cucreMbl (1) ornocuresnbho ¢(t).
IIpumeuanne 1. Eciin paccmaTpuBatoTcst JinHeiHbE ciCcTeMbl (1) ¢ HelIPePBIBHBIMU OrDaHI-
yeHHbIMU KOd{durentamu 6e3 yeaosus (2) u q(t) = t, 1o 06obIeHHbIe 0COObIe TOKA3ATEIH
[peBpaIaoTcs B 9UCiIa, BBejieHHble Bosem-Ilepencknm.

BameruMm, urto st Jsioboro € > 0 cymecrsyer d. > 0 u jyist marpunpsl Komw jmHeiiHoit
cucrembl (1) ¢ ycaoBuem (2) BBINOTHAETCH HEPABEHCTBO

deloa=ella=atto)] < | X (¢ 1,)| (6)

pu Becex t > ig.

IIpumeuanmne 2. Ocobbie mokazaresn Boss u [lepensckoro cucremsr (1) yaoBieTBopsito-
e ycsoBuio (2) paBHBI HYJIO, T.e. UMEIOT MeCTa KPUTHIECKUE CJIydan. 3aMEeTHM, 9TO JIst
06OBITIEHHOTO HIZKHETO 0CODOT0 MoKa3aTe ist CUCTeMbI (1) OTHOCUTENBLHO ¢, YOBIETBOPSIIOIITE
yCJIOBHUIO (2) MMeeT MeCTO PaBEHCTBO

o X
w(dq) = lm =rs="r

(7)

B camom sieste u3 (6) BbITEKaetr, 4To Jyist Ji06oro € > 0 jyis Beex t > s > to BBIIOJIHAETCS
HEePaBEHCTBO

Ind. In | X(¢,s)]
———— 4 wo(Ad,q) —e < ————
a0 —a( DTS o)
CJie/10BaTe/ILHO, UMEET MeCTO HepPaBeHCTBO
In | X (¢
Jy = lim In | X(#, 5)| > wo(A,q) —¢

t—s—o0 (1) — q(s)
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Orcrosia yerpemiisist € — 00, MOJIyvIaeM HepaBeHCTBO

WO<A7 Q) S v (8)

O6paTHO, Tak Kak
. In|X(¢,5)]
vy= lim ————=
t—s—o00 q(t) — q(s)
To, Jist Joboro € > 0 cymectByer t — 5 > 0 u Jyia Bcex t — s > t — 5 > () BbIIoJHsAETCA
HepaBEeHCTBO
q(t) — q(s)

[ X(t,5)] = exp[(y —€)(q(t) — q(s))]

i Beex t — s >t — 35 > 0. YuursBasg 0Tpe3ok [lg, t], nomydaem, uro miag € > 0 cyrme-
creyer d. > 0 u masa marpuiel Komm suneiinoit cucremsr (1) ¢ ycroBueM (2) BBIIOJIHACTCS
HEPABEHCTBO

njimn

| X (t,s)| > d_eO)a®)—a(s))

npu Beex t > s > ty. Tak Kak auciio wy(A, ¢) TouHast BEpXHsisi TDAHb IHUCEJT OCYIIECTBIISIIONIEe
TaKyIo OIEHKY, TO UMEeT MeCTO HEPaBEHCTBO

wo(A, q) 2 (9)

B cuny (8) u (9) umeer mecto pasencrso (7).

Henuneiinas cucrema nuddepeHimaabHbIX yPaBHEHUN U OLEHKA CHU3Y pelle-
Huii B kiacce L(p(t)).

Paccmorpum nenmuneitnyo cucremy auddepeHnnaabHbIX ypaBHEHU T

t=A{t)x+ f(t,z) t €= ty;+00), €R" (10)

riae marpuna A(t) HenpepbIBHA TIpH ¢ > to U yJIOBJIETBOPsieT YCJIOBHUIO (2), BEKTOpHAas (DYHK-
st f(t,x) HenpepbiBHa B obsactu G = I x R™ u f(t,0) = 0.

O6osnaunm 1gepe3 L(p(t)) ximace BeKTOpHBIX dbyHKuii f(f, ) yI0BICTBOPAIONNX HEPABEH-
CTBY

[f (@t x)] < 6(t)l, (11)

rJie HOpMa BO3MYIIEHUsI, HellpepbiBHAs GyHKIWs O(t) npu ¢ > ty YAOBIETBOPSET YCJIOBUIO

b
Jdim 2oy =0 (12)

Teopema 1. Eciin B HenmmHeitHoii cucreme auddepentmanbabix ypasaennii (10), aist cucre-
MBI TtepBoro npubsmzkenust (1) Beimosmnsercs yenosue (2) u Bosmymienus f(t,z) € L(p(t)),
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TO 1151 J106oro € > 0 cymiecrsyior d. > ) Takoe, 9TO JJIst BCEX HEHYJIEBLIX PEIICHUIT CHCTEMBI
(10) paBHOMEDHO BBIMOJIHSIIOTCSI HEDABEHCTBO

2(t)] > dgyx(to)’e[wo(A,q)fs}[q(t)fq(to)]
upu Bcex t > tp.
JlokazaTebCTBO

Kax uzBecTHO, perenus HeqmHeiiHO cucteMbl nuddepernnaababix ypapaenuit (10), yio-
BJIETBOPSIIOT yPaBHEHUIO

2(8) = X (o) 2(to) + / X(t,8) f(s, o(s))ds. (13)

Badurcupyem ¢ > 0. 113 (6) BoITeKaeT HEPABEHCTBO
| X (t,t0)| > do, eloA0—=lla®—a(to)] "

e
e1=¢/3,1>d.,, >0

Ucnonbzyst (11) u (14) onenuBas o zHopme (13) mosryduM HepaBeHCTBO

t

|2 (t)| > de, elotba=lla®matol | 1) / | X (2, 5)|0(s)|x(s)|ds (15)
to

npu Beex t > s > ty. U3 (15) BbITEKaeT HEPABEHCTBO

t
oA ==1la(®) |1 (4)| > dgle_[wo(A’q)_gl]q(to)|fL’(t0)|—€_[wO(A’q)_€ﬂq(t)/|X(t,5)’6(8)|$(8)‘d8 (16)

to

ITonoras
a(t) = e~ oo —ela® (17)

u3 (16) mosryunm HEpABEHCTBO B CJIEJYIOIIEM BUJIE

a(t)|x(t)] = de,alto)]x(to)| — a(t)/lX(t, s)|0(s)|z(s)[ds

a(t)]x(t)] + a(t) / [ X (2, 8)[0(s)]x(s)|ds = dz, alto)|2(to)| (18)
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U3 (18) B cuity (14) BoITekaer ciefyomue HePaBeHCTBA

a(t)]x(t)] + a(t) / | X (2, 5)[0(s)|x(s)|ds — de,alto)|z(to)| = alt)]x(t)|+ (19)

t
+a(t) /dale[WO(Aq)_“][Q(t)_q(s)]é(s)|x(s)|ds —d.,a(to)|x(to)] > 0

to
1 paCCMOTPUM HEPABEHCTBO

t
a(t)]z(t)| + a(t) / de, et ==liO=ON5(5) () ds — deyalto)|(to)| > 0 (20)

to

B (20) Bomocum dynxmuio el“o(A0=elal®) y3 nox smaka unTerpata u yanthBag, uro a(s) =
e~ wolAa)=e1lals) 1o ryapm mepasercTBO

t

a(t)z(t)] + a(t) /dela(8)5(8)|x(8)|d8 = dz,afto)|x(to)| = 0. (21)

to

ITostozxum
v(t) = a(t)|x(t)| (22)

Tereps ucro/ib3yst HHTEIPaJIbHOE ypaBHEHNE

Iv)=v(t)+ /daly(s)5(s)d5 -C=0 (23)

to

orernM HepaseHcTBO (21), rne C' = d.,a(to)|z(ty)| xorcranTa. 13 (23) nepexons k mudde-
PEHIUAJILHOMY YPABHEHHIO TIOJTY IUM

v(t) +d.,o(t)v(t) =0
Orcro/ia, MHTErpupys MOIyIaeM, ITO

—fdslﬁ(T)dT
v(t)=Ce 'o (24)

Bamernm, aro npu v(t) > v(t) umeer MecTo
I[VQ] Z I[Vl]
CrenoBaresibHo, n3 (21) BBITEKAET, YTO MMEET MECTO HEPABEHCTBO

7ftd516(7)d7'
a(t)|z(t)] = de,a(to)|x(to)le * (25)
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13 (25) B cuy (17) u yawursiBas, aro 1 > d., > 0 umeem

t t
~wo(Ag)—e1la() ~wo(Ag)—e1la(to) ~J dead () ~wo(A.q)—1a(to) ~J ot
e ’ lz(t)] > de,e ’ [z (to)|e " > d.,e ’ |z(to)|e ‘o
(26)
13 (26) BBITEKAET HEPABEHCTBO
wo(Aq)—e]la(t)—q(to)]— | 6(r)dr
lz(t)] > d,e 0 |z (to)] (27)

I3 (12) BeITEKaeT, 9To cymiecTByer Takoe 1’ > to u s €2 € (0, £/3) nMeeT MeCTO HEPABEHCTBO

0(t) < eap(t)

upu t > T [lostomy B cuity (3) u3 (27) BeITEKAET, ITO UMEET MECTO HEPABEHCTBO

Jlwo(Aq)—21—esldg

[2(t)] = d-,dz,e |2(to)| (28)
T
— [ 8(r)dr
rie d., =e ' > 0.

Teneps, nonaras d. = d.,d., n yauTbiBasi, 9T0 £1+¢£9 < € u3 (28) mosydaeM, 4T0 PABHOMEDPHO
JJTsT BCeX HEHYJIEBBIX pellleHuil cucreMbl (6) MMeeT MecTO HepaBeHCTBO

[z(t)| > de|z(to) |e["J0(Av‘1)—8} [g(t)—q(to)]

nupu Bcex t > ty. Teopema 1 j10ka3aHa.
Jlerko ycranaBmBaeTcs CJeyoliee yTBEepPK/IeHHe.

Teopema 2. Eciu smneiinas cucrema (1) ¢ yeiaoBueMm (2) mMeeT HOJIOKUATENBHBIA 0600~
IEHHBI HUKHUI 0COOBIH TTOKa3aresb T.e., wo(A,q) > 0, To HyJeBOe pelieHne HeJUHEeHHOI
cucremsl auddepentmanbupix ypasaennii (10), te f(t,x) € L(p(t)), aagerca neycroian-
BbIM 110 JIsmyHoBY mpu ¢ — 00.

IIpumeuanue 3. Pesysnbrarsl nosydennsie B pabore |7] u B gaHHOii paboTe MOKA3bIBAIOT,
9T0 0000IIEHHbBIE 0CODbIE OKA3ATEIN BEPXHEe U HIKHEE SABJISAIOTCS YCTONUIUBBIMU ACHMIITO-
THYECKUMHU XapaKTepUCTUKAMU UMD hEPEHIUATBHBIX CUCTEM.

3akJiroueHmue

OrmnpeiesieHbl 0000IEHHBIE HIZKHIE 0COOBIe TTOKa3aTe/ N JTHHEHHBIX cuCTeM JuddepeHti-
aJIbHBIX YpaBHEHUil. YCTaHOBJIEHBI PaBHOMEPHbBIE OIEHKU CHU3Y PEIIeHUIl MCII0JIb30BaHIEeM
00ODIIEHHBIX HUKHUX OCOOBIX TOKa3aTeseil B OIpPeJIe/IeHHBIX KJIACCaX HEJTUHEHHBIX CHCTEM
i depeHImaIbHbIX YpaBHEHUI. YCTAHOBICHBI, YTO 0000IIEHHbBIE 0COObIEe TIOKA3aTE/ N SIBJIS-
10TCA 00JIee YCTOWIMBBIME XapaKTEPUCTUKAMU CUCTeM JTiuddepeHnuaabHbIX yPaBHEHUIA.

BaaromapHocTthb

Pabora BbINIOTHEHA TIPU TTOJJIEPKKE TPAHTOBOTO (DUHAHCUPOBAHKIE HAYYIHON IPOrpaMMbl
Ne311 ot 13.05.2016
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2-6eJ1iM Pazgen 2 Section 2
Mexannuka Mexanuka Mechanics
UDC 621.01

Zhilkibayeva S.*, Utenov M.U., Utenova K.

al-Farabi Kazakh National University, Republic of Kazakhstan, Almaty
*E-mail: saltanatzh.kz@gmail.com

Analytical method of definition of internal forces taking into account the
distributed dynamical loads in links of robotic systems and mechanisms with
statically indeterminate structures

In this paper the technique of analytical determination of internal forces in links of planar
mechanisms and manipulators with statically indeterminate structures taking into account the
distributed dynamical loads, a dead weight and the operating external loads is designed. The
dynamic equilibrium equations for the discrete model of the element under the action of cross and
axial inertial trapezoidal loads are derived. Also, the dynamic equilibrium equations for elements
and joints that expressed in terms of the unknown parameters of the internal forces of elements
under the action of the distributed trapezoidal loads are obtained. The compliance matrix of an
element is received from the expressions of energy for rods, so as the replacement of construction
by a set of discrete elements is based on the equality of the energies of the real structures and
its discrete model. The programs in the MAPLE1S8 system are made on the given algorithm and
animations of the motion of mechanisms with construction on links the intensity of cross and axial
distributed inertial loads, the bending moments, cross and axial forces, depending on kinematic
characteristics of links are obtained.

Key words: Mechanisms, Manipulators, Distributed inertial forces, Internal forces, Dynamic
equilibrium, Linkage compliance, Kinematic parameters, Statically indeterminate mechanisms,
CAD, Animation.

Keinkeibaesa C., YrernoB M.Y., Yrenona K.
KypbUIbIMBI CTAaTUKAJIBIK aHBIKTAJIMAFAH MEXaHU3MJEP MEH POGOTTHI-TEXHUKAJBIK,
XKyiesiepaiH OybIHAAPBIHAAFBI TAPKAJFaH JUHAMUKAJBIK >KYKTeMeJiepAl ecKepir imki
KYIITEP/Ii aHBIKTAY/IbIH aHAJIUTUKAJIBIK 97ici

KypbUIbIMbI CTATUKAJIBIK AHBIKTAJIMIAH KA3bIK, CTEPKEHI MEXaHU3MIEDP MEH MAHUILYISTODJIAD-
JIbIH OYBIHJIAPBIHAAFEL IMIKI KYIITEPI]l TapKAJIFaH JMHAMUKAJBIK KYKTEMeJEP/, CaJIMaKThl KOHe
CBIPTKBI KYIIITEP/I €CKEPIll AaHBIKTAY/IHIH, AHAJIUTHKAJIBIK 9/1ici 93ipseHai. KapKbHIbIIBIKTaApHI Tpa-
mersi TYPiHJje TapaJifaH KeJIJIeHeH »KoHe OOMJIBbIK WHepIMs KYIITEepiHIH 9cepiHie TypraH, Coii-
KeCiHITe, KUMAaChl TYPAKThI »KOHE CBI3BIKTHI ©3I€pPETiH 3JIEMEHTTEP/IH JMCKPEeTTI MOJIEe/bIepiHiH
JMHAMUKAJIBIK, Telle-TeH 1K TeHeyaepi aabiaabl. CoHbIMEH Oipre, 3/IeMeHTTePre TPAIEIUSIBIK Ta-
paJiraH KYKTeMeJIep 9Cep eTKEHJEri MKl KYIITEP/IiH i3/1eliHeTiH TapaMeTpJiepi apKbLIbl ©PHEK-
TeJIreH, IMAPHUPJI KOHe KATaH TYWIHIEP/IiH Tere-TeH K TeH/eyaepi aabiHabl. KypbLIbIMbl CTa-
TUKAJIBIK, AHBIKTAJIMAFAH MEXaHU3MIEP/IiH OYBIHIAPBIHAAFDI iKi KYIITEP/ i aHbIKTAFaHIa, OybIH-
JIAPJIbIH YKAHIBLIFBINTHIK, MATPUIIACBIHBIH, KAYKETTLIr Tya bl. KOHCTPYKIMAHBI JIUCKPETTI 3J1e-
MEHTTEP/IiH, >KUbIHTHIFGIMEH ayBICTBIPY HAKTHI KOHCTPYKITUSHBIH YKOHE OHBIH JTUCKPETTI MOJIEJTIHIH,
9HEPIUsIAPBIHBIH, TeHJITiHe HeTi3AeNTeHIKTeH, JIeMEeHTTEPIIH YKAHIBUIFBIITTHIK, MaTPUTIATIAPHI
CTEPKEHIEP/IiH SHEPTUSICHIH AHBIKTAY YIMH Ka3bLIFAH OPHEKTEPIEH TaObLIIbI.
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Kesrripinren ajaropurm 6oiiimma MAPLELS xyitecinae nporpaMmaliap KypbLIbIl, MEXaHU3MIeP-
JiH Oy BIHIapbIHa KOMBIITAH KOJIIEHEH sKoHe OOMIBIK, TapaIraH MHEPIUs KYIITEPIHIH, HijTy MOMEHT-
TepiHiH, OOMJIBIK KOHE KOJIICHEH KYIITEPIiH KAPKLIHIBIIBIKTAPhl KOPCETIATeH KO3FaJIbIC aHnMa-
MUSIaph AJTBIH/IDI.

Tyiiia ce3aep: MexaHU3MIEDP, MAHUILYJISITOPJIAD, TAPKAJFAH MHEPIIUs KYIITEP], IIKi KyIITep, Iu-
HaMUKAJIBIK, Tele-TeH K, OybIH YKAHIIBLIFBIIITHFB, KUHEMATHKAJIBIK, IapaMeTpJjep, CTATHKAJIBIK,
aHbIKAJIMaFaH MeXaHU3MJIEp, IIPorpaMMasiay, aHUMAaIUus Kypy.

Kunkubaesa C., Yrenos M.V., Yrenona K.
AHajiuTU4YecKuil MeTo onpeaelieHns BHYTPEHHUX YCUJIMM C yYeTOM paclpeaesIeHHbIX
IUHAMUYECKUX HATPY30K B 3BEHbAX POOOTOTEXHUYECKUX CHUCTEM M MEXAaHU3MOB CO CTATUYECKU
HEeOoIIpeAeJIMMbIMI CTPYKTYpPpaMu

Paspaborana merTonka aHAJIUTUYECKOrO OIPE/E/IEHNs] BHYTPEHHUX YCHJINNA B 3BEHbSX ILIOCKUX
CTEPXKHEBBIX MEXAHU3MOB U MAHUITYJISITOPOB CO CTATUYECKHU HEOIIPEIEIMMBIMI CTPYKTYPAMU C yie-
TOM PACIIPEJIEIEHHBIX JIUHAMUYECKIX HAIPY30K, COOCTBEHHOI'O BECA U OT JIEWCTBYIOIINX BHEITHUX
Harpy3oK. BbIBe/leHbl IUHAMUYIECKNE YPABHEHUSI PABHOBECHUs JJIsI JUCKPETHOW MOJIENIN JIEMEH-
Ta TOJT JIEWCTBUEM MOIIEPEYHBIX U MPOJOJIBHBIX HHEPIIMOHHBIX HATPY30K TPAIEIEnIaIbHOrO BU/IA.
Tak>ke BBISBJIEHBI ypPAaBHEHUs] PABHOBECHUs NMAPHUPHBIX U KECTKUX Y3JIOB, BBIPAKEHHDLIE Yepe3
HUCKOMBIE MMapaMeTPhl BHYTPEHHUX yCHUJIMI 3JIEMEHTOB IOJ[ BIUSHIEM PACIIPEIEICHHBIX HAIDY30K
TpaIelenJaJIbHOr0 Bruia. MaTpuisl MogaTInBOCTA 3JIEMEHTA IIOJy9YeHbl U3 SHEPIeTUYECKUX BbI-
pazKeHuit JijIsl CTepKHEH, TaK KaK 3aMeHa KOHCTPYKIIMH COBOKYITHOCTBIO JUCKPETHBIX 3JIEMEHTOB
OCHOBBIBAETCS Ha PABEHCTBE SHEPTUU PEAJTbHON KOHCTPYKIIMH U ee TUCKpeTHON Mojenu. [lo mpuse-
JIGHHOMY aJITOPUTMY CcOCTaBjieHbl mporpammbl B cucreme MAPLELS u moJsrydyens aHuManuu JBu-
JKEHUSI MEXaHU3MOB C IIOCTPOEHUEM HA 3BEHbAX MHTEHCHBHOCTHU IOIEPEYHBIX U IIPOJOJIBHBIX Pac-
IIpe/IeJIEHHBIX MHEPITUOHHBIX HATPY30K, U3TMOAIONINX MOMEHTOB, IIOIIEPEYHBIX U IIPOJOJIBLHBIX CHII,
3aBUCAIINE OT KHHEMATHIECKUX XaPAKTEPUCTUK 3BEHLEB.

KuroueBble cjIoBa: MEXaHU3MbI, MAHUITYJIATOPHI, PACIPeIeIeHHbIE WHEPIIMOHHBIE CHUJIbI, BHYT-
PEeHHHE YCUINd, TMHAMIIECKOe PaBHOBECHE, TIOJIATINBOCTD 3B€HbEB, KHHEMATHIECKIEe TapaMeTPhI,
CTATUYECKN HEOIIPEIEUMbIE MEXAHU3MbI, IPOrPAMMHUPOBAHNE, AHUMAIIHS.

Introduction

There are a variety of graphic-analytical and numerical calculation methods of rod
mechanisms and robotic systems on strength and rigidity, which don’t consider the distributed
inertia forces of complex nature [1-9|. Assur groups, that form the designed scheme of
mechanism, can be statically determinate, and also statically indeterminate in concept of
determination of internal forces. Statically indeterminate group will be those included in the
calculated scheme of the mechanism, which consists of three or more basic joints, and the
links are connected rigidly. In this paper we propose a new analytical approach of solution of
problems of dynamic calculation on strength and rigidity taking into account the distributed
dynamic loads in links of robotic systems and mechanisms with statically definable structures.
The distributed inertia forces of complex nature appear in links of rod mechanisms within the
motion process. The intensity of distribution of inertia forces along the link depends on the
mass distribution along the link and the kinematic characteristics of the mechanism changing
rapidly. Therefore, relations between the intensity of distributed inertia forces and link weight
with geometrical, physical and kinematic characteristics are determined in our work. The
distribution laws of inertia forces and dead weight, make it possible at each position of links
deduce the laws of distribution of internal forces along the axis of the link, in which loads are
found at any point of link. Their maximum values allow to optimize the design parameters
of the link, providing the strength and rigidity of links and, entirely, of robotic systems and
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mechanisms. As internal loads of each continued link are all defined by a set of internal loads in
its separate cross-sections, and by the matrixes of approximations, so the task was to calculate
the internal loads in finite number of cross-sections of elements. As a result, we refer to discrete
model of elastic calculation of links of rod mechanisms. In the work of elastic calculation of
planar rod mechanisms for each instantaneous position of the mechanisms they are brought
to link structures, which degree of freedom is equal to zero based on Dalamber’s principle. For
definition of internal loads in links of designed scheme of mechanism, the structure is divided
into elements, and both pin and rigid joints. This is the first time the elements are divided
into three types of beam. Discrete models of these beams having constant cross-sections
which are under the action of cross and axial the distributed loads of a trapezoidal view
are constructed. These constructed discrete models allow to determine the quantity of the
independent dynamic equilibrium equations, components of a vector of forces in calculated
cross-sections and to construct discrete model of all structure. The dynamic equilibrium
equations for discrete model of an element of the link with constant cross-sections under the
action of cross and axial inertial loads of a trapezoidal view are also received in this work as
well as the equilibrium equations of pin and rigid joints expressed through required parameters
of internal forces. If we integrate the equations of dynamic equilibrium of elements and joints
in a single system, we will receive the equations of dynamic equilibrium of all discrete model
of system. A sort of systems of equations is sufficient for definition of internal forces in links of
mechanisms, which structure is statically definable. The vector of forces and vector of loads in
calculated cross-sections of discrete models of mechanisms are formed from vectors of forces
and vectors of loads in calculated cross-sections of their separate elements, respectively. For
mechanisms, with the Assur groups in its structure and having statically indeterminate links,
the number of equilibrium equations is less than the number of unknowns by the number of
degree of statically indetermination of construction. Hence, for definition of internal forces
of statically indeterminate mechanisms the flexibility matrices were constructed optional for
entire discrete model of rod mechanism. On the given algorithm the programs in the MAPLE
system were made and animations of the motion of mechanisms with construction on links
the intensity of cross and axial distributed inertial loads, the bending moments, cross and
axial forces, depending on kinematic characteristics of links were obtained.

1 Inertia forces and the approximation matrix

Considering the plane-parallel motion of an kth link of mechanism with constant cross-
sections comparatively fixed system of coordinates OXY), the following laws of distribution of
the cross and axial inertia forces along a link, that arise from self mass of a link are defined
[10]:

Q(},) = apg + brgy,

n(z),) = agn + brnl,

(1)

YAy, Tk

YAk YAk _ : _
- €k, Akn = —VpApsinbty — g wkp,bkn =

g g
g%, 0y - an angle, which determines the position of the kth link comparatively fixed system

of coordinates OX'Y, respectively, wy, €; - angular velocity and angular acceleration of the kth

y/
where ay, = YAy cos by, — wkz,bkq =

YAk

link, respectively, wZ;’;, w,::é - components of Py (pole) point acceleration of the kth link put
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on the axis of link and perpendicular to it, respectively, v, - specific weight of material of the
kth link, Ay - square of cross-section of the kth link, g - acceleration of gravity. The obtained
expressions show that the distribution of cross and axial inertia forces along the axis of link
with constant cross-sections is characterized by trapezoidal law. For the kth link, which is
under the influence of axial trapezoidal distributed load (see fig. 1), the bending moments
along the length of element are distributed by the law of polynomial of third-degree.

Mk($§€) = Qo —+ Gl.T;g -+ CLQ(.T;C)Q + CL3<ZC;€)3, (2)
q ( t)=“~+bs¢xlx —
_:—'—_'--"_'_‘r_'_‘_'_'_'_'_
— H’_rﬂrﬂ_’ﬂ_—rﬁ_‘
Ou G
I 5 l %
N \My 1,03 w 4i3 INMg 173 M)

Figure 1 — Axial trapezoidal distributed load acting on the element

Now, let express the bending moments in zj, cross-section through the sought bending
moments My, Myo, Mys, M4 in the cross-sections demonstrated in Fig. 1, respectively. For
this purpose it is enough to express coefficients ag, a1, as, az through My, My, Mg, Mys. As
a result we have [10]:

11 9 9 9 45 27
Mi(y) = [1 = o + 5 (00)* = ] Mia + [—a) — oo (2h)* + g ()| M+
2L, %12 213 noro2r 213 5
9 18 27 1 9 9
=gy () = g () IMis [ = 5 (0)° o+ 5 (131 M

Differentiating My (x}) to x) gives the equation of shear force:

118, 27, ., 9 45, 81 .,

9 36, 81, ,, 19, 21,
R gt My +[— — = = M.

(4)

Let the element be affected by the axial trapezoidal distributed load, except the
distributed shear force. In that case, the axial force in arbitrary cross-section of an element
can be anologously expressed to previous by means of axial forces in calculated cross-sections
as follows:

3
_.Tk‘i_

Ni(z),) = [1 — L

9 4 4 1 2
2 (G N + [~ (@I Via + [~} + (N (5)
2 k b k k

Thus, for the elemnt which is acted by cross and the axial trapezoidal distributed loads,
the approximation matrix connecting interal loads in arbitrary cross-section of the element
with values of internal loads in cross-sections has an appearance:
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hi(ay,)  haa(zy) Ms(@y) hua(zp) 0 0 0
[Hi(x})] = [ har(x})  haa(x)) hos(z)) hoa(zy) O 0 0 (6)
0 0 0 0 h35(l‘;€) th(Iz) h37(l‘;€)

Elements of the first line of this matrix can be seen from the equation (3), elements of
the second line can be seen from the equation (4), and elements of the third line can be
seen from the equation (5), respectively. The given expression of approximation matrix of
loads defines dependence between a vector of forces Si(x},) in arbitrary section of an element
and a vector of forces Sy in the appointed cross-sections. For an element of rod system the
approximation matrix is accurately obtained as it is solved on the basis of known laws of
distribution of sought forces. Note, the equations of the bending moment, the cross and axial
forces (3,4,5) respectively, which are expressed by the same values in calculated cross-sections,
show that for definition of internal loads of each element of the mechanism it is enough to know
values of these loads in final number of cross-sections of each of these elements. Number of
sections in which it is necessary to know values of internal loads, are defined by polynomial
degrees of external actions. Thus, internal loads of each continual link are unambiguously
determined by a set of internal loads in its separate cross-sections and by the approximation
matrixes, therefore, the task is reduced to calculation of internal forces in final number of
cross-sections of elements. Hence, we come to a discrete model of elastic calculation of links
of rod mechanisms.

2 Discrete models of elastic calculation of elements and mechanisms in general

For elastic calculation of rod mechanisms based on Dalamber’s principle, all inertial,
external forces, gravity of links are loaded and the unknown driving moments (forces) are
applied, providing the predetermined laws of motion. If the pin that connects drive link with
the frame will be replaced by rigid fixing, then the structures with zero degree of freedom
are received. For definition of internal loads in links (in elements) of calculated scheme of
mechanism, the structure is divided into elements and joints. The link or its part can act as
the elements, whereas the joints are the pins connecting links and cross-sections in the middle
part, where concentrated external stress is occurred. For definition of internal loads in links
(in elements) of designed scheme of mechanism, the structure is divided into elements and
joints. As an element can be the link or half link, as the joints — the pin that joins adjacent
links and sections loaded by intensive external forces. The process of structure sectioning
is made up from giving function and signs for elements’ calculated sections. While dividing
the elements of calculated scheme of structure into calculated cross-sections and joints, it is
necessary to set what internal relations between elements are remained or removed. If we
reject any internal relations or their combinations in the element, so the element breaks up
to two elements which can turn, move or be removed relatively each other. With the purpose
to prevent it, internal forces-loads have to be applied at the joint rejecting places. Thereafter,
these loads are regarded as primary unknowns. Let’s decompose an element of planar rod
mechanisms on three types of beams, for the convenience of composing of resolving equations
to determine the internal loads in the appointed cross-sections of elements of the mechanism
[10]. The first type is a beam, which both ends are fixed rigidly. Such beams can be the links
of complex link, which are connected rigidly among them.
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/ [

Figure 2 — Beam'’s both ends are fixed rigidly (first type of a beam)

For determination of coefficients of expressions of the bending moment, it is necessary
to know values of the bending moments in four cross-sections, and for determination of
coefficients of expressions of axial force, it is necessary to know values in three sections of an
element. Therefore, we will choose four sections with unknown bending moments and three
sections with unknown axial forces in this beam. Then, by means of conditional schemes with
the corresponding unknown, we will construct discrete model of the considered beam as in
figure 3.

M, M,, M, M,

k1

%K N A
—gfﬁml %f{yﬁ
M, - M.,

Figure 3 — Discrete model of the first type beam under the action of the distributed trapezoidal load

Then the vector of forces in calculated cross-sections of the beam’s discrete model is
expressed by the following vector:

{Sk} = {Mk17Mk27Mk37Mk47Nk17Nk27Nk?)}T' (7>

There is dependence between degree of freedom of discrete model m, number of the
attached external loads n and degree of redundancy of calculated scheme £ [10]:

m=mn—k. (8)

The matter is that total number of loads of calculated cross-sections is counted easily,
and degree of redundancy of calculated scheme is obtained by formula k=3K-III, where K -
number of the closed contours, II] - number of simple (single) joints, k - degree of redundancy
of calculated scheme of mechanism. Degree of freedom of discrete model m determines the
quantity of necessary independent equations of statics.

For instance, the fourth class mechanism that is shown in fig. 4 can be considered as
geometric stable system (see fig. 5), if the rotational kinematic pair of drive link and frame
is replaced by rigid fixing.

To define the internal loads in links (in elements) of designed scheme of mechanism, we
divide the structure into elements and joints (see fig. 6).

For determination whether the system statically indeterminate we use the formula [9]:

k=3K — (9)
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. . )
R oy g

77777 X

A”

Figure 6 — Decomposing of structure into elements and joints

where K- the number of closed contours; [II- the number of simple (single) pins; k- the
degree of redundancy of designed scheme of mechanism. If the rods of basic links 2 and 5
are rigidly interconnected, the number of single pins will be equal to III=6 and k=6, and
this system will be six times statically indeterminate. Now, we construct discrete model
for calculation on elasticity of the fourth class mechanism (see fig. 4). Let all the rods of
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mechanism have stable cross-sections, as well as the rods of basic links 2 and 5 are rigidly
interconnected, as shown in figure 7.

Figure 7 — The discrete model of the fourth class mechanism with stable cross-sections of links and

statically indeterminate structure

Thus, we construct the vectors of forces in calculated cross-sections of links for investigated
mechanism. So we have:

{81} = {My1, My2, M3, N1, Ny2, N13}T; { S5} = {My1, My2, M3, Mo4, Nol, No2, No3} 7
{S5} = {M31, M32, M33, Ms4, N31, N32, N33} 7: {S,} = {My1, M2, M3, My4, Ny1, Ng2, Ny3} 7,
{Ss} = {M52, M53, N51, N52, N53} 7; {Ss} = { M2, M3, N1, N2, Ns3} 7

{87} = {M71, M72, M73, M4, N;1, N;2, N3} T: {Ss} = {Mgl, Mg2, Mg3, Mg4, Ng1, Ng2, Ng3}7;
{So} = {My1, My2, My3, My4, Ng1, Ng2, Ny3} 7.

The vector of forces in calculated cross-sections for discrete model of investigated the
fourth class mechanism has the form:

{S} = {M;1, M2, M3, N11, N12, Ni3, M1, My2, M3, Mod, Na1, No2, N»3,

M1, Ms2, M33, Msd, N3l, N32, N3, My1, My2, M,3, M4, Ny1, Ny2, N3,

M52, Ms3, Ns1, N52, N53, M2, My3, Ns1, N2, N3, My 1, M2, M73, M74, No1, N72, N+3,
Mg, Mg2, Mg3, Mgd, N1, Ns2, Ng3, Mol, My2, My3, Mod, No1, Ng2, Ng3} 7.

3 Dynamic equilibrium equations of discrete models of elements and joints

Let’s remove the equations of dynamic equilibrium of an element. From the attached
concentrated external loads (Qg1, My1) and from the cross trapezoidal distributed loads on
the axis of element, in arbitrary cross-section of x} element, which is expressed through the
sought moments in calculated cross-sections, is solved by the equation (3). If the equations
(2) and (3) will be differentiated three times on z}, then they will be equated and substituted
to value b}, respectively, then the primary equation of dynamic equilibrium of element will
be:
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27 81 81 27 A
_l_g]Mkl + l_3Mk2 - l—ngz + l_3Mk4 S L
k k k k

€. (10)

Relation between the values of the unknown quantities of bending moments in the
calculated cross-sections and geometric, physical and kinematic characteristics of kth element
of mechanism is found. Thus, the second equation is expressed through relation of the sum
of moments of all the acting forces on k - element to center of gravity of k4 cross-section,
(relatively to fig. 1):

l3
lelk + akqfracliZ + bk‘qgk + Mkl — Mk4 == 0, (11)

where Qr = —%Mkl + %MkQ — %ng + iMM, this equations is easy to get, if the value
xj. = 0 is substituted into the equation (4).

Substituting the values Q1 and agg, by, into equation (1), and summing the coefficients
of same name unknowns, and also substituting the known quantities into the right end of the
equation, the second equilibrium equation can be written as:

2

9 9 A oy 12 A, BB
—§Mk1 + 9Mk2 — —ng = (VkAk COS Qk + Tk szlf) k + Tk kﬁk—k

- L (12)

From the axial trapezoidal distributed loads acting on the element, as well as from the
force Ny of kI cross-section, in the x} cross-section of element the axial force is occurred,
which can be solved by equation:

/\2
Nk(xﬁg) = Ni1 — Cllmﬂé‘;C - blmM

5 (13)

On the other hand, the axial force in the zj cross-section of the element, expressed by
means of axial forces in the calculated cross-section, has the form (5). Differentiating twice
on zj, the equation (10 and 5), respectively, equating them and substituting the value by,
the third equation of equilibrium can be expressed as:

4 8 4 A
l—2Nk1 - l—QNm + Z—QNk:a — e
k k k

w;. (14)

Projecting all forces acting on the kth element on the 2 axis and substituting the values
Qgn, ben, the third equation of equilibrium is found. Thus

A, A
Vi Ak k>lk_7k kWQZk (15)

—Ni1 + Nig = (1 Ag sin 0y, + Wit

Obtained system of equation, which consists of equations (9), (11), (13) and (21) are
assembled in a matrix form as:
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[A]{Sk} = {Fi}, (16)
where
Zy o0 0
§ 4 § 4
- 9 —5 0 0 0 0
[A] 2 2
0o 0 0 0 % —-% %
k k k
0 0 0 0 -1 0 1,
{Si} = { M1, Mya, My, Mya, Nit, N2, Nis} (17)
li i liyr
{1Fi} = {brg kg bkqg, —bkn, —Qpnly, — bknE} : (18)

Let the two elements j and k£ of mechanism form a rotational kinematic pair, i.e. permit
rotational motion relative to each other. Also let the elements have constant cross-sections
along its length. We cut out a kinematic pair from mechanism with elements’ surrounding
cross-sections, constituting this pair. Then, in the cross-sections of the elements adjacent to
the joint (to the kinematic pair) there are internal loads, as shown in figure 8. There are two
equilibrium conditions for these joints:

' }-'.:

Figure 8 — The pin joint of mechanism with constant cross-sections of elements
The equilibrium equation for considered joint can be described as:

Ny, cos O + Q1 sin by, + Njzcos; + Qj4sinb; = 0;
Ni, sint, — Q1 cos by, + Njzsinf; — Q4 cosf; = 0.
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Further, the values will be expressed by means of sought moments in the calculated cross-
sections of discrete model of the element, for this purpose we use the equation (4), substituting
here the values zj = 0 and z; = I, respectively, hence:

11 9 9 1

= —— My + ~ My — — My + —Mps;
Qr1 o, k1+lk k2 o, k3+lk k4 "
Q4= 1M + ) M 9M + 11M 1)
A P TP P TP

Now, substituting the values )1 and ();4 in the equation (17), the following equilibrium
equations for the joint have an appearance:

( 11sin@ 9sin 9sind sin 0
My + " Mo — " Mys + " Moy + cos 0, Ny —
21, I, 21}, Iy
inf; 9sin 0, 9sin b, 11sin @,
_sin M+ sin iy — sin I M+ &MM + cos;Nj3 = 0
l; 2l; l; 2l;
11cos@ 9cos b 9cos b cos 6 .
—k k1 kMkQ + —kMkS — kMk4 + sin 0, Ny +
0 9 0 9 0, 11 0,
cos JMj1 — &sz + &Mjg — &M]A + sin6;N;3 = 0.

The cross-sections of links can also be rigid joints, the concentrated external loads are
attached here. For example, the concentrated force Py}, Pry; and the concentrated moment
M, are occurred in the G cross-section of kth link (see fig. 9). Then the k-link is divided
into two elements, for kth and ith. If the cross-sections of elements are constant along the
length of the link, then by means of cutting the G-joint out of mechanism, the scheme of
G-joint with adjacent internal loads in cross-sections is displayed below. For this joint it is
possible to write three equilibrium equations that are expressed through sought parameters
of elements.

Figure 9 — Rigid joints of a link with a constant cross-sections of elements, where the external

concentrated forces are applied

4 The matrix of compliance of the element with constant cross-sections under
the distributed cross and axial trapezoidal loads
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The approximation matrices allow defining the physical characteristics of the element,
i.g. the matrix of compliance of discrete element [Dy] [9]. The physical characteristics of the
element can be obtained from the expressions of energy for rods, so as the replacement of
construction by a set of discrete elements based on the equality of the energies of the real
structures and its discrete model. The matrix of compliance of the element is defined by
equation [9]:

(D) = [ () (i 20

s

where [Dy] is a matrix of compliance of link cross-section. For the rods working on bending
and stretching-shrunking the equation (20) is used:

1
o 0 0
_ u
[‘Dkx;c] - 0 GrAg 10
00 mx
; _ . . _ . . _L B . .
where Bilh bending compliance of the cross-section; GiAr displacement compliance

of the cross-section; - stretching-shrunking compliance of the cross-section, [Hy(x})]

1
ER Ay,
is defined by equation (6). Therefore, the overall view of matix of compliance taking into
account the bending, stretching-shrunking and the actions of the distributed cross and axial

trapezoidal loads has an appearance:

81y, 331y, 31, 191,

105E), I, 560E,1,  140Eil,  1680E41y 0 0 0
33l 271 _ 2715 _ 3l 0 O 0
5605, 1% T0E, I 560E5 15 140Ey I
I S 271, 331 0 0 0
T40E I, 5605 15 T0E, Iy 5605 Ix
Dy] = 191, T 33l 81, 0 0 0
kl = | 1680Ex1s 140ExI,  560E)1 105E, I
0 0 0 0 21 T
15E,Ix  15Exly 30Ey 1%
0 O 0 O 21y I g
15Ef1,€ 15,1, 30E, I,
0 0 0 0 S— Ly 2
L 30Erl, 16Epl,  16E Iy |

5 Resolving equations of determination of internal forces

By combining the equilibrium equations of elements and joints into a single system, the
equilibrium equations of the discrete model of entire mechanism is obtained. They can be
written in general form:

[A{S} ={F}. (21)

Such systems of equations are sufficient to determine the internal forces in the links of
the mechanism, which frame includes a statically definable group of Assur. The matrix of
equilibrium equations for the discrete model of mechanisms consists of matrices of equilibrium
equations of their individual elements, as well as the equilibrium equations of their joints.
The matrix of dynamic equilibrium equations of discrete models of mechanisms is as follows:
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[A4] 0--- 0
0 [As] 0
[A] =
0 0 [A,]

Uravn.ravnovesiyauzlov.

For discrete models of mechanisms the vector of force and the vector of loads in calculated
cross-sections are formed by vector of forces and loads in calculated cross-sections of their
separate elements. These vectors have the following vector form, respectively:

{F}y = {R} AR - AR = {Sih AASeh - S (22)

For determination of internal forces of statically indeterminate mechanisms (in the way of
determination of internal forces), it is necessary to build a compliance matrix for the entire
discrete model of the rod mechanism. The matrix of compliance [D] for the entire discrete
model of the rod mechanism consists of the matrixes of individual elements [Dy] [10]. It is
expressed in block-diagonal form:

D] 0--- 0
0 [Da 0

where 7 is a number of the elements of discrete model of mechanism. A formula below is
used to determine the components of the vector of loads {S}[10]:

{8} = [K][A] ([A)[K][A]") " H{F} (23)

[K] = [D]™! is taken into consideration.

Figure 10 — The diagram of axial distributed inertial forces, originated from link weight of investigated

mechanism

Now, for determination of internal loads in links, we give an example of four-bar second
class statically indeterminate mechanism with single drive link as shown in figure 4. The
computer programs for determination and construction of the inertia forces and internal
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Figure 11 — The diagram of cross distributed inertial forces, originated from link weight of investigated

mechanism

Figure 13 — The diagram of axial forces, originated from distributed inertial forces acting on links of

mechanism with statically indeterminate structure

Figure 14 — The diagram of cross forces, originated from distributed inertial forces acting on links of

mechanism with statically indeterminate structure

loads on the links by means of using the MAPLE18 system are made. Therefore, the results
of obtained inertia forces and internal loads for some positions of the mechanism are shown
in figures 10-13.

Conclusion

The technique of analytical determination of internal forces in links of planar mechanisms
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and manipulators with statically indeterminate structures taking into account the distributed
dynamical loads, a dead weight and the operating external loads is designed. The programs
in the MAPLE1S8 system are made on the given algorithm and animations of the motion
of mechanisms with construction on links the intensity of the distributed cross and axial
inertial loads, the bending moments, the cross and axial forces, depending on kinematic
characteristics of links are obtained. The developed technique can be applied in the study of
stress-strain state of the projected and existing mobile and fixed beam systems with statically
definable structures (planar link mechanisms, manipulators, frames, etc.).
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PacnpesiesieHHble ajropuTMbl 1 X BepuduKamnus ¢ IIOMOIIbIO
Byzantine model checker

Kaxknpiit aaropuT™M CHCTEMBI sIBJISIETCS TJIABHBIM Y3JIOM JIJIsI TOCTPOEHUsT HAJEKHBIX PacIpejie-
JIEHHBIX cucTeM. [ljist Toro, 9To0bl OBITH YBEPEHHBIM B TOM, U4TO 3TU AJTOPUTMBI JIEJIAIOT CHCTEMY
boJtee HAJIEXKHOM, MBI JIOJIKHBI TaPAHTUPOBATH, YTO IPEJjIAaraeMble AJTOPUTMbI PabOTAIOT mIpa-
BuwibHO. OJ[HAKO, IPOBEPKA HA MOJIEIN BHEJIPEHHON OTKA30yCTONYMBOCTH PACIPEICTIEHHBIX AJIN0-
puTMOB [1] B IeliCTBUTEIBHOCTH BO3MOXKHO UCIIOJIL30BATH TOJIBKO JIJIs OYeHb MaJIEHbKUX CHUCTEM,
9TOOBI B KOHETHOM HMTOTe UMETh BO3MOXKHOCTH ABTOMATHYECKU IIPOBEPSITH OTKA30YCTOWINBOCTH
pacIIpe/ieJIeHHbIX aJrOPUTMOB Ha OOJIBIIUX cHCTeMaxX. B 9Toil crarbe Mbl PACCMOTPHUM MOJIEJIU-
poBaHne ¥ npoBepky ajropurma "Parsing"meromom Broadcast semanus [2] ¢ momorpo Spin u
ByMC (Byzantine Model Checker [3]). IIpegnaraemsle cBoiicTBa obecrnednBaioT Ge30IACHOCTD H
xkusydectb Ha LTL (Linear-temporal logic).

KirroueBbie ciioBa: paclipejle/ieHHble ajirOpUTMbI, apaJuieibHast mporpamma, ByMC, Model
Checking, Bepudukarusi.

Bektemessov A.T'., Burlibaev A.Zh., Iliyaletdinov F.A.
Distributed algorithms and their verification with Byzantine model checker

Every system algorithms are the main nodes for the construction of reliable distributed systems.
To ensure that these algorithms make the system more reliable, we have to ensure that the
proposed algorithms are working properly. However, check the model implemented fault tolerance
of distributed algorithms [1] in real can be used for very small systems only. To finally, be able
to automatically check the fault-tolerant distributed algorithms on large systems. Since they are
aimed at improving the reliability of computer systems, it is important that these algorithms are
correct and fully satisfy their requirements. Due to different sources of non-determinism is easy to
fail in the arguments of the correctness of distributed algorithms on the level of temporality.
Therefore, they are unreliable material for model checking. Nevertheless, the model checking
method for distributed fault-tolerant algorithm is extremely difficult work. In this article we will
discuss the modeling and verification of algorithm Broadcast "Parsing"by broadcasting [2] with
Spin and ByMC (Byzantine Model Checker [3]). The proposed properties are safety and liveness
in the LTL(Linear-temporal logic).

Key words: Distributed algorithms, Parallel program, ByMC, Model Checking, Verification.
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Bekremecos A.T., Bypiubaes A.2K., Unsanernunos O.A.
Y necripisireH ajsropurMaep *KoHe oJapabl Byzantine mogesnai Tekcepic apKblibl
BepudUKAIASIIAY

2Kyitenin opbip ajropurMepi ceHiMIl yirecTiplireH Kyiiesep/i Kypy/Ja Herisri Tyiingepi 6oJibii
TabbLIaapl. Bysr anmropurMuep KyiieHiH ceHiMi OoryblHA Kemijamaik Oepy yimiH, 06i3 OChl ajiro-
PUTMJIEP JYPHIC XKYMBIC KacayblHa KemJiiik 6epyiMi3 Kaxker. Auraiina, GeKeMIKIIeH Heri3ereH
Y/IECTIpi/ITeH aJIropuTMIepre MOIE I TeKCepic OPbIHIay TeK KilmiripiM Kyitesep yIimin rana 601y bl
moutim [1]. Conrbl HoTIKECIH e, VIIKEH XKyiieieri GeKeMIeJITeH YIIeCTipiireH aaropuTMaep/i aBTro-
MaTThI TYpJEe TeKcepy KaxkeT. Byl ecenrey »KyiiesiepiHiH CeHIMIIIIH apTThIpyFa OarbITTaFaH-
JBIKTaH OJ1 aJTOPUTMJEDP TAJAITAPbIHA Cail JYPBIC KYMBICHIH YKACaybl OT€ MaHBI3IBI. Op TYPJIi
JETEPMIHUCTTIK eMec TYWiHepl YIIH TeMIOpaJsIbl JIeHreiijie YIeCTipireH aaropuTMIAEPAiH KOp-
PEKTLIIK apryMeHTiHe KaTe KeTy oTe oHaii 60aMak. COHIBIKTaH 0JIap MOJE/Ib TeKCepyre CeHiM/Ii
MaTepuaJjiap 60sa ajaMmaiabl. Ajaiiia, yaecTipiires aJropuTMIEP/iH, CEeHIMILIrHEe MOJIE/IbI TEK-
cepy 9JIici oTe KUbIH.

Byn makanama, Spin xxorne ByMC (Byzantine Model Checker [3]) kemerimen "Parsing"anropurmin
Broadcast xabap rtaparymbr [2] omiciMeH Mofesen TekcepyiH KapacThIPAMBI3. ¥ CHIHBLIATHIH
LTL(Linear-temporal logic) kacuerrep Kayincis/ik »xoHe eMipCyprilmTik.

Tyiiin ce3mep: ysrecTiplireH ajropuTMep, napaJesuibal mporpamma, ByMC, Mmoaess i Tekcepic,
BepupUKAIINSA.

BBenenue

[Ipumenenue pacrpejie/IeHHbIX BBLIYUC/ICHUI SIBJISIETCH CIIOCOOOM PEIICHUs TPYIOEMKUX
BBIYUC/NUTENIBHBIX 33/1a1 C UCIIOIH30BAHNEM HECKOJBKIX KOMIIBIOTEPOB, O0bE/INHEHHBIX B T1a-
paJlIeSIbHYIO BBIYUCIUTENBHYIO cucTeMy. Pacrpe/iesienHble BBIYUC/IEHUS TPUMEHIMBI TaKzKe
B pacHpejieIeHHbIX cucreMax ynpasienus takux kak Hadoop, MapReduce u MPJ [4]. Tlo-
CJIeJIOBATE/IbHBIE BBIYUC/IEHUA B PACHPEIEIEHHBIX CUCTEMAaX BBIMOJTHAIOTCSA C YIeTOM OJIHO-
BPEMEHHOT'O pellieHns MHOTHX 331a9. OCOOEHHOCTBIO PaCIPeIe/IeHHBIX MHOTOITPOIIECCOPHBIX
BBIYUCUTE/IbHBIX CUCTEM $IBJISETCS BO3MOXKHOCTb HEOIDAHUYEHHOI'O HApAIUBaHUs ITPOU3BO-
JINTETLHOCTH 32 CUeT MACHITadDMPOBAHUs, HO UCKJTIOUEHNE COCTABIISIOT JIOKAJTHHBIE CYTIEPKOM-
nbioTepsl. jist rapaHTHpOBAaHHO PAOOTHI MEXKJTY HECKOJILKIMU KOMITHIOTEPAMU PEITUKAIUS
[peJICTaBIsgeT cOO0i KIaCCHIECKUl MOJIX0/], 9TO 3HAUUT, UYTO KOMITLIOTEpHAs CUCTEMa SBJIs-
€TCsl OTKA30yCTONYINBON, TO €CTh MO-TIPEKHEMY MPABUILHO BBITOJIHAET CBOIO 3aJIa4y, JIazKe
€CJTI HEKOTOPbIEe KOMIIOHEHTBI CIIPABJISIOTCS HE B MOJTHON Mepe. OCHOBHAs Wesl PeIImKaIin
COCTOWT B TIOJITBEPKICHUN JIyOJTUPYIONTUXCS KOMITBIOTEPHBIX KOOPIMHAT IIPU PA00TE HECKOJTb-
KIX KoMnbioTepos. Hanpumep, B cirydae permmkarum 6a3 JTaHHBIX, TPOUCXOIUT COIVIACOBAHUE
Ha XpaHeHue ojuHakoBoil nadopmaruu. [Ipu anaanze mapajiebHbIX ITPOIECCOB UCKIIOYEHO
JIeJIATH MPEJIIOJIOXKEHNT 00 OTHOCUTEILHBIX CKOPOCTSIX BBIIIOJTHEHUS [IPOIECCOB UJIH CTPaTe-
U IIAHUPOBIIHUKA TTPOIECCOB. BOBIMHCTBO OMMUOOK B MapaJLIe/IbHBIX TPOrpaMMax — U3-3a
HEIPEJIBUJIEHHBIX TIEPEKPLITUI Ollepalinii apaJiie/IbHbIX ITPOIECCOB.

byte state = 1;

proctype A() {byte tmp; (state==1) -> tmp
proctype B() {byte tmp; (state==1) -> tmp
init { run AQ); run B }

state; tmp = tmp+l; state = tmp}
state; tmp tmp -1; state = tmp}

Eciim kakoit-HHOYIb MPOIece 3aBEPIIUTCS 0 TOTO, KaK JIPYTOil MIPOIECC BBITIOJHUT ITPOBEPKY
state==1, To «3amo3maBmunii» mporecc OyaeT HaBcera OJoKupoBaH. Ecu npoBepka yco-
BHSI BBIIOJIHUTCSI IIPOIECCAMH JI0 TOTO, KaK JIPYTOil IIPoIecc 3aBepIIuTCs, TO 0oba IIporecca
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3aBepllaTcs, HO 3HAYCHNe [IePeMeHHOI state Oyier Helpe/ICKa3yeMbIM — OHa MOXKET IIPUHSTD
moboe 3uadenue: 0, 1 win 2. Bosee moxpobno uccrenosano B pabore [5).

1 IlocranoBka 3ama4n

CorytacoBanne BceX KOMIBIOTEPOB Ha XpaHeHHe OJHON U TO# Ke MH(MOPMAINH ABJISIETC
HETPUBUAJILHBIM M3-32 HECKOJIBKUX UCTOYHUKOB HEACTEPMUHUPOBAHHOCTHU, YTO LPUBEICT K
HeOoIpeIeIeHHbIM 3aepKKaM COODINEeHNI 1 aCHHXPOHHBIM IaraMm Bbraucyenuii. OHako pe-
nIeHnue TakKmux HpO6.H€M KaK OTK&BOyCTOﬁ‘IHBOCTb COCTOAHUA PECINIMKAIIUK MalllnH 6131.)10 pac-
CMOTPEHO paHee [6] TaK KaK OHM HalIpaBJICHBI Ha YJIY4YIlIeHne HaJde2KHOCTU BbIYIMCJIMTE/IbHBIX
CUuCTEM, O9€Hb Ba2KHO, ‘{T06b1 9TU aJITOPUTMBI ABJIAJIMCH IIPAaBUJIBHBIMUA U ITIOJIHOCTBHIO YIOBJIE-
TBOPSJIM UX TpeOoBaHUAM. V3-3a pasjMIHbIX UCTOYHUKOB HEJIETEPMUHUPOBAHHOCTH JIETKO
IIOTEPIIETh HEy/lady B apryMeHTaX KOPPEKTHOCTU pPacCIpele/ICHHBIX aJlOPUTMOB Ha YPOBHE
TEMIIOpAJIbHOCTH. Kak cjiejicTBre OHU SBJISIOTCA HEHaJIEXKHBIM MaTepPUAJIOM JIJIS ITPOBEPKH
MOIECJIN. TeM HEe MeHee, METO/I IIPOBEPKHU Ha MOJIEJIN OTK&SOyCTOfI‘-IHBbIX pacipeie/ICeHHbIX aJl-
TOPUTMOB SIBJISIETCSI IPE3BBIUANHO CI0KHON PaboToil [7], IpH 9TOM BOSHHUKAIOT CJIEYIOIIHe
IPOOJIEMBI:

e [lapasutesimam u BEIOOD HegeTepMUHAPOBAHHOCTH. OTKA30yCTOWIHBLIE pacpeIeIeHHbIe
AJICOPUTMBI CTPAJIAIOT OT KOMOMHATOPHOI'O B3PhIBA B IIPOCTPAHCTBE COCTOSIHUIA, a TAKXKEe OT
KOJIMYECTBA ITOBEICHNU.

e KoppekTHOoCTh 11 penraeMocTh IpodjieM, B YaCTHOCTH, CTEIIeHb IapaJiie/in3Ma, 3a1epK-
KU coODIIeHnii, a Tak:ke cooit Mmojiesin. Hanpumep, HEBO3MOXKHO rapaHTUPOBATH ITPABUILHOE
BBIIIOJIHEHNE, €CJIA HEeT OIPAHMYCHUN HA KOJIUYECTBO HEUCIIPABHBIX KOMIIOHEHTOB B CHUCTEME.

e Her oOmieit corstacoBaHHO#l paciipe/ie/IeHHON BBIMUCIUTEIHLHON MOJIE/N, HO CYIIEeCTBYeT
JO0BOJIbHO MHOI'O BapuaHTOB, KOTOPbIC Pa3/IM9al0OTCdAd TOHKHMMU JI€TajidMU, TaKUMHN KaK aTO-
MapHOCTHb BbBIMMCJ/IMTEJ/ILHOT'O IIara.

e Pacupejiesiennble aJaropuTMbl OOBIYHO OIKUCHIBAIOTCS TICEBIOKOIOM, KaK IPABUJIO, C HC-
[IOJIb30BAHUEM PA3JIUIHBIX I3BIKOBBIX IICEBIIOKO/IOB, KOTOPbBIE 3aIlyThIBAIOT OTHOIIEHUE (hOp-
MaJIbHBIX METOJO0B K IICEBIOKO/IaM, KOTOPbIE OIMCHIBAIOT HOCTUXKEHUE K OCHOBHOM II€JIM MO-
JEJIN.

2 Meton penieHust
2.1 MoaeabpHast TpoBepkKa Ha 6e30MacHOCThH

[Ipu pazpadorke 110 HEOOXOMUMBI CBOU pa3Jie/ibl MPUKJIAIHON MATEMATUKU — 9TO (hOp-
MaJIbHbIE METO/IbI, HA KOTOPBIX OCHOBbIBaeTCs Bepudukarus. Vcrmoab3yst pa3ae/ibl 1 MeTOIbI,
B KOHEYHOM HUTOT€ MbI JIOJI2KHBI TapAaHTUPOBATH MMPABUJILHOCTD TOBEJIEHUsT CO3/IAHHBIX HAMME
cucreM. TpeboBaHust K IOBEIEHUIO CUCTEM JIJIsI IIOJHON BepudUKanm HeOOXOIMMBbI JIJIsI CO-
3nanns hopmaabHoil crernudukanuu cucteMbl. OTHUM U3 TOJXOJ0B K PENIEHUIO TPOOIeMbI
ABTOMATH3AINN OTJIAJIKA U IPOBepKH npasuibuocTu nporpamm ssjsercs Model Checking.
st 3a1aHHON aHAIN3UPYEMOI TPOTPaMMBI CTPOUTCs ee abcTpakTHaAs (hopMaIbHAST MOIE/Th.
[IpoBepsiemoe cBoiCTBO MM TpebOBaHNE BRIPAKALTC HA (POPMATHLHOM MATEMATHIECKOM A3bI-
Ke B BUJIE JIOTUICCKON (DOPMYJIbL:

Mo (1)

rjie HeKoTopas OyseBa dopmysia yuosierBopsieT Mozean M. PaccmMorpuMm MHOXKECTBO aTo-
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MapHbIX BhicKazbiBauuii AP. IIpocrpancTBo cocTosiHMiT MOIEIMPYEMOil IIPOrpaMMbl UJIN IIPO-
IPAMMHOIO KOMILJIEKCA MOYKHO (hopMasn3oBaTh, Kak Mojesab Kpumke (crpykrypy Kpuike).
Mogensio Kpunke M Ha T MHOXKECTBOM aTOMAaPHBIX BbICKa3bIBaHUI AP Ha3bIBAIOT Y€TBEPKY
(S, S, R, L), tue:

S - KOHEUHOE MHOYKECTBO COCTOSIHUIA;

So € S - MHOYXKeCTBO HaJaIbHBIX COCTOSTHUIA;

R € S .S - orHOIIEHNE TIEPEXOI0B, KOTOPbIE 00s13aHbI OBITH TOTAJIBHBIM, T.€. JJIsI KazKI0T0
cocrosiHust § € S JIOJIPKHO CyIIECTBOBaTh Takoe cocrostaue s’ € S, uro umeer mecro R(s, s');

L : S — 24P- pyHKIus, KoTopas IoMedaeT KazKI0e COCTOSHIE MHOKECTBOM ATOMAPHBIX
BBICKa3bIBAHUI, HCTUHHBIX B 9TOM COCTOSHUHU.

[Iyts B Momenu M u3 cocTOdHUSI S - 9TO OECKOHEYHasl IOCJIeI0BATEIbHOCTh COCTOSHUM
T = S$0S1..., TaKag, 9TO Sy = S U JJId BceX ¢ > () BBIOJHAETCA R(si, 3(i+1)).

MotesiupyeMblii ITporpaMMHBIH MOIY/Ib Ha KAarXKJIOM COCTOSTHUU BBISIBJIAIOTCS MHOXKECTBOM
3HAYEHMIl TIepeMeHnbIX V' = vg, V1, ..., IPUHUMAIONINX 3HAYEHUs Ha KOHEYHOM MHOKecTBe [)
n OIlIpeae/IAIomnuX OTJe/JIbHbIe KOMIIOHEHTBI W BbIIIOJIHCHUE B3aH1\AO,ZLeﬁCTBHe MeE2K/1y HHMU.
MmuoxkecrBo AP cocrout u3 v; = d;, riae d; =€ D. Takum 06pa3om, 9T0 KarxKJI0€ COCTOSHUE S
B M mpencrasnsger V. — D.

Ornomenne R ompepesnsiercs cieayomum odbpa3om. [lycrs umMeroTes jBa COCTOSHUS, Si
u Sy. Ecm B s; mMeeTcd KOMIIOHEHT, KOTOPBIN MOXKET BBIIIOJTHUTH ATOMAPHBIN Tepexoj, B
pe3yabTaTe BBIMOJTHEHNsT KOTOPOTO cucTeMa Oy/IeT HAXOIUTbCsI B COCTOSTHUU So, TOTJIA CO-
CTOSIHUSI §1 U Sp CBsI3aHBI OTHOINEHHEM Iiepexojia: (S1,Sy) € R. B ciyuae, eciim HeT Takoro
COCTOSIHUSA S, JJIsi KOTOPOrO Obl BBINOJIHSIOCH R(S1, S2), nonaraercst R(sy,s1), T.e. "Tynu-
KOBOe''coCTOsIHIe, CBsI3aHHOE OTHOIIEHNEM epexoja B pekypceusx [8]. [Iposepka xusydectn
JIBYX TIPOIECCOB B Kputudeckux mHTepBagax Qcritl u Qcerit2:

AG(Qcritl A Qerit2) (2)

Takum obpazom, BepudUKaIys TporpaMMbl CBOJIUTCS K IIPOBEPKE BBITOJHUMOCTH (HOp-
MaJIM30BaHHOIO TpeboBaHus crienuduKaiuu Ha abCTPAKTHON MOJIEU IPOIPAMM.

2.2 Obecrieyenue 6€30MACHOCTHU pacCIIpedeJIEHHbIX BBIYUCJIEHUI WJIA aJITOPUTM
BU3AHTUNCKOTO COTJIAIIIEHUSI

B BbIMmcImTEe IbHON TEXHOJIOTHH SKCIIEPUMEHT IIPU3BaH MOKa3aTh IIPO0JIeMY CUHXPOHU3a~
UM COCTOAHMNA CUCTEM B CJIy4dae, KOr'J/Ja KOMMYHUKaIIUNU ABJIAIOTCA HaJC2KHBIMU, a ITPOIECCHI
MOTYT OBITH JTeEeKTHBIMIA U HEHAIeKHBIMI. 1acTh MPOIECCOB, BKJIIOYasT TJIABHBIN MPOIECC,
MOTYT OBITH MPOTHUBHUKaMU. Hy»KHO TOCTPOUTH €MHYI0 CTPATeruio JeicTBuil, KoTopas Oy-
JIeT BBIMIPBINIHON I He Je(EeKTHBIX HPOIeccoB. AJITOPUTM pelIeHusT MOYKHO IIPEICTABUTH
CJIEJIYIONIUM 00pa30M:

[MTar 1: Kaxk/plit U3 MPOIECCOB MOCBLIACT OCTAJBLHBIM COODINEHME, I'JIe YKa3bIBaeT 3Ha-
JeHne cocTogHud. JledeKTHble MpoIecchl MOIYT YKa3aTh Pa3/IMdHble 3HAYEHUs] B PA3HBIX
COOODIIEHNsIX, a TPABUIbHBIC YKA3bIBAIOT BepHble 3Ha4YeHus. [Ipomece p; ykasas p), mporecc
Do - P, IPOIIECC P3 KOTOPBI ABJIAETCs JeEKTHBIM, COOTBETCTBEHHO YKA3aJl TPEM OCTATbHBIM
IPOIeccaM HeBEepPHBIE 3HAYMECHUS T, Y, Z, IPOIECC Py - Pl.

[MMar 2: Kaxaplit n3 MpOIECccOB BBHIYUCISET CBOH BEKTOP M3 ITOJIyYeHHOH WHMOpPMAINN.

HO‘quaeTCH: UGCtl(p17p27x7p4)7 UGCtQ(p17p27yap4)’ UeCt3(p17p27p37p4)7 U60t4(p17p2727p4)'
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[IIar 3: [Iporecchl OCHLIAIOT CBOM BEKTOpA JpyruM mporeccaM. [Iporece ps BHOBb TOCHI-
JaeT npon3BosbHble 3Hadenus (Tabumma 1).

[Tar 4: KaxKkiblit u3 IpoIeccoB mpoBepsieT KarKJIblil 9JIEMEHT B [0JIyYeHHBIX BeKTOopax. B
TOM CJIy4ae, €CJId OJIHO 3HAUYEHKEe COBIaaeT KaK MUHUMYM B JIBYX BEKTOPAX, OHO IIOMEIAETCS
B PE3YJIBTUPYIOIIHIT BEKTOP, B IPOTHBHOM CJIydae, COOTBETCTBYIOINIHI 3JIEMEHT TOMEYACTCS
KaK «HEHCIIpaBeH». B uTore Bce MPOIECCHI TOJIYYaT OJUH BeKTOp (P, ph, HEUCIIPaBeH , p)).
CireioBaTeIbHO, CcoryIacue Ha pelneHus 3aa4 JocTurayTo. it n=3 u m=1 coryacue He J10-
CTUTHYTO.

Tabsmma 1 — Pesynbrarhl BEKTOPOB OT BCEX IIPOIECCOB

h D2 25! y2!
(P, P5, Y, ) (P, Ph, @, Ply) (P Do, T, 1)) (P Ph, T, 1))
(a,b,c,d) (e, f,9,h) (P1: Doy Ys D) (P1: Pas Y D)
(P, b, 2, D) (P, P, 2, Py) (P, P, 2, D) (4,7, k. 1)

Ncxops us3 npumepa, Mbl IOHUMAEM, 9TO aJITOPUTM BU3AHTUHCKOTO COTJIAIIIEHUS TTO3BOJISA-
eT HaM [IPOU3BECTH MOJIEJIbHYIO IPOBEPKY PACIIPEIEJIEHHBIX aJllOPUTMOB CPEJIM HEUCIIPABHBIX
nporieccos [9)].

3 Aaroputrm Parsing

Paccmorpum paciipenenernyo paboty ajaropurma Parsing. 9Tor aaroputs npeHasHadeH
JIJIE 00pabOTKU OOJIBITUX JAHHBIX. PaboTa ¢ OOIBIIMMHI JIaHHBIME TPEOYyeT J0CTATOYHO MHOI'O
pecypcoB. PaccMmarpuBaeMblil aJIrOPUTM ABJISIETCsI OYE€Hb IIPOCTBIM, HO paclpeeeHue Ipu
napaJuie/im3Me TpedyeT THIATeIbHOTO aHAJIU3a Jjisi BhISIBJIECHUS TOHKNUX OIMIMOOK. JlomycTum,
obpaborka va Hadoop 209k pdf rekcra jyist 16 y3moB cucremsl 3aiiver okosio 26 gacos [10].
Ho, K coxkajieHnio, HEmoOIa KM BHYTPHU aJrOPpUTMa BEPHYT BCE TPY/Ibl HA3a/I.

[Tomarosoe BoIloTHEHTE aJropuTMa Parsing MoxKHO IPOMJLIFOCTPUPOBATE CEMbIO ITAraMu:

1. ITporpamma 06pabOTKN HAXOUT IIEPBOE MPEJJIOKEHUE U IIEPEXOJIUT B IIyHKT 2.

2. 3adukcupyet npejjoxenne. beper mepoe ¢JI0BO U MEPEXOIUT B IIYHKT 3.

3. CoxpaHsieT MOJIyIeHHOEe CJIOBO.

4. CunTaer Bce BXOXKJEHUsI ITOTO CJIOBA B TEKCTE.

5. Ecan npeyiozkenne He 3aKOHIEHO, JTOOABJISET K CJIOBY CJIEJIYIONIEEe CJIOBO U ITEPEXOIUT
B yHKT 4. Eciu mpeioxkenne 3aKOHINIOCH, TIEPEXOIUT B IMYHKT 6

6. Eci ¢jioBo, ¢ KOTOPOro HAUMHAJIOCH CJIOBOCOYETAHUE, HE IMOCEIHEE B IIPEII0KEeHNN,
TO 3a(UKCUPYET CJIELYIOIIEe CJIOBO B 9TOM IIPE/IJIOZKEHUU U TIePEXOuT B IyHKT 3. Eciu cjoBo
mocJIe/IHee, TO MEPEXONT B IMIYHKT 7.

7. Eciu TekeT He 3aKOHYHIICH, IEPEXOJIAT Ha CJIEIYIOIIee MPeJI0KeHNe U JAJIbINE B IIYHKT

Ha mepBbIit B3ryIsi/i aaropuT™ O4YeHb ITPOCTOM, KOHEYHO, €CJU yIUTBHIBATDL CaMy pa3pa-
O0TKY, TO IpUjIaraercss He MaJiblii TPpy/. EcTh HEKOTOpbIE 10JIBOJIHBIE KAMHE, HAIpUMED, B
XOJIe TeCTUPOBAHUs W aHAJIM3a ajaropuTMa Parsing pa3paboTIuKky BbIIBUJIN, 9TO HE BCEIIA
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OBIBAIOT UJIEAJILHO HAIMCAHHBbIE cTaThbu B daitie dpopmara pdf. /lybsupoBanubie u juiiHmne
KJIIOYEBbIE CUMBOJIBI IIPUBEJLYT MIPOTPAMMy K COOIO MJIM BHECYT HEKOPPEKTHYIO MH(MOPMAIIIIO
B Oa3zy.

3.1 ITIpoBepka anropurma Parsing gyepes Spin

s anropurma Parsing 6bu1a cosiana Mojesisb Ha si3bike Promela (Process Meta Language),
4T0 MOXKHO chopmupoBarh u Ha ByMC:

active [N] proctype pO{
if :: BUF == 0 -> BUF = 1 - BUF; prol=true;

Koneuno ke, 3alryckaeM HCKJIIOUATEIbHBIH 000D BCEX COCTOSTHUI IIPOIIECCOB:
do ::(i < num) -> j=0;

do ::(j< num) ->
if ::(filenm[i] !'= Chfilenm[j]) -> Chfilenm[j] = filenm[i];

goto qi;
else -> skip;
fi; j++;
::else -> break;
od;
else -> break;
ql:i++;
od;

BUF = 1 - BUF; pro2=false;

rie filenm|] - momesns obpabarbiBaembix daiios, Chfilenm|| - 6ydep nposepku daiinos
Ha jiyosuposanue. [ludpsl ucrob3oBanbl BMecTO (ailjioB U TEKCTOB B KadecTBe MOjeJIeil.
[Togobpannr Heckosibko LTL crnenmudukamnuit Ha KoppeKTHOCTH. TpeboBaHns OKa3aslCh I10-
JIOXKUTEJIbHBIM JIJIs CJAeIYIoNux (hopMyJr 6€301acHOCTH Ha Spin:

FG(pr1 AND pr2) (3)

GF(prl1 AND pr2) (4)

rae pri(prol == true) u pr2(pro2 == true)

Brissiiena omubka B3anMHOI0 HCK/IIOYeHns - ae/ytok (Pucymoxk 1).

[Ipobitema 3akmodaitack B aromapuoctu omneparopa BUF = 1 - BUF. Tak kak, omepa-
TOP BEPXHEro Mopora JIeJTUTCd 0€3 aTOMapHOCTH Ha HECKOJIBKO ONEPAIUil, BEIYUCIUTEIbHAS
MallliHa COTHU MUJLTHCEKYHIaX He pa30upaeT MPUBUICTHH B IIPOCTHIX apudMeTHIECKUX OlTe-
parusx. To ecTb, eciu B mporiecce py obpabdbarbiBaeTcs onepatus npucsoenns BUF = 1, aTo0mbr
Boruecthb 1 - BUF. I B aTux MUJLIMCEKyH/1aX POIECC C HOMEPOM P MOXKET BBIIIOJIHUTH IIPO-
BEPKY JIIsT BXOJIa B KPUTUYECKUN WHTEPBAJ, U OH BXOJUT, oroMy uto 3Hadenne BUF emre
HEe yCIIeJI0 TIOMEHAThCA Ha 1, a py elle He BBIIMeT U3 KPUTUIECKOro MHTepBaJia. Kcau ajro-
pUTM TpedyeT yJIyUIIeHUs 110 BpeMeHN U 00paboTKu OOIBIINX JAHHBIX, MOXKHO IIPEyTralaTh
OIMMOKN HapaJLIeTbHO-MOJIEPHI3UPOBAHHOIO aJrOPUTMA.
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) Linear Time Temporal Logic Formulae i 4 I E = . -
Formula: |<> [] (prl && pr2) Load... | fa + Verity » spin
Operatars: [] <ﬂu r>miﬂr'\o
Property holds for. © All ions (desired behaviorl & Mo Executions (error behaviorl i 1oml- N e [Ad,
) Simulation Output 'S € Sequence Chart = [
Search for: 1 B

- 315 prac 1 (p1)line 16 “pan_in" (state &) [((<10))]

s proc 1 (p1)line 16 "pan_in" (state 7) [((filenm[i!=Chfilenm{])}]

319 proc 1 (p1}line 16 "pan_in" (state 8) [Chiilenm{] = filenm(il

321 prac 1 (p1)line 23 “pan_in" (state 23) [i = (i+1)]

323 proc 1 (p1)line 21 "pan_in" (state 21) [else]

325: proc 1 ferminates

327: proc 0 terminates

<<2<=<GTART OF CYCLE==»>=

spin: trail ends after 329 steps

3 processes created =
36 =
Single Step | suspend | Savein: | sim.out 2 .
€ Data Values =

Search for: B

“ BUF =0

Chfilenm[0] = 10

Chfilenm[1] = 22

Chfilenm[2] = 33

Chfilenm[3] = 44

Chfilenm[4] = 55

Chiilenm[5] = 68
= | Chfilenme] = 7

Chfilenm[7] = 88

Chfilenm[g] = 99

Chfilenm[g] = 100

filenmi0] = 1

filenm[1] = 2

filenm|2] = 3

filenmi3] = 4

filenm[4] = 5

filanmis] = 6

filenmlg] = 7
~ filenm[7] = 8

Savein: | varout

Pucynok 1 —Bepudukarus mapasuieasaoro ajaropurma "Parsing"s cucreme Spin

[TapaJjtesibable TPOrpaMMBbI MOT'YT I'OJIAMH COXPAHATH OIIMOKHU, IIPOABJIAIONINECS OCTIE
JIONTOI SKCILTyaTaIli KaK peakIis Ha BO3HHUKIIYIO CHEIIMUYIecKy0 KOMOWHAIIMIO MHOTO-
YUCTIEHHBIX (DAKTOPOB, B YaCTHOCTH, HEIPEICKA3yeMbIX CKOPOCTEIl BBITTOJTHEHUS OTJIETbHBIX
IIPOIIECCOB B IapaJsljleJIbHBIX IIPOrpaMMax.

[Ipn napasiespHOM TPOrPaMMUPOBAHUN OOBITHO MMeEEM JIEJI0 ¢ TAKOil KOHIeNIuell Kak
PaHJIEBY, HO CEPbE3HOI TPOOIeMOil Tpr Pa3pabOTKe aJeKBATHOTO KOJa ObIBAET KOOD/IMHAIIHS
JIOCTYTIa K JIAHHBIM, COBMECTHO HCIIOJIb3YEMBIM B HECKOJIBKHX ITOTOKaX ylpasienus. VTo-
raMu IOIBITOK O0eCIieueHus JIJisi 3TOr0 B3AUMHOI'O MCKJIIOUEHUs IIPY CJIUIIKOM CJIa00N WJIH
CJIUIITKOM BBICOKOM CHHXPOHUBAIMH SABJISIOTCA KOH(DJIUKTHI IIPHU JIOCTYIE K JIAHHBIM, TYIIHK
cunxponnsaiun (deadlock) n HeBbICOKasi MACIITITAOUPYEMOCTb.

[Mosyuennblit pe3yabTaT MoKasbBaet, YTo TpeboBanus (3,4) HAPYIIIINCH, U CHCTEMa OCTa-
HOBUJIA JIAJIBHEHIIIYIO IPOBEPKY Ha cocTosiHuu 327. ABTOMaT OECKOHEYHBIX BBIOJIHEHUN 00-
HapYZKIJI N3MEHEHNsT HallpaBJIeHNs Ha 3aMKe never claim. 1 Tem caMbIM 1Tpe1ocTaBIII KOHTP-
IpUMep TPaeKTOPUU HAPYIIEeHUS.

Ojnako, HaJ 0 yYUTHIBATH, YTO MPOBEPSINCH TOJIHKO HEKOTOpLIE crenuduxkanum Tpedo-
BaHUIi 110 CBOMCTBY ajroputMa. [Ipobiema aBroMaTusaiuy mpuMeHeHus TpeboBaHUl ele He
permachk cdepe BepudUKaINU MapalIeJIbHBIX U paclpe/ie/leHHbIX cucreM. [losTomy, yrBep-
JKJ1aeM, 9To BepuduKalus IpOBOUIACh He B TIOJIHOM Mepe. C JApyroit CTOPOHbBI, B KOJTMYECTBE
9 porieccoB, CUCTEMA BBIILIA C ABAPUIHBIM IIpeIypexkienneM: out of memory, 4ro gBisgercs
PE3yIBTATOM KOMOMHATOPHOTO B3DBIBA.

3.2 IIposepka anropurma Parsing yepez ByMC.

ByMC sBkitogaer B cebe anroput™ BuzanTuiicKoro coryiameHus U COBOKYITHOCTb pas-
JIMIHBIX METOJIOB BEPUMDUKAINH, TAKIUX KaK, MOIUMDUIITPOBAHHBIA SPin ¢ BXOJHBIM S3bIKOM
Promela u Yices, KoTopblit, KOHTPOJUPYET MapaMeTPU3aIUIo adCTPAKIIUN MOJIEN U BBIIOJIHE-
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o] sakura _ox
12 S{bymc_kP={0
13 S{bymc_kP={0
14 S{bymc_kP={0
15 S{bymc_kP={0
16  S{bymc_kP={0
17 S{bymc_kP={8
18 S{bymc_kP={@
19  S{bymc_kP={a
20 S{bymc_kP={0
21 S{bymc_kP={0
22 S{bymc_kP={0
23 S{bymc_kP={0
24 S{bymc_kP={0

<<<<<START OF
25 S{bymc_kP={0,@,
26 S{bymc_kP={0, @,

},nsnt=23

},nsnt=2}

SO0 EE&
DO EE
OO 2=
© @@ RO W WL R R R R
D W D 0D R RO R RO R RO RO
SO0 EE&
OO0 OO OO
OO0 OO ®
S —_, O ®

[

S

w

S

=

1

o

—

'
'
'
'
’
’
'
'
'
'
'
'
'

19,0,
18,0,

},nsnt=2}
},nsnt=2%

OOV

1
1

(status trace-refined)
(status trace-refined)
Refinement step #9.
Converting the spec: !(((LJ(<>( ! in_transit_A))) && ([J(
(! ex_acc_E) || (<»all_acc_A))))...
Generating pan...
+ spin -a -N relay.never abs-counter.prm

Pucynok 2 —Bepudukarus napasutensnoro anropurma "Parsing"s cucreme ByMC

HUsT KOHTpIpuMepa ¢ BxomHoi dgopmystoit SMT. Jlns aBromarusamnun abcTparupoBaHusT MO-
neu Boimnosasercsd komnonent rexunosiorun CEGAR[11]. ByMC cunraercst equnoii cucremoit
€ HECKOJILKUMU BepUMUKATOPAMU JIJIs TIOJIHOH BepudUKAIIUU PACIPEICICHHBIX aJTOPUTMOB.

PaccmoTrpum momenbayto mipoBepKy ajroputma Parsing wa Bepudukarope ByMC. Ilo-
CKOJIbKY yYCTaHOBKa M 00ydeHMe cucreme TpedyeT OT/IENbHOrO TPY/A, Mbl PEIININ TOKa3aTh
TOJILKO Pe3yJIbTaThl, HoaydeHHble pu Bepudukamuun ByMC. Peamusaius n BHeapenue aj-
roput™ma Parsing Ha jgaHHON HETpUBUAJBHON CHUCTEME IPUBE/IA AJTOPUTM K H3MeHeHuo. B
AJITOPUTM BHEJIPSIJINCH: IOPOIOBasl I'PAHUIA JIJIsi IIPOIECCOPOB, CUCTEMa OTCJIEKUBAHUS UC-
KyCCTBEHHOT'O KOHTpIpuMepa u T.i1. [TockosbKy, pacipeje/ieHHble aJropuTMbl TpeOyeT BbI-
COKOT'O KOHTPOJISI B IJIAHE aDCTPAKIINN, MOJIEIb YMEHBIIIIACH 10 IOPOrOBOi I'paHuIbl. [e-
Hepalus OCYIIECTBUIACh B XOje BepuduKaluu depe3 Yices. BbLim BHECEHBI JIONOTHUTE b
uple napamerpbl N;T'; F') KOTOpble peaju3yloT TeCTHPOBAHME OTKA30YCTONYIMBOCTH JAHHO-
ro ajaroputma, rje N - JosiIbHBIE TIporieccopbl, 1’ - moporoBas rpanuta, F - mnedekTHbIe
nporecchl. s 9Tux mapaMeTpoB CyIIECTBYET IIPEIKOMITIISIIHOHHAS 00/IacTh OIIpeaeIeHIe
assume(N >3xT ANDT >=1ANDO0<=F AND F <=T).

VrBep:xienne Ji rcvd; < nsnt ONUCHIBAET IVI00AIBHOE COCTOHHIE, B KOTOPOM COODIIEHUS
ere HaxojgaTes B myTn. OTcioa cieayer, 9To hopMmyJia ¢ OIpeIe/deTcs Kak

GF(rcvd; < nsnt) (5)

rjie, rcvd; - TPUHATBHIE JIOKAJbHBIE IIepeMeHHbIe, nsnt - o0IIue IepeMeHHbIe I KaKJI0ro
nporieccopa. [lo pesyabraram Bepudukanuu aaropurma Parsing na ByMC (Pucynok 2), Bbi-
SIBJICHBI OJIHU U T€ YK€ PEe3y/IbTaThl, YTO U Ipu Bepudukaruu B Spin. OIHAKO, €CJIH YIUTHIBATH
B IJIAaHE aBTOMATHU3AINKM a0CTparupoBaHue u HeJleTePMUHUPOBAHHBIN T10/100p TpeOOBaHMiT Ha
HECKOJIBKO THICSY BapHaHTOB (4To cocrasiser B cymme 5936 [12]), cucrema ByMC mpesoc-
XOJTUT TI0 KaIeCTBY M KOJIMYIECTBY ITPOBEPSIEMBIX ITPOIECCOB Ha alllapaTHOM W ITPOTPAMMHOM
ypoBHe. B Spin kosmdectBo mporieccoB ObL10 orpanudeno 10 9, na ByMC koudecTBo 1mpo-
[IECCOB JTUHAMUYIECKN MEHsJIOCh U ObLIO JOBeIeHO 10 16.
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3akJiroueHue

Bruio mpoBeieHO cpaBHUTE/IHLHOE HCCIEIOBAHAE BePU(MUKAIINN TTapaJIIeIbHOIO aJIlOPUT-
Ma Parsing na Bepudukarope Spin u MojgepHu3upoBanHoro Bapuanta Spin - ByMC. ByMC
[IOKa3aJ1 JIydIlirne Pe3yJibTaThl B IJIaHe BepUMUKAIINNA OOJIBIIINX CUCTEM U 110 KOJIMIECTBY IPO-
BepsieMbIX IIPOIECCOB Ha pacipejejaeHHoM ajiroputme Parsing. Pabora Bbimosinena mpu 1mo/i-
JIepKKe TPAHTOBOIO (DUHAHCUPOBAHWS HAYTHO-TEXHUIECKUX IIPOIPAMM U MPOoeKToB KomuTre-
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Poabs madopmanmonnoit 6e3onacaoctu B pasputuu UT-undpacTpykTypbl u
MOBBINIEHNN KOHKYPEHTOCIOCOOHOCTHU YHUBEPCUTETA

B Hacrosiiiee Bpemsi cdepa 00pa3oBaHUsI Pa3BUBAETCS HEOOBIYANHO JUHAMUYHO, NpHOOpeTast
HOBBIE YepThI, TPaHCHOPMUPYIOTCH €€ (QYHKIMOHAJIbHBIE, CTPYKTYDPHBIE, OpPraHU3AIMOHHBIE,
WIE0JIOTUYECKNEe, IIEHHOCTHBIE XapPaKTePUCTUKU. KapaumHasjbHblE MTPEOOPA30BAHUS TPOUCKOIAT
B BbIcimeil mkosie. Bce 310 mopoxkaer mpobsieMy ITOHCKAa HOBBIX HCTOYHUKOB [MOBBIIIEHUST
KOHKYPEHTOCIIOCOOHOCTH BYy3a.

Crarbst mocssiiiieHa posin uHMoOpMarnmonHoit Gesonacroctu (IB) B MOBBIIEHNN KOHKYPEHTOCIIO-
cobrocTn By30B. Ypoeerb VB, Hapsiay ¢ OCHOBHbIME MMOKa3aTeasiMu 3(PEHEKTUBHOCTH PabOThI
VHUBEPCUTETOB, TAKAMM KaK: KadeCTBO OOPA30BATEJIHHOIO IIPOIECCa, IOJTOTOBKA OyIymumx
CIENUAJINCTOB-BBITYCKHUKOB, KOJUYIECTBO U KAYECTBO HAYIHBIX HUCCJIEIOBAHUIT, BHICOKOKBAIN(U-
[IUPOBAHHBINA TTPOGECCOPCKO-TIPEITIOIABATETBLCKII COCTAB, SIBJISIETCS BayKHBIM ITOKA3aTeJIEM, TaK
KaK KavecTBO obecrieyeHust NHPOPMAIMOHHON OE30IIaCHOCTH B By3€ HEIOCPEJICTBEHHO BJIUSIET Ha
PEIlyTAIMIO ¥ COOTBETCTBEHHO HA €r0 KOHKYPEHTOCIOCOOHOCTh. Ha ceromusimuuii 1eHpb B yapex ie-
HUSX BBICIIEr0 00PA30BaHUsT OTCYTCTBYET (hOPMAJIM30BAHHBIE MPOIEIYPHI, MEACTBUS WU MEPHI
no 3amure UT-undpacTpyKTypbl, HET YIPaBIIONEH Moaean obecredenuss UH(MOPMAIIMOHHON
6e3011aCHOCTH.

B nannOil pabore NnpoBejieH aHAJU3 OCHOBHBIX YIPo3 0E30MACHOCTH MH(MOPMAIMOHHBIX CHCTEM
(IC) By30B, HA OCHOBAHMU €0 PE3YJIBTATOB PEJIAraeTCd YIPABJISIONAs MOJEb, KOTOPas MOYKET
OBITH WCIIOJIb30BAHA B KAYECTBE OCHOBBI IIPU CO3/IAHUHN COOCTBEHHOI CHUCTEMBI MH(MOPMAITMOHHOMN
6e30ITacHOCTH YHUBEPCUTETOB. VICIMOb30BaHMe TaKOM MOMENN TO3BOJUT 3PMEKTUBHO IPEIy-
IpeXK/IaTh U 3apaHee BBIABIATH yIpo3bl nHdopmarmonnoi 6esonacHoctu UT-undpacTpyKTypsl
u 00ecrednT HaJJIeKalii ypoBeHb HHMOPMAIMOHHO} 0e301MacHOCTH, OJHOI0 U3 IOKa3aTeJieit
KOHKYPEHTOCIIOCOOHOCTH OPTaHW3aIiH.

KitoueBble  cjsioBa:  Mozenb  obecredenusi  umaOpMarmonHoit  6ezomacuoctu, — UT-
nHOPaACTPYKTypa, KOPIOpPATUBHAS WH(MOPMAIMOHHAST CHUCTEMa, BY3, HUHMOPMAITMOHHAS 06€3-
OIIACHOCTb.

Dussekeyev R.M., Mutanov G.M., Mamykova Zh.D.
The role of information security in the development of IT
infrastructure and increasing the competitiveness of the university

Currently the education sector is developing extremely rapidly, acquiring new features, it’s
functional, structural, organizational, ideological and value characteristics are transformed. The
dramatic transformation is taking place in higher education. All this creates the problem of finding
new sources of increasing the competitiveness of the university. The article is devoted to the role
of information security to increase the competitiveness of universities. The level of information
security, together with key performance indicators of the work of universities, such as: the quality
of the educational process, training of future specialists-graduates, the number and quality of
scientific research, highly qualified teaching staff, is an important indicator, since the quality of
information security at the university directly affects the reputation and thus its competitiveness.
Nowadays, the higher education institutions have not formalized procedures, actions, or measures
for the protection of IT infrastructure, there is no a management model of information security.This
paper analyzes the main threats to the security of information systems (IS) of higher education
institutions, based on the results the management model that can be used as a basis for creating
own information security system of universities is proposed.
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Using this model will effectively prevent and proactively identify threats to information security
of IT infrastructure and ensure an appropriate level of information security, one of the indicators
of competitiveness of the organization.

Key words: model of information security provision, IT infrastructure, corporate information
system, university, information security.

Hycekees P.M., Myramnos .M., MambikoBa 7K. /1.
Yuusepcurerriy IT-uHppakypblIbIMBIH JaMbITy MeH 0ocekere KabiserTismiriu
apTTHIPYBIHAA aKIapaTThIK Kayincizairiaig pesi

Kazipri yakpirra 6i1iM 6€py CEKTOPBI YKaHA CHIIATTAPIbI AJIBII, ©T€ Te3 IAMBII KeJei, OHBIH,
bYHKIMOHAIIBIK, KYPBLIBIMIBIK, YIIBIMIACTBIPYIIBLIBIK, HICOJOTUSIIBIK, XKOHE KYHIBIIBIKTHI CH-
maTTaMasapbl e3repin Kememi. 2Korapbl 611iM MeKTeOiHIe 6Te MaHbI3AbI TpaHchopMaIusiIap 60-
Jibill 2KaTbIp. OCBIHBIH OapJIbIFbl YHUBEPCUTETTIH, H6ocekere KaOIIeTTUIrNH apTThIPY VIIIH YKaHa
Ke3/1epin Taby MocesieciH Tyapipabl. Makasia *Korapbl OKYy OPBIHIaPBIHBIH, OoceKkere KabiaeTTiiria
apTTHIPY YIIiH aknaparThik, Kayincizgikrin (AK) pesine apuanran. AK menreiii, ynusepcurerrep-
JIiH, >KYMBICBIHBIH, THIMITIriHIH Heri3ri kepcerkimrepi: 6igim Oepy yaepiciaiy camackl, OoJramrak,
MaMaHIap-TY/IeKTEPiHiH JalbIHIBIFGI, FRIILIMA 3€PTTEYIEPIAiH CAHbI MEH CAIlachl, KOFaphl OiTiK-
Ti TTPOECcCOP-OKBITYIIBLIAP KYPAMBIMEH Oipre MaHBI3IBI KOPCETKIMI OOJIBIT TabBIIAbl, OUTKEH]
JKOFaphbl OKY OPBIHJA aKIMapaTTBIK KAYiIlCI3MiKTI KaMTaMachl3 €Ty callachl, OHBIH OejesTiHe *KoHe,
oceLIafima, bocekere Kablierriirine rikeseit ocep eremi. Byriari KyHi, »KOFapbl OKY OPBIHIAPBIH-
na AT-undpakypbUIbIMIbI KOPFay YIINIH HBICAHIAHIBIPLIFAH POCIMIED, iC-opeKeTTep HeMece Ia-
pasap KoHe aKMapaTTBIK KAyinci3maikTi 6ackapy momesi KOK. By eHOekTe »KOrapbl OKY OpPBIH-
JIapBIHBIH aknaparTsk, Kyiteaepain (A2K) kayincizairi yrnin merisri kayin-garepsepine rtasuay
JKacaJiFaH, OHBIH, HOTHUKeJIePl HETi3iH/ie »KOrapbl OKY OPBIHJIAPBIHBIH 63 aKIapaTThIK KAyilci3 ik
KyleciH Kypy YIIH Heri3 peTiHe naiiiajganyfa OosaTbiH 6acKapy Momeni yebiabLia bl. Ockl MO-
nenpi nainananybl AT-undpakypblIbIMBIHBIH aKIapaATTBIK KAYIICI3 i yIme KaTepaepid TriM i
AJIIBIH aJTyFa YKoHe aJIIbIH-aj1a aHBIKTAayFa MYMKIHIIK Oepesi »KoHe YHBIMHBIH 0ocekere KabiteT-
Tijirin KepceTKimTepiniy 6ipi, aKIapaTTHIK KAYIMCI3MIKTIH THICTI JeHreilin KAMTaMaChl3 €Te .
Tyitin ce3mep: aknmaparThIK Kayilnci3mikTi kamramachi3 ety mojeni, AT-urdpakypblibiM, KOPIIO-
paTuBTiK aknaparThIK, )kyiteci, 2KOO, akmaparTbIk Kayilci3mik.

1 BBenenue

By obsiaaer psijiom ocobeHHOCTEl, CBA3AHHBIX ¢ MHOTOIPOMUILHBIM XapaKTEPOM e Te b
HOCTHU, MHOXKECTBOM (POPM U METOJOB y4eOHOI paboThl, HAJIUYUEM PA3BUTONU CTPYKTYPHI
BCIIOMOTaTE/IbHBIX TOJIPA3/CJACHUNl U CJIY?KO, OTCYTCTBUEM OOIICIIPUHATON (opMaIn3aimm
JIEJIOBBIX TTPOIECCOB, HEOOXOMMMOCTHIO 9JIEKTPOHHOT'O B3aUMOJIENCTBUS C BBIIIECTOSIIIMEI Op-
raHu3alUsAMU, YaCTHIM H3MEHEHUEM CTaTyca COTPY/IHUKOB U 00ydaeMbIX, MHOTOOOPa3ueM UC-
TOYHUKOB (DMHAHCHPOBAHUS, IIPOCTPAHCTBEHHOI pacIpe/e/eHHOCTRIO nHMPACTPYKTYphI [1].
Mpb1 BujiM, 9TO By3 — 3TO CaMOCTOATEIbHAasl OpraHU3alldd, KOTOpas OKa3bIBaeT 00pa3oBa-
TeJIbHBIE YCJIYTU C 1EJIbIO TOJITOTOBKI BHICOKOKBAJIM(PUITIPOBAHHBIX U BOCTPEOOBAHHBIX Ka/I-
POB JIJIT SKOHOMUKHU CTPaHbL. B 9TOll cBA3M /I By3a SABJISETCA BayKHBIM HAJIMYUE TAKOTO
Ka4ecTBa, KAK KOHKYPEHTOCIIOCOOHOCTH, YTOOBI OBITH ITPUBJIEKATETLHBIM U UHTEPECHBIM JIJIst
HAYYHBIX JledTesiell u OyIyIux CTYJAeHTOB. BarKHbIMU MOKa3aTeIaIMi KOHKYPEHTOCIIOCOOHO-
CTH YHUBEPCUTETA SBJSIOTCS KadeCTBO 00PA30BATEHHOIO IIPOIEcca, MOATOTOBKA OYIyIIIX
CTETNAINCTOB-BBITYCKHUKOB, KOJTMYECTBO U Ka4eCTBO HAYYIHBIX MCCIEIOBaHUI, BHICOKOKBA-
muUIUPOBAHHBIN TPOhECCOPCKO-TIpenoaBaTebeKuil coctas, nadpacrpykrypa [2|. B cBssu
¢ orcyrcrBueM (hbopMaj3aIun OU3HEC-IIPOIIECCOB MeHee 3aMETHBIM OCTAeTCs TaKO MoKa3a-
TeJIb, KAK YPOBEHb MHGOPMAIMOHHON 0e30I1aCHOCTH BLICIIIEIO 00pPa30BaTEILHOIO YUPEeXkK Ie-
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nusd. TeM He MeHee, JTaHHbBINA TOKA3ATENb SIBIIETCH OCOOEHHO BazKHBIM, TaK KaK Ka1eCTBO 0bec-
neveHns NHMOPMAITMOHHON OE30MACHOCTH B BYy3€ HEIOCPEJICTBEHHO BJIUSET Ha PEIyTAIUIO U
COOTBETCTBEHHO HA €r0 KOHKYPEHTOCIOCOOHOCTh. B yHUBepcuTeTe, KaK 9acTh HEPEPBIBHOTO
poIiecca OKa3aHus 00pa30BaTe/ILHBIX YCJIYT, XpPAaHUTCH 1 00padaThIBAETCs O'POMHOE KOJINIe-
CTBO Pa3/IMYHBIX JAHHDBIX, CBA3AHHBIX HE TOJLKO C oDecriedeHneM yaeOHOro mporecca, HO U C
HAYYHO-UCCJIE0BATETbCKIMU U ITPOEKTHO-KOHCTPYKTOPCKUMU Pa3paboTKaMU, IEPCOHATBHBIE
JIAHHBIE CTYJEHTOB U COTPYJIHUKOB, CJIyXKeOHasd, KOMMepUecKasd U nHasg KOH(MUIeHIIHaIbHA
nndopmaryg. Mbl BUIUM, 94TO YHUBEPCUTET 00/1a/1a€T OOJIBIITIM KOJTUIECTBOM NH(MDOPMAIIIH,
UCIIOJIb30BaHNe U obecrievyenre 6e30MaCHOCTH KOTOPOH perjaMeHTUpYyeTcs JIeHCTBYIOIIME
3aKOHOJATEIbHBIMU aKTaMu. TakuMm obpasoM, obecriedenre Ha/ IeyKaIlero yposus nadopma-
IIMOHHON 6e301MaCHOCTU YHUBEPCUTETa B CBA3U ¢ nosiokenusimu 3akona PK or 21 masa 2013
roga Ne 94-V "O nepconasbHBIX JaHHBIX 1 uX 3ammre , 3akona PK or 27 urons 2007 romga
Ne 319-IIT "O6 obpasoBanun" u Sakona PK or 24 nosops 2015 roga Ne 418-V "O6 urdop-
MaTH3amun'" TakyKe CTAHOBUTCH aKTyasbHOU 3ajadeil.

Ha ocHoBaHuu BbIlle M3JI02KEHHOTO MBI IIPHUIIIA K BBIBOJLY, YTO JIJIsi YHHBEPCUTETA HEOO-
X0uMO chOopMHUPOBATL OuzHEC-1Iporece obecriedenns WHOOPMAIMOHHON 0Ge30IacHOCTH 10~
CPEJICTBOM pa3pabOTKU HOPMATUBHO-PEIVIAMEHTUPYIOMIUX JIOKYMEHTOB U KOHTPOJIMPYIOIUX
Mep.

2 Tekyiee cocrosinne UT-undpacTpyKTypbl By3a u 6a3oBasi Mojiejb obeciieve-
HUS WHOPMAITMOHHON 6e30macHOCTU

st mocTpoenns 6a30Boit Mozen obecrevdeHns NHMOPMAIMOHHON 0e30I1aCHOCTH HEOOXOIH-
MO ormpejiesinTh KomoneHThl U'T-undpacTpyKTyphl By3a U BBIJIEIUTH CPEJd HUX OOBEKTHI
nH(MOPMAIMOHHON 6E30IIACHOCTH, OIPEJIEINTh YIPO3bI, & TaK:Ke OIPeIeUTh OCHOBHBIE ITPO-
6J1eMbl, TIPEISITCTBYIONINE peaTu3allii JaHHON 6a30BOI MOIEIN.

Msr Bugum, uro KommnounentamMu UT-undpacTpyKTypbl MpaKTUYeCKH JIIOOOrO BBICIIETO
y4aeOHOIO 3aBeJIeHNsT sIBJISIIOTCS OTIPEJICJIEHHOE allllapaTHOe U IporpaMMHoOe obecriedenue [3).

K ammaparaHOMy 06ecieIeHuI0 OTHOCUTCS:

CereBast WH(MPACTPYKTYpPa — COCTOUT W3 CHCTEMHO-KOMMYHUKAIIMOHHBIX V3JI0B Ce-
TH; CTPYKTYPUPOBAHHOW Kabe/JbHOW CHCTEeMbl; aKTUBHOTO ceTeBOro obopyoBanus; [P-
tesedonnn; JjokagabHoro [P-TeieBuienus; cucreMbl yipapieHusi, KOHTPOJIsi I MOHUTOPHUHTA
0€30I1aCHOCTH CETH.

Cepgeprast nHMPACTPYKTYpa — BKJIIOUAET B cebsi: cepBepa; CUCTEMbl XPAHEHUs JTAHHBIX;
BBIUNC/INTE/IbHBIE CUCTEMbI HAYIHBIX PACIETOB; CUCTEMbI PE3€PBHOIO KOIMMPOBAHUS U BOCCTa~
HOBJICHHS, CPEJCTBA BUPTYAJUIAINHI; CUCTEMbI aJIMIHUCTPUPOBAHUSA BBIYUCIUTEILHBIX CH-
CTEMHBIX PECYPCOB U CEPBHUCOB; CUCTEMY T'apaHTUPOBAHHOI'O SJIEKTPOIUTAHUSA; CUCTEMY KOH-
TPOJIA U MOHUTOPUHTA OKPYZKAIOIIEH CPEJIbl; CUCTEMY ITOXKAPOTYIICHUSI.

MynbTuMeuiiHOe TEXHUKO-TEXHOJIOIHIeCKoe obecliedeHrne — 9TO IMapK KOMIIbIOTEPHOM
TEXHUKU W OPITEXHUKHU; UHTEPAKTUBHOE MYJIBTUMEIUITHOE 0DOPY/IOBAHUE; CHCTEMa BUIEO-
KOH(EPEHIICBA3M; allllapaTHbIe CPEJICTBA MOOMIBHOIO OOyYeHWs; CUCTEMa ayno-BHUJIEO CO-
MIPOBOXKJIEHUS; yaeOHOe IMpOorpaMMHOe obecriedeHue.

K nporpamMuoMy obecried4eHuI0 OTHOCUTCS:

Koprnoparusnast uadopmarmonnasi cucrema ynpasjerust Byzom (KUC) — npejcrassier
co0O¥ KOMILJIEKC ITPpOTrpaMM, HAIPABJICHHBIX Ha aBTOMAaTH3AIIAI0 U yIIPpaBJICHHE Pa3JIuIHBIMU
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OusHec-TIporeccaMu By3a, 0a3upyrouXcs Ha MTPOIECCHOM TOX0/Ie, ITO TO3BOJISIET CUCTEMHO
Pa3BUBATH KarK/I0€ HAIIPAB/IEHUE JIeSITe/IbHOCTH By3a U OPTaHM30BbIBATH PAOOTHI 110 CO3/TAHIIO
U COITPOBOZK/IEHUIO ITPOTPAMMHBIX Pa3pabOTOK paboTHUKaMi WH(MOPMAIMOHHBIX TOJIpas3/ieie-
HU# By3a.

Kopnoparusnas undopmalnuontas CucTeMa yIPaBJIeHUs BY30M COJEPXKHUT CJIEYIOIIHIe
KaTeropuu nHMOPMAaIUN, O/JICKAIINIE 3aIUTeE:

1) undopmarusi, cojepkaiiasi epcoHajbHbIE JIaHHbIE PADOTHUKOB, 0OYYAIOIINXCS BY3a.

2) uadopmanus, comepKaias KOMMEPIECKYO TaiHy.

3) undbopMarys, IpeIHA3HAYCHHAS J[JI1 KOHKPETHBIX JIHII, JIMOO IPYIIIbL JIMI[, ¢ OTPAHU-
YE€HHBIM JIOCTYTIOM.

Kak Bujno u3 omucanusa KomronenTos UT-undpactpyKTypsl, KazK bl 13 HUX MIPEJICTAB-
JsieT coboit 0bbekT mHpOpManmoHHoi Ge3omacHocTr. Clie10BaTEILHO, HYXKHO 110 KarKJIOMY
O00BEKTY OIPEJIEJIUTEH YIPO3bI, MIPOIE/YPy OPraHU3aIllUd U CUCTEMY Mep 10 00ecIieueHuIo UH-
dopMaIoOHHO 6E30TIACHOCTH.

[TepBoucrounukamu yrpo3 nuhOpPMAIMOHHOM OE30TIACHOCTH SIBJIAIOTCSA HHTEPHET U MHTPA~
HeT cpeibl. B coorBeTcTBUN ¢ PUCYHKOM 1 MBI BUJIUM KATETOPUU YTI'PO3 CO CTOPOHBI MHTEPHET
1 WHTPAHET.

K ocHOBHBIM yTpo3aM, HCXOIANNM U3 0003HAYEHHBIX HA PUCYHKE 1 MCTOYHUKOB, MOYKHO
OTHECTH CJIEJIYIOIIHE:

— BHeJIPEHNE BUPYCOB U JPYTUX Pa3PYIIAIONIIX TPOrPAMMHBIX BO3/IEfICTBHIL;

— HapyIIeHue MeJIOCTHOCTH UCIOTHSIEMbBIX (Dailios;

— MCHOJIb30BaHUe OMUOOK Koja 1 Kouduryparmu mporpammuoro obecredenns (I110), ax-
TUBHOT'O CETEBOI'O ODOPY/IOBAHMUS;

— anayim3 u mogudukanus [10;

— HaDJIIO/IeHNe 3a PADOTON CUCTEMBI IyTEeM HUCIIOJIb30BAHUS ITPOIPAMMHBIX CPEJICTB aHa-
7m3a cereBoro tpaduka n yTHiuT oneparonHbix cucteM (OC), MO3BOILAIONINX MOy IaTh
UHAMOPMAIIIIO O CUCTEME U O COCTOSTHUU CETEBBIX COE/IMHEHNI;

— ucnosp3oBanue yszumocreit 110 g B3j0Ma TporpaMMHOl 3aIUTHL ¢ HETBIO TOJY-
YeHUs HeCAaHKITMOHUPOBAHHOIO JIOCTYIIa K WH(POPMAIIMOHHBIM PECYypCaM HJIM HApYIIeHUs UX
JIOCTYTTHOCTH;

— BBIIIOJTHEHUE OJTHUM I10JIb30BaTe/IeM HECAHKITMOHUPOBAHHBIX JIEHCTBUIT OT UMEHU JIPYTO-
r'0 TI0JIB30BATE/IS;

— PaCKpBITHE, ITEPEXBAT U XUIEHNe CeKPETHBIX KOJIOB U MapOJIeii;

— greHue ocrarodHoil mHopManuu B oneparuBHoil mamsaru (OIl) KomibioTepoB u Ha
BHEIITHUX HOCHUTEJIAX;

— 3arpyska U yCTaHOBKa B CHUCTeMe He JIMIEH3NOHHOI'O, HEIPOBEPEHHOI'O CUCTEMHOTO U
npukJaaoro [10O;

— OJI0KHMpOBaHe PadOTHI MOJIHL30BATE/IENl CHCTEMbI IPOIPAMMHBIMU CPEJICTBAMU;

— nepexBaT nHMOPMAINHT HA JIMHUIX CBSI3U IIyTEM HCIIOJIb30BAHUS PA3JIMIHBIX BUJIOB aHAa~
JIN3aTOPOB CETEBOTO TpaduKa;

— 3aMeHa, BCTaBKa, YIaJIeHIe I U3MEeHEHNe JTaHHbBIX [T0JIb30BaTe el B NH(MOPMAITHOHHOM
MTOTOKE;

— nepexBaT uHbOPMAIH (HAIPUMED, MOJIh30BATEIbCKHUX MapoJIeii), TepeaBaeMoii Mo Ka-
HAJIaM CBSA3H, C IeJIBIO ee ITOCIeYIONIEro NCIOJIH30BaHus g 00X0/a CPEJICTB CeTEBOI ayTeH-
TrudUKaII;
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— CTATUCTUYECKUI aHaM3 ceTeBOro rpaduka (HapuMep, HAJUIUe WIn OTCYTCTBHE Olpe-
JIeJIeHHO# MHMOPMAITIN, YacTOTa Iepejiadi, HallpaBJIeHne, TUIbl JJAHHBIX U T.II.);

— pa3Merienne KoHbUIeHIMATBHON / TpoBOKaInoHHON nadopmanuu B ceru VIHTEpHET;

— araku Tuna "orkas B obcayxkuanuu" (DoS) T. e. araku Ha BHIYUCIUTEIBHYIO CUCTEMY C
IIEJTBIO JIOBECTHU €€ JIO OTKa3a, CO3JIaHNe TaKUX YCJIOBUM, IPU KOTOPHIX JI0OPOCOBECTHBIE TIOJIb-
30BaTeIM CUCTEMbl HE MOIYT HOJYYHUTH JIOCTYII K IIPEIOCTABISEMBIM CUCTEMHBIM pecypcam
(cepBepam ), 6O STOT JIOCTYI 3aTPYIHEH;

— KpazKa BaKHBIX JIAHHBIX C IMOMOINBI0 KapMaHHbIX HocuTeselr madopmannu (flash-
HaKOIUTEJIe, BHEITHUX YKECTKUX JIMCKOB U T. JI.);

— umnuHr, T. €. UHTEPHET MOIIEHHUYECTBO C UCIOJIH30BAHMEM COIUAIBLHON WHXKEHEPUN
JUTsT TIOJTYUIeHUs JIOCTYIIa K KOH(UJIEHIIHAIBHOW WHMOpMaIK MoIb30BaTe el — JIOTUHAM 1
TAPOJISIM;

— Hus3Kas kBaymdukarus WT-cuenmanncros, aIMIHICTPATOPOB U Pa3pabOTIUKOB IIPO-
IPAMMHOIO U TEXHUIECKOTO 00eCTIedeH s ;

« pasmelleHue KoHhMaeHUManbHoh/NpoBoKaLMoHHOM MHopMaLWK B
ceTtu MIHTepHeT;

+ MOMbITKa B3/10Ma, CKAHUPOBaHWe NHTEPHET-PECYPCOB YHUBEPCUTETA;

. araku Tuna «oTkas B o6cnyxxuBaHum» (DoS);

+ nepexsar W NogmeHa Tpaduka;

- MOMbITKa A0CTYNA K 3alMLWEHHbIM AaHHbIM OpraHn3aumm;

+ aTaku C NoOMOLLLIO BUPYCOB U YepBei;

- UCNoNbL30BaHWE YA3BUMOCTEN OTKpLIToro MNo;

+ (OULLKHS;

WHTepHeTt

- MOMbITKA OOCTYNa K ypHasy ycneBaeMoCcTW CTYAEHTA;

+ MONbITKA AOCTYNa K YYXWM HayYHbIM NpoeKTam;

» MOMbITKa OOCTYNa K NNaTexHoi nHgopmMaumu;

- MOMNbITKa OCTYNa K NepcoHabHbIM OaHHbLIM APYTMX COTPYLHWKOB;

+ Kpaka BakKHbIX OaHHbIX C MOMOLLULID KApMaHHbIX HOCUTENewn
vHcopmauum (flash-HakonuTenei, BHELWHWX XECTKWUX OMCKOB U T. 4.);

- HU3KanA Keanvmkauua MT-cneumanucTos;

+ BUpYCHblE aTaKku;

WHTpaHer
Pucynok 1 — Cxema Bo3MOXKHBIX yrpo3 B jyist By3a

N3 anammza yrpo3 mHMOPMaIMOHHON 0€3011aCHOCTH MOXKHO CJiejlaTh BBIBOJI, UTO B BY-
3€ MPUCYTCTBYET Psii TPOOJIEM, MPEMSITCTBYIONINX PeaTn3aIiy POTEyPhl OPraHu3allud 1
CHCTEMBI Mep 110 0becievueHnio NHMOPMAIIMOHHON O0e30IaCHOCTH:

1) orcyrcTBue mwin HejpocTaTok crermaanctos B B By3e;
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2) I0POTrOBU3HA CPEJICTB MOHUTOPUHTA U JIMATHOCTHKH CETEBOTO, CEPBEPHOIO M IIPOIDAMM-
HOT'O ODeCIIeYeHUs;

3) orcyTcTBHe OBIMIENPUHATONH (hOpMAU3AIUK JIEJIOBBIX POIECCOB, B TOM JYHCJIE POIEC-
COB 110 obecriedeHno NH(MpOPMAIIMOHHON 6€30I1aCHOCTH;

4) pearuposanue 110 HaKkTy MIPOU3OIIE/IIIEro HHIMIEHTa NHPOPMAIMOHHON 6e3011aCHOCTH
U OTCYTCTBUE YIIPEXKJIAIOMNX JEHCTBUN 10 MPEJOTBPAIIEHUIO YTIPO3.

OrpeiesiuB 00bEKTHI, YI'PO3bI, a TaKKe Mpod/ieMbl HHPOPMAIIMOHHON 6€3011acHOCTH, KaK
MPAKTUIECKYIO YaCTh pean3aruu 6a30BOil Moje/ i HHPOPMAIIMOHHONW 6€301aCHOCTH, HEOD-
XOJIUMO HCIIOJIB30BaTh OCHOBHON HAOOP 3allUTHBIX WHCTPYMEHTOB, CPeIN HUX:

CpejicTBa aBTOPU3AIAN — [TPEIOCTABJIEHNE OIIPEICIEHHOMY JIUITY WJIM TPYIIIe JIUIL IPaB Ha
BBINIOJTHEHUE OINPEJIeJIEHHBIX JIeHCTBUI; a TaKyKe MPOIece MpOoBepKu (MOITBEPK/IeHNs) JTaH-
HBIX [IPAB IIPY MOIBITKE BBITOJTHEHUS STUX JIeHCTBU. HacTO MOKHO yCJIBIIATH BhIpAXKEHUE,
YTO KAKOM-TO desioBek "aBTopu3oBan" /1jisi BBITIOJIHEHUS JIAHHON ONEPAINH — 9TO 3HAYUUT, ITO
OH MMeeT Ha Heé IPaBo.

Kypuanupoanue — rmporecc 3amnucu nHGOPMAIUU O MTPOUCXOIANNX ¢ KAKIM-TO 00bEeK-
TOM (MM B paMKax KaKOro-TO MpoIecca) COOBITHIX B yKypHaJ / jor-dailn (Hampumep, B
aitin).

AHTUBHUpYCHBIE CPEJICTBA — CIENUAIM3NPOBAHHAS IIPOTPAMMA It OOHAPY KEHU S KOMITbIO-
TEPHBIX BUPYCOB, a TAKZXKe HEXKeJIATEIbHBIX (CUNTAIONMXCS BPEIOHOCHBIME) TIPOrPaMM BOOO-
IIe ¥ BOCCTAHOBJIEHWS 3aParKEHHBIX (MOIUDUIINPOBAHHBIX) TAKUMU IIporpaMMamMu (Ghaijios,
a TakKe Jijis TpOoUIAKTUKY — IIPeJIOTBPAIleHns 3apaykenust (Moudurarmn) haiaoB win
OTIEPATTIOHHOI CUCTEMBI BPEJIOHOCHBIM KOJIOM.

MezkceTeBble SKpaHbl — IPOTPAMMHBIN MJIM TPOTPAMMHO-AITIAPATHBIN 9JIEMEHT KOMITbIO-
TEPHOIl CeTH, OCYIIECTBISIONINI KOHTPOJIb U (PUIIBTPAIINAIO TPOXO/IAIIEro Yepe3 HErO CETEBOTO
TpaduKa B COOTBETCTBUU C 33/ [AHHBIMU ITPABUJIAMUI.

CucreMbl pe3epBHOIO KOIMUPOBAHUS — IPOIECC CO3/IaHMS KOIMHU JAHHBIX Ha HOCUTEJIE,
[PETHA3HAYEHHOM JIJIsi BOCCTAHOBJICHUS JIAHHBIX B OPUTMHAJIBLHOM HJIH HOBOM MECTE UX Pac-
[TOJIOYKEHUsT B CJIydae WX TMOBPEXK/IEHUs WU Pa3PyIIeHUs.

Cucrembl GecriepeOOWHOTO MUTAHWSA — BTOPUUIHBI UCTOYHUK JIEKTPOIUTAHWS, MTPE/THA~
3HAYEHHBIH 71 JIEKTPOIUTaHUS TPU KPATKOBPEMEHHOM OTKJIIOYEHUN OCHOBHOT'O MCTOYHHUKA
9JIEKTPOIUTAHUS, & TaKyKe I 3allUThI OT CYIIECTBYIONIUX ITIOMEX B CETU C COXPaHEHUEM
JIOTIIYCTUMBIX TIAPAMETPOB JIJIsi CETU OCHOBHOI'O UCTOYHUKA.

Cucrembl ayTeHTU(MUKAIINN — CPEJICTBO 3AIUTHI, YCTAHABIUBAIOIIEE IO/ IMHHOCTD JIUIIA,
[IOJIY 9aOIIero JOCTYII K aBTOMATU3UPOBAHHON CUCTEME, ITyTEeM COITOCTABJIEHUsT COODIIEHHOTO
UM UJIeHTH(MUKATOPA U MPEIbIBIEHHOTO MOITBEPKIAONIETO (haKkTOpa.

CpejicTBa KOHTPOJIS JIOCTYIIA B IOMEIIEHUS — COBOKYITHOCTD ITPOIPAMMHO-AIIIAPATHBIX
TEXHUIECKUX CPEJICTB 0E30IaCHOCTH, MMEIOIINX IEeTbI0 OTPAaHuYeHNe U PErUCTPAINIO BXO/Ia-
BBIXOJIa 00bEKTOB (JIFOJIEll, TpaHCIOpTa) HA 3aJlaHHON TeppuTopun depe3 "Touxu mpoxosa:
nBepu, Bopota, KIIII.

3 VYmnpasisionias Mo/1eJib obecriedeHns MH(POPMAIMOHHOI O0e30macHoCTH

Jlns  obecrnievennsi 0oJiee BBICOKOTO U KAYeCTBEHHOI'O YPOBHSA 3aluThl o0bekToB WMT-
nHAPACTPYKTYPHI OT BBIIIEYKa3aHHBIX YIPO3 00pa3oBaTe/lbHasd OpraHu3aliid J02KHA YMETh
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PYKOBOJICTBOBATBLCS CYIIECTBYIONIUMU 3aKOHOIATETbHBIMU JIOKyMEHTAMu 00 HH(MOPMAIMOH-
HOIT e30IIaCHOCTH, & TaKKe 00/13/1aTh UCIEPITBIBAIOIINMI OPTaAHI3AIMOHHBIMI TTOJIOYKEHI M
KacaTe/IbHO MPOoIe/Iyp obecriedenus nHpopMannonnoit 6ezonacunoctu. HopmaTupubie periia-
MEHTHUPYIONINE JTOKYMEHTBI JIOJ2KHBI COJIEP:KATh KOHKPETHBIE TTPOIPAMMHO-TEXHUIECKUE pe-
IeHus1 o0Ine JJId BeeX 00pa30BaTeIbHBIX YIPEXKJICHUN ¢ yIeTOM UX 0COOEHHOCTEH B 3AIUTE
nH(MOPMAITIH.

Ha ceromusimauii 1eHb B yUPeKIEHUAX BBICIIEr0 00pa30BaHusa OTCYTCTBYET (hopMasIn3o-
BaHHBIE ITPOIIE/IYPbI, JdeficTBus wim Mepbl 110 3amure UT-undpacrpykrypsl. Takum obpazom
YHUBEPCHUTETHI He 00/1a/1af0T (hOpMaJIM30BaHHON yIIpaBJISIONIel MO0 obecliedeHns] WH-
dopmaImoHHOoi 6e30ITacHOCTH.

B cBs131 ¢ BBITIEN3/T02KEHHBIM MBI BUJIUM HEOOXOIUMOCTD CO3/IAHNS YIIPABJISIONIECH MOJIE/N
obecrieuennsi ”HGOPMAIMOHHON 6€30aCHOCTH, KOTOPas OYIET COCTOSATH U3 BBIIMIEOIMCAHHOMN
6a30BOI MOJIE/IN U JOMOJHATEIBHBIX MEp, U MPOIEYP, ONMMCAHHBIX HUXKE:

[Tar 1. Onpenenenne 06bLEKTOB HHMOPMAIIMOHHON 6€30ITACHOCTH.

1.1 Ompenesterne 06bekToOB 3amuThl U T-nrHdpacTpyKTyph! - aHa U3 1 BBISB/IEHNE TEHHBIX
nH(GOPMAIMOHHBIX 00HEKTOB, HAIIPUMED, KOHMUICHITHAIbHbIE JJAHHBIC OPTaHU3aINH, CEPBEP-
HbIE, CeTeBble 1 MH(MOPMAIIMOHHBIE PECYPCHI U T.J. DTH 00bEKThI 3aIUThI OYIYT UCIIOIb30Ba-
HBI JIJIsI OIIPeesIeHusT YTPO3, KOTOpble MOTYT HAHECTH YIIEpO JAHHBIM OObEKTaM.

1.2 Onpenenenne yrpo3 nndopmanuonnoit besonacaoctu UT-undpactpyKTyphl — aHATH3
U BBISIBJIEHHE TTOTEHITNAJIbHO BO3MOYKHBIX COOBITHUI, AEHCTBHil, ITPOIECCOB MJIN sIBJIEHUI, KO-
TOpBIE MOTYT IIPUBECTU K HaHeceHuto yiepba. st ompesiesiennst yrpo3 HeoOX0 MO OIEHUTH
UMEIOIINeCs YI3BUMOCTH, T. €. npucymme oobekty UT-undpacTpyKTypbl TPUYUUHBI, TTPUBO-
JAIIe K HapyIeHno nHpOpMaImonHoil 6esomacHoctr. OmpenesinB yrpo3bl, MOXKHO TOTHO
HMOHSATH W OIPEJIEINTD, KAKUX ITOCJCJICTBUI OT HUX OXKHUJIATH B CJIydae UX peasu3alliu.

1.3 Omnpejesienne MoOCaeCTBUN peau3alii yIPo3 — aHaJu3 U BBIABJICHNE BO3MOXKHBIX
JIEMCTBUI peasu3aliii yrpo3bl MIPH B3aUMOJACHCTBUN MCTOYHUKA YIPO3bl depe3 MMEIOIIHecs
ysazsumoctr. [locrte onpenenenns mocencTBuii 6yaer chopMupoBaHa BCs IIEITOYKa 0OBEKTOB
nHGOPMAIMOHHOM 6€30ITaCHOCTH, KOTOPYIO MOXKHO HUCIIOJIb30BAThH, KAK BXOJHBbIE JTAHHBIE IS
COCTABJIEHUS OPTAHU3AIMOHHBIX TPOIETYP WHMOPMAIMOHHON Oe30IIaCHOCTH.

[Tar 2. Opraamsarust poreyp HHGOPMAIMOHHON Oe30TTaCHOCTH.

2.1 ®opmuposanue MaTpuIibl Joctyna K oobekram VU T-undpactpykTypsl (cepBepHbIe, ce-
TeBble U HHGOPMAIMOHHBIE PECYPChI) — TabJIHIBl, OTOOpazKaroIIeil IIpaBuIa J0CTyIa CyObeK-
TOB K o0bekTaMm U'T-undpacTpyKTyphl, JaHHBIE O KOTOPBIX XPaHATCs B JIUCIIETYEpE JIOCTYIIA.
Orpeie/TiB COOTBETCTBYIOINLYIO MATPHILY, JTOCTYII HEOOXOIUMO KAKHM-TO 00pa3oM (hpusnaecKu
pasrpannauThb. Jjist 3T0#t ¥ Apyrux 1eseit Hy?KHO UCIIOJIb30BATh 3alIUTHBIC HHCTPYMEHTHI.

2.2 MHcnonb3oBanne 06a30BOro Habopa 3alllUTHBIX HHCTPYMEHTOB — IIPOTPAMMHO-
TEeXHUYIECKUX CII0COOOB U CPEJICTB obeciiedeHns HHPOpMaInoHHO# 6e3omacuoctu. B nrore 6y-
JIeT co3jiaHa 6azoBast MoJIe b obeciievenus nHdopMalnonHoit bezonacHoctu. Ho maJjo mpocto
HCII0JIB30BATh JAHHYIO MOJIE/Ib, HY2KHO KOHTPOJIUPOBATH MPABUIBHOCTD 1 3 (HEKTUBHOCTD e
UCIIOJIb30BaHUS U ITPOU3BOIUTH MOHUTOPUHT COCTOSAHUA MHMOPMAITMOHHON OE30IIACHOCTH.

[MIar 3. Peanuzamus u BHeApeHuEe Mep, BHIPAOOTKA PEIIeHUT MOHUTOPUHTA U KOHTPOJISA
nHMOPMAIIMOHHON O6€30IIaCHOCTH].

3.1 ®opmupoBanre HAOOpa HOPMATUBHBIX JIOKYMEHTOB — JOKYMEHTOB, COJCPXKAIIUX I10-
JIO’KEHHUSI OTHOCHUTEJILHO obecrievdeHnsi HH(MOPMAIMOHHON 0e3011acHOCTH, CO3JIAHHBIX U Pery-
JINPYEMBIX KaK CaMoil opranmsaiueii, Tak u rocygapcrsoM. Co3aaB Takoil HAbOp JOKYMEHTOB
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MO2KHO OIIpeJde/IMTh MEPbl U KOHKPETHbIE, BbIpazKa€MbIC B YHCJ/IaX, IIOKa3aTEJIN I/IH(bOpMaL[I/I—
OHHOIT 6e301TacHOCTH.

3.2 Ormpeiesienne mokasareseil OleHKn THGMOPMAIMOHHON 0e30IIaCHOCTH — HAIIPUMED, 3TO
MOTYT OBITH KOJIMYECTBO BUPYCOB, OOHAPYKEHHBIX 3& MECSIl, KOJIUIECTBO IOIMBITOK 3arpys3-
KU BPEJIOHOCHBIX (pail/ioB Ha cepBep depe3 caillThbl OpraHnu3aliui, CPOKH OKOHYAHUS JIMIICH3UT
pazanunbix 10, Koau4IecTBO OJHOBPEMEHHBIX IIOJIB30BATECH Ha caiiTe B CpeIHEM KazKIbIi
JA€Hb, 9YUCJIO C60€B, KOT'Jla BHyTpE€HHHNE CHUCTEMbI U calThbl OpraHnnsalun OCTaHaBJINBaJIk CBOIO
paboty, jaHHble KOHUTYpalun 6a3 JIAHHBIX U CEPBEPOB, JIAHHBIE O 3aIPYKEHHOCTH IEH-
TPaJILHOTO MPOIIECCOPA CEPBEPOB, KOJMYECTBO HOBBIX MepCOHATbHBIX KoMibiorepos (ITK) 6es
YCTAHOBJICHHBIX IIPOrpaMM obecriedeHusi 6e3onacHocTr. JlaHHble mokasaTen JT0KHbI ObITh
OTparkKeHbl B COOTBETCTBYIOIINX ITPOTOKOJIAX IIPUHATHUS PEIIeHUil IPU IPEOIOJIEHIH TTOC/Ie/I-
CTBUI CJIYHIUBIINXCA MHIUACHTOB WM HUCIIOJIb30BaTbCA IJId IIPUHATUA peHIeHI/Iﬁ Ipu IJIaHUPO-
Banuu mojiepunsanuu U T-undpacrpykTypbl, HalpuMep, MOKYIIKHU JIONOJTHUTEIHLHBIX CPEJICTB
3AIUTHI, & TAKXKE ITPU BBIPAOOTKE KaKUX-TUO0 YIIPEXKIAIoNuX JeiicTBuii o 3amure. [lo j1an-
HBIM TTOKa3aTeIIM BO3MOXKHO U yKeJaTe bHo mocrponTh IC MoHEUTOPHWHTA, K KOTOPOt OYIyT
UMeTb JIOCTYIl pyKoBojcTBo UT-miogpasiesienus Jijig TOTO, ITOOBI ONEPATUBHO IMPUHUMATH
pellieHre 0 CoCTOAHNN nHPOpMaIonHoii 6e3omacHoct UT-undpactpykrypsl By3a.

4 3akJrodyeHue

B cBs3u ¢ BbIIEN3/10:K€HHBIM HaMK pa3paboTaHa yIPaBJIIONas MOJIe/b obecedeHns WH-
dopMmarmonHoit 6€301MacHOCTU I BY30B, COCTOAIIAA U3 CJICAYIONINX KOMIIOHEHTOB — 9TO
HOPpMaTUBHO-pPEIJIaMEHTUPYIOIKUE JOKYMEHTBI, CUCTEMbl MOHUTOPHHT'a, aHaJIN3a U KOHTPOJIA,
HabOp IoKazaTeseil OleHKH THMOPMAIIMOHHONE 0e30I1aCHOCTH.

Vcnob30BaHne TaKoi MOJIEIN TO3BOIUT 3(MPEKTUBHO MPEIyIPEXKIaTh 1 3apaHee BbIsAB-
JIATh yIpo3bl nHdopmamnuonnoit 6e3onacuoctn MT-urdpacTpyKTyphbl, 1 CBOEBPEMEHHO HH-
dopMHIPOBATH PYKOBOJICTBO By3a O TEKYIIEM COCTOSHUK IIPOIPAMMHO-TEXHUYIECKOTO KOM-
IJIEKCa, 1 ITIOHUMAThb €I'0 YPOBCHDL 3alllUIIIECHHOCTHU, 1 OIICHUTDL Ha,ZLé}KHOCTb C€Ir'o 3alIuThI.

Takum 0Opa3oM, pean3alys BBIIEOMNCAHHON MOJIE/N TTO3BOIUT TOATBEPANTh, 9TO BY-
30M, B YAaCTHOCTH €ro PYKOBOJICTBOM, IPHUHATHI BCe HEOOXOIMMBIE MEPBI 0 00ECIEeYEHUIO
HaJ[JIeXKAIero ypoBHs NHMOPMAITHOHHON 6€30IIaCHOCTH, U CIIOCOOCTBOBATH YCTOMIHUBOMY Pa3-
BUTUIO KOHKYPEHTOCIIOCOOHOCTH BY3a.
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E-mail: *asylbekuly@mail.ru

MaremaTuvecKoe MoaeJupoBaHue MUrpanuii HepTsSHOTO TsITHA U OIEHKAa apeajia
Ha noBepxHocTu Kacnuiickoro Mopsi B 3aBUCUMOCTHU OT METEeOyCJIOBUA

B nammoit pabore paccMaTpuBaeTCst MPOIECC PA3JINBa M MUTPAIUs TOPIOYEro TOIINBA — He(DTU B
Kacnouiickom mope B 3aBucuMocTu ot MeTeoycyaoBuit. Kak mpaBmiio, 9Ko0oraM, OCyIeCTBIAIONIAM
aHaJIM3 JIAHHOM YPe3BBIYaliHONW CHTyaInu, HeOOXOINMO 3HATH B KAKOM HAIPpaBJIEHUN OyJeT JBU-
raTbcst HeTSHOE MSITHO, 00pA30BaBIlieecs B Pe3yJibTaTe pa3JinBa, KaKyIo IJIONA b 3aiiMer HedTs-
HOE IISITHO, KAaK U3MEHUTCS COCTaB He(PTH, KAKOI 00beM HedTH UCITapUTCs U Psijl APYTUX BOIIPOCOB,
Ha KOTOPbIE MOXKHO OTBETHUTBH C HMCIIOJIH30BAHUEM MaTEMaTHIECKOIO MOJE/JMpOBaHus. Teopernde-
CKasi OCHOBA MATEMATHIECKOU MOJE/H IJjIs PACCMATPUBAEMOrO MIPOIECCA COCTABJIISIOT yPABHEHUS
TUPOJIMHAMUKN MODsI, YPABHEHUS [IEPEHOCA U M3MEHEHUsT KOHIIEHTPAIIMA KOMIIOHEHTOB HedTH, a
TaKXKe YIUTBIBAETCS YpaBHEHUE HEPAa3pPbIBHOCTHU, BbIpaskaloliee co00il HEM3MEHHOCTH OOIIEro Ko-
JIMYEeCTBa MacChl BbLINTON Hed T, 00pa30BaBIleil IJIEHKY Ha [MOBEPXHOCTU MOpsi. B pesyibrare
OIIpeJie/IeHA TPAEKTOPHs MUT'PAIIAY, M3MEHEHNEe KOHIIEHTPAIIMY U TeMIEPATYPbl He(DTSHOIO TSITHA
Ha ITIOBEPXHOCTU MOPsI CO CTAIIMOHAPHOTO NCTOYHUKA B 3aBUCUMOCTH OT MeTeoycjoBumii. Jlanuas Mo-
JIeJTb TTO3BOJISIET PACCUYUTHIBATD IIOMIAb U OMPEJIEISITh TPACKTOPUIO MUTPAIUE He(DTSIHOTO TIATHA,
mo akBaropuio Kacrnuiickoro Mopsi B 3aBHCHMOCTU OT METEOYCJIOBHUI, a TaKKe MPOBOJIUTH HHC-
JIEHHOE MO/JIEJIMPOBAHNE PA3/IMBOB HE(PTU B OTKPHITOE MOPE IIPU Pa3JIMIHBIX HAYAJBHBIX MACCaX
pasymToit HedTH.

KuroueBbie cioBa: pazinus HedrTu, HedTsHOe msTHO, Kacnuiickoe Mope, oxpaHa OKpPY2KAaroIei
CpeJibl, METEOYCJIOBUSI, MATEMATHIECKOE MOJICTNPOBAHNE.

Assylbekuly A., Abdibekova A.U., Zhumagulov B.T.
Mathematical modeling of oil spill migration on the surface of
the Caspian Sea depending on weather conditions.

This paper considers the process of filling and migration of fossil fuels - o0il - in the Caspian Sea,
depending on the weather conditions. As a rule, for environmentalists performing analysis of the
emergency, it is necessary to know in which direction will move the oil slick, formed because of
the spill, how to change the composition of the oil, how much oil will evaporate and a number
of other questions that can be answered using mathematical modeling. The theoretical basis of a
mathematical model for the process consists of the hydrodynamics equations of the sea, equations
of transfer and changes in the concentration of the oil component, as well as the continuity equation
is taken into account, expressing the an invariance of the total amount of mass of poured oil, which
have formed a film on the surface of the sea. As a result, the migration trajectory, the change in
concentration and temperature of the oil slick on the sea surface from a fixed source, depending
on weather conditions are defined. This model allows to calculate the area and determine the
migration trajectory of the oil slick on the Caspian sea depending on the weather conditions, and
carry out the numerical simulation of oil spills in the open sea at different initial masses of spilled
oil.

Key words: oil spill, the Caspian Sea, oil slick, the environment, weather conditions, mathematical
modeling.
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Acwuibekyser A., Agaubekosa A.Y., 2Kymarynos B.T.
Kacnowuit TeHisi 6eringe aya paiibl »kar/gaiibiHa 6aiijiaHbICTBI MYHall JaFbIHBIH TapaJjly
aliMaFbIHBIH, OarajiayblH >K9HE OPbIH aybICYBIH MAaTEMATUKAJbBIK, MOJIEJIb/IEY

Byan xxymbicra Kacninit Tenizine aya paiibl 2KaraiibiHa OalJIaHbICTBI MYHAH TOTIIYIH KOHE KaHAD
OTBIHHBIH, OPBIH ayBICY MPOIECTEP] KAPACTHIPHLIAILI. O/IeTTe TOTEHIIE XKAFIAliIbl TAJIIay Ke3iHe,
9KOJIOTTapra TOTrlIy HOTHKeCiHIe maiiza OoJraH MyHall JAFbIHBIH Kail OarbITTa >KBLIXKUTBHIHBIH,
MYHAa#l JIaFbIHBIH, KaH[all aliMak aJaThIiH/IbIFBIH, MYHANIBIH KYpaMbl KaJail @3repeTiHjirin, MyHaii-
JIBIH, KaHgal 6eJTiri OyIaHaThIHABIFBIH 01Ty KasKeT, OCBIHJIal KoHe 6acka mda OipkaTap Mocesenep
TYFBI3ATBHIH CypaKTapra MaTeMATHUKAJIBIK MOJEJbICY apKbLIbl 2Kayan oepyre Oosanbl. KapacToi-
PBLIATHIH IIPOIECC YIITiH MATEMATUKAJIBIK, MOJIEJIhIEP/IiH TEOPUSIbIK HETi31 ' IpoIuHaMIKa TEeHIe-
yJIepi, TachIMas TEHJEY1 KoHe MYHAl KOMIIOHEHTTEPI KOCIACBIHBIH, TEHJIEY1, COHIa-aK TeHi3 beTine
TOTLITeH MYHANIBIH caaaapblHAH Taiiaa 00aran KaOBIKTHIH, YKAJIIThI MACCACHIHBIH CAHBI 63repMeyiH
Gimmiperin y3imiccizmik Temmeyi ecenke abraaabl. HoTukecinge aya paiibl xKarmaitbina 0ailIaHbICThI
TeHi3 OeTiHe CTAIMOHAPJIBI KO3/IeH TOTLJIreH MYHAll JAFbIHBIH OPBIH aybICy TPAEKTOPUSICHI, TEMIIe-
paTypachl MEH KOCIIACLIHBIH 63repici aHbIKTa Ibl. Byt Monens Kacnuit TeHi3i akBaTopusChIHIA aya
paiibl KarmaiibiHa OafIaHBICTBI MYHAN JAFbIHBIH OPBIH AybICY TPAEKTOPUSICHIH aHBIKTAYFa YKOHE
TOTLITeH MYHa#l JArbIHBIH aiiMarblH €CelnTeyTe, COHIa-aK 6acTaIKbl Maccachl dp TYpJi OOJaThIH
MYHAMIBIH AIlIbIK, TeHI3/Ie TOTIIYIH CAHIBIK MOJEIbIEYTe MYMKIHIIK Oepesi.

Tyiiin ce3mep: myHaii Terinyi, myHait qaroi, Kacmuit TeHi3i, KopIimaran OpTaHbl KOPFay, aya paibl
JKarIaiyiapbl, MaTEeMATHKAJIBIK, MOJIEIIbICY.

1 BBenenue

PaszyiiuBer He T UMEIOT OrPOMHBII TOTEHIINAJ JIJIsT TPUINHEHUSI CEPbE3HOTO BPEJIa MOPCKOI
cpejie U CIIOCOOHDBI BBI3BATH MIUPOKUI SKOHOMUYECKU 1 dKoJjorudeckuii yiepb. Vceremposa-
HUE METOJIOB U CPEJICTB JIMKBUJIAINN TIOC/IE/ICTBUN aBapuil, a TaK»Ke METO/IbI, KOTOPhIE MOTYT
OBITH IPUHSTHI, YTOOBI N30eKATh aBAPUNHDBIX CUTYAIIUI U IpUMEHEHHEe UX Ha IIPAKTUKE SB-
JIIeTCs CeTrojiHsd 0c0b0 aKTyabHOI 3a1adeil.

Cesepnbiiit Kacrmii 3anumaer seero 0.5% ot obmiero oobnema Boabl B Mope. B pesysbrare
MHTEeHCH(UKAIIN [TPOIIECCOB OCBOEHMUsT YIJIEBOIOPOIHOTO ChIPhs KaK B MPUOPEKHON, TaKk H
B 11eJ1bPOBOIT 30HE, MOpE TOJIBEPTraecTCs 3arPA3HEHUIO HePTEIPOLyKTaMIi U COIIyTCTBYIOIIIM
uM TokcukanTamu. Kpome Toro, Kacrnuiickoe Mope IpUHEMAET CTOKH PEK, HECYIIUX ¢ cobOit
pa3/InIHbIE 3aIPA3HSIONINE BelecTBa. Beé 9To orpe/ie/isieT MOBBIIEHHbI YPOBEHb aHTPOIIO-
TeHHOI 3arps3HeHHOCTH Mopsi. Kak m3BecTHO, Hed TsHAS OTpPAC/h 1O TVIyOWHE U MHOTI000-
pa3mio HEraTUBHBIX BO3JACHCTBUI HA OKPYKAIOIIYIO CPEJLy MPEBOCXOIUT BCE JIPYTHUE OTPACU
TOILIMBHO-9HEPTETUYIECKOr0 KOMILIeKca. Haubosiee onryTuMo 9Tu BO3AEHCTBUS ITPOSIBIISIOT-
¢ B YCJIOBUAX JOOBIYUM, MOJATOTOBKH, IepepabOTKU U TPAHCIOPTa YIJIEBOJAOPOIHOIO ChIPhs
uredrenpoaykTos [1-3].

Ucrounuku 3arpsi3uenns Kacius MHOTOOOpa3HbI U PACIOJIOXKEHbI Ha TEPPUTOPUU BCEX
[Ipukacnuitickux rocymapcTB, BKJOYas UX MOPCKHAE aKBATOPHWH. DOJIBIIYIO MOTEHITHABHYTO
yrpo3y st Kacrus ns-3a morbéMa YpOBHSA MOPS ITPEJICTABISIOT 3aKOHCEPBUPOBAHHBIE HEd-
TAHBIE CKBAXKUHBI U IIPUOPEKHDbIE HEPTEIIPOMBIC/IBI, aBAPUU HA PA3BEJIOYHBIX CKBAYKUHAX U
TPAHCIIOPTHBIX CPEJICTBAX, & TAKKe TPAHCIDAHUIHBII [IEPEHOC 3arPA3HSIONINX BEIIeCTB (Me-
TaJII0B, HeTENPOYKTOB U T.J1.) 110 pekaMm BoJra, Ypas u jp.

B nannoit pabore paccMaTpuBaeTCs IMPOIECC pa3jiuBa W MUTDAIUs OPIOYEro TOILINBA
— nedptn B KacrnuiickoMm Mope B 3aBUCHMOCTH OT MeTeoycjioBuil. Kak mpaBmio, sKoJioram,
OCYIIECTBJISIONINM aHAJIN3 JIAHHON IpEe3BbIYATHON CUTyaIlNH, HEOOXOIMMO 3HATH B KAKOM Ha-
HpaBJICHUH OYIeT JABUTATbCs HeTsHOE IsITHO, 0Opa3oBaBIIeecs B pe3y/brare pas3/inBa, Ka-
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KYIO ILIONIA/Ib 3aiiMeT HedTAHOE IMATHO, KaK U3MEHUTCA COCTaB HedTH, KAKOil 00beM HedTr
UCIIAPUTCA U PsiJl APYTUX BOIPOCOB, HA KOTOPBIE MOYKHO OTBETUTDH C MCIIOJIH30BAHUEM MaTe-
MaTHYECKOr0 MojieiupoBanust [4].

2 IlocTranoBKa 3ama4uu

TeopeTndeckyio OCHOBY MaTeMaTUIECKUX MOJIEJIE J/Isi PACCMAaTPUBAEMOr0O IIPOIECca pacTe-
KaHusg HepTAHOrO ITHA OCHOBAHA Ha PEIICHUN YPaBHEHUS UMITY/IbCA JJIsI CMECH, YPaBHEHUS
HEPa3pPbIBHOCTHU JIJIsI CMECH, YPaBHEHUS ITEPEHOCA KOHIIEHTPAITUN:

(P +pV - (vOV)==Vp+V T+ f+pQ"v,

viovee (1)
o)
\ﬁ—i_v'(Cka):Fk, k=1...N
rne Fj, = ’W%]g# — ucnapenue; k; — K03pPUIUEHT Macconepeadn; Ty — J0Jasd k-10 KOM-

IIOHEHTa He(bTI/I; Pr — JaBJI€eHNE HaCbhINIEHHBIX I1aPOB JIJIs1 k-ro KOMIIOHEHTA HerTI/I; At - pac-
CMaTPUBACMbBIA BPEMEHHOMN IIPOMEZKYTOK; M — MOJIsIpHad MacCcCa; R - YHHUBeEPCaJIbHAA I'a30Basi
IIOCTOAHHAM, T - TeEMIIEpaTypa BO3J1yXa; Vi — CKOPOCTb ABM>KEHNA KOMIIOHEHTHI; V — CKOPOCTb
CMECH; Q]k\/[ — MAaCCOBBIA UCTOYHUK, KOTOprﬁ onpeaedeTCcd XUMUIEeCKNIMU IIPEBPAICHUAMMU,
N
M __ o . _ _ o . _ 6

Z Qk =0 , P — JaBJICHUE, f = (O, pg) BEKTOP BHEIIHUX CHJI; ¢ — YCKOPEHUE CBOOOJHOTO
k=1

maJIeHusd.

O6BbeMHBIIT ICTOYHUK CMECH:

N

1

Q" =Y o 2)
=1 Pk

B kadectBe ckopocTu cMmecu v Gepercs cpeaHeo0beMHas CKOPOCTh:

vV = Z CkVk (3)

k=1

3 YucjeHHBII MeTOn

Yucnennas peam3aliis COCTABIEHHON MOJEIN NMeeT CJIeIYIONIUil aJITOPUTM: Ha IIEPBOM STa-
ne pertaercs ypasuenne Hasbe-CTokca 0e3 ydera JlaBjieHUs, HA BTOPOM 3Talle PEIaeTCs
ypasuenue I[lyaccona, mosyuennoe u3 ypaBHeHU HEPA3PBIBHOCTH C yYETOM IOJIS CKOPOCTEHt
[IEPBOr0 dTalla, IMPU UCHOJIb30BAaHUN MATpu4HOil nporonku. [lomydyennoe noJse gaBjeHus Ha
CJIEJLYIOIIEM STalle UCIOJIb3YeTCs Jisi lepecdera OKOHYATeIbHOro mosisa ckopocteit [5]. Ha
IIOCJIeJTHEM JTalle 10 HaJIEHHOMY IIOJII0O CKOPOCTel pelraeTcs ypaBHeHUe Il TOJydeHus
KOHIIEHTPAIlNN KOMIIOHEHTOB BA3KOU KU TKOCTH.
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[IpomekyTouHOE I10JI€ CKOPOCTH HAaXOJMUTCS IIPU  MCIOJIb30BaHUM CcXeMbl KpaHka-
Hukosicona B KOMOMHAIMU C METOJIOM ITATUTOYETHOMN ITPONOHKM].
PaccmoTpuM rOpu30HTAIBHYIO COCTABJIAIONLYIO KOMIIOHEHTHI CKOPOCTHU %7 B TOYKE CETKU

(i +37) -

(4)

8u1 i G(ulul) 4 8(u1u2) . 1 (821,“ (92161)

Re \ 9.2 7 9.2
oxs 0x3

ot 0xy drs  Re

[Tpu npumenennu cxembr Kpanka-Hukosicona ypasrenne (4) mpumer Buj:

*M n 3t n t n—1 n

ulijélj iUV [hx]H%j +3 [h:vp]iJr%j —O—t[ax]H%j +

N (a%q)”“ N (a%q)"“ (5)
2 Re \ 022 i+1; 2 Re 0r3 i+1]

re

n 8u1u1 " 8u1u2 "
M;j:( ou ) *(W
L /il 2 /vl
n—1 Ouquy el Ouq g e
[hxp]iJF%j: e + B
T /vl T2 /il

" 1 1 0u \" 0ui \"
laz) ;=5 o || 5= Y (e
27 2 Re o3 , 03

i+3j i+37

Hastee sieByto gacTb ypasHeHus (5) 0603HAUUM Uepes Gy1j
2

— o xn+l n
Givls = Ui l; = Yigly (6)
o *n+1
Haitnem ui’'} 1; U3 ypabHeHus (6)
1
u*n—l— s uln

Lidy = Girdj T Wity

T:fjj u3 ypasHeHnus (5) mosryanm
2

ot 1 (9% _to1 (% =
%4377 3 " Re 0r7 )1, 2 Re \9z3/),.1,
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[Ipusenem ypasuenue (7) B B

rIe

3¢ ot §
_2 [hx]w%j + 3 [hxp]H%lj +2-t [ax]H%j

dz‘—&-%j - 92

YT00bI TOJIYIUTH BTOPOI MOPAIOK TOYHOCTH 110 BPEMEHHU HAIIUAIIIEM

t 1 o2 t 1 0?
15 R ) [ e s = Y

rober onpeneuts g, | 1; ypaBHenue (9) pemraercst B 2-X sramnax.
2

ot 1 9%
L= 3 Re aa7| At = vty
ot 1 02
72 Re 2ag) i T A

0?A
A 1 — = — | =— =d. ..
+37 2 Re (8:)&%)”1]. d’+§ﬂ
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Hannoe ypasaenue (10) permaercss METOIOM MSITUTOUYETHON IIPOrOHKH, B PE3yJIbTaTe MpH-

MeHeHUsd KOTOPOI'0 HaXOAUTCHA AZ’-I—lj .
2

Ha BTOPOM 3STalle qurlj umieTcd B HallpaBJICHUN KOOPJAWHATDBI To :
2

Becrauk KasHY. Cepusi maremarnka, Mexanuka, uadopmaruka Ne4(92)2016



94 Acputbekyisnt A., u ap.

t 1 0
_____ q 1 e A 1
2 Re 0Oz3] "t3d 3
t 1 [0?
qurlj 5 ' R_ ' 8_3 - Ai+l]
€ Y2/ it :
ot 1 T +16- Gisljr — 30 Gpry TA0- G0,y =415, 2
%4357 2 Re 12A73 i
s-qz.+%j+2—16-s-qi+%j+1+(1+3O~s)-qi+%j—16-3-qi+%j_1+s-qi+%j_2 :AH%J. (11)
IC S = FrReas

Hannoe ypasterue (11) permaercs METOIOM ISITUTOUEUHOM IIPOrOHKH, B Pe3yJibTaTe [pH-
MEHEHHS KOTOPOTO HAXOJUTCA ¢, 1 -
2

ITocsie Toro Kax MbI OIIpeJe/JINJIN 3HaYCeHre qi-&-lj MBbI HaXOIMNM UT::_TJ
2 2

*n+1 n
Uniply = Qi 1y T UL
*n+1
Kowmmonent ckopoeTn u3!\', HAXOWTCS aHAJIOIITHO.
3

PaspaboTannas MaTeMaTmdecKas MOJIETb U aJTOPUTM ee peam3aIii — Ha OCHOBE IIPOU3-
BEICHHBIX PaCYETOB C PEaJIbHBIMU U aKTyaJIbHBIMU JJaHHBIMU IIO3BOJIZAET OIIPEIC/IUTDh TPACK-
TOpUs MUTpAIK HePTIHOTO NATHA. B pe3ysibrare MOJAEIMPOBAHUS CTAJIO0 BOSMOYKHBIM IOJTY-
YaTh MaKCHUMAJIbHO OObeKTUBHbBIE JIAHHBIE, CTOJIb HEOOXOAUMBbIe g nporuosa. C mpuMene-
HUEM, PeaIbHbIX JAHHBIX IPe0OPA30BAHHBIX BEKTOPHBIX BETPOB B TAOJIMYHBIE JaHHbIC, &/1all-
TUPOBaHHbLIX JIJId Pacde€TOB, IIO3BOJIMJIO OIIPEAC/INTL TPACKTOPHUIO paCTCKaHUud U OIIPEIC/INTD
Oy/Ly1iee MecToHaxoxkieHne nedranoro narHa. Oepekaroliee orpejeieHue MeCTOHAXO0XK 1e-
Hue HeTAHOTrO paziuBa dPEPEKTUBHO YCKOPSAET IPOIECC PEArupOBAHUs CICIUAJICTOB I10
YpEe3BBIYAHBIM CUTYAIIUsIM TEXHOT€HHOTO XapaKTepa, YTO MO3BOJIAT YMEHBIIHUTD IOJICIIeT-
CTBEHHBII YIIepO 9KOJOTHIECKOTO 3arPA3HEHUS.

4 Pe3ynabTaThl MOAEJIUPOBAHUA

Takum ob6paszoM, Ha OCHOBe pa3pabOTAHHON MaTeMaTHUIeCKON MOJeIn IPOU3BeIeH pacder
JIBUZKEHNsT He(PTIHOTO MATHA B 3aBUCHMOCTH OT HAIIPABJIEHUSI BETPA U TEMITEPATYPBI BO3LY-
Xa; YCTAHOBJIEHO M3MEHEHNe KOHIIEHTPAIUN KayKI0I0 KOMIIOHEHTa He(DTHU B pe3y/IbTaTe UCIa-
peHtsT; U3MEHEeHNe TOJIIIIUHBI, ILIOMA U MAcChl He(PTAHOTO ISITHA; OIIpe/Ie/IeHa TPAEKTOPHUS
ABU2KEHUA IIdTHA B 3aBUCUMOCTH OT HallpaBJICHUA BETPAa.

Boin moctpoen mporpaMMHBIN MOJIYJIb i IPpeoOpa30BaHUA U CUUTHIBAHUSA PeabHBIX
MEeTEOPOJIOTUIECKUX JAHHBIX B BBIUNCIUTE/IbHBIE JaHHbIE JJIs MIPUMEHEHUsI B PacieTax Ma-
rTemMaTudeckoro mojenuposanus (Pucynku 1 - 9). Takum obpasom, pazpaboran akTyabHbII
IPOIPAMMHBIN MOJIY/Ib OCHOBAHHBIN Ha, PeaJIbHbIX JJAHHBIX METEOYCJIOBHIA.
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Pucynok 1 - Pacnpejiesienne maccel BbINTON HeDTH, €€ JIBUXKEHNE C yIETOM U3MEHEHUN KOHIIEHTPAIIH

pasnuToro nedrsanoro nstHa B Kacnuiickom mope no ucredennu 30 MUHYT

50 | 37
. 34

25

0 25 50 75 100

Pucynok 2 - amenenne TeMmrepaTypbl pa3anToro Hedrsanoro nsatHa B Kacnuitckom mope 1o uctedenun 30

MHUHYT

0.06

Xk{icom)
o
£

Pucynok 3 - IlokoMmoneHTHOE pacmpeiesieHne pa3IuToro HedTIHOro naTHa B Kacmuitckom Mope 1o

ucredennu 30 MUHYT
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Cn
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Pucynok 4 - Pacrpejiesienne Macchl BBIINTON HedTH, €€ JIBHKEHNE C yYETOM U3MEHEHUN KOHIEHTPAIUH

passmroro Hedranoro naTHa B Kacnuitckom Mope 1o ucredenunit 50 MUHYT

Pucynok 5 - Iamenenne TeMiiepaTypbl pa3jinToro HedrsiHoro nsitHa B Kacnuiickom mope 1o ncredenun 50

MHUHYT
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Pucynok 6 - ITokoMmonenTHOe pacupeaenrenne pa3anToro HedTaHOTO TsaTHa B KacnmuiickoMm Mope mociie

ncredeHnn 50 MUHYT
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X

PI/ICyHOK 7- Pacnpe,u‘eﬂeHI/Ie MacCChl BbLJIUTOM He(bTI/I, ee JIBU2KeHue C y4eToM M3MEHEHNN KOHIIEHTPaIllun

passmmroro nedranoro usTHa B Kacnuiickom mope 1o ucredennu 1 gac 10 MumHyT.
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Pucynok 8 - Vamenenne teMuepaTypbl pa3mToro HedrsHoro msaTHa B Kacnuiickom Mope 1o ucredeHun 1

qac 10 MuHYT.
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Pucynok 9 - IlokoMmoHeHTHOE pacipeiesieHne pa3IuToro HedTaHoro naTHa B Kacmuitckom Mope 1o

ucredennn 1 gac 10 MuHYT.

Becrauk KasHY. Cepust maTemaTnka, MexaHuka, nadopmaruka Ne4(92)2016



98 Acputbekysnt A., u ap.

Hartsiino nipejictaBieHo, 910 B 3aBUCUMOCTU OT HAIIPABJICHUST BETPA MEHSETCS TPAEKTO-
pus JIBUYKEHUS IsITHA, OT CKOPOCTU BETpPa — 3aBUCUT UCHAPEHNE OTJIEJbHBIX KOMIIOHEHTOB
nedru. [Ipunarer ciaeayronme 0o003HAYCHUS: 1COM - KOMIIOHEHTHI pacCMaTpUBAaeMoil HedTH,
Xk(icom) - koHnenrparus. PUCYHKHM WTIOCTPUPYIOT PE3YJLTAT O TOM, YTO [P Pa3JIUBe
HedTH B MOPE IPOUCXOJNT U3MEHEHHE KOHIEHTPaI HedTH 3a CUYeT UCIapeHusi, IIPH 3TOM
CHaYaJIa UCHAPSIOTCS JieTKue (ppakiu HedTr, 3aTeM TszKesIble, HapaBHE ¢ 9TUM ITPOUCXO/IAT
N3MEHEHHe BA3KOCTH CaMoil HedTu.

[Ipu perenun janHoil 3a/1a49u, ¢ NEJbIO JIEMOHCTPAIME PAa3pabOTaHHON MOJIE/IN U TOJIY-
JeHns OObEKTUBHBIX JAHHBIX IPOIEcca OBLIN B3SIThI 38 OCHOBY pPeaJibHbIE METEOPOJIOrnYe-
CKHUE yCJIOBUs, YTO UCKJIOYAECT MCKAXKEHUE Pe3yJIbTaTOB MOJEIUpOBaHus. Bbu1 pazpaboran
IPOTrPAMMHBIN MO/TY/Ib JIJIsT TTPEOOPa30BaHUs METEOPOJOTHICCKIX JAHHBIX JJI TOCTPOEHHO
mogienn. [lo nBukeHnio msTHA, ULTIOCTPAIS KOTOPOro MPe/ICTaB/IeHa Ha PUCYHKAX, YKa3aH-
HBIX BBIIIE, MOYKHO CY/JIUTH O PACCMATPUBAECMOM HAIIPABJICHUU HEMPTIHOIO MATHA C YIECTOM
MIOTOJTHBIX YCJIOBUM.

[Ipousso/ist ana 3 pe3y/abTaTOB MOYKHO 3aKJIIOUUTD, UITO HA PUCYHKAX 1-3 WLIIOCTPUPO-
BaHO M3MEHEHHUe, pPacipejesieHre KOHIIEHTPAIINN, TeMIIepaTypbl HeDTIHOTO MATHA C yIETOM
Berpa 7.8 M/c, 94TO B pe3ysbrare yKasblBaeT Ha COXPAHEHHWE HCXOJHON Macchl HedTSIHOrO
narHa. Ha pucynkax 4-6 ykazano Bpems ncredenus 50 MUHYT IIOCJIe aBapHUilHON CUTYyalllH,
U3MEHIIACH IO Ib PACIIPOCTpaHeHNsT HePTIHOTO MIATHA, TJe ¢ YIeTOM CKOPOCTH BOCTOTHO-
3ara/Horo Berpa 9.3 M/c, OTpaKeHbl H3MEHEHIe KOHIIEHTPAIIUN Pa3JINTOro HedTsTHOTO TIsITHA,
3a cuer ucuapenue jerkoi ppaknuu nedrTu na 0.3%, yBeamuniach KOHIEHTPAIMA TIXKEIOM
dpaxkmun, riae macca HedTn m3MeHUIach. Ha pucynkax 7-9 BujeH pe3yabraT BO3/IEHCTBUS
ckopocTH Berpa 12.2 M/c, Tie ucnapenue Jjierkoit ¢gppaxiwu gocruria saadenus: 0.5%, a mwio-
Ma,Ib pacTeKannda HedbTn yBeamamIach Ha 2 KM2. OUeBHIHO, UTO ¢ yBeJIMIeHNeM KOHIICHTPa-
[N BBICOKOBSI3KUX KOMITOHEHTOB, ITPOIECC UCIAPEHHST 3aMe/IJIAeTCH.

CrestyeT OTMETUTH IPEUMYIIECTBO pa3pabOTAHHON MaTEeMAaTHIECKON MO W ajJrOpUT-
Ma ee peasu3allii — B KaxKJIblil MOMEHT BPEMEHH, Ha OCHOBE PEaJIbHBIX METEOPOJIOTHICCKUX
JIAHHBIX U IPOU3BEJIEHHBIX PACUIETOB, MOYKHO JIaTh HH(MOPMAIIUIO pACIIPOCTPAHEHUS B 3aBUCH-
MOCTH OT HaIIpaBJICHHS U CKOPOCTU BETPA, UTO ITO3BOJISIET UCCAEI0BATE/ISAM, 3aHIMAIOITAMCSI
OIIEHKO 9KOJIOTUIECKOr0 yiepba, MoyIuTh CaMblii OO bEKTUBHBIN Pe3y/IbTaT IMPOIecca Pac-
TeKaHus HedTH U HePTEITPOLYKTOB.

5 3akJroueHue

Takum obpazom, mpoBejieHa pa3paboTKa MATEMATUIECKON MOJIENH JIJIs Peau3allii PacieTa
U OIICHKM apeaJia, Olpe/ie/icHa TPAeKTOPUs MUTPAInU HeDTSIHOTO IIATHA Ha TTOBEPXHOCTH MO-
P CO CTAIIMOHAPHOTO MCTOYHUKA B 3aBUCUMOCTH OT MeTeoycjoBuii. Pazpaborannbie Mojen
pacrupocTpaneHus HeTIHOTO IIATHA M0 TOBEPXHOCTU MOPCKOI BOJIbI TIO3BOJIAIOT PACCUINTATH
IJIOMIA/Ih U ONPEJIeIATh TPAeKTOPUIO MUTpannun HedTIHOrO NATHA MO akBaTopuio Kacmnmii-
CKOTI'0O MOP$I B 3aBUCUMOCTH OT METEOYCJIOBUM, & TaKzKe MIPOBOIUTH YUCJIEHHOE MOJIeTNPOBaHNE
pa3/imBoB HEPTH B OTKPBHITOE MOPE IPHU PA3JIUIHBIX CIEHAPUAX, BKJIIOYAIONINX PA3IUIHYIO
HAYaJbHYIO MACCy pas3juToil HedTH, JBUKEHUE UCTOYHUKA 3arpsa3HEHUs, PA3JIMIHbIC THUIIHI
HedTH, T0OBIBaEMbIE U TPaHCIIOPTUPYeMbIe Yepe3 Kacnuiickoe Mope.

Pabora BbInOTHEHA TIPU MTOJI/IEPYKKE TPAHTOBOTO (DMHAHCUPOBAHUS HAYIHO-TEXHUIECKIX
nporpamm u npoektoB Komurerom nayku MOH PK| rpant Ne1905/T'®4.
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MopenupoBanue nporecca ropeausi merana (C'Hy) B IporpaMMHOM KOMILIIEKCE
PrIMe

MoretupoBanue TOpeHUs METaHA B BO3/YXE OCYIIECTBIIAIOCH B CPEJIe MOIEINPOBAHIE XUMUIECKITX
LIPOLIECCOB IIporpaMMublii komiieke Process Informatics Model (PrIMe). s uccoenoBanus rope-
HUsT MeTaHa B Boziayxe B mporpamme PrIMe 6611 Beiopan mexann3m GRI 3.0, koTopslit onucsiBaer
ropeHne MeTaHa U JIPYIUX yrJIeBoJOpOoB (aneruiieH, nponaH). Kuaernyecknii mexanusm GRI 3.0
ONHUCHIBAIOT PEAKIHI TPOUCXOISAIINE HA MOJIEKYJISIPHOM YPOBHE, B KOTOPOM PACCMATPUBAIOTCS B
KAKOM TOPs/IKE Pa3PBIBAIOTCA W (DOPMUPYIOTCHA CBs3u. MexaHu3Mm, BHIOPAHHBIN 3 0a3bl mMPO-
rpammbl PrIMe, cocront u3 309 peakiuu u 53 peareHTOB, & TaK 2Ke /I MOJIEJUPOBAHUAS TOPEHUS
6611 BeIOpan Plug Flow Reactor (PFR), peakTop meajbHOrO BBITECHEHUs, CTEXHOMETPUIECKAST
CMeCh TOpeHMs MeTaHa B BO3/yXe. Bxojie MOjie/ITMpOBaHusi TOPEHUsI METaHA B BO3JLyXe IIPU HU3KOM
JABJIEHUsT MOYXKHO YBUJIETh, YTO XMMHUYECKHE PEAKIINU IOYTH HE IMPOTEKAIOT, & C POCTOM TEMIIe-
paTyphbl PEAKIINN IIPOTEKAIOT OBICTPee, TAK Ke IIPH MHUPOJIM3€e TOILUINBA COMEPIKAIMUN PaIIMKAIOB
a30Ta IPUBOAUT K 00pa3oBaHuio a30T okcuiaoB NO,.

KuroueBble ciioBa: MeTaH, mporpaMMHbIit Komiieke PrIMe, ropenne, MexaHm3M, CTEXUOMETPUS,
CKOPOCThb TOPEHUSI.

Beisenbekova G.Zh.,Urmashev B.A., Makashev E.P.
Modelling of the combustion process of methane (CH,) in the software package PrIMe

Modeling of methane combustion in air carried out in environment modeling of chemical processes
software package Process Informatics Model (PrIMe). To investigate the methane combustion in
air in a program PrIMe was chosen mechanism GRI 3.0, which describes burning of methane and
other hydrocarbons (acetylene, propane). Kinetic mechanism GRI 3.0 describe the reactions taking
place at the molecular level, which deals with the order in which communications are broken or
formed. The mechanism chosen from base of the PrIMe program consists of the 309th reaction
and 53 reagents, and also for modeling of burning Plug Flow Reactor (PFR), the reactor of ideal
replacement, has been chosen stoichiometric mix of burning of methane in air. Modeling methane
inlet combustion air at a low pressure can be seen that almost no chemical reactions occur, but with
increasing temperature the reaction proceed faster also can be seen that the fuel in the pyrolysis
of nitrogen containing radicals leads to the formation of nitrogen oxides NO,.

Key words: methane, PrIMe software system, combustion mechanism, stoichiometry, combustion
rate.

Beiicenberora I.2K.,Ypmames B.A., Makames E.IT.
Meranusbiy (CH,) »xkany nporecia PrIMe 6arpapiiamasnblk, KeIlleHiHAe MOIeaey

MeranublH ayajia *KaHYbIH 3€pPTTEy XUMUSJIBIK IPOIECCTEPl MOJIeNIbJeyTre apHajraH Process
Informatics Model (PrIMe) 6armapiamansik KemeHinae Kyprisuiai. Mogeabiey yiiH MeTaHHbIH,
ayaja >KaHyblH CHIATTANTHIH MEXaHU3M TAHJAJBII aJablHaabl. Mexanusm OarmapiaMaHblH Je-
PeKTep KOPBIHIAFbl TAOUFU a3 bIH YKaHybIH cunaTTaiiTein 309 peakius, 53 peareHTTeH TYyPAThIH
GRI 3.0 mexannsmi aaniaabl. GRI 3.0 KuHeTHKAJIBIK MeXaHU3Mi OaillaHbBICTapILIH KAHIAd Top-
TilIIeH Y3UIN HeMece KYPbLIATHIHIBIFBIH MOJIEKYJ/SPJIBIK JICHTelie CUIATTalIbl, COHBIMEH KaTap
mozenbiaey Plug Flow Reaktor (PFR) peakropbinia, METaHHbBIH, ayala KaHybIHbIH, CTEXHOMETPU-
SUUTBIK, KOCIIACBIMEH KYPTi3iimi. MeraHubiH ayata KaHybIH MOIEIbIEY OAPBICHIHIA KBICHIM TOMEH
OoJTFraHIa PeaKIMIHBIH KYPMEHTIH/IINH, aJl TeMIIepaTypa apTKAH CAlbIH PeakInsa Te3 YKYpPeTiHiH
Gaiikayra 6osaibl. COHBIMEH KATap KyPaMBbIHJIa a30T PAIUKAJIaphl 0ap OTHIHAPIbIH THPOIH3iHIH,
HOTHMXKeC] a30T okcurepinid, N O, Ty3lIyiHe aJjblll KeJeTiHIH KopeMis.

Tvyiiia cesmep: meran, xkany, PrIMe GarmapiaMasiblk KellleHi, MEXaHU3M, CTEXHUOMETPUSI, KAHY
KBLLIAMIBIFBL.
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1 BBenenue

CoBpeMeHHBIE METO/IbI MOJIEJTUPOBAHUST TOPEHUST TOILINB pa3pabOTaHbI s OIIPe e/ IeHUsT
BBICOKOI 3(D(PEKTUBHOCTU CropaHusi U MUHUMAJBLHOTO BBIOPOCA 3arpsi3HSAIONINX BEIECTB B
armocdepy. OHI MUPOKO UCIOTB3YIOTCS B IIPOCKTUPOBAHUN U OIMTUMU3AIUI TPAKTHICCKUX
CHCTE€M CrOpaHHs, TaK Kak, II0 CPABHEHHUIO C 3KCIEPUMEHTAJIbHbIM TECTUPOBAHUEM U MaKe-
TUPOBAHUEM 3aTPAThl Ha Pa3pabOTKy MaTEMATHUICCKOIO U KOMIILIOTEPHOI'O MOJCTUPOBAHUS
odeHb Hu3kme. Ha cerogndamnmii ieHb HUKAKUE peasibHbIe ITPOrPecchl B pa3pabOTKe HJIU Oll-
TUMU3AIUN HE MOT'YT 000HTHCH 6€3 YUCIEHHOTO U KOMITBIOTEPHOTO MOJICTMPOBAHMSA.

Ba}KHOCTb C2KUT'aHUsA TOIIMB B PA3/IMYHBIX ITPUJIO2KECHUAX ITOKa3bIBalOT, YTO 9Ta O6J’I&CTI)
HCCJIeJOBAHUI OCTaeTCsl CBOEBPEMEHHOI U 10Jie3HOi. ['opeHune urpaer BaxKHYIO POJIb B CJje-
Jyromux obsractax: 1. BbIpaboTKa 3J1eKTPOIHEPIUn (HaHpI/IMep7 YaCTULbl YIVIA CXKUTAIOTCA
B TOIKAX 3JIEKTPOCTAHIINI TIPU ITPOU3BOJICTBE Tapa JijId IPUBEJICHUS B JBUXKEHUE TypPOWH C
[EIbI0 BBIPAOOTKH 3JIEKTPOIHEPTUH ), TPAHCIOPT (JBUraTe/ M BHYTPEHHETO CPOPAHUS B aB-
TOMOOUJISAX). 2. MPOU3BOJCTBO KOHCTPYKIIMOHHBIX MATEPUAJIOB B repepabaThIBaIONIel 1Ipo-
MBIIIJIEHHOCTH (HAIIPUMED, POU3BOJICTBO Kejie3a, CTajid, CTEKJIa, OYHUIIEHHOTO TOILIMBa U
T.JI., IIOCPEJICTBOM IIPOIIECCOB TEPMUYECKOI'O HaneBa). 3. OBITOBOTO U TTPOMBIIIJIEHHOTO OTOTI-
JIEHUS (HaHpI/IMep, CUCTEM OTOILIEHHUA JIOMOB, 3aBOJIOB, O(pUCOB, OOJILHUIL, MIKOJ U JIPYTUX
TUIOB 3/aHui). 4. 3amnura 6e30MaCHOCTH OT HEXKeJATeJbHOTO TopeHns (HalpuMep, TpejIoT-
BpallleHue [oxkKapa JIeCOB U CTPOUTEILCTBA, COKPAIIIEHNE IPOMBIILIEHHBIX B3PHIBOB) [1].

B nanHOil cTaThe paccMaTpUBAETCA: MEXAHU3M PeaKINU — MOJHBIN HaOOP 3/IeMEeHTaPHBIX
peakIiuii BMecTe ¢ uX Ko3(hMOUIUEHTOM CKOPOCTH, KOTOPas BXOJUT B Pa3/Ie XUMUIECKON Ku-
HETHUKU; CPejla MOJIEJIMPOBAHUSA XUMUYECKUX IPOIECCOB B IporpaMMHOM Kowmiuiekce PrIMe
(Process Informatics Model); Biusinue TemuepaTypbl U JiaBjieHust Ha 0Opa30BaHUs BPEIHBIX
BeEIIeCTB IIpU MOAEJIMPOBaAHUU I'OpEHUA METaHa. HpaKTI/IquKaﬂ SHQYUMOCTD IIpe/ICKa3aTe/Ib-
HOT'O MOJICJTUPOBAHUS IIPOIECCOB IOPEHUs HEIPEPLIBHO Bo3pacTtaeT. Biusgnue jnaBjieHusd Ha
XUMUIO TOPEeHUsl, KaK N3BECTHO, IIPOSABIISIETCS B TOM, YTO KOHIIEHTPAIIAs BEIIECTB C POCTOM
JIABJIEHUSI YBEJIUYNBAETCs, YTO, COOTBETCTBEHHO, IIPUBOJUT K POCTY CKOPOCTENl peakIuii, a
TaKyKe B TOM, YTO KOHCTAHTBI CKOPOCTH MHOTHMX PeaKIINil 3aBUCAT OT JIABJIEHUSA W TeMIlepa-
Typbl. B 3T0il cTaThe paccMarpuBaeTcs 3a/a4a MOJISTMPOBAHIS TOPEHU MeTaHa ITPU HU3KOiT
JIaBJICHUIA.

2 XumMudyeckass KHHETHKA

XuMmudeckas: KHHETUKA — pa3/ies PU3NIecKoil XUMUN, B KOTOPOM U3Yy4aloTCs 3aKOHOMED-
HOCTH IIPOTEKAHUS BO BPEMEHU XUMUYECKOU peakIuil 1 nX MexaHn3MoB. MexaHU3MbI OIMUChHI-
BAIOT PEAKITUI ITPOUCXOJIAIINE HA MOJIEKYJIAPHOM YPOBHE, B KOTOPOM PACCMATPUBAIOTCS B Ka-
KOM IOPSJIKE pa3pbhIBalOTCA Win PpOPMUPYIOTCH CBA3U. Takum 0Opa30oM, IMOHUMAaHUE CBOHCTB
peareHTOB M MPOIYKTOB SIBJIFETCS 00SI3aTeTHbHBIM.

B COCTaB XUMHUYIECKOI'O MEXaHU3Ma BXOIUT TEPMOIMHAMHNYICCKUC U TPaHCIIOPTHLIE CBOII-
CTBa peaKInu. COCTaB JaHHBIX KHHETUYICCKOI'O ME€XaHU3Ma IIOKa3aHO B PUCYHKE 1. ILJIH KazK-
JTOfl XMMUYIEeCKO# peakiuit ompesesisiercss A- pe dKCIOHEHIINAIBHBIN MHOXKHUTETb B ypaB-
HeHun AppeHnyca (XapakTepusyeT YacTOTy CTOJIKHOBEHMII pearmpyromux Mojeky.), FEa -
SHEPTUd aKTUBAIIUU.
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1
1

REACTIONS MOLES KELVINS kf (T) = AJT£ exp(jﬂd / RT)
n a
00

H2+CH2(S)= CH3+H 7.230E+13 0000

1

I 2

CH4+02 = CH3+HO2 3.970E+13 .0000 2863122
|

Il &3

CH4+C = CH+CH3 5000E+13 0000 12085 64
1

1 4

CH4+H = CH3+H2 6.600E+08 1.6000 5420.00
I

1 5

CH4+CH = C2H4+H 3.010E+13 .0000 -199.66
1

1 &

CH4+CH2 = 2CH3 4 300E+12 .0000 5051.72
1

. f

CH4+CH2(S) = 2CH3 7.000E+13  .0000 .00
1

Pucynok 1 — Kunernmyeckuit MeXaHU3M: PEAKIIMA ¥ UX CKOPOCTH

Ha pucynke 2 rnokazanbl TepMOIMHAMUYECKUE JaHHBIC. B TepMOIMHAMUYECKOM CBOWCTBE
MeXaHn3Ma NPUBOAATCA JTAHHBIC: UMdA peareHTa, 3JEMEHTBI, JTUANa30H TeMIIEpaTyphl, Nepe-
XOJIHas TeMIlepaTypa MeXKJy BBICOKON W HHU3KON TeMIlepaTyphl, a TaKKe COOTBETCTBEHHBIC
JaHHbIEe JIS BBICOKUX U HU3KHUX TeMIIepaTyp.

Name
- Elements Temperature range

Junction
@ &i 2C 0H 00 Od 0300.00 5000.00 1000.00 1
.9266400E+400 1.4879770E-03 -5.6847603E-07 1.00970Z0E-10 -6.7533509E-15 2

-922.76760E+00 5.9805290E+00 3.2986770E+00 1.4082399E-03 -3.9632218E-06 3
5.6415148E-09 -2.4 540E-12 -1020.9000E00 3.9503720E+

L

High temperature Low temperature
coefficients coefficients

Pucynok 2 — Onucanne TepMOJMHAMUAYIECKOTO CBONCTBA PEAreHTOB

Ha pucynke 3 1ipuse/ieHbl TPAHCIOPTHBIE JIAHHBIE KHHETUYECKOI'O MeXaHu3Ma. 1 panciopr-
Hble JJAHHBIE BKJIIOYAIOT B cebs: MMs peareHTa (MMsl JIOJKHO OBITh HJAEHTHIHBIM C UMEHEM
peareHTa B TEPMOIMHAMIIECKOM (hailjie), HHIEKC YKa3bIBAIOIIII HA TeOMETPUIECKYT0 KOHMDU-
IyPAIIo pearenTa, rIyouHa MOTeHIUATBHON siMbl ([OTeHIUAIbHAsT IMa—00JIaCTh POCTPaH-
CTBa, [JIe MPUCYTCTBYET JIOKATHHBIIT MUHUMYM TIOTEHIIMAIBHON SHEPTUN YACTHIIBI ), JTUAMETP
CTOJIKHOBEHUSI, JTUIOJIBHBII MOMEHT (JMIOJIBHBIN MOMEHT CBsI3U (IM)-BEKTOpHAs BEJUYNHA,
XapakTepusyolas MOJSPHOCTh CBsi3u: | m |= [ % ¢, tjae l-mauHa cBssu, q—3bdeKTuBHbII
3apsiJl, KOTOPBIil TPHOOPETAIOT aTOMBI IIPHU CMEITIEHUH 3JIEKTPOHHOM 11oTHOCTH. BekTop /-
[OJILHOI'O MOMEHTa HAIIPABJIEH OT TIOJIOXKUTEILHOTO 3apsijia K OTPUIATEIbHOMY ), MOJIAPU3Y-
eMOCTD, BpalllaTeIbHOe YUCIO CTOJAKHOBeHuil pestakcanun npu 298 K [2].
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(RS =]

The dipole moment
(in Debye)

Name of the species
(must be the same
reported in the
thermodynamic and

The collision diameter
(in angstroms)
kinetic files)

The rotational relaxation
collision number at 298 K
An index indicating the geometrical
configuration. If the index is 0, the
molecule is a single atom. If the index is
1itis linear, and if it is 2, the molecule
Is nonlinear

Pucynok 3 — TpamncrnopTHbie TaHHbIE KHHETHIECKOTO MEXaHU3Ma,

Bo muorux ciydasx pesyabraThl MOJIEJIHPOBAHUS MO3BOJISIOT HE TOJBKO IOHATH OCHOB-
HbIE OCODEHHOCTU XUMHUIECKUX ITPOIECCOB, HO U MOTYT TaK»Ke UMEeTh CYIECTBEHHOE MPAKTHU-
yeckoe 3nadenue. 13 6a3wr ganabix mporpamMmMuoro komiiekca PrIMe BeiOupaerca Mmexanmsm
GRI-Mech 3.0, Tak kak HamboJjiee MOIMYJISIPHBIM Ha CETONHSAIIHUN JT€Hb ABJISETCT MEeXaHI3M
OKHCJIEHUsI MeTaHa, paspaboTaHHblli KoMmano#i YHuusepcurera Bepkium (CIIIA). Mexanusm
GRI-Mech 6bu1 oryd/iMKOBaH B HECKOJIBKUX 3JIEKTPOHHBIX BEPCUSX, U CO3/IABAJICSH, B IIEPBYIO
Ovepe/ib, JIJIs OIMCAHUs TOPEHUsI MeTaHa U IIPUPOIHOTO ra3a. JlocToBepHOCTD JAHHOTO Mexa-
HU3Ma [IPUBOJIATCS BO MHOIHX HCC/enoBaresbckux paborax [3-5. GRI-Mech 3.0 mpemncras-
JIgeT co0O ONTUMHU3UPOBAHHBIN MEXaHU3M, NIPE/IHA3HAYCHHBIH JI/Isi MOJIC/IUPOBAHUs TOPEHUs
IPUPOJIHOTO ra3a, B TOM 4ncie oopaszoBanus NO X u nmoBropHoro ropenus. ITockoabKy mpu-
POJIHBIN Ta3 CONEPYKUT MPOHaH (M HEKOTOPBIE BBICIINAE YIJIEBOJOPO/BI), TO B MUHUMAJILHBII
Ha0Op KMHETHKU BXOJWUT IIPOIAH, B BHJIC HE3HAUNTEJILHO cocTaBisiomneii [6].

3 Pabouas cpesa nporpammuoro komiutekca PrIMe (Process Informatics Model)

Cpena MOoIeIMpoBaHUsI XUMIIECKUX MIPOIECCOB mporpaMMuoM Komirekce PrIMe - HoBast
ITapaJurmMa JJjis IIOCTPpOEHU A MO,Z[eJIeI';I CJIOZKHBIX XMMMNYECKUX peaKLLI/Iﬁ. I/IHCTPYMGHT aHaJIn3a
Mozean paspaboran mpodeccopom M.Ppenkiaxom n ero koseramu. OH coderaeT B cebe:

® SKCIIEPUMEHTAJIbHbIE JAaHHBIE ¢ MOJIE/IIMHU HEOIPE/IeIEHHOCTH;

® OCHOBHBIE YHUCJIEHHBIE 339U JJIsT HAWIYYIIeil COT/IACOBAHHOCTI MEXaHM3Ma OITHMUI3a-
I,

® OIITUMMH3alMdA C OPaHUYICHUAMU;

® METOJbI PEIeHN;

® HaJIcyKHAd TeOpUd YIPABJICHUSL;

® aHaJIM3 BCEX JOCTYIHBIX JTaHHBIX;

® rapaHTHUPYeT HEIIPOTUBOPEUUBOCTH HAOOPA JAHHBIX;

® JMHAMUYIECKas MeHepallisi IPOrHO3UPYIOINX MOJIe/Ieil Ha OCHOBE BCero Habopa JIaHHbBIX.

AHa 3 corymacoBAaHHOCTH JIAHHBIX MEXaHU3Ma OIPEeJIesIsieT ero JOCTOBEPHOCTh U IeJIOCT-
HOCTB, 9KCIIePUMeHTAJbHBIE TIeJI WM [apaMeTPOB MOJIENH, KOTOPbIe IPUBOIAT K HEIOC/Ie-
JIOBaTE/IbHOCTH JAHHBIX. DTOT aHAJU3 ITOBBIIIAET KadeCTBO KCIEPUMEHTAJIbHBIX JIAHHBIX,
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HIPUHSATBIX JJIS ONTUMHU3AIUU TaPpAMETPOB MOJE/IN Ha 00JIACTU JOMYyCTUMBIX 3HAYEHUN TIa-
pameTpa npocTpancTBa. Pabodasi cpejia nmporpaMmbl mokaszaHo Ha pucyHke 4. Ha pucynke 5
[MOKa3aHa BU3YAJIU3AIINA BbIXOJHBIX [TaPAMETPOB, T.€. PE3Y/IbTaThl MOJICTUPOBAHUS.

Plug Flow

tor

Pucynok 4 — Pabouas cpema nporpammbr PrIMe

.Ew
i) & (dSave @ Saveas b Run Nodestatus ~ | @b | i

| |2 PFR (adiabatic, V = const) = e
] ‘GRI-Mech 3.0 (M!_Ws(:mpuﬁﬁun ew Format
File Plot Data NI Temperature 3T K
Dgng|@,e.«g'?@‘\@|n Pressure 3.98 atm
3 e Total Conc 1.55e-005 mol/em3
= Reaction Time 16 msec
CHZ - ‘
CHA S lpecies Mole Fraction Rate {(mol/cm3 5)
—co CH2CHO Ar 6.77e-001 0.00e+000 -
10 2C0 C 138e-011 -B.76e-020
il ™ H20 4 CH20 cH 3.25e-007 “2.18¢-025
2 Ll C2HI 2.08e-016 733e-025
kg ’ CIH3 20e-020 9.11e-028
2 CaH4 40e-071 -8.65¢-028
= 10"5 C2H5 .24e-025 1.29e-027
s C2Hé 68e-027 165e-029
g C3HT 0.00e+000 158e-027
5 CIH8 0.00e+000 2.81e-026
€ CH 154e-012 -197e-020
1S 0™ cHa 814013 169e-021
| 2 CH2(S) 8.41e-014 -3.57e-022
g CH2CHO 4.75e-020 3.56e-025
@ CH2CO 9.70¢-016 4.68e-025
. CH20 2.14e-009 137e-013 I
10 CH20H 151e-013 “8.33e-024
CH3 455¢-013 5.17e-022
) ) ) CH3CHO 8.33e-022 -7.28e-025
CH30 3.9%5e-015 -153e-023
u Lz : i e CH30H 332e-015 2.46e-023
Reaction Time (s) x10° cHa 390e-014 183e-022
E : CN 0.00e+000 -6.05-028
I co 5.23¢-002 T4le-013
1 C02 3.25e-002 7.41e-013 A
e ——

Pucynok 5 — Busyanmzamnus BeIXOZHBIX JaHHBIX B mporpamme PrIMe
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4 MopnenmpoBanue nporecca roperusi merana (C'H,) B IporpaMMHOM KOMILJIEK-
ce PrIMe

Jl1st MosiesiupoBanus Iporiecca roperus Merana B iporpammve PrIMe 6b11 BBIOpan peakTop
"Plug Flow Reactor" ,(PFR) u3 rpynmsr "Kinetic reactor", T.e. crexmomerpudeckast cMech
TOpPEHUsI MeTaHa B BO3JLyXe:

PFR Mmozesib 103BOJIsIeT OnucaTh IBOJIOIUIO COCTaBA CMECH U IapaMeTpoB (TeMieparypa,
CKOPOCTb, JIaBJICHHE) IO JIJIMHE PEaKTopa B OJHOM WJIM KBa3W- OJHOMEDHOM HMPUOIIIKEHMUI.
PFR ucnonbsyercd odeHb 4acTo, Jijisi TOTO, 9YTOOBI U3YYUTh TaKWe BarKHBIE MPOIECCHI, KaK
BbIJICJICHUE TeILIa U IPOIECC IJIa3Mbl B XUMUYECKUX PEAKIUSIX B OBICTPBIX IMOTOKAX rasa.
MozKHO TakzKe CMOJIe/IMPOBATh IIPOIECCHI IIPU ITIOCTOSHHOM JlaBJIeHuil nim tremiueparype. Mc-
XOJIHBIE JIAHHBIE W IIapaMeTpbl JJIsI 9TOH MOJE/N SIBJIAIOTCS: MaCCOBBIM pacxojl, TeMIiepary-
Pa, JaBJICHHE, XUMUYECKU COCTaB, yA€JIbHbIC IIOTEPpU TEIlJIa Ha €IUMHUIY AJIMHbBI peaKTopa.
BO MHOT'UX CJIYY9adX Pe3yJbTaTbl MOJ/JC/JIMPOBaHUA ITO3BOJIAIOT HE TOJIBKO IIOHATH OCHOBHLIC
OCODEHHOCTH XUMHUYECKUX ITPOIECCOB, HO M MMEIOT CYIIECTBEHHOE MPAKTUIECKOEe 3HaYCHUE.
[Toxkauyit, HauboJIee MoaAPOOHO OBLIO UCCIEIOBAHO TOPEHNE MeTaHa-BOJIOPOIHBIX cMecei. DTO
CBA3aHO C TeM, UTO U3-38 OTHOCUTE/IbHO HU3KON PEAKITMOHHON CITOCOOHOCTU MeTaHa, OH UMeeT
JIOBOJIBHO Y3KHe IPEJIe/Ibl BOCIIAMEHEHHUsI, YTO He IO3BOJISET KCIIOJIB30BATh €r0 B PEXKUMe
ropennst 6eabIx cMmeceil [6]. Kak 6b110 mokaszano, obaBka BOJOPOIA K METAH-BO3/LYIITHOI
CMeECH ITIO3BOJIAET PaCIIUPUTD IIpe/Ae/ibl €10 BOCIIJIaMEHEHUA, 1 TEM CaMbIM IIOBBICUTH 3(1)(1)61(—
TUBHOCTH WCIIOJIb30BAHUS] TOILIMBA U CHU3UTH YPOBEHb SKOJOIMIECKU BPEIHBIX BHIOPOCOB [7).
Bxoample anHble 18 MojeupoBanud: 1. cocras crexunomerpudeckoit emecn: CHy = 3.33%,
O, = 6.66%, Ny = 90%, ¢ yuerom uro 1 moab =100%; 2. nauanbpaas Temneparypa T=1688
K; 3. maBienune p=0,39 bar, 4. Bpems npeObIBaHUs B peakTope t=3 s.

B pesyiibrare Mbl moJiydaeM CKOPOCTH MPsAMOil 1 OOPATHOMN peakInii, TaK YK€ MOYKEM yBH-
JIETh KOHIIEHTPAIMIO U CKOPOCTU 0Opa30BaHus KaxK/J0r0 pearenTa, 0opa3oBaHus yIiIeBOI0PO-
JIOB U PACXOJI0OBAHUS METaHa B 3aBUCUMOCTH OT TEMIIEPATYPHI.

CKOpOCTb peaKHHﬁ KaK OCHOBHasd XapaKTE€pPpUCTUKa XUIMUYECKON KHMHETUKU 3aBUCUT He
TOJIBKO OT KOHIEHTPAIUK (JaBJI€HNsI) YACTHI] i TEMIIEPATYPbI, HO 1 OT KaTaJIn3aTOPOB, Hhop-
MBI U Pa3MEPOB COCY/Ia, MATECPUAJIOB U COCTOsAHUA CTeHOK. [1oj cKOpoCcThIO peakInii 0ObIIHO
[MOHUMAIOT U3MEHEHHe KOJIMIeCTBa BEIECTBAa, BCTYITAIONIEr0 B PEAKITUIO MU 00pa3yIoIIerocs
B pe3yJsibTaTe Peakiii, B eIUHUILY BPEMEHHU B eIUHUIE 00beMa:

w:j:i*d—n (2)

CKopoCTh OOJIBINHCTBA XUMUYECKUX PEAKIINHA PACTET C MOBBIIIEHUEM TEeMIIEPATYPbhl. XH-
MHUYECKHE PEAKIINU MPOTEKAIOT ObICTpee, YeM NpU HU3KUX Temueparypax. [Ipu moswimennn
temmeparyps! Ha 10°C' ckopocTh peakimm BospacTaeT 2-4 pasa.

OcHOBHOE BJIMSIHUE TeMIIEpaTypbl HAa CKOPOCTh PEAKIIMH OCYIIECTB/ISIETCS Yepe3 H3Me-
HEHMEe KOHCTAHTBI CKOPOCTHU peakiuit. KorncTtanTa cKopocTeil XOpoIno BhIparKaeTcs 3aKOHOM
Appennyca:

k= AxT" % ciF (3)
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CKOpOCTH HEKOTOPBIX MPSMBIX U OOPATHBIX PEAKIINU MOXKHO YBUJIUT B CJIEIYIOIICH Tad-

anie 1.

Tabauia 1 — Ckopocmu HeKOMOPHIT Pearkyuy (NPAMAA & 06PAMHAA CKOPOCTID)

Peakriiun TIpsimast ckopocts | O6GpaTHasi CKOPOCTH
CH+0O<=>CO+H 2.66e-16 1.94e-17
O+CH2<=>HCO+H 2.21e-16 2.56e-16
O+ CH2x <=> H2+CO 3.37e-18 1.39%-19
CH3+ 0 <=>CH20+ H 2.33e-16 1.52e-16
CH4+ 0 <=>CH3+OH 6.29e-18 5.42e-18
CO+0<=>C02 3.92e-07 1.30e-08

Mexanusm 06pazoBaHust cazku (JUCIEPCHOTO YIIEPO/Ia) IPU FOPEHIN PEAKTUBHOTO TOILIH-
Ba U B OOIIEM CJIydae IMPU XUMUYECKUX ITPEBPAIICHUAX YIJIEPOJICOAEPKAIINX BEIECTB N3y YeH
erie HesoctaTodHO. VccmemoBaTe/ i OCHOBHYIO POJIb OTBOJAT TOJTUMEPUBAIUN WU IIEITHBIM
Pa3BETBJIEHHBIM PEAKIUsIM. JacTUIIBI CaK!, B 3aBUCUMOCTU OT a’dPOJIMHAMUKH ITOTOKOB B
TOIIKE, MOT'YT HaXOJUThCd B hakese Uau BHe ero. YacTuilpl cayku, BbIaBiine u3 gakeyia u
nomnapinue B 300y Temireparyp Huzke 800° C, He cropaioT U BBIHOCSITCS 3a IPEJIe/Ibl TOIIOYHOM
KaMephl, 8 HaxXoJ/dIIuecs B (pakesie, IMPoJI0JIZKAIOT TOPETH JI0 TeX II0P, MOKa TeMIIepaTypa IIpo-
JIYKTOB TOPEHUs TIOJ JIeiCTBUEM SKPaHHBIX TOBEPXHOCTEN HAarpeBa He ynajeT. Ha pucynke 6
IoKa3aHo 00pa3oBaHue BPeIHBIX BeIecTB. Bech mporiece ropenns MponcxouT B 3aBUCUMOCTHI
OT TeMIepaTyphl B IIPOMexKyTKe BpeMenn 1 - 1.5 % 1073,

Ha pucynke 7 mokazaHa n3MeHeHHEe KOHIIEHTPAIIUU MeTaHa. 3J1eCh MOXKHO YBHIETH pac-
XO/IOBaHNE MeTaHa B 3aBUCUMOCTH OT TeMIEpPaTyphbl U IO BPEMEHMU.

T
C2H2 —
c2H e

MO BT

NE2 i

Temperature (i)

3
\
Species Rate (molicm3ls)

Reaction Time (s) w 10"

Pucynok 6 — O6pa3oBanus 3arpsI3HSIONINX BEIECTB
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Pucynok 7 — Konnenrpanusa merana C Hy

Tak ke UMeIOTCs JPYTUe 3arps3H-IONIue BEeIecTBa, KOTOPble 00Pa30BLIBAIOTCS IIPH MIPO-
necce ropenus. B 30me peakiun mnporecc obpazoBanus N, 3aBUCHUT OT CKOPOCTHU PacXO-
JIOBaHUs aKTUBHBIX YaCTHUIl U Kucjaopoja. Ha pucynke 8 mokazanbl peakiiuym oOpasoBaHuUs

NO,.

02 + M <=>NO+0
—OH+ M <= M0 +H
N20 + O <=3{2 MO

2000

Ternperature (k)

E—

i s 1 16
Reaction Time (s)

Reaction Rate {maolicm3, s)

Pucynok 8 — O6pazosanuss NO,

BzanmoseiicTBre 06pa3yionmxes B pe3y/IbTare MUPOJn3a TOILIMBA aTOMOB U PaJINKAJIOB
C a30TOM, COJIEPKAIIUMCS B MeTaHO-BozayntHoi cmecn (MBC), npuBouT B KOHEYHOM HTO-
re K obpazosanuio NO,. CKOpocTh MOJOOHBIX IIPEBPAIEHUI 3aBUCUT OT psjia (HhaKTOPOB:
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KOHIICHTPAIIUN a30Ta B 30HE PeaKIInu, CKOPOCTU CrOPAHUS TOILJIMBOBO3/LYIITHOM CMeCH, CKOPO-
CTU KOHKYPHUPYIOIINX PEAKINii aKTUBHBIX IIEHTPOB U KUCJIOPO/ia. B TeMiiepaTypHOM ypOBHE
Menee 1500 K, rje nmmeercs HEJIOCTATOK OKUC/IATENIS a30Ta BO3JlyXa, KPOME CTOJKHOBEHUS
MOJIEKYJT 230Ta C MOJIEKYJIAMU KHUCJIOPOJa ITPOUCXO/IUT B3AMMO/IEHICTBIE MOJIEKYJIIPHOTO a30-
Ta C YIVIEBOJOPOJIHBIMU (pparMeHTaMu, 0Opa3yIoNUMUCT B PE3Y/IbTATE ITUPOJIN3a MOJIEKYJIbI
C' H,. Ilpu sToM, B KavecTBe IMPOMEXKYTOIHBIX MIPOIyKTOB BhICTyHAOT coeuuenus tuna HCN
u CN, yuacrByfolue B [ocjeLyomeM mernHoM Mexannsme obpasosanus NO [8].

5 3akJroueHue

B pesyibraTe IpoBeJIeHHOIO MOJIECTUPOBAHNS MOXKHO C/IeIaTh BBIBOJIBI:

e [P TOPEHUN MeTaHa (yIVIEBOJOPO/A) OOPA3OBBIBAETCS JIOCTATOUHOE KOJIMIECTBO BPEJI-
HBIX BEIECTB;

® B pesy/bTaTe IUPOJIU3a TOILUIMBA ATOMOB M PaJUKAJIOB C a30TOM, COJEPIKAIIUMCH B
metano-sozaymmoit cmecn (MBC), npusonut B Koneunom urore K obpazosanuio NO,;

® CKOPOCTBb OOJIBIMIMHCTBA XUMHYECKIX PEAKIUU PAcTeT C IOBBIIIEHHEM TeMIIEePaTyphI;

® [IPM HU3KUX TeMIIepaTypax XUMHUYECKUe PeaKIUU IIOYTH He IPOTEKaloT.
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Cunres yYiipaBJieHA HeJIMHEITHONI MHOI'OCBS3HOII CICTEMBI HA OCHOBE
reoMeTpmnuvieckKoro 1moaxoiaa

JlanHast cTaThs HOCBAIIEHA CHHTE3Y YIIPABJIEHU IJIsi MHOTOCBSI3HOIO HEJIMHEHHOIO SHEPreTHIeCKO-
ro 06beKTa HA OCHOBE TE€OMETPUYIECKOTO T01x0/1a. JJist C/T02KHOM CUCTEeMbl yIIPAB/I€HUsT SHEPTeTH-
9ecKUM OOBbEKTOM IPUMEHEHa IPOoleaypa JeleHTpajin3aimi. Ha ocHOBe MeTOI0JI0ru reoMeTpu-
YECKOI'0 MOJIXOJA JIJI JeKOMIIO3UPOBAHHON CUCTEMBI BBIBEJEHO yCJIOBUE HAJINYNSA JIMTHEHOIO S9KBU-
BAJIEHTA HEJIMHEWHBIX CUCTEM. B OCHOBE yCJIOBUS JIE2KHUT MPOIIELyPa JOKA3ATETHCTBO 00PA30BaAHUS
HEJTMHENHOM MHOTOCBSI3HOM CHCTEMBI BEKTOPHBIX TToJ1eit. JIj1st 9TOr0 MmexoaHast J1eKOMIO3UPOBAHHAS
cucreMa IpejCTaBIIseTCsl B KaHOHIYeckoi (popme BpyHosckoro. CuHTes yIipaB/ieHus HeJIMHENHOM
MHOI'OCBA3HOH CHCTEeMBI Ha OCHOBE I'€OMETPHUYIECKOTO IIO/IX0a PEaIM30BaH C IIOMONIBIO IOy YeHUd
JINHEWHBIX 9KBUBAJIEHTOB Ha YCJIOBHUAX WHBOJIOTUBHOCTH, HE PABEHCTBE HYJIIO OIIEPATOPOB aJIredp
JIu B TOUKEe paBHOBECH: M €€ OKPECTHOCTH, JIMHEHHON HE3aBUCHMOCTH BEKTOPOB OIIEPATOPOB AaJl-
rebp JIu B TOUKe paBHOBECHS U €€ OKPECTHOCTH.

KuroueBble cJioBa: C/I0XKHAs CUCTEMa, MHOTOCBSI3HAsT CUCTEMA, HEJIMHEHHAsT CUCTeMa, TeOMETPH-
YeCKHUi MOJIXO/I, dHepTreTudecKasl CucTeMa.

Shiryayeva O.I., Abzhanova L.K.
Synthesis of nonlinear multiply control system based
on geometric approach summary

This article focuses on the synthesis of control for nonlinear multivariable energy facility on
the basis of the geometric approach. For complex energy management systems the subject
of decentralization procedure applied. Based on the methodology for the geometric approach
decomposed system derived the condition of having a linear equivalent of nonlinear systems.
The basis of the conditions of the procedure is proof of the formation of nonlinear multiply
connected systems of vector fields. To do this, the original system appears to decompose in
the canonical form Brunovsky. Synthesis based on geometric approach nonlinear control systems
multiply realized by obtaining linear equivalents conditions involutiveness not vanishing operators
Lie at the equilibrium point and its surroundings, are linearly independent operators Lie at the
equilibrium point and its surroundings.

Key words: multiply input - multiply output control system, nonlinear system, geometric
approach, energy system.

[MTupsiea O.M., Abxkanosa JI.K.
TeomeTpusablk 9ic HeriziHAe 0elichbI3BIKTHI KOMOANIaHBICTBI XKYiieHi
backapy NpUHIUAITI

Bepinren mMaxaja reoMeTpHUSIIBIK 9iC HErisiHge KOmbalaaHBICTBI OeliCHI3LIKTHI SHEPreTUKAJIBIK,
00beKTIHIH OacKapy CHHTe3iHe apHajFaH. JHEPreTUKAJBIK OObEeKTIHIH Kyp/eal backapy Kyiteci
VIIH JEMeHTPpATU3aIsa IPOIEIypachl KOMTAHBLIFaH. JJeKOMIIO3UINANB Kyiie YITH TeoOMeTpusi-
JIBIK, 9JTICTIH MEeTOIOJIOTUSACHI HETi3iHIe OEMChI3BIKTHI KYHeIepIiH ChI3bIKTHI SKBUBAJCHTIHIH Oap
00JIy MAPTHI KAJIBIITACTBIPHIIFAH.
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[TapT Herizinme KOMOAITAHBICTHI OECHI3BIKTHI 2KYHeIePIiH, BEKTOPJIBIK, ©PICTEPl Kypa aJIy MyM-
KiHITIH Jos1esey nporeaypackl 6ap. O yiria 6acTamKel JeKOMIO3UIUSIBL XKYite BpyHOBCKmiimig,
KaHOHIBIK TypiMeHn Oepimeni. Kypzaesi 6aitanbictapsl 6ap OefChI3BIKTI 2KYIEHIH TeOMETPHUSIIIBIK,
oJic HeriziHmeri 6ackapy CHHTE31 WHBOJIOTUBTLIIK IMApTTapbIHA HETI3IENTeH ChI3BIKTHI SKBUBA-
JIGHTTEP/Ii aJy KOMeriMeH icke achIpPbLIFaH, arHu JIu aaredbpachl OmepaTOPBIHbIH Telle-TeH K HYK-
Teci MEH OHBIH, aifiHAJIACBIH/Ia OllepPaTOPJIAPbIHBIH HyJIl'e TeH eMec 001y, Jlu ajrebpacel omeparo-
PBIHBIH, TENe-TEeHJIIK HYKTECI MEH OHBIH aiffHAIACHIH/I ChI3BIKTHI TOYEJICI3Iiri.

Tyiiin ce3aep: Kyp/esi xkyite, KONMOAMIAHBICTEI XKYite, OEHCHI3BIKTHI KY€, TEOMETPHUSIBIK, OJIIC,
SHEPreTUKAJIBIK Kyiie.

1 BBenenue

Bagaua cunaresa CAY, criocoOHO TOYHO yIPABIATH TEXHOJOIMIECKIM OOBEKTOM, IPUBOJINT
K HEeO0OXOIMMOCTH OIMCAHUS UX KaK HeJUHEeHHbIX 1 MHOTOCBa3HbIX CAY. PaboThl, cBsI3aHHbIE
C CHHTE30M YIIPaBJIEHUsI TAKUX CUCTEM, IJIe YINTHIBACTCS U MHOTOCBI3HOCTD W HEJIMHENHOCTH
IpeJICTaBIAIOT OosIbINoil muTepec. B Hacrosdiee BpeMsi IMEIOT MeCTO pabOThI, CBA3AHHBIE
¢ BOIIPOCAMH CHHTE€3a YIIPaBJICHUS HA OCHOBE I'€OMETPUYECKOrO TOJXOJA JIJIT HEeJTHHEHHbIX
onuoMmepubix cucrem [1-5]. TIpobiiemMa mOCTpOeHUsT PEryIATOPOB JijId HEJTMHEHHBIX CUCTEM,
B OTJINYUE OT JIMHEWHBIX, BCE eIle JaJIeKa OT pellleHus. 1eM He MeHee, Wjes UCIO0JIb30Ba-
HUs XOPOIIO Pa3spabOTaHHON TEOPUU MOCTPOEHUA JTUHEHHBIX PEryIgTOPOB JIJIs HEJTUHEHHBIX
CHCTEM Ha OCHOBE T'€OMETPUYECKOrO IOJIX0JIa sIBJIdeTCd aKTyaJbHoi. B manmoit ctatbe pas-
pabaTbIBaeTCsd METOJIONIOTHS CHHTE3a YIIpaBJIeHHe Ha OCHOBE T€OMETPUUIECKOTO TOJIX0/Ia JIJIs
HEJIMHEITHOIO MHOT'OCBA3HOTO 00beKTa. OCOOEHHOCTHIO SIBJISETCS TO, UTO HEJIUMHEHHbBIE CUCTE-
MBI PaCCMATPUBAIOTCA KakK addUHHBIE CUCTEMbI, U PACCMATPUBAIOTCA HA OCHOBE T'PYIIIIOBOTO
1OJIX0/1a.

2 Pa3zBurtme Teopmm reoMeTpmuvuecKOro IoaXo/ia HeJIMHEMHO MHOTOCBSI3HOM cHUCTe-
MO

[IycTs 3aana MHOTOMEpHAasi cUCTeMa S, JeKOMIIO3UPOBaHHas Ha S ImojcucreMm S;, ¢ = 1, s,
KOTOpasl OIMUCHIBACTCA CJIEIYIONNM YpaBHEHUEM:

S
j=1
J#i
rie ; € RV — BeKTOp cocTOAHMiT 00LEKTa YIPABICHN; U; € R — yIIpaB/ieHus, U3 3a1aHH0-
ro nocrogaHOro Muozkecrsa U; A;j, i = j = {a;; : 1 = 1,n, j = 1,n} — marpuna cocrosHuii,
pasmepuoctu (n X n) Ay;(i # j) ={ai; :i=1,n, j = 1,n} — MaTpuna B3auMOoCBa3eil MeK Ty
HOJICUCTEMAME b — MATPUIIA YIPABJIEHUs, pA3MEPHOCTH (1N X m).
Craraemsle ) A;;x;, comepKaliie Bce OCTATIbHBIE IEPEMEHHbIE T;, KPOME COOCTBEHHOIO
BEKTOPA T; HOJCUCTEMBI S;, 0TOOPAYKAIOT CBA3U MEXKJLY MOJCUCTEMAMHU.
[1aBHAst 3aj1a49a IPU IIPUMEHEHUN TeOMETPUIECKOrO MOJXO/a K CJIOKHBIM HEJTMHEHHBIM
cucremam (1), 3akjogaercst B ToM, 94To0bl HaiiTu auddeomopdusm (riuaauii nzomopdusm)
MEK/Iy UCXOJIHOM HEJIMHEHHON CUCTEeMON U HEKOTOPOi JIMHEHHON cucreMoit [6].
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Haymmune mpeobpaszoBanus, MO3BOJISIONIEIO HMEPERTH OT CJIOXKHOW HEJIMHEHHON CHCTeMBbI
K JIMHEUHOH, CBOAUTCA K YCJIOBUIO CYLIECTBOBAHUA IPYHIILI CUMMETPUN JIJId CJIOXKHOU HeJIu-
HeifHOl cucreMbl yrnpasienus. B [6] mosydeno, aro jisi aBTOHOMHBIX YIPABJISEMBIX CUCTEM
& = f(x,u) rpynma cuMMeTpuu JIefiCTBYeT Ha MHOXKECTBE DeIlleHWH JIAHHOW CHCTEMBI, ec-
b deoMopdusM HMeeT Cieayomyo crpyKTypy: v = u (z,u), ' = 2’ (z), rae (z,u) —
cTapble JIOKaJIbHBIC KOOPJIUHATLL U YIIpaBJICHUE, (l’/, u/) — COOTBETCTBCHHO HOBEIE.

B nannoit cratbe paccMaTpuBaeTcs KJAcC CJIOXKHBIX HEJIMHEHHBIX JTUHAMUYIECCKUX CHCTEM
JIMHEeRHBIX 10 yripasiennio (1), kiaace Tak HasbiBaeMbix adduHHbIX cucteM. To ecTh cucremy
(1) MOXKHO IIPEJICTABUTH B BUJIE CUCTEMbI YDABHEHMUIA:

t; = fi(x)z; + fo(x)us, 5 € MWla fa(wo) # 0, (2)

riae M™ — rirajikoe MHOTOOOpAa3ue; o — paBHOBeCHas TouKa; f1(x), fo(x) — riajkue BeKTOpHBIE
oyt Ha M™ :

fl(x) = [&(x), s agn(x”T
fo(z) = [m(x),... ann(x)]T (3)

Eciin BekTOpHBIE TIOJIS paccMaTpUBaIOTCH Kak i depeHImaibHble OIepaTophbl T KX
dbyHKIWii, onpeieIeHHbIX Ha MHOT0OOpasuu M™, TO OHU IPEICTABIIOTC B BH/IE |7]

Fi&) = D6 ale) = 3 i) )

IlocTranoBka 3azmauu. Haiitn Takme npeoOpa3zoBanus s TJIAJIKOM 3aMeHbl KOOPIUHAT
y = y(x) u ynpasrenns v = v(z,u) (cTarndeckas obpaTHas CBA3b), 9TO cucrema (2) mpuBo-
JUTCA K HEKOTOPOI M30MOpHOIL eif cucTeMe BUIa

dy/dt = Acy + Bew, (5)

ryie Agc, B — MaTpuisl KaHOHUYIECKO# hopMbl BpyHOBCKOTO.

B coorBercTtBun ¢ metomosiorneit auddepeHImaabHOTO MOAX0Aa, M cucTeMbl audde-
PEHINAJBHBIX ypaBHeHui (5) hopMUpyeTcst COBOKYMHOCTh MHMDUHUTE3UMATBHBIX OIIEPATO-
poB, KoTOpble (hopMupytor 6aszuc airedbpst Jlu [7]. Eciu coBokynHocTs hopMupyeTcst, To st
CUCTEMBI YIIpaBJICHHUS YIOBICTBOPAIOTCS JMHAMIICCKIE CBOICTBA.

Kanonnueckas: hopma BpyHOBCKOTO /It CHCTEM CO CKAJISIPHBIM YITPABIEHUEM UMEET CJie-

JYIOIII BUJ;
dy/dt = yo; ... dyn1/dt = y,;  dyn/dt = v. (6)

HOHy‘{I/IM HpeO6pa30BaHI/IH HaXO0zK/IeHUueM ITPOU3BOJHBIX JIn BJIOJIb BEKTOPHOI'O ITOJIA:

dy/dt = ya = Ly pufi (T () = f1(T1(2)) + wfo(fi(T1(2))) = fi(Ti(x))
dys/dt = ys = Ly 4 pufi(Ti(2)) = [7(T1(2) + wfo(fi(T1(2))) = f7(Ti(x))

dyfdt = v = Lyt puf? ™ (Ti(2)) = f7(Ti(@) + ufo(f7 7 (T1(2)))
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Bamerum, uto B dopmyste (7) u nuzxke oy fi(7y(x)) nonumaercst npoussonas Jlu i — ro
nopsiaka dbyskiwn T (x) BIoabp BeKTopHOro mosst fi(x) :

[T (@) = fi(fi(... A(Ti(2)) .. ). (8)

Urak, u3 (7) u (8) nmeem

f2<f12(T1<x>>> =0,i=2,n-2, (9)

d/dt =v = Ly pu 17 (T1(2)) = [1(T1(2)) + ufo(f77(T1(2))) (10)

st roro arobet 3 (10) omnpeenuTs u, HEOGXOANMO 0653aTEJBLHO BBIIOIHATE YCIOBUE

LU (Ti() #0) (11)

13 anammsa (9)-(11) MmoxkHO cesarh ciejyronue BbiBojibl. [IpeobpasoBanue (HEBBIPOXK-
JICHHAsT 3aMeHa KOOpuHAT) ¥y = 11 () onpeje/isercs: u3 perieHnsi CUCTeMbl JTMHEHHBIX -
bepeHIATBHBIX ypaBHEHUIT B YaCTHBIX Ipon3BoaHbIX (9), (11), T.e.

f2<flz(Tl<x>>> =0,1=2n-2, (12)

fr=(fI"(T1(x)) #0) (13)

OcraspHble KOOPAMHATEL oy anM u3 (7), T.e.

i = i (Ti(x)),i = 2,n, (14)

@opmyiny (14) moxkuO 3anucarh B 60J1ee MPUBBIYHOl (hopMe

yi = Ti(z) = fi(Ti-1(2)) = (0T (2)/0x, fi(x)), i=2n (15)

rie (d,r) — ckajsipHOe TIPOU3BejieHne BEKTOPOB d 1 7.

Mg addunnbix cucrem (2) cucrema nuddepeHInaabHbIX YPaBHEHU B YACTHBIX IIPO-
u3BoAHBIX (12), (13), m3 KoTOpOI HaxouTes peobpasoBanue 1 (z), SKBUBAJICHTHA CHCTEME
g depeHIaIbHbIX YPaBHEHUH B YACTHBIX ITPOU3BOJIHBIX TEPBOTO MOPSJIKA, OIPEIEeTeHHBIX
HoC/Ie10BaTeIbHBIM T depeHImpoBaHeM BeKTOPHOTO oM fo( ) BJIOJIb BEKTOPHOTO TIOJISI
f1(z) u mocnenyromum nuddepentuposaruem dyukinuu T1(x) BIOIL TOJIYUEHHBIX BEKTOD-
HBIX IIOJIEH, T.€.
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(ad, fo)(T1(2)) = 0,i =0,n — 2 (16)

(ad} " f2)(Ti(x)) # 0 (17)

rye adi1 fo — mpousBosinas JIu BeKTOpHOTO 1O ad;ﬁl_l f2 BIOJIb BekTOpHOrO NOJIsE f1(x) TipU-
qeM JIJIst

i=0: adj fo(x) = folz)

Qi1 ady, fo(x) = Ly, fo(z) = (fifo — fof1)(z) = [fufol(z) =
- = ((0fa(2)02) [1(x) = (9f1(2)/dz) f2(x)) ()
i=k: ady fo(x) = Lpady ! f(x) = [f1,ady fo(2)]
rie [ f1f2](x) — ckobka (kommyrarop) JIu BekTopHbIX moseit fi(x) u fo(x).
Hus i = 0 : ad}, fo(Ti(x)) = fo(Ti(x)) = 0 u mepsbie ypapuenns (12), (13) u (16)

coBnajaioT. i

c_1. [(ady ) (Ti(2) = Ly fo(Ti(2)) = (fifo = fofi)(Th()) =
- = (A(L(Ti(2) = LUAT(2) = = f2(fi(T1(2))) ’

tak Kak fo(71(z) = 0). Bolie 66110 HCIIOIB30BAHO CBOFICTBO IIPOM3BO/IHOMN Jlu:

L[fl,fz](T1<x)) = [wa sz](Tl (*T))

I/ICXOILH 3 olpegesieHund cKoOoK JIn n HEIIoCpeaCTBEHHBIMU BBIYUCJICHUAMM MO2KHO IIOKa-
3aTb, 9TO JIJId

i=k ¢ (adf f)(Ti(2)) = Ly (adi " f2)(Ty(a)) =

k
= (1 CHHT o fl(Ti(x) = (—1)* foff (T (2)) = 0

J

(18)
TaK KaK

ffl(Ti(z) =0, j=0k—1, (19)

upudeM B (18)

k!
Cl—c = -
T ik = g)!
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Gopwmyuer (18), (19) cupasemgmset mist k = 0,n — 2. Jna k=n — 1

(ad} " f2)(T1(2)) = (=1)" " o fi T (Th()) # 0 (20)

OksuBasenTHocTh Gopmys (12), (13), (16), (17) mokazana.

Oynkius 11 () oupenesgercs u3 CUCTEMbl TUHEHHBIX uddepeHuaIbHbIX ypaBHEHH B
YACTHBIX TPOM3BOIBIX 1epBOro nopsika (18), (19), 1o npu sToM BekTopibie nos ady, fa(1),
i = 0,1 — 2, JOJIKHBI TOJYUHATHCA YCAOBHUIO UX COBMECTHON MHTEIPHPYEMOCTH M YCJIOBHIO
MHBOJIIOTHBHOCTH.

Bamerum, uaro upu fo(r) = fo = const

(ady, f2)(T1(z)) = (=1)'(ffD)(Th(2)), i =0,n—1 (21)

u dhopmyist (12), (13) u (16) mOIHOCTBIO COBIAIAIOT.

NHBOTIOTHBHOCTD ABJISAETCH KPAEYTOIBHBIM KaMHEM DU BBIBOJE YCJIOBHiT MHTErPUPYe-
MOCTH YDaBHEHUiI B YACTHBIX [POM3BOIHBIX U (DAKTHIECKU [IPU ITOM SIBJISIETCS CHHOHUMOM
TEPMUHA «UHTErPUPYEMOCTH>.

[oBopsT, 9T0 MHOXKECTBO BeKTOPHBIX moeil { f11(x), ..., fim(z)} uHBOIIOTHBHO, econ cy-
IECTBYIOT TaKHe CKaJIApHbIe Houis (PYHKINN) ayjk(x), 910

[fiir foil () =) cijn() fuxe () (22)

B srom caywgae cosokymHOCTE {f11(Z),..., fim(x)} ompemenser amnrebpy Jlu
{fi(x),..., fim(x)}La oTHOCHTENLHO OGuHApHON omepamuu |-, -]. ®pobenuyc IMOKazall,
YTO CHCTEMAa BEKTOPHBIX IOJIE TOT/Ia U TOJIBKO TOr/a HHTErPUpyeMa, KOl OHA HHBOJIOTHB-
na. CHavYa/1a PACCMOTPUM TOJIBKO KJIACC TAK HA3BIBAEMBIX HHBOJIIONUOHHBIX cucreM. Cucrema
BeKTOPHBIX nosteit S = (fi11(z),. .., fim(2)) HaAXOMUTCH 6 UNG0AIOYUL, T.€. BEKTOPHBIE IIOJIS
HONIAPHO KOMMYTHUDPYIOT, €CJII

fliflj(z(x» = fljflz‘(Z(f)), i,j=1m

nJjim

frafijl(x) = (frfiy — fijfu)(x) =0 (23)

ISt JTI000# iBask bl U Oostee nuddepennupyemoit dyukiun z(x), T.e. yeuosus (23) cosra-
nator ¢ (22) gs oy, = 0. Iokaxkem, 4ro j1106ast HHBOJIOTUBHAS CHCTEMA BEKTOPHBIX IIOJIECH
HMeeT B KadeCTBe KAHOHIYECKOrO (MCXOHOr0) 6a3nca HHBOIOIMOHHYO CUCTEMY, 13 KOTOPOIi
OHa, OmIpeJiesIsgeTcs] YMHOKEHEeM Ha HEKOTOpBbIe IJaJiKie (DyHKINU, ONpeJesisds TeM CaMbIM
TO Ke caMoe TJIaJKOe MHBOJIIOTHBHOE paciipejiesienne Ap pasMepHOCTH P, 9TO U HUCXOTHAS
UHBOJIIOINOHHAS CUCTEMA.
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3 Cunte3 ynpasjieHUs HeJIMHEIHO MHOTOCBSI3HOII CHUCTEMBI Ha OCHOBE I'€eOMeT-
PUY€EeCcKOTo MOoJIX01a

[Iycrs S = {f11(2), ..., fin—1(z)} — uHBOMIONIMOHHAs cucTeMa HA MOJMHOrOOOpasun V.
[Iycrs u3 cucremsl S nosydena HoBas cucreMa S = { fo1(2),. .., fon—1(2)} yMHOKeHEEM

BEKTOPHBIX HoJieil fi; Ha riuaaxkue gyuxmun g;(z), i = 1,n — 1, He obpalaonuecss B HyJIb

B OKPECTHOCTU TOYKH Tg. B 3TOM ciiyuae Sp onpejessier To x)e pacupejenerue A, 1, HO ¢

Jpyroit napamerpusanueit. Hanpumep, mist n — 1 = 2 umeem for = g1(x) f11, foz = go(2) fr2-
Torma

[for, fool () = (71(2) far + Ya(T) faa () + y3(2) [ f11, fr2]) f(z) =
= (m(2) for +72(x) for(z)) f ().

Tak Kak u3 (23) [fo1, fao] = 0. @yukuuu v;(z), ¢ = 1,2, 3 HAXOAATCS U3 CJEIYIONHUX COOTHO-
HICHUAX:

(%) = (=92(2) fr2(g1())) /g1 (),

Ya(z) = (—g1(z) f11(g2(2)))/ g2(),
73(2) = g1(2) - ga().

Bunno, aro eciin S = { fi1, ..., fin_1} — MHBOIIOIMOHHAS CHCTEMA HA MOJAMHOr000pasuun V,
to S1={f21,..., fon_1} ONpeesIsIeT HHBOJIOTHBHYIO CUCTEMY Ha TOM YKe MOJMHOI000pa3Hu.
Yro kacaercs nexommoit cucrembr S = {fi1(z),. .., fin-1(2)} = {ad} fa(x), i = 0,n — 2}

onpeessoreii cucremy (18), To u3 BbiBojia ypasuenuii (14) ciemyer, ato B 00IeM CIydae 310
HHBOJIIOTUBHASI CUCTEMa Ha HOoAMHOroobpasun V, Tak kak u3 ycuaosust [ fi; fi,]f(2)Vf € A,y
He 00sI3aTesIbHO cieyet, 9to [ fi; fi;] =0

Bompoc o cymectoBanun npeobpazosanust y = 1'(z), v = v(x, u) st KCXOTHO CHCTEMBI
(2) cBouTCs K ipobiieMe HaJIUdust PPYTIbI CHMMeTpuil — rpytibt Juddeomopdusmos, nepe-
BOJIAIINX pelieHus ynpasisgeMoii cucrembr (10) B perennsi cucrembr (5) u Ha060POT. 371€Ch
OCHOBHYIO poJjib urpaer teopema Codyca Jlu (anamor reopembr Pyddunu-Adens-Taaya o
Pa3peImMOCTH AIrebpanIecKoro ypaBHeH!sl B PAUKaIax ) O pa3penmMOCTH JINHEHHOTo -
depeHnmraIbHOro ypaBHeHUsI B 9aCTHBIX MPOU3BOJHBIX Az = 0.

Dra Teopema NPUBOJUT K CJIEYIONIUM YCJIOBUSM HATMYIUA y (2) IPYIIbI CHMMETPHIL:

fin(Ti(2)) # 0, (25)

2) cucrema S = {fi11(z),. .., fin1(2)} = {ad}, fo(z), i = 0,n — 2} — aBagerca wBOMO-
TUBHOW;

3) Bekropusle monst { fi1(x), ..., fin—1(x)} = {ad} f2(x), i = 0,n — 1} — nuneiino He3aBy-

CUMBI B OKPECTHOCTHU paBHOBeCHOfI TOYKMU Tg.
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Dopmyist (24), (25) B Tounoctu nosropsIoT yesaosud (12), (13) umm (16), (17), ycaosus 2)
BBIIIOJIHEHBI JJIs S ¥ €/IUHCTBEHHBIM JONOTHUTEILHBIM YCIOBUEM CYIIECTBOBAHUS SBJIACTCH
3).

Ecnu paBHOBecHast Touka xg # 0, Tormaa mpeobpa3oBaHme

y1 = Ti(z) — Ti(zo) (26)

HO3BOJIIET TOJIYIUTh HHTErPAJIbHOE MHOIOOOpasne, IMpOoXo/IdIiee Yepe3 JaHHyIo TOUKY Xg.

CyMMupysl BblIecKazaHHOe, ¢hOPMYJUPYEM OCHOBHYIO TE€OpPEMY O HAJIUYUU JIMHEHHBIX
SKBUBAJICHTOB Y CHCTEMBI (2).

Yeaosue. Hemmmneitnas cucrema (2) Torma n TOJIBKO TOT[a NMEET JIMHEHHbI SKBUBAIEHT —
cucremy (5) B OKPECTHOCTH PABHOBECHOI TOYKH T(, KOIJIA BBIMOJHEHBI CJIEIYOIINe YCIOBHSI:

1) cucrema S = {ady, fo(x), i =0,n—2} — nuBomoOTHBHA;

2) ad}fl f2 # 0 B TOUKe paBHOBECHS U €€ OKPECTHOCTH;

3) sexropnt ady, fo(2), i =0,n — 1 TMHEHIO HE3ABUCHMbI B TOUKE PABHOBECHS I €€ OKPECT-
HOCTH;

4) peobpazosanue T} (x), mosydeHnoe u3 cucteMbl JuddepeHimanibHbX ypapHenuit (18),
CBSI3aHO C TIEPEMEHHO 4, cooTHOIeHneM (26), ocTanbHble IpeobpasoBanust HaxosaTcst u3 (7),
(10);

5) CTaTHU4eCKad O6paTHaH CBA3b OlIpeaesideTcd U3 ypaBHeHuAd

v = fi T @) + e ady (T ().

OTKY/Ia II0CJIe HAXOXKJICHU V = I/(y) U 3aMEHBIL Y = T(x) [TOJIyIUM OOPATHYIO CBA3b B MCXOJI-
HOI cucreme

V(T (@) = fi (T ()

o) = T T (@)

(27)

4 3akJjrodyeHue

B crarbe cunTesupyercs yipaBieHUe JJIsi MHOTOCBA3HOI'O HEJMHEHHOIO0 00bEKTa Ha OCHOBE
reOMETPUUECKOT'0 IIOIX0IA.

JLns c7I0XKHON CUCTEMBI YIIPABJIECHUS JAHHBIM OOBLEKTOM IPUMEHEHA IIPOIE/Lypa JIeTeH-
TpaJn3allil 1 BbBIBCICHO YCJIOBUE HaJIMINA JIMHEMHOI'O SKBUBaJIEHTa HEJMHEMHBIX CHUCTEM.

B jmannoit ctatbe paccMaTpUBAETCA CUHTE3 YIIPABJICHUS JJIsT MHOI'OCBA3HOIO HEJTMHEHHO-
ro HEPTreTUIeCKOro o0beKTa Ha OCHOBE T'€OMETPUYIECKOro mojaxoa. s caoxKHOi cucreMbl
yIpaBJIEHUS YHEPreTUIeCKUM OOBEKTOM IIpUMEHEeHa IMPOoIeaypa JenenTpaaun3annn. Ha oc-
HOBE METOJIOJIOTUM I€OMETPUIECKOr0 IO/IX0/Ia JJId JIEKOMIIOZUPOBAHHON CUCTEMBbI BLIBEICHO
ycjaoBuE HaJIUYIUsA JIMHEMHOI'O SKBHUBaJICHTA HEJIMHEUHBIX CHUCTEM. B OCHOBE€ YCJIOBHA JIC2KUT
HPOIIEIypa JIOKA3aTeILbCTBO 00pa30BaHUsA HEJIUHEHHON MHOTOCBA3HONW CHCTEMbI BEKTOPHBIX
nosieit. it 9Toro ncxogHas JIEKOMIIO3MPOBAHHAS CHCTEMa, IIPEJICTAB/IAETCA B KAHOHUIECKOTT
dopme Bpynosckoro. Cunres yupap/ieHus HEJMHEHHOW MHOIOCBS3HON CHCTEMBI HA OCHOBE
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reoMeTPUYIECKOro T0/IX0/Ia PEeaIM30BaH C IIOMOIIBIO TIOTyYeHNUs JTUHENHBIX SKBUBAJIEHTOB Ha
YCJIOBUSX WHBOJIOTHBHOCTU, HE PABEHCTBE HYJIIO ollepaTopoB aJiredOp JIu B Touke paBHOBe-
CUsl U ee OKPECTHOCTH, JIMHEWHOW HEe3aBUCUMOCTH BEKTOPOB OIEPATOPOB ayredp JIu B Touke
PABHOBECHS U €€ OKPECTHOCTH.
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K CBEAEHVIO ABTOPOB

B xypuasn "Becrauk KasHY. Cepust maremaruka, Mmexanuka, nadopmaruka' mTpuHIMAaOTCs HabpaH-
HbIE TOJIBKO B TeKCTOBOM (opmare IHTEX2e Ha Ka3aXCKOM, PyCCKOM WMJIM AHTJIMHCKOM SA3bIKAX, DAHee
He omyOJIMKOBaHHbBIE TPOOIEeMHbIE, 0030PHBIE, TUCKYCCHOHHBIE CTAThU B OOJACTU €CTECTBEHHBIX HAyK,
TJie OCBEIlaloTCsA pe3yJbTaTbl Cl)yH,/Ial\/IeHTa.ﬂbeIX " IIpUKJIaJIHBIX I/ICCJIGJ:LOB&HI/IP’I.

MarepuaJibl cjiejiyeT HApaBIaTh 1o ajapecy: 050040 Anvarsr, yi. ajan-Papabu, 71, kopmyc 13, Hayuwo-
HCCJIeI0BATEIbCKIN HHCTUTYT Mexanukn u maremarnkn KazHY nm. anp-Papabu, kab. 125, e 377-
32-23. Duiekrponnas novra: Lazat-dairbayeva@mail.ru (orBercTBenHOMY CeKperapio peikoJsiernu, Jla-
upbaesa JI.M.)

Crarbst JIOJI2KHA, COITPOBOXKIATHCS IIUCHMOM OT yUIPEXKIEeHNsI, B KOTOPOM BBIIIOJTHEHA, JJaHHAs pabora,
rjie yKasbiBaloTcs csejennst 06 aropax: @.1.0. nmoaHocThi0, MeCTO ux paboThl, JOJKHOCTD (HA3BAHUE
By3a, leHTpa 6e3 cokpamlenuii, daxyibrera, Kadeapsl), pabounii Tesedon, dake, e-mail, gomainnuii
aJipec U KOHTAKTHBIH TeIedoH.

B pemakmuro HEOOXOIUMO IIPEICTABUTD SJIEKTPOHHYIO BEPCUIO CTATHbU: tex-ailyibl paboThl u (ailiibl
PUCYHKOB Ha, otHOM jfucke. s daiijioB pUCYHKOB PEKOMEH IyeTCs NCIIOIb30BATH CPEJCTBA OCHOBHOTO
naxera BWTEX2e nom dopmar eps [em. 1m.7]. Ykasesaercs ko mo Y/IK. B pemaknuio tak:ke mpemcras-
JISIETCST OTTUCK PAbOTHI B JABYX 9K3EMILISAPAX.

Ob6beM craTbu, BKJIIOYAs CIIMCOK JIUTEPATYPHI, TAOIUIBI M PUCYHKU C ITOJPUCYHOYHBIMUA HAJIIUCIMU,
AHHOTAINY, HE JOJI2KEH IPEBBIMATh 15 CTpaHuIl me4aTHoro rekcra. MuHnMa bHbIIH 00beM cTaThu - H
crpanutl. B Hatase paboThl mocse 3arooBKa u (paMuinit aBTOpOB pabOTHI TTOMEIAETCST €€ AHHOTAIIAS
B obbeme 200-250 cjoB Ha TOM Ke g3bIKe, Ha KOTOPOM HaOpaH ocHOBHOI TekcT. Kpowme cremennii,
KOTOpBbIE MOYKHO IOYEPIHYTh W3 3ar0jI0BKa, aHHOTAIUs JOJXKHA OTPayKaTh METOJbI WCCJIEIOBAHUSI,
OCHOBHBIE PE3yJIbTaThl CTATHU, NX HOBU3HY U YKA3bIBATHh HA CMEXKHbIE PabOTHI.

ITocite amnOTAaIUN 3a7aI0TCs KIIOUEBBIe coBa. s Kaxkmoit paboTh! 3amaiiTe 5-6 KIIIOYEBLIX CJIOB B
MTOPSITIKE WX 3HAYUMOCTH, T.€. CAMOE BasKHOE KJTIOTEBOE CJIOBO CTATHU JOIKHO OBITH MEPBLIM B CITHUCKE.

Haspanune paborsr, P10 aBTOpoB, aHHOTAIMS U KJIIOYEBBIE CJIOBA JOJKHBLI OBITH IIPEICTABJICHBLI B
CTaThe Ha TPeX A3bIKaX: Ka3aXCKOM, PYCCKOM M aHIVIMHCKOM.

Ucnosib3oBannast inreparypa JoJKHa ObITh odopmiiena B coorsercrsun ¢ ['OCT 7.1-2003 "BubJuo-
rpadudeckas 3anuch. bubanorpaduieckoe omnucanue. O6mue TpebOBaHUS U MPABUJIA COCTABJICHU" .
Crumcok auTepaTyphl JOJKEeH COCTOSATh He 6osee dem u3 20 HammenoBanuit. CChUIKA HA UCTOYHUKY B
TEKCTe CTATBH JIAIOTCS TOJBKO B KBAIPATHBIX CKOOKax (6e3 muruposanus [12], npu nuruposasnu wim
repeckase aBTOpCKoro tekcra [12, c. 29]). Hymeparusi cCbUIOK B CTAThe HPOU3BOAUTHCS IO HOPSIIKO-
BOMY HOMEPY MCTOYHHMKA B MMPUCTATEHHOM CITUCKE JINTEPATYPHI. ApPXUBHBIE MATEPUAJBI B CIHCOK HE
BKJIIOYAIOTCS, CChLIKN Ha HUX IOMEIAIOTCS B TEKCTE B KPYIJIBIX CKOOKax. IIpu ncnosib30BaHuu B CTaThe
HCTOYHUKOB U3 3JIEKTPOHHBIX PECYPCOB WiH yaajeHHoro gocryna (MHTepHeTa) B Crmcke JUTepaTyphl
IPUBOAUTCS 6GUbIMOrpaduIecKast 3alluCh UCTOYHUKA U CCBLJIKA HA CETEBON Pecypce C IOJHBIM CETEBBIM
agpecom B NuTeprere. 2KenaresbHO yKa3biBaTh J1aTy OOpaIleHUs K PECypCy.

Cuucok JiuTepaTypbl Ha g3bIKe OPUIMHAJA COLPOBOXKIAETCH CIUCKOM JiuTepaTypbl (references) B an-
TJIMICKOU TPaHCIUTEPAIUH.

2KypHaJr nipuiepKuBaeTcst €IMHOIO CTUJISI U II03TOMY IIPEIbsIBJISIET Psijl 00X TpeboBaHMil K 0OpM-
JieHnio pabor. Mexommbiii (HEOTTpAHCIUPOBAHHDBIN) tex-dailyl Io/KEeH HEeJMKOM IOMEIAThCA B MOpH-
30HTAJBHBIX PAMKAX IKPaHA 38 BO3MOXKHBIM HCKJIIOUECHUEM MATPHUIL U TabJINIL U TPAHCIUPOBATHCS Oe3
nporectoB IATEX2e u coobiennit 0 KpaTHBIX W HEOMPEIEJICHHBIX METKAaX, OOJIBIINX MTEePEOJTHEHHBIX
1 He3amoJTHeHHBIX Ookcax. He ciemyer ompemesiTh MHOTO HOBBIX KOMAaHI, nM300peTasi COOCTBEHHBIMH
cJIeHr. ABTOPBI MOT'YT HOJIPY?KaTh JAPYTHe CTaHJIAPTHBIE CTUJIEBbIE MAKEThI, HO TOJBKO Te, KOTOPbIE
He BXOJST B IIPOTHBOpeYne ¢ makeramu amsmath u amssymb. Ecrecrsenno daii, Kpome Bcero mpo-
9€ero, JIOJI?KeH ObITh MIPOBEPEH Ha OTCYTCTBUE I'PAMMATHYECKUX U CTUIUCTHYECKHX OImunbok. Crarhu,
HE YJIOBJIETBOPSIOIINAE ITUM TPEOOBAHUSIM, BO3BPAIIAIOTCs HA JO0PAbOTKY.
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Drasonnblii 06paszen paboThl ¢ JeMoHcTpanuel rpaduku, ¢ npeaMOysioii ycTpanBamomeil peJakiuio,
CIMCKYU TUIMYIHBIX OMMOOK 0(hOPMJIIEHUST M METO/IbI MX yCTPAHEHUST MOXKHO MOJIy9ATh B PEJAKIIUHA W
ua caiite KasHY um. anp-Papabu http://journal.kaznu.kz.

7. I'pacduueckue dailabl ¢ puUCyHKAMHU JOJKHBI OBITH TOJIBKO KAYECTBEHHBIMEU YepHO-OeabiMu B Hop-
MaTe .eps , JudO BBIMOJHEHHBIMA B JIaTeXOBCKOM ¢dopmare. Pucynku B 3Tmx dopmarax merarrcs,
HaIpUMep, C IOMOIILIO MOIIHBIX MaTeMaTrudeckunx nakeros Maple, Mathematica nmu ¢ momorpio ma-
kera Latexcad. KauectBenunie rpaduteckue pailibl caemanabie ApyruMu rpaduIecKuMEI IporpaMma-
MU JOJIKHBI OBITH CKOHBEPTHUPOBaHBI B popMmat .eps ¢ nomombio Adobe Photoshop mian konBeprepa
Conversion Artist. Bee pucyHku J10/KHBI ObITH YK€ UMIIOPTUPOBAHHBIMU B tex-daiiyl u mpejicraBisi-
IOTCS B PEJAKIIUI0 BMECTe C OCHOBHBIM haityiom ctarbu. ['padudeckue HOpMATH,OTIUIHBIE OT BBIIIE
YKa3aHHBIX, OTBEPIatOTCsl.

Penaxknus BrpaBe oTKa3aThCs OT BKJIIOYEHUsI B pabOTY PUCYHKA, €CJU aBTOP HE B COCTOSHUU obecIie-
YUTH €ro HaJIeKariee KaaecTBO.

VBarkaemble auTaTe M, Bhl MOXKeTe mojnucaTbes Ha Hain KypHat "Becruuk KasHY. Cepust maremaru-
Ka, Mexannka, nHdopmaruka”’, koropsiii BkiodeH B Katajgor AO "Kasmoura""TASETHI U 2KYPHAJIBI".
Komuyectso HOMepoB B rox — 4. Huekc 18 MHAMBU/YaIbHBIX HOIUCIUKOB, IIPEIPUAITHA U OPIaHU3aIUN —
75872, monmucHas 1ieHa 3a rof, — 1200 TeHre; WHAEKC JbIOTHOM MOJIIUCKH JIJIsi CTYJIEHTOB — 25872, monucHast
IeHa 3a TOJ it cTyAeHToB — 600 TeHre.
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