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WaTepnossannonuble CBOMCTBA aHI30TPOIIHBIX IIPOCTPAHCTS . . .

1-6eaim Pazgen 1 Section 1
MaremaTuka MaremaTuka Matematics
VIIK 517

Bexmaranteros K.A., Teseyrasor E.*

K® MT'V um. M.B. Jlomonocosa, EHY um. JI.H. I'ymuinesa,
Pecnybiuka Kasaxcran, r. Acrana
* E-mail: erzhan1996@yandex.ru

NaTepriondanuonnble CBOICTBA AaHN30TPOITHBIX IIPOCTPAHCTB
HuxkoJsibckoro-BecoBa BS‘?(Td) U TeopeMbl BJIOXKEHUS

B craThe m3yuarorcs MHTEPHIOJSAIUOHHBIE CBOMCTBA aHM30TPOIHBIX TPOCTpaHCTB HukobeKoro-
BecoBa OTHOCHTENBHO AHU30TPONHON HHTepHossIH Agq, Tne 0 < 6 = (6q,...,60,) < 1,
1 < q = (q1,---,qn) < oo. Ilokazano, uro B ciayuae —oco0 < a = (Q1,...,q,) < 00,
1<p= @, . o) <ooul<q= (G, - q),r = (1,...,70) < oo, d = (dy,...,dy)
npocrpancrsa Hukomsckoro-Becosa B3 (T?) smmsmorcss perpaktom npocrpancts 1S (Lpy(T4)),
U COOTBECTBYIOIIAs] WHTEPIOJISIIHOHHASI TEOPEMa BBITEKAET U3 WHTEPIOJIAINOHHBIX CBONCTB aHU-
30TpONHBIX HpocTpancTs [g(A). B xauecTse c/IeCTBUs ONMCAHBI UHTEPHOIANMOHHbIEC CBOHCTBA
aHM30TPOIHBIX TpocTpancTB CoboJieBa ¢ JOMUHUPYIOIIEH CMEIaHHON TPOM3BOIHOM WS‘T(Td). Bo
BTOPO# 9acTu pabOTHI JIOKA3aHO HEPABEHCTBO Pa3HBIX MeTPUK HUKOJIBCKOrO il TPUTOHOMETPH-
YECKUX TOJIMHOMOB CO CHEKTPOM W3 MApaJUIEENNIE 0B B aHN30TPOIIHBIX TPOCTpaHcTBax Jlopen-
na Lpr(']I‘d). Ha ocuoBe jaHHOTO HEpaBEHCTBA W WHTEPIIOJIAIIMOHHBIX TEOPEM IOJIYIEHBI Teope-
MBI BJIOZKEHHS JIJTsl aHU30TPONHBIX IpocTpancTs Hukombekoro-Becosa Boll (T9) u anmsoTpPOTHBIX
npoctpancTs Jloperna Lg, (T9). CooTHomenns, CBA3BIBAIONIIE MAPAMETDPHI MPOCTPAHCTB (\, P I
q, 10 ectb o = (1/p — 1/q) ABISAIOTCS TIPeIETBHBIMA U HEYITydIaeMbIMi. 110y IeHHbIE TEOPEMBI
0000IIAIOT COOTBETCTBYIONIUE Pe3yIbTaThl u3 pabor Bekmaranberosa K.A. u Hypcynranosa E. /1.,
nostygennnie g ciaydas d = (1,...,1).

KiroueBbie cjioBa: aHU30TPOIHBIE MpocTpaHcTBa HwuKOIbCKOro-BecoBa, aHM30TPONHBIE TPO-
crpancTBa JlopeHnia, BjioKeHne, PEKTPAKT, HEPABEHCTBO PA3HBIX METPUK.

Bekmaganbetov K.A., Toleugazy Ye.
Interpolation properties of anisotropic Bg,‘}('ﬂ‘d) Nikol’skii-Besov spaces
and embedding theorems

In this paper we study interpolation properties of anisotropic spaces of Nikol’skii-Besov with
respect to the anisotropic interpolation Agg, where 0 < 6 = (64,...,0,) < 1,1 < q =
(q1,--.,qn) < 00. It shows that in the case —co < a = (a1,...,q,) <00, 1 <p = (p1,...,0n) <
ocand 1 <q=(q1,.--yqn),r = (r1,...,m) < 00,d = (dy,...,d,) the Nikol’skii-Besov spaces
Bga(T4) are the retract spaces [ (Lpr(T?)), and corresponding interpolation theorem follows from
the interpolation properties of anisotropic lg(A) spaces. The interpolation properties of anisotropic
Sobolev spaces Wgr(Td) with dominant mixed derivative are described as a corollary. In the second
part of the work the Nikol’skii inequality of different metrics for trigonometric polinomials with the
spectrum from parallelepipeds in the anisotropic Lorentz spaces Lq, (T9) is proved. On the basis
of the inequality and interpolation theorems the embedding theorems for anisotropic Nikol’skii-
Besov spaces Byr (T9) and anisotropic Lorentz spaces Lq,(T9) are obtained. The relations, which
connect the spaces parameters «,p and q, i.e. « = (1/p — 1/q) are the limiting. This relations
also can not be improved. The obtained theorems generalize the corresponding results from the
works of K.A. Bekmaganbetov and E.D. Nursultanov for the case d = (1,...,1).

Key words: anisotropic Nikol’skii-Besov spaces, anisotropic Lorentz spaces, embedding, retract,
inequality of different metrics.
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4 Bexmaran6eros K.A., Teneyrazn: E.

Bexmaranteros K.A., Teneyrasnor E.
o o d P P .
Hukosnsckuii-Becos BPE(’I[' ) aHM30TPONTHIK, KEHiCTIKTEePiHiH KacuerTepi
JKOHE eHy TeopeMaJjapbl

Byn makanaga aHH30TPOITHI Aggq MHTEPIOJSINsIFA KATBICTBI aHU30TponTsl Hukosbckuii-Becos
KEHICTIKTepiHiH, MHTePHOIAIUIIBIK, Kacuerrepi 3eprresieni, MyEaa 0 < 6 = (01,...,6,) < 1,
1<qg=(q1,---,qn) < o0o. [Tapamerpiep —00 < a = (@1, ...,ay) <00, 1 <p=(p1,...,pn) < 0
xome 1 < q = (q1,...,qn),r = (r1,...,7n) < 00,d = (dy,...,d,) Goran xarmaiiga Bgl‘}(’ﬂ‘d)
Hukousbckuii-Becos kenicTikTepi lg‘(Lpr(Td)) KEHICTIKTEPIHIH PEeKTPAKThl OOJIATHIHJIBIFBI, YKOHE
CofiKeC MHTEPIOIATIISIBIK TeopeMa la‘ (A) aHMBOTPONTHIK KEHICTIKTEPIHIH, HHTEPIOJISIIUSIIBIK, Ka-
cHeTTepiHeH MbIFATBIHBI KopceTiaren. Cajap peTiHje yecTeM apaJjac TYbIHIBICH 6ap aHU30TPOIITHI
WI‘}T(’]Td) CoboJieB KeHICTIrHIH, HHTEPIOIANMAJIBIK KacueTTepl curmarraiabl. 2K yMbICTBIH eKiHIIi

GeJtiriHIe CIIeKTPhl AHU30TPOIITHI Lpr(Td) Jlopenr keHicTirinmeri mapasuiesenuneaTepAeH Typa-
TBIH TPUTOHOMETPHUSIIBIK MOJUHOMIAP YImNH HUKOALCKUIAIH op TYp/i MeTPpHKAJbIK TEHCI3Iiri

sostesizierti. Ochl TEHCI3IIK YKOHE WHTEPIIOJISAINMAJIBIK TeopeMaJiap HerisiHje aHu30TPOIIThHI Bg{ (’]Td)

Huxosnbckuit-Becos kenicrikrepi koHe aHI30TPONITHI LqT(’JTd) Jlopenr keHicTikTepi yImiH eHy Teo-
peMasapsl aabiHabl. KericTikTep/i 6ailslaHbICTHIPATHIH TapaMeTpJIep KAThIHACTAPHI (v, P JK9HE (,
stran, o = (1/p — 1/q) mekTi )oHe KakcapTbuiMaiTeiH Gomaasl. d = (1,...,1) xarmaiiel yiin
aJibiFaH Teopemasiap Bekmaranberos K.A. »xome Hypcynranos E.JI. »KymbIcTapbIiHIa aJIbIHFAH
CoMKeC HOTHXKeJ eIl XKAJIIbLIAN b

Tyitin ce3nep: Huxombckuit-BecoB amm3orponTsik KeHicTikTepi, JIOpeHIT aHH30TPONTHIK
KEHICTIKTepi, eHy, peKTPAKT, 9P TYPJi METPUKAJIBIK, TEHCI3/IIKTep.

1 BBenenue

Teopus BiiozkeHus: npocTpancTs auddepeHmpyeMbix QyHKIU 6epeT Havaao ¢ paboThl
C.JI. CobouieBa [1]. Dra Teopust u3yuaeT BaxKHbIE CBsI3U U COOTHOIIEHUs! iU DepeHIInaTbHbIX
(rJIQIKOCTHBIX ) CBOMCTB (DYyHKIMI B PasiMIHBIX MeTpHKax. /lasjbHeiiee pasBuTue JTaHHON
TEOPUHU CBSA3AHO C HOBBIMHU KjraccaMu (QYHKIHMOHAJIBHBIX mpocTpaHcTB C.M. Hukosbckoro
[2], O.B. Becosa [3], IL.U. Jluzopkuna [4|, X. Tpubens [5] u npyrux un onpenessiioch Kax
cOOCTBEHHOI BHYTPEHHE Mpob/IeMaTUKOM, TaK 1 ee TPUJIOYKEHUIMI B TEOPUN KPAEBBIX 3a/1a4
MaTeMaTnaeckoi dbusukn [6] — [8].

Hacrosmas pabora mocsiena MCCIe0BAHUIO NHTEPIOJISIITUOHHBIX CBOWCTB aHU30TPOII-
HbIX MpocTpancTB Hukosbckoro-becosa Bgﬁ(’ﬂ‘d), KOTOpbIe MMEIOT THMOPUJIHBIN XapakTep,
cMeCh OOBIYHBIX IIPOCTPAHCTB M IIPOCTPAHCTB €O "CMeImaHHOi TIaIKocThio" .

[Tepeiiem K kparkomy omnucanuio paboTel. B pasesie 2 npuBeieHbl HEOOXOIUMBIE OIpe-
JieJIeHUsI U BCIIOMOTaTe bHble pe3y/IbTaThl. B passesne 3 onpejesenbl aHU30TPOIHBIE TTPOCT-
panctBa Hukosibckoro-Becosa Bgl‘?(’]l"d), U3Yy4YeHBbl X UHTEPHOJISIIMOHHBIE CBOICTBA OTHOCU-
TEJIbHO METO/[a aHU30TPOIHON uHTeproAnun. B pasjesne 4 Ha OCHOBE HEPABEHCTB PAa3HBIX
METPUK JIJIT TPUTOHOMETPUIECKUX TTOJTMHOMOB M MHTEPIOJIATIMOHHBIX TEOPEM MOy I€eHbI TIpe-
JleJIbHBIE TEOPEMBI BJIOXKEHUS MeXK Ty aHU30TPOITHBIMI TpocTpancTBaMu Hukosbckoro-Becosa
BSA(T?) u anusorponssivu npocrpancrsamu Jlopenna L, (T9).

2 H906X0,Z[I/IMI::IG oripeaeJsieHnus M BCIIOMOraTeJIbHbI€ Ppe3yJiIbTaTbl

ycrs d = (dy, ..., d,) € N*, torna T4 = {x = (xy,...,%,) :x; € [0,27m)% i =1,...,n}.

[yers f(x) = f(X1,...,X,) msmepumas B T dynkiusa. Yepes f*(t) = f*rn(ty, ... t,)
0bozHaINM (DYHKIMIO, IOy IeHHYO0 TPUMEHEHNEeM HEeBO3PACTAOINIEN MepecTaHOBKI K (DyHK-
mn f(x) = f(X1,...,X,) HOCIEIOBATEIBLHO 110 MYJIBTUIIEPEMEHHBIM X1, . . ., X, IpH (DUKCH-
POBAHHBIX OCTAJILHBIX IePEMEHHBIX.

ISSN 1563-0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series 3(91) 2016



WaTepnossannonuble CBOMCTBA aHI30TPOIIHBIX IIPOCTPAHCTS . . . )

[IycTb MyJIBTUHHICKCHL P = (P1, ..., Pp), & = (T1,...,7y,) Takue, ato ecaun 1 < p; < 00, TO
1<r, <oo,ecim ke p;, =00, TOUT; =00,1=1,...,n.

Annsorponnbiv npocrpanctBoM Jloperna Ly, (T9) [9] Hasosem MuoxkecTBO yHKIWMIT, 1151
KOTOPBIX KOHEYHA CJIe/IyIoMasi BETUINHA

1 (rey =
Tn/Tno1 rn
(27r)dn (27r)d1 - dt 7“2/7‘1 dt
= / th/ / (t}/plf*lm*"(tl, L ,tn)> — —=
0 0 t tn
(27)di . 1/ri
[Ipu r; = 0o BbIpaXKeHue / lft)|" — nonumaercst kKak - sup | f ()]
0 li 0<t<2m
[Iycrs E = {e = (e1,...,6n) 1 &, = 0wm g; = 1,4 = 1,...,n} — BepIIuHBI N-MEPHOTO

enuanaHoro kyba B R", A = {A.}.cp — cemeiicTBO GAHAXOBBIX POCTPAHCTB, SIBJISTIOIIUXCST
[IOJIITPOCTPAHCTBAME HEKOTOPOTO JIMTHEIHOIO Xayc10pdoBa IIPOCTPAHCTBA, KOTOPOE Ha3bIBAET-
sl COBMECTHMBIM CeMeiicTBOM GaHaxoBbiX mpocTpancTs [10]. s siaementa a mpocTpaHcTBa
> ccE A, ompenennm GyHKIITOHAT

K(t,a;A)= inf t|acl A, ,
)= _f 3 el

Qe
e€E e

rae tC =117 - .-t
[Iycts 0 < 0 = (04,...,0,) < 1,0 <r=(ry,...,r,) < o0o. Hepes Ay, = (Ac;e € E)gr
0GO3HAMIM JIMHEHHOE MOIMHOKECTBO MHOMKECTBA » . p AL, JUIS 9JIEMEHTOB KOTOPOI'O BEPHO

Tn/rn—l 1/7.”

00 00 ., dt ro/r1 dtn
HaHA@r = / tr_Len T (/ (tfelK(t7 CL; A)) ' t_1> e t_ < 0.
0 0 n

1

Jlemma 1 ([9]) Tycmv 0 < 0 < 1,0 < r < o0, A = {A.}ecr,B = {B.}eer — dsa
COBMECTNUMBLT cemeticmea banazoswr npocmparcems. Ecau natidymes dea sexmopa Mg =

MO, ... M%) M; = (M}, ..., M) ¢ norosrcumervrbmu KOMNOHEHMAMU MAKUE, YMO 0N
1> ) nl» 1> I n j)
n

Aunetinozo onepamopa umeem mecmo T : A, — B, ¢ ouenroti nopmwu, C; H M:" das 06020
i=1
ee E, mo

T Agr — Bgr,
- 0 0
< 0\ 1-b: 1\
¢ nopmoti || T'|| g8, < max 0811 (Mz) (Mz) :
1=
g mynprunagekcos by = (09,...,00), by = (b],...,b) ue = (e1,...,6,) € E BBeseM
oboznadenue b, = (b7, ..., 05).

Becrauk KaszHY. Cepust maremarnka, Mexanuka, nadopmaruka 3(91) 2016



6 Bekmaranberos K.A., Teneyraser E.

Jdemma 2 ([9]) a) ITyemv 1 < po = (pY,...,0%) < p1 = (p1,...,p}) < 00, 1 < rg =
(... r0) ey = (rf,...,r)) < oo. Toeda dan 0 < 0 = (0y,...,6,) < 1,1 < q =
(q1,---,qn) < 0O cnpasedauso pasercmeo

(Lpere(Td)§5 S E)gq — qu(Td>7

2de 1/p = (1 —10)/po +0/p1.
6) Mycmo 1 < po= (p,...,p%) < p1= (pi,...,p.) < o0o. Tozda 02 0 < O = (64,...,0,) <
1,1<qg=(q1,.-,qn) < 00 cnpasedauso pasercmaeo

(Lp.(TY);e € E), = Lpa(T?),

0q
2de 1/p = (1 —0)/po + 0/p1 u Ly(TY) - npocmpancmeo Jlebeza co emewannoti mempuroti

1/pn

p2/p1 pn/pnfl
Hf”Lp('ﬂ*d) = /]I‘d (/’]I‘d \f(xl,...,xn|p1dx1> dx,, < 0.
n 1

Jlemma 3 Ilycmo ap < a < ap, 1 < q < 00. Jlaa nocaedosamervHocmu HeOmpuyamessHblT
wucen {ay}rez onpedesum npeobpazosarusi

J
Iy(a;j) = ) 2%¢ay, (1)

k=—o00

La;j) = ) 20, (2)

k=j+1

Toz0a cnpasediusv, HepaseHcmaea

00 1/q o0 1/q
3 )] <o ¥ @) 8
00 1/q 0o 1/q
'Z (291, (a; j))q> < Gy 'Z (2aﬂ‘aj)q> : (4)

HokazarenabcTBo. [Jokazkem HepaseHCTBO (3). Boibepem qmciio kg Tak, 910 @ < Ko < Q.
Torna npumensist HepaBecTBO l'efibepa 1 U3MeHsIsI MOPSAIOK CYMMHUPOBAHUS [TOJIYIaeM

00 1/q o0 j a\ 1/4
(3 ) (3 (23 ) ) -

j=—00 j=—00 k=—o00
) j q\ 1/a
(55 (e 3 ) )
j:—oo k=—o00

ISSN 1563-0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series 3(91) 2016



WaTepnossannonuble CBOMCTBA aHI30TPOIIHBIX IIPOCTPAHCTS . . . 7

a/d
< Zzaao (Z g(a0=ro)g ) z]:(z*’“okak)q -
k

j=—o00 k=—o00

0o j 1/q 1/q
- C ( Z 9(a—ro)gj Z 2Noqkaz> _ (Z 2f~@oqkaqz2(a K0)q ) _

Jj=—00 k=—00

o 1/q
=C} ( Z (2ajaj)q) )
j=—o0
Hepasenctso (3) mokaszao.

Hokazkem HepasencTso (4). Boibepem unciio k1 Tak, u4ro o < k1 < «. Torja takxke Kak
U B IPEJIBIIYINEM CIydae MoIydaeM

(52 o) (5 o 5 )

j=—00 J=—00 k=j+1
00 00 a\ 1/a
= (Z <Q(Oé—a1)j Z 2(a1—m)k+mkak> > <
j=—oo k=j+1
oo a/d s 1/a
< | 2o 2 (Z Ze ) > @) =
jm—o0 k=j+1 k=j+1
1/q o k—1 1/q
(Z 9la—k1)qj Z 9r1ak q) - C ( Z qukaz Z Q(Oé—ﬁl)qj> =
j=—o0 k=j+1 k=—oc0 j=—00
00 1/q
= (Y ( Z (2ajaj)q) )
j=—00

Hepagsencrso (4) mokaszaHo.

JleMMa, ITOJIHOCTBIO JIOKa3aHA.

[ycts a = (ay,...,a,) € R, 1 < q = (q1,...,¢:) < oo. Yepes [5(A) mpr Gysem
0603HAYATH MYJIBTUIIOCICI0BATEIBHOCTD { Ay fern CO 3HAUCHUSIMU B A, JIJIs KOTOPOiT KOHETHA

HOpMa
1/q
o a
lalligay = (Z (219 |axc][ 4) ) ,

kezn

suech (a, k) = Y0, ajk;.

Teopema 1 ITycmv o = (af,...,;a%) # a1 = (a},...,al), e € E, a. =
1<q.=(q",...,¢) <oo. Toeda dnn 0 < 0 = (64,...,0,) <1,1<q=(qx
CNPacedAuco pasencmeo

(I5(A);e € E)gq =12(A),
ede a = (1 — 0)ag + bay.

Becrauk KaszHY. Cepust maremaruka, Mexannka, nadopmaruka 3(91) 2016



8 Bekmaranberos K.A., Teneyraser E.

HokazareabcTtBo. [llaz 1. B cuty Bioxkenuit
« « «
JIOCTATOYHO JIOKA3ATh BJIOYKEHUS

(5 (A)se € E)gq = 15(A), ()

lq(A) = (I1°(A);e € E)gq, (6)

rie a = (1 — 0)ag + Oay.
Hlae 2. Hokaxem Bioxenue (5). Ecin a = {ay fxezn € 32 (A), 1O

K(t,a;1%(A);e € E) >t flaclljas 4 =

EGE Qe ecE

>
A

= inf Z sup t°2(=k Hak

= inf E t° sup 20k Hak
A A=) cp e <E kezZnr

a:ZEGE e s kezn

> inf sup min(t2(@=k)) H
a:ZaeE a‘E cE kezn eel

= inf  sup mln te O‘S’k) g H
a= ZEEEaE kezn eEE

= inf  sup min (£°2(%9) ||a _
A A=) ccp G kezg ccE ( ) ” kHA

Za

eek

> inf  sup mln t laek
Z:EEE ae ke7Zm eel

— : eo(ae k)
Sup min (£°20959) [laxc]| -

Tak Kak g > a1, To R’} MOXKHO pa3OUTh Ha IapaJuIeenuIe bl BUIa [2(%_0‘1)0_1); 2(%_‘””) ,
jez". Torma

1/q
_ o dt
Ha”(zg‘g(A);geE)Gq = (/n (t eK(t,a; [2:(A);e € E))qT> >

+

—0 (ae,k) th Ya
> t teolae, av _
= /( sup mip ( )llak||,4) ;
2(apg—a1)i q dt l/q
(2 (t sup min (4°2() ||ak|rA) T) 2
‘egn J2(@0men(-D) ke7n €€EE t

1/q
q
> () (lz (2 (0(ao—a1).j) sup min (Q(E(ao a1),J)+(as,k)) HGkHA) ) =
jezn

kezn eelE

q\ 1/a
— Cl (‘Z (Sup mln (2((5—9)(Oéo—al),j)+(as7k)) ||ak||A> ) —

‘ez kezn €EE

ISSN 1563-0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series 3(91) 2016
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q\ /a
=C, (ezz (535 min (2= 0man)tac)t (e (k=) H@kHA) ) .
Tak Kax Jjijist J1060ro € € E BBINOJIHAETCST PABEHCTBO
(e—=0)ag—ar)+a.=(—0)(ag—a1) + (1 —e)ag +eag =
=(1-0)ag+ 00y = «,

TO JaJiee 110JIydaeM

1/q
q
nanwgaﬂﬁeEnq22<?l(;EZ (o mip (20979 o, ) -

‘c7m \keZr eck

1/a
q
=) (AZ (2(‘1’” sup mi]gl (2(0‘5’(k’j))) HakHA> > >

. ke7Zn €€

iczn

1/q
a.j q
> Ch (Z (2( Y llall 1) > = () ”ang(A)

[Tocentee HepaBeHCTBO O3HatMaeT BioxkeHue (5).
[Maz 3. Noxaxewm snoxenue (6). [Tyctb a = {ay frezn € IG(A). danee

K(t,a;13*(A)e € E) = >t llaellige oy =
Yeen e ceE
= inf Ztg Z 9(ae:k) Haff) = inf Z Z te2aek) Haf)
G/ZZEGE ae ecE kezZn A a:ZEEE e eelE kezn
< . eo(ae,k)
< > min (£2099) [l

kezn
(e) . 52(a5,k)
31€Cb MBbI ITOJIO2KMJIN ak = ak JJId TOro €, KOTOpoMy COOTBETCTBYET 11111 t .
eelE

Tak kKak u Ha 1Iare 2, MOJIyYaeM, 4TO

at)
Wwﬁﬁm%:(/n“ﬁKWmﬁ%ﬂweE»“?> <

+
q 1/q
dt
- </ (t Y min (£7209) Hak“A) T) )
kEZ"
o(ap—ay)j /a
dt
( / ( t0 Z mln (t°2 (ae k ) ||ak||A) —) <
2(ag—a1)(i-1)
[SYAL kEZ”
a\ 1/q
<O, (Z (2—(0(a0—a1),j) mi]g (2(5(a0—al)’j)+(a€:k)) HakHA) ) —
jezn kezn =€
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10 Bexmaran6eros K.A., Teneyrazn: E.

qy\ 1/q
_ a—ag,j : apg—ai),j)+(ae,k _
=Y (JZ (2( 0.J) 2 relé%l (2(6( 0—a1),J)+( )) ||ak||,4> > —

ez

a\ 1/a
=, (Z (2(6%') Z 1;%%1 (Q(ag,k—j)) ||ak||A> > =

ez kezn

q\ 1l/q 1/q
=G, QZ (2@’”Zfs<ua|u;j>> ) <Gy, QZ (2<a’j>fe<||a||A;j>)‘*) ,

ez eek eelk e

rae I.(||allasj) = L, (... I (||al|a3])) — xommosunns nmpeobpazosanmii (1) u (2).
Hasnee ncnionbays nepasencrsa Muukosckoro, (3) u (4) momydaem

1/q
lall(i-ce) SCQZQZ <2<“’J'>fa<||a||A;j>>‘*) -

0
4 ecE \jezn

> oo
=G Z Z 2%indin . Z <2ai1ji1 X
N Jiy =—00
Qin /iy Tin /iy, 1/qin
xI, (-..[Sil(Ha”A;j)))fhl S
. o
< 02 Z Z 2az‘njin [€z‘n . Z (2ailji1 %
AN Jig =—00
Qi /0y Gin\ 1/4in
oLy (lalad)™ | <
iy /91 Gin/ai, 1\ /%
> o0
< (s Z Z QinJin Z (2%‘1ji1 ||aj1 77777 in HA)qz‘l
EE AT Jig =—00

1/q
o,j q
= (Z (29 lag]l ,) ) = Cullalligay -

ez

[Tocneanee HepaBeHcTBO O3HA4YaCT BioxkeHue (6).
Teopema J10Ka3aHa MOJIHOCTHIO.
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3 Nurepnosnsnusa ann3oTponHbIX npoctpancTtB Hukosnbckoro-Becosa

[Iycts a = (vq,...,0,) €E R 1 <qg=(q1,.-.,qn) So0oul<p=(p1,...,pn) < 00,
1<r=(r,...,m) < 0.
JJ1 TPUrOHOMETPUYECKOro paia f ~ Y 1 sq are’®*a obo3naumM Tepes

E ake i(k,x) 4

kep(s

rae (k,x)4 ZZI{:’JJZ — cxanspuoe npoussegenne, a p(s) = {k = (ky,...,k,) € 2% :
=1 j5=1
(2571 < max, ki < 2% i=1,...,n}
j=

EARES] Z

I[To ananoruu c¢ [9], [11] aruzorponnsiM npocrpancrBoM Hukosbckoro-Becosa BS?(']I‘d)
HA30BEM MHOXKECTBO PAIOB f ~ Y 1 sa axe®Xa 11a KoTOphIX KoHedHa HOpMa

I/l sgacrey = {1 zprray I -

Bameuanue 1 Onpedenentioe marum obpasom aruzomponroe npocmpancmeo Hukoavcrkozo-
Becosa BSA(TY) 6 cayuae n = 1 cosnadaem ¢ uzomponmo.m npocmparcmeom muna Huron-
crozo-Becoea BI(T™) [8, 10], a 6 cayuaed = (1,...,1) — ¢ anusomponmvim npocmpancmeom
¢ domunupyrowets cmewanmoti npouscodnot muna Huxoavcrozo-Becosa BLA([0,2m)") [12].

Onpegnesienne 1 [Tycms A u B — déa nopmuposartwvir banaxoswx npocmpancmea. Onepa-
mop R € L(A, B) nasweaemcsa pempaxuyuet, ecau cywecmeyem onepamop S € L(B,A),
maxot, 4mo

RS = E (moowcdecmeennwiti onepamop uz L(B, B)) .

IIpu amom onepamop S Haszwsaemes xopempakyuet, (coomsememeyrowet R).
JIemma 4 Iyemv —o0o0 < a = (q,...,0p) <00, 1 <p = (p1,...,pn) <0 ul < q=

(@1, -y qn),r = (11,...,1) < 00. Toeda npocmparcmeo Bgﬁ(Td) ABAACNCA PEMPAKYUUET
npocmpancmea 1g(Lpe(T4)).

Hoxkazarenbcrso. [[laz 1. lns byukuun f € Byd(T?) oupenenum oneparop S ciieyromnm
obpazom

Sf= {AS(fv X>}5621 = {(AS * f) (X)}seZ’+1 )

3nech Ag(x) — sapo dupuxite, coorBercrByforee 670Ky p(s).
Torma corytacHO orpejie/IeHIsT TMeeM

||Sleg(Lpr(Td)) = [{As(/, )}Hla(Lpr Td)) — HfHBaq (Td) >

9TO O3Ha4YaeT BBLIIIOJTHECHUE S_CBOﬁCTBa.
Hlaz 2. Jnsa nocnegosarensnoctn f = { fs(X)}yezn OUpesesmmM oneparop
+

Rf =) (Asx fa) (x).

SELTY
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12 Bexmaran6eros K.A., Teneyrazn: E.

Tora cornacno nepasenctsa M. Pucca 06 orpanndeHHOCTH apaJiiesIenuIie IHbIX YacTU -
HBIX CYMM, IOJYYUM

| Am * f||Lpr(1rd) <C HfHLpr(’]I‘d) J

ryie C' — abcoJroTHas TIOCTOSTHHAS, U JIAJIee

1R msony = (A # 1) % Al 1y =

= [{As * fS}ng(Lpr(']l'd)) <C ||{fs}||lg(Lpr(1rd)) =

=C ||f”zg(Lp,(Td)) :

[Tocnennee HEpaBEeHCTBO O3HA4YaET BBINOJIHEHNE R—CBOiCTBA.
Illaz 3. Tlokaxkem, uro RS = E. JleficTBuTebHO

RSf(x) = R({A(f,x)}) = Y (As(f. %) % Ag(x)) =

seZﬁ
= > ((Sas = Spe) % f) (x) = f(x).
seZi
JleMMa, ITOJTHOCTBIO JOKA3AHA.
Teopema 2 ITyemv 1 < p = (p1,...,pn) < 00, —00 < ap = (af,...;a%) < oy =

n = (@, d) a1 = (a1,---,q,) < 00, € =
(€1,...,6,) € E. To2da 0nn 0 <0 = (b1,...,0,) <1ul<q=(q,...,q.) < 00 cnpasedau-
60 PaAGENCMEGO

(of,...,0ap) <00, 1 <1 = (r,...,7),q0

(Beo(T%);< € B), = BIa(T),
2de o = (1 — O)ag + ba.
Jloxazamenvcmeo cienyer u3 JeMMbl 4 1 TeopeMbl 1. O
Mycts 1 < p = (p1,---,0n) <00, 1 <1r = (r1,...,7) <00, @ = (a1,...,00,) € R"
ul = (iy,...,0,), i; € {1,...,d;} mnmsa Beex j = 1,...,n. AHI30TPONHBIM IIPOCTPAHICTBOM

d ik
Cobosesa W (T9) HazoBeM MHOXKECTBO TPHIOHOMETPUUECKHX PAIOB [ ~ > 7a axe'*¥a
JUIst KOTOPBIX KOHEYHA HOPMa

Hf“Wgr(?l‘d) - Z

Y

Z Ak(l>ak€i<k’x>d

I |lkezd Lpr(T4)
zrech Ay (1) = Hmax (1, \kfj[‘”)
j=1
CaencrBue 1 Ilycmv 1 < p = (p1,...,0n) < 00, 1L <1t = (rq,...,7,) < 00, —00 <
ap = (af,...,ad) < g = (af,...,ap) < 00, € = (e1,...,6n) € E. Toeda dnsn 0 < 0 =

01,...,0,) <1ul<q=(q,-..,q) < 00 cNPasediuso paseHcmeo

(W5i (T%);e € B),, = BR(TY),

0q

2de a = (1 —0)ag + 0.
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Joxazameavcmeo ciepyer u3 reopemst 2 u sroxenuii Bot (T9) < WiL(TY) — Bse(T9). O

Sameuanue 2 Hnmepnossyuortwie c80UCMEaG U30MPONHuT npocmparncmes Huxoavcekozo-Be-
cosa u Jluzopxuna-Tpubenrn Oviau usyuerv, 6 pabomaxr H. Acexpumosoti, H. Kpyesaxa,
JI. Manaueparda, JI. Huxonosot u JI.-E. Ilepcona [14], K. A. Bexmazanbemosa u E./I. Hypcya-
manosa [15], B.JI. Kpenkoeopcroeo [16, 17], /. Ilempe [18], K.A. Bexmazanbemosa [19] u

dpyaux a6mMopos.

4 TeopeMbl BJIOXKEHUH [IJIsi aHU30TPOIMHBIX npocTpancTB Hukosibckoro-BecoBa
u Jlopenia

B sranHOM pasjiesie oy ueHbl Ipe/ieibHbIe TeOPEeMbl BJIOKEHUST PA3HBIX METPUK JIJIsI aHU-
30TPONHBIX MpocTpancTB Hukonbckoro-becoBa n annzorponnbix mpocTpancTs Jloperria.

JIlemma 5 (HepaBencTBo pasubix meTpuk) [lycmo Ts(X) mpuzonomempuueckuts nosu-

_ 1 1. Lo n <
HOM nolpﬂdm 71-L€ 6ve S = (81, .., 843357, .., 57 ) no1 MyJLbTIlunepeMeHng ;
J— . . n n —_ J—
X = (21,...,05;..;2%,...,2 ). Toeda npu 1 < py = (p,...,py)< P2 = (p1,...,1p;) < 00,
0<r=(ry,...,mn)< 00 UMEEM MECTNO HEPABEHCTNGO

1/ 1 1/ 1
[P | H S

{i: p; <p7,2} J=1

T5ll Ly, o) » (7)

2de C'- noaosrcumenvras nocmoAHHaA, He 3aUCAWAA O S.

1 1
,Z[OKaBaTe.TII)CTBO. s ycioBud JIEMMbI MYJIBTUAHJICKCBI — W — IIPpUHaJJ/IC2KaT OTKPBITOMY

P1
napaJutestermtiesry (0;1)™. CreroBareibio, cymecrByer napasuienenurel (Q,(0) ¢ meaTpoM B

HyJIe TAKOM, 4To Qh(i) C (0;1)"m Qh(p—t) C (0;1)™, 3mech cropoHa h 3aBHCHT TOJBKO OT

1 1
mapaMeTpoB pp U pg. OTMeTHM, UTO [ BEPIITUH {—6} u {—6} rapaJiieselnuie 108
| %1 E P2

Q h(i) uQ h(pl—z) HIMeeT MECTO PaBEHCTBO

1 1 1 1
— ——=—_-—- :€E

i D5 pP1 D2

W3 HepaBencTBa pa3HbIX METPUK JIjId TPOCTPAHCTB Jlebera co cMennanHoil MeTpuKOoil Jiist
TPUTOHOMETPUYECKUX ITOJIMHOMOB UMEIOT MECTO

Hmhw<aHH )i

=1 j=1

)1 ce k.

rae C7 — abcosroTHas IIOCTOAHHASL.
Jlajee coryiacHO TpejblayIero HepapeHcTBa U Teopembl M. Pucca 06 orpaHmdeHHOCTH
YACTUYHBIX CyMM B IpocTpancTBe Jlebera co cMernanHoil MeTPUKO MOy YaeM

1 1
15s(f )HL £ (T4) < CIHH /pi=1/p}

i=1 j=1

|Ss(f )||Lp§(1rd) <
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14 Bexmaran6eros K.A., Teneyrazn: E.

ce F.

S CZﬁﬁ 1/p 1/17?

[Tpumensis memmber 1 u 2 6) K oneparopy Ss(f) mosydaem

19 () e () <0HH ) /pl=up

=1 j=1

s mokazaTebcTBa TO‘{HOCTI/I B CMBICJIE TOPsi/IKa HepaBeHCTBa (7) JI0CTATOYHO PACCMOT-

s
, cos k;x;
pers mosuaoMbl TP T B (), tme TP (z;) = " TaK KaK COIVIACHO T€O-
) Si /{}51 )
k=1 i

pembl Xapau-JIutmiBya B npocrpancrsax Jlopenna L, (']Td) [12] mpu 5; # 1/p/; umeem

n S; L/rs n

~ (1/13/1'—51')7"1‘—1 ~ 1/1)/2'—51'

o <L (S ) g
i=1 \[;=1 i=1

Sameuyanue 3 Anasozuuno doKa3bI8AEMCA CACOYOULUT BAPUAGHIT, HEPABEHCTNEA PA3HVLT MET-
pux. Ilycmov evinoanerv, ycaosus npedvidyuiets semmor. Tozda cnpasediuso nepaseHcmeo

HTHL ) <C H H 1/P —1/p}

{i: p}<p?} J=1

12 ey = H (g

) (8)

2de C'- noaootcumenvrasn nocmoArHas, He 3a6UucAUas 0Mm S.

Teopema 3 I[Tycmo 1 <p = (p1,...,pn) <A = (q1,...,qn) <00, L <r = (1r1,...,7),T =

(T1,. .., 7n) < 00. Toeda npu o = (£ — L)d umeem mecmo eaooicenue
Y 9 P q

art (md d
Bor (T9) < L (T).
,Z[OKaBaTe.TIbCTBO. Corsacuo HepaBCHCTBa MuHKOBCKOTO 1 HepaBCHCTBaA Pa3HbIX MECTPHUK (7)

IIOJTY YAM

1Nl 2. ey = <

Lar(T9)

oo

o0

11 dk
Z ”Ak HLqr Td) Z ‘Ak( )HLpr(Td Hf”Bal(ﬂrd
k=0

k=0
1 1
e o = (———)d.
P q
1 1
Takum obpasom, ipu o = | — — — | d crpaBeIuBO BJIOXKEHHE
P q

BIH(T) < Loe(T%).
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Badukcupyem p = (py,...,pn), T = (r1,...,7,) U HOAOGEPEM apaMeTphl o; = (at, ... ab)
uq; = (q,...,q") Tax, uro ozé» = <pl] — qi;) dj,1=0,1, 7 =1,...,n. Torna gua moboro
€ € E nvmeeMm, 910

BE (T4) o LW(T9).

CorytacHO JIeMMBI 2 &) U TeOPeMbI 2 TI0JIydaeM
(B (M) € B), > (Lan(T)ic € B),,
T
Bpi(T) = Lqr (T9),

1 1-6 6
rae a = (1 — 0)oy+0aq, — = +—.
a do Q1

[IpoBepuM cooTHOIIEHUE MEXK/Ly TTapaMeTpaMu o, p U q

— (1 - 0)ap + far = (1 - 0) (l—i)dw(l—i)d:

P Q

:(ﬂ_i_ﬁ)d_(l_e_ki)d:(l_l)d'
p p o0 Q1 P 94

Teopema 4 [Tycmv 1 < q=(q1,.--,qn) <P = (P1,---,pn) <00, 1L <1 =(r1,...,7), 7 =

(11,...,7) < 0o. Toeda npu o = (£ — L)d umeem mecmo eaosicenue
P a

Lor(TY) < Bg;(Td).

HoxkaszareabcTrBo. CoryiacHo HepaBeHCTBa pa3HbIX MeTpuK (8) u reopeme M. Pucca 06 orpa-
HUYIEHHOCTHU ITapaJiIeJICIINIIC JHBIX YaCTUYIHbIX CYMM IIOJITYYIHUM

||f||Bg;,>o(1rd) = ililg 2(ck) ||Ak(f)||Lpr(1rd) <

at(i-1)q,
< Crsup 2 & AL 0y = O 18 gm0y < ol ey

k>0
1 1
TaK KakK o = <— — —) d.
P q
1 1
Takum obpazom, npu o = | — — — | d cupaBeInBO BJIOYKEHIE
P q
Lg(T?) < Bo(TY).
Badukcupyem p = (p1,...,pn), T = (11, ..., 7,) 1 nI0A0EPEM MapameTpsl o; = (af, ..., a’)
. A 1
uq; = (q,...,q,) Tak, aro a (— — —> =0,1, 5 =1,...,n. Torma aisa soboro
pj d;

€ € F mmeemM, 4uTO
Lq.(T%) = Bp:>(T9).
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CortacHo JjieMMbI 2 6) U T€OPEMBI 2 [OJIyYaeM

njimn

e o = (1 — )+, — =
q

(Lq.(T%);e € E)M — (Bg®(T%;e € E)OJ

Lgr(T?) — B (TY),
1 1-60 0

+—.
o q1

[IpoBepuM cooTHOIIEHNE MEXK/Iy TTapaMeTpaMu «, P 1 q

1 1 1 1
a:(l—e)a0+6a1:(1—0) —— — |d+l0|———]d=
P |Y q:
1-— 1-— 1 1
= —9+€ d-— 9+i d=(—-—--]d.
p |y o di p q

3ameuanne 4 Mooicno nokazams, 4mo Ycaro8us meopem 3 U 4 HeYAYUULLEMDL.

5 3akJrouenue

B nammoit paboTe mM3ydeHbl MHTEPHOJIANNOHHBIE CBONCTBA aHM30TPONHBIX IIPOCTPAHCTB
Hukosbckoro-Becosa Bgﬁ('ﬂ‘d) OTHOCUTEJIbHO aHU30TPOIIHOI'O MeToJla MHTeploJidnuu. Kak
CJIEJICTBHE OIMCAHbl MHTEPIOJIAINMOHHbIE CBOICTBa aHM30TPOIHBIX IpocTpaHcTB CobosieBa

for d
W (T€).
TakKke HOTy1IeHBI IPeIeIbHbIE TEOPEMBI BJIOZKEHUS MEZK/Ly aHH30TPOIHBIME IIPOCTPAHCT-
aq (d d
Bamu Huxombekoro-Becosa Bid(T<) u Jlopenma Ly, (T9).

OTMeTI/IM, 9TO IIOJIyYeHHBbIC MHTEPIOJIAIMOHHBIC TE€OPEMbI U TE€OPEMbI BJIO2KCHHWA ABJILA-
IOTCS allllapaTOM HCCJIEJOBAHUSA Il HEKOTOPBIX 3ajad T'apMOHHYECKOI'O aHAIN3a, TEOPUH
IPHUOJIMIKEHUIl 1 TeOpUN KPAaeBbIX 3a/1a9 MaTeMaTHIeCKOH (pu3nKn.
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K pPeIieHn0 3aJa91 BBIIIYKJIOTO ITPpOrpaMMHUpPOBaHUA

B nmannoit pabore npesaraeTcs mMoaxo/ K PENIeHUIO 33/1a9l BBITYKJIOTO IPOI'PAMMHUPOBaHUS. Xa-
PaKTEpPHOI 0OCOOEHHOCTHIO PACCMATPUBAEMON 33144 SIBJISETCS TO, ITO €€ CUCTEMa OIPAHIIEHUI CO-
JIEPYKUT TOJIBKO JINHEHHBIE PABEHCTBA. DTa OCOOEHHOCTD SIBJISIETCS OCHOBOU JIJIsT 3aMEHBI B OKPECT-
HOCTH HCCJIEIyeMOI TOYKHU HeJMHENHOI 1esieBoil (byHKInn OyHKIMel JuHeHO, Oaromaps demy
pellleHne NCXOIHOM 3a/1a41 CBOJIUTCA K I10CJIeJ0BATeIbHOMY PEIIEHUIO 33/1a4 JIUHEIHOTO IIporpaM-
vuposanus. [lonydyennas 3a/1a4a JIMHEHHOIO IPOrPAMMIPOBAHUS PEIIAETCs IIyTeM KOPPEKTHUPOBKH
3HAYEHUS TeJIeBON (PYHKITMN HA MHOYKECTBE JIONMYCTUMBIX PEIIEHUH 1 OIIPEIEIAIOTCS OIYCTUMBIE T
onTUMaJIbHOE perienust. Jlajiee BRIYUCIISIIOTCST M CPABHUBAKOTCSI 3HAUEHMS NCXO/IHOM 11e/1eBOi (DyHK-
MU B HallJIeHHBIX JOIYCTUMBIX M ONTUMAJbHON TOYKaX M OIPEAessdeTcs BCIIOMOraTe/IbHOe IIPU-
osmkenne. Cremyioriee TPUOINKEHUE OMPEIEIISIeTCsT KaK BBIMTYyKlas KOMOUHAINS MPEIbIITYIIEro
1 BCrioMorareabHoro npubsmkennii. Ciie/lyeT OTMETHTh, 9TO, B OTJIUIUE OT METO/a MHOXKUTEJeH
Jlarpam:ka, pa3paboTaHHBI METOJ MOYXKET ObITh IIPUMEHEH U K 3aJiadaM, JIJIi KOTOPBIX COOTBET-
crByfomast pyHkims Jlarpamka He mMeeT cemyioBoil Toukn. PaboTa coepKUT onmcaHne MeTo/Ia,
00OCHOBAHME €r0 CXOIUMOCTH, CXEMBI AJITOPUTMOB U PE3yJIbTaThl IKcIepuMeHToB. [Iperaraembrii
AJIOPUTM COYeTaeT MIEU MEeTOJA YCJOBHOIO rpajueHTta [1] u Meroza perienus 3aa4u JIMHERHOrO
IPOrpaMMUPOBaHUst [2].

KuroueBble cJioBa: BBIIMYKJI0€ TPOrPAMMUPOBAaHNE, JTUHEHHBIE OrPAHUYEHUS, TUHEAPUIAIIHS, JI0-
IIyCTUMOE PEIIeHne, BCIIOMOraTe/IbHOE NMPUOJINKEHNEe, ONTUMAJIBHOE PellleHrne, ONTUMU3AIMOHHAS
3ajia4a.

Kabidoldanova A.A.
On solving convex programming problem

In this paper an algorithm for solving convex programming problem is proposed. The specific
feature of the considered problem is that its constraints contain only linear equalities. This feature
is a basis for the replacement the nonlinear objective function in the neighbourhood of the tested
point by a linear one, due to what solving an original problem is reduced to sequential solving
linear programming problems. The obtained linear programming problem is solved by sequential
correction the value of an objective function on a set of admissible solutions and an admissible as
well as optimal solutions are found. Further values of an original objective function at the found
admissible and optimal points are calculated and an auxiliary approach is determined. The next
approach is defined as a convex combination of a previous and an auxiliary approaches. Note that
unlike the Lagrange multipliers method the developed method is applied to problems with the
Lagrange function which hasn’t a saddle point. The paper contains a description of the method, a
proof of its convergence, schemes of algorithms and experimental results. The proposed algorithm
combines ideas of the conditional gradient method [1] and a method for solving linear programming
problem [2].

Key words: convex programming, linear constraints, linearization, admissible solution, auxilary
appraximation, optimal solution, optimization problem.
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Kabumonnanosa A.A.
leHec mporpamMaJsiay ecbein Imeiry TypaJibl

ZKywmpicTa femec mporpamMMaay ecebiH IIenty »KOJbl YChIHBLIAIbl. KapacThIPBLILIT OTHIPTaH eCer-
TiH €peKIIeJIiri OHbIH IEKTEYJIEPIHIH XKYieci TeK ChI3BIKThI TEHIIKTEP/IeH TYPaThIHIbIFbIHIA. OChI
€PEKIIIeJIIT ChI3BIKTHI EMeC MaKCATThI (DYHKIUSIHBI 3€PTTEJIII OTBIPFaH HYKTEeHIH MAHANBIHA ChI3bI-
KTbl (DYHKIMSIMEH ayBICTBIPYFa Heri3 OoJbIn TabbLIaabl. HoTuskecimnme KOUBIIFAH €CeIl ChI3BIKTHI
mporpaMMajiay eCenTepif Ientyre 9KesiHe . AJIBIHFAH ecell ChI3BIKTHI IporpaMMasiay ecebi MyM-
KiH 00JTATHIH TIETTMIEeP/IiH KUBIHBIHIA MAKCATTHI (DYHKITUIHBIH, MOHIH TY 36Ty apKbLIbI e,
MYMKIiH OOJIATBIH K9HE THIM/II IIenriMaep Tabblaa ibl. Tabbliran My MKIiH OOJIATBIH 2KaHe TUiMIi
HyKTeJIepJle MAKCATThI (DYHKIIUSIHBIH MOHJIEP] €CemTeIil, KOMEKI YKYbIKTay aHbIKTaJaabl. Ke-
JIeCi YKYBIKTAY aJIbIHFbI XKAHEe KOMEKII YKYybIKTAY/IAP/IbIH KOMOMHAIIASICHI PETUH/E AHBIKTAJIAIHI.
Jlarpanxk keOefTKImTEepi aIiciMEH CAJIBICTHIPFAH A YCHIHBLIBINT OTHIPFaH 9 iciieH coiikec Jlarpamk
DYHKIUSICHIHBIH, KaKbl HYKTECl YKOK OOJaThIH ecenTep i e menryre 6oaapl. 2KymbicTa oicTiy,
CUTIATTAaMAaChl, OHBIH, YKHHAKTAJIYBIHBIH JIDJIeJIJIeyl, aJrOPUTMIED KAHE IKCIIEPUMEHTTED HOTHXKe-
Jiepl KeJTIpiireH. yChIHBUIBII OTHIPFAH aJIOPUTM MAPTTHI TPaJMeHT oici [1] KoHe ChI3BIKTHI IPo-
rpaMmasiay ofici [2] uiessiapbiH KAMTHIBL.

Tyitin ce3mep: I0HEC IPOorpaMMalIay, CHI3BLIKTHI IMEKTEYIep, TUHeAPU3AIUAIAY, MYMKIH OOJIaThIH
MIEITM, KOMEKII YKYBIKTay, THIMJII IIermiM, TuiM/iiiey ecedi.

1 BBeaenwue

Bajiaun MaTeMaTHIeCKOTrO IPOTPaMMUPOBAHIS HAXOAAT IPUMEHEHNE B PA3IUIHBIX 00/IaCTIX
JeJIOBEYECKOI IesATeIbHOCTH, T/ie HeoOXOUM BBIOOD OJHOTO M3 BO3MOXKHBIX 00pa3oB Jeii-
crBuil (mporpaMm JIeHCTBUIA), HAIPUMED, P PEIeHNH TPOOJIeM yIPaBJIeHUsT U TIAHUPOBa-
HUd IIPOU3BO/ICTBEHHLIX IIPOIICCCOB, B IPOCKTUPOBAHUU U IIEPCIEKTUBHOM IJIAHUPOBAHUU, B
BOEHHOM JIeJie U T.J1. Paz3jiesr MareMaTniecKoro mporpaMMupPOBaHus, IJIe NU3yYai0TCd 381491 C
HeJIMHENHOM 1esteBoit dyHKIweit u (win), Korja HeJnHeiiHa X0Ts Obl ojiHa u3 DYHKIWMAN cu-
CTeMbI OTPaHUYIEHN, Ha3bIBAETCS HEJTMHEITHBIM ITporpaMMupoBanreM. MeTo bl HeJTmHENHOTO
[IPOrPaMMUPOBAHUS [IOJIYYUIN MIXPOKOE IIPUMEHEHNE [IPU pacyeTe SKOHOMUYECKU BBII'O/IHBIX
[HapTUil 3allycKa JeTajieil B IIPOU3BOJCTBO, IIPU OIPEICJICHUN SKOHOMUYECKHU BBLINOJIHON I1ap-
THUU IIOCTABKHU, II0CTABOYHOI'O KOMILJICKTA, PA3MEPOB 3al1acOB, Paclpe/le/ICHUN OrPaHNYeHHbIX
pecypcoB, pasMeIleHN IPOU3BOJAUTEIILHBIX CUJI, B TAPHOM XO034iCTBe, IPU PElIeHUU MHO-
I'UX [IPOM3BOJICTBEHHO-3KOHOMIYeCKNX 3a/1a49 1 T.11. [IIupokuit Kirace 3a/1a9 MaTeMaTnIecKo-
ro IPOrpaMMUPOBAHUS CBA3AH ¢ MUHUMUBAIMENH BBITYKJIbIX (DYHKIMI MHOIUX [T€PEMEHHDIX,
OIpesIeJIEHHBIX HA BBIITYKJIOM MHOXKecTBe. Takme 3a/laqll HA3bIBAIOT 3aJa9aMU BBITYKJIOTO
nporpammupoBanus. Meroji muoxkuTeseit Jlarpamxka gBjisieTcsd KJIacCUIeCKUM MeTOJIOM pe-
IIEHUs 3a/1a9 MATEeMaTHIeCKOro MporpaMMUpOBanus (B 9acTHOCTH BbIMyKJIoro). K coxaie-
HUIO, IIPU IIPAKTUYECKOM IPUMEHEHUU MEeTOJa MOI'YT BCTPETUTHCH 3HAYUTEIbHbIC BHIYUCIIN-
TeJIbHBIE TPYIHOCTH, CyzKalolye 06/J1acTh ero uctosb3osanus [3|. Perenne 3amaun meroom
Jlarpamyka mosrydaercs IEeHON TMOBBIIIEHUS €€ PA3MEPHOCTH 3a CUYET BBEJIEHUS HEOIPeIesIeH-
HBIX MHOXKHTe el Jlarpanzka, 4Mc/io KOTOPBIX PaBHO YHUCIY ypaBHeHuil cBsaszu. [losromy c
MOBBIINIEHUEM YHCJIa [TEPEMEHHBIX M ONPAHUYEHUN I11eJIeCO00PA3HO MEPEXOIUThH K YUCJIEHHBIM
MeTo/I[aM MaTeMaTUIeCKOIo IporpaMMupoBanus. Kpome Toro, meros mHoKkuTeeit Jlarpanxa
CBOJIUT peIlleHNe UCXOJ/IHOM 3a/1a4u K MOUCKY ceioBoit Toukn (yukiun Jlarpamxka. Oqnako
CYIIECTBYIOT 3a/Ia9M HEJIMHEITHOTO TPOIPAMMUPOBAaHU, UMEIOIIHE PEIeHne, HO UX (PYHKITUS
Jlarpamxka He UMeeT CeJIJIOBBIX TOYEK.
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3a mocjegHue TOJbl TMOSBUIOCH OOJIBIIOE KOJMIECTBO PAOOT, MOCBAIICHHBIX YUCICH-
HBIM METOJIaM PeIIeHud 3a/1a9 MaTeMaTHIeCKOro MpOrpaMMUPOBAHUs, OCHOBAHHBIM Ha, TIO-
cTpoennn MojuduIupoBanubiX Gpyukiwmit Jlarpamxa. Metojx moudunupoBanubix GyHKITHiT
Jlarpanzka 103BOJIET pACHIUPUTHL 00/IaCTh IPUMEHEHU MeTojla MHOXKuTesnei Jlarpanxka u
UMeeT CBOEH IEeJIbI0 MOBBICUTH 9D (MEKTUBHOCTD BITUCIUTEIHLHBIX IIPOIECCOB OTHICKAHUS CE/I-
JIOBBIX Touek. OIHAKO, TaK Ke KaK M KJIaCCUIeCKuil MeTo 1 MHOYKuTe/ el Jlarpamxka, /s pas-
PEIUMBIX 3aJ1a4, COOTBETCTBYIOININE MOIUMPUITMPOBAHHBIE (PYHKIMHN Jlarpanka KOTOPBHIX He
UMeeT CEeJIJIOBBIX TOYEK, 3TOT MEeTOJI He TpuMeHuM. Yucjiennas peau3aliys MeToja Mo -
IUPOBAHHBIX GYHKIHH Jlarpan»ka cBsA3aHO ¢ BHIYUCJICHHEM BTOPBIX MPOU3BOIHBIX, KOTOPHIE
He OIIPeJIeJIeHbI BCIOJLY JIJIi MHOI'MX U3BECTHBIX MojuduiupoBanubix dhyHkiwmit Jlarpanxka [4].
Meto TpoeKIun rpaiueHTa IMPUMEHIOT Ha MHOXKECTBE TAKOr'0 BI/Ia, YTO 3a/1a9a OThICKAHUS
IIPOEKIIUN HEKOTOPOH TOYKU ABJIACTCA JJOCTATOYHO IIPOCTONM C TOYKU 3PCHULA €€ YUCJICHHOI
peam3aliiy, TaK KaK pellenre 3TOi 3a/1a9u U Olpe/ie/isdeT HallpaBJIeHne ciiycka. B meTomax
mTpadHbIX 1 OapbepHbIX (DYHKIUIN Ie/ieBasd (PYyHKINA 3aMEeHAeTCA HEKOTOPOil 0000IeH Ot
dyHKIMEl, 3HaYeHUST KOTOPOW COBIAIAI0T CO 3HAYECHUSIME UCXOTHONM (DYHKITMU BHYTPHU JOITY-
CcTUMO# 00/1aCTH, HO IIPU PUOJINKEHUN K IpaHuIle 00/1acTH, a TeM 0oJiee TIPU BBIXOJIE U3 Hee
PE3KO BO3PACTAIOT 3a CYeT BTOPOIO cjaraeMoro 0bobmenHoi GpyHkiun. [lonck Touxkun MuHu-
MyMa MeTOoJIaMU MTPadHBIX U 6apbepHBIX (DYHKINN YCI0KHACTCH, €CJIA IKCTPEMYM JIOCTUTa-
ercs na rpanutie obactu. [TockonbKy 3Havdenns: 06001eHHoNl (DYHKIUK TPU TPUOJIUKEHUNT K
rpanuiie 00JIaCTH ONPEJIEIAIOTCA TJIABHBIM 00Pa30M BEJIUIUHON BTOPOT'O CJIAraeMoro, SKCTpe-
MyM He BCerjia MOXKET ObITh BBIYHUCJIEH C 3ajaHHO#l TOIHOCTBIO [3]. TIpeanpuHsThl ONBITKYI
[IOCTPOUTD IMTpadHbIe PYHKINH, TapaMeTPhl KOTOPBIX OCTAIOTCs KOHEUHBIME. K coxkaJieHno,
rakue mrpadHbie QYHKINN, KK IPABIIIO, OKA3bIBAIOTCs JO0 HejuddbepeHupyemMbivu [5-7),
60 JIUIIB JIOKAJIBHO nuddepeHnupyeMbiMi [8]; X UCIOIH30BAHIE HEPEIKO HE ITO3BOJISAECT
CBECTHU peIIeHne 3a/]a9i MUHUMU3AIUNA C OIPDAHMYCHUSIMU K DPEIICHUIO 33/a4 0e3yCJI0BHOI
MHUHUMUBAIUINA U CONPSIKEHO ¢ HEOOXOIMMOCTBIO OTBICKAHWS CTAIlMOHAPHOW, WU CEJJIOBOII,
TOYKH Jist 3aaaHHol mrpaduoit dyukun [9-14]. Moaudukanus metona gorapudMudecKux
OapbepHbIX (QYHKIMI, OCHOBaHHAas Ha HJee HapaMeTPUIEeCKOTrO CMENIEeHUs] OIPaHnYCHUil nc-
XOJIHOH 3aj1a4m, npejioxkena B pabore [15].

B pabore [16] npeioxken aaropurM ydera orpaHUyueHnii pABEHCTB, OCHOBAHHBII Ha TIPO-
1eJlype PEeKyppPeHTHOrO IMCEeBI000PAICHUS /I 3a/1a9 ¢ KBaJIPATUIHON 1e/1eBoil (pyHKIuei.
BosmokHocTH npuMeHeHnsT PACIITUPEHHBIX MITPAMHBIX DYHKIHI /151 PETyIIPU3aIiu 1 O TH-
MaJIbHOI KOPPEKIINH 33/1a9 BBIITYKJIOTO IIPOrpaMMUPOBaHust ccenoBanbl B [17]. IIpuvenenne
CUMILIEKC-METO/Ia, OCHOBAHHOI'O Ha, METOJIC YKOPJIAHOBLIX MCKJ/IIOYEHUI, K PEIICHUIO 3a/1a91
BBIIIYKJIOTO [TPOrPAMMUPOBaHUs TT0Ka3aHo B [18].

B nannoit pabore mnpejjiaraercs mMoaxo/l K PEIICHUIO 3aJIa9K BBIIYKJIOTO ITPOTPAMMUPO-
BaHMsI, KOTOPBII COUETAET UJIEeH METO/a YCJIOBHOIO TpajieHTa |1| n Merosa perenns 3a1aqu
JIMHERHOrO TporpaMMupoBanus |2]. XapakTepHoit 0COGEHHOCTBIO paccMaTpUBaeMoil 3a1a49u
SIBJIIETCA TO, YTO €€ CHUCTeMa OIPDAHUYEHUN COJEPKUT TOJbKO JIMHEHHbIE paBeHCTBa. JTa
OCODEHHOCTD SIBJIAETCA OCHOBOM JIJIsi 3aMEHBbI B OKPECTHOCTH HMCCJIeyeMOil TOUKU HeJInHel-
HOIT 11e/1eBOil (pyHKIUN (DyHKIMEH JUHEHHO, Oaroaps YeMy peleHne UCXOHON 3aadu
CBOJIUTCS K TIOCJIE/IOBATE/ILHOMY PEIIeHHIO 3a/1a9 JIMHEIHOIO MPOrPaMMUPOBAHUA.

NsBectHo, uro nambosiee yrnoTpeOUTEeTbHBIM aJrOPUTMHYCCKUM AllllapaToM JUHEHHOTO
[IPOIPAMMUPOBAHUS ABJIFETCS CUMILIEKC-MeTo/1, paspaboranubiii /Ixk. Tanmuarom [19]. Cum-
ILJIEKC-METOJI, IIPOCT Kak JIJI MaTeMaTHIeCKOro HHTYUTUBHOIO TOHUMAaHUsI, TaK ¥ JIJIsi peaJsii-
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zaruu. HegocTaTkoM CUMILIEKC-METO/Ia ABJISIETCS €r0 9yBCTBUTEIHLHOCTD K BBIPOXKICHHOCTHU
3a/a491, 9TO MOXKET IPUBECTU K OECKOHEYHOMY HHC/IY UTepaIuili 1 HEBO3MOXKHOCTH TIOCTPO-
eHNs TOCIIeJIOBATEHHOCTH YIIPABJIAIONINX BO3/AelcTBUN. UHMCIeHHBINT MeTOJ| MCC/IeTOBaHNS
PA3pENIMMOCTH U IMOCTPOEHUs PeNIeHus 3aJIa4l JUHEITHOro MpOorpaMMUpOBaHus, pa3padbo-
raunbiit C.A. AlicarajmeBbiM [2], IPUMEHUM KaK K BBIPDOXK/IEHHDBIM, TaK ¥ HEBBIPOXK ICHHBIM
3ajladaM JIMHEHOTO TPOrpaMMUPOBAHMSI.

2 IlocraHoBKa 3ajga4n

Paccmorpum 3aj1a1y CIIe/1yonero Bujia
J(u) — inf, (1)

velU={ueR"/uecly, g(u) = Au—b =0}, (2)

rie J(u) € CH(Up) - Boimykias yHKIUs, ONpe/ieseHHast Ha BBITYKJIOM MHOXKecTBe Up, b €
R™ - zamamnbiii BekrTop, A - 3amamnas Marpuia nopsanka mxn, Uy={ueR"/u;>0, jel},
Ic{1,2,...,n}.

IIyctb ug € U - npousposibHas Touka. Oupeme/mM BCIOMOraTeIbHOe MPUOINKEeHNne Uy €
U k=0,12,. u3ycioBus

J(ug) = min{J(uly,), m=0,1,2,..}, (3)
rje uy, m=0,1,2, .., - 1omycTUMBbIE pelleHus 3a1a91
Jp(u) = (J'(ug),u — up) — inf, u e U. (4)

Ormernm, 9TO cpean JOLMyCTUMBIX pemtennit ulj;, m = 0,1,2,.. 3agaun (4) comepKurcs u
OIITUMAJILHOE €€ PEeIleHHeE.
Crenytoriee mpubIMKeHNe CTPOUTCA 0 (POPMYyJIe
Upyr = Up + ap(Uy — ug), (5)
3/1eCh (v}, OIIPEJIeJISIeTCS U3 yCIOBUS

fr(ag) = minfi(a), a€l0,1], fila)= J(u + a(iy —u)). (6)

3 Onpe,z[eﬂeHI/Ie BCIIOMOraTeJIbHOIro l'IpI/I6J'[I/I)KeHI/I$I

Kak ciemyer uz (3), auist onpeesieans BeromMoraTeabHoro npubimkenns ty € U, k= 0,1,2, ..,
HeOOXOMMO HaWTH JomycTuMble pemtenns uly, m = 0,1,2, .., 3agaun (4). Jomycrnmbivu
perneHusiMu 3a/1a49u (4) ABIA0TCA ToUKn MHOXKecTBa U.

3.1 OnrumwmsalmoHHas 3agad4a

Basaua (4) pemaercsa [2| myrem cBejieHust K 3aja4e CIeIYIONEro BUIA
Tt 7) = [Je() = 712 + [Au — b]*[Au— b] — inf, (7)
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K pemenuio 3amaqn . . . 23

uelUy, y€Tx, Ti={yeR'/v<ru}, (8)

311eCh Vg, = Ji(Uq), ug € U - Ipou3BoJIbHAs TOUKA.

Pacemorpum 3agaqy (7), (8) mist dukcupoBanubix 3uadenuit k u v = 7, € ['y. Temepn
samaqa (7), (8) upumer BuT

F(u) = Ji(w, 7)) = [Je(u) = 73" + [Au — 0] [Au — b] — inf, (9)
u < U(). (10)
Jlemma 1 Ilycmo in&f F(u) = F(ug) = 0. Toeda ug, € Uy - donycmumoe pewerue 3adaru
uclo
(4)-

HoxkazarenscTso. Ilycrn ing F(u) = F(ug) = 0, 1. [Je(uar) =7, )* + [Auge —b)* [ Augp —
u€lo
bl =0, ug € Up. Orciona caeayer, aro Ji(ugr) = Vi, Atugy = b, uge € Up. CraenoBaresbHo,
ugr € U. lpyrumu ciioBaMu, ugy - JomycTumoe perenne 3ajaqn (4). Jlemma nokaszana.

Kaxk cieryer u3 jieMMbl 1, J71s TOCTPOEHHUST JOIYCTUMBIX perienuii 3a1a4u (4) HeobXoamumo
peruth 3aaaqy (7), (8) mid pasiInIHbIX 3HAYEHUIT 7, U ONPEIENTh TaKue 3Ha9eHus (U, Vy,),
npu koropbix inf Jyp(u,7,) = inf F(u) = 0. Ecm inf Jig(w,75,) = inf F(u) > 0, To

p 1% b 16 (U, V) welo (u) wello 1 (U, V) wello (u) ;
He CYIIECTBYeT TOYKHM Ha MHOyKecTBe U, mpu KOTOpOil TeneBast dbyHKIwms Ji(u) TpuHIMAET
3a/IaHHOE 3HAYEHUE 7).

3.2 CaoiicTBa BcnoMoraTeJjibHOU 1eJieBoii pyHKIUN

JIemma 2 Qynkyus F(u) ewnykaa na evnykiom muoscecmee Uy.

IokazareabcTBo. OrMmerum, uto MuOMKecTBO Uy BhIIyKIO, T.e. au' + (1 — a)u? €
Uo Yui,us € Uy, « € [0,1]. @yukius F(u) € C?*(Up), uacThble TPOU3BOIHBIE

F'(u) = 2" (ug) [Jr(u) = 73] + 2A"[Au — 0],
F"(u) = 2" (ug) (J' (ug))* + 2A*A > 0.

Torta corytacHO KpUTEPUIO BBITYKJIOCTH JIBaKJIbl HEIIPEePBhIBHO- (M dEPEHITPYEMbIX Ha BbI-
yKJoM MHOXKecTBe yHKImii, dbyukims F(u) seimmykia zHa Uy. Jlemma qokazana.

Jlemma 3 Ilpoussodrasn

F'(u) = 2" (up) [Je(u) = 7] + 247 [Au — ] (11)
ydosaemeopaem ycaosuro Junwuya na mmnoorcecmee Uy, m.e.

|F'(u) — F'(v)] < Llu —v|, Yu,v €Uy, L =const>D0. (12)

HoxkazarenscrBo. [Ipoussognast F(u) moxker 6biTh tipesicTaBiena B uje F'(u) = Spu+
dy, viie Sy = 2[J (ug) (J' (ug))* + A*A], drp = =2[J (ug) (J' (ug))*ug + J' (ur )7, + A*b]. Torna

|F'(u) — F'(v)| = |Sku + di, — Syv — di| = |Sk(u — v)| < Lju — v|,

riae L = ||Sk||. Jlemma nokazana.
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3.3 Pemnienue onTuMMU3anMOHHON 3a/1a4u

s perrenns 3agaqau (9), (10) crponm nocsenoBaTessbHOCTE {uy, } Ha ocHoBe dhopmy. (11),
(12) 1o caeyromemy mpaBuLy

Upt+1 = PUo[un - F/(’Lbn)], 0< €o < Qp, < , €1 > 07 (13>

l+2€1

31ech L - mocrostnnas Jlummuna n3 (12).

Teopema 1 [locaedosamenvnocmo {u,} C Uy onpedeasemen no gopmyae (13), mrosicecmeo
M (ug)={uelUy/F(u)<F(up)} oepanuqeno. Tozda:
1) nocaedosamenvrocmo {u,} C M(ug) Asasemea munumudupyrouetd, m.e.
lim F(u,) = F., = inf F(u);
g Flun) = £ = ol F(w)
2) nocaedosamenvrocms {u,} C Uy cxodumes x mnoorcecmsy Ugy, Upe # 0, m.e. w, — u,,

npu n — 00, Uy € Upy;
3) enpasedausa ouenka ckOpoCmMU cXooUMOCIU

0< Fuy) P (14)
Up) = 'y =~ — - —,
- E1 n
1.
ede c = sup |F'(u)|+ —d, d - duamemp mnoorcecmea M (up).
u€M (up) €0

HokazarenabcTBo. [TockobKy .1 € Uy sBiisieTcst poekimeii Touku u, — o, F(u,) €
R™ 10 (Ups1 — Up + o F'(uy), u — tpyq) > 0, Vu, u € Uy. Orcroga mosryanm

(F'(un),t — Upy1) > —(Up — Ups1, U — Upy1), Yu, u € Uy, n=0,1,2,.... (15)

[Mockombky dbynkuust F(u) € CH(Up), To cnpaBeyiuBo HepaBeHCTBO
/ L 2
Fun) = Flunt1) = (F'(un), un — tnt1) — §|un — Unt1|”y Vg, Uny1 € Up. (16)
U3z (15), (16), ¢ yaerom nepasercrBa 0 < g9 < a,, < 2/(L + 2¢1), nmeem

F(un) — F(tny1) > ( — =) |un — un+1|2 > &1ty — un+1|27 (17>

1 L
n 2
€1 >0, Yup,upy1 €Uy, n=0,1,2,....

Uz (17) caemyer, 9T0 "mcsIoBas HOCIEI0BATEILHOCTD { F'(u,)} cTporo yObIBaer, n oHa CXO-
quTcs B cuiay Toro, uto dyekima F(u) > 0, Yu, u € U, orpanmuena cuusy. Torma
lirr(l)[F(un) — F(upt1)] = 0 mwu3 (17) mmeeM |u, — Uypi1|—0 mpu n—o00. Muoxecrso M (ug) —
n—s

KOMIIAKTHO, {u,} C M (ug) B cuiry Toro, ut0 F(upi1) < Flu,) < -+ < F(uy) < F(up), e
up € V— HavasbHasi TOUKa Jyisl nocjaeaoBarebuoctu {u,} C Uy. Muoxkecrso Uy, C M (ug)
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u byukuua F(u) pocruraer nuzkHeil rpann va muoxecrse M (ug). Crenosarensuo, U, # ().
Jlerko ybenuTnes B TOM, 9TO MHOXKeCTBO M () BBIILYKJIIO.

[TokazkeM, 4TO TOCJIENOBATEIBHOCTh {U,} C M (uy) murnmusupyomas. [TockoabKy
bynkiusa F(u) € CY(M(up)) BBIIyKIa Ha BbILyK/JIoM MHOXKecTBe M (1g), TO HEOOXOIUMO
1 JIOCTATOYHO BBINOJIHEHIE HEPABEHCTBA

F(u) — F(w) > (Fl(w),u — @), Yu,@w € M(uy).
Orcroza cejyer
F(@) - F(u) < (F(@),@ —u), Yu,@ € M(u). (18)
3 (18), B wactHOCTH, KOTIa U = Uy € M (ug), @ = u, € M(up), uMeem
0 < F(up) = Flus) < (F'(un), un = us) = (F'(tn), tn = tns1) = (F'(Un), Ungr — ) <

1
< <F,(un)aun - un-i-l) - _<un — Up41, Usx — un+1>>
(0%
n

B cuty HepaBeHcTBa (15). CremoBarenbHO

1

0 <an=F(un) = Flu) < (F'(un) = —(us = Un41), thp = Uns1) <
Op
/ 1 ’ d
< F(un) = —(te = tnga)[[tn — | < O sup |[F'(w)] + —)|un — tnpa| = clun — .
Qn u€M (ug) €0

Tak Kak 1o J0Ka3aHHOMY |U,—Up11|—0 mpu n—oo, ciaenoBarensro, lim F(u,)=F.. 910
n—oo

O3HAYAET, YTO MOCIEI0BATEIBHOCTD { Uy, } ABIAETCS MUHUMU3UPYIOMIEH U B CHIYy KOMIIAKTHO-
cru muHOXkecTBa M (ug) u Henpepoisaoctu F'(u) Ha M (ug) Bee npejesbubie Touku {u, } CM (ug)
npuHayieskar Muoxkectsy Uy, C M (up). 13 wepasencts 0 < a,, = F(u,) — Fy < clu, —tpi1],
F(up) — Fupy1) > €1|ty — upy1]? cremyer onenka (14). Teopema nokazana.

3.4 AaropurM moCTpOeHUs BCIOMOTATEIHHOTO NPUOINKEHUST

1. BBoasiTest TounocTn Bbhraucseruit 0 > 0 u & > 0;
2. Beomurcsa touka uy € U,

3. Beibupaercss mpom3BosIbHO 31eMeHT MHOXKecTBa U, 0o6o3Hadmm ero 1epes ul,. Boraumc-
nstercs snadenue Yar, := Ji,(ul,) = (J'(ug), udy — ug);

4. Ompepnensercs mar Ay (HanmpuMep MOXKHO BbIOpaTh Ay := |v4|/2. Ecim v, = 0, To
Ay :=1);

d. b::’yd/m ZZO: m:]-7

6. Bamaercs 3nauenue 7, := b — Ay u pemaercs 3aga4da (9), (10); B pesynbrare omnpeje-
JISIeTCsA ing F(u) = F(ug) = F.
ueclUo
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7. Ecm Fy, > e, 101 :=14+1, a ="7;;
Ecm xe F, <e, Tob:=7%,, m=m+1, ul = ug;
Ecaun i > 0, To Ay := (b —a)/2;

8. Ecau Ay > §, To nmepexoanm K mmary 5;

9. Boruncrsiores suadenus J(ulj), m = 1,2, ... u onpegenserca J(uky,) = Hlllgl J(ulp);

Uy, 1= U}, - BCIOMOTaTe/IbHOE IIPUOJINKEHHC.

4 CXO,I[I/IMOCTI) Imocjie10BaTeJIbHOCTHN

Urak, Beromoraresbhoe npubmmkenne 4, € U, k = 0,1,2,.. crpourcst 10 U3JI0XKEHHOMY
BeIie ajroputmy (cMm. m.3.4), a mar merona ap k = 0,1,2,.., MOXKeT OBbITH OIPEJIENEH C
MCIIOJIB30BAHUEM OJ[HOIO U3 METOJ0B MUHMME3anuu (byHKIUM OHON nepemennoit. Tormga no
npaBuiLy (5) BBIUHCISETCS KazKIblil 9J1eMeHT nocstenosaresbrocTi {uy b. Cietyiomnias Teope-

Ma OTBEYAeT Ha BOIPOC O CXOJAMMOCTH JIAHHOM I10CJICIOBATEIBHOCTH K PEIICHHUIO MCXOHOM
zagaqn (1), (2).

Teopema 2 Ecau gynxyus J(u) € CH(Uy) swnyrkaa na Uy, nocaedosamenvrocmy {uy}
onpedeasemea no gopmyae (5), (6), (3), mo nocaedosamenvrocmo {uy} asasemes muru-
Mmuaupyrowets u aobas ee npedesvras mouka npunadsescum mmuoocecmsy U,. Cnpasediusa
ouenKa

T(up) — J, < % n=0,1,2, .., (19)
,ZI;OKaBaTe.TIbCTBO.

Oé2

J(uk) — J(uk+1) Z J(uk) — J(uk + Oé(ak — uk)) Z a(J’(uk),ﬁk — uk> — 71/’1746 — U 2 =

a? ) a? )
— % O./2 2 — % OZ2 2

tak Kak J(up) < 0= Jg(ug) B cuty Toro, uro Ji(uy) = 1I€1(f] Je(u) < Ji(u), Yu € U.

U3 coornommenwuii (20) nmeem

T(ug) — J
0 < |Ju(@)| < %LDQ c ) =) g oy Zoa (21)
(6%

Bamernm, 9ro OCKOILKY fr(ag) < fr(a), 0 <a <1, 1o fi(ar) < fr(0). Tak kax fr(ok) =
J(ugs1), fr(0) = J(ug), To mmeer mecro HepaBeHCTBO J(ugy1) < J(uy). 3uaunt, mocsienoBa-
resibHOCTh {J(ug) } He BozpacTaer B cuity Toro, yro Muoxkectso U, # 0, J(uy) > J,. Orciona
caenyet, ato {J(uy)} cxomures, Te. J(ug) — J(ugs1) — 0 nupu k — oo. Teneps, nepexoss K
npejesty upu k — oo, u3 (21) nmeem

0 < lim |Jy(@;)] < Tim | ()] < %LD?, 0<a<l.
—00

k—o0
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Orcrona npu o — 0 momyunm Ji(uy) — 0 upu k — oo.
k
[ockonbky dbynkuust J(u) € CH(U) Boimykia na BbimykgoM MHOKecTBe Up, TO HEOOXO-
JIIMO 7 JIOCTATOYHO BBINOJHEHNE HEPaBEHCTBA

J(u) = J(v) > (J'(v),u —v), Yu,v € Uy,

Orcro/ia B 9aCTHOCTH TIPUA U = Uk, U = Uy, TJ1€ Uy € U,

0 < J(uk) — J(us) < (J(ug),ue — wie) = =Jp(us) < —Ji(uy), k=1,2,.... (22)
Torpma lim J(ug) = J. = J(us) B cuny jgokasanuoro Ji(uy) — 0 npu k — 0o. D1o o3uavaer,
k—o0

YTO HOCIE0BATEIBHOCTD { Uy} - MUHUMHU3HPYIOIIASL.
Hokazkem crpaseyinBocTs oreHkn (19). Obosnaunm wepes ap, = J(uy) — Ji.. Teneps mepa-
sercrsa (20), (22) 3amumryTcs Tak

2
ar < —JW(@),  ap — ap > alJ(@)] - %LDQ, 0<a<l, k=12.. (23)

BameruM, aTo MakcuMyM dyukiun ofJg(ur)| — O‘;LDQ [0 (v JIOCTUTAeTCS MpU (@ = O =
| Jx(@})]|/LD?, npuuem npu k > ko snadenue 0 < @ < 1 rak xak |Ji(u})| — 0 mpu k — oo.
[Toncrapnss snadenne o = @ B (23), mosryanm

1
k> k. (24)

ar < —Jg(uy), ap — agyr > |Jk(ﬂZ)|2W, >

Orcrona cJIeIyeT, ITO
ap — ap1 > az/2LD? k> k.
Torma corsacHo jleMMe O IUCIOBOM ITOC/IEI0BATEILHOCTH BEPHA OIEHKA
2LD*(kg + 1)
k

Orcroza cireryer, 9To CyIIecTBYeT MOCTOSTHHALA ¢ = 2LD2(ko+ 1) > 0 Takas, 9TO CIIpaBe/INBa
orenka (19).

A > 7k2k0-

5 AJropuTMm pelreHus 3a/1a49u

—_

Bsongarest Tounoctu Burauciennii 6 > 0 u € > 0;

k = 0;

Bribupaercs mpon3BOIBLHO 3JIEMEHT Uy, U3 MHOXKecTBa U

Ecau ||J'(ug)|| < €, T0 nepexojum K mrary 9;

Crpourcst BcriomoratebHoe npubsmkenne Uy, € U no anropurmy 1 (mm. 3-9);
Ompegensercst oy, € [0, 1] myTem pemenust 3aga<u (6);

Crponres crefyromiee TPUOINKEHNE Up1 = Ug + (U — Uy);

Eciu ||ugy1 — ugl| > €, o k := k 4+ 1 u nepexoaum K mary 5.

© N o o W N

WrepannoHHblii TpOIEcC MPEKPAIIAETCs: Uy, - TOYKa MUHUMYMA, J(Uy) - MUHUMATHHOE
3HaveHne (QyHKITUN.
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6 IIpumep
Paccmorpum 3aiaqy
I(“) = U% + 3”; — 3v1vy + V1 — 6V — inf (25)

veV={veR/veV, g,(v)=v+v—-3<0, Gy(v) =201 +vy—2<0}, (26)
Vo={ve R’/ v, >0, vy >0}, v=_(vy,0).

MuozxkecrBo Vjy BbIyKII0, GyHKIMA G1(V), Go(V) BBIITYKJIBL OTCIOJA CJECLYET, YTO MHOKE-
crBo V Boimykio. @yukrms [(u) Bbimykia Ha Vp, Tak Kak

I"(v) = (_23 _63> >0, (I"(v)€,€) >0, V€€ R VYu,velj.

CrenoBaresibHo, 3aa9a (25), (26) sBisiercst 3ajadeil BBITYKJIOTO IIPOrPAMMUAPOBAHNUSL.

Beesiem riepeMeHHbIe ug, iy, ¥ MepenuieM orpanndenus §,(v) = vy +v,—3 < 0, Gy(v) =
—2v1 +ve — 2 < 0 B BUKE g1(V,u3,uy) = V1 + v+ us —3=0, go(v,us,uy) = vy +vg + uy —
3 = 0. Tenepb 3aMeHUM vy, Uy Ha Uj, Uy COOTBETCTBEHHO, 0003HAYMM U = (U1, U, Us, Us)’ U
HepenuIeM 3a/1a9y B BUIE

J(u) = u% + 3“% — 3ujus + up — 6uy — inf (27>
ueU={ue R'fuely, g(u)=utustuz—3=0, go(u) = —2urtuz+us—2 =0}, (28)

Uy={u€ R/ u; >0, j=T1,4}.

s namnoit 3a1a4u Marpuria A 1 BeKTOp b nMeT B

1 110 3
A_<—2 10 1)’ b‘(z)‘

YacTHble IPOU3BOITHBIE

2u; — 3ug + 1
y . GUQ—3U1—6
J(U)— 0 )
0

Torja (PyHKIUsA
Je(u) = (J' (ug), v — ug) = (2uy — 3ug + 1)(uy — upy) + (6ug — 3uy — 6)(uz — upa).

BekTop

Au—b = U1+U2+U3—3 7
—2u1+uQ+U4—2

TOor1a
[Au — b]*[AU — b] = (Uq + U2 + u3z — 3)2 + (—2U1 + Ug + ug — 2)2

Jist onpejiesieHnst BCIOMOTaTeIbHOTO IPUOJIMKEHUs Uy HEOOXOIMMO PEeIIUTh 3aj1ady (CM.

((7), (8)):
Jue(u,7) = [(2ur — 3ug + 1) (u1 — upr) + (6ug — 3uy — 6)(ug — ug) — 7>+
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+(uy + ug +ug — 3)* 4+ (—2uy +up +uy — 2)* — inf,  (29)
uely, ey, Ti={yeR"/vy<rau} (30)

[Ilar oy ompeensiercs myTeM MUHUMHU3AIUNA (DyHKIUNA
fr(@) = [ups + (g — upt)]? + 3[ure + a(Ure — upe)]?* — 3ugs + a(@p — g [uge+

+Oz(ﬂk2 — qu)] + [UM -+ Oé(ﬂkl — ukl)] — 6[uk2 + Oé(ﬂkg — ng)], (NS [0, 1]. (31)

YucsieHHble pacyeTbl. B KadecTBe HAaYabHOIO IPUOIMZKEHUs BLIOpaHa TOUYKa Uy =
(0.18884,0.28649, 2.5247,2.0912). Herpynuo ybemurbes B ToM, 910 g1(ug) = 0, g2(ug) = 0,
re. ug € U. Ilpu s1om 3Hadenue nenesoit dyuxiwn J(ug) ~ —1.41. D1o o3Hagaer, 41O
MUHEMaJIbHOe 3Hadenue ¢ynkipn J(u) mHa muoxecrBe U TtakoBo, 4ro J(u,) < —1.41.
CulenoBarenibho, Yg = —1.41. B KadecTBe HavaJIbHOIO 3HAYEHUS 7, BBHIODAHO 3HAYUEHUE
—1.62 < 74 = —1.41. Tocne weomnokparHoro pemenns 3agaqdu (9), (10) mia pazimmy-
HBIX 3HAYEHUIT 7, BADHUPYEMbIX B 3aBUCUMOCTHU OT 3HadeHus F, 1o aaropurmy 1, naiijenbt
uly,m = 1,140, npu KOTOPBIX ulggo F(u) = F(ul) = F. < & nast Bcex m = 1,140. 3a-

s 3 my _— — * .42
TeM Haiigeno min J(ul}) = —3.22, Koropoe gocTHraeTcs npu m = 42, T.e. uhy = uyy =

m=1,1

(0.11671,1.1046, 1.7787,1.1289). Dra Touka u OyeT HAYATHHBIM BCIOMOTATEIbHBIM TPHOJIH-
xenueM: Ty = (0.11671,1.1046, 1.7787,1.1289). Ormerum, urto g (ug) = 0, g2(Up) = 0. Hasee
Haiieno oy = 0.91 u3 ycmoBust MunmMyma dbyHKIuu (31) ¢ UCIOIB30BAHIEM METO/IA, JINXO-
ToMmudeckoro moucka. Torga u; = (0.12292,1.0341,1.8429,1.2117). JIluneapusysi ucxomHyio
nenesyo dyukinuo J(u) B HaiigenHoit Touke u; = (0.12292,1.0341,1.8429,1.2117) u wuc-
HOJIb3Ysl AIropuT™ 1, onpenesena Touka u; = (1.427,1.573,0,3.2809). IIpu stom dynkims
fila) = J(uy + a(ty — wy)), a € [0,1], rocruraer muauMyma npu « = 1. CregoBaresnbHO,
a; = 1, up = wy = (1.427,1.573,0,3.2809). IloBropsist omucanHyio mpoIeIypy, MOJIYIaeM
TOUKY U3z TAKyI0, 9T0 |uz — us| < €. OTcrofia cjeyer, 9To TOUYKOW MUHUMYMA, JIJIs PACCMAT-
puUBaeMoii 3aJaun sBjsiercs BekTop u, = (1.427,1.573,0,3.2809), MuUHUMAJIbHOE 3HAUCHUE
J(u,) = —5.2857. IlomydaenHoe mpejiaraeMbIM MeTOJIOM MUHHMAJILHOE 3HAYEHUE COBIAJIAET
€O 3HAYCHHUEM, HalJIeHHBIM METOJIOM MHOXKHTe el Jlarpamxka.

7 3akirodeHue

B pabote paccmaTpuBacs Moaxo ] K ONTUMU3AINN 3HAYEHNs BBITYKJI0M (DYHKITINH Ha BBITYK-
JIOM MHOKECTBE, 3aJaHHOM JIMHCHHBIMIA PaBCHCTBAMU, OCHOBAHHbBIN Ha CBEACHUM 33139 BbI-
IIYKJIOI'O IIPOI'PaMMUPOBAHUsA K IIOCJIE/I0BATEIbHOCTH 3a/la4 JUHEHHOI0 IpOorpaMMUPOBaHUA
C HEKOTOPOIl MOrpenHocTbio. i 9Toro BhITyK/Iad IejieBasd (DYHKIUS AIIPOKCUMUPOBAHA,
nuneitHoi. /ajee 3ajaua JIUHEHHOrO TPOTPAMMUPOBAHUS PENIACTCH MyTeM KOPPEKTUPOBKHU
3HAYCHUS 1IEJIeBON (DYHKIINU HA MHOXKECTBE JIOIYCTUMBIX periernii. Ciie/lyeT OTMEeTUT, Y9TO,
B OTJIMYNE OT MeToJla MHOKuTeseit Jlarpam:ka, pa3paboTaHHbIil MeTO/, MOYXKeT ObIThH ITpUMe-
HEH W K 3aJla9aM, Jjis KOTOPBIX COOTBETCTBYyIOIIas pyHKims Jlarpanka He uMeeT cejioBoit
Toukn. Kpome TOro, MeTo/1, NCIOIb30BaHHbIN /I PENIeHns MOy YeHHOM 3a/1a9u JIMTHEITHOTrO
IPOIPAMMUPOBaHUs, ITO3BOJISIET PEIIaTh W BBHIPOXKIeHHBbIE 3a/1a4u. [[puBegeno obocnoBanue
MeTO/la, OIMCAHNe aJIOPUTMOB PeIleHns] BCIIOMOTaTeIbHOM U OCHOBHOI 3ajiad. ducieHHbIe
pacuersl OKa3al pabOTOCIOCOOHOCTDH OIMUCAHHOIO MOXo/a. B jaabheiiiem rmranupyercs
pacrupocTpaHeHue U3JI02KEHHOI'0 MeToj1a Ha CJIy4aii IPOU3BOJIBHOI'O BBIITYKJIOI'O MHOYKECTBA.
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PeKTpaKTbI PYIIIIbl YHUTPEYTOJIbHbIX MaTpHUIl Ha/Zl KOJIbIIOM

Perpakrom rpymnnes G HazbiBaeTcst Takas eé moarpynna H, jjs KOTOpo# CyIIecTByeT SHI0OMOD-
dusm ¢ : G — H, ToxecrBennblii Ha H. Do nousaTHe ujaer u3 ronojgornu. Onucanne perpakToB
JUTsT BayKHBIX KJIACCOB T'PYIIT TPEJICTABIISET aKTyaJbHYIO 3ajady. B abesieBbIX I'DYIIIax MpsMble
MHOKUTEJIM UCYEPIIBIBAIOT BCE MHOXKECTBO PETPAKTOB. B 0bmmeM ciydae mpobJieMa ONUCaHus pe-
TPaAKTOB Topazzo ciaoxuee. JlokazaHo, 4To y»Ke B KJIACCe KOHEYHO TTOPOXKIEHHBIX HUJIBIIOTEHTHBIX
IPYII CTYIEHU HUJIBIIOTEHTHOCTH JBa MPOOJIeMa, ONPEIe/ICHNS, SIBJISETCS JIM PETPAKTOM 3aJaHHAsT
KOHEYHBIM MHOXKECTBOM MOPOKIAIONINX JIEMEHTOB TOATPYIIa, AJITOPUTMUYECKH Hepa3peImMa.
B nmamnoit pabote mosytueHo HeoOXOAUMOEe W JTOCTATOTHOE YCIOBHUE PETPAKTHOCTH abeseBOil MoI-
IPYIIBI IPYIIILI YHUTPEYTOJIbHBIX MATPHUIL IIPOU3BOJILHOI PA3MEPHOCTU HaJl, KOJIBIIOM IEJbIX 4YH-
cest. Takyke JoKazaHO, 4TO JIIOOOH PETPAKT I'PYIILI YHATPEYTOJIBHBIX MATPHUI PA3MEPHOCTH TPH
HaJI, KOJIBIIOM, &J[JINTUBHAS IPYIIA KOTOPOIO JIOKAJIHHO MUKJINIHA, U30MOPMEH 3TON ajIuTUBHON
rpymme. OTCo/la B KA4eCTBe CJIEJICTBUS BBITEKAET, 9TO CYIIECTBYET aJrOPUTM, KOTOPBIi M0 JI000i
[IOJIPPYIIIIE TPYIIIBI BCEX YHUTPEYTOJIHHBIX MATPHUIL PAZMEPHOCTH TPU OIPEIEIIieT, SBJISEeTCS JIN
JIAHHAS TO/ITPYIIIa PETPAKTOM Uin HeT. TakrKe yCTAHOBJIEHO CYIIECTBOBAHUE AJITOPUTMA, KOTOPDIi
10 JIIOOOMY PETPaKTy TAKON I'PYIIILI ONPEIEIserT, ABIAeTCs U JaHHBIA PEeTPaKT TPAHCBEKIMOH-
HBIM WJIU CYIIECTBEHHO CTaHIAPTHBIM. J[0Ka3aHa BBIYUCIAMOCTD JTIOOOr0 PETPAKTa Pa3perumoi
rpymIbl 6e3 KpydeHusi KOHETHOM PasMEpHOCTH, U30JIATOP KOMMYTAHTa KOTOPOH COBIIAAET C KOM-
myTaaToM. OTCI0/a, B 9aCTHOCTH, CJIEJIyeT, 9TO JII0OOH PETPAKT IPYIIIbLI BCEX TPEYTOJIHHBIX MATPHI]
JIIOOOTO KOHEYHOTO pasMepa ¢ MOJIOKUTEIbHBIME JUATOHAJBHBIMUA 9JIEMEHTAME HaJl IIOJIEM PAIIAO-
HAJIBHBIX YUCEJT BHIYUCIAM.

KomroueBbie cjioBa: perpakT TPYIIbl, YHUTPEYTOJbHAsI TPYIIa MATPUI] HAJ, KOJBIOM, CTaH-
JIAPTHBIA PETPAKT, TPAHCBEKIIMOHHBII PETPAKT, CYIIECTBEHHO CTAHJIAPTHBIN PETPAKT, BEITHCIUMAST
rpyrmia.

Konyrkhanova A.A, Nurizinov M.K., Tyulyubergenev R.K., Khisamiev N.G.
Retracts of group of unitriangular matrices over the ring

Retract of G group is its H subgroup for which endomorphism ¢ : G — H is in existence identical
to H. This notion comes from topology. Description of retracts for important group grades is an
up-to-date target. Direct factors in Abelian groups deflate all plenty of retracts. In the general case
the problem of retracts description is far more complicated. It is proved that in the category of
finitely generated nilpotent groups of nilpotency step two, sub-group prescribed by finite collection
of generating elements is algorithmically unresolvable. In this work we obtained necessary and
sufficient condition to be retract for Abelian sub-group of arbitrary dimensionality unitriangular
matrices group above ring of integers. It was also proved that any retract of unitriangular matrices
group of dimensionality three above ring is isomorphic to its additive group which is locally cyclic.
This yields the conclusion that existing algorithm determines whether the given sub-group is a
retract or not according to any sub-group of dimensionality three unitriangular matrices group. It
is also established that the algorithm is available which determines whether the given retract is
transvectional or essentially conventional according to any retract of such a group. Calculability of
any retract of solvable group was proved that is torsion-free of finite dimension, and its commutant
isolation coincide with commutant. In particular it follows that any retract of group of all triangular
matrices group of any finite size with positive diagonal elements above the field of rational numbers
is calculable.

Key words: retract of group, unitriangular group of matrices over the ring, conventional retract,
transvectional retract, essentially conventional retract, computable group.
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Kounnipxanosa A.A., Hypusunos M.K., Tiomo6eprenes P.K., Xucamues H.T".
CakuHagarbl YHUYHIOYPBIMITHI MAaTPUILIAJIAP TOOBIHBIH, peTpakKkTiiepi

G TobbiabiH, H imki ToObIHA Tere-TeH GosaTbiHmail ¢ : G — H sumomopdusmi 6ap 6osica, oHIA
H imki To6b1H G TOOBIHBIH, peTpaKTici fen araitmbrs. Bys y¥eiM Tomosiorusiian Kejred. Torrrap-
JIBIH, MAHBI3bI KJIACCTAPBI YIMIH PETPAKTIep/ Il CHMaTTay ©3eKTi MocesesaepiH 6ipi OoJbin Ta-
ObLIaabl. AGesbIiK TonTapaa Typa KeOedTiHAlaep peTpakTijiepain 6ap/blK, »KUbIHBIH TOJIbIFBIMEH
cunaTTaiiapl. 2Kanbl Karnaiiga, peTpakTiepl cuuaTTay Maceseci aca Kypiesi. AKbIPJIbL TybIH-
JIAFaH EKIiHI CATBIIbI HUJIBIIOTEHTT]I TONTAP KJACBIHIA TYALIPYIILI JIEMEHTTEPl aKbIPJIbl KUBIH
GOJIATHIH iK1 TOIMTAP/IBIH PeTPAaKTi OOIYbI XKOHIHIETT MOCEJIeHI aHBIKTAY aJTOPUTMJIIK IIeIiIiM/Ii
eMecTiri mosesmeHin Koiran. Bys xKymbicTa OYTiH caHmap CaKMHACHIHIAFBI Ke3 KeJTeH OJIIIEeMIi
VHUYIIOYPBIMITH MATPHUIATIAP TOOBIHBIH a0esIIiK iIKi TONTaphIHBIH PeTPAKTI OOTyBIHBIH KAZKETTI
JKOHE YKETKLIKTI maprrapbl ajbiaFad. COHbIMEH KaTap, aJIUTUBTI TOOBI JJOKAJIbIl IUKJIIIK OoJa-
TBIH CAKWHAJIAFDI YIIT OJIIIEM/ I YHAYIITOYPBIIITHI MaTPHUIAIAD TOOBIHBIH Ke3 KeJIT€H PeTPAKTICI OChI
aJINTUBTI TOIKA M30MOP(MTHI €KEHJIIT I e IeHreH. Bbyaan, caimap peTinae OapJIblK, VI ©JIIIeM I
YHUYIIOYPBINITHL MATPUIATIAD TOOBIHBIH Ke3 KeJreH iImKi ToObI perpakTti 60ja Ma, e YKOK, I1a
€KEH/IITH aHBIKTANTHIH aJropuTM 6ap GOIATHIHILIFGI MbFaIbl. COHal-aK, OChIH/IAN TONTHIH Ke3
KeJITeH PETPAKTICI TPAHCBEKITUSAIBIK PETPAKTI Me, dJIJIe eJIeyJsli CTaHIaPTThl PETPAKTI Me eKeHJIITiH
aHI)IKTa.I‘/JITbIH aﬂFOpI/ITI\’IHiH 6ap 6OJ'IaTbIH,£LbIFI)I aHBbIKTaJIFaH. KOl\lMyTaHTbIHbIH N30JIATOPBI KOMMY-
TaHTBIMEH OeTTeceTiH aKbIPJIbl OJIIMIEM Il afHAJIBIMCHI3 IIENIJIIMJI TOITHIH Ke3 KeJIleH perpakTici
ecenTe Ml OOaTBIHALIIGI JoJIeIIeHreH. bynan, mepbec XKaraiiga, palmoHaJ canaap epicirmgeri
Ke3 KeJITEH aKBIPJIBI OJIIMIEM/ I OH JINarOHAJIBIBIK, 9JIEMEHTTI OaPJIBIK, YIIOYPBIIITH MATPUIAJIAD TO-
OBIHBIH Ke3 KeJIT€H PeTpPaKTici ecenTeiM/Ii eKeHTIir TIbIFaIbl.

TyitiH ce3nep: TONTHIH peTPaKTici, CAaKNHAIAFBl YHAYIIOYPHIIITH MaTPHUIAIAD TOOBI, CTAHIAPT-
TBhI PETPAKT, TPAHCBEKIIUSIBIK, PETPAKT, €JIeyJIi CTAHIaPTThl PETPAKT, €CEITEeIIM/Ii TOII.

1 BBenenmne

Pempaxmom rpynnsl G Ha3bIBaeTCs Takas e€ moarpyiia H, j1jis KOTOPOi CYyIIeCTBYeT IH10-
mopdusm p : G — H, toxaectBennbiit Ha H. Takoit sH10MOPMU3M HA3BIBACTCS PEMPAKUUET.
JIroboit mueMnoTenTHEIT sngoMopdusM p : G — G, p? = p, onpenenseT PeTPAKINIO TPYIIIHI
G wa noarpynny p(G).

Jlerko sokazarh (cm., nanpumep [1]), aro noarpynna H sBiasgercs perpakToM rpyiibl G
TOIJIa ¥ TOJILKO TOTJIa, KOTJIa CYIIecTByeT HOpMaJjbHas moarpymna U rpymmbl G Takasi, ITO
BBIIIOJIHEHDBI CJICAYIOIUEe YCJIOBUA:

G=H-U={huhe HueU},HNU = {1}. (1)

Jlioboit snmement g rpymnsl G OAHO3HAYHO 3amucbiBaeTcs B Buue hu, tae h = h(g) €
H,u = u(g) € U. Perpakuus p : G — H onpeensiercs orobpazkenueMm p(g) = h(g),g € G.
Hopwmasbras noarpynmna U coBragaet ¢ siapoM ker(p) sugoMopdusMa p 1 Ha3bIBACTCST AJPOM
PEMPAKUUL.

OueBuIHO, YTO NPAMBIE U CBOOOJHBIE MHOXKHTEJIM B IPYIIaX sIBJISIOTCA UX PETPaKTa-
Mu. B abesieBbIX rpymmax mpsMble MHOYKUTEN HCUEPIIBIBAIOT BCe MHOXKECTBO PETPaKTOB. B
obriem cirydae npobsiemMa OINUCAHUS PETPAKTOB ropas3jo cjioxkuee. B [2] pokazano, 9to yxke
B KJIaCCe KOHEYHO MOPOXKICHHBIX HUJIBIIOTEHTHBIX IPYII CTYIEHH JBa IPOOJIeMa OIlpeieie-
HUsI, SIBJISIETCS JIU 3aJIlaHHAsT KOHETHBIM MHOYKECTBOM OPOXKIAIOIIUX 3JIEMEHTOB MOATPYIIa
PeTPaKTOM, aJITOPUTMAYECKN HEpa3pelmMa. JITo oTBedaeT Ha Borpoc MscaukoBa N¢ 9a u3
3]

PerpakThl cBsi3aHbI ¢ BepOAIBLHO U AJIredpanvIecKy 3aMKHYTBIMU OATIPYIIIAMU TPYIIIL.
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[Iycts G — rpynmna. [Hoarpynmna H < G HazbiBaeTcs BepOaIbHO 3aMKHYTOI B rpytiie G, ec-
JIH JIJTs1 JTEIOOOTO TPYIIIIOBOTO CJIOBA W(Z1, Tg, ..., L) OT HE3ABUCUMBIX IIEPEMEHHBIX 1, Lg, ..., Lp,
6e3 KoHCTaHT 1 JiIoboro 3j1ementa h € H ypaBHeHwue

w(zy, e, ..., xn) = h (2)

pasperumo B rpytre G Torja u TOJbKO TOrJA, KOTJia OHO Pa3pertuMo B moarpytie H.

[Hoarpymnma H rpynmer G Ha3bBaeTcs aaredOpandeckn 3aMKHYTOI B rpytime G, Koriga Jiis
JI060r0 HAbOpa TPYIIOBBIX CJIOB w;(T1, X, ..., Ty), 4 = 1,2,...,m, ¢ KoucTanTtamu u3 H or
HE3aBUCUMBIX IIEPEMEHHBIX I1, L3, ..., Ty CUCTEMa YPaBHEHU

wi(T1, 9, .cymy) = 1,0 =1,2,...,m, (3)

uMeeT perrenue B rpyiire G TOT/ia U TOJBKO TOIJIa, KOTJIa OHa mMeeT perienue B H.

OueBniHO, YTO J1I000I PETPAKT IPOU3BOJILHON I'PYIIIILI AB/ISIETCS aJIredpanvIecK 3aMKHY-
Toit, 1 TeM Gosiee BepOAJIbHO 3aMKHYTOI MOArpymmoil sroit rpynmbsl. B [4] mokasano, 4To B
KJIacCe KOHEYHO OIIPeJIeJIEHHBIX IPYTII JII00asi KOHETHO IMOPOKIeHHAs aaredpandecK 3aMKHY-
Tas MOJIPYIIA SIBJIAETCI PETPAKTOM.

Tax kak jr06ast KOHEYHO MOPOXKICHHAS HUJIBIIOTEHTHAS I'PYIIa KOHETHO OlpejesieHa, a
nr0bast eé TOArpyIna KOHETHO MOPOkKIeHa (CM., HampuMep, [5]), B Kiacce KOHEIHO HOPOXK-
JIEHHBIX HUJIBIIOTEHTHBIX TPYIIT CBOHCTBa "ObITH ajredpamtdecKn 3aMKHYTON MOArpymnoi n
"ObITH peTpakToM" paBHOCUILHEI.

B [4] 6611 cpopmymupoBan Borpoc 06 onucanuy ajrebpandecku, BepoaibHO U SK3UCTEHIH-
AJILHO 3aMKHYTBIX TOJIPYIIT CBOOOIHBIX HUJILIOTEHTHBIX I'PYIIIT ITPOU3BOJIHLHOTO KOHETHOTO
panra Jifo0oil CTyIeHn HUIBIIOTEHTHOCTH. B [5] 6bUT 1aH McUYepnbBaoOIuil OTBET HA 9TOT BO-
poOC JjIst ajredpantdecku n BepOaIbHO 3aMKHYTHIX HmoArpytin. OKa3aaoch, 9TO MHOMKECTBA
PETPAaKTOB CBOOOJHOI HMIBHOTEHTHON Tpymmnsl [V, panra r > 1 CTyIeHH HUJIBIOTCHTHO-
ctu k > 1 coBrajiaeT ¢ MHOYXKeCTBAMU €€ BepOaIbHO 3aMKHYTBIX MOJINPYII, aJIredpanviecKu
3aMKHYTBIX IIOJIIPYIII, & TaKyKe C MHOYKECTBOM CBOOOJHBIX MHOXKHTeJel rpynnsl N, B MHO-
roobpasun N 0BCEX HUJIBIIOTEHTHBIX I'PYIIL CTYHEHU HUJIBIOTEHTHOCTH HE BBIIIE, UeM k.

B [6] mosyden kpurepnii Toro, uro maHHasg HeabeseBa MoArpyrmna rpyimbl G, KOMMY-
TaHT KOTOPOH JIOKAJIBHO IUKJINYECKas TPYIIa, siBjisieTcss perpakTom rpymmbl G. Tam xe
JIOKA3aHO, 4To JIt06O0i perpakT rpymibl yauTpeyroabubix Marput; UT,(Q),n > 3 Haj mojem
paIMOHAJILHBIX Yuces (Q ABjIsgeTcs BLIYUCIUMO MEPEIUCTUMON TOAIPYIIION JAHHON IPYIIIIHL.
Orcrofia Kak CJIeJICTBUE BBIBOJIUTCs, 9TO JiI060i perpakt rpyimsl UT, (Q) Bbraucimm.

Yuurpeyrosbaas rpyina marput, G = UT,(Z), n > 3 HaJ KOJBIOM IeJbIX duce Z,
ABJIFACTCH KJIACCHYCCKUM OOBEKTOM aJireOpbl. Teopus STHX TPYII HAXOJUT IIPUMEHEHUE B
Pa3/IMIHBIX 00JIACTSAX HAYKH: B MaTeMaTHKe, pusnke, Mexanuke u T.11. [losTomy mpeacrasiser
UHTEPEC OIUCAHNE CTPYKTYPbI TAKOM IPYIIIBI, BA2KHON COCTABHON YaCTHIO KOTOPO#l ABJISIOTCS
PETPAKTHI.

B nannoit pabore jaHO HEOOXOAUMOE M JOCTATOYHOE YCJIOBHUE JIJIsi TOI'O, YTOOBI JaHHAS
abesieBa moarpytmmna rpynmnsl G ObLta perpakToMm. JlokazaHo, 9TO J1000H pETPAKT I'PYIIIIEI
UTs(K), tae K — acconuaTuBHOE ¥ KOMMYTATHBHOE KOJIBIIO, aJIATHBHAS TPYIIa KOTOPOrO
JIOKAJTbHO IUKJIMYHA, T30MOPMEH 3TO &/ INTUBHO# rpyme. 3 3Tux pe3yIbTaToB BHIBOIATCS
KPUTEPUN JIJIsE TOTO, 9T00bI fanHas nojarpyiia rpyinbl G = UT3(7Z) 6bl1a perpakToM, a eciiu
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OHA PETPAKT, TO TU KPUTEPHUU OIPEJIEJIAIOT OYIET JIU STOT PETPAKT TPAHCBEKIIMOHHBIM HJIH
CYIIIECTBEHHO CTaHIaPTHBIM.

Jlokazana BBIYHCIUMOCTD JIIOOOTO peTpakTa pa3periuMoil rpymibl 0e3 KpydeHns KoHed-
HOIl pasMepHOCTH, M30/TOPp KOMMYyTaHTa KOTOPOi coBIaJaeT ¢ KomMmyTaHToM. OTcCioja, B
YaCTHOCTHU, CJIEJYeT, 9TO JI00ON PeTpaKT I'PYIIIBI BCEX TPEYTOJIbHBIX MATPUIL C TTOJIOKUTE b
HBIMH JTUArOHAJIBHBIME 3JIEMEHTAMU JII0OOT0 KOHEYHOI'O pa3Mepa Ha/l IOJIEM pPaIlnOHAJIbHBIX
qUCesI BBIYUCIAM.

2 Cepsantubie abesieBbl noarpynnst rpynnst UT, (7Z)

[Iycrs G = UT,(Z) — rpy1ia Bcex yHUTPEYTOJIbHBIX MATPUIL PA3SMEPHOCTH 1, 11 > 3 HAJI KOJIb-
1OM 7 TIeJIbIX Yucesl. B JJaHHOM ITyHKTE OIKMCAHbI CEPBAHTHBIE a0esIeBbl MOJATIPYIIILI TPYIIITHI
G umMmerorue eIMHNIHOE [Tepecedenne ¢ KOMMYTaHTOM 3TOW T'PYIIIIHL.

Jemma 1. Ecoiu H — abesieBa cepsanTHasi noarpymnma rpynisl G panra r(H) > 2, u

HNG = {1}, (4)

10 cymecTByoT: dncio 1 < s < n, saement h(®) = (hg))) € H u noarpymmna HY rtaxme, aro
JIIs 1100010 © < S CIIpaBEJIIUBHI:

H=n"eHY, (5)
rae

hz(?i)Jrl =0, hgg)jtl,so+2 7£ 0, (6)

HOIL (R, sy B ) = 1, (7)

a 151 JTI060TO Hee MHIIHOTo dnementa h = (hy;) € HW | maitnercs wnero i < s Takoe, 9To

hiiy1#0,0=1,...,n—1. (8)

JTOKABATEJILCTBO. ITokaxem, uro cymectsyer sxement h(® € H | b9 £ 1 rakoii, uro

P =0,n#1. (9)
[Tycrs snement h € H Takoit, ato h # 1 n

hiy = minf|gial} - g € H\ {1}}. (10)

Eciu hiy = 0, o nomaraem h®) = h. Tlyers hiy # 0. Tax xax r(H) > 2, To maiigerca
ssement g € H \ {1} Taxkoii, aro g & (h). Orciona u u3 (10) caeayer, ato |gia| > |hi2]. Torma
Haiigercs 9uciio k, 11 KOTOPOro BEPHBI CJAEAYIONINE COOTHOIICHMS:

0< (g — kh)lg < hlg, (11)

gro nporusopednt (10). CrenoBaresnbuo, H copepkut saement h takoit, ato h # 1 u his = 0.
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[Iycts sy > 1 Takoe mMakcumMaJibHOE 9HC/I0, 9TO B H cymectByer sjement h # 1, mis
KOTOPOT'O CIIPaBEJIJINBbI PaBEHCTBA

hig = hag = ... = hgysor1 = 0. (12)
Tak kak H N G' = {1} , 10 sp < n — 1. Ilycrp

Hy={h € Hlhyy = hys = .. = hyy sp1 = 0}. (13)
Yepes h® ¢ H, oboznatuM Takoil 9j1IeMEHT, UTO

(B84t ool = min{| g1 sos2llh € Ho \ {1}}. (14)
Orcrojia Jierko ciejiyeT, 94To Mo/rpymia (h(o)) cepBanTHa B H. Jlokaxkem, 9TO

Hy = (h?). (15)

Homyctum mporuBHOE, T.e. cyiiecTByer nojarpynna Hy # 1 takas, aro Hy = (h(o)) G H.
Torma B cuty (14) mus moboro snementa h € Hy \ {1} maiigercs takoe uncio k = 0, £1, 4ro

0
h80+1750+2 = kjhgo)—&-l,so—i-% (16>

T.€.
(hh(O)ik)So-i-l,So-i-Q = O’ (17)

9TO HPOTHBOPEUHT BHIOGOPY |mcia Sy u sementa h(®). Crenosarensno, crpasemmso (15).
Orciona n u3 (13) crenyror dopmysst (5) — (7). Jlemma mokasana.

Teopema 1.Ilycte H — cepBanTHas abesnesa nojarpyima rpyiisl G = UT,(Z),n > 3 mia
KoTopoii cipase o (4). Torma cyrmecTByror Takue aucaan > g > §; > ... > s, > 1,k > 0,
u vmementst A0, ... A aro

H= e .o HY), (18)
WY =..hY . =0, (19)
Hoﬂ<hg?+l,si+2v gy h?—l,n) =1, (20)
i — Sit1 = 2, (21)

rie i < k. JJOKABATE/ILCTBO. Ilo semme 1 cymecTByior: uucio S, saement h® € H u
noprpynma H < G takue, uto cipasemusbl coorromtenns (4) — (8). Us (5) cmemyer, uto
noarpyrma H® cepsantna B H. Orciona u n3 cepsantoctn H B G BBITEKAET, UTO HOAIPYIIIA
HW ceppanrna B G. Corenosarensno, juis H(Y cripaseinBe! Bee yeJIoBIs J1eMMBI 1, a moToMy
Hajiyres anciao 1 < s; < n — 1 u nogrpyrma H® rpynmsr H(Y rakue, uro crpaseymsbl
coornomenust (4) — (8) ¢ 3amenoit 0 Ha 1 u 1 wa 2. [Ipojoskas j1aiee 3TOT MPOIECE, MOJIYIUM
cupaseuBocTh (18) — (20).
okazkem HepasenctBo (21). Jomycrum mporushoe, T.e. S;41 = $; — 1. Torma
1
B # 0. (22)

Si,Si
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Orcroma u u3 (19) nmeem

(h’(l—i_l)h(l)) = hgjsjzrl ’ hii+175i+2 7& 0’ (23)

Si,8i+2 s
(h(z)h(z+1))si,si+2 - hi’?,sz'+1 ' hgil,siw =0, (24)

r.e. noarpynmna H neabesnesa. [lomyanimm nporusopeune. CiieroBaTesibHO, HepaBeHCTBO (21)
BepHO. Teopema jJoKa3aHa.

Ec/i n — pal@oHaabHOe YUCII0, TO [n] 03HAYAeT My 9acTh YUCIa M.

N3 teopembr 1 BhITEKAET

Cnencreue 1. Ilyers H — abesieBa cepBanTHast noarpynmna rpyinsl G = UT,(Z), n > 3
IMeroIas TpUBHAIbHOE Iepecedenue ¢ kommyTantom G'. Torma panr r(H) rpynner H me
IPEBOCXOIUT [3].

JeiicTBuTe/IbHO, 0 Teopeme 1 panr rpymibl H OJHO3ZHAYHO ONPEIEISIeTCs MOCIeI0BaA-
TeJIbBHOCTBIO unces u3 ycjoBus TeopeMbr 1. Orciona u u3 (21) momyduaem Tpebyemoe.

3 Ao6esneBnl perpakrsl rpynist UT,(Z)

Jlemma 2. Abeste perpakt H Jto0oit rpymmbl G UMeET eIMHUIHOE TIepeceveHns ¢ KOMMY TaH-
rom G, T.e.

HNG = {1}. (25)

JIOKA3ATEJLCTBO. Tak xkak H perpakt rpynmnsl (G, TO CymiecTByeT B Heil HOpMa/ibHAs

noarpynma U Takasi, 9To
G=HUHNU=1. (26)

[Iycrs smement f € H N G'. Torpa u3 (26) 1 KOMMyTaTOPHBIX cOOTHOIIEHUi |7, ¢Tp.39)
ciieJyer

[ = [hur, hous] = [ho, ba] ™" [ug, ha] ™" [h, ua] ™ ug, ui] . (27)
Tak kak H abenesa rpymma u U nopmasibia B (G, TO

[hg,hl]_uQ = 1, [u, h] < U

JTsT JTIOOBIX 971eMeHTOB hy, ho, h' € H, u € U. Orciona u (27) cnenyer f € U. Takum o6pazom
fe€ HNU ,amnoromy B cuiy (25) umeem f = 1. Jlemma jokazana.

Teopema 2. A6esesa nogarpynna H rpymnst G = UT,(Z), n > 3 gaBisercs peTpakToM
rpymmbl G TOrIA M TOJMBKO TOLJA, KOorja Haiimyrcs marpunsl ¢ € G,i < n — 1 n gucio
s < [§] Takme, 4TO OHpemETUTETD

0 1 n—2
9%2) 952) 9%2 :
(0) (1) (n—2)
A — | 923 923 -+ 923 | _ 41 (28)
0‘ 1. ‘ n—2
91(17)1,71 ggzl,n 97(171,7)1
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H= (¢ e.&(¢""). (29)

JJOKA3ATEJILCTBO (HEOBXOAUMOCTD). Homycrum, H — abeste perpakt rpymnmst G. Toraa

cylecTByeT HopMasbHast noarpyina U rpynnsl G takast, 9to crupaseaiuso (26). Io semme
2 cupaseyuso (25). Orcioma, u Teopemsl 1, u cirejicrBust 1 cjiejyer, 9To HaiiyTCs MaTPUIIBI
g . gt e s < [5] Takue, uro H = (g(o)) D...0 (g(s_l)).

Iycts G = G/G' uw a : G — G — ecrecrsennniii romomopdusm. Torma aH = H —
perpaxT rpymust G, a motomy H cepsanter B G. Tak kak G — KOHEYHO IIOPOKIeHHAs abe-
JeBa rpyIia 6e3 Kpydenus, To H BbLIEISETCs IPSIMBIM c1araeMbeiM n3 G. Orciona HaiiryTes
BEKTOPAa

— ) k
9" =< g g > (30)

s < k <n—1, takue, 9TO

G=(9)o..o (). (31)

[Tycrs e — exunauaHbLi N — 1-MEPHBIH BEKTOD, y KOTOPOTO i-f KOOpJAMHATA paBHa 1, a
ocrasbuble - mynn. Torga u3 (25), (26), (29), (31) ciemyer, 94To cucreMa ypaBHEHHI

(=2 2) — (32)

D5 4 g

UMEET DEIeHre B MEJbIX YUCIaX. DTO BO3MOXKHO TOTJIA U TOJBKO TOIJIA, KOIJIA CIPABEIIUBEO
(28). HeobxommmocTh JOKa3aHa.

JOCTATOYHOCTS. [Tycrs cipasemmusl (28), (29). Oupenennm noarpyniy U rpymmbs: G
OJIOZKUB:

U =gp(g?,...g" .G (33)
JokazkeM, 4TO

HNU = {1} (34)
JlomycTiM IPOTUBHOE, T.€. HANIETCS JIEMEHT

ge HNU,g#1 (35)
U3 ((28) caemyet, 410 BEKTOpA

99 =< g1, 53 - I >, (36)

re i < n — 1, 06pa3yoT MakKCUMAJIbHO JIMHEHHO HE3aBUCHMYIO CHCTEMY 37IeMEHTOB (haKTop-
rpynnsl G/G'. U3 (35), (29), (33) ciemyror paBeHcTBA:

k s—1)ks—
gEg(O)O.”_.g( 1) 17 (37)
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g =g . g2 (modG") (38)

JJIsl HEKOTOPBIX uncest ky, ..., k,_o. CiieoBaresibHo cucreMa BeKTOPOB (36) JIMHEHHO 3aBUCH-
ma. [osryanmm nporusopeune. CiiejoBaresibuo, paBeHCTBO (34) BepHO.
Hokaxkem, uro nepsoe paseHncTBo u3 (26) cupasejymso. U3 (29), (33) ciemyer, aro s

3TOTO JIOCTATOYHO JIOKA3ATh, UTO /I JIOO0r0 ¢MHITHOTO BEKTOpa ') cHCTeMa ypaBHeHHuil

(0) (n—=2) _ (k)
i,k < n, umeer pererne B 1esbix ynciax. Cormacuo (28) onpeenurens cucrembl (39) paBen
+1. Orciona ciepyer, aro cucrema (39) mmeer uckomoe perenue. JlocrarodHOCTh, a BMeCTe
C Hel, TeopeMa JI0Ka3aHa.

4 Perpaxror rpymmsr UT3(Z)

Teopema 3. ITycts K — KOMMYTATHBHOE M aCCOIMATHBHOE KOJBIO C ¢IUHUIEH, aJIATHBHAST
rpynna K KoToporo, JIOKaJbHO IUKJINYHA W He uMeeT Kpydenus. Torma mo6oit perpakt H
rpynisl G = UTs(K) uzomopden K. JIOKA3ATEJIBCTBO. B [?]| nokaszano, aro perpakt H

rpynunsl G aBisieTca abesieBoit noarpymnmnoi. OTcioa CleyeT, 9To

G=HUHNU=1 (40)
U CIIPABEJJINBO

U>G.U+G. (41)
[Moarpymmbt G’ u U cepBantabl B G. OTcrona ¢pakTOprpyIib

G/U,G/G UG (42)

He umeror kpyuenus, rie G /U ~ H. Yepes dim(G) obo3nauum pasmepHocTs rpynmsl G. 13
(40), (41) caemyer, 9TO CIIPABE/JINBO PABEHCTBO

dim(G/G') = dim(G/U) + dim(U/G"). (43)

Nz (41) cmenyer, uro dim(U/G') > 1, a u3 (40) — dim(G/U) > 1. OdgeBumno, 4ro
dim(G/G") = 2. Orciona n u3 (43) nmeem 2 = dim(G/U) + dim(U/G’), re. dim(G/U) = 1,
dim(U/G") = 1. Orciona u u3 (40) cuenyer, uro dim(G/U) = dim(H) = 1. Orciona u u3
ceppanTHOCTH perpakTa H BoiTekaer, uro H ~ K. Teopema jgokasana.

N3 TeopeMbl 3 HEITOCPEJICTBEHHO BHITEKAET

Cnencreue 2. JIoboit perpakr rpynmsl UT3(7Z) saBiasercs eé cepBaHTHOW IMKJIXIECKOT
HOArPYUIION.

Orciona u reopembl 2 umeem Ciezcrsue 3. [loarpynma H rpyunst UT3(Z) Gyaer eé pe-
TPAKTOM TOIJIa U TOJIBKO TOrJIa, Korja Haiijgercs marpunia h € UTs(Z) rakas, aro H = (h) n
qnciia his 1 heg B3aumuo mpoctel. Cirencrsue 4. CyImecTByeT aJaropuTM, KOTOPbIi 10 JIF000it
noarpytie A rpymier UT3(7Z) onpesenser, 6yaer ju A eé peTpakToM WJIN Her.

IIycTs e — ennHMYHAA MAaTPHUIA PA3MEPHOCTH N, & €;; — MATPHIIA, I7Ie Ha IepecedeHun -0t
CTPOKU H J-TO CTOJIONA HAXOMUTCA 1, a ocTajbHbIe 3jieMeHThl MaTpulibl paBHbl 0. Matpura
tij = e + e;; Ha3BIBaeTCA Mpanceexyued.
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Perpaxr H rpynust UT,(Z) na3bIBaeTCss MpaHceekyuonHbiM, €CIIH JI00ast TPAHCBEKIUA t;;
Jib0 pUHAIEXKAT perpakTy H, jmbo HaxomuTcda B sjape U cOOTBETCTBYIONIEH peTPaKITUN.

IIycrh jlaHa Bo3pacTalolas II0CIeA0BaTebHOCTL t =< 1,11, 1, ..., 11 > HaTypaJbHBIX
qucen, rae tyyy = n. [lo pasbuenuro ¢ onpeaeanM KJIeTOYHO-IuaroHaJIbHyIo noArpymmy Hi,
KJIeTKN [}, KOTOpOil COOTBETCTBYIOT HaOOpaM MHJIEKCOB t;,t; +1,...,t; 11 — 1 i =1, ... k.

[Ipu sTOM Bce HeTpUBHAJIbHBIE KJIETKHU JIOJKHBI OBITH MOJTHBIMUA, TO €CTh BKJIIOYATh BCE
9JIEMEHTBI ¢ COOTBETCTBYIOIUM HAOOPOM MHJIEKCOB. JTO, B YaCTHOCTHU, O3HATAET, UTO KJIET-
ka My, ompenenser noarpymy, usomopduyio rpymue UTy,,, 4, (Z). Jlerko nmpoBeputs, 9TO
noarpynna H; m3oMopdHa NpaMOMY TPOU3BEJ/IEHUI0 CBOUX HETPUBUAJIBHBIX KJETOK. Jler-
KO 3aMeTHTh, 9T0 Hj siBisiercss perpaktom rpymmsl UT,(Z). Takue peTpakTsl Ha3bIBAIOTCS
CMAHOAPMHBLMAU.

N3BecTHO, 9TO /TI000i TPAHCBEKITMOHHBIN PETPAKT SIBJISAETCH CTaHIAPTHBIM.

Perpaktor H; u Hs rpymmbsl G Ha3BIBAIOTCS 1n00J0OHbILMU, €CJIA CYIIECTBYeT TaKas HOP-
MaJibHas nojarpyiia U rpynnst G, 910

G=HU=HUHNU=1,i=1,2 (44)

Hpyrumu ciaoBamu, mnogarpynibl Hy u Hy cOOTBETCTBYIOT JBYM PETPAKIUsAM C OOIIAM
sipom. fcuo, aro noarpynnsl Hy u Hy B 9TOM citydae n3o0MOPQHBI MEXKY COOOI.

Perpakr rpynner UT,(Z) HasbiBaercs cywecmeenno cmandapmHbim, eCJn OH MOJ00eH
CTAHIAPTHOMY.

Teopema 4. Ioarpynmna H rpynnst G = UT3(7Z) siBasieTcss TpAHCBEKIIMOHHBIM PETPAKTOM
TOIJIA U TOJIBKO TOT/Ia, KOrja JInOo

H = (t12), (45)
J60
H = (ta3), (46)

rje t;; — TPaHCBEKIUN.

JIOKABATEJBCTBO. Ilycth nmoarpynna H — tpancekimonnbiii perpakt. [lo ciejacrsuio
3 maiigercs marpura h € G takag, yro H = (h) u gucia his u hyz B3aMMHO TIPOCTHI.
Ecmu his m hgg OTIMYIHBI OT HYyJISA, TO t19,t93 € H. Tax kak H TpaHCBeKIIMOHHBIN peTpaxT,
TO t19,t23 € U. OTciofa ciie/iyer, 9To0 KOMMYTATOP [tlg,t23] = t13 Tak:ke npuHaiaexut U,
r.e. U = G. Tlosnyunm nporusopetune. CrenoBaresbao, Jinbo his = 0, mubo hey = 0. Ilycrs
hia = 0. Torga no caencrsuio 2 uvmeem HOJl(hio, hog) = 1. Orcioma h = t1o u H = (t12).
AnajormaHO paccMaTpuBaercs caydait, Kkormga hes = 0. HeobxomumocTs mokasaHa.

JOCTATOYHOCTS. Ilycrs cupasenmuBo pasencrso (34). Uepes U obo3HaunM moarpyr-
Iy, TOPOXKJIECHHYIO TPAHCBEKIUAMU to3,%13. Tora, JIETKO NPOBEPHUTH, YTO CIPABEJJIUBHI:
G = HU HNU = 1,U <G, te. H— perpakr rpymibl G. AHAJIOTUYIHO JTOKA3bIBAETCH,
ecan cupaseinBo (35). Teopema gokaszana. Teopema 5. Iloarpynma H rpynuer G = UT3(Z)
SIBJIIETCSI CYIIECTBEHHO CTAHIAPTHBIM PETPAKTOM TOTJIAa U TOJIBKO TOT/A, KOIjIa

H = (h) (47)
U CIIpaBeJInBO JIUOO

his =1, (48)
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b0
h23 - 1 (49)

JTOKABATEJILCTBO (HEOBXOAUMOCTB). Ilycrs H — cyiecTBeHHO CTaHJIAPTHBIA pe-
TpakT rpynusl G, a noarpynmna U rpymnst G — sipo cOOTBETCTBYIONMIEH perpakiun. Torma u3
Olpe/Ie/IeHNsI CYIIECTBEHHO CTaHIAPTHOIO PETPAKTa CJIELYeT, YTO JUbO

t12, 113 € U, (50)
760
tas, ti3 € U. (51)
[TIycrs copasemmso (50). To ciaenersuto 3 cyrecrByer Takoit sjement h € H, 9to
H = (h), HO(h12, ha3) = 1. (52)

Hokazkem, aro crupasenmnBo 6o (48), mubo (49). Jdomycrum mpoTHBHOE, T.€. UMEIOT
MECTO HEPaBEHCTBA

hia # 1, hy3 # 1. (53)
[Tycth
G=HUHNU=1,U4G. (54)

s (52) caemyer, aro soboit snement g € H, g # 1, nmeer 3amuch Buja

1 khyy 1
g= L khos (55)
1

JJTsT HEKOTOPBIX Testbix wuces k # 0, 1. Orciona u u3 (53) ciemyer, 9ro Jjist 106000 SJeMeHTa
g € H, g # 1, cipaBeiyiuBo

|gag| > 1. (56)

JokazkeM, 1o myist soboro ssementa v € U \ {1} cupasenmso
U223 = 0. (57)

JlomycTuM IpOTUBHOE, T.€. CYIIECTBYET Takoi 31eMeHT u € U, 910 usg # 0. Ilycrs a1ement
v € U takoit, 410 v9g = min{ugs > 0lu € U}.

Torna ve3 > 1. elicTBUTEIbHO, €ciiu vo3 = 1, To moarpymma V < U, mopoxjeHHas
SJIEMEHTaMH v, t19, t13 COBIaJaeT co Bceil rpymmoit (G, 970 HEBO3MOXKHO. [loaTtomy vez > 1.
Tak kak B cuiny (50) nmeem Briouenue ¢y € U, 10

10 k
Utl_;u = 1 V23 eU. (58)
1
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Orcroma u u3 (50), B cuny cepBanTHOCTH noArpyinsl U, umeem tog € U, te. U = G.
[Mosyunmm nporusopeune. CienoBaresbro, (57) cipasennBo, T.e. jobas marpuna u € U
paBHa HEKOTOPO# MaTpuIle BUJa

1

m

!
1 0], (59)
1

rie [,m € Z. Orciona u u3 (55) u (56) cieyer, uro jis jar06oit Mmarpuiiel b € HU crpasej-
qmmBo by # 1. CienoBarenbho, to3 & HU, T.e. G # HU. lonyuniu nporuBopeune. Taxkum
obpazom, (53) me mmeer mecro. IlosTomy crpasegmso smbo (48), mmbo (49). Anamorndmno
paccMaTpuBaeTcs Caydait, korga cripasesinso (51). HeobxonnmocTs gokasana.

JOCTATOYHOCTb. domycrum cripasesyiusbl coorrorenus (47) u (48). Hepes U o6o3Ha-
UM TIOJPYIIILY, HOPOXKJIEHHYIO TPAHCBEKIUAMU Loz, t13, T.C.

U = gp(tas, t13). (60)
Orciona ciaefyer, 9To Jiis J1io6oro saeMenta u € U cripaBe/yimBo

U192 = 0. (61)
Otciona un u3 (47), (48), (60) caemyer, aro

HNU=1,U<G. (62)
JlokazkeMm, 9TO

G = HU. (63)

[Tycrs pan snement g € G. Ecim g5 = 0, 1o u3 (60) ciemyer, uro g € U. Homycrum
g1z = k,k # 0. Orciona u uz (48) caenyer, uro (gh™*)15 = 0. Cnegosarensho, B cuty (60),
(61) mmeem, aTo J/1s1 HEKOTOPOTO d71eMenTa u € U BepHo g = uh®. Otciona u n3 (63) nostydaem
paBerncTBo g = h*u; mma mexoroporo smementa u; € U, T.e. ¢ € HU. Cnenosarensio, (63)
crpaseymBo. Orciona u u3 (62) ciemyer, yro H — perpakr rpynubst G. JloctatodnocTs, a
MIOTOMY U T€OpeMa JIOKa3aHbI.

U3 reopembr 5 wenocpejcrerno Buitekaer Coepcrsue 5. [oarpynma H rpymnst UT3(7Z)
He SIBJISIETCSI CYIIECTBEHHO CTAHIAPTHBIM PETPAKTOM I'PYIIhl (G TOTJIa U TOJBKO TOT/IA, KOTIa
Haiigercs sement h € UTs(Z) taxoi, uro auciaa hijg u hoz oraumdassl or 1 u HanbGOIbIIHIL
OOIIIMiT JTeJTNTEb ITHX YUCes paBeH 1.

Orcrosia n u3 Teopem 4,5 u ciejycrsus 4 nenocpeictsenHo BeiTekaeT Citesicrsue 6. Cy-
[IECTBYET aJIrOPUTM, KOTOpPHIii 110 Jitoboit moarpytme H rpynnbt UT3(Z) oupejesnsier siBJisi-
ercsd jm H TpaHCBEKIIMOHHBIM PETPAKTOM WJIM CYIIECTBEHHBIM perpakToM rpytibl UTs(Z).
JIOKA3ATEJIBCTBO. [lo ciemcrsuio 4 cymecTByeT aJlrOpuT™M KOTOPBII OITpeesisieT, OyaeT i

H perpakrom nim wet. [lycte H = (h) — perpakt. Ecim nu6o his = 0, subo heg = 0, TO 110
teopeme 4 H — TpaHBeKIMOHHBI peTpakT. Eciu his, hog # 0, To H — HeTpaHCBEKITHOHHBII
perpakt. Eciau 6o hiy = 1, 6o hog = 1, TOo 110 Teopeme 5 H — CyIIeCTBEHHO CTaHIapTHBIH
perpakT. Eciu ke his, hos # 1, TO 1O ciencrBuio 5 moarpyima H He siBISeTCsT CYIEeCTBEHHO
CTAHJIAPTHBIM PETPAKTOM.
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5 PeTpakTbl BEIYUCIMMBIX pa3pellnuMbIX Ipynn 0e3 Kpy4eHus

[TycTh w — MHOYXKECTBO BCeX HATypaJIbHBIX unces, G — HeKoTopas rpymna u v : w — G — 0To0-
paxenne w Ha G. [lapa (G, v) HaseiBaeTcs Hymeposannot epynnot. HymepoBannast rpyima
HA3BIBAECTCS KOHCMPYKMUBHOT, €CJTH CYIECTBYET aJTOPUTM, KOTOPBIi 1O JIFOOBIM HATYPaIh-
HBIM YHCJIaM 7,1 U S OIpejelisieT CIpaBe/JInBOCTh PABEHCTB VN = UM U UN - UM = US.
['pynna G HasbBaeTcst 6uuucAuMmots (WM KOHCMPYKMuUsu3upyemoti), eCiu CylnecTByeT Hy-
Mepalug v rpynibl G takas, uro (G,v) — KoHcTpyKTHBHag rpymma. [logrpynma H wywme-
poBaHHOIT rpymiel (G, V) HA3BIBAETCS SLMUCAUMO nepevucaumot B (G, v), eciim MHOKECTBO
v~ H BBIMICIIMO HEPEednCIIIMO.

I'pynma G HasbIBaeTCS paspewiumoti, ecan ps kommytaaTos G > G > G" > ... > G™ >
... Tpymnbl G 9epe3 KOHETHOE YHUCJIO TAaroB 0OPhIBAETCS Ha, eMHUIIE.

Teopema 6. Ilycts (G, v) — BBIYHCINMO HYMepOBaHHas pa3peluMasi IpyTiia 6e3 KpydeHus
KOHEUYHOIl pa3MepHOCTH Takas, 4ro u3ojarop kommyrtanra [(G') pasen G'. Torma moboit
perpakT H rpymmbl G — BBIYACIUMO MEPEIUCTIMast oArpyIia rpymmsl (G, v).

JTOKABATEJILCTBO. Ucnonbsyem uHaykiumio 1o pasmepuoctu dim(G) = n rpynmsr G.
Eciun =1, to G — noarpynna rpymnmsl panuoHaibabeix ancesr. Orcioga H = 1, mbo H = G,
a motomy H — BBIMHCIUMO Tlepedncanmas noarpymma B (G, v).

[TycTs pazmepHocTh rpyiibl G paBHa m + 1 1 Jijist BCeX MEHBINNUX Pa3MepPHOCTEll Teopema
cripaBeymBa. Jlajee mpuMeHNM WHAYKIHIO 10 crynenn paspemnmmoctu dec(G) = r. Ecin
r =1, to G abenera rpymnma. Tak kak H — cepBaHTHas MOATPYIIa KOHETHON PasMepHOCTH
BerancanMoil rpynnsl G, 1o H Bbrauciaumo nepedncanma B (G, v) .

[Iycrs dec(G) = r + 1 u jig MeHbIIeil CTYIIEHH Pa3pernMOCTH TeopeMa CIIPABe JTHBA.
Tak kax KoMMyTaHT G’ sIBJISIeTCsT SHIOMOPQHO JIOMYCTUMOM MOArpyIioi rpymnbl G, TO HO-
rpyuna H N G’ 6yzger perpakroMm rpymibl G'. Tak Kak cTyleHb paspenimMOCTy TOIPY b
G’ menbine, yem r + 1, 3HAYUT 110 WHLYKIIMOHHOMY HpeJInoiozKenuto noarpynmna H N G Bol-
qucsmmo nepedncinma B (G v'), tne v/ — orpanmuenne v wa I(G') = G'. 113 nocieaero
paBeHCTBa U cepBaHTHOCTH perpakta H B G cienyer, uro I(H NG') = H N G'. Cueno-
Baresibio, H/H N G’ — abeneBa rpynima 6e3 KpyueHus: KOHeYHOH pasmephoctu. Orcroja u
cepBaHTHOCTH TIOArpyIbl H B G mojiygaem, 910 HOArpynna H BBIYUCIMUMO MEPEIUC/IAMa B
(G,v). Teopema jokazaHa.

Caexcreue 7. [Tycrs T, (Q) rpyiiiia TpeyroabHbIX MATPHUIL HAJL [OJIEM PAIUOHATIBHBIX -
ceJt, TJie JUArTHAIBHBIE 3JIEMEHThI T10JI02KUTe/IbHbL. Torta jiro6oit perpakt H rpyumst T, (Q)
BeraucsnmMo tepedncauM B (T7(Q), v), tne v — saddexkrusnas mymeparus rpynubst 1.7 (Q) |
T.€. 110 HOMEPY N MOKHO 3(PHEKTUBHO HAUTH MATPUILy UNn U HA0OOPOT.

Cnencreue 8 [6]. TIpu sro60oM 1 110601 peTPakT TPYIIBI BCEX YHUTPEYTOTbHBIX MaTPUIL
UT,(Q) pasmepHOCTH n HaJI MOJEM PAIMOHATBHBIX duces Q BBIYucmMm.

6 3akJroueHue

Haxoxkienne kKpurepueB peTpakKTHOCTU TOJIPYIIBI JAHHOW TPYIIBI ABJIAETCA aKTyaJJbHOI
3aiadeil Teopun rpynn. B jrannoit cratbe Haiijien KpuTepuii peTpakTHOCTH adeseBOi 110/I-
IPYUIILI IPYIIIBI YHUTPEYTOJIbHBIX MATPULL IIPOU3BOJILHON KOHEYHON Pa3MEpPHOCTU HaJl KOJIb-
IIOM TIEJBIX dncesi. A TakzKe JoKa3aHa BBIYUCIUMOCTD JIIOOOTO peTpaKTa I'PYIIBI BCEX TPe-
YTOJIbHBIX MATPHIL JIIOOON0 KOHEYHOTO pa3Mepa Ha/l MOJIEM PAIlMOHAIBHBIX YUCEJI C ITOJI0KU-
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Konsipxanosa A.A. u np.

TeJIbHBIMU JIMaroHaAJIbHBIMU 3JIeMeHTaMu. TakruM 06pa3oM, pelieHbl BaXKHbIe BOITPOCHI TEOPUN
pPeTPaKTOB M BBIUYUCIUMOCTH I'pyIil. OHI OTKPBIBAIOT IIyTh JJ/sI JAJbHEHIINX UCCIeT0BAHII
B 9THX 00JIACTAX MAaTEMaTHKH.

ABTOpBI BBIpaxkaroT OJiarogapHocTh mpodeccopy B.A. PomanbkoBy 3a mnpupjedenne
BHUMAHUS K JIAaHHOW TeMaTuKe W IeHHbIE COBETHI.

UccnenoBanue BoInoiHeHO 1pu  (puHaHCOBO#M T10/Iep:kKe MunucrepcrBa obpasoBaHus
u nayku Pecrybmmk Kasaxcran, npoekt Ne 3953 (GF4)
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Application of geostatistical methods ...

2-6eJ1iM Pazgen 2 Section 2
Mexannuka Mexanuka Mechanics
UDC 004.382

Aizhulov D.Y *., Kurmanseiit M.B., Tungatarova M.S.

Al-Farabi Kazakh National University, Republic of Kazakhstan, Almaty
*E-mail: daniar.aizhulov@gmail.com

Application of geostatistical methods for reconstruction of lithological and
mineralogical structure of uranium deposit by interpolating well data

During the development of uranium deposits that use in-situ leaching extraction method,
mineralogical and lithological structure of sub terrain media remains unknown and is limited to the
data along the wells. In order to optimize the development process, the scheme of geotechnological
polygon should be positioned by taking into account lithological and mineralogical characteristics
of the deposit. Given article describes results of modeling of lithological and mineralogical structure
of uranium deposit by using inverse distance weighting and kriging methods, that are widely used
in oil and gas industry. These algorithms are part of interpolation module of geotechnological
simulator software that was developed and integrated to the Institute of High Technology
(KazAtomProm, Kazakhstan) for the purpose of optimization of the processes of uranium deposits
development and production. The results show that these two methods can be practically used in
Kazakhstan’s uranium industry and the comparison show that values of uranium concentration,
permeability coefficient and lithological rock type provided by kriging algorithm are more reliable
and closer as compared with other method when applied on the uranium deposit. The developed
software that focuses on uranium deposits would eventually reduce costs of Kazakhstan’s mines
related to purchasing of costly CAD systems and drilling expensive exploration wells.

Key words: interpolation, geostatistics, inverse distance weighting, kriging, uranium, variogram.

Aikynos [.E., Kypmamnceitir M.B., Tynararaposa M.C.
YHFBI OOUBIHAAFBI MAJIIMETTEP/Al MHTEPHOJSINSIAY aPKbLIbI, TIJIACTTAFbI
MHUHEPOJIOTUSIJIBIK, I€H JINTOJIOTUSJIBIK, KYPBLIBIMBIH KAaNTa KAJIIBIHA KEJTIipy YIIiH,
reoCTaTUCTUKAJIBIK dIiCTEPIi CAJBICTBIPY

YpaH KeH OpHBIH Kep acThl MafiMajay 9/IiciMeH OHIIpy Ke3iHJie IJIACTThIH MUHEPAJIOTUSIJIBIK, TIeH
JINTOJIOTUSLIIBIK, KYPBLIBIMBI O€JITICi3 KOHE TeK YHFBI OONBIHIAFBI MOJIIMETTEPMEH IIIEKTE/ITeH. OHJIEY
MIPOIIECIH OHTAMIAHABIPY VIIMIH Te0TEXHOJOTUSIBIK, TOJUTOH CXeMAChIH OPHAJIACTBIPY OapBICHIHIA
MIHEPAJ KeH OPHBIHIATBI JTUTOJOTHSIBIK, [IEH MITHEPAJIOTHSIJIBIK KYPBLIBIMBIH ecKepy Kepek. bepi-
PeH MaKaJia/ia YpPaH KeH OPHBIHBIH KYPBIJIBIMbIH WHTEPIOJSIINUICHl KAITBIKTHIKKA Kepi ©JIIIeHreH
MEH KPUI'MHI 9/[iCTEPIMEH YKACAJIBIIL, HOTUZKEJIEP] CaIbITChIpbLIral. OChl €Ki 9/1iC MyHail MEH ra3 uH-
JYCTPUSICHIH/IA KeH KOJJIAHbLIAIbl. KeH OpHBIH curnaTTayra apHaJFaH ecenTey ajJropuTMi ypaH KeH
OPHBI YKYMBICBIH OHTAJIAHIBIPFA HETI3JEITeH Te0TEXHOJOTUSIBIK, CUMYJISTOP MOJYJ OOJIBII Ta-
onL1aa6e1. HoTmKecinge, cumarTaarad eKi 9/1ic, ypaH WHAYCTPUICHIHIA KOIAAHYFa OOTaThIH IBIFBIH
kopcerTi. OChl €Ki 9J1i¢ HOTHUKEJIEPIH CAJIBICTHIPY KE3BIHJE YPaH KOHIEHTPAIUSICHIH, OTKI3TIIITIK
KO3 DUIMEHTI MEH JIMTOJOTUSIBIK, TUIITEPI CUAKTHI TayKBIHBICTAPBIHBIH KACUETTEPiHIH WHTEP-
ITOJISAIUSICHI Ke3iHjle KPUTHHT 9ici aca ceHiMJi »KOHe IIbIHJIBIKKA YKAKbIH HOTHU:KeJjep OepeTiHiH
KOPCEeTTi. TabbLIAIHI.

Tyitin ces3aep: WHTEPHOJIANNSI, T€OCTATUCTUKA, KAIIBIKTHIKKA Kepl OJIeHTeH 9ici, KPUTHHT,
ypaH, BapuorpaMma,
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Aitxynos JI.E., Kypmanceititr M.B., Tyuraraposa M.C.
CpaBHeHUE reoCTATUCTUIECKNX METOIOB [IJisi BOCCTAHOBJIEHUS JIUTOJOTUYIECKON U
MHMHEPAJIOTUYECKOI CTPYKTYP ILJIACTA IIyTEM WHTEPIIOJISIINYN CKBAa>KWHHBIX JTAHHBIX

[Ipu paspaboTke ypaHOBBIX MECTOPOXKIEHWUI METOIOM IOI3EMHOIO BBIIEIaYNBAHIS MAHEPAJIOT -
YeCcKOe U JIMTOJIOTMYECKOEe CTPOEHHE MeCTOPOXKIEHUI OCTaeTCs HEU3BECTHBIM M OI'PDAHUYEHO JIMIIH
JAHHBIMU Ha CKBaXKWHAX. JIJIs onTUMHU3AIIH IpoIriecca pa3paboTK HEOOXOIUMO PACIIOIOKUTH CXe-
MY I'€OTE€XHOJIOTMYECKOI'O IIOJIUIOHA C y4YeTOM JIMTOJIOIMYECKOI'O0 U MUHEPaJIOTMYeCKOI'O0 CTPOEHUIt
MECTOPOXKJIEHNI MUHEpaJoB. B JaHHOi cTaThe NMPUBEIEHBI PE3YAbTAThl MOJICJIMPOBAHUS JINTOJIO-
TUYECKOr0 U MUHEPAJIOTHIECKOIO CTPOEHUH YPaHOBBIX MECTOPOK/IEHUs] METOIaMU OOPATHBIX B3Be-
MIEHHBIX PACCTOSTHUI M KPUTHHTA, KOTOPbIe OOIMUPHO IMPUMEHSIOTCH B HeTEra30Boil HHIyCTPUH.
VHoMsiHy ThIE aarOpUTMbl PACUeTa XapPAaKTEPUCTUK MECTOPOXKICHUI ABJISIOTCS MOIYJIEM pa3pabo-
TAHHOI'O ABTOPAMHU €0TEXHOJIOIMTIECKOTO CUMYJIATOPA, CIIYKAIIEr0 JIJIs ONTHMU3AINN PAbOTHI ypa-
HOBBIX MECTOPOXKJIeHN. Pe3yabTaTsl 0TOOpaKaioT, 9TO JIAHHBIE METO/Ibl MOTYT OBITH ITPUMEHEHBI K
YPAHOBOIl UHJyCTPHUH, U B CPABHEHUM JAPYT C APYTIOM, KPUTHHT IIPEIOCTaBIIsieT Oojiee HaJeKHbIE 1
6IM3KMe K PeaJIbHOCTH Pe3yJIbTaThl IIPU WHTEPIIOISAINA TAKUX CBOUCTB TOPO/Ibl KAK KOHIIEHTPAIUS
ypana, K03DQUIMEHT TPOHUIAEMOCTH U JINTOJOTUIECKUI TUI TOPO/IbI.

KitroueBbie cJI0Ba: HWHTEPIOJSAIHS, T€OCTATUCTHKA, METO OOPATHBIX B3BEIIEHHBIX PACCTOSHMUIA,
KPUI'UHI, YpaH, BapruorpaMMa.

1 Problem statement

1.1 Background

According to World Nuclear Association 12% of World’s uranium resources can be attrubuted
to Kazakhstan, which had produced as much as 22830 tonns of uranium by 2014. Since 2009
Kazakhstan has become an undisputable leader in uranium production. Almost 2/5 of planet’s
uranium was produced in Kazakhstan [3].

The in-situ leaching (ISL) is a leading method of uranium production in many countries,
including USA and Kazakhstan. ISL requires injection of various solution into subterrain
porous media in order to dissolve minerals containing uranium, followed by extraction with
help of production wells [4].

The core of the problem lies in expensiveness of exploration procedures. So far, uranium
exploration relies solely on well drilling, and on using different probes to determine uranium
concentration in stratum. Due to the costliness of the drilling process and relatively far
distances between wells, interpreting lithological data and uranium concentration between
wells becomes a challenge [8]. Moreover, a hydrodynamical model of leaching solution flow in
subterrain porous media would make it easier to monitor and optimize the production process,
thereby reducing the expenses connected to uranium production. A simulation software that
was developed under Kazakhstan government funding project which gives the ability to
determine various geological and hydrodynamical properties and consists of the following
modules:

1. geological modeling;
2. hydrodynamical modeling;
3. mass transfer module and

4. streamline module.
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The construction of hydrodynamical model relies on existing hydrodynamical properties of
subterrain environment. However, the exact (measured) data is only known at wells, therefore,
geostatistical methods must be used in order to determine these properties in between wells.
Hence, accuracy of hydrodynamical model is directly dependent on accuracy of geostatistical
methods used in calculation. In the context of this article two known geostatistical methods
were implemented: inverse distance weighting interpolation and kriging. While these two
methods are extensively used in oil and gas industry, their application to uranium exploration
and production should be studied.

1.2 Problem statement and research approach

The input data consists of lithological and hydrological information collected from 35 real
uranium production wells located in rollfront deposit in Kazakhstan. Uranium leaching wells
are usually positioned in a shape of hexagon with one production well located in the center
and six injection wells around it [5] (Figure 1.2). The reliability of inverse distance weighting
and kriging methods in the context of uranium resources will be estimated using following
steps:

1. remove one well with its data;
2. interpolate data using respective method;

3. compare results with measured data

35 wells used in estimation are shown in a (Figure 1.2). As an example, a well which is
removed for reliability estimation is circled in red.

2 Existing calculation methods

Several geostatistical interpolation methods exists that can be used to interpret the data
between the wells such as linear interpolation, inverse distance, kriging, Discrete Smooth
Interpolation, Sequential Gaussian Simulation etc |1, 2].

Two of them were developed and applied to the problem: inverse weighting distance and
kriging. Each of mentioned methods has its own specific characteristics that affect results
and performance.

2.1 The inverse weighting distance method

The inverse weighting distance method is based on the assumption that nodes of the grid that
are closer to the calculated node has more influence to the resulting value, rather than nodes
that are further away. In order to calculate the value of the node by using this method, the
following two parameters can be used to adjust the resulting value: the degree of influence
and anisotropy, which defines the effect of the direction on the result (Figure 2.1) [1].

The general formula of inverse weighting distance method is as follows:
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Figure 1-The calculation block covering 35 uranium production wells. The well number 22 is removed

from input and used for result reliability estimation
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Figure 2-The impact of surrounding nodes on the calculated node
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where Z*(x) is the resulting value of the calculated node x, which is being interpolated; Z(x;)
is the value at each node z;; d; is distance between nodes x and x;; p is degree of influence of

Z*(z) = (1)
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the node z; at the value of the node z.
This method is also able to take into account the anisotropy of the media, which is
calculated by the following formula:

d=ale —z:)? +bly — 4:)? + c(z — 2)?, (2)

where a, b and c¢ are the coefficients of anisotropy in each direction.

The advantages of the inverse weighting distance method lies in its simplicity and effective
computational resource use. The method does not take into consideration any statistics
regarding the distribution and shape of the values in media |1, 7].

2.2 Kriging interpolation

Kriging is one of more favored and effective methods of interpolation that is often used in
interpretation of sub terrain data. In comparison to the inverse weighting distance, apart from
anisotropy, kriging defines a mathematical model by which particular points have particular
influence (the weight) on a calculated node. This model is called a variogram [2].

There is a whole family of kriging algorithms that can be applied depending on the
specific characteristics of the case. In the scope of this article Ordinary Kriging was used
which consists of the steps described in following paragraphs.

Firstly, a variogram must be defined by using the following formula:

1(h) = 3B + ) - Z(@) )

where (h) is a value of a variogram function for the distance between nodes equal to h,
and a values Z(x), Z(x + h) at the nodes = and x + h respectively. Function F is describes
arithmetical mean.

By choosing several distances h and by calculating the value of a variogram for all
nodes located at that distance, it is possible to find an approximate model, that describes
dependence of a variogram from the distance between nodes. The following three models are
frequently used [2]:

1. Spherical model

sill(3h — 2 h<a
B) — 22~ 243 = 4
(k) {sill h>a (4)

2. Exponential model
~(h) = sill(1 — e &) (5)

3. Gaussian model

n2

v(h) = sill(1 — e «2) (6)
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In all cases described above sill becomes variogram’s upper limit, a (also known as range)
is a value along the axis h, after which the variogram ends its fluctuations. In other words,
influence of nodes that are located at the distance further from a, is so insignificant, that it
can be neglected. The value of sill can be manually picked up, or determined by the following
formula:

sill = 0, = E(x — E(x))?, (7)

where o, is variance.
As an alternative the function of variogram can be substituted by a function of a co-
variogram:

C(h) = C(0) —v(h); C(0) = o, = sill. (8)

Secondly, weights must be calculated for each node. In the process of measuring value for
the unknown node the weight of influence A; must be calculated for each other known node
by solving this matrix equation:

C($1 - ZEI) C(I’l - (L’g) c. C(l‘l - ZL’n) 1 )\1 C(I - xl)

Czg —x1) Clxg—x9) ... Clxg—x,) 1] | Ao C(x — x9)

Clzp —x1) Clxy—ax2) ... Clrp—x,) 1] | C(x —zp)
1 1 1 ol | u 1

Lastly, the value at the node must be calculated. After all weights were successfully
calculated the value at the node x is determined by the formula below:

Z*(z) = ZAZZ(%), (10)

where the condition )" | A; = 1 is mandatory.
In comparison to other interpolation methods, kriging results a has lesser deviation from
the from the actual value [6, 2, 7].

3 Results evaluation

Figure 3 illustrates the results that were achieved by implementing the aforementioned
method (well with data removal). Charts include results acquired from kriging and
inverse distance methods. Results were collected for both filtration coefficient and uranium
concentration (left and right charts respectively). On both charts results of both interpolation
methods can be compared with real data measured with appropriate equipment. Chart on the
left shows filtration coefficient by well height, whereas chart on the right illustrates uranium
concentration on the same well.

ISSN 1563-0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series Ne3(91) 2016



Application of geostatistical methods ... 51

According to International Atomic Energy Agency rollfront uranium deposits that a
prevalent in Kazakhstan are defined as “zones of uranium-matrix impregnations that crosscut
sandstone bedding and extend vertically between overlying and underlying less-permeable
horizons” [9]. Expectedly, filtration coefficient would be minimal close to the top and bottom
impermeable bedding, which is evident on Figure 3. Starting from around 253 meters depth
to 277 meters depth the results start to diverge. At the beginning, Inverse distance method
in particular, gives higher discrepancy from measured data rather that Kriging method.
While being smooth it was unable to predict spikes in filtration coefficient. Around heights
260 and 270 Kriging provided relatively comparable spikes. For filtration coefficient, total
estimation error of Kriging was less than of Inverse Distance with values equal to 85.2 and
93.3 respectively.

Well filtration coefficient uranium concentration
250 0 2 4 6 8 10 12 14 16 18 0 0,05 0,1 0,15 0,2 0,25
1\
259 A |
~N =

VA

\
N
268 >
él
P —— /
VA
—7 |
N ‘
/)
/ |
27714
z
o
Q
-
286
e Kriging Inverse Distance Weighting Measured data

Figure 3-The calculation block covering 35 uranium production wells. The well number 22 is removed

from input and used for result reliability estimation

For uranium concentration estimation both methods were proven as unreliable which can
clearly be seen on the right chart of Figure 3. Both Kriging and Inverse Distance methods
were unable to predict the abnormal rises and dips in uranium at wells. The total estimation
error of Kriging was again lower that of Inverse distance with values equal to 0.42 and 0.61
respectively.
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4 Conclusion

Overall Kriging provided slightly more reliable results than Inverse Distance. In general,
filtration coefficient results did not have high deviation from measured data. It is clear,
however, that the data provided to Kriging is insufficient for relatively precise uranium
concentration estimation. Chemical, geological and hydrodynamical parameters should be
used in interpolation in order for Kriging or any other method to produce reliable results.

While interpolation methods used for uranium deposits can be improved the technique of
removal of input data from one well can be reused in future. This technique gives ability to
test various methods for their reliability, and provides opportunity to compare them with each
other. This work was accomplished within the "The development of information technologies
to improve the efficiency oil, gas and uranium production"project under financial support
from Ministry of Education of Republic of Kazakhstan.
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The study of change in extraction degree under the influence of oxidizers
while leaching Uranium ore with sulfuric acid

Sulfuric acid is extensively used in uranium production with In-Situ Leaching method. The
influence of various components on the extraction degree has to be studied in order to optimize
the solution spending and extraction degree of uranium. In the context of this article, the
extraction degree and overall dynamics of the leaching process is studied by numerically calculating
concentrations of dissolved uranium mineral. The calculation is implemented along the path of
leaching solution from injection well to production well. Properties that is being studied is the
change in extraction degree. The change in extraction degree over time at production well is
calculated first without and then with addition of oxidizers, which in case of this work were Iron
and Pyrolusite. On the basis of chemical processes a mathematical model was created to simulate
uranium extraction process. The results show that adding Iron and Pyrolusite to leaching reaction
can increase overall extraction degree of uranium minerals.

Key words: extraction degree, sulfuric acid, oxidizer, in-situ leaching, uranium, numerical
modeling.

Kypmanceitit M.B., Aixkynos I.E., Tyuararaposa M.C.
KyKipT KbINIKBIJIBIMEH ypaHAbI MIaliMajiay Ke3iHae oHIipy aaperKeciHe
TOTBIKTAH/IBIPFBINITHIH, 9CEPIH 3epTTEey

2Kep acrol maitmasiay oIiciHae ypaHabl KBIITKLIT apKbLIbI OHIIPY KEeH TapaJraH 9/1ic OOJIbIn Ta-
ObLIAa/bI. OP-TYPJii XUMUASJIBIK, KOMIIOHEHTTED/IIH OHIIPY J9PEKEeCiHe 9CepiH 3epTTey aTajFaH [po-
IEeCTiH, TUIMILIINIH apTThIpyFa MYMKIHJIK Oeperni. Bepinren makanaga eHIipy JopexKkeci MeH po-
IIECTIH, YKAJIIBI JIMTHAMUKACHI afiJafThIH YHFBI MEH OHJIPY YHFBICHI apachIH/Ia TapaJaThbIH epireH
YPaH KOHIIEHTPAIUSICHIH CAHIBIK, MOJIEJIbIEY aAPKBLIbI 3epTTeseai. OHIIPY YHFBICHIHIATBI OHIIDY
JIOPEKECiHIH O3repici TOTBIKTHIPFBINITHI, SSFHU KAPACTBIPBLIBIIT OTHIPFaH KarF/1aiiia TeMip MeH ITH-
POJTIO3UTTI KOCKAH 2KOHE KOCIAFaH KAFAAMbl €CEeNTeiH/Il. Y PaH/Ibl Kep acThl IMaliMaJay dJTicin
CUMYJISIIUSIAY YIIiH O€PLITeH XUMUSJIBIK, ITPOIECCTIH HEri3iHJie MaTeMATUKAIBIK MOJIE KYPbLIJIbI.
Asbraran HoTHKEJIE MaiiMaJiay Iporeci Ke3iHje TeMip MeH MUPOJIIO3UTTI KOCY Maiiiaibl KOMIIO-
HETTIH OHJIPY JTOPEeKeCiH ocipyiHe aJabll KeJEeTiHIH KOPCETTI.

Tyitin ce3aep: enipy mopexke, KYKIPT KBIIIKBIIbI, TOTBIKTBIPTHIII, K€D aCThl IaiiMasay, ypaH,
CaHJIBIK, MOJIEJIB/IEY.

Kypwmanceitit M.B., Aitxymos J.E., Tyararaposa M.C.
N3yuyenue BaUSHUS OKUCJIUTEJEN HA CTEII€Hb M3BJIEYEHUS MPU BBINEJIAYUBAHUN ypaHa
pacTBOpaMu CEPHOU KUCJIOTHI

Kuciorroe BhimmeraunBanre HanboJiee MOIYISPHBIA METO[ IPOU3BOCTBA, yPAHA METOIOM TO3eM-
HOT'O CKBaKUHHOTO BBIMEeIadnBanus. VccaegoBanme BIUSHIE PA3INIHBIX XUMAIECKAX KOMITOHEH-
TOB Ha CTEIEeHDb U3BJICUEHUS MOYKET 3HAMNTEILHO ONTUMUA3UPOBATE JAHHBIN mporecc. B KomnTekcTe
TEKYIIel CTaThbU, UCCJIEIYeTCs CTEIeHb U3BJICUYeHUs U O0INasl JUHAMHUKA, TPOIECcca MyTeM TUCICH-
HOI'0O MOJIEJIMPOBAHUS KOHIIEHTPAIIMU PACTBOPEHHOI'O ypaHa.
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MopennpoBaHre TPON3BOINTCS BIOJb IIYTU CJIEOBAHNS BBIIIEJIAYUBAIONIETO PACCTBOPA OT 3aKad-
HOU CKBaXKWHBI JI0O OTKAYHOU CKBaKUHBI. lI3MeHeHne cTelenn n3BIedeHns Ha OTKATHON CKBaXKIHE
BBIYHCJIAETCS ¢ U 0e3 100aBleHns] OKUCIUTENEl, KOTOPHIMY B HAIIEM CJIydae SBJISIOTCS 2KEeJIe30 1
nupostio3uT. C ydeToM 3aKoHA JEHCTBYIOMMX MAacC; HA OCHOBE XMMHYECKOH IPOIEccoB ObLIa Imo-
CTPOEHa, MATEMATHYIECKasT MOJED JIJIsT CUMYJIAIIH IIPOIECCA BBIMIETAINBAHNAS ypaHa. Pe3yabTaTs
[MOKA3BIBAIOT, 4TO JI0DaBJIEHUE Kejle3a U MUPOJIIO3UTA B IPOIECCE BBIMIEIAYNBAHNASI MOIYT ITOBbI-
CUATbH CTEIIeHb U3BJICYEHUS I10JIE3HOI'O KOMIIOHEHTA.

KimroueBbie ciioBa: CcTenenb M3BJICYEHUS, CEPHAs KICJIOTA, OKUCIUTENb, IOA3€MHOE BbIIIETadm-
BaHue, ypaH, YMCJIeHHOe MO/IeJIMPOBaHHueE.

1 Introduction

In 2015 Kazakhstan was number one country by uranium production accounting for as much
as 39% of all produced uranium in the World [2]. About 80% of all known Kazakhstan’s
uranium resources can be recovered using in-situ leaching (ISL) method. In fact, 45% of
share of uranium production can be attributed to ISL method [1].

There are two main techniques for leaching of uranium ore: acid and carbonate. the main
factor for determining which technique to use is the type of the ore [3]. The solution that is
used at ISL mines in Kazakhstan is sulphuric acid (H25S0,) [1], while the most common of
uranium ores that are: Uraninite (UO,, U3Og) and Coeffinite(U[SiOy, (OH),)) [4]. Uranium
ore mainly exists in four- and six-valent compounds. Unlike six-valent, four-valent uranium ore
dissolves with complications. In fact, evidence show that most of it stays underground after
leaching was conducted. Therefore, adding oxidizers to leach remaining four-valent uranium,
becomes a necessity. By adding oxidizers the speed of four-valent uranium leaching can be
increased, thus rising overall extraction degree. One of the most common oxidizers used
in uranium industry is Iron (Fe) along with Manganese Dioxide (MnO;) also known as
Pyrolusite [3].

In the context of this article, computational methods are used to study the effects of Iron
and Pyrolusite on uranium leaching process. The results of kinetics for the reactions with
and without Iron along with Pyrolusite were achieved and compared to identify the effects
of said oxidizers on uranium leaching.

2 Chemistry of acid leaching

Uranium trioxide leaching proceeds by the following chemical formula:

UO3(sotiay + 2H fj0iq) — UOg(ﬁiqmd) + H20iquidy, (1)
U03+HQSO4 — UOQSO4+H20, (2)

This reaction happen relatively fast and without complications [3].
Experimental evidence show that Iron is the oxidizing agent which accelerates uranium
dioxide leaching by the following scheme [3]:

UOQ(SOlid) + 2F€?l—l_quzd) — Uogzl_zquzd) + 2F€%l—:quid)’ (3)

Iron which plays the role of oxidizing agent decreases its valence which is a major issue,
since it is no longer available for succeeding reactions. To return it to its original valence,

ISSN 1563-0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series Ne3(91) 2016



The study of change ...

55

Pyrolusite is added by the following principle:

— 2Fe3”r
(liquid)

2F et

(liquid) + MnOQ (solid) + 4H

(liquid)

Hence, overall life cycle should look as follows:

Fe?t + oxidizer —» Fe3t + UM — Fe?t + oxidizer —» Fe3t

The resulting chemical model is described by the system in the formula number (6).

( HQSO4(liqUid — 2Hl—:quzd + SO4(llquzd
Fe(OH) 3(solid) + 3Hl id — Fe(lzquzd + HQO(liqmd)
2
UOZ(SOZUd + 2F€(l2quzd) — UO22l_7,quzd) + 2F€(lzquzd)
2Fe?qumd) + MHOQ solid) + AH ) —
3
2F6(l—l_qmd) + Mn(lzquzd) + QHQO(hqmd)
UO3(50lld) + 2H(lzquzd) — Uog(Jlrzquzd) + H2O(liquid)

\ Ungl_zqmd) + 3502_ [UOZ(SO4) ]

4(liquid)

iqui

(liquid

(liquid)

3 Mathematical model

+ Mn(lzquzd) + 2H20(liquid)

(4)

+ U*" — and etc. (5)

The domain under consideration is one dimensional from injection well to production well,

where the distance between them is equal to L.

To model uranium acid leaching numerically, let us introduce the following conventions:

Ch H* hydrogen concentration
Cy S Oi’ sulfuric oxide concentration
Cs Fe3t iron(IIT) concentration
C,y Fe** iron(II) concentration
Cs UOs* oxidized uranium dioxide concentration
Ce [UO(SO4)3]* uranyl sulfate concentration
Cq Fe(OH); iron hydroxide concentration
Cyo MnQOs pyrolusite concentration
Cs3 UOs uranium(VI) trioxide concentration
Coa UQOs uranium(IV) dioxide concentration
i velocity field
0] porosity
K filtration coefficient
h hydraulic pressure
ki,i=1,6 rate of reaction, where ¢ is respective number

of chemical equation from formula (6)
D;i=1,6 diffusion coefficient

Due to the fact that leaching process take place in porous subterrain environment, Mass
Conservation Law and Darcy’s Law equations are used for modeling purposes.

div(U¢) =0
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Up = —Kgrad(h) (8)

By substituting the Darcy’s Law in to Mass Conservation Law we will obtain the following
hydraulic head equation.

div(Kgrad(h)) =0 (9)

By using Law of Mass Action we can derive the following differential equations that are
used for a numerical research:

(0Cs1 _ ko
o = T (1=d)ps Clef’
agtsz —— (1—;)ps (—k4CyuC3CY + kC1C3)
0Cs3 __ k
8t3 - (l—g)ps 053012
0Csy __ k
5t =~ Ol
301 —+ Ugradol = dw(DlgradCl) + ﬁ( 3]@20510? — 4]{/’4052026% — 2]65053012) (1())
802 + UgradCy = div(DaygradCy) + %( 3keC5C3)
dCB + UgTCLdC;g 'U(DgQ’I"(lng) + ¢Lpl< 2]{305403 + 2]64052026% + kQClef’)
804 + UgradCy = div(DagradCy) + 3 (2ksCuC3 — 2ksCoC3CY)
805 + UgradC% = div(DsgradCs) + L(1636'5402 + ksC3C? — keC5C3
\ 8826 + Ug?“adCG = div(DggradCsg) + 10503
Initial and boundary conditions for mentioned differential equations are as follows:
hlpt—o =0 Chlzp=0=0 Colpt=0 =0 Csz,0=0 = 0.004
C4’x,t:0 = 0.001 CS‘x,t:O =0 C6‘x,t:0 =0 Csl‘x,t:O =0.04
052|x,t:0 - 009 Cs3|x,t:0 = 0002 Cs4‘w,t:0 = 0001
h|x:0,t = hO % ‘x:L,t: 0 Cl|x:0,t =0.2 C2’$=0,t =0.1
C3’:v:0,t =0 C4|z:0,t =0 C5|m:0,t =0 C6|x:0,t =0
Osl|z:0,t =0 CsQla::O,t = 0.02 C’s3|:v:0,t =0 Cvs4|:c:0,t =0
801 |x Lt— (QC; |:c=L,t: % |x:L,t: 83% |x:L7t: % |:c:L,t: % |x:L,t: 0
a1 r=Lt= 8 - ‘m— = J |z Lt= (%4 |x:L,t: 0
where k;,i = 1,6 are usually determined experimentally, while in our case they are

constant and equal to one, since all reactions are occurring at the same time.

4 Results

The idea is to study the kinetics of leaching process from injection well (where leaching
solution is injected) to production well (where leaching solution containing dissolved uranium
mineral is obtained). Therefore, one dimensional problem was considered, and results
were achieved by using implicit method for pressure calculation and explicit method for
concentration calculation [5].
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Figure 1-Kinetics of leaching process from injection well to production well
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Figure 2-Extraction degree of Uranyl Sulfate by numerical time

In Figure 4, after some time when leaching front has reached middle point between
injection and production wells, the concentration of Uranyl Sulfate is indicated by red
and green lines, for leaching with and without oxidizers respectively. The blue line shows
the decreasing concentration of sulfuric acid. It can be clearly seen that Uranyl Sulfate
concentration is higher when Iron and Pyrolusite participate in reaction.

Extraction degree of Uranyl Sulfate by numerical time at production well for both cases
(with and without Fe and MnQO,) can be examined on Figure 4. Evidently, Iron and
Pyrolusite positively affect extraction degree of uranium components when added.
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5 Conclusion

A work has been done to numerically demonstrate that presence of Iron and Pyrolusite in
Uranium leaching reactions can increase the extraction degree of Uranium as well as increase
overall reaction speed. The results show that extraction degree can be increased depending
on concentrations of oxidizers, whereas without addition of oxidizers sulfuric acid would only
leach six valent uranium (UOs3), leaving most of four valent uranium (UO2) underground.
The addition of oxidizers increase the speed of dissolution of four valent uranium, thereby
increasing overall extraction degree.

In future, the influence of other components on leaching process can be studied in a similar
fashion without expensive laboratory experiments. This work was accomplished within the
GF4/3290 project under financial support from Ministry of Education of Kazakhstan.
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News Classification using Apache Lucene

In this paper, we describe the binary classification of textual messages using Apache Lucene. We
first describe the problem of “news classification” and the method to gather the dataset samples
used for models’ training and testing. We focus on creating and training classifiers based on
different indexes and models’ evaluation metrics. We choose three main attributes that affects
Apache Lucene indexes, and as a consequence affects accuracy of classifiers. One of the attributes
are words on which it is built. We use Ngram concept instead of words, where different N varies
from one to five. Second attribute is text preprocessing method, such as stemming and stop words
filtering. Third attribute is classification method. In this research we choose k-nearest neighbors
and naive Bayes classification methods. Variation of this attributes produces various index types.
As aresult, we provide analysis of the correlation between index type and the accuracy of classifiers.
Key words: Binary classification, learning algorithms, Apache Lucene.

Ay6axupos C.C., Axmen-3aku J1.2K., Tpuro I1.C.
Apache Lucene KemeriMeH >kaHAJBIKTAP KJacCUPUKAIASICHI

Byn makasmaga Apache Lucene kaJjblramMachl KOPCETKIIITEPIHIH HerisiHie MOTIHIIK XabapJia-
MaJIapAabl OMHAPJBIK TOHTay ecebi KapacThIpbliraH. HaKTbl yakbIT OONBIHINA TYCETiH MOTIHJIK
KAHAJIBIKTAP/IbI TonTay ecebi Koiiburan. OKBITY/IbI TAJIAll XKOHE TEeCTLIEI aJIyJIblH dicTeMeepi,
COHJIali-aK, TONTay MOJIAINIH OaraJlafiThIH 9JicTeMeiep OpKeHJeTiireH. 3eprrey OapbICHIHIA
Apache Lucene kepcerkimrepine »koHe TONTAay JJJINHE CAJgap PETIHIE BIKIAI eTeTiH Herisri
yIn arpubyT TaHman ajablErad. KepcerkimrepiH o3i ce3zep/ieH KypPbUIATHIHIBIKTAH ATHOYTTHIH,
Oopi ce3 GoabI TAaOBLIAALI. Bi3 ce3mepsin, opHbiHa Ngram yYPBIMBIH HafigaJ aHaMbl3, MYHIArbI
N 6ipmen Oecke peitin aybITKuabl. EkiHIm aTpubyT — MOTIHAI aJiIbIH aJia OHJEY OicCi, J9JpeK
alfiTcak MOTIHJII KAJIBIITAY YKOHE TOKTay-CO3/epii cyphinTay. Aj yimiHim arpubyT — TONTACTHIPY
mmmiHiE Kypy aJropuTMi. 3eprrey Ke3iHze 0i3 TeMeHJeri eki aJropuTMJi TaHgaln ajabik: «K —
€H, KaKbIH KOPIILIep» KoHe «AHrajaabiK 0aifecTiK TONTayIbl» 9aicTepiMeH TonTay. AJIFAIIKbL eKi
aTpubyTTHIH, ©3repici KOpCeTKim KacueTTepiHiH e3repicine okese/l, HOTHKECIHIE 9P TYDPJl KOp-
CeTKII TypJepi Kajibimracaabl. 2K yMbICTa TONTAyIIBLIADIBI OKBITY/Ia OJIAP/IbIH KOPCETKIIITepre
0ailyIaHBICHI MEH KYPaCTBIPY/IBIH IPAaKTUKAJIBIK YKAFbIHAH KY3€re achblpy *KarJailiapbl KapacThbl-
pburras. Kepcerkinn TypJiepiHiy Tonraymbiap Ao/ rHe bIKIaJ eTyiHe Tajjay *Kypri3ijireH.
Tyitiagi cesnep: Bunapibl kiaccudukarus, OKuITY ajgropurMep, Apache Lucene.
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Ay6akupos C.C., Axmen-3aku J1.2K., Tpuro I1.C.
Kuaaccudukarust HoBocteii mpu momoriu Apache Lucene

B mammoit cratbe paccmaTpuBaeTcs 3aj1ad9a OMHAPHON KIACCH(MUKAIME TEKCTOBBIX COOOIIEHUN Ha
6aze unjekcoB mirardopmbr Apache Lucene. CdhopmysmpoBana 3aada KaacCu(UKAIINT TEKCTO-
BBIX HOBOCTEIA, IIOCTYIIAIONIUX B PEXKUME PeajibHOr0 BpeMeHu. PazpaboTaHbl METO/IbI TOJIYI€HUST
TecTOBOI M OOy4Jaromeil BBIOOPKHU, a8 TaKKe MEeTObl OIEHK! TOYHOCTH Kjaccuduramuu. st uc-
cJieIoBaHusl ObLIN BBHIOPAHBI TPU OCHOBHBIX aTpubyTa, Bausiomux Ha uHjaekcbl Apache Lucene u,
KaK CJIEJICTBUE, HA TOYHOCTD KitaccudukaropoB. OpHuM 3 aTpudyTOB UHIEKCOB SIBIAIOTCH CJIOBA,
HA OCHOBE KOTOPBIX OHH MOCTpPOeHBbI. MbI ncrnosb3yem nousitre Ngram BMeCTO CJIOB, Tje auciio N
BapbUPYIOTCS OT OJTHOTO JI0 TIATH. BTOpoit aTpubyT - MeTOo 1 MpeBapuTeIbHO 00pabOTKM TEKCTA, a
MMEHHO HOPMAJIM3aIlisl TEKCTa U (PUIbTpalisi CTOI-CJI0B. Tperuit arpubyT - aJIrOPUTM IOCTPOEHUST
Mozenn Kjaccuduramuu. st qaHHOTO MccaeqoBaHus Mbl BIOpAJIM JIBa aJrOpUTMA: KJIacCudu-
Kamust metonom “K-6amxkaitmmx cocemeit” n “HamBHBIN OaitecoBckmit Kiaccudukarop”’. amenenne
MEPBBIX JIBYX ATPUOYTOB MPUBOJIAT K M3MEHEHUIO CBONCTB MHJIEKCA M, KaK Pe3yJIbTar, K (hopMupo-
BaHWIO PA3JIMYHBIX TUIIOB WHJIEKCOB. B paboTe paccMOTpeHa MPAKTHIECKAsT PEATH3AIINsT CO3/IAHUST
1 00y4UeHUsI KJIaCcCU(PUKATOPOB B 3aBUCUMOCTH OT TUIIa MHJIEKCOB. [IpoBejieH aHa N3 BIUSIHUS TUIIA
WHJIEKCOB HA TOYHOCTH KJIACCU(PUKATOPOB.

Kirouessbie ciioBa: bunapuas knaccudukanusi, aaropurmbl o0yuenus, Apache Lucene.

1 Introduction

In this paper we address the task of evaluating binary classification of social media messages
and analyzing the relationship between classification quality and classifier parameters.

We consider two classes of messages: NEWS and NOTIFICATION. We consider that
the NOTIFICATION class is applied to messages with information about emergencies and
hazards. Those messages are so important that people should be notified about them.

In order to collect messages and build datasets (for training and testing) we designed
a web crawler with a simple choice mechanism based on a decision tree over the notion
of "strong keywords". The decision tree classifies each message using three classes: NEWS,
NOTIFICATION and NOT SURE. The NOT SURE class is applied to messages that are
neither classified as NEWS nor as NOTIFACTION. This approach guarantees high Precision
and low Recall but it is essential to collect the training dataset. The classifiers investigated
in this paper are trained with a dataset built from the NEWS and NOTIFICATION classes.
The NOT SURE class is used as the testing dataset.

We are using Apache Lucene with the classification package as the main framework. The
Lucene classifiers works with vector models and the TF-IDF metric. The evaluation resorts
to the k-fold cross validation method. The Lucene classification based on indexes, in order
to configure classifier Lucene allows changing index parameters. All indexes has Analyzer, it
is consists of Tokenizer and set of Filters. Tokenizer extract tokens from text stream, Filters
processes tokens, normalize and do stemming. Classifiers also depends on Analyzer that is
why it is very import to have similar Analyzer for both classifier and index.

Analyzers combined using different Filters and Tokenizers. We are using Analyzers
configured using minShingleSize, maxShingleSize, SnowballFilter and LengthFilter in
ShingleAnalyzerWrapper. Parameters minShingleSize and maxShingleSize adjust the
minimum and maximum value of N, where N is size of Ngrams. In our research, we are
using up to fivegram indexes and one index with all Ngrams from one to five. Additionally
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Analyzers combined by turning on and off SnowballFilter and LengthFilter. As a result, we
are using 24 Analyzers.

Furthermore, each classifier has parameters that affects classification quality. KNN can be
configured by varying K. Our experiments shows that KNN classifiers quality dramatically
low for K>200, that is why we decide to bound K from 1 to 200 [1]. The last parameter is
message fields. There is two fields available for indexing: title and body. Based on fields we
can combine three different indexes: title, body and both.

Totally, we have combination of 24 Analyzers, 201 classifiers and 3 fields and it is 14472
different classifiers totally. In the next chapter, we showing quality of learning and analyzing
relations between Ngrams, indexes and quality of classification. This paper describes how we
evaluate 14472 classifiers and provide detailed analysis of correlation between index type and
learning accuracy.

2 Method

According to researches [2, 3] we choose Kappa and MCC coefficient measures to evaluate
binary classification learning. Both, Kappa and MCC, take into account true and false
positives and negatives and well balance. A coefficient of 41 represents a perfect prediction, 0
no better than random prediction and —1 indicates total disagreement between prediction and
observation. Both coefficients perfectly fit our needs because we consider NOTIFICATION
true-positives more relevant than false-negatives; i.e., we care more about correctly classifying

messages as NOTIFICATION than badly as NEWS.

KNN17 KNN25
= CrossValidaion TrainingSet = CrossValidaion TrainingSet
S
[Foro
1000 1500 2000 25 0 500 1000 1500
DATASETSIZE DATASETSIZE
KNN35 NAIVE BAYES
= CrossValidaion TrainingSet = CrossValid&ion TrainingSet
S 05
1 1 1 1
DATASETSIZE DATASETSIZE

Figure 1 — Correlation between error rate and dataset size for KNN and Naive Bayes classifiers

Researches [4, 5] shows that the "Learning Curve"(LC) methodology is a good diagnosing
tool, telling you how fast your model learns and whether your whole analysis is, or not, biased
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by the dataset cardinality (e.g., overfitting a too small dataset). We use the LC to determine
the smallest size of training that shows reasonable results. The learning curves are depicted
in the Figure 1. The error rate is validated using k-fold cross validation method.

The graph shows that the accuracy of learning algorithms is aligned on the data set size
on the interval 1500-2000. We choose 2270 news messages as a training set, all messages was
classified using a decision tree described above. Finally, classified messages were manually
checked and corrected by the experts. It is important to mention that the dataset consists
of 84% NEWS messages and 16% NOTIFICATION messages. The k-fold cross validation
follows that same stratification.

SimpleNaiveBayes 080016860
1,0 0,79824561
. ]
\
0,3 \ —
., X
Ui Ty =
! \ § =
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ALL 5-GRAM  4-GRAM  3-GRAM  2Z-GRAM  1-GRAM
% Fl1Messure || MCC = Kappa

Figure 2 — Naive Bayes classifier using only body field, Snowball stemmer and short tokens filtering

3 Results

We measure each classifier using k-fold cross validation method. Our experiments show that
87% of the learned models exhibit a Kappa and a MCC less than 0.5, which, according to
Landis and Koch [2] can be considered as "poor"models.

The best results shows classifiers that is using unigrams tokenizer, only body field,
Snowball stemmer and with short tokens filtering. Best results had shown on the Figure
2, 3 and 4.

Top five classifiers use unigram indexes, only body field, Snowball stemmer and short
token filtering. Naive Bayes classifier best results: MCC=0.8, Kappa=0.79, Figure 5 shows
its confusion matrix. There are 93 NEWS messages classified as NOTIFICATION (False
Negatives - FN) and 45 NOTIFICATION messages classified as NEWS (False Positives -
FP). F-measure often shows values close to 1, this is because F-measure calculation ignores
FN errors. That is why we do not use it as evaluation measure, because our goal main
is to minimize both FP and FN. Figure 3 shows that KNN algorithm, with K=17, best
result is MCC=0.68, Kappa=0.67. Furthermore, increasing number of neighborhoods leads
to decreasing accuracy of classifier.

Our experiments shows that classifiers based on indexes with Ngrams with N>1 shows
low accuracy: MCC<0.5, Kappa<0.5.
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Figure 3 — Results for KNN classifier with varying K, unigram indexes, only body field, Snowball

stemmer and short token filtering

4 Discussion

Our research shows that classification quality depends on Apache Lucene index type and n-
gram size. The best classifier is based on unigrams as shown by the Kappa coefficient of 0.79
and the MCC coefficient of 0.8. It is expectable that a single classifier cannot achieve higher
accuracy. As a future work, we are planning to implement a Voting classifier that combines

Becrauk KasHY. Cepusi maremaTnka, Mexanuka, nadopmaruka Ne3(91) 2016



64 Aubakirov S.S. e.tc.
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Figure 4 — The best five classifiers. All classifiers use Snowball stemmer, unigram indexes, only body field

and short token filtering

Class names was shortened:
C0 NEWS
C1 NOTIFICATION

Confusion matrix:

Co C1
C0 350 45
C1 93 1782

Observed Accuracy: 0.9392070484581497

Expected Accuracy: 0.69586784140969163
Error rate: 0.06079295154185022
Kappa statistics: 0.7982456140350875
Precision: 0.8860759493670886
Recall: 0.7900677200902935
F measure: 0.8353221957040573
MCC 0.8001686011904481
Total Docs # 2270

Figure 5 — The best classifiers confusion matrix. Naive Bayes based on unigram indexes

an odd number of classifiers in order to obtain a joint decision-making algorithm. To combine
classifiers and evaluate all possible combinations we are planning to use distributed computing
technologies, such as Message Passing Interface or Apache Spark. We also intend to explore
the Ada Boost meta-algorithm in conjunction with other learning algorithms. The goal of
this approach is too combine several weak classifiers into a weighted sum that represents one
boosted classifier.

This work was partially supported by the grant of the Committee of Science of the
Ministry of Education and Science of the Republic of Kazakhstan (project 3350/GF4 MON
RK).
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Automatic classification of reviews based on machine learning

Currently, there is strong interest in the problem of automatic analysis of reviews of Internet users
on various issues. One of the main problems in the analysis of reviews is a tone classification of the
texts. This article is about different approaches to the problem of tone classification in 3 classes
using the machine learning methods on the example of three collections. The main objective that
was set in this work is the comparison of different approaches to the text view within the frame of
the vector model, several machine learning methods, and various combinations of statistical and
linguistic features. To build the model of tone classification the follow set of statistical and linguistic
features is identified: Building word vectors, accounting N-gramm, accounting emoticons, counting
of exclamation and question marks, accounting parts of speech, replacing the long repetition of
vowel to one vowel, accounting negations, accounting the review length. In this work we used
the following machine learning methods: support vector machines, logistic regression and naive
Bayesian classifier. The computing experiments were conducted with different variants of word
vector models, N-grams and text description features. The experimental results allow us to make
recommendations on the selection of the most effective features for tone classification.

Key words: tone classification, machine learning, support vector machines, logistic regression,
naive Bayesian classifier.

Koitbarapos K. Y., Mauncyposa M.E.
MarmHaIbIK, OKBITY ajJIrOpuTMAep Herisinge kimipiaepmai
aBTOMATTHI TYp/e KjaccuduKanusiaay

Kasipri Tarma oprypai cypakrap OoiibiHIma HTEpHET KOJIaHYIIBLIAPBIHBIH IMKipiHE CyHeHCEeK
aBTOMATTHI Ty ecebiHe YIIKEH KbI3bIFYIIBIIBIK TAHBLIGIN KAThIp. Taaaay mKipiHin merisri mo-
cestecimin 6ipi 60OJIBITT TOH OONUBIHINA TEKCTTEP/IiH KIacCH(PUKAINICH OOIBIT TabbLIaIbl. 2K yMbICcTa
KOJIJIEKIIASLIAD MBICAJIBIH I MAITHHAJIBIK, OKBITY 9JiCTEPiH KOJIaHy apKbLIbI KJIACKA TOHJIBIK, KJIacC-
cuduranusiay ecebiniy TypJi omicrepi 6epiiren. Ocbl XKyMbICTa, KONBIJIFAH HETI3r1 ecenrep, BeK-
TOPJIBI MOJIEJIJIIH, asiChIHA TEKCTT] YChIHY TYPJIi TOCLIIEPl CAJIbICTBIPY OOJIBII TaOBLIAbI, OipHe-
1ITe MAITMHAJIBIK, OKBITY TOCIIIEPIH KOJIIaHy, CTATUCTUKAJIBIK, XKOHE TMHTBUCTUKAJIBIK Oe/riIepiHin
TYpJIi Gipiryi »kKoHe aJbIHFaH HOTHKEIEPIiH, Taamaybl. TOHIBIK KaIacCupUKaIus MOIETH KYpy YITiH
KeJiecisieit CTaTUCTUKAJIBIK, YKOHE JIMHTBUCTUKAJIBIK Oe/rijiepiHin Kesecifaeil KUbIHbI aHBIKTAJIFAH:
€63 BEKTOPJIAPBIHBIH KypbLIybl, N-gramm ecebi, sMuUTUKOHIAD ecebi, cypak Oesrici MeH THIHBIC
GesriyiepiHiH ecemnrentyi, coeiiey OeJIiriHiH ecebi, y3ak KaifiTaJlaHATBIH JaybICThI JIBIOBICTEI OIp /1a-
YBICTBI IBIOBICKA AJIMACTHIPY, TepicTeysepmin ecebi, kayan O0epy Y3bIHIBIFBIHBIH ece0i. Mammaabik,
OKBITYIBIO KeJIeci oIicTepiH KOMIaHy apKbLIbl ToXKiprOe »Kyprisiimgi: Tipey BeKTOpJap MaIlnHACHI,
JIOTUCTHUKAJIBIK Perpeccus »KoHe aHraablK baitec kmaccuduraropbl. Toxipude opTypsi BeKTOp-
JIBIK, CO3JIEP MOJIEJiHIH, HYCKAJAPBIMEH, N-TpaMMaJjap »KoHe MOTIHJI CHMATTAay/IbIH OesriiepiMeH
xKyprizig. Toxipube HOTHXKeCI TOHIBIK, KIaCCHU(pUKAIINAS YIIIH €H THIM CHIIaTTaMaJIapiIbl TaH-
ay OOMBIHIIA YCHIHBIC YKAacayFa MYMKIHJIK Oepe/.

Tvyitinai cesaep: TOHIBIK KIACCH(MUKAIISIAY, MAITHHAJIBIK, OKBITY, TIDEY BEKTOPJIAD MAIIMHACHI,
JIOTECTUKAJIBIK, PErPeCcCrsi, aHFAJIBIK Daitec KiraccudukaTopsl.
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Koitbarapos K.Y., Maucyposa M.E.
ABTromarunveckasi kjaccuduKkanus OT3bIBOB, OCHOBAaHHAs HA
aJIrOpUTMaX MAIIUHHOTO 00yYeHUs

B Hacrosiiiee BpeMsi IpOosIBJIsieTCs OOJIBIION HHTEPEC K 3aJlade aBTOMATUYECKOIO aHAJIIN3a MHEHUIA
nostb3oBareseit Uureprera mo pasimaabiM BorrpocaM. OMHON M3 OCHOBHBIX ITPOOJIEM MPU aHAJIU3E
MHEHUU sBJISeTCs KyracCubUKAaIus TEKCTOB [0 TOHAJIBHOCTU. B pabore maHbI pa3nIHbIE TIOIXOIbI
K 3a/1a9e TOHOBOH KjIacCU(UKAINY HA 3 KJIACCa C UCIOJIb30BAHIEM METO/IOB MAIIMHHOIO 00y YeHM s
Ha puMepe Tpex Kosutekiuii. OCHOBHBIME 3a/iadaMy, KOTOPbIE CTABUJINCH B JIAHHOM pabore, siB-
JISTFOTCsI CPaBHEHUE PAa3JINYHBIX IIOJIX0/0B K IIPEJICTABIEHUIO0 TEKCTa B paMKaX BEKTOPHON MOJIEJIH,
IIpUMEHEHNEe HECKOJbKAX METOJO0B MAIMHHOIO ODYUYeHHUsl, PA3JINYHOE COYETAHUE CTATUCTUIECKUX
U JIMHTBUCTUYIECKUX TPU3HAKOB, & TAKXKE aHAJN3 MMOJIyIeHHBIX Pe3y/IbTaToB. [IjIs mocTpoeHns MOo-
JleJT TOHOBO# KjaccuduKaryy ObLT BRIABJIEH CJIeAYONUi HAO0P CTATUCTUIECKUX U JTMHIBUCTHAIE-
CKUX IPU3HAKOB: IOCTPOEHIE BEKTOPOB CJIOB, y4ueT N-IpaMMOB, y4eT SMOTHKOHOB, HOJCYET BOC-
KJINIIATEIbHBIX U BOIIPOCUTEJBHBIX 3HAKOB, YUeT JacTeil pevun, 3aMeHa JOJIFOr0 ITOBTOPEHUS IIac-
HOT'O Ha OJIHY IVIACHYIO, YYeT OTPUIAHUIl, yJeT JJIUHBI OT3bIBOB. B paboTe ObLIM UCIIOJIb30BAHBI
CJIJYTOIIE METObI MAITUHHOIO OOyJYEeHUs: MAINHA OMOPHBIX BEKTOPOB, JIOTUCTUYIECKAS PErpec-
cusl ¥ HAWBHBINA OaitecoBCcKuil KiraccudukaTop. BuraucimresbHbIE SKCIEPUMEHTHI ITPOBOIUIINCH C
Pa3JIMYHBIMYE BapUAHTAMU BEKTODHOI MOmesn CJIOB, N-IpAMMOB U IIPU3HAKOB ONHUCAHUS TEKCTA.
PesymbraTh! 9KCIIepIMEHTOB MTO3BOJISIIOT CIE/IaTh PEKOMEH IAINN 10 BBIOOPY Hambosiee 3hdeKTrB-
HBIX [IPU3HAKOB JjIsl TOHOBOI KJIACCU(DUKAIIIH.

KurouyeBbie ciioBa: TOHOBas KjacCupUKaIWs, MAIIMHHOE 00y YeHne, MAIITNHA OIIOPHBIX BEKTOPOB,
JIOTUCTUYIECKAS PErpeccrsi, HANBHbBIM OAHeCOBCKUN KIaCCUPUKATOP.

1 Introduction

Analyzing the behavior of people around the world, we can discover the vast influence the
opinions of those around them for their views and their choice. People are very often guided
by the people opinion before they make a decision. The opinions, the tone of the statements
is important not only for individuals but also for commercial organizations, political parties
and other organizations.

The problem of text classification by the tone has become relevant quite recently from
2007. Dozens of articles on the subject have been recently published, detailed overviews can
be found in [1, 2]. The heightened interest in this range of problems facilitates by the presence
of a vast array of Internet sites, social networks, blogs, forums where people express their
opinions.

This paper investigates a method of automatic classification of tone using the machine
learning techniques (sentiment analysis) [3, 4]. By tone is meant (user review) author’s
subjective evaluation relative to some object [5]. In this paper we solve the problem of the
analysis of comments on the publication on the Internet based on machine learning methods
into three classes, denoting positive, neutral and negative evaluations. All experiments were
performed on three collections of movies, books, games from the site imhonet.ru where every
comment has a ten-point scale.

2 Problem description

There are 3 approaches to determine the text tone automatically [6,7]: approach based on
dictionaries of tonal vocabulary on the basis of the machine learning method, hybrid approach
and a combination of both approaches.
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Table 1 — Characteristics of collections

Collection name | Source | Number of reviews
Books Imhonet 39,120
Movies Imhonet 43,200
Games Imhonet 17,629

Films Books Games

|
-y ( [ H 1 et e : H } :

Figure 1 — The numerical distribution of authors assessments for the three collections logical inference

We use the second approach, a machine learning method in this work. The main objectives
that we set in this work is the comparison of different approaches to the text view within
the frame of the vector model, several machine learning methods, and various combination of
statistical and linguistic features. We chose the method of support vector machines (Support
vector machine, SVM), naive Bayesian classifier and logistic regression analysis [8, 9] for
testing.

We collected 3 text collections from the site www.imhonet.ru for our experiments.
Collection of movies, books and games, where each review was evaluated on a ten-point
scale. Collection about movies contains 43,200 reviews, collection about books contains 39,120
reviews and collection about games contains 17,629 reviews. Each review has the author’s
assessment from 0 to 10 points. Quantitative distribution of assessments of all collections is
shown in Fig. 1.

The figure 1 shows that website visitors leave more positive reviews than negative. For
3-class task we made the following distribution of estimates of 0-5 as negative, 6-8 as neutral
and 9-10 as positive review.

Accounting the review length and its structural features. Reviews about movies
can be long and short. If the review is long, it is often the author can touch upon various
aspects of the described object, which in turn can have different scores. This was the basis
for separate consideration of short and long reviews. The threshold on the review length was
chosen equal to 50 words.

We have received two collections main and small to account the length of the reviews, the
collection with length of messages to 50 words, we called a small collection.
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Table 2 — Characteristics of the training dataset

Collection Positive review | Neutral review | Negative review
Main collection Movies 28205 7921 6918
Small collection Movies 24267 6363 5565
Main collection Books 28879 4769 5490
Small collection Books 24139 3707 4294
Main collection Games 13595 2119 1914
Small collection Games 11758 1696 1568

3 Building feature description

We need to identify a set of statistical and linguistic features to build the model of tone
classification. List them below:

Building word vectors. We used the TF-IDF vectorizer in our work. Compared to simple
word count (CountVectorizer), TF-IDF showed the best results.

Accounting N-gramm. Unigrams, bigrams and trigrams.

Accounting smiles (emoticon). Set of symbols depicting positive or negative emotions.
For example: emoticons ":-) or =) or :) "show a smile, joy, ":-( or =( or :("indicate
sadness, sorrow.

Accounting exclamation and question marks. Based on the assumption that sentences
expressing emotions contain a large number of exclamation and positive marks.

Accounting parts of speech (noun, verb, adverb and adjective). Emotional speech is
mostly expressed with adjectives, verbs and adverbs and rarely nouns.

Replacing the long repetition of vowel to one vowel. "Wooonderful".

Accounting negations (not, no). Words with the prefix "not"change the next word to
the opposite meaning.

Accounting the review length. The reviews with large number of words contain a
large number of positive, negative and neutral words that complicate the task of tone
classification.

The experiments were conducted of each feature to take account of their impact on
classification accuracy.

4 Experiments

In the experiment we used three classification methods: SVM - support vector machine, Log
- logistic regression, NB - naive Bayes classifier. We used cross validation to 5 parts for all
experiments. There are task lists in which we alternately conducted experiments on three
collections of movies, books and games above.
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Table 3 — The accuracy for different collections of TF-IDF against CountVectorizer

SVM | Log | NB
TEF-ID Main collection | 73.6 | 72.1 | 71.2
Movies bigrams 2-gramm
CountVectorizer Main | 71.2 | 72.8 | 70.0
collection Books bigrams
2-gramm

Table 4 — The accuracy on different collections with regard to long and short reviews

SVM | Log NB
Main collection Movies 73.6 72.1 71.2
Small collection Movies 74.5 73.0 72.5
Main collection Books 80.2 78.1 78.1
Small collection Books 80.5 79.0 78.7
Main collection Games 78.5 77.3 77.1
Small collection Games 80.5 79.6 78.7

Building word vectors. We will test two vectorizers TF-IDF and CountVectorizer,
building word vectors with a counting words.

According to the test results TF-ID 73.6 showed the best result compared to the
CountVectorizer 72.8 at 0.8

Accounting review length. Reviews about movies can be long and short. If the review
is long, it is often the author can touch upon various aspects of the described object, which
in turn can have different scores. This was the basis for separate consideration of short and
long reviews. The threshold on the review length was chosen equal to 60 words, which we
called the main and small collections.

From table 4 we can conclude that the truncated reviews of small collection in contrast
to the main collection gain accuracy 0.3 - 2The highest increase of accuracy up to 2

Table 5 — Classification results on unigrams, bigrams and trigrams

SVM F1l-macro | Log Fl1-macro | NB Fl-macro
Main collection Movies unigrams 69.4 67.8 64.9
Main collection Books unigrams 75.8 73.1 71.3
Main collection Games unigrams 74.0 70.9 70.7
Main collection Movies bigrams 71.3 68.5 67.8
Main collection Books bigrams 77.0 73.7 73.8
Main collection Games bigrams 74.0 71.1 71.7
Mail collection Movies trigrams 71.6 68.5 68.0
Mail collection Books trigrams 77.0 73.7 74.2
Mail collection Games trigrams 74.1 714 72.0
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Table 6 — Examples of emoticons and their descriptions

Notation Emotion or state
:-) or =) or :) smile, joy

hline :-( or =( or :( sadness, sorrow
hline :-D or :D laughter

hline :-C or :C strong chagrin

Table 7 — Classification results taking into account emoticons on bigrams

SVM F1l-macro | Log Fl-macro | NB Fl-macro
Main collection Movies 71.4 68.5 67.8
Main collection Books 77.0 73.8 73.8
Main collection Games 74.1 71.2 71.8

Accounting N-grams. To answer the question what N-grams affect the classification
accuracy. We have conducted experiments on unigrams, bigrams and trigrams.

Having analyzed results of Table 5 it is possible to draw a conclusion that bigrams and
trigrams have better result on F1 measure than unigrams. The advantage of trigrams to
bigrams is slightly 0-0.3% in all three collections. It can be concluded that is better to use
bigrams for classification considering the accuracy and speed of obtaining results. In further
experiments we will use bigrams and also compare all experiment results with Table 4.

Accounting smiles. Emoticons are widely used in popular culture, the word "smile"itself
is also often used as a generic term for any emoticon (image of emotion not by graphics,
but with punctuation marks) [Wikipedial. Emoticons are quite often used in responses to
expression their attitude (emotion) towards a subject of discussion.

For account of emoticons in collections we will replace positive emoticon to the word
"excellent negative emoticon to the word "bad"in responses. We have conducted experiments
taking into account replacement of emoticons.

Subsequent to the results of Table 7 it can be concluded that accounting of emoticons
slightly increases the quality on average by 0.1%.

Accounting exclamation and question marks. Emotional speech is replete with
exclamation points, question marks, and dots and asterisks. We have carried out an
experiment for hypotheses about the impact of these signs on accuracy of classification.

According to the results of Table 8 classification quality has increased by 0.1-0.2%. Naive
Bayes shows even better results than method of logistic regression.

Accounting parts of speech. As it is known the emotional speech is transmitted

Table 8 — Classification results taking into account emoticons on bigrams

SVM F1-macro | Log Fl-macro | NB Fl-macro
Main collection Movies 71.4 68.6 68.6
Main collection Books 77.1 73.5 74.4
Main collection Games 74.2 71.0 72.1
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Table 9 — Classification results in consideration of parts of speech

SVM F1l-macro | Log Fl-macro | NB Fl-macro
Main collection Movies 71.4 68.7 67.7
Main collection Books 77.0 73.6 73.7
Main collection Games 74.1 71.1 72.0

Table 10 — Classification results in consideration of parts of speech

SVM F1l-macro | Log Fl-macro | NB Fl-macro
Main collection Movies 71.3 68.5 67.8
Main collection Books 77.0 73.7 73.7
Main collection Games 74.0 71.1 71.7

through four parts of speech: adjective, verb, adverb and rarely noun. We will make
calculation of above mentioned parts of speech in each response to perform an experiment
on influence of parts of speech on accuracy of classification.

According to the results of Table 9, we can conclude that addition of accounting features
of parts of speech significantly increases classification accuracy by 0.1%. On a book collection
method of basic vectors addition of accounting features of parts of speech haven’t influenced
an accuracy. From here it is possible to draw a conclusion that addition of accounting features
of parts of speech can be neglected.

Replacing the long repetition of vowel to one vowel. Sometimes emotions are
expressed by repeating long vowel "wooonderful "Aaaaa etc. in reviews. We have decided to
check how replacement of several vowels to one vowel in a word will influence classification
accuracy.

As a result of experiment in Table 10 we can conclude that substitution of several vowel
one does not affect the accuracy of the classification. This feature can be excluded from
consideration.

Accounting negation operator words "no, no, nothing". Negation words invert
meaning of emotional word following it to the opposite meaning. For example, "not
good"changes the meaning to "bad etc. To solve this problem, we decided to stick particles
"no "not"with followed by the operator the word "not good"to "notgood".

According to the results of Table 11 we have come to conclusion that the operators of
negation 1o, not, nothingﬁave improved accuracy of the classification Fl-least 0.1%. In the
collections of movies, books, support vector has shown improvement by 0.1%, and there has

Table 11 — Classification results in consideration of parts of speech

SVM F1l-macro | Log Fl-macro | NB Fl-macro
Main collection Movies 71.4 68.4 67.2
Main collection Books 77.1 73.6 74.1
Main collection Games 74.0 71.1 71.9
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Table 12 — Classification results on unigrams, bigrams and trigrams

SVM F1l-macro | Log Fl-macro | NB Fl-macro
Main collection Movies bigrams 1.7 68.5 68.4
Main collection Books bigrams 7.2 73.7 74.4
Main collection Games bigrams 74.1 71.4 72.6
Mail collection Movies trigrams 71.9 68.5 68.7
Mail collection Books trigrams 7.2 73.8 74.5
Mail collection Games trigrams 74.0 71.4 72.8

not been any improvement at the games.

Now we will make experiment if we include all above listed characteristics.

After inclusion of all characteristics, classification accuracy has improved by 0.1-0.4%.
Trigrams do not have much advantage over bigrams. In the collection of movies trigrams
result are better by 0.2% than bigrams results are, but in the collection of games results are

worse by 0.1% than bigrams.

5 Conclusion

After carrying out all the experiments in dealing with text automatic classification task of
tonality on 3 classes using machine learning techniques following conclusions can be made:

e TF-IDF words vectorizer shows better result in comparison with CountVectorizer.

The method of support vectors shows better results compared to the methods of logistic
regression and naive Bayes.

Bigrams and a trigrams show better results at F'1 measure than unigrams. Trigrams have
no big advantage before bigram on average by 0.1%. Thus trigrams can be neglected.

The experiments performed with each of the features listed above showed an
improvement in accuracy by 0.1% on average tonality classification. In the collections of
books and games not all features shown improvement in accuracy. And characteristics
such as substitution of long vowel repetition to one vowel can be neglected.

Experiments including all three features in collections showed an increase in the
accuracy of classification into 3 classes on average by 0.25%.

Small or truncated collection limited to 50 words in each response gives a gain of
classification quality to 2%.

We want to perform the following experiments using hybrid approach by means of machine
learning methods and tone dictionaries. This work is supported by the Science Committee of
RK, under grants grants 0115PK00552, 0115PK02741 and 0115PK00779.
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CpaBHenne 3(p@peKTUBHOCTH MapaJlJIeJIbHBIX peajn3anuii MeTo/ia NPOTOHKM:
napaJijieJilbHO-KOHBeliepHbIii MeTO/I, TapaJjijiejibHasd NPOroHKa

Uccnenyerca 3a/ada pelieHust Cepuit CUCTEM TPEXINATOHAJIBHBIX YPABHEHUNW METOIOM MPOTOHKH
JIJIsT IPUMEHEHUsI B TPEXMEPHBIX 3aJadaX, TaKUX KaK 3aJa9a TEeIJIONPOBOIHOCTHU, JJjis OOJIBITUX
pasmepos cerok (10003 u Gosiee). Ilpu pocre HPOU3BOAUTENHLHOCTH CYNEPKOMIILIOTEPOB HEOOXO-
JIMMO WCIIOJIb30BaHNE BBICOKOI(M(MEKTUBHBIX MaPAJLIEJbHBIX IPOrpaMM. PaccMarpuBaercss MeTo
IIPOTOHKU U3-32 TOTO YTO OH SIBJIAETCS HMPSIMBIM METO/OM, SKOHOMHUYHBIM U IIPOCTBIM B peajin3a-
MM B CJIy4ae IO0CJIeJ0BaTeJIbHON IPOrpaMMBbl, HO CJIOXKHO paclapaJsijieIMBaeMbIM H3-3a UHQOP-
MAaIMOHHBIX 3aBUCUMOCTEH MEKJIy OleparusaMu aaroputMa. JIaHHBIIT MeTO/ TaKKe ITPUMEHSIETCS
[IPU PEIEeHUN JBYMEPHBIX U TPEXMEPHBIX 334, 9TO IPUBOIUT K BO3HUKHOBEHUIO CEPUU IIPOTO-
HOK. V1 3bdDeKTUBHBIN AJTOPUTM PACIIAPAJIIEINBAHNIS IPOTOHKHU IO3BOJIUT PEIIaTh TAKMe 3a/1a9n
Ha CYIIEPKOMIIBIOTEPAX C XOPOIIEeil IIPOU3BOIUTEIHLHOCTHIO. B paboTe KPaTKO IIPEJICTAB/IEHBI 1B
aJrOpUTMa pacHapasIeIMBaAHUsS METOJIa MPOTOHKH, HA IIPUMEpPE PEIIeHHs OJHOMEPHOTO SJIIUII-
TUYIECKOT'O yPaBHEHUS C PA3JMIHBIMU Pa3MepaMu MOPIU ¢ ucrosb3oBanueMm crammapra MPI, a
TaK>Ke IIPOU3BEJIEHO CpaBHEHNE nX 3(MMOEKTUBHOCTA IPYU UCIOJIb30BAHIHN CEPUH TPOroHOK. [IpuBo-
JIATCs PE3YIbTATHI YUCIEHHBIX SKCIIEPUMEHTOB 110 UCCJIEIOBAHIIO ONTHMAJIBHOIO pa3Mepa MOPIHii,
JIeJIAIOTCS BBIBOJ, O IIPUMEHUMOCTH HCCJIEyEMbBIX aJIOPUTMOB JJIs OOJBINNX TPEXMEPHBIX 33129
Ha, CYIIEPKOMITHIOTEPAX, COJIEPKAINMNX JECATKH THICAY BBIUUCIUTEIbHBIX y3JI0B U OoJee.
Kuarouesbie cioBa: MPI, mapannenbaast mporpamma, MeTo, flHeHKO, Tapaslie/IbHO-KOHBEHEePHBIH
MeTOI,

Akhmed-Zaki D.Zh., Lebedev D.V., Perepelkin V.A.
Efficiency comparison of parallel implementations
Thomas algorithm: pipelined Thomas algorithm, parallel Thomas algorithm

Study the problem of solutions a series of tridiagonal systems of equations Thomas algorithm for
use in three-dimensional problems such as heat conduction problem for large mesh sizes (10003
and more). At Supercomputing performance growth requires the use of highly efficient parallel
programs. The Thomas algorithm examine of because of that that he is a direct method, economical
and easy to implement in the case of a sequential program, but it’s hard to parallelize because
of information dependencies between the operations of the algorithm. This method is also used
for solving the three-dimensional and two-dimensional problems, which gives rise to a series of
Thomas algorithm. And an efficient algorithm parallelization Thomas algorithm will allow to
solve such problems on supercomputers with a good performance. The paper summarizes the two
algorithm parallelization Thomas algorithm, the example of the one-dimensional solutions of an
elliptic equation with different sizes of servings, using MPI standard, as well as a comparison of
their efficiency by using a series Thomas algorithm. The results of numerical experiments to study
the optimum size of servings, to draw conclusions about the applicability of the studied algorithms
for large three-dimensional problems on supercomputers containing tens of thousands of compute
nodes and more.

Key words: MPI, Parallel program, Janenko method, Pipelined Thomas algorithm.
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Kyamnay saiciHiH mapaJijieb/i »KYMBICHIHBIH,
THIMIIJATIH cajJbICTapy: MMapaJijiesiblai-KOHBelepJiiK 9/ic, mapajienabal Kyajaay

YkeH enmeMi TopJiap YIIiH (10003 JKOHE OJIaH JIa KOIl) KbLIy OTKIIIIITIK TeHJeyl CHIKTHI
ecenTepre YIuaroHasIi TeHJIeyIep KyHeciH IIeneTin KyaJjaay 9JIiCiH MailJaJJaHbIIl YIII ©JIIeMIi
ecenTepi Merry KapacTelpbuiaabl. CynepKOMIbIOTEPJIEP/IiH OHIMILIIN apTTKAH CAWbIH, XKOFAPFBI
oHIM/II TapaJsIenbl bargapaaManap naigasansLTysl Tric. Kyasmay omicin TizbekTelt Ky3ere achl-
Py Tikeseit, TuiMIi 2KOHE KaparaibiM 9/1ic OOJFaHIBIKTAH Tai a/IaHbLIa b, OipaK, aJropuTMHIH
omepaIusIapbl APaChIHIA MOJIIMETTEP/IIH TOYEJIITHEH MapasIenbley KUBIH. ¥ CHIHBLIBIIT OTbI-
PFaH 9JIic eKi eJImeM/Ii >KoHe VI OJIIeM/Ii ecernTepre Jie TaiilalanbliaIbl XKoHe MYHJIal Karaiaa
GipHerre KyaJsay cepusichl maiima Oosagel. Kyasmay omicin TuiMal mapaiesbiey ajJrOpuTMi ecer-
Tep/i CYNMEepKOMITBIOTEPJIEPIEe »KAKChl OHIMIIIIKIIEH IIbIFapyra MyMKIiHIIK Oepemi. Makasaga 6ip
OJIITIEM/Ti JITANITUKAJIBIK, TeHaey Mbicaabiiaga MPI crammaprrapbin maifijaganbin KyadayablH eKi
rnapaJuiesibjiey 9Jici KOpCeTIJINeH, COHbIMEH Karap OipHele KyaJay KesiHjeri TUiMIliiKTep/ ca-
JIBICTBIPY 2Ky3ere acbipbliraH. CaHBIK 9KCIEPUMEHTTEDIH HOTUXKeJIepl KOPCETLITeH, 3ePTTeIi
OTBIPFaH AJITOPUTMHIH, YIII ©JIIIEM/Ti, OH, MBIHJIAFbIH €CENTEy TOPJIaPbIHJIA YIKEH eCenTepi cyIep-
KOMITBIOTEPJIEP/Ie TMaiiIaJaHbLIy bl XKalaIbl KOPBITHIHIBI YKACAIFAH.

Tyiiin ce3aep: MPI, mapanennbai 6armapiama, fduenko oici, mapaJsienbIi-KOHBeepIik oJIic.

BBenenne

B nacrosiiee BpeMsi Bce 60JIbIIe pacTeT MTPOU3BOIUTETBHOCTD CYIIEPKOMIIBIOTEPOB U CTa-
HOBUTCSI aKTYAJIbHBIM UCIIO/IH30BAHNE BHICOKOI(MDMEKTUBHBIX HApaJIeIbHbIX Tporpamm. Jls
perieHnsT PA3HOCTHBIX JUIHIITUICCKUX YPABHEHU, BOSHUKAIOIINX TPU AIIPOKCUMAIH JI-
JIMIITHYECKUX YPaBHEHUT BTOPOTrO MOPSIJIKA, 9aCTO MCIIOJIB3YIOT METO/[ IIPOrOHKH| 1|, KoTophiit
SIBJITETCS] TPSAMBIM METOJIOM, SKOHOMUYHBIM W IPOCTBIM B pPeaJM3alliil B CJIydae IOCIe0-
BaTEJbHON MPOrPaMMBbI, HO CJIO?KHO paclapaJlIeIMBAeTCsd U3-3a WHMOPMAIMOHHBIX 3aBUCH-
MOCTell MeXKJTy oleparusamMu ajropurMa. JJaHHbIil MeTO/ TaK»Ke TPUMEHSIETCS [IPU PEIIeHIH
JIBYMEPHBIX U TPEXMEPHBIX 3324, 9YTO MPUBOJUT K BOSHUKHOBEHUIO CepUU MPOroHoK. 1 -
EeKTUBHBII aJTOPUTM paclapasiieIMBaHus MPOrOHKN MO3BOJIUT PEIaTh TAKWe 3aJa9 Ha
CYTIEPKOMITBIOTEPAX C XOPOIIei MPOU3BOINTEIHHOCTHIO. CyIecTByeT MHOYKECTBO CTaTell, -
CBIBAIOIINX BAPUAHTHI pacrapaJsiiemBaiusg nporonkn. Cpein HUX MOXKHO BBIJICIUTD CJICIY-
orue: B (2| u [3] npesyioxkenbl permaresin, HCHOIb3YIONIe COYeTAHNe TTaPAJIIeIbHON KK~
geckoii peaykiuu (PCR) [4] u npaBoii nporouku [4] ¢ MexaHusMaMu NPUHATHST PEITEHUH J1IsT
nepeksoderns ¢ PCR #a mMeTon nmpaBoit mporoHKu, 9To0bI COAIAHCUPOBATD MAPAJIICTU3M U
BBIUUCIUTE/BHYIO CI02KHOCTE. NVIDIA BhIycTHIA TpEXIMArOHAIBHBIN PEIIATE b, UCIOIh-
3y4 coderanne nukandeckoii peayknun (CR) [2] n anropurma PCR B 6ubmmoreke CUSPARSE
[5]. B [6-8| mpesyioxkenbl TpexuaroHaibHble permaresn Jjisi IpaduaecKux yeKopuTeseii, uc-
nosibsytonux CR, a B [9] — pemaress na ocnose PCR. B [10] BBesieHo coyeranue ajropurmMon
PCR u npasoii nporouku. B [11] npe/yroxken rubpuiHblii MeTO, BKIIOYAOMHUI B cebs METO/
npasoit nporoukn, CR, PCR u meron pekypcussoro yiasoenus (RD) [12]. B [13] npemioxen
BBIYHCIUTEILHO YCTORIMBBIN MacirabupyeMblil peraresis Ha ocHoBe anropurma SPIKE [14,
15]. Takxe uzBecren meron, npeoxkenusiit H.H.fuenko [16]. DToT MeTon mosBossieT pe-
JIYIIUPOBATDH UCXOJIHYIO CUCTEMY C OOJIBIIIMM YUCJIOM HEU3BECTHBIX K CUCTEME C UUCJIOM HEU3-
BECTHBIX, PABHBIM YHUCJIY IMIPOIECCOPOB. PeynupoBaHHas CHCTEMa, COCTOSIIAas U3 TPaHUI-
HO TIPOIECCOPHBIX TOYEK, PEIaeTCsl METOJIOM MPOTOHKH. UTOOBI pacriapasijie/inTh PereHus
9TOI CHCTEMBI, MOXKHO TPUMEHUTH TaK/e METOJIbl, KaK MEeTOJ BCTPEYHON MTPOTOHKHN W MEeTOJ
napaJsiielbHO MUKJINYecKoil peaykinu. Takzke M3BeCTeH NapaJsiiebHO-KOHBEHepHbI MeTO
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[17, 18], nperasHatdeHHblil /71 perenns MHOKecTBa Tpexaunaronaababix CJIAY, BosHuKar0-
IUX TIPU PEIIEeHNN JIByMEPHBIX U TPEXMEPHBIX 3aJiad. Bolm pean3oBanbl MeTO, AHEHKO U
napaJiieTbHO-KOHBEHepHBI MeTO/T ¢ TOUKN 3PEHNs UX IPUMEHUMOCTH JJI PEIeHIs TPeXMep-
HOT'O ypaBHEHUS TEeILJIONPOBOJIHOCTU. JlaHO onmcanue 3THX METO/OB, a TaKKe MPOU3BEIEHO
cpasHenre ux 3OEKTUBHOCTH IPU UCIOJIb30BAHII CEPUU ITPOTOHOK

1 ITocTaHoBKa 3aga4mu

s cpaBuenus 3pHEKTUBHOCTH pacCMaTPUBAEMBIX METO/IOB OyJIeM pelraTh OJITHOMEPHYIO
MOJIEJIBHYIO 3aja4y. B KadecTBe Takoil 3aj1adm Bo3bMeM ypaBHenne [lyaccoHa B € IMHUIHOM
OTpe3Ke ¢ HaYaJbHBIMU yCJIOBUSIMHU THia upuxie.

%:—f(x,y),0<x<1 (1)
w(0) = 0,u(l) =1 (2)

[IpaBasi wacth f BbIOMpasach U3 ycsioBusi, 9To OGbI TOUYHBIM pertenneM 3ajadn (1)-(2) Gbura
bynkuus u = z°. Byjem pemarth onucaninoe ypaBHeHHE METOJOM MPOronku [1].

2 AaroputMm perieHus
2.1 ITapansieIbHO-KOHBEE€PHBII METO/

OcHoBHas njes mapasuieIbHO-KOHBeiiepHOro MeTo/a 18] B TOM, 9T0 MpoIieccop, BHIIOIHIB
NPAMOI 1Tl 0OPATHBIN XOJ POTOHKH 10 YacTH TOYEK, epeIaeT BRIYUCICHHbIE 3HAYCHUS Ha,
rpaHuile oTpe3ka (Ipu MPSMOM XOJie - MPAaBYI0 MPAHUILY TP 0OPATHOM - JIEBYIO) COCEIHEMY
IIPOIIECCOPY, ITOOBI TOT MOT ITPOJIOJIZKUTH MTPOTOHKY, & caM B 9TO BpeMs HaduHaeT obpaba-
TBHIBATH CJIEAYIONLYIO MOPIUIO TOYeK. EC/IM MCKIII0YNTL BpeMsl pa3roHa W TOPMOXKEHUsST KOH-
Beiiepa, TO BCe OCTaJbHOE BpeMs B cUeTe 3a/IeiCTBOBaHbI BCe MPOIeccophl. IlosgcHuM Bbitre-
CKa3aHHOEe C ITOMOINBI0 pucyHka 1. Ha prucyHke KoHBeliep cOCTOUT U3 3 IPOIECCOPOB, CTPOKHI
Ha PHCYHKe (CBEpPXY BHU3) COOTBETCTBYIOT KOJIMYECTBY TAKTOB, CTPEJIKU BIPABO — IIPOTSTH-
BaHUIO HpHMOFO XO01a HpOFOHKI/I B OJHOM HaHpaBHeHI/H/I, a BJIEBO — B ﬂpyr‘OM. CBeT.HO—CepBIM
IBETOM OTMEYEHBI ITPOIECCOPBI, TPOTAHYBINE TPOTOHKY B OJHOM HaIlPABJIEHNH, TEMHBIM — B
0601X.

2.1 Metoa AuxeHko

B omyndume ot napaJiiesibHO-KOHBelepHOro Metojia Meros, SIHenko [16] MoKHO puMeHUTDH
He TOJIbKO JJIfl PEIleHUsl MHOXKECTBa CUCTEM TPEXTOYECYHBIX YPaBHEHUN, HO U JJIs PEIICHUST
OJIHOII cucTeMbl. PaccMoTpuM cucremy JIMHENHBIX YpaBHEHUI ¢ TPeX JIMaroHaabHOl MaTpHIleit
CJICZIYIOIIEro BUA:

aYi—1+biyitcyivr = di by #0,i=1,2,..., N—1,byyo+coy1 = do, anyn—1+bnyn = dn (3)

Jlst IpoCTOTHI MyCTh HAa KaXKJIOM IIPOIECccope OyIeT OJMHAKOBOE KOJIMYECTBO TOYEK 1M =
K/M, tne K — aucio nHensBectHbIX (B HameM ciaydae K = N + 1), M — qucsio mporeccopos,
uHjieKcarus oyaer riobasbHas. Takum oOpa3oMm, Ha OTJEJIBHOM IIPOIECCOPE C HOMEPOM j
OyJleT HAXOJIUThCs JIMIbL 9acTh ypaBHeHUiT cucreMbl (3) ¢ Homepamu ot (7 — 1) -m + 1 10
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Pucynok 1 —Cxema napaJjsiebHOTO KOHBEHEPHOTO aJlfOPUTMA

J -m, rae j — HoMep mporeccopa. Obo3HaIUM Y., depe3 zj, j = 0,..,M n Oynem HcKaTb
pertieHnst cucreMsl (3) B BUJE.

YGi—1)ym+i = Zj—1U; + ZjU; —le,Z = 1, N 1,] = 1, .. .,M (4)

TJIe U, U, W - PENIeHns CJEJYIONNX CUCTEM YPaBHEHUI:

aiti—1 + biu; + ¢ty =0
UGj—1)-m = 1,Uj.m =0

a;V;—1 + bﬂ)z‘ + CiViy1 = 0 (5>
U(j—1)-m = O, Uj.m = 1

aiw;— + bjw; + w1 = d;
w(j_l).m = O, Wj.m = 0

Permmenus 3Tux Tpex cucteM MOXKHO HAWTU METOJOM MPOTOHKH, IPUYEM HEe3aBUCUMO Ha KaK-
JIOM TIporieccope. ByieM Ha3bIBaTh UX MPEIPENIeHus MU, & STOT dTall PEIIeHUs 3a/1a491l — ITa-
IIOM HAXOXKJIeHU Ipepelienuil. B ypaBuenus ¢ HoMepamu j*m u3 CUCTEMBI (3) © GjmYj.m—1+
bimYjm + CimYjm+1 = djum, j = 0,..., M, ucronssys dbopmyiy (4) mosrydaem CHCTEMY TpPex-
TOYEYHBIX yPaBHEHUIl OTHOCUTEILHO Zj, UMEIOILYIO CJICJIYFOIUil BUJL;:

Ajzj1+Bjzj+Cizjpa=Djj=1,..., M -1
Bozy + Cozy = Do, Ayzai—1 + By = Dy, Bo = by + cour, Co = covr, Dy = dy + cow;
Aj = ajmUjm—1, Bj = bjum + @jmVjum—1 + CimUjm+1, Cj = CimUjm1 (6)
Dj = 0j.m — Aj.mWjm—1 — cj.mwj.m+1,j == 1, oo ,N —1
Ap = avrmUnim—1, Bu = barom + aavrmVarm—1, Dy = darm — GvrmWarm—1
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HazoseMm 3TOT 3Tam — sranom HaxOXKJI€HUs I'PAHUYIHO-TIPOIIECCOPHBIX perrennii. PazmepHocTn
9TO CHUCTEMbI yPaBHEHUI paBHA KOJUYECTBY ITPOIECCOPOB, YTO CYIIECTBEHHO MEHbBIIE KOJIU-
JecTBa TO4YEK 3aja4du. Ha mocrie/ineM starie BOCCTAHABIMBAEM OKOHYATEIbLHOE PEIICHHE 110
dopmyme (4). Urax, meros SIHEHKO COMEPKUT TPH STAIIA:

1. Haxox/ieHne npeJipenieHnii,

2. HAXOXKIEHUs I'PAHUIHO-IIPOIECCOPHBIX PEIeHNI,

3. BOCCTAHOBJIEHHUE PEIIeHNs.

[lepBblit 1 TpeTwii 3TAIlbl BHIIOJHSAIOTCA HE3aBUCUMO HA KayKJOM yCTpoiicTBe (yHUBED-
caJIbHOM IPOIECCOope, YCKOPHUTENe WK COMpoIeccope). A BTOpoit sram TpebGyeT KOMMYHUKA-
nmit Mexk 1y MPI nporieccamu.

3 IIpuMeHUMOCTh AJITOPUTMOB

PaccMoTpuM IIpUMEHMMOCTH paccMaTpUBAEMbIX HapaslIe/IbHbIX aJrOPUTMOB JIJIsl Pellle-
HUsI TPEXMEPHBIX 3aJ1a4, TJe MOYKHO HCII0JIb30BATh METO/[ cTabmIn3upyoriei monpasku|19],
YTO IPUBOJIUT K BOZHUKHOBEHHUIO CEPUH IIPOTOHOK, TJIe KayKas U3 IMPOrOHOK PElIaeT 3a1ady
SKBUBAJIEHTHYO 3ajade (1) ¢ Touku 3peHus mapaJuieibHoli peasmsanuu. Ceprsi MPOrOHOK
HOJIYYAeTCA TPH JIEKOMITO3UIMHA UCXO/IHON TPEXMEpPHOH 06JIACTH 10 KayKJIOMY H3MEpPEHHIO,
KakK Ioka3aHo Ha pucynke 2. [lyst onenku 3h(HEeKTUBHOCTH PACCMATPUBAEMBIX MAPAJLIETh-
HBIX aJI'OPUTMOB, JOCTATOYHO PACCMATPUBATHL TOJILKO OJUH IIAr METO/a CTabUIN3UPYIOIe
HOIPABKYU U 9aCTh TPEXMEPHOI 00/1aCTH, COCTOSIIEH U3 BCEX TOUYEK 10 OCH X U YaCTH TOYEK 110
OCTAJILHBIM OCAM, Ha PUCYHKe 2 TaKad 00JIacTh BBIIEJICHA TEMHBIM I[BETOM. TaKoil BbIIE/ICH-
HBII (DparMeHT MOXKeT CUYMTAThCs HE3aBUCUMO M KOMMYHUKAIMNA OYIyT TOJBKO BHYTDPH 9TOM
IPYIIIBI TPOIEccopoB. IIpu BeIOOpE 3TUX YCIOBUIT 1 BO3HUKAET CepUsi IIPOTOHOK, B KOTOPOIA
KOJIMYECTBO IIPOTOHOK OIPEJIESIAETCsl KaK IIPOU3BE/IeHIe KOJIMYeCTBA TOYEK 110 U3MEPEHUIO Y
Ha KOJMYECTBO TOYEK 110 U3MEpeHuIo z. Jljisi KoHBeliepHO-apaJlIe IbHOrO aJrOpUTMa KOJIU-
YEeCTBO TAKTOB M KOJIMYECTBO MOPLUI ONpEeIe/uM KaK [IPOU3BeIeHIe, PABHOE TPOU3BEICHIIO
KOJIMYECTBA TOYEK 110 OCH y U KOJMIECTBA TOYEK 110 ocu z. COOTBETCTBEHHO, MBI JIOJIZKHBI
Oy/IeM Tak TOJ0MpPaTh COOTHOIIEHNE KOJMYECTBA MOPIH M KOJUYeCTBa TAKTOB, 9TO ObI UX
[IPOM3BEJIEHNE BCerjia ObLIO PABHO pasMepy BbIJIEJIEHHON 3eJIEHHBIM TPeXMEpPHO 00J1acTH.
st Merojia SIHEHKO 110J1 KOJIMYECTBOM MOpIUil Oy/ieM MOHUMATH CKOJIBKO pa3, PEeInaioTcs
ypasaenus (4)-(6), a M0/l KOJMIECTBOM TAKTOB — CKOJIBKO Pa3 Oy/IeT BBIIOIHITHCS STOT PO~
1ecc.

4 TectupoBaHue

Broum peanuzoBanbl TpU CJeyIONUE MPOrPAMMbL: OJIHA TI0CJI€/IOBaTE/IbHAA U JIBE ITapaJi-
JIeJIbHBIC, Pea/In3yIoNie KOHBelepHblilt MeTo 1 u MeTos, fnenko. [lapasuie/biubie TporpaMMbl
peann3oBaHbl ¢ ucnoab3opanueM crapgapra MPI. TecrupoBanne mpoBOAMIOCH [AJIsi pa3/ind-
HOT'O KOJIMYECTBA TOYEK 110 TPOCTPAHCTBEHHON KOOP/IMHATE U PA3JIMIHOTIO KOJIUIECTBA CEPUil.
Bce mporpammbr 3amyckasmch Ha Kiacrepe CCKI[ CO PAH. [Iyist aucToThl TecTUpOBaHUS
napaJiie/IbHble TTPOTPAMMBI 3aIlyCKaJIUCh 110 OJIHOMY TIporieccy Ha y3eJ. [esibio TectupoBanus
Ob110 cpaBHenue 3HPEKTUBHOCTH aPAJLIEIBHBIX aJI'OPUTMOB U OIIPEICICHUS OIITUMAJIHLHOTO
COOTHOIIIEHNST KOJTMIECTBA MOPINI U KOJTNIECTBA TAKTOB U3 COOOPaXKEeHUil JaJIbHeHIIero ne-
[0JIL30BAHUS OJTHOIO U3 MAPAJIIETbLHBIX aJITOPUTMOB JIJIsI PEIeHUs TPEXMEPHBIX 3a/1a4 (hHUIh-
tparuu [20]. I3 arux ke coobpazkenuii 6b111 BEIOpaHBI cjieyomue napamerpbl. Kosmaectso
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Pucyunok 2 —JlekoMosuiiusi TpeXMEPHOU 0DJIACTH.

TOYEK I10 TPOCTPAHCTBEHHOI KoopannaTe Opasioch pasabiM 1000, 2000 win 3000. KosmmaectBo
MOPIMIT U KOJIMYECTBO TAKTOB KOHBellepa M3MEHSJIOCh TaK, YTOObI MX IPOU3BeJeHrEe ObLIO
pasubiM 10000. Kosmgectso mporieccos 6pasioch paBubiM 10, 20 wan 30. D1Tu napaMerpbr co-
OTBETCTBYIOT TpexmepHoit obsactu pazmepon 1000 x 1000 x 1000, 2000 x 2000 x 2000 wim
3000 x 3000 x 3000 cooTBeTCTBEHHO, U KosmdecTBy nporeccos 1000, 8000 mmu 27000 (103, 203
u 30 coorBercTBeHHO). Pe3y/ibTaThl TecTUpOBaHus JIJIst KOJIMUeCTBa MPOIEeccoB, pasHoro 10
IpUBeJIeHbl Ha pucyHKe 3. 3 pucynka 3 BUIHO, 9TO BpeMs pacuera MeTOJIOM fHEHKO s
Pa3/IMIHOTO KOJIMYECTBa ITOPINN BCET/Ia MEHbINEe YeM BPeMs BBIIOJHEHHS I0CJIeI0BaATe b
HOH TpOrpaMMbl B OTJIMYUHM OT KOHBEHEPHOI'O0 METOJd, KOTOPBIN BBLIOJHIETCS MeJjIeHHee
JIJIs pa3Mepa mopiuil paBHoii Beeit mo001actu. Takoe moBejenne 00bICHIETCS TeM, ITO IIPU
TaKUX MapamMeTpax KOHBEHePHBI MeTOJ IPeJICTaBIbgeT COOOM, O CYyTH, IMOCIEI0BATETHHYIO
MPOTOHKY, HO TP 9TOM JI00aBJIIeTCd BpeMs Ha KOMMYHUKAIUU MexK Ty mporeccamu. Ho, 3a
UCKJTIIOUEHNEM TTOCJIE/THAX TPeX HabOPOB, KOHBEHEePHBIIT MeTOJI BCET 1 BBIMOTHAETCS ObICTpee,
qeM MeToj flHeHKo. A mpu pasmMepe Yucsia MOpIil paBHBIM KOJUYECTBY TAKTOB U PaBHO-
My 100 sdbdekTuBHOCTE KOHBeltepHOro MeToja paBHa (.98, UTO dABJSIETCA OYEHDH XOPOIIUM
pPEe3yJIbTATOM, B OTJIMYUU OT MeTojia flHeHKo, 1yie Hanmbosbias 3h(PEeKTUBHOCTD JIOCTUTAET-
cst ipu Tex ke mapamerpax u pasra 0.62. Ha ciemyrormem rpaduke (Pucynok 4) mokasaxo
BpeMs pacuera JijIsd KOJudecTBa IporeccoB, paBuoro 20. 3 pucynka 4 BujaHO, 91O 0bIIEe
[OBEJIEHNE COXPAHSIETCH U IIPU IPAHUYHOM 3HAYEHUU, KOT/Ia KOJUYIECTBO TAaKTOB OOJIbIIE WJIH
paBHo 20 KoHBelepHbIl MeTO/I TPOUT'PLIBaeT MeTojly fAnenko. J[is Bcex ocTaabHBIX CIIydaeB
KOHBellepHbIit MeTo/1 Jiyurie. Ho npu yBemvueHnn KOJIMYIecTBa MPOIECCOB, YTO COOTBETCTBY-
eT YBEJMYEHUIO JIIMHBI KOHBeliepa, HAK/IaIHbIe PACXO/bl YBEJIMIUBAIOTCHA, U MaKCUMaJbHAas
3 dekTuBHOCTD /I KOHBeliepHOoro Merojia pasua (.71, HO mpu 3ToM U MeToj fHEHKO 110-
Ka3biBaeT MeHblyto sbdexrusnocts (0.42). Ha pucynke 5 HOKazaHO BpeMsl BLITIOJIHEHHUsI
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81

100

I KoHe. NMporodka nx=1000 np=10

I MeTog AHedko nx=1000 np=10 —OCNE40BATENRHEA NX=1000

53,43

1947 2024

19,88

10,63 1,18

862

10000x1 5000x2 2000x5 1000x10 500x20 200x50 125x80 100x100 80x125 50x200 20x500 10x1000 5x2000 2x5000 1x10000

Pucynok 3 —Bpewms pacuera (B ceK.) Juisl KOJIMIECTBA IIPOIECCOB paBHOTO 10.

I HoHe. MporoHdka nx=2000 np=20

N MeTog AHeHko nx=2000 np=20 — N OCAEA0BETENEHEA NX=2000

103,33

15,76
15'1?3,‘36 4,08

10,4
i 310,03'3 A

10000x1 5000x2 2000x5 1000x10 S500x20 200x50 125x80 100x100 80x125 50x200 20x500 10x1000 5x2000 2x5000 1x10000

Pucynok 4 —Bpewms pacuera (B ceK.) JuIsl KOJMIECTBA TIPOIECCOB paBHOTO 20.
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N HoHe. MporoHka nx=3000 np=30 W MeTog AveHko nx=3000 np=30 nocnegoearencHan nx=3000
153,67

84,99 81,83

71,93

13,42
12,36

11,62
10,4919 240,77 10,62 10,74 10,82
9,18

10000x1 5000x2 2000x5 1000x10 500x20 200x50 125x80 100x100 &80x125 50x200 20x500 10x1000 5x2000 2x5000 1x10000

PucyHok 5 — Bpewmst pacuera (B ceK.) JIsi KOJMYECTBa IpoIeccoB pasHoro 20.

[IpOrpaMMBbl JJIsd KOJIMYIecTBa mporeccoB, paBuoro 30. 3 pucynka 5 BuIHO, 9TO 00IIee I10-
BeJICHUE COXPAHSETCd U HPU I'PAHUIHOM 3HAYEHUU KOTJIA KOJUYIECTBO TAKTOB OOJIbIIE WU
paBHO 80 KOHBeiepHBIN MeTOJI TPOUrphiBacT MeToay fAnenko. J[is BceX ocTajbHBIX CITyda-
eB KOHBeltepHBbINT MeTos Jyiyurie. OIHAKO MPU yBEJINIEHNN KOJUIECTBA ITPOIECCOB MJIA UTO
TO K€ caMoe JIJTUHbI KOHBeilepa HaKJ/Ia IHble PacXOJibl YBEJIUINBAIOTCA U MaKCHUMaJbHas -
dexTuBHOCTD I KOHBelepHOoro Merosa paBua 0.74, Ho n Meroj; SIHEHKO IOKA3bIBAET eIre
MeHbIyio s dexrurocTh (0.37). CremoBaTesbHO, It PENeHIsT TPEXMEPHOI 3a/1adn CJIeTy-
eT UCII0JIb30BaTh MapaJliebHO-KOHBellepHbIil MeTo 1. TakxKe, /1711 60J1ee TOTHOI OIeHKN -
(dEeKTUBHOCTH JIJIsd MTapaJIIeIbHOIO KOHBEHEPHOro MeTO/a OBLIO ITPOBEJICHO JIOMOJTHUTEIHHOE
tecrupoBanne. CyTh ero 3akjI09aeTcss B TOM, UTO JJIg KOJMIECTBA TOYEK 10 OCH X PaBHOI'O
1000, 2000 u 3000 kosm4aecTBO MporeccoB bpastock paBHbIM 10, 20 u 30 /11 KaxXKI0r0 pasMepa.
Pezysibrarnl TecTupoBanus mpusejiensl Ha pucynke 6. Ha sTom pucynke rnmokazanbl 3Ha9eHUS
3 dHEKTUBHOCTH JJIsI PA3IUIHBIX MapaMeTpoB. BuiHo, 9To mpu yBe/JMYeHUN pasMepa 3a/1a-
qn 9 PEKTUBHOCTH CHUYKAETCA, HO BCE PABHO ocTaeTcd BbIcOKoil. K Tomy ke, ripu nx=2000
nanbosbinas 3hdOEKTUBHOCTL BCe PABHO ocTaeTcs npu pacdere na 10 mporeccax. OHAKO
npu nx=3000 mamay4drras 3pHEKTUBHOCTD JOCTUTACTCH YKe MPU KOJIMIECTBE IPOIECCOB,
paBaoM 20 mm 30. OTcroma MOXKHO CIAEJIaTh BBIBOJ, 9TO IPU yBEJIUIEHHH pa3Mepa 3aJadu
[IPOIOPITMOHAJILHOE YBEJIMYCHUE ITPOIECCOB He JaeT JIydiineil 3 (MeKTUBHOCTH, a ONITUMAJIbHOE
YCKOpPEHUE MOXKET JIOCTUTAThCS U Ha MEHBIIEM KOJUYeCTBe MporeccoB. MoOKHO ciesiaTh Bbl-
BOJI, UTO €CJIU He PAcCMaTPUBaTh IPaAaHUYHbIE 3HAUEHHUs, TTIapaJslie/IbHbIl KOHBEHEePHBIIT MEeTO,I
obJsiataeT Jrydrieit 9pHEeKTUBHOCTHIO U JIJIs PEIIeHUs] TPEXMEPHBIX 33/1a9 OOJIBIIOTO pa3Mepa
PEKOMEH/TyeTCS MCIIOJIL30BATh UMEHHO MEeTOJ KOHBeiepHOil Mporonku. MoyKHO MOJIepHU3H-
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W np=10 Hnp=10

mnp=20 W np=20

M np=30 M np=30

Pucynok 6 — 9ddeKkTuBHOCTD MapasiieIbHO-KOHBEHEPHOT0 METO/IA.

pPOBATH TOT METOJI, YTOOBI IIPU PACUETE OH aBTOMATUYECKU OMPEIC/I KOJMIECTBO MOPIUi
JII HauOOJIbIIeH MPOU3BOINTETLHOCTH.

3akJroyeHue

Briio npoBesieHo cpaBHUTEIbHOE UCCIe0BAHUE 3(PEPHEKTUBHOCTH U MaCIITaAOUPYyEeMOCTH
JIBYX Tapa/lIeJIbHBIX aJTOPUTMOB ITPONOHKU C TOYKHU 3PEHUsI UX IMPUMEHEHUS JJIsd PelleHust
TPEXMEPHOTO YPaBHEHUS TEIJIOMPOBOIHOCTU. Dblja BBIABIEHO, YTO JOCTUTAETCS BBICOKAs
crernenb 3pHEKTUBHOCTH I pa3MepoB 3a1ad pasdmepoM 10 30003 Touek u H6osee, 9To AeaaeT
pPacCMOTPEHHbIE AJITOPUTMBI IPUMEHUMBIMU Ha CYIIEPKOMIIBIOTEPAX, COJIEPKAIINX JICCATKI
TBICAY BBIUYUC/IUTEIbHBIX y3J0B U Oojice. Pabora BbIMoIHEHa MPHU TOJIEPXKKE TPAHTOBOIO
dpuHaHCHPOBaHUS HAYIHO-TEXHUIECKHUX IporpaMm u npoekToB Komurerom vayku MOH PK|
rpant Ne 5029 /T'®4
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Metoa onmopHBIX BEKTOPOB [JIsI pAaCO3HABAHUS >KECTOBOI pevu C
ncnoJsibdoBanuem ceHcopa KINECT

Jutst pacrioznaBaHus »KeCTOB UCIOJb30BAHbI PA3JIMIHBIE METOIbI, CPEJIU HUX: METOJ] OTIOPHBIX BEK-
TOPOB, CKPBIThIE MapPKOBCKHE MOJE/M, HEIETKAE MOJIEIN, MOJEIb UCKYCCTBEHHOTO HEMpPOHA, Me-
TOJ, PA3HOCTH M300parKeHus. 3a/a9r 10 PACIIO3HABAHUIO YKECTOBOW PEUYHU JIIOOOTO SI3BIKA XapaK-
TEPU3YIOTCsT MHOTMMH IIapaMeTPaMU, B IIEPBYIO OYePeb, 9TO XaPAKTEPUCTUKHN KaHAJA IepeIadn
2KECTOBOW Pedr, pa3Mep CJIOBapsl PaCIO3HABAHUs, BAPUATUBHOCTH KeCcTOB U T.7. Ilomumo cymre-
CTBYIONINX TEXHUKO-O9KOHOMHUYECKUX CJIOXKHOCTEH, HA PA3BUTHE KA3aXCKUX PEUEBBIX TEXHOJOTUH,
KOTODBbI€ BKJIIOYAIOT B cebsl M PACIIO3HABAHNE YKECTOBOI'O SI3bIKA, B IIEPBYIO OU€PEb, BIHUAIOT OCO-
GEHHOCTH KAa3aXCKOTO S3bIKA M PEYM, BHI3BIBAIOIINE CJIOXKHOCTU B MIPOIECCE ABTOMATHIECKOH 00pa-
OGOTKI: MHOKECTBO IIPABUJI CJIOBOOOPA30BAHUSA, HAJUINE CEMU I1a/Ie2Keil B 00pa30BaHUN CyIIeCTBU-
TeJbHBIX, BADUATUBHOCTH KA3aXCKOTO S3bIKA, M PEYM B BUJLY HAJUUNS HECKOJHKUX 00JAacCTell.
Pazpaborka 6a3bl JJAHHBIX JJIsI KA3aXCKOI'O 2KECTOBOI'0 fA3BIKA, COCTOMAIIEH M3 JAKTUIbHON a30yKu
42 KeCTOB, SBJISIETCS HAYAJIBHON CTYIIEHBIO IIPU CO3JAHUN CACTEMBI aBTOMATHIECKOTO PACIIO3HA~
BAaHUs OTIEIHHBIX 2KeCTOB pyK. [LJIs pacmo3naBanms 2KeCTOB UCIIOIb30BaH ceHcop Kinect, koopan-
HATBI CKeJIeTa PYKHU MOJyUIEHHbIE OT HEr0 U KJ/IIOUEBhbIe XapaKTepuCTUKu obpaboransl depe3 XML
daiiibl Ipu TOMOIIY UHCTPYMEHTOB 1 MareMmarudeckux Bbraucienuii B MATLAB. O6bekToMm pac-
[MO3HABAHUSI YKECTOB B JIAHHOI paboTe siBJIAIOTCSA OYKBBI U UMDl K HEKOTOPBIE YKECThI B CTATUIHOM
dopwe.

KitroueBbie ciioBa: Ka3axCKuil 2KeCTOBBII S3bIK, JAKTU/Ib, PACIIO3HABAHIE 00PA30B, CEIMEHTAIINS,
BHUIEO aiI.

Kudubayeva S.A., Ryumin D.A., Kalzhanov M.U.
The method of basis vectors for recognition sign language
by using sensor KINECT

For signs recognition different methods, such as the method of reference vectors, hidden Markov
models, fuzzy models, the model of artificial neuron, image difference method are used. The tasks
of recognition of gestural speech of any language are characterized by many parameters. First of
all this is characteristics of the transmission channel of gestural speech, recognition vocabulary
scope, the variability of gestures, etc. Besides technical and economic problems Kazakh speech
technologies development, among which there is Sign language recognition, are firstly influenced
by peculiarities of the Kazakh Language and speech (many rules of word formation, seven cases
of nouns, territorial varieties of the Kazakh language and speech) causing difficulties in automatic
processing. The development of Kazakh Sign Language database consisting of 42 gestures is the
first step in designing the system of automatic recognition of separate hand gestures. For gestures
recognition Kinect sensor, hand skeleton coordinates obtained via it and key characteristics
processed through XML files via tools and mathematic calculations in MATLAB are used. Gestures
recognition objects in this article are letters, digits and some gestures in static form.

Keywords: Kazakh Sign Language, dactyl, image recognition, segmentation, video file.
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Kyny6aesa C.A., Promun JI.A., Kamxanos M.Y.
KINECT cenHcopbiH naiigajiaHa OTBIPBIN bIM TiJIiH TaHbIN OGixyaeri
cyiieHint BeKTOp 9Iici

MakaJiaia ecTy MYMKIHIIKTEpI MIEKTEYJ a aMIap/IblH, bIM TUTH TaHBIT OLIy/e CyHeHil BEKTOP
9JIici TypaJibl KapacThIpbLIraH. Kazakima bIM Tii VIIH JIepeKTep KOPBIH KYPACTBIPY, JAKTUJIIL
a30yka 42 opinTi bIM TiJTIHEH TYPATBHIH, KEKEe BIM KOJJAPBIH ABTOMATTHI TYPJE TAHBII OLITY XKYyii-
ecim Kypy bacTankbl KaJaMbIH Kacay. blM-umrapa Timia ramsin 6iryae Kinect cercopbl KommaHbII-
JTbI, KOJT CYHETriHiH, KOOPAMHATACKHI aJabIHA b, KIATTIK Mine3meme XML daitr nHCTPYMEHT apKbLIbI
xoHe MATLAB maremarukaJibiK ecenreysiepiil KoMeriMeH eHgesii. blm Tiia Tasbin 611y 06b-
ekTici GepijireH »KyMbBICTa, OpiIITep, CaHIap XKOHE CTATUKAJIBIK (DOPMAaJIAFbl bIM HIapaJiapbl OOJIBIIL
TabbLIaapl. blMmapabl TaHyra apjaHfaH 9pTYPJIl 9JiCTep KOJIAHBLIAILI, OJAPIBIH IMIHIE: TiPEeK
BEKTOPJIAp dIici, 2KAChIPBIH MAapPKOB MOJIENbEP], AaHBIK eMeC MOJIESIbIED, *KacaH /Ibl HeIPOH MOJIeI],
Oettnesepin opTypJiairi omici. Kes kenren Tingin bIMMeH ceieyai Tamy OoibIHITa MiHAETTEPl
KOTITereH mapaMeTpjiepMeH CUIIATTAIAIbI, €H aJIbIMEH bIMMEH COMIey Il Kubepy KaHAIAPbIHbIH,
CUTIATTAMACHI, TAHY CO3JITIHIH OJIIeMi, bIM/Iay BapUATUBTIMIT] XKoHE T.C.C. 42 BIM JAKTUJIBI OJIil-
OUIeH TYPATHIH KA3aKIIa bIM TLIIHIH MOJIMETTED KOPBIH 93ipJjey aBTOMATTAHIBIPLIFAH YKEKe KOJI
KAMBUIJIADBIH TAaHY KYWeCiHiH ajramkpl Ke3eHi 6osbin Tabbuiansl. blMmmapasr Tany yiria Kinect
CEHCOPBI KOJIJIAHBIIFAH, KOJI KAHKACHIHBIH KOOPIMHATTAPHI AJLIHFAH YKOHE KIITTIK CHIATTaMachl
MATLAB 6armapiiaMachiHbIH KypaJIapbl MEH MaTeMaTUKAJIBIK ecerreysepi keMmerimen XML daii-
JIBI APKBLIBI OHJIETeH. Bepliren KyMbICcTa BIMIAP/IbI TAHY OOBEKTICI peTiHie opinTep MeH caHiap
JKoHe Kelbip CTaTHKAJIBLIK, (popMaJarbl bIMIAp OOJILIT TaObLIaIb.

Tyiiin ce3aep: Kazakima pIMaay T, JAKTUIb, OeiiHeIepal TaHy, cerMenTarus, oeitne dait.

1 Bsenenue

Ha rekytmit MOMEHT B OOJIBIIIMHCTBE CIyYaeB, 3a/a4a 110 PACIIO3HABAHUIO IOTOKOB CBOIUTCS
K JICJIEHUIO HEKOTOPBIX HAOOPOB JAHHBIX HA MHOYKECTBO y2Ke OIPEJICICHHBIX CEIMEHTOB, KJla-
crepoB. Ucmosb3yst ckpbiThie MapkoBckne Metobl (CMM) Habophl TAHHBIX MOXKHO KJIACCH-
dunmposats. Kpome CMM, pacrio3zHaBanme OTOKOB ITPOU3BOINTCS METOIOM OIMOPHBIX BEK-
TOPOB, KOTOPBIil B CBOIO O4Yepejib Tak:Ke sBJisteTcs Kiaaccudukaropom [1]. Unes merona 3a-
KJIIOYAETCH B TOM, 9TOOBI BCE BXOJIHBIE JIAHHDBIE MIPEJICTABIATH B MHOIOMEPHOM IIPOCTPAHCTBE
U CEeIMEHTHUPOBATH C IMOMOIILIO THIEPILIOCKOCTel. PacrioznaBanue kecta Ha OCHOBE METOJIa
OTIOPHBIX BEKTOPOB 3aKJIIOYAETCA B IPEJCTABICHUN KECTa, OIPEJICJICHHON MTOCIeI0BATETHHO-
CTBIO KJIIOUEBBIX XapaKTEPUCTUK, KOTOPbIE BIIOCJIEJCTBUM Oy/IyT IOJJIEXKATh CPABHEHUIO U
cermenTanuu. Ha HadaabHOM 3Tamne MPOW3BOJUTCH pasdMeHre BXOJIHBIX JIAHHBIX Ha Iepe-
ceKaloIecss OTpe3KH - peliMbl. 3aTeM U3 KaxKJI0ro dpeiiMa U3BJIEKAIOTCS XapaKTEePUCTU-
ku (npusHaku). [loydyeHHble XapAKTEPUCTHKU B CBOKO OYePeb O0bEIMHSIIOTCS B BEKTOPA,
ompeiesdionue xecTbl. Ha ocnoBe cchopMUPOBAHHBIX BEKTOPHBIX 3HAYEHUI OCYIIECTBIIACT-
¢ KJytaccuUKaIus YKecTa Ha OCHOBE MeTOJIa OTOPHBIX BEKTOPOB. MeTos OMOPHBIX BEKTO-
poB(SVM) u CMM, moKa3bpIBalOT JOCTATOYHO HU3KUIT TPOIEHT OMMUOOK PACIO3HABAHUSI.

2 SKCHepI/IMeHTaJILHaEI 9acCTb

UccnenoBanusmu B objacTu pacrio3HaBanusi obpasos 3annmaiorcss Kpak FHO.B., Heloir A.,
N. Courty, S. Gibet, u apyrue. Panee paborbl 0 mpobiieMax Ka3aXCKOH »KeCTOBOH pedw,
crocobax ¥ METOJaX PACclo3HABaHMsS YKECTOB BBINOJMHEHLI B paborax [2-8]. Ilo Tumy moka-
38 JKECTBI JICJIATCA Ha CTaTHYecKue W guHamMudeckne. [Ipu BocponsBeieHnn CTaTHIecKOro
JKecTa He BOBHUKaeT HeOOXOIMMOCTH B JIBUYKEHUN PYK, TaK KaK MMOJIOXKEHUe KUCTH ¥ TaJIbIEB
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PYK CTaIlMOHAPHO B IIPOCTPAHCTBE B T€UEHHNE PACCMATPUBAEMOIO ITPOMEXKYTKaA Bpemenu. Jlu-
HAMUYECKHEe KECTBI B CBOIO OY€pE/ib BOCIPOU3BOIAATC IIyTEM JIBHKEHHUS KaKOW-IMO0 4acTu
JeJI0BEYECKOTr0 Tesla, B OOJIBIMNHCTBE CJIyIaeB KICTHIO BO BDEMEHU U MTPOCTPAHCTBE. | paHuIIbI
CJIOB B IOTOKE YKECTOBOW PEYN MOI'YT OBITH OIpEJIeJIeHbI JIUIIb B MPOIECCe PACIIO3HABAHUS
(JIleKoIMPOBaHNS 3HAKOB ), TOCPEICTBOM OI60Pa OINTUMAJIBHOMN [TOC/IeJ0BATEIHLHOCTH KECTOB,
HAWTYYIITIM 00Pa30M COTVIACYIOMIENCS ¢ BXO/IHBIM TTOTOKOM YKECTOB [0 MATEMATUICCKIM MO-
JEeJISIM.

TounocTs pabOTHI CHCTEM aBTOMATHUYIECKOTO PACIIO3HABAHUS YKECTOBOI'O $I3BIKA CYIIle-
CTBEHHO YJIy4IllaeTcs C yBeJUYeHUEM pa3Mepa CJI0Baps KECTOB, KOTOPBIIT MOXKET cojiepzKaThb
B cebe MHOYKECTBO ITOBTOPEHUIT OTHOTO U TOTO 2Ke KecTa. MaJiblit cJioBapb COJIEPIKUT €TUHUIBI
U JIECATKU CJIOB. TaKoil cjioBaph MOIXOIUT sl PACIIO3HABAHUS TOPs/IKA IUdP, KOTOPbIE BXO-
JIAT B HOMepa TesiepOHOB, MOKa3aHuil TPUOOPOB, a TaKXKe CUCTEM YIIPABJICHUS ITOBUKHBIMU
TEXHUYECKUMU 00bEKTaMU, HAIIPUMED, TAKUMU KaK MaIllTiHa, BEPTOJIET U CUCTEM YIIPABJICHUS
Pa3IMIHBIM 000pY/IOBAHUEM, HAIIPUMeED, OBITOBOM TEXHUKON.

PaszpaboTka cucreMbl aBTOMATHYECKOIO PACIIO3HABAHUS YKECTOB IVIYXUX HOTPe0OoBaIa JjIsd
HavaJia co3janud 6a3bl JAHHBIX JIJI Ka3aXCKOI'0 YKECTOBOI'O d3bIKa — cJIoBaps kecToB. Ha-
YaJIbHON CTYIIEHBIO B JJAHHOM HAITPABJIEHUU SBUJIOCH CO3JIaHUE OA3bl COCTOAIIEH U3 JTAKTHTh-
HO# a30yKM COPOKA JIBYX »KECTOB, IMOKA3aHHBIX Ha PUCYHKE 1, a TakKe udp, Iuce.
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Pucynok 1 - JakTuiabHas a30yka Ka3aXCKOI'O yKECTOBOI'O SI3BIKA

st permennst rio6aibHOI pobJieMbl pacrio3HaBaHusi HHMOPMAIUK (2KeCTOB, 00BEKTOB
U T.JI.) UCIIOJIB30BAHBI CPEJICTBA KOMIIBIOTEPHOTO 3PEHMsI: aHa/u3 U KjacTepu3alys nH(Oop-
Maruu. B ¢BA3uM ¢ TeM, YTO JlaXKe OJIMH 4YeJIOBEK HUKOIJIA He TOKAXKET OJIMH U TOT Ke KECT
TOI00HO TIOKA3aHHOMY PaHee, BBIABJICHO, UTO IIPOBEJICHNE aHaIn3a MOTOKA HH(MOPMAaIUd Ha-
MHOI'O CJIO}KHEee, 4eM e€ CHHTEe3 M3-3a OOJIBINOW BapuaTUBHOCTU CUTHAJIOB KakK 110 BPEMEHH,
TaK ¥ [0 COJEPXKAHMIO. 3a/[a4i 110 PACIIO3HABAHUIO KaK OJTHOMEDHBIX CUTHAJIOB (pedn), Tak 1

ISSN 1563—0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series Ne3(91)2016



MeTo1 OITOPHBIX BEKTOPOB . . . 89

JIBYMEPHBIX CHI'HAJIOB (TEKCTA) U TPEXMEPHBIX CUTHAJIOB (00BEMHBIX YKECTOB) €IIe JIAJIEKO He
perrebl. OJIHAKO CTOUT 3aMETUTH, YTO CYIIECTBYIOT BepositHOCTHBIE Mojenn (CMM, Heuér-
Kasi MOJIeJTb, MOJIEJIb MCKYCCTBEHHOIO HEpPOHA U T.JI.), KOTOPbIE HAIPABJIEHbI Ha IeHePaIuIo
1 KJIacCUPUKAIUIO TUTIOTE3 PACIIO3HABAHUS CUTHAJIOB.

Metoz onopubix BekTopoB (SVM) — MeTo1 KitaccuduKalimu, UCIo b3y oIl TEOPHUIO CTa-
THUCTUYECKOTO 00ydeHud. B ycjoBUM orpaHmydeHHoOro Habopa oOydYaroniuxX JIaHHbIX, METO]
OTIOPHBIX BEKTOPOB OOBITHO MPEBOCXOIUT TPAUITMOHHBIE METO/bI OIEHKN MapaMeTpPOB, IO-
CTPOEHHBIE Ha 3aKOHEe OOJbINX duces. llepBoHaYa/IbHO, METOJ OIMMOPHBIX BEKTOPOB HCIIO/Ih-
30BaJICS TS PENIeHs 3a/ad OMHAPHON KIacCuUKAINU, TO €CTh JIJIsd TONCKa MaKCHUMAJIHHO
VIAJIEHHONH OT TOYEK JIBYX KJACCOB THIIEPILIOCKOCTH, Pa3Je/IsIonieil 9T jiBa Kjacca. B Ha-
[eM CJIydae, JIBUZKEHHe, PErICTPUPYEMOe KaMepoi, JTUCKPETHO U3MEPSIONIIM YCKOPEHUE 110
TPEM OCSIM, MOYKHO HPEJCTABUTEL B TakoM Buje: G = (a,,a,,a,) vae ar = (%, ak, ... ak™h),
T = x,y, z — BEKTOD yCKOpPEHUs OCH, & L — JyInHa T0C/Ie/I0BATe/IbHOCTH, KOJTMIECTBO U3Mepe-
HUA.

It pactiosHaBaHus kecta, pasueaum ero Ha N 4+ 1 cerMeHTOB OJInHAKOBOM b KaxK-
JIbIE JIBA COCEJIHUX CcermMeHTa Oy/IyT 00pa3oBbIBATL (hpeiiM, KOTOPBI IIPEJCTABUM B BHUJIE:

2,1
Ri= Tk Ty Tat), k=0,1,...,N =1, rep = (1, hgy -y mo ), T =2,9, 2
[Iycts aBa Tuna )xectoB G1 u G2 10KHBI OBITH Ki1accuuiupoBanbl. Ompeae sy BHIO0P-
Ky U3 1 TPeHUPOBOYHBIX JaHHbIX: { (05, &)}, =1,...,nrae ¢; € R? — BekTOp XapaKTepucTHK
u
&= {—i—l ectn p; € G1 —1 ecmm ¢; € G2

Pazessromniast runepriockocTh 3anuckiBaercs Tak: ax -+ [ = 0 Torma knaccudumupyomast
n

*

dbyuxmus 6yger umers Bun: f(z) = sign(h(x)), tme h(x) = > N, K(&,&5) + p*. Tne \*, p
— ONTUMAJILHOE PEITeHHE. =

O tHaKo paciio3HaBaHue XKeCTOB opa3yMeBaeT pacio3naBaHue 60ee IByX XKeCTOB, CpaB-
HUBaJUCh. Vcrop30Banne MeTO/1a OIOPHBIX BEKTOPOB ITOKA3aJI0, YTO HEOOXOIMMO OIITUMAJTh-
HO 110/100paTh s/ipo pyHKIMu-Kiaaccudukaropa. Pesyibrarsl mokasasan, UTO JAHHBI MeTO.
He TPEOYIOT OOJIBIINX BBIYUCIUTEIbHBIX MOIHOCTEH [IJIsi HEIIOCPEJICTBEHHOM pabOThI ajro-
PUTMOB.

Ojnako pacro3HaBaHKe YKEeCTOB I0/Ipa3yMeBaeT pacio3naBaHue bojee JByX KeCTOB, I0-
9TOMY CpaBHUBaJIUCH OoJiee 30 M300pazKeHnii ¢ KJIacCOM HJIea/bHBIX KEeCTOB — dTajoHaMu. B
HareM ciaydae Kiaacc G1 — 3To KJrace ujieaibHO BOCIPOU3BEIEHHBIX N300parKeHU CTATUIHBIX
JKEeCTOB, a KJiacc (2 — 9T0 Bce JIpyrue, cpaBHUBaeMble. B Ka3axXCKOM KECTOBOM s3bIKe M PBI
1-10 gBigroTCd CTATUIHBIMU, TIO3TOMY BCsl paboTa 10 paclo3HaABaAHUIO YKECTOB HAYATA C ITUX
xectoB. OTHOCHTETBHO crienuduIHbIX OyKB "H, F, K, Y, 0" 1 apyrux.

B peasbHBIX yCJIOBHSX HCIIOIB30BAaHUIE METOJ/Ia MOMEHTOB M300paKeHWs [IJIsT PACIO3HA-
BaHUs PYK YaCTO OKA3bIBAETCS HEJIOCTATOYHO M3-3a HEOJTHOPOoJHOCTH doHa. B cBaA3m ¢ 3TmM
HEOOXO/IMMO TaKXKe UCIOJIb30BaHUE METOJIa PA3HOCTU M300pazKeHuil, KOTOPbIil, B CBOIO Ove-
peJib, IPU3BAaH AHAJIU3UPOBATH BXO/HON BUJICOMOTOK JAHHBIX C BBISIBJICHUEM PA3HOCTHU U300~
pazKeHWil, Yepe3 HaXOK/IeHUe TIeHTPA MaCC TIPH JBIZKEHIN DYKH YesioBeka [9], B cooTBeTcTBUM
¢ pucyHkKoM 2. Birarogaps JaHHOMY METOIY OTIaaeT HeOOXOIUMOCTh B 0043aTeIbHOM HaJIU-
YUU OJIHOPOJHOrO (hoHa B MOTOKE TPEXMEPHBIX CUTHAJIOB, CJIEJCTBHEM Yero sBJsgeTcsd DoJiee
HaJIe2KHOE (DYHKIIMOHUPOBAHUE ITPOIPAMMHOIO 00ECIICUYCHUs B PEXKUME PEAJTHLHOTO BPEMEHH.
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3anmch 3JIEMEHTOB Ka3aXCKOI'0 KECTOBOI'O S3bIKa, ITPOU3BO/IUIACD, [IPU TIOMOIIU CEHCOPa
Microsoft Kinect 2.0, na paccrosauu ot 1,5 10 2 METPOB, UTO SBJISIETCS CAMBIM OIITHMAJIHHBIM
paccrosgareM. 3aHnit (GOH COCTOST U3 CTEHBI € OJIHOPOIHBIM CBETJILIM (DOHOM. 3aXBaT IOTOKA
BHJIEO OCYIIIECTBJISAICA ¢ pa3perienueM 956 Ha 824 nukcess U 9acTOTOR 25 KaJpOB B CEKYHJTY.

Pucynok 2 — Borunciienne pa3nocTu n300parkKeHuit

Kopuesoit karaJyor 6a3sl JaHHbIX cocTouT u3 60 moakaraaoros, 10 U3 KOTOPBIX COINEPXKUT
nH(MOPMAIIIIO O YKeCTaX, MOKA3bIBAIOIINX Ync/ia B mpomexkyTke or 1 10 10. OcTaibHble KaTa-
JIOT'H XpaHaT WHMOPMAIUIO O JaKTHIe Ka3aXCKOI'0 SI3bIKa YKECTOB, COCTOSINEro u3 42 OYKB u
HEKOTOPBIX ¢JI0B. OT/Ie/IbHO B3ATHIN IIOIKATAJIOr BK/IOYaeT B ceds 50 Bumeo daiiioB ¢ 3amm-
CAHHBIM OJIHMM U TE€M YK€ YKECTOM, TaKOe K€ KOJIMIECTBO TEKCTOBBIX (ail/IoB ¢ KOOPINHATAMUI
cKeJleTa HaliJIeHHOI'O YejIoBeKa B IIOTOKe KaJPOB IIPHU IoMoinn ceHcopa Kinect, pasieneHto-
ro Ha 25 cycraBoB. Kaxkias onpejiesieHnasi ToYka - 910 nepecedenue jnByx oceit (X,Y) wa
KOOPJAMHATHON IIJIOCKOCTH U JIOTIOJIHUTEIbHOE 3HAUYECHNE / C JBOWHON TOUHOCTHIO, 00O3HAaYA-
folee TUIyOMHY TOYKH, KOTOpas M3MEpPsieTCsl PACCTOSHUEM OT CEHCOpa JI0 TOYKH 00beKTa B
muarazone ot 0 10 1. OcHOBHBIE XapaKTePUCTUKH Oa3bl JAHHBIX IPEJICTAaBIeHBI B TabuIe 1.

Tabauna 1- OcHOBHBIE XapaKTEPUCTUKN Oa3bl JAHHBIX

Cencop Microsoft Kinect 2.0
Saauit pon OIHOPOJIHAA CBETJIasl CTEHa,
Paccrosinne 110 Kamepbl ~ 1,5 — 2 meTpa
Paspermrenne 3axBara Bujeo notoka | 956 x 824

Yacrora KajpoB 25 K/c

Qopmat BUJIEO mp4

O6mnit 06 beM 6a3bl JJaHHBIX ~ 100

O6mmas 1InTe/IbHOCTL BUIEO ~ 2 gaca

Kpowme ornmrcannbix ¢aitjioB TaKzKe UMeeTCs TEeKCTOBBIH (ail/l, XpaHUMBbIi CJIyKEOHYIO WH-
dopmanuio o xkecre. Cpesree BpeMs OTHOrO BUjieo baitia coctapisgeT ~ 4 — —5 CeKyH]I.
s obydeHust aBTOMaTU3UPOBAHHON CUCTEMBI PACIIO3HABAHUS OTJIE/IBHBIX YKECTOB, UCIIOJIb-
3oBaJioch 10 Bujieo (ailioB ¢ NPUBSI3aHHBIMU K HUM TEKCTOBBIME (hailjlaMu ¢ KOOpAUHATAMI
0 HEOOXO/IMMBIX CKeJIeTHBIX TOUYKaX. JlanHbie (hail/ibl IPUHATO CINTATH MPABUIBHBIMU STAJIO-
HAMU TI0Ka3a YKECTa, & OCTAJbHbIE UCIOIb3YIOTCH, KAK TECTOBbIE JAHHbBIE.

st BBIBOIA MHMOPMAIMI O KecTaX B JIMAJIOrOBOI cucreme, coszjana TpéxmepHas (3D)
MOJIe/Ib PYKHU YeJI0BeKa, KOTopasl IIpeJIcTaB/IeHa Ha PUCYHKE 3.
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Pucynok 3 — TpéxmepHas MOJETb PYKN U€IOBEKA

CkeJsieT MOJIe/In PYKHU ¢ HAJIOXKEHHEeM TeKCTYp cipoekTupoBat B Autodesk 3ds Max. Jlasee
[IPOM3BE/ICHO pa30ueHne MoJIe/n Ha KJIACTEePbI, KOTOPbIE B CBOIO OYePeh COCTOIT U3 MHOXKE-
CTBa TPALyCHBIX KoopjauHAT oceit X, Y, Z TpéxmepHOro mpocrpaHcTBa. JlaHHble KjaacTepbl
dopmupytor XML daitnbl. Ha ciemgyroriem stame ocyImecTBIeH aBTOMaTHICCKUI TPOrpamMM-
HbIil apcuar cozmanubix XML daiiios gepes Microsoft Visual Studio B ¢Bsizke ¢ sI3bIKOM
nporpammupoBanusg C'# U MPOU3BEJIEHO JIMHAMUYECKOE U3BJIEUEHUE 10Ty IeHHBIX I'PaJLyCHBIX
koopuHaT Mozesn. [locte mapeunra cripoertmpoBana 3D Moe/ib Ha BUPTYaJIbHOM IIJIOCKOCTH
KOOPJIMHAT Yepe3 BEKTOPHYIO CUCTEMY JIJIs TIOCTPOeHus KimeHTcKkux npuiozkennit WPFE, ko-
TOpas B IIEPBYIO oYepe/Ib HAIIPABJICHA Ha aJallTUBHOCTD MOje u. JlaHHbIe Tpore/yphbl Mpe/i-
Ha3HAYEHbI HE TOJIBKO JIJI CO3IaHUA TPEXMEPHON MOJIe/IN, HO U JIjId HAIIOJHEHUsT Oa3bl JTaH-
HBIX.

Pucynok 4 — Vzmenénnasi KoHpUrypalysi TPEXMEPHON MOJIEJIN PYKU YeJIOBEKa

Peanmzanus cucrteMbl B 11eJI0M IPOU3BOIMIACH IIPU ITOMOIIN WHCTPYMEHTa MaTeMaThde-
ckux Berancaennit MATLAB [10], Koropbiil I03BOJIMII HCCIIEI0BATH U CIIPOEKTUPOBATH MOJIe-
JIA € aJIbTEPHATUBHBIMH TIOJIXO0/IAMHU K PeTeHnto. TakzKe TPUMEHSINCH BCIIOMOTaTeIbHbIE TTPO-
rpammubie cpescta u oubiamorekn OpenGL [11], OpenCV [12]. Odurnmansasiii SDK [13] or
koMmmanun Microsoft mpegocTaBui BO3MOXKHOCTD TIOJTY 9€HUs HEOOXOIMMBIX JIAHHBIX C CEHCOPa
Kinect. TectupoBanme aBTOMaTH3NPOBAHHOI CHCTEMBI ITPOU3BOIMIOCH HA BBIYUCIUTETBHBIX
MallliHaX C Pa3HOil TPOM3BOAUTE/IHLHOCTBIO. [Ipemokennas cucreMa pacio3HaBaHus HEKOTO-
PBIX CTATHYHBIX YKECTOB PYK, IIPOTECTUPOBaHa Ha Oa3e JIAHHBIX, KOTOpas BK/IIOYAeT B 00IIeit
ciaoxkaoctu 1560 kecToB JIBYyX 4YesoBeK. KaKplii Kjacc BKJIIOYAET KECT, MOKa3aHHbIH 30
pa3. DTaJOHbl KaXKJIO0r0 KECTa BLIOPAHBI B CJIYYaiiHOM IOPsJIKE B KOJIMIECTBE 5 0Opa3on
JUUTS Kaxk1oro Kiiacca. Ocranbabie 25 00pasioB aBISIOTCA TeCTOBbIME. KadecTBo u moJiHoTa
pacrio3HaBaHud okaszajach B mpomexkyTke 0,63 10 0,91, cpeusis moanora cocrasiser - 0,70,
a TounocTb 0,87. /lanHbie pe3y/ibTars! MOy YeHbl Ha Oa3e JAHHBIX, KOTOPas IPEIBAPUTEIHLHO
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1o/[BepIJIach Hape3Ke Ha (bparMeHThbl, 0e3 JOIOJTHUTEIbHBIX 00pabOTOK. XapaKTepUCTUKN Kar-
YeCcTBa PACIIO3HABAHUS UMD U HEKOTOPHIX OYKB IPEJICTaBICHbI, B COOTBETCTBUY ¢ Tab/IUIIEH

2.

Tabauiia 2— XapakTepucTuKa KadecTBa PACIO3HABAHNS OTAEIbHBIX YKECTOB

2Kecr ITosmmora | Tounocrs | 2ZKecr ITosmora | TounocTn
1 0,63 0,89 S) 0,74 0,86
2 0,62 0,90 r 0,71 0,84
3 0,71 0,85 K 0,72 0,84
4 0,72 0,88 H 0,67 0,88
5 0,75 0,87 C) 0,73 0,86
6 0,72 0,87 Y 0,61 0,83
7 0,72 0,85 Y 0,63 0,84
8 0,68 0,86 h 0,75 0,90
9 0,70 0,87 i 0,76 0,87
10 0,67 0,84

U3 1o/t 9eHHBIX Pe3yIbTaToB BUHO (Tabamna 1), 9To cpe/iHss TOYHOCTh paclio3HABAHUA,
BbInc/geMast 110 dbopmyiie (1) cocrasisier 0,87 (87%).

_I1+$2++xn

. (1)

n

rJe n — KOJUYECTBO KECTOB; X, — TOYHOCTb paclio3HaBaHUsA kecTa. JlaHHbIE pe3y/bTaTbl
IIOJIyYeHbI Ha 3alliCaHHOIl 0a3e JaHHbBIX.

HawnboJsiee HU3KYI0O TOYHOCTH PACIIO3HABAHUS TOKA3aJM KECTHI, TIPU JEMOHCTPAIUNA KO-
TOPBIX HEOOXOJUMO pacroJiaraTh MaJjbIbl HA OTHOCUTE/JHLHO OJIM3KOM PACCTOAHUHU JIPYT OT
JpyTa 1oJi Pa3HbIMKU yrjamMu. [[OBBICUTH TOYHOCTH B TAKOM CJIydae BO3MOXKHO 3a CUET yBe-
JINUEHUsT KOJIMIECTBA ITAJIOHOB, & TaKKe pa3paboTKe ajropuTMa CIIOCOOHOIO OCYIIECTBIIATh
IIPOIIECChI Pa3MbIKaHUSA U 3aMbIKaHUsI HE TOJbKO OMHAPHOTO, HO U I[BETHOI'O M300ParKeHUs.
DTO TO3BOJIUT TMOKO yIPAB/IATH IIBETOBBIMU ITapaMeTpPaMy W OIPEIEIsiTh He TOJbKO Oojee
TOYHO KOOPJIMHATHI 00BEKTOB, HO U UX JIECKPUITOPHI. V3 MOJIyIeHHBIX Pe3yIbTaTOB BU/IHO,
4TO cpeliHdAd mojHoTa coctasager — 0,70, a Tounocts 0,87. /lannble pe3y/1bTaThbl MOy YEHbI
Ha 0asze JIAHHBIX, KOTOpasl IIPEJIBAPUTE/IHLHO ITOIBEPIIACh HAPe3Ke Ha (hparMeHTbl, 6e3 JI010/I-
HUTEJIbHBIX 00paboToK. IIpoBejieHbl Tpu THIIA SKCIIEPUMEHTOB, HAIIPABJIEHHbIE Ha IIPOBEPKY
CIIOCOOHOCTH K KJIaccuUKaImu MeTona onopHbix BeKTopoB (SVM). Ilepsbiit skcmepumvenT
OIIEHUBAJI CIIOCOOHOCTDH ajiropuTMa SVM ¢ mpejaBapuTebHO CerMEHTUPOBAHHBIME YKECTAMU
u3 Habopa HOMepa-pOpM JaHHBIX. BTOpOil 3KcIiepruMeHT OIeHuBa I KJIaCCH(MUKAIIIO CIIOCO0-
HOCTH aJI'OPUTMa OTHOCUTEJIbHO MHUHUMAJJIBLHOIO KOJMYECTBA OOydYaloNux JaHHbIX. Tperuii
9KCIEPUMEHT UCIBITAHUS U3ydaJl CliocoOHOCTh SVM ajaropurMa IpaBUIbHO KJIACCHPUITTPO-
BaTh JIAHHBIC M3 JIAHHBIX HOMEPOB-(POPM B BHUJI€ HEIPEPBIBHOTO IOTOKA JAHHBIX, KOTOPBIi
TaKzKe COoJIepKaJjl Psiji HYJEBBIX »KECTOB. DTO OYEHb BayKHBIM TECT JIJIsd JAHHOT'O UCCJIEI0BaA-
HUsI, TaK, €CJIU MOJIEIb MOXKET JOCTUYhb TAKOI'O K€ XOPOIIEro pPe3y/abTraTa KIacCH(MUKAIIUT 110
5 obyduaromuM pumepaM, Kak u 1o b0 — tu npumepam 0OyUeHUsi, TO UCIOJHUTE/Ib MOXKET
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COKOHOMUTD BpeMsi cOOpa JaHHBIX 00y UYeHHs, & TAKXKE B MOr0TOBKe Mojiesu. C MOMOIIBIO Bee-
ro jmmb 3 npumepos ¢yaknun obydenna SVM mocturaercsa snadenne nerounoctu 3,61%.
Ha 10 nmpumepon dyukiun odydennst SVM gocTurim mpakTHIecKoro pe3y/abraTa pacio3Ha-
Banug Ha 81,67%, onHako crangapTHOE OTKJIOHEHHE BO BeeX 10-TH mpuMmepax IO-IIpezKHeMYy
BBICOKO - 0K0J10 13,35%. JTy1s113 nupumepor dynknuu obyuenus SVM I10CTUIM TPEBOCXOIHOE
sHadenre Tounoctu Ha 81,3% ¢ yMepeHHbIM cTangapTHLIM oTKJoHeHueM 6,81%. Mcmnonb3ys
20 upumepos obydenns, SVM mocruraer 81,76% ¢ ouennb HeGOJBIIMM CTAHIAPTHLIM OTKJIO-
nennem 1,84%. Pesynbrarbl 9TOro TecTa MO3BOJSIOT IIPEIIIOIO0KNTD, 9TO 10 KpaiiHeil mepe
11 npumepoB obOydeHust TpeOYIOTCS Ha YKECT, €CJIM T10JIb30BaTe/Ib X0UeT JOCTHYb HaJIe?KHOTO
pesyabrara Kiaaccudukanuu cosee 80%.

O1HO MHTEpEcHOE HADIIOAEHNE OBLIO IOy YeHO, TJIAIA Ha JIOT-(Dailjibl, CO3IaHHbIE BO Bpe-
M KcrepuMenTa. Qailyibl XKy pHaJIa IMOKa3aJ/Iu, ITO JJIsd 2KECTOB, KOTOPbIe ObL/IN HEITPaBUIHLHO
KJIACCU(PUITTPOBAHBI KAK HYJIEBOI KECT, all0OCTEPUOPHAs BEPOATHOCTD KaXK 00 TAKOT'O KeCTa,
nMesta 0YeHb Masioe 3Hadenue (0obrano xHuzke 0,1).

DTO HPOTUBOIIOIOXKHO CJIyUalo, KOrja ObLIM »KECThl IMPABUJILHO KJIACCU(MUIIMPOBAHBI, C
k — Mu kecramu, arlOCTEPUOPHAs BEPOSATHOCTH OOBITHO uMeloIieil 3uadenue 6osbine 0,7 a
CYMMHPOBaHIE BCEX OCTAJIbHBIX »kecToB okos0 0,3. Apyrumu cioBamu, Korma SVM caenan
NPaBUIBLHYIO KJIACCH(PUKAIIUIIO BEPOATHOCTb TOTO, UTO KECT UMEJ MECTO, ObLia BBLICOKOM, B
TO BpeMs, Korga SVM He B COCTOSHUE CJIeIaTh MPABUIBHYIO KJIACCH(PUKAIINIO BEPOITHOCTD
TOro, 4ro He ObuI jomyieH xkect (HenpasuibHo) — HU3Kas.

OTH pe3yJIbTaThl CBUAETEILCTBYIOT O ToM, 9T0 SVM Oyzer mioxuM BBIOOPOM LI pac-
MO3HABAHUSA MHOTOMEPHBIX YKECTOB M3 HEIPEPBIBHOIO IMMOTOKA JIAHHBIX, JaXKe HeCMOTPs Ha
nocturayThle SVM oTimdHbIe pe3yJIbTaThl ¢ TeM »Ke HabOPOM JTaHHBIX, KOT/Ia »KECThI ObLIN
[IPEJ/IBAPUTENTHHO CEIMEHTHPOBAHDI.

B cBoem HBIHENTHEM COCTOSHUU, TIOJIyYeHHbIE JTaHHbIe 110 ajaroputMy SVM He MoryT ObITh
HCIIOJIb30BaHbI B KAUECTBE aJI'OPUTMa PACIIO3HABAHUS B PEXKIME PEaIbHOTO BPEMEHH JJIsT YKe-
CTOB U3 HEIPEPBIBHOI'O TIOTOKA JIAHHBIX, HAIPUMED, BO BPEMsS Pa3rOBOpa YKECTAMU TIJIyXUX,
9TOOBI aBTOMATHYECKU KJIACCU(PUIIMPOBATDH »KECT C JIF0OOI OO0JIbINON TOYHOCTHIO. JlaabHeil-
e UCCIeI0BaHUs OY/yT MPOJOJIZKEHBI ¢ KOMOMHAIMEH Apyrux MeTojoB, nanpumep DTW-
AJITOPUTM JTMHAMHUIECKOI TpaHcdopMannn BpeMeHHON mKaibl. V3yans oba CMM u SVM
KaK MOTEHIHAIbHBIE METOJIbI PACIIO3HABAHKS YKECTOB U3 HEIIPEPBIBHOTO ITOTOKA JTAHHBIX, OBbLT
cJeJIaH BBIBOJ, O TOM, UTO HOBBIH I10/IX0JI OYIeT HEOOXOMUM ¢ M3y9YeHHEM TOUHBIX IOPOrOB
BBIOPAKOBKH.

Hcrnionb3oBanne ajaropuTMa OMOPHBIX BEKTOPOB SBJISAETCH OYE€Hb MOIIHBIM AJTOPUTMOM
pacro3naBaHusi 00pa30B, KOTOPBIH MMeeT CJIEYIONIne IMPEUMYIIECTBa JIJId PACIIO3HABAHUS
MHOT'OMEPHBIX »KECTOB:

1. MozKHO JIErKO PemuTh HeJUHEHHYTO 3a/1a1y KJIacCu(OUKAIUN C UCIOIH30BAHUEM TPIOKA,
SAIPA.

2. Onpenenienne mapaMerpoB Mojen SVM cooTBETCTBYET BBIMYKJ/ION OMTUMUABAIIH TTPO-
61eMa U MO3TOMY JIF00O€e JIOKAJIbHOE DEIlleHre TaKyKe sIBJIsieTCsl NJI00aJbHBIM pelieHueM (B
OTJINYNE OT HAIPUMEP UCKYCCTBEHHON HEHPOHHON ceTH, KOTOpasd OOBIYHO MOXKET 3aCTPATh B
JIOKAJIbHON MUHUMAJILHOI, He Hal/d T7I00aIbHOT0 MUHUMYMA)

3. SVM wmoxkeT Jjierko paboTaTh ¢ OUeHb OOJIBITUMU PAa3MEPAMU BEKTOPOB ITPU3HAKOB
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4. Jlaxxe 1pu G0JIBIIIOM KOJMYECTBE OOYYAIONNX JIAHHBIX C BBICOKON Pa3MEPHOCTHIO BEK-
TOPOB MPHU3HAKOB, ajaroput™ SVM Moxker 00y4InTh MOJIEb B O9eHb KOPOTKUI ITPOMEKYTOK
BpeMeHU 00ydeHUs

Henocratku merosa. MeTos olOpHBIX BEKTOPOB HEYCTONYUB IO OTHOIIEHUIO K IIyMYy B
UCXOJIHBIX JTaHHBIX. Ecm obydaromas BBIOOPKA COJEPXKAT IIYMOBBIE BBIOPOCHI, OHU OyJIyT
CYIIECTBEHHBIM 00PA30M YUTEHBI IIPU ITOCTPOEHUH PA3JIeJIAIoNIeil TUIePIIOCKOCTH.

o cux mop He paszpaboTaHbl O0IME METOJIbl IMOCTPOEHUS CIPIMIIAIONIUX TPOCTPAHCTB
nin f1ep, Hanbosee MOAXOJAIINX JIJIsT KOHKpeTHO# 3ajaqn. [locTpoenne amekBaTHOTO sI-
pa {ABJISETCH UCKYCCTBOM M, KaK IIPABUJIO, OMMUPAETCSA Ha AllPUOPHBbIE 3HAHUS O TMPEIMETHOMN
obJacTH.

3 3akJrouyeHue

Haubosiee HU3KY10 TOYHOCTH paCIO3HABAHUS TOKA3AJN YKECThI, IIPU JIEMOHCTPAIUH KOTOPBIX
HEOOXOIMMO PaCIO/IaraTh Majblbl Ha OTHOCUTEIBHO OJIM3KOM PACCTOSTHUU JIPYT OT JAPYTa MO,
pPa3HbIMU yIJIaMU. HOBI)ICI/ITB TOYHOCTb B TaKOM CJiyda€ BO3MOZKHO 3a CYET yBCJIMYCHUA KO-
JITIECTBA ITAJIOHOB, & TaKyKe Pa3pabOTKe aJropuTMa CIIOCOOHOTO OCYIIECTBJISATH MPOIECCHI
pPa3MbIKaHUs U 3aMbIKaHUs He TOJHKO OMHAPHOIrO, HO W IIBETHOTO M300paKeHus. ITO TO3-
BOJIUT I'MOKO YIPAaBJISTH I[BETOBLIMU IApaMeTPaMU U OIPEJIE/IsTh HE TOJILKO 00jiee TOUHO
KOOpAUMHATBI O6'beKTOB, HO 1 UX JECKPHUIITOPBHI.

Takum oOpazom, aJaropuTM BbIJEJIEHUS PYK MPUHUMAET Ha BXOJ BUAeodaill, 3aTeM K-
JINYECKU U3BJIEKAET KaJIpbl. J[JIsi KaxKJ10ro Kajipa MpPOM3BOJUTCS OPOTOBOE OTCEUYCHUE sip-
KOCTH, JIO TeX I0p, ITOKa He OyJIeT olpejiesien onTuMasbHblil mopor. Jlaiee ocyriecTsisgercs
3aloJIHEHUE IIyCTOT OOBEKTOB, € IMOCJEYIONUM TMOUCKOM Ha m3obpaxkenuu. [locie yate-
HUS [TyMOB, ITOJICIUTHIBACTCS KOJMIECTBO HAIICHHBIX OObEKTOB HA OCHOBE BBIYUCICHUA UX
IJIOIAJIeH U ONPEJIEJIAIOTCs PyKU desioBeka. V3 naiieHHbIx 00HEKTOB - PYK, M3BJIEKAIOTCS
nH(MOPMATUBHbBIE IPU3HAKU HEOOXOIMMBbIE JIJIsi PACIIO3HABAHUSA HA OCHOBE METOJIA OMOPHBIX
BEKTOPOB.

4 Jlnckyccus

ABTOpBI cTaThU ABIAIOTCS paspaborunkamu caiita [14| mjst mrozeit ¢ orpaHUYeHHBIME BO3-
MOXKHOCTSIMH 110 cjIyXy. MHOrme BOIIPOCHI, CBS3aHHBIE C PACIIO3HABAHWEM JAKTUISd U Ke-
CTOBOH pevn, N3ydeHbl MOKa HEJIOCTATOYHO. 1 pajuIimoHHble MHOTOYNC/IEHHbIE METO/IbI U aJl-
ropuTMbl 1UdpPOBOit 06pabOTKN CUT'HAJIOB OCHOBAHBI HA MCIIOJIB30BAHUU (DUIHTPAIUH CUT-
HAJIOB, KOPPEJIAIMOHHBIX M CIEKTPaJbHBIX aHan3aX, BeiiBjieT NpeobpazoBanudx. /lanmbie
MPUEMBI TTO3BOJIIIOT PACIO3HABATH BU3YaAJbLHBIE 00Pa3bl C UCIIOJIL30BAHUEM METOJIOB CEI'MEH-
TaIyy, KJIacTePU3AINN, KJIACCU(UKAIII C NCIOJIH30BAHIEM BEPOSITHOCTHOTO MOJIETUPOBAHUS
U pacIO3HABaHUs BUJIEOCUTHAJIOB Ha OCHOBE Pa3JIMYHBIX THUIIOB UCKYCCTBEHHBIX HEHPOHHBIX
cereil, CKPBITHIX Tiereir MapkoBa, JUHAMIYECKOTO ITPOIPAMMUPOBAHUS, MUKCEILHON 0Opa-
OOTKM BHJIEONOTOKA. Bce ycTpoiicTBa, KOTOPbIE PUMEHAIOTCS JIjId PAclo3HaBaHUs KeCTOB,
JICJIATCA Ha J[BE T'PYIIIBI: YCTPOWCTBA, OCHOBAHHBIE HA BHUJICOJAHHBIX U YCTPOMCTBA, KOTOPbHIE
UCIOJIB3YIOT JIATYMKU: aKCeJepOMeTp, THPOCKOI U MarfeTomeTp. Jlydmmit pe3ysibrar maror
cucrembl, Koropbie momumo RGB cencopa umeror IR Depth cencop (cercop rury6unbn) st
pacro3HaBaHus *KeCTOB Ha HEOOJIBIIIOM PACCTOTHUU. B CBA3U ¢ 3TUM aBTOPHI JJAHHOI PAbOTHI
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UCI0JIB30Ba I HHCTPYyMeHTbI MaTemarudeckux Boraucjiennit MATLAB mis obpaborku jan-
HbIX oT cercopa Kinect. OcHoBHast mpob/ieMa pacio3HaBaHNs YKECTOBOM Pedr COCTOUT B TOM,
YTO PaCHO3HATH OTJIEeJbHBIE YKECThl HEJOCTATOYHO. HeoOXoamMo pacnosHaTh HEMPEPHIBHYIO
JKECTOBYIO P€Ub, €€ CMBICJI, B 9TOM HAaIPABJIEHUH MPOJIOI?KEHBI HAIU HCCJIEIOBAHUS.
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Koananblimaibl  IIpukiagnas Applied
MaTeMaTUKa MaTEeMaTUKa Mathematics

UDC 517.958:5; 519.6.

Dairbayeva G.'*, Kabylzhan A.1**
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Mathematical modeling and control of the process of drilling wells

This paper considers the process of drilling wells using mathematical modeling. Mathematical
models of deepening and flushing-out of wells are used to describe the drilling process. Mechanical
speed of drilling bedrock by drill bit is described by the equation proposed by M.G. Bingham [2].
Along with this there is considered a complete mathematical model of the mechanical speed of
drilling in view of the hydraulic parameters obtained by applying the least squares method and
regression analysis. There is designed computational algorithm for finding the coefficients of full
parametric model of drilling, which allows calculating the mechanical speed of drilling for arbitrary
data. A comparative analysis of the drilling experimental and computational data is conducted.
The paper deals with a mathematical model of the hydraulic flushing of well, based on the total
loss of drilling fluid pressure in individual sections of the well. Flushing of well designed, not only
to clean the bottomhole from cuttings, but also serves to claying (strengthening) of the borehole
walls, cooling and lubrication of the tool, which occur during the motion of liquor. There are
explored the pressure losses at various sections of wells depending on the physical parameters.
Key words: drilling of wells, flushing-out, drilling speed by rock bit, pressure, mathematical
model, regression analysis.

Haupbaesa I'., Kabbumkan A.
YHrbIMaHbI OYyPFBLIIAY IMIPOIECCIiH MaTeMaTUKAJIBIK IIITiHAeYy »K9oHe OakbLIay

Maxkasama MaTeMaTUKAIBIK, IMIIHAEY ANIAPATHIH KOJIIAHY apPKBLIbI YHFBIMAHBI OYPFBLIAY IIPO-
1ecci TaJKbLTaHFaH. Byprbliay mporeccin cumarTay YImH YHFBIMAHBI TEPEHICTY/IIH KOHE A0 IHIH,
MaTeMaTUKAJIBIK MOJIEJIIePl KOJIIaHbLIFaH. 2KepacThl YHFBIMACHIH KAIlay apKbLIbl OyPrbLIAYIbIH,
MeXaHUKAJBIK, KblgaMsEbl M.I. BunrxamM ycbiHFaH TeHgey apkplibl cunartanajipbl [2]. CoHbl-
MeH Oipre eH a3 KBaJparTap 97iCi MeH KMeMIJIMeJK Tajlaaybl KOJIIaHy Herisinmae OyprbLIayIbiH,
TUIPABINKAJIBIK, IIapAMeTPJIePMEH Oipre MeXaHUKAJIBIK, KL IAMIBIFBIHBIH TOJIBIK, MATEMATHKAJIBIK,
MOJIeJTi KAPACTHIPBLIA AL, MexXxaHnKaJIbIK KbLIIAM/IBIKTHL OYPFBLIAY/IBIH €PIKTi IepEKTEPIH ecenTey
yIITiH OYPFBLIAYILIH TOIBIK MOIETIHIE TapaMTEP/IiK KO3 OUIMeHTTep i Taby IbIH, €CeITeriI aaro-
purMmi KeTinaipinren. Byproiiayibiy ToxKipubesiik KoHe ecenTesiHIeH IePEeKTeP/Ii CaIbICThIPY TaJl-
Jaybl opbiHgasral. 2Keke TesiMepieri 6yprbliay epiTiHIiCIHIH KBICBIMBIHBIH, OPTAK, YKOFAJLY bIH-
JIa HETi3JIeJINeH YHFBIMAHBI THJIPABIUKAJIBIK, ITAIOJIBIH MATEMATHKAJIBIK, MOJEl KAPaCTHIPhLIFaH.
YHFBIMAHBI IAI0 TE€K KEHXKAPJbl OYPFbLIAY KAJIBIKTAPBIHAH TAa3apTy VIINIH FaHa eMeC, COHBIMEH
KaTap Oyproiaay epiTiHAiCiHiH KO3Faabic OApBICHIHAA Maiimza OOJATHIH YHFBIMAHBIH KaIlayIapbIH
cazzay (0eKiry), KypBUIFBIHBL CYyBITY KoHe Maiijay [poleccrepinie Kouanbliaabl. Ousnkasibix
ImapaMeTpJepre ToyeJsJii opTypJIi TeaiMaeperi KbICBIMHBIH YKOFaJIybl 3€PTTeJIEJITeH.

Tyitin ce3mep: yHFbIMaIAP/bl OYpFbLIAY, MIAK0, KAy APKBLIBI OYPFBLIAYIBIH KbLIIAMIBIFE,
KBICBIM, MaTEMATUKAJIBIK, MOJIEJIb, KEMIMEJJTIK TaJIIay.
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Haup6aesa I'., Kabbukan A.
MareMaTuyecKoe MOAeJIMPOBaHIE U KOHTPOJIb IIpoliecca OypeHns CKBaXKIH

B nannoit pabore paccMaTpUBaeTCs IPoIece OypeHns CKBaXKHUH € UCIOJIb30BaHUEM allllapaTa MarTe-
MaTHIeCKOro MojesnpoBanus. s onucanust mporecca OypeHus IPUMEHSIOTCS MaTeMaTAIeCKUe
MOJIeJTN yIUIyOJIeHUST W TPOMBIBKU CKBaxkKuH. MexaHndeckasi CKOPOCTh OypeHusi TOPOJIbI JI0JI0TOM
omnmchIBaeTcs ypapHenueM npeioxkeHHbiM M.I. Buarxamowm [2]. Hapsmy ¢ aTum paccmaTrpusaercst
[OJTHAST MaTEeMATUIECKasT MOJIETb MEXaHUIECKO CKOPOCTH OYpeHUst ¢ yIETOM I'MIPABINIECKUX I1a-
paMeTpOoB, TOJIyYeHHAsT HA OCHOBE IPUMEHEHUST METO/[a HAMMEHBIITNX KB IPATOB U PErPECCHOHHOTO
anasu3a. PazpaboTaH BBIYUCIUTEbHBINA AJTOPUTM JIJIsi HAXOXKIEHUS IMapaMeTpudecKux Kodddu-
[IHEHTOB ITOJTHOM MOJIe N OYPEHMUsI, ITO TMO3BOJISIET BBIYUCIUTH MEXAHUIECKYIO CKOPOCTD JIJIsI ITPO-
MU3BOJIBHBIX OyPOBBIX JIaHHBIX. [IpoBeIeH cpaBHUTEIBHBI aHAIN3 Oy POBBIX 9KCIIEPUMEHTAIBHBIX U
BBIUNCJINTEJIBHBIX JIAHHBIX. PaccMaTpuBaeTcs MaTeMaTudecKasi MOJe/b TUIPABINYECKON ITPOMBIB-
KU CKBaXXWHbBI, OCHOBaHHAasI Ha ODIIel IoTepe JaBieHns 0ypOBOrO PACTBOPA B OTIEIbHBIX YIaCTKAX
cKkBaXXUHBI. [[pOMBIBKA CKBaXKWHBI IIPEIHAZHAYEHA HE TOJBKO JJIsi OYMCTKHU 3a00s1 OT BBIOYPEHHOM
[OPOJIbL, HO U CJLyZKUT JIJIsd MJIMHU3AMU (yKPEIJIeHHe) CTeHOK CKBAXKUHDBI, OXJIAYKJICHUS U CMa3KU
WHCTPYMEHTa, KOTOPBIE MPOMCXO/ISAT MIPHU JIBUXKEHUN pacTBopa. Vcceayores morepu JaBieHust Ha
PA3HBIX YYaCTKAX CKBAaXKWUH, 3aBUCHIIIE OT (PU3NIECKUX TAPAMETPOB.

Kutouessbie ciioBa: OypeHne CKBasKUH, IIPOMBIBKA, CKOPOCTH OYPEHUSs JIOJIOTOM, JABJIEHIE, MaTe-
MaTHIecKasi MOJIEb, PETPECCUOHHBIN aHAJIHIS.

1 Introduction

The drilling process takes the most important place in the construction of wells and it is
a complex difficult process. The system of adaptive control of rotary drilling process of oil
and gas allows controlling the pressure in the annulus over the entire length of the well. The
main advantages of controlled drilling are improving the parameters of the drilling process,
controlling of the main system parameters such as backpressure, the density, the volume
flushing fluid, the power of the drilling, the pressure loss at various sections of the well.
The process of drilling wells consists of two main stages: the process of deepening wells and
flushing process.

2 Mathematical model of the deepening process

Consider the first stage of drilling — deepening the process, which is described by 3 equations
[1]:

1) v = f1(G,n) — dependency of the mechanical speed of drilling well (v,,) from weight
on bit (G) and the rotor speed (n);

2) t, = fo(G,n) — dependency of the time of bit runtime armament (¢;) from weight on
bit (G) and the rotor speed (n);

3) to = f3(G,n) — dependency of the time of bit runtime reliance (ty) from weight on bit
(G) and the rotor speed (n).

Domestic and foreign researchers came to the conclusion, that the ratio, which determines
the mechanical speed of drilling of well by drill bit with a certain amount of flushing fluid
takes the form proposed by M.G. Bingham:

vm = KGn®, (1)
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where K, § and a — parametric ratios [2].

In M.G. Binghema works, which studied in detail the depending the mechanical speed of
drilling only from the axial load on the bit: v,, = fi(G), where G = G/D, — specific axial
load on the G bit, cast to its diameters Dy. It is shown that v, function has the form of the
curve la (Figure 1).

Curves 2 and 3 — easy drillability rocks at shallow depths (2-3 km), and the curve 4 —
solid and strong rock at great depths (5-6 km). Curve v,, mechanical speed is a typical S —
shaped curve, which has the following areas:

e area [ — zone of small axial loads, there occurs a surface and slight destruction of rocks,
its abrasion because the contact pressure of the teeth on the rock bit less than the limit
of its strength.

e area Il — ¢ increases the contact pressure of the teeth on the rock bit, which leads to
chipping pieces and a marked non-linear increase v,,.

e area III -~ G pressure exceeds the limit of strength of the rock, there is an intensive
volumetric rock destruction, approximately linearly, but with significantly greater than
in zone [ inclination.

e area IV — is re-grinding of drill cuttings at the bottom, because the flow of flushing
liquid ceases to cope with cleaning bottomhole. The size v,, reaches its maximum when
the axial load and G, decreases, as shown by curve 1[3].

Vs
M/q A 3,2 1 __~16

/"' 4
» G, xH/m

” AN S o
IR T IV G
Figure 1 — Graph of dependency of mechanical speed of drilling v,, from the center loading G on a bit

2.1 The model of mechanical speed in view of hydraulic parameters

Bottomhole cleaning is an important factor that influences the mechanical speed of drilling
the rock by drill bit. The bad cleaning bottomhole from the drill cuttings entails re-grinding,
the cost of excess energy to work and increase in terms of well construction in general.
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Mathematical model with mechanical and hydraulic parameters is used in calculating the
optimal parameters. This model includes a function v,, = f(G,n, N,), where G — axial load
on bit, N, = f(Q, B,) — hydraulic power applied to the bit, ¢ — mud flow rate.

It is obvious that the variable IV, should enter into the equation of the function in Eq. (1)
as a directly proportional component with the coefficient or with an exponent, which provides
the necessary slope and bending v, function curve. This is because the more amount of liquid
supplied to the bottomhole, the better its purification [4].

To build a complete mathematical model necessary to take out a formula v,, = f(G,n, N)
using the least squares method [5].

To do this, first carried multivariate regression analysis [6]. Let’s show the use of regression
analysis of the experimental data on example in a Table 1. This approach allows us to replace
the experimental data with approximating mathematical equation, with sufficient accuracy
and calculate the values of its arguments for those who are between the values in the Table 1
and going beyond its limits.

In determining the method of least squares difference (v,,; — Vini)? between experimental
(tabulated) values v, and values approximating function V;,, should be minimal:

(U1 — Vm1)2 + (V2 — Vm2)2 + .4 (Vmn — Vinn)? = min. (2)
Table 1

Experimental data LLC "Burgaz"

vmlm/s] | GIkN] n Ny

1 0 0 36

6,1 o8 28 74

12,65 116 30 148
17,55 146 36 222
19,75 152 42 296
20,95 156 45 370
21,6 158 46 444
21,9 161 46 518
2.7 164 48 502

Task of approximation the function v, is formulated as follows: for the function v,, given
by Table 1, to find the function V,, in power form so that the sum of the squares Eq. (2) was
minimal. Since the dependence v,, = f(G,n, N,) is a power function (geometric regression),
the approximating function must have the form:

Vin (K, 6,0, m) = KG°n®N;", (3)

where — the coefficient of proportionality (drillability), d, o, m — exponents depending on
the type of bit and the quality of cleaning bottomhole. The purpose of regression analysis
- definition of the coefficient K and exponents ¢, @ and m in Eq. (3) Then the sum of the
squares of the differences Eq. (2) in expanded form:

9
Z[Umi - sz<K7 Gvéanaaa Nbam)]Q = F(K7 G> 5,71,05, Nb7m)' (4)

i=1
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A necessary condition for a minimum of functions to F, as a function of variables K, ¢, «
and m, is written in the form of the following system of equations

oF

ok~

or

2zvmz_ KGZ,(STL“O./ me )]'FII{(KaGiaévnivaaNbiam):07
22 Umi = F(IK, Gy, 6,15, @, Noiy m)] - F§(K, Gy, 6,m3, 0, Nyg,m) = 0,
22 Umi — K G'U(S n;, o, Nb’u )] : F(;<K7 Gi7§7 ni7a7Nbi7m) = 07

22 Umz_ K GZ,(Snl,Oé sza )]'Fr/n(Kvgiaé?ni?a/?Nbiam):O‘

Finding the approximating value of function V,,,(K,d, «,m) is complicated by exponents
(0, and m). To replace V;,, to the linear form, take logarithms of both sides:

InV,,=InK+dnG+ alnn+ mlnN,. (5)

Since the calculated function V,, is approximating to the table function v,,, the function
In V,,, will approximating function In v,,.
Let us introduce new variables and symbols:

k=K, u=InG, p=Inn, w=IN,. (6)

Then from Equation (5) follows that InV}, will be a function of the argument k, u, ¢ and
w. Designating V' = InV,,, we obtain: V' = k + du 4+ ap + mw. Thus, the task of finding the
value of a power function approximating V,,, reduced to the problem of finding the value of a
linear function V. Accordingly, we denote v = In v,,. Therefore, least square method to Inv,,
and approximating function InV,, :

(v —In V)2 + (Inwvpe — In Vi) + ...+ (In vy, — In V) = min. (7)

9
Since > (Inv,,; —In'V,,;)* =

=1 7

(v; —V;)?, then we will look for a minimum of the following

e

Il
—

function:
9 9
D (i = Vi) = (v = (k4 0u; + asps + mawy))® = H(k, 6, 0, m). (8)

i=1 =1
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To find the necessary condition of a minimum of H we calculate the partial derivatives
over the variables k, §, o, m and equate them to zero.

M-

s
Il
N

[v; — (k + du; + ap; +mw;)|(—1) =0,

e

[v; — (k + du; + vy + muw;)|(—u;) =0,

. -~

el
-
e

@
Il
—

[v; — (k + du; + ap; + muw;)|(—p;) = 0,

e

.
Il
—

[v; — (k + 0u; + ap; + mw;)|(—w;) =0,

where v; = Inv,;, u; = In Gy, p; = Inn;, w; = In N, and the values v,,;, G;, n;, Ny; are given
in Table 1.

The system in Equation (9) is a linear system with respect to k, §, a and m. Knowing its
solution k, &, o and m can be found approximating function V,, = KG°n®N;".

Thus, the complete mathematical model of the mechanical drilling is as follows:

Uy, = KGn®NJ;
Co 1
lo=—"—=; tbh = ——,
bnG kynG
where

G = G/ D, — specific axial load on bit G, cast to its diameter Dy;

to — time of weapon’s work of bit;

t, — time of bearing’s work of bit;

co — the degree of wear of bearing, ranges from 0 to 1 for new and completely worn out
props;

B = 1/,sn — experienced coefficient depending on the bit design, drillable rock, drilling
fluid, dynamics of bit work at the bottomhole, and other factors affecting the deterioration
of bearings bit cutters;

K, — experienced coefficient depending on the bit design, the hardness of rocks, mud
properties, and other factors affecting the deterioration of weapons;

2.2 Program for calculating the optimal parameters of the mechanical drilling process

The numerical implementation of the model of the mechanical drilling process was done using
the programming language C'#.

Here is computational algorithm for finding V,, approximating function. As shown in
paragraph 1 the approximating function has a power form: V,, = KG°n®N/*, but the
coefficient K and indicators §, a and m are unknown.

1. Construction of an auxiliary approximating function V.

We form a new table 2, using the data in Table 1. In Table 2 instead of v,,, G, n and N,
values will be their logarithms v = Inv,,, u =InG, ¢ = Inn, w = In N,.

From regression analysis follows [2| that V is linear: V' = k + du + ap + mw, where we
use the notation Eq. (6), k = In(K).
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2. Creating and the solution of the linear system (2.9).

Applying the method of least squares to v = Inwv,, and auxiliary approximating function
V = InV,,, compose the linear system in Eq. (9) with respect to the parameters k, J, a, m,
using the data in Table 2.

Then we numerically solve the system Eq. (9) and calculate the ratio K = exp(k).
3. Calculation of the approximating function V,,.

Substituting the values of K, §, a and m, we find the function V,, = KG°n®N/", which
is the regression equation.

4. The comparative analysis of table v,, and approximate V,, values.

Here is the main program interface screen for controlling the drilling process (Figure 2).

1265 116 R =
17.55 126 3 .

1975 152 2

|2085 136 a5 ) /
218 |18 [ | u
< >
TR .

Result of the solution of linear system (1.7)
K & 0
0

03722 0.7625 68 12 1% 260 ko) 38 452 516 580
L]
a = :" —— Expaimenial dal
-0.671% 04512 S e
Solution Dﬂirke;r system for finding o IR e Task of flushing
.8 a.m Draw exper. graph graph speed well

Figure 2 — The main window of software

The following buttons are indicated here:

1 — an experimental data loaded from file;

2 — the button for solving linear system in Eq. (9);

3 — the button to draw the graph of the experimental data;

4 — the button to draw the graph of the approximate function V,,;

5 — button, which opens an another window, which shown in Figure 3;
6 — the button opens a window for the flushing well task;

7 — a field for drawing graph.

In the program, after we have found the parameters k, §, @ and m there can be drawn
graphs and compare the table and approximate data, as shown in Figure 2.

Note that the graphs of approximate and experimental data are close, so we can continue
to use the founded parameters K, §, a and m for other values of G, n and Nj,.

Calculation of mechanical speed v,, for the new values of G, n and N is shown in Figure 3.

Becrauk KasHY. Cepusi maremarnka, Mexanuka, uagopmaruka Ne3(91)2016



104 Dairbayeva G., Kabylzhan A.

Figure 3 — Calculation of mechanical speed

3 Mathematical model of hydraulic flushing of well

In the process of drilling one of the main stages it is flushing the well using a drilling fluid.
Flushing is used to remove drilling cuttings from bottomhole, for deepening, cooling and
lubrication the drilling tool. The main components of the equation are well flushing pressure
P and mud flow rate ). Therefore, it is important to understand that the main task is to
control the pressure at the inlet of the well. To control the pressure in the riser necessary to
determine how much pressure has to be at each section of pipe.

To describe fluid flow, consider the law of conservation of energy for the flow of an ideal
incompressible fluid Eq. (10) and the continuity equation Eq. (11) [9]:

VQ
,07 + p+ pgh = const (10)
V151 = aS, (11)

where in Eq. (10): V' — flow speed, p — pressure, S — square section under consideration, h —
height, g — acceleration of gravity, p — fluid density; in Eq. (10): V; and V5 — speed in different
sections 1 and 2. But the application of these equations is not correct because of the internal
friction forces, and accordingly the pressure loss at various sections of the pipeline. To account
for these losses need to calculate the resistance, with which it is concluded pressure at any
point.

When we have the pressure loss along the pipeline, and at the same section, the flow
velocity V' is equal to the kinetic energy and is unchanged. In this case, the static pressure
loss is calculated according to the formula [8]:

Ap = AgVQg — —Darcy-Weisbach equation, (12)
where Ap — pressure loss, L — section length, d — diameter of pipe, V' — flow velocity, A —
hydraulic friction coefficient, p — liquid density.

Flushing wells proceed as follows, washing fluid using pump is pumped under pressure
into the tube side of the well, then comes out from holes of bit and passes cuttings through
the annulus to the surface. This drilling fluid overcomes the hydraulic resistance over the
path of their movement.
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To flush uniform for each count the loss of drilling fluid pressure generated by the pump
drill. Then, the total loss of pressure is defined as the sum of all pressure losses borehole
sections. In rotary drilling the pressure in well inlet, i.e. the riser P, calculated as the sum of
the hydrostatic pressure of the liquid column P, and pressure losses on all elements of the

> P
P.= Py+ Y 0P, = Py + 6Py + 6P, + 0P, + 0Py + 6P, + 0 Pugs + 6 Pas. (13)

Eq. (13) is the main equation of the well flushing.
In rotary drilling define the following components of the pressure loss [4][7]:

o 0Py = (e + ap + a, + ag)pQ? — in the surface trim;

8Q?pl 470l

or
5 )
7T2dT Brdr

o 0P, =)\p (turbulent or structural flow mode) — in the drill pipe;

| (& —d? 2
o 0P = T (H — 1) pv%n — in couplings and tool joints;
T c M

8Q?pl., 470l

® 0Py = Aup—5z— OF , (turbulent or structural flow mode) — in the weighted
T dwp BTydwp
drill pipe;
2 1 2
e 0P, = 5% = Ep% — in the drilling bit;
8Q)? 470l
® 0P,us = )\wasﬂ_Z (= dOS:sf - dow)zlw or 70 (turbulent or structural

/Bwas<du} - dow)7

flow mode) — in annular space between the weighted drill pipe and the borehole wall;

8Q2p 47’0l
6Pas = /\as lw R
* 7T2(dw - d0)3(dc - d0)2 o Bas(dw - do)
mode) — in annular space between the drill pipe and the borehole wall;

(turbulent or structural flow

e Py, = pgL. — the hydrostatic pressure of the liquid column.

Mud flow rate @) is determined by the speed V' of flow motion. Based on the results
of calculation of the drilling fluid flow and pressure loss in each section there is calculated
minimum required hydraulic power of pump drilling:

N = P.Q. (14)
According to the total losses we can select the type of mud pump and according to filing
— full capacity.

The complete mathematical model of the hydraulic flushing of wells will be as follows:
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(
n=0,33pg —0,22; 70 = 85pg — 70; ver = 0,25, /E; Q= %(d?ﬂ — d?)v,
Yy

T 40Q)
> (0,35 — 0,5)—d?; Vgs = ———;
Q—(? 7)4 C7U W(dg—di})
. P Pu+Apy| | 0,58 pd2Ty
p:mln{k‘rng, 9Ln ; Rer:2100+7,3(He)v ’ I—]e:7

d 4 4 as dc — dw 4
<R€p:pvpp: Qp7vp: QQ;ReaS:PU ( ): Qp ’
n 7po77 de 9 g 7T(dc B dw>77 2
8Q%pl  4Amyl 8Q°p
P. = (a, . 0+ pgle+ A—soe V Aas
(e + ap + o5 + o) pQG + pgLe + N m2d3.  Brdr + w2(dyy, — do)?(dy, — dp)?

41yl 8Q?pl, v 470l 8Q%p l 470l

l

+ )\w + )\was w \Y +
BasC (dw - dO) b Wzdg;p 6Tydwp 7T2(dw - dOw)g(dc - d0w>2 Bwas<dw - dOw)

2 2 2 2 2
pvz Ll [ di —d 5 1 Q
Pr 2y 2 (fe= %0 By

SECEREE (dgv—dﬁw Plas T 3P og

(15)
Restrictions:

)< Py = 2 2(Apas) — (1 = ¢)pasg Ly o= _ e
gLy %de% +Q

P.+1,5

PT€+375_ k/' Q
L

Le 7 (df, — df)

In the hydraulic model following symbols are used:

n — plastic (dynamic) viscosity of the fluid [Pa - s];

p — flushing fluid density [kg/m?];

g — acceleration of gravity =9, 8[m/s?]

7o — dynamic shear stress of the liquor [Pal;

ver — critical speed of fluid flow [m/s];

7 — specific gravity of liquor [kg/m?;

Q) — drilling mud circulation rate [m3/s];

d,, — diameter of well (bit) [m];

d, — the outer diameter of the drill pipe [m];

Vg, Ugs, Up — velocity of liquor movement in the annulus of the well and in the pipes [m];

k, — reserve ratio;

P,. — reservoir pressure [Pal;

L, — the depth of the reservoir with a maximum gradient of the roof of reservoir pressure
[m];

L. — occurrence reporting layer soles depth [m];

Qe, ay, s, oy — coefficients of hydraulic resistance in the riser, the drilling sleeve (hose),
swivel, kelly;

P. — the pressure in the riser [Pa].

k

<p<k <0,4; P.< Pyy; k-APB,-Q = const.
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3.1 Software implementation of a mathematical model of the hydraulic flushing of well

The window, which is shown in Figure 4, will be opened after clicking the button 6. In
this window, the user selects the type of flow: turbulent or structured, also makes the basic
unchangeable parameters to calculate the total pressure loss.

_0.1 . o )

o [l

Calculate the pressure in the riser

Figure 4 - Window to entering the parameters to calculate the pressure in the riser

pglc - 4422348

Figure 5 — Window to display the results of calculation of the total pressure loss .

After the user enters data and clicks the "Calculate pressure in the riser" the window
appears in Figure 5. In the new window will be the values of pressure loss, and total loss P.
that have been numerically calculated by a mathematical model of Eq. (13)
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4 Summary

Based on the a complete mathematical model of mechanical speed of drilling there was
developed computational algorithm for finding the parametric coefficients, which allows to
calculate the mechanical speed of drilling for arbitrary data A comparative analysis between
the experimental and computational data is done. Applying a mathematical model of the
borehole flushing, there have been shown finding a common mud pressure loss. According
to the results of calculating the total pressure loss there can be determined the type and
capacity of the mud pump. Using the above mathematical models can carry out the control
of the process of drilling wells.
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MaremaTudeckoe MOJIeJINPOBaHNE PACIHPOCTPAHEHUs MACCUBHON CKAJISTPHOMI
NpuMecHu B MONEPEYHOl CTpye

AKTHBHOE pa3BUTHE MPOMBIIIJIEHHOCTA IPUBOJIUT K yBEJIUYEHUIO KOJMIECTBA 3aBOJIOB, (habpUK,
TOC u ASC, BeiiesicTBUE 1Ye€ro IOBBIMIAETCsE 00beM BBIOPOCOB IpuMecu B aTrMocdepy. Bpemgabie
XUMUYECKUE COEJMHEHUsI OCEJAIOT U OCTAIOTCS B MPU3EMHBIX CJIOSX aTMOC(hepbl, 9TO BJeYeT 3a
co00i1 pa3IMIHble YKOJOIMIECKHE IPOOIEMbl, HAHOCSIINE BPE]l 3I0POBLI0 HACEJCHHUST U OKPYKa-
IOMTeil cpefie. YUnUThIBasl BBINEYKA3aHHbBIE TTPOOJIEMbI, OYeHb BAXKHO KOHTPOJIUPOBATH 0OBEM BbI-
OGPOCOB, UTOOBI TOJIJIEP:KUBATDL UX Ha OE30IACHOM JIJIsi OKPY2Karomeit cpesibl ypoBHe. [y aToro
HEOOXOIMMO HCCJIEJIOBATH PACIPOCTPAHEHNE BPEIHBIX BhIOpocoB. Hanbosiee onruMaibHBIM CIIOCO-
OOM OIEHKH SIBJISIETCSI COCTABJIEHUE MATEMATHIECKON MOJENN JBUYKEHUs Ta3000pa3HbIX BEIIECTB.
[TomobHas MoesTh IpeycCMaTPpUBAET Pa3IndHble (DU3UIECKHUEe, METEOPOJOIMIECKIE U XUMUIECKIE
daxTopsl. B nipencTaBiaentoit pabore paccMaTpUBaeTCI MOJASTbHAS 3a/1a49a, TO3BOJISIIONTAsT TPOU3-
BECTH BAJIUJIAIUNI0 KOPPEKTHOCTU BBHIODAHHONW MaTEeMATUIECKON MOJIEIN U aJrOPUTMa UUCJIEHHOIO
perernsi. Moiesib yauThiBaeT (hU3MIECKre MapaMeTphl BEIIECTB, MO3BOJISET PACCUUTATH XMMU-
YECKYIO PEAKIINI0 PEAreHTOB U PACIPOCTPAHEHME MACCOBBIX J0JIeil BHIOPOCOB B 3aBUCUMOCTH OT
CKOPOCTHU BeTpa. Pacdersl BBIMOJHSINCH C TTOMOIIBI0 mporpamMmmuoro komiuiekca ANSYS Fluent.
B urore npuBeseHbl pe3yIbTaThl YUCAEHHBIX PEIeHnt 1 mocTpoenbl rpaduku. Ilogobnas 3amatda
[TO3BOJISIET IIPOTECTUPOBATH MMEMIILYIOCS MaTEMATUIECKYI0 MOJIE/]b U B JIAJbHENIIEM IIOCTPOUTH
MaKCHMAaJIbHO KOPPEKTHYIO MOJIEJ/Ib PacCIPOCTPaHeHNs BBIOPOCOB B aTMocdepe.

KuroueBbie cioBa: ypasuennsi Hasbe-CToOKca, 1MepeHOC BEIIECTB, YHUCIEHHOE MOJEIMPOBAaHUE,
3arpsi3HEHNE BO3/yXa, KOHIIEHTPAIIUS.

Issakhov A.A., Baitureyeva A.R.
Mathematical simulation of passive scalar impurity in the transverse jet

The active development of the industry leads to an increase in the number of factories, plants,
thermal power plants and nuclear power plants, thereby there are increasing the amount of
emissions into the atmosphere. Harmful chemicals are deposited and remain in the ground surface
layers of the atmosphere, which leads to a variety of environmental problems which are harmful
to human health and the environment. Considering the above problems, it is very important to
control emissions, to keep them at a safe level for the environment. That is why it is necessary
to investigate the spreading of harmful emissions. The best way to assess is the compilation of
the mathematical model of the gaseous substances motion. Such model includes various physical,
chemical and weather factors. In the present paper is considered a model problem, which allows to
validate the correctness of the chosen mathematical models and numerical solution algorithm. The
model takes into account the physical parameters of the materials, allows to calculate the chemical
reaction between the reactants and the distribution of mass fractions of emission depending on
the wind velocity. The calculations were performed using the ANSYS Fluent software package. In
the end there are given results of numerical solutions and the graphs. This task allows to test the
existing mathematical model in order to create in the further more accurate model of the emissions
distribution in the atmosphere.

Key words: Navier-Stokes equations, mass transfer, numerical simulation, air pollution,
concentration.
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Ucaxos A.A., Baiitypeesa A.P.
KeneHeH arbICBIHAAFDI IACCUBTI CKaJISIP KOCIAHBIH, TAPaJIybIHBIH,
MaTEMATUKAJIBIK, MOJeJIbIey1

OnepkocinTin GesIceH Il JaMybIHBIH ApKACHIHIA 3aybITTap, (hadbpukaiap, 2KIC xone ADC canja-
Pl Kebeile i, COHBIH, CaJIapblHaH aTMocdepara IIbFAPbIHIBLIAPBIHBIH KOJIEMi OCIl KaThIp. 3U-
STHJIBI XUMUSJIBIK, KOCBLIBICTAP TOMEH TYCIIl, aTMOC(hepaHbIH, Kep KabaThIH1a KaJia [bl, COHJIBIKTAH
XaJIBIKTHIH JeHCAY/IbIFbIHA YKOHE KOPIIaFaH OPTara 3UsTH KeJITIPETIH 9p TYPJIi 9KOJOTUSIJIBIK, TpoD.Ie-
Mastap 6actananbl. OCBIHBI €CKepe OTBHIPBII, MILIFAPBIHIBLIAPBIHBIH, KOJIEMIH KOpIIaraH opTa YIIiH
Kayirncis jmerreiige 6akplIay ©Te MaHbI3AbI. Dyl YIMH 3UIHIbI MTBIKAPBIHIBLIAPILIH TaAPATHITY HIH
3epTTey KaXKeT. KO3FAJIBIC KOHE ra3 TEKTeC 3aTTap KUMBLILIH MaTEMATUKAJIBIK, MOJETIH KYPBIIT
Oarasiay HEFYPJIbIM OHTAMJIBI TOCi OoJiblll TabbLIaAbl. MyHIait Mosenb op Typil (MU3MKAIBIK,
METEOPOJIOTHUSJIBIK, YKOHE XUMUSIBIK (haKTOPJIapAbl KO3eli . ¥ ChIHbIIFaH XKYMbBICTA TaHIAJFAH
MaTEeMATUKAJIBIK, MOJEJIJIIH 2KOHE IIelTy aJrOPUTMIHIH TYPBICTBIIBIFBIH TEKCEPETIH MOJIEIbIIK eCel
KapacThIpbLIaabl. Momeab 3aTTapabiH (PU3UKaJIbIK TapaMeTPIePiH eCKEPTIl, KeJT KbLIIaMIbIFbIHA,
OalIaHBICTBI PEATEeHTTEP/IIH XUMUSAIBIK, PEAKIINAIAPBIH YKOHE TIBIFaPbIHIBLIAP/IBIH TaPATHITY bIH
ecenreiini. Ecem ANSYS Fluent GarmapiiamaJsiblk KellleHIHIH KOMEriMeH OpbIHIAJFaH. ASFbIHIA
CAHJBIK, IIEIIIMIEP/IiH HOTHXKeJIepl KeaTipiaren >koHe rpadukrep cajabliHrad. MyHgail ecem 6ap
MaTeMaTUKAJIBIK MOJIEJIJIl YKOHE OHBI IIENIeTIH CAHJIBIK, AJTOPUTMBIH TEeKCepyTre MyMKIHIIK Oepes.
Tvyiiiu cesnep: Hasbe-Crokc TeHmeymepi, 3aT TaChIMAaJIbI, CAHIBIK, MOJIEJIbIEY, AYAHbBIH JIACTAHYBI,
KOHITEHTPAIIHS.

1 BBenenue

BarpsizHeHne BO3/yXa U3 I'oja B I'0Jl CTAHOBUTCS Bee DoJiee riobaIbHON U Cepbhe3HOil po-
6s1eMoit MUpOBOTO 3HadeHud. HerpepbIiBHOE pasBuTHEe W POCT YUCIEHHOCTH HACEJEHUS B TO-
POJICKUX paiioHax, ps1 mpobJieM, CBI3aHHBIX C OKPYZKaIoIeil cpe/ioil, TaKNX KaK BBIPYOKa
JIECOB, BBLIOPOC TOKCUYHBIX MATEPHUAJIOB, BRIOPOCOB TBEPJBIX OTXOJIOB, 3arpsi3HEHNE BO3/LyXa
U MHOTO€ JIPYToe, MPUBJIEKAIOT K cebe Topas3 io 00JIbille BHUMAHUS, YeM KOIJIa~JIn00 MPeXkKJIe.
[ToBcemecTHO pa3BUBAETCA TTPOMBIIIJIEHHOCTD, BCIEJACTBUE Y€ro pacTeT KOJIMYecTBO (habpuk,
3aB0s10B, TOC 1 ADC, KOTOpBIE MPOU3BOAAT OOIBITOE KOJIUIECTBO 3arPA3HSIIONINX BEIECTB.
Be1Opochl mpuBOAAT K Pa3IUIHBIM SKOJIOIMYECKUM ITpo0IeMaM, KOTOpble HAHOCAT BPEJT 3710~
POBBIO YesioBeKa M OKpyzkatomieil cpejie. [Ipobiiema 3arpsa3nenns Bo3jlyxa B IoOpojiaX CTasa
HACTOJIBKO CEPbE3HOil, UTO CYIIEeCTBYET MOTPEOHOCTh B CBOEBPEMEHHO# nHdopMaIun 0o n3me-
HEHUsIX B ypoBHe 3arpssuenns [1-3]. [lomrMo BEIOPOCOB 3arpsA3HSIIONINX BEIIECTB U3 JTHIMOBBIX
TpyO, B mporecce paborsl TOC mpomsBoAATCS 30JI0MLIAKOBBIE OTXO/IbI. TaKKe OKa3bIBaeT-
cd BPEJIHOE BO3/IENCTBIE Ha OXJIaJUTeIbHbIe BomoeMbl. [loBbimmatomasicss TemMmepaTypa BOJbI
BJIMsIeT HA n3MeHeHue (Jiopbl U (hayHbI.

Kaxkipiit 1oj1 B OKpYy2KaIoOIyI0 Cpe/ly BbIOPACHIBAIOTCH JECATKU MUJIJIUOHOB TOHH T'a30-
00pa3HBIX OKCHJIOB cephl, yriepoja u azora. Joas TOC B aHTPOIIOreHHBIX BBIOpOCAX ITUX
oKcHJI0B cocTaBisier 45-65% u 15-45% coorercrenno [4]. [lasbreiiniee pasBuTie TeILIO-
SHEPI'eTUKU CUIBHO 3aBUCHT OT OOeCIieYeHns JIOIYCTHMOIO YPOBHS BO3/IEHICTBHS SHEPIOyCTa-
HOBOK Ha OKPYZKaIOILyIo cpejy u ux 6ezonacuocru jyist skosoruu |1]. [onagas B armocdepy,
razo000pa3Hble BLIOPOCHI PACIPEJIEIAIOTCH B BO3/yXe, BCTYHAIOT B XUMHUYECKUE PEAKIINU, U
OAJIAIOT B BUJIE CYXUX U YKUJIKUX OCAJIKOB Ha OKPYZKAIOILYIO MOBEPXHOCTDH 3eMJIU (pacTeHus,
[OYBY, BOJy, CTPOEHUS U T.JI.). B 3aBHCHMOCTH OT DPA3IMYIHBIX (DUMUECKUX, XUMHIECKUX
U METEOPOJIOTMYECKNX (DAKTOPOB, 3arpsA3HLIONINE BEIECTBA MOTYT JOCTHTATh MOBEPXHOCTH
zemun Ha paccrogaun H00-1000 km ot ncrounuka. /lanHoe paccrogHne pacTeT ¢ yBeJInIeHneM
MOIITHOCTH MCTOIHUKA [4-6].
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UcciietoBanue jrannoro nporecca B Kazaxcrane gapiiserca ocoOeHHO aKTya bHbIM. Kazax-
craH 00JiaJlaeT KPYIHBIMI 3alacaMil SHEPreTHIecKnX pecypcoB (HedTb, ras, yroJb, ypaH)
U SBJISIETCS CHIPbEBOI CTPAHOM, YKUBYIIEH 3a cUeT MPOJayKu MPUPOJIHBIX 3aIlaCOB SHEPTOHO-
curesieii (80% sKcnopra - Chipbe, a JI0J1s IPOMBIIILIEHHOTO IKCIIOPTa COKPAIIAETCST €2KETOJIHO ).
Corytacno craructuke, sHeprernka Kasaxcrana nouaru Ha 87% paboraer Ha yrie, a Kk 2020
IOy JI0JIsl KAMEHHOI'O TOILIMBA B TeHepaluu BLIOPocoB B armocdepy cocrasut 66% or obmero
obbema. Takum 0O6pa3oM, SHEPrEeTUIECKUI CEKTOP CTPAHbBI SABJISIETCSI OCHOBHBIM 3arpa3HUTE-
JleM BozjymiHoro bacceitna Kazaxcrana.

it MojiesIupoBaHusl 1OJIO0HBIX MACIITAOHBIX 3aJ/at, HeOOXOJMMO PEeHIUTh MOJIEIBHYIO
3319y JIJI TTPOBEPKU KOPPEKTHOCTU BBLIOPpAHHON MaTeMaTUYeCKOW MOJIEIM U YHCJICHHOTO
aJIropuTMa. B 9THX 1endax B JJaHHON paboTe UCCIemryeTcs JBUKEHNE BEIEeCTBA, BBIXOSIIEr0
u3 TpyObl MEPIEHUKYIAPHO OCHOBHOMY TeYeHHIO B KaHaJie. BXoJ/iHbIe YCIOBUS JJIS BBIXOJIA
u3 TPyObI U TOMEPETHOrO TEUEHUS OIMUCAHBI PA3IUIHBIMU TPOodUIgMu cKopocTeii. OTHoIe-
HIUEe CKOPOCTeil BhIpazkaeTcd yepe3 R = Umfjﬁ = 1,5. B pabore cpaBHUBAIOTCS PE3YJIHTATHI
JUTA PA3/JIMIHBIX PO UIeil CKOPOCTH U UX BJIUAHNE Ha JlajbHelilnee IBUKeHNE BelecTBa. Be-
mecTBo B, BbIxossiIee u3 TpyObl BCTYIIACT B PEAKIINIO C BEIECTBOM A OCHOBHOTO TE€UYCHMUS, B
pesyabrare oopasyercs BerectBo C. VceeioBana KOHIIEHTpaIids KaXKJI0ro u3 Hux. Berecrsa
o/1o0panbl TakuM obpasoM, uTo uucyio lamkesepa pasuo 1. Camo TedeHne HECKUMAECMOE.
Pacuers! npoBoimincs ¢ momorisio mporpammuoro komiiekca ANSYS Fluent. Anasoruanoe
HCCJIeIoBaHe IPOBOIIIIN 3apybezkHble nccaeoBaresn |8, 9|, u mesibio ganHOi paboThl OBLIO
CpaBHEHWE MOJIYUYEeHHBIX JIAHHBIX C UX Pe3yIbTaTaMu.

2 Cxema u pa3mepbl pacueTHO! obJiacTu

Ha pucynke 1 mpuBesmena cxema m pasmepbl pacderTHoit obsjactu. BerectBo A BxomguT
yepes JieBylo rpanuiry inlet 1, BemectBo B depes Bxos TpyObl inlet 2, BbIxos HaxomguTcs B
1paBoii rpanurie - outlet. Pazmepsr pacueTHoit obacTu yKa3aHbl Ha PUCYHKE 1.

16

-2
I T
f<— 2,5 ) 2
_47III\Iﬂlll\l\ll\\l\\\I\I\I\\II\I
-2 0 2 4 8 8 10 12

Pucynok 1 — Cxema pacdernoit obsactu

3 MaremaTudeckasi MOJeJIb

[ToapoOubIit 0030p MOC/IEIHUX pabOT 110 TEUYEHWIO CTPYU B IOIEPETHOM ITIOTOKE MOXKHO
naiitu B pabore [10]. Tlpeabiayiue aBTOPbI YUCJIEHHO UCCIeI0BAIM 1ojie ckopoctu [11-16],
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a IMACCUBHOE CKAJISIPHOE I0JIe KOHIIEHTPAIMN PACCMATPUBAJIOCh B paborax [17-19]. A takxke
YHUCJIEHHOE MOJIETIMPOBAHME TI0JIsi CKOPOCTH OBLIO paccMoTpeno B paborax [20-24|. Ha cero-
JHSATTHAN JIEHD 715 UCCIIE/IOBAHNS Te€IeHNT CTPYHU B MOMEPETHOM ITOTOKE BCe Hallle TPUMeHsI-
10T YHCJIeHHOe MoJlesnpoBanue. B paborax [25-26] Mozesupyercs: TedeHne cTpyu B Ioneped-
HOM IOTOKE C TIOMOIIBIO OCpeIHeHHbIX 110 Peiinosbiacy ypasuenuii HaBbe-Crokca (RANS) u
IIOJIYYEHHbIC YUCJICHHBIE PE3YJ/IbTAaThI IJId I10JIA CKOpOCTeﬁ CpaBHUBAIOTCA C 3KCIICpUMEHTAJIb-
HBIMU JIaHHBIMEU. B paborax [27-29| ducieHnoe MomempoBanue OCYIIECTBIISIETCST ¢ TOMOIIBIO
meroja Kpynubix Buxpeii (LES), kotopslit maer ropasio jydmmie pesyabrarsl, deM RANS
nogxos. B pabo-te [30, 31| 6blia mosrydena Xoporiasi CONIACOBAHHOCTh CPEJIHUX CKOPOCTeil
1 TypOyJIEGHTHOW MHTEHCUBHOCTHU SKCIEPUMEHTAIBHBIX PE3Y/IbTATOB C PEIICHUSIMU, 10Ty I€H-
HBIMU C [OMOIIBIO MPSIMOTO 4ucjieHHoro Mmojemuposanust (DNS) [18, 32|. nga gucsenno-
ro MOJIEJIMPOBAHNS JIAaHHOT'O IIPOIecca B OCHOBY MaTeMaTUYeCKON MOJEN JITJIN ypaBHEHU s
Hagsbe-Crokca, cocrosiime n3 ypaBHEHUSI HEPA3PBIBHOCTA U YPABHEHUN JTBUYKEHUS.

ou Ow

5ot o =0 (1)
ou ou\  Op Pu  O%*u

p(%*%)"%*ﬂ(@*@) 2)
ow ow\  0Op Pw  Pw

P(“%*wa)——$+“<w+w) )

ﬂﬂﬂ pac4deTa IIepeHoCa KOHIEHTPallunu OBLITH UCIIOTH30BAHBI YpaBHEHUA JIJId KOMIIOHEHTOB
YA n YB-

oY, oY, ’Y, 0%,
P <u—A + w—ZA> =pl'ys < LI —A) — k1YaYR (4)

0x? 022

Op OV _ . (Vs 0Vp
A% v PP T o2

) AN (5)

Cortacuo 3akony Jlasbrona Yo BbIMHC/IsSIETCS TAaKIM 00Pa30M:

Yo=1-Y,—Yp (6)

31echb 4, W— KOMIIOHEHTBI CKOPOCTH, p— IJIOTHOCTD, (i— JUHAMIYECKas BA3KOCTb, I'y I'p—
ko3 dunuents! 1uddysun, ki, ko— KOHCTAHTBI CKOPOCTH PEAKITUH.

4 I'panuvHble 1 HaYaJIbHbIE YCJIOBUS

['paruunbie yc1oBus 3a/aBaIUCh cieayommuM oopasoM: Jiis inlet 1 u inlet 2 — ‘Velocity-
inlet’, mra outlet — ‘Pressure-outlet’, mist cren — ‘Wall’.
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Havasibublie yemoBus:

s BxoJ1a ocHOBHOTO KaHauta inlet 1 6bLIM paccMOTpEeHbI pa3/InIHble BAPUAHTHI TPOMUIIA
CKOPOCTH U:

ul: u=u (7)

7‘2
ud: u=u" (1 —e P <14)> , =Y (10)

OctasibHbIe MapaMeTphl 3aJaBauch moctossuubiMu: w =0, Y4 =1, Yg =0

st Bxofa Tpy6wl inlet 2: u =0, w =2Ru* (1—-41%*), rtmel=z,Y,=0Yg=1

31ech ©* BapbUpyeTCcsa B 3aBUCUMOCTH OT BRIOpAHHOTO BelecTBa. 3a BemecTBo A u B ObLt
ykazaH Kucsiopoj Oy. [l auc/ieHHOT0 MO/IeIMpOBaHUS JAHHON 3a/1a41 OepPyTCs CJIeIyoIne
mapaMeTphl: JUHaAMIYecKas BI3KOCTh Kucaopoja pasaa i = 1,919e - 05 KD M2 /¢, TIOTHOCTh

p = 1,299874 kr / 1\/13, ckopocth u* = 0,000369074233 M / cek, rujgpaBauuecKuii JuaMeTp
D = 1, kosdpdbunuent muddysun 6611 3a1an, Kak 0,67737051 M/cex?.

B ANSYS Fluent Bce pacuernsl HpoM3BOISTCA B JAEHCTBUTENBHBIX pPasMepax, MOSTOMY B
JIAHHOM CJIy4dae ObLIN YKa3aHbI PeabHbIE TapaMeTpPhI.

Tabauna 1 — I'panuunele yciaoBus

[Tapamerpsr inlet 1 inlet 2 wall outlet
— _ ou __

u Cm. (7) = (10) |u=0 u=0 5 =0

w w=0 Cwm. (12) w = e =

p Vp. (2) p=p Vp. (3) Vp. (2)

Y V=1 Yy =0 Za =0 24 =

Vg Y =0 Vg =1 e =0 e =0

Hng muckperusanuu cucrembl ypasaenuit (1) — (6) ucrosb3yercs MeTos KOHTPOJIBHOIO
obbema. [lyist aTOTO TIpeicTaBuM ypaBHenns: Hasbe - CTOKca n ypaBHEHUE JIJTsT KOHIIEHTPAITT

B BUJIE HHTErPAJILHBIX 3aKOHOB COXPAHEHHS [JIF NPOM3BOJILHOrO (PUKCUPOBAHHOTO 0ObeMa, )
¢ rpanureit d) |33, 34]:

oU OF  0G, B
/Q (E e Bi>dQ =0, (11)
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rie
0 U 0 0
oy
U= u; . Fi= wuj+pd;—T1y |, Gi= YV oz, , B= 0
C u;C Xor: 0
J

Ypasrernus (11) MOKHO 3aIlCATH B CJICIYIOMIEM BHJIE

/Q @—[Z _ B) 4o + ]gﬂ (F + G)ngdl = 0. (12)

[Tpusenem ypapuenus (12) K TakoMy BULY

/Q (%—[tj) 0+ jng (F; + Gy)nydl’ = /QBZ-dQ. (13)

Cerounble GyHKIUH OY/IyT ONPEIE/ISAThCS B MEHTPE SUEHKU, & 3HAUEHHUS TOTOKOB Yepes
rpaHuily B JpoOHBIX sueiikax. O0beM sueifiku 0603HAYUM Yepe3 CeTOUHbIe (DYHKITUH.

Teneps tpoussesem juckperusanuio ypasuenus (13) mo kourpossaomy oobemy (CV) u
KOHTPOJIbHO#T TioBepxHOoCcTH (CS)

3 (%)AQ + 37 (F + G)mAT = BiAQ (14)
cv cSs

WM MOXKHO OyJieT HamwcaTh ypaBHenue (14) B TakoM Bu/Ie:

> AUAQ+ Y T AUF, + Gi)n AT = AtBAQ. (15)
cv cs

5 HucneHHBI aJropuT™M

st aucnennoro pemennst ypasuenust (1) — (6) ucrmosib3yercst cxeMa paciiellieHus 110
dbusmaecknm mapamerpam [33-35|. st ancsiennoit peanusain cucreMsl (1) — (6) ucmonb3y-
ercs qucKperusanust Buja (15). Ha mepsom srarie mpe/mosaraercs, 9To MepeHoc KOJINIecTBa
JIBUZKEHUST OCYIIIECTBJISETCH TOJBKO 3a cueT KOHBeKun u jauddysun. [Ipomerkyrodnoe mo-
Jie CKOPOCTH HaxojuTcst S-maroBbiM Merojom Pynre — Kytra [36, 37|. Ha Bropom 3rare,
110 HAWJIEHHOMY ITPOMEXKYTOYHOMY IIOJII0O CKOPOCTU, HAXOJIUTCS TI0JIe JIaBJIeHus. Y paBHEHUE
[Iyaccona jijis1 moJist JiaBiienus perraercs MmetogoMm fkodom. Ha Tperbem sTare mpe/imosaraet-
¢, 9TO TIEPEHOC OCYIECTBJIAETCA TOJBKO 3a cUeT IpaJiueHTa jaBienus. Ha deTrsepTom 1mrare
YUCJIEHHO peIaeTcs yPaBHEHUs I TACCUBHON MPUMECH TaKyKe KaK yPaBHEHUS JIBUZKEHUS
5-mraroseiM MeTosioM Pynre — Kyrra. [Ipu pemrenun ypaBHeHus Jijisi KOHIIEHTPAIIUU TaK¥Ke
[IPUMEHSIETCS METO/[ KOHEYHBIX 00bEMOB U aHAJIOIMYHBIC BBHIUUCICHUS KAK JIJIs YpaBHEHUs
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nerzkenns [36, 37]. AsropurM 3a/aun pacrapasiieeH Ha BhICOKOIPOU3BOIUTEIBHON CHCTe-
me. Pacuaersr npoBogmimcs Ha kKiaacrepubix cucremax URSA u T-Cluster II'TT HUW Mare-
MaTuku 1 Mexanuku npu KazHY uMm. anp-Papadbu. Maremarudeckuii 9uCICHHDBIN aJIrOPUTM
BBITVISIETh B TAKOM BUJIE:

I) fQ ﬁ*;ﬂndQ = _5639 (V(u"a* — 1) — vAu )n;dl,
1) §,o (Ap)dl = [, ¥=dQ,

IV) [, S=dQ = — ¢, (Va" C* — xAC*)n;dl.
6 YucjsieHHbIEe pe3yJIbTAaThl

Ha pucynke 2 npejicrapienb! rpaduku npodusieil HadaabHbIX CKOpocTeil Ha Bxoje inlet 1.
Ha pucynke 3 mpejcraBiieHbl pe3yJibTaThbl JIjisi MPOMUIT BEPTUKAJILHBIX U NOPU30HTAJIBHBIX
ckopocTell pu npoduiie HadaabHON ckopocT (9) Jjisi OCHOBHOIO KaHaJIa.

x/D= -3.0

CoordinateY

L4 ] S

1 i | L 1 L
0.0001 0.00015 00002 000025 0.0003 0©.0003
<u velocity profiles>

Pucynok 2 — HagagbHbrit mpoduis ckopocTeit
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x/D= 0.0 —u
—-
i
v
N
1= \
\
\
A\,
ol .
> b >
2 "\ 2
% F e E
e [ Yy Tteeal ]
o g el e 5]
2k S
%
H
E
2 i
1
i
L Ly L I i L | | L
0 00002 00004 00006 00008  0.001 [ 00002 00004 00006  0.0008
Uz, <we <y, <
x/D= 3.0 —_—u x/D= 4.5 —_—u
—- ; —
i
]
i
£
1 1!
-
i
> > i
2 R
i
£ 5 ofi
5 5l
o -] i
o (& i
f !
[ 4 !
Bl T E]
i
: \
i i
i i
N L L L L i | L L |
0 00002 00004  0.0006 00008 0 00002 00004 00006  0.0008
<u>, <w> <u>, <w>

Pucynok 3 — IIpoduim BepTHKAIBbHOM 1 rOPU30HTAIBHON KOMIIOHEHTHI ckopoctu: (a) x/D=0.0, (6)
x/D=1.5, (8) x/D=3.0, (r) x/D=4.5 |m].

x/D=0.0 x/D=1.5
------ -
%
1+ Y )
Wi !
N0
of ¥ !
3 A 3
-
Rl Sl 2
- -
£ « £
o ) o
o - o
2F
af
1 L L L L L ! I
0.0002 0.0004 0 00002 00004 00006  0.0008 0.001
<u velocity profiles> <u velocity profiles>
x/D=3.0 x/D=4.5
> >
] ]
g g
3 3
© ©
| L L L L L L L L L
0 00002 00004 00006 00008 ] 00002 00004 00006 00008
<u velocity profiles>

<u velocity profiles>

Pucynok 4 — Cpasrenue npoduiieil CKopocTeit Ha pasinmuHbX gucraniusx: (a) x/D=0.0, (6) x/D=1.5, (8)
x/D=3.0, (r) x/D=4.5
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x/D=0.0 x/D=1.5
1k
1k
> >
& &
£ £
g g
o o
3k
L L L L
o 005 0.1 0.15 02 o 0.1 0.2
<Product concentration> <Product concentration>
x/D=3.0 x/D=4.5
> >
2 2
£ £
: :
o o
0 0.1 02 03 0 0.1 0.2 0.3
<Product concentration> <Product concentration>

Pucynok 5 — IIpodunn konuenTpanuit npogykra peakuun C Ha pasIUIHBIX JUCTAHIUAX JJIsl PA3IHIHBIX
npoduseii nagansHoit ckopocru: (a) x/D=0.0, (6) x/D=L1.5, (8) x/D=3.0, (r) x/D=4.5

CoordinateY
CoordinateY

L 1 1
0 02 0.4 06 08 1 0 02 0.4 08
<Jet concentration> <Jet concentration>

x/D=3.0 x/D=4.5

CoordinateY
CoordinateY
o

06 08

08 o 0.2 0.4
<Jet concentration>

0. 06
<Jet concentration>

] 02

Pucynok 6 — [Ipodunm konnenTpanuii Bemectsa B Ha pasimvHbIX JUCTAHIMAX JJTs PA3JIMIHBIX MTPOQUIeil
HauasbHOH ckopocru: (a) x/D=0.0, ((6) x/D=1.5, (8) x/D=3.0, (r) x/D=4.5
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CoordinateY

x/D=0.0

CoordinateY

02 0.4 06 08
<Cross flow concenfration>

02 0.4 06 08
<Cross flow concenfration>

CoordinateY

x/D=3.0

CoordinateY

2 0.4 08
<Cross flow concentration>

02 0.4 08
<Cross flow concentration>

Pucynok 7 — [Ipoduiin KoHIeHTpaIuii BemecTBa A Ha Pa3InYHbIX JUCTAHIIUAX JIJIsT PA3JIUYHBIX TPOMUIei

HavasbHO ckopoctr: (a) x/D=0.0, (6) x/D=1.5, (8) x/D=3.0, (r) x/D=4.5

5
CoordinateX

Pucynok 8 — JIlunuu Toka ckopocteit

5 10
CoordinateX

U KOHTYP CKOPOCTH

Ha pucynke 4 narisjiHo BHIHO, YTO PA3HUITLI MEKTy MpoduaaMu u2,ud u ud npakTude-
cKH HeT, HO Tpoduib ul pasuresbHO oTIndaercs oT HuxX. OTcro1a ciieryeT BBIBOI, ITO OY€Hb
BaykKHO 33/1aBaTh CKOPOCTH Yepex MPOMUIb CKOPOCTH, a He Yepe3 IMOCTOSTHHYIO BeJINUNHY, TaK
KaK 9TO 3HAYUTEJILHO BJIUSET Ha YUCJIEHHBI pe3ysbTaT U 060jiee KOPPEKTHO OIUCHIBAET pe-
aJIbHble (DU3MIEeCKUE IPOIECCHI, YTO JAaeT MAKCUMAJIbLHO IPUOINKEHHbIN K JefICTBUTEIbHOCTH
pesysabrar. Ha pucynkax 5, 6 u 7 mpor/uIrocTpUPOBAHbI PE3YILTATHI TPOMUIST KOHIICHTPAIIIH
BeriecTB A, B 1 ostyuennoro B pesysibrare peakiuu BemectBa C Ha pa3IMIHBIX CEIEHUSIX CO-
orBeTcTBeHHO. Ha pucynke 8 mokasaHbl JIUHUKM TOKa T€UYEHUA U 3HAYCHUS CKOPOCTU Ha BCeil
pacuerHoii obsractu. Ha pucynkax 9-11 mpejcraBiieH CpaBHUTEILHBIN aHAJIN3 PE3YIHTATOB
paCIpOCTPaHeHNsI KOHIIEHTPAIINIA, TOJIyYeHHBIX B X0/l JJAHHON pPaOOThI U PE3YILTATOB, TIOJIY-
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c1

08
06
04
02

08
0.6
04
0.2

Pucynok 9 — CpaBHUTEBHBIN aHAN3 PE3YJIBTATOB PACIIPOCTPaHEHUsT BemecTBa A: BepxHuii rpaduk -

PE3YJIbTAThI, I0JIyYEeHHBIE B XOJI€ BBIIOJHEHUs JTAHHONW paboThl, HUXKHUAE I'PAQUKN - Pe3yJIbTaThl [8]

Pucynok 10 — CpaBHUTEJBHBII aHAIN3 PE3yJITATOB PACIPOCTPaHeHus BemecTBa B: Bepxuuii rpaduk -

PE3yJIbTAThI, I0JIyYEeHHBIE B XOJI€ BBIIIOJHEHUs JAHHONH paboThl, HUXKHUE I'PAQUKN - Pe3ysbrarTsl [8]

YeHHbIX 3apybekubiMu ucceosaressivu |8, 9|, rie C1, C2, C3 - KoHIeHTpanun BemecTs A,
B u C coorBercrBeHHO.
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C3
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Pucynok 11 — CpaBHuUTE/IbHBII aHAJN3 PE3YJILTATOB pacnpocTpanenus BemecTsa C: BepxHMil rpaduK -

Pe3YJIbTATHI, IOy IeHHBIE B XOJI€ BBINOJIHEHNsI JAHHOH paboThl, HUKHIE IPadQ UK - pe3ysbTaThl [8]

7 3akJrodyeHue

Pertenne yriporenHo#t MOIeIbHON 3a/1a91 TIO3BOJISIET TPOBECTH BAJIAJIAIIINI0 KOPPEKTHO-
CTU BBIOPAHHOI MaTeMaTUIeCKON MOJIESN W YHCJIEHHOTO METO/Ia PelleHNns, KOTOPble B JIaJIb-
HeflliieM MOXKHO Oy/IET HCIIOJIb30BATh B pacdeTax 0oJiee CJIOXKHBIX TyPOYJIEHTHBIX MOJIeei.
Bouto paccMoTpeHo iBUKEHME BEIIECTBA, BBITEKAIONIETO U3 TPYObl, B OCHOBHOM IIOIIEPETHOM
TedeHnn KaHaja. Pu3nmdecKue mapaMerpbl, TaKue Kak IJIOTHOCTD, JHHAMUYIECKasT BI3KOCTD,
TUJIPABIMIECKUI IMaMeTP U CKOPOCTh, OBLIN 0/ I00paHbl TAKUM 00Pa30oM, 9TOOBI MOy YUTh
MaJjioe Yucao Pelinosb/ica i JJaMUHApPHOTO TedeHus. BcieJcTBre TOro, 4To B CJIOZKHBIX
TYpPOYJIEHTHBIX MOJIEISIX pacdeTa pactpoctpanerus BeioOpocoB TOC u ADC paccmarpuBa-
eTcs KOHIIEHTPAIIUS U MAaCCOBOE COOTHOIIEHUE PA3/JIUYHBIX XUMUIECKUX BEIIECTB, B MaTeMa-
THIECKOI MOJIe/In HeOOXOIMMO OBLIIO YIeCTh BO3MOXKHOCTH pacdeTa KOHIEHTpaIuu. Tak Kak
9JIEMEHTHI BBIOPOCOB IOJT BO3/IEHCTBUEM XUMUYECKNX W (DU3MIECKUX ITapaMeTPOB CMeInBa-
10TCs, 00pa3ys HOBble KOMIIOHEHTBI, B MOJIeJIb M YUCJIEHHBII aJropuTM ObLia BKJIIOYEHA BO3-
MOXKHOCTh pacuera xuMudeckoil peakiuu. [lojrydenmbie qucaeHHble Pe3yJIbTAThl TOKA3AJIH,
YTO U3MEHEHUE CTEIEeHU YKCIOHEHTHI B MPOMUIe CKOPOCTH HE UMEeT 3HAYUTETbHOIO BJIUsI-
HUS Ha TeYeHUe, OHAKO 3aJ[aHie CKOPOCTU B BHJI€ KOHCTAHTHI JA€T 3HAMUTE/IHHYIO OIIHOKY
B pacuerax.

8 IIpumeuanue

Pabora BbImoIHEHA TIPU TTO//IEPKKE IPAHTOBOIO (DMHAHCUPOBAHUS HAYTHO- TEXHUIECKIX
nporpamm u npoektoB Komurerom nayku MOH PK, rpant No 2017/T'®4
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Hactpoiika napaMeTpoB CUCTEMBI yIIPABJI€HUS JIBUXKEHNEM U HaBUTAIIUU
CILyTHUKA METOJOM pa3MeIlleHUs II0JII0COB

Cucrema yrpasJieHUsl JIBUYKEHUEM Y HABUTAIIUU sIBJISIETCsI OJIHON U3 OCHOBHBIX CJIy?KEOHBIX IOJICH-
CTeM CITyTHHUKA, KOTOpasi 0DeCIieYnBaeT ero OpueHTUPOBaHUE B 33 [aHHOM HAIIPABJIEHUH B IIPOIIECCE
mosieta. OHUM U3 BAXKHBIX JIEMEHTOB CHCTEMbI YIIPABJIEHUsI JIBUYKEHUEM U HABUTAIUU SIBJISTFOTCS
ITOJIOYKEHHBIE B OCHOBY €€ pabOThl MAaTeMATHIECKAE MOJIEIN U AJTOPUTMbI, 00ECIIEINBAIOIINE TPe-
OyeMoe Ka4eCTBO IIPOIECCOB yIPABJIEHHUS BPAIIATEIbHBIM JIBUXKEHHEM CIlyTHUKA. B manHoil cra-
The PACCMATPHUBAETCH 33/1a49a 00eCIeYeHNsT KaUeCTBa IIePEXOIHBIX [IPOIECCOB CUCTEMbI yIIPABJICHUS
JIBUZKEHUEM U HaBUTAIUU CIIyTHUKA. KadecTBO epexoHOr0 MPOIecca XapakKTepu3yoT TaKUe mapa-
MEeTPBI, KAK BPEMsl ITEPEXOIHOTO IIPOIECCa U €TI0 KOJIeDaTeIbHOCTh. 1 pebyemMoe KaueCcTBO epexo/l-
HOTO TIPOTIECCa JOCTUTAETCS IIyTeM HACTPOUKH MapaMeTPOB 3aKOHA YIPABJIEHU, KOTOPas MOXKET
OBITH IPOU3BEJ/IEHA C IOMOINBIO PA3INYHBIX MeTonuK. HacTpoitka mapaMerpoB 3aKOHA yIIpaBJie-
HUs B JAHHOM CTATbe OCYIIECTBIISETCS C IIOMOIIBIO METOIa Pa3MeleHus moIocoB. [Ipu srom ms
3a/laHUS PACIIOJIOYKEHNS KOPHEl XapaKTePUCTUYEeCKOT'O0 YPABHEHHS 3aMKHYTOIl CUCTEMBI YIIpaBJIe-
HHUS B KOMIIJIEKCHOM ITOJIYIIJIOCKOCTH WCHOJIb30BaHbI PACIPOCTPAHEHHBIE HA IPAKTUKE BapUAHTHI
pacnpenesenus. [lo mogydeHHBIM pe3ysibTaTaM YHUCICHHOTO MOJIETUPOBAHUS YIIPABJISIEMOTO Bpa-
ATEIFHOTO JIBUZKEHNS CIIyTHHUKA C PACUYeTHBIMU IapaMeTpPaMUé 3aKOHA YIIPAaBJIEHUS OIpPeJlesIeHO
pacipejiesienne KOpHeil XapaKTepUCTHIeCKOr0 yYpaBHEHNUs, obeclieunBaloliee TpedyemMoe KagecTBO
IIEPEXO/IHBIX ITPOIECCOB.

KuroueBple cioBa: CIIyTHUK, KA9€CTBO MEPEXOTHBIX MPOIECCOB, 3aKOH YIIPABJIEHUs, METOJI, Pa3-
MEIIEHNS OJIIOCOB.

Moldabekov M., Yelubayev S., Alipbayev K., Sukhenko A.
Defining the parameters of satellite attitude determination
and control system using pole placement method

Attitude determination and control system is one of the main subsystems of the satellite which
provides its orientation in a predetermined direction during the flight. Mathematical models and
algorithms providing the required quality of control processes of satellite rotational motion that are
used in attitude determination and control system are one of its important elements. This article
discusses the problem of satellite attitude determination and control system transient processes
quality providing. Quality of transient process is characterized by parameters such as transient
process time and oscillation. The required quality of transitional process is reached by tuning of
control laws parameters that can be performed with the help of different methods. In this article
tuning of control law parameters is implemented with poles placement method. Wherein, to set
the location of the roots of characteristic equation of closed-loop control system in the complex
half-plane the common practice distributions were used. According to the results of numerical
modeling of rotational motion of the satellite under control with calculated parameters of the law
it was determined the distribution of roots of characteristic equation providing the required quality
of transients processes.

Key words: satellite, quality of transient processes, control law, pole placement method.
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Mougabekos M.M., Eny6aes C.A., Anunbaes K.A., Cyxenko A.C.
ITosrocTepai opHaIaCTBIPY 94iCi apKBLIbI CITY THUKTIH, HABUTAIIASICHI MEH
KO3FaJIbICBIH DacKapy »Kyiieci mapamerpJjiepiH aHbIKTAY

Hapuranust Men KO3FaIbICThI OACKAPY KYHeCi CIly THUKTIH, YIITy [porieci Ke3iHzeri bepijiren 6arbT-
Tarbl Oarmap/ayblH KAMTAMACBI3 €TeTIH CIIyTHUKTIH HEri3ri KBI3METTIK KOCAJIKbI KyielepiHin
6ipi GosabImt TaObLIA L. HaBurammss MeH KO3FAJIBICTBI OacKapy »KyieciHiH Herisri smeMeHTTepiHiH
6ipi cryTHHKTIH aiffHAJIMAaJIbl KO3FAJIBICHIH 0OackKapy IPOIECTEPIHIH KarKeTTi calachblH KamMTaMa-
CBbI3 €TeTiH, OHBIH YKYMBICBIHBIH HEri3i OOJIBIIl TAOBLIATHIH MaTEMaTUKAJIBIK MOJEJbIEp MEH aJ-
rOpUTMIEP OOJIBIT TAOBLIAILI. Byl Makasa a CIy THUKTIH HABATAIIASICHI MEH KO3FAJIbICBIH OacKapy
2KYHeCiHIH oTHesi IpoIecTep CalmachlH KaMTaMachl3 €Ty MoceJieci KapacTBhIPBLIAIbl. OTIIENl IIPOo-
IecC CamacChiH CHMATTAWTBIH MapaMeTpJiep/iH, Oipi eTesni mporece yakbIThI MEH OHBIH Tepbesici
GOJIBIIT TAOBLIAIBL.OP TYPJI 9JICTEP/IIH KOMETIMEH »KYPrisijerin 6ackapy 3aHJIBLIBIFEI IIapaMeTp-
JIepiH farray »KOJIbIMEH KaKeTTi OTIe Il MPOoIece canachiH ajxyra 6osmassl. Ocbl Makasiaia backapy
3aHIBLIBIFBI TAPAMETPJIEPIH OaIITay MOJIOCTEP/I OPHAJIACTHIPY 9IIiCI aPKBIIbI 2KY3€re aChIPhLIAIbI.
ConbIMeH KaTap, KOMILIEKCTIK YKaPThI )KA3BIKTHIKTA TYHBIK, OacKapy »KyHeciHiH CHIATTAYIIbl TeH-
AeyiHi TybipsiepiH opHAJIACTBHIPYBIH Oepy VIMiH MPaKTUKAIa KEHIHEH TapaJifaH YJIeCTipiM HyCcKa-
JIapbl KOJIJIJAHBLIFAH. BDacKapy 3aHbpIHAH €CeNTiK IapaMerpiepi 0ap CIyTHUKTIH 0acKapbLIAThIH
affHAJIMAJIbI KO3FAJIBICHIHBIH, CAHJIBIK MOJIC/IbJICYIHEH AJIbIHFAH HOTUXKeJiep OOMbIHINA OTIeN i Mpo-
[EeCTEPIiH KAXKETTI calachblH KaMTaAMAaChl3 €TeTiH CHUMATTAYINbl TeHJey TyOipJepiHiy ysecTipimimi
AHBIKTAJIIIbI.

TyitiH ce3/ep: COyTHHUK, OTIE MPOIECTep carachl, backapy 3aHIbLIBIFDI, TOJIOCTEPIl OpHAJIa-
CTBIPY 9/IiCl.

1 BBenenue

Cucrema YiipaBJi€HUA ABU?KEHHUEM W HaBUT'allUN ABJIACTCHA O,H‘HOIL/'I 13 OCHOBHBIX CJIy}K€6HI>IX
IIOACHUCTEM CIIyTHHKA, KOTOPad obecreunBaeT ero OpHUEHTHUPOBaHNE B 3a/JlaHHOM HallpaBJICHUU
B IIpoI1iecce 1oJieTa. O,ILHI/IM 13 BazKHbBIX 9JIEMEHTOB CUCTEMbI YIIDaBJICHUA JIBU2KCHUEM 1 HaBH-
raluun fBJIAOTCHA IIOJIO2KEHHBIE B OCHOBY €€ pa6OTbI MaTeMaTu4IeCKrue MOJeJIn U aJI'OPUTMBI,
O6€CH€“II/IBaIOIH,I/I€ Tpe6yeMoe Ka49eCTBO IIPOLECCOB YIIpaBJieHUA BpalllaTe/IbHBIM JIBHU2KECHUEM
CIIyTHHKA. B ,IL&HHOI71 CTaTbE paCCMaTpPpUBACTCA 3a/lavda obecrieueHnd KadecTBa IIEPEXOIHbIX
IIPOLECCOB CUCTEMBI YIIpaBJICHUA ABHU2KEHUEM WM HaBUI'allUMW CIIyTHHKA.

2 MaremaTru4yeckas MoAdeJIb CHUCTeMbl YIIpaBJI€eHUdA JBHU2KEHHMEM U1 HaBUI'alluu
CIIyTHUKa

B paccmarpuBaeMoil cucteme yIpaB/eHHSA JBUKEHHEM U HABUTAIUU yIIPaB/eHHE BpaIla-
TeJIbHBIM JIBUZKEHUEM CIIyTHUKA IPOU3BOJUTCH C IIOMOIILIO TPEX MaXOBUKOB, YCTAHOBJIEHHDBIX
BJIOJIb TJIABHBIX OCell MHEPINHU CIyTHHKa. /JWHaAMUKYy BpallaTeJbHOTO JIBUKEHHUA CIIyTHHUKA
OIUIIIEM C TIOMOIIBIO JIMHAMUYIECCKUX ypasHeHuii Ditiepa [1]:

TG+ x (JT + Juin) = M, (1)

rjae J - paumaroHasbHasi (3x3) MaTpHUIla TEH30pa WHEPIUHU CIIYTHUKA; W - BEKTOp abco-
JIIOTHOM YTJIOBOIT CKOPOCTHU CIIyTHUKA B ITPOEKIUAX Ha OCHU CBI3aHHOI CHUCTEMBI KOODJIMWHAT
Chuyz; Ju - nnaronasnbHas (3x3) - MaTPUIA TEH30pa HHEPIUH MAXOBUKOB; W)] - B€E>T0p yTJI0-

BBIX CKOPOCTEe MaXOBUKOB, YCTAHOBJIEHHBIX BJIOJIb OCEN X, Y, 2 COOTBETCTBEHHO; M - BEKTOD
YIIPaBJISIONIEN0 MOMEHTA MAXOBUKOB B MTPOEKIINAX Ha OCH CBA3AHHOU CUCTEMBI KOOD/IMHAT.
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Yupassonmii MOMEHT MaxoBUKOB B (1) BbIpazkaeTcs ¢ moMoribio Gopmyis [1]:

M= — Ty 2)

g onucanus KMHEMATUKH BPAIATEIbHOTO JIBUZKEHUS CIIyTHUKA HCIIOJIb3yeM KHHeMa-
TUYECKHE yPAaBHEHUs B KBaTepHUOHAX [1]:

=200 0. (3)

rje 5 - KBaTEPHUOH, XapaKTePU3YyIOIui Te_K>yLuee YIJIOBOE IIOJIOZKCHUE CIIyTHHKA OTHO-
CUTEIbHO MHEPIMAIBHON CUCTeMBbl KOOPMHAT; (Q° - KBATEPHUOH, OOPATHBIN K ().
s onmcanust TMHAMUKI MaXOBHKOB HCIOJIB3yeM ypaBHeHue Buja [1]:

— 1
it + g = kU, (4)

r7e ﬁ = (U1, Uy, Us)T - BekTop HalpsizKeHnus MUTaHus 3JeKTPOJBUTATE el MAXOBUKOB.

Takum 00pa3oM, cucTeMa yIpaBjIeHHs JIBUKEHUEM U HABUTAIMU CITYyTHHKA OIMNCHIBAETCS
cucremoii 10 nuddepeHnuaibHbIX ypaBHEHUN BpalaTeIbHOrO jiBuzKeHus ciyTHuka (1), (3)
U JIMHAMUKE MaXOBHKOB (4).

3 Or[pe,ue.neHI/Ie IIapaMeTpoB CHCTEeMbI YIIpaBJIEeHUdA ABU2KEHMHMEM €M1 HaBUIrallM
CIIyTHUKa MeTOAO0OM pa3MelleHHusd ITOJII0COB

3aKoH yIpaB/IeHIs BpaIlaTeIbHBIM JIBIUKEHIEM CIIyTHUKA 333 MM B BUIe JTUHEHHON (DyHK-
mun [1]:

- =

M =M@, 0, ha), (5)

re h, o - HEeM3BECTHBIE TIAPAMETPBI, [OJJIEXKAIIIE OLPEJIEJICHUIO.

Or 3HaveHnit napaMeTpoB 3aKOHA YIPAB/ICHUS 3aBUCUT KAIeCTBO [EPEXOJHBIX [POIECCOB
CHCTEMBI yIpaBJieHusi. PaccMOTpuM 1IpobieMy HACTPOMKE MapaMeTpoB 3aKOHA yIPaBJICHUs
C MOMOIIBIO METO/Ia Pa3MeIeHUs] [IOJIFOCOB.

Mero pasMerenust moJoCOB UCIOJIb3yeTCsl JIJIsl JIMHEHHBIX CUCTeM, KOTOPBIE OIUCHIBA~
I0TCS ypaBHEHUEM Buja [2]:

T = AT + B, (6)

e r € R" - BEKTOp COCTOSIHUSA CUCTEMBI, U e R™ - BEKTOP YIIPaBJICHUS.
3akKoH yIpaB/ieHUs B JAHHOM CIydae UINeTCs B BUJIE:

U =-K7, (7)
rie K = K(h,«) - Mmarpuiia mapaMeTpoB 3aKOHa yIPABJICHUSI.
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Bajiaua cuHTe3a YIPaBJIEHUs ¢ TOMOIIBIO METO/[a Pa3MEIIeHUsl TOTI0COB 3aK/I0YAeTCs B
3aJlaHNN 2KeJTaeMOT0 TTOJIO?KEHNsT KOPHEeN XapaKTepPUCTHIeCKOTO YpaBHEHUS 3aMKHYTOU CH-
CTeMBbI yIIpaBJIeHNs, 00ECIIeYNBAIONIETO TpeOyeMble 3HAYEHNS TMHAMIYECKIX XapPaKTePUCTHK
3aMKHYTOI cucTeMbl (BpeMsi U KOJIe6aTeIbHOCTD TIEPEXOJHOTO IIPOIECCa), U HAXOXK ICHUS MaT-
putiel K, obecriedunBaoreil 3ajianHoe pa3mernienne Kopaeil. YanreiBas (7), XapaKTepucTude-
CKO€ ypaBHEHNE 3aMKHYTOI CHCTEMbI 3allUChIBACTCS B BHUJIE:

|sSE— A+ BK| =8"+b, 18" '+ ...+ bs+ by =0. (8)

ZKenaemoe pacriosiozkeHne KOpHeil OlpeIesisieTCsl PereHrneM HomHoMa [2]:

§" 4 ap_18" ... ais +ag=0. (9)

[TpupasruBas koaddurenTsl B ypaBaeHusix (8) u (9) mpu oiMHAKOBBIX CTEIEHSX S U Pa3-
pemas moJIyIeHHyIO0 CUCTEMY JIMHEAHBIX ypPaBHEHUI OTHOCUTEILHO HEU3BECTHLIX KOMIIOHEHT
MaTpurbl K MOXKHO OIpeeInTh UCKOMOe ylipaBiieHue [2].

JIng npuMeHeHus paccMOTPEHHON BBIIIE TEOPHUU HPOBEJEM JIMHEAPU3AIUIO ypaBHeHUit
BPAIIATE/bHOTO ABIKEHHH CIyTHUKA (1), (3) B OKpecTHOCTHU TIOJIOYKEHUsI PABHOBECHS CITyT-
HEKa, T.e. Korga Q = [1,0,0,0], g = [0, 0, 0]. st 5TOro MBI IIPEJCTABUM yIJIOBYIO CKOPOCTh

nu yF.HOBoe ITIOJIOZKEHH e CHyTHI/IKa KaK:
5 = [do + g0, G1 + Oq1, G2 + 0q2, G5 + Igs], (10)

T = i1 + w1, s + Gz, s + uws), (11)

rie 0qo, 0q1, 0Ga, 0q3, 0w, Ows, dws - TIEPEMEHHBIE, XapaKTePU3YIOIIHe OTKJIOHEHU YTJIOBOI'O
IIOJIOZKEHU A 1 yF.HOBOIU/I CKOPOCTH CIIYTHHKa OT IIOJIOZKECHUA PaBHOBECHI.

[Moncrasmiss Boipazkenus (10), (11) B ypaBuenus qunamukn crnyTHuka (1) u orbpachiBas
YJICHBI BBIIIE [EPBOIO HOPSIKA, TOJLYIHM:

. 1 R R
w1, = 7[(J2 — Jg)(W25W3 + 50J2W3) — JM3WM35WQ + JM2wM25W3 + 5M1],
1
. 1 . R
Wy = 7[(J3 — J1)(W10ws + dwiWs) — Jynwnndws + Jarswarzdwr + 6 Ms), (12)
2
. 1 . .
ws = 7[(J1 - JZ)( 1(5@2 + (50.}1(«02) - JMQWMQ&«Ul + JleMl(SWQ + (SMS]
3

= —
Hanee, yaurbiBas, aro @ = [1,0,0,0], @ = [0,0,0], u3 (12) noxyunm:

wl = 7[—JM3WM3(SW2 + JM2WM25W3 + 5M1]7
1
. 1
Wy = 7[_JM1WM15W3 + Jaswngdwy + 6 Mo, (13)
2
w3y = 7[_JM20.)M26W1 + JM1WM15W2 + (SM?)]
3
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[TomcraBum (10), (11) B kuHemaruveckne ypabHeHus (3) m oTOpachiBasi WICHBI BBIIIE
[EPBOTO TOPSJIKA, MOJTY IHUM:

. 1 . . . . . .
dqo = 5(—&115(11 — dwiq1 — Wa0qa — dwaGa — W30qs — 5003(13)7

. 1 o o A
o = 5(0‘)15% + dwiqo + W30q + dwsla — Wadqz — dwaqs),

14)
L1 o o ) (
0qz = 5(0025% + dwado + W1dgs + dwigs — Wsdqr — dwsqy),
. 1 . R . R . .
0q3 = 5(003(5% + dwsqo + Wadq + dwady — W10Ga — dw1Ga).
= —
Hanee, yaurbisasg, aro ) = [1,0,0,0], @ = [0,0,0] u3 (14) noayqaum:
5(.]0 = 07
. 1
oq = 550017
S (15)
0qz = 5&02,
. 1
5Q3 = 55&)3.
B pesynsrare, npusosg cucremy ypasaennit (13), (15) x Buay (6), mosyanm:
[ ¢ | 0 0 O 0.5 0 0 1 [6q1] [0 0 07
S| (000 0 0.5 0 S| |00 0|
ss| {000 0 0 05 | |og| |0 0 0 !
(5(,01 = 00 0 0 _JAI?]L;]VIS JM?]‘;’]VI2 5w1 + J_ll 0 0 g%l > (16)
5@2 00 0 J]M?]‘:MS 0 _J]M}]‘:]\/Il (5&)2 0 J%, 0 2
_5@1_ _0 0 0 _JA43:A42 JAI(l]‘;’JVIl 0 | _5w1_ i 0 0 Jiz-
rie
[5q1 ] [0, |
SM; qu ar 0 0 hy O 0 ng
SMy| = —K 553 =—10 a 0 0 hy 0| |SE], (17)
1 1
(5M3 5(4)2 0 0 Q3 0 0 h3 5w2
[ dwn | [ 0w |

BajaaumM KejlaeMoe PacloyiozKeHne KOpHeil XapaKTepUCTUUeCKOrO YPaBHEHUs , MCIIOJIb-
3ysl HEKOTOPbIE PACIPOCTPAHEHHbIE Ha IPAKTUKE PACIpe/e/eHns: OHHOMUAJIbHOE PacIpe/ieie-
Hue u pacupe/jienenne Barrepsopra. CooTBETCTBYIONME JAHHBIM PACIIPEIETICHUAM HOJTTHOMBI
[pUBeJIeHbI HUXKe [3]:
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s® 4+ 6ms® + 15m?s* + 20m?*s® + 15m*s* + 6m’s + m® = 0, (18)

s% 4+ 3.86ms” + 7.46m?s* + 9.13m?s® + 7.46m"*s* + 3.86m°s + m° = 0, (19)

e m = i—" - Ge3pa3MepHbIil MacIITad Mmepexoa OT HOPMUPOBAHHOTO BPEMEHU I1€PEXO/I-
T
HOT'O Tiporiecca t,, K peaJbHOMY BPeMEHH IIEPEXO/IHOTO IIPOIECCa L.

Basgaaum MoMeHTHI mHeprmn crnytHuka J = [0.04088;0.04088;0.01116]kg/ m?, MOMEHTBI
uHepruu MaxoBukos Jy = [0.00000011;0.00000011;0.00000011]kg/m?, conporusienue sKo-
peit asekTpoBurareseit MaxoBukoB R = 380hms, koaddurment I/ C s1exkTpoaBurarteei
maxoBukoB k. = 0.000708V sec, m = 0.03 (3HaveHuwe m BHIOPAHO HA TOM OCHOBAHWUHU, YTO
IIpH €ro 3HadYeHnsdx, He mpesbimmaonmx m = (.03, HanpskeHns TUTaHusd 3JIeKTPOIBUTaTe el
MaXOBUKOB He TPEBBIIIAI0T CBOMX MAKCUMAJIBHO JOMYCTUMBIX 3HAYCHUI).

Jajtee Haxoj1s1 XapaKTePUCTUIECKOe YpaBHEHNE st cucTeMbl (16) u npupaBHUBasg B 1O-
JIy9eHHOM BbIpazkenun 1 rosmaoMax (18), (19) kosddurmeHTsl Mpu OINHAKOBBIX CTEEHSX S,
OIPEJIe/IUM I KazK 100 U3 PACCMOTPEHHBIX PACHPEIe/IeHII HCKOMBIC MATPUIIBI IAPAMETPOB
ylpasjienust. B gacraocTu, 1 GMHOMHAJILHOTO PACIIPEC/ICHHUS:

0.0000735 0 0 0.002452 0 0
K = 0 0.0000735 0 0 0.002452 0 , (20)
0 0 0.00002008 0 0 0.0006659

JUIS pacipefiesieHns barrepsopTa:

0.00005435 0 0 0.00174553 0 0
K = 0 0.00004386 0 0 0.0014111 0 , (21)
0 0 0.00001609 0 0 0.0004305

4 PeByJIbTaTbI YUCJAE€HHOIro MoJe/IMpoBaHnd BpalllaTE€JIbHOI'O AIBU>KE€HUA CIITy THUKAa

JIJIst 9UC/IEHHOTO MOJIEIMPOBAHUS YIIPABJISIEMOTO JIBUKEHHUS CIYTHUKA C UCIIOJIb30BAHUEM
matpur (20), (21) HaUaIBHOE YITIOBOE IIOJIOXKEHHE W YIVIOBasi CKOPOCTH CITyTHHUKA 33 aHbI
Kak: = 40°,0 = —50°,¢ = 10°, w; = 0,ws = 0,w3 = 0, Tpebyemoe yrJI0BOE TOJIOKEHUE U
yIJIOBas CKOPOCTH cryTHUKA Kak ¢ = 0°,0 = 0°,¢ = 0°, w; = 0,ws = 0,w3 = 0.

PeByJII)TaTbI YUCJICHHOT'O MOJEJIMPOBaHNnA IIPUBEICHBI Ha PUCYHKaX 1-2.
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Angular pozitiian

Pucynok 1 - ¥YrjoBoe 1mojioykeHne u yrjoBas CKOPOCTb CIIyTHUKA, HOJIyIEHHBbIE B PE3YIbTATE

HCHOJ/IL30BAHUS OMHOMUAJILHOIO pacupeaesaeHndg

Angular poszitiion

Angular velocity

PucyHsok 2 - ¥YrjioBoe 1ojioykKeHre u yrjioBas CKOPOCTb CIIyTHUKA, HOJIyIEeHHBbIE B PE3Y/IbTATE

WCIOJIb30BaHUsI paciipejiesiennsi barrepBopTa

Kak BuaHO 13 pucyHKOB, pacipejesieHue bartepBopra gBjisieTcss Haubosiee mpeoITuTe b-
HBIM JIJIsT OIIPEJIe/IeHNs HEM3BECTHBIX IIapaMeTPOB 3aKOHA YIIPaBJICHHS, TaK KaK OHO obecrre-
qUBaeT HaUMeHbIllee BpeMs MePEXOIHBIX TPOIECCOB.

5 3akJrouenue

B ,ZL&HHOIU/I CTaTbe paCCMOTpPEHa 3a/a4va obecrieueHnsI Ka4ecTBa IIEepexXOHbIX IIPOIIECCOB CUCTE-
MBI yIIPpaBJICHUA JIBUXKEHHUEM KW HaBUT'allUU CIIYTHHKa, KOTOPad pelleHa IIyTeM IIPHUMEHEHUA
MeTOa pasMelieHusd II0JII0COB AJid OlIpe/ie/IeHnd HEU3BECTHLIX ITapaMeTPOB 3aKOHa YyIIpaBJie-
Hud BpallaTe/JIbHBIM JBU2KECHUEM CIITyTHHUKA. HpI/I 9TOM JIdd 3aJaHudA PacCIIOJIOZKECHUA KOpHeﬁ
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XapaKTEepPUCTUIECKOI'O YPABHEHUSI 3aMKHYTO CUCTEMbl yIIPaBJIEHUSI B KOMILJIEKCHOHN I10JIy-
IJIOCKOCTH HMCIIOJIb30BaHbl PACIIPOCTPAHEHHBIE Ha ITPAKTUKE pacipeaeseHus. [1o mosydeHabim
pe3yJibTaTaM YHCJEHHOI'O MOJIEJIMPOBAHUS YIIPABJISIEMOIO BPAIIATEIbHOI'O JIBUKEHUS CITYT-
HUKa& C pAacCUYeTHBIMHU MapaMeTpaMi 3aKOHa YIPaBJIEHUs OIIPeJIeIeEHO paclpejiesieHne KOpHei
XapaKTEePUCTUIECKOTO YpaBHEHHsI, obeciieunBaoliee TpedyeMoe KadecTBO IePEXOIHBIX IIPO-
I1ECCOB.

Pa6otra BbITIOIHEHA B paMKax peciyOJInKaHCKOi Oro/ikeTHOI mporpamMbr 076 «IIpukia-
HbIE HayJIHbIE UCCIEIOBAHUS B 00/IACTH KOCMUYIECKON JIeATEIbHOCTH .
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CBEJEHVA OB ABTOPAX

Axmed-Baxu Japran 2Kymaranosuy - TiaBblil Haydablit corpyaank HUNW maremarukun u MexaHUKH
Kazaxckoro HammonaabHOro yHuBepcuteTa uM. aab-Oapabu, TOKTOP TEXHUIECKUX HAYK

Aybaxupos Canorcap Cepuxosuy - PhD moxkropanT mexaHmko-maremarndeckoro ¢akyibrera Kazax-
CKOTO HAIMOHAJBHOTO YHUBEpcUTeTa nM. aab-Dapabu

Anunbaes Kyanvwu Apuneosicaesuy - 3aBeIyIONNil 1abOpaTOpreil UMUTAIIMOHHOTO MOJIEJIMPOBAHUS U
pazpaborku Kocmuuaeckux cucreM JITOO «MHCTATYT KOCMUYECKON TEXHUKH U TEXHOJIOTUN», JOKTOP

PhD

Atiorcynos danuap Epcenosuy - PhD pgokropanT MexaHMKO-MaTeMaTrnieckoro pakysiabrera Kaszaxcko-
ro HAIIMOHAJIBHOTO yHUBepcuTeTa nM. ajib-Dapabu

Bexmazambemos Kyanvuu Abdparmanosuy - mouent Kasaxcrarckoro dpuiana MIY, mokrop dusn-
KO-MaTEMATHIECKUX HAYK

Baumypeesa Atvimorcar Pycaanosna - MAruCTpaHT MEXaHUKO-MATEMATHIecKoro dakysabrera Kazax-
CKOT'0 HAIMOHAJIBHOTO yHUBepcuTeTa nM. aib-Dapadbu

Haupbaesa Nyavaassam - u.o. mpodeccopa Kazaxckoro HarmoHaapHOTO yHUBEpCUTETa M. ajib-Dapabdu,
KagauaaT (bI/ISI/IKO—MaTel\laTI/ILIeCKI/IX HayK, IOIIEHT

Eaybaes Cyaetimern Axmaeyosuy - 3aBerytomuit jabopaTopueil UMUTAIIMOHHOTO MOJEIUPOBAHUS U
pazpaborku kocmudecknx cucreMm JITOO «HCTUTYT KOCMUYIECKONW TEXHUKU U T€XHOJIOTHIT»

Kotibazapos Katipam Yandenosuw - Hayunbiit corpyauuk VHcTHTyTa HHOOPMAIMOHHBIX U BBIYUCIIU-
resbubIX Texuostoruit MOH PK

Kabviaorcan Atinyp Mapamkpiav, - MaruCTpaHT MEXaHUKO-MaTeMaThdecKoro dgakyibrera Kaszaxckoro
HAITMOHAJILHOTO YHUBEPCUTETA UM. aJib-Papadbu

Konwvipranosa Acem Adunberrvidv, - HaydHBIH cOTpyAHUK Bocrouno-KazaxcraHcKoro rocynapcrBeH-
HOT'O TexXHH4YecKoro yausepcurera uM. . Cepukbaesa.

Kypmancetim Maxcam Baxwmotcanyave - PhD mokToOpaHT MeXaHMKO-MAaTeMaTHIECKOTO (haKyIbTeTa
Kazaxckoro HalmoHaJIbHOTO YHUBepcuTeTa UM. ajib-Papabu

Kabudoadarnosa Acem - nonent KazaxcKoro HalmoOHaIbHOIO YHUBEPCUTETA UM. ajib-Dapabu, KaH i IaT
PpUBUKO-MaTEMATUIECKAX HAYK

Kyoybaesa Cayse Aavorcanosna - 3aBenyromiasi Kadeapoit nandopmaruku Kocranaiickoro rocymap-
CTBEHHOIO yHUBepcuTeTa uM. A.BaliTypchiHOBA, KaHIMIAT TEXHUIECKUX HAYK, JOIEHT

Kanorcanos Mapam Ymepbexosuy - monent KocTaHaiiCKOro rocyJapCTBEHHOIO I1€arorudeckoro UH-
CTUTYTA, KAHIUJAT (PU3UKO-MATEMATHIECKUX HAYK

Jlebedes Janun Baadumuposuy - PhD mokropaHT MexaHMKO-MaTeMaThdecKoro gakyJibrera Kazax-
CKOT'0 HAIIMOHAJILHOIO yHUBEpcuTeTa uM. ajab-Dapabu

Moundabexos Metipbex Moadabexosuy - 3aMecTUTEIb IpeaceaaTesas A3poKocMuIecKoro koMmurera Mu-
HUCTEPCTBA 110 MHBeCTUIIUSIMU U pazsutuio Pecnybsimku Kazaxcran, akagemuk HAH PK, qokrop Tex-
HUYECKUX HayK, Mpodeccop

Mancyposa Maduna Ecumzanosa - u.o. mpodeccopa Kazaxckoro HarmoHaIbHOTO YHUBEPCUTETA, WM.
anb-Papabu, KaHIUIAT (PUBUKO-MATEMATHIECKUX HAYK, JOIEHT
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23.

24.

25.

26.

27.

28.

Hypusunos Mapam Kabudosdurosuw - HayuaHblit coTpynauk Bocrouno-KazaxcTtanckoro rocyiapcrBeH-
HOTO TexHmdeckoro yHusepcurera um. [I. Cepukbaena.

Hepenearxun Baaducaas Aaexcandposuy - MIaIINANR HAyIHBIH COTPYAHUK VIHCTUTYTA BBIYUCIUTE/ b
HOIl MaTeMaTUKN U MareMaTndeckoil reodusuku CubUpcKoro oraeeHust Poccniickoii akajeMun HayK

Tpueo Iaysro Cunsa - mpodeccop Beiciiero umkenepuoro nacruryTa JIuccabona, [lopryrasus

Tronwbepeenos Pycmem Kabowrapovimosuy - PhD mokropanr Bocrouno-Kazaxcramckoro rocyuap-
CTBEHHOI'0 TexHu4YecKoro yuupepcurera uMm. JI. Cepuxbaena.

Tyneamaposa Maduna Cosemkasuesta - CTAPIINN MPEMOIABATETh MEXAHUKO-MATEMATHIECKOTO (ha-
KyabreTa Kazaxckoro HammonaabHOrO yHuBepcuteTa nM. aab-Papabu, mokrop PhD

Toneyzasv. Eporcar - PhD nokropant EBpasuiickoro mammonanbaoro yamsepcurera nm. JIL.H. T'ymu-
JIeBa

Promun JImumputi Asexcandposuy - HaydHBIN coTpyaHuK KocraHaificKoro rocy/1apcTBEHHOIO YHUBEDP-
curera uMm. A.BaiitypceiHosa

Hcazxos Aaubex Abduawumosuy - acCOIMUPOBAHHLIN podeccop Kadeaphbl MAaTEMaTHIECKOIO U KOM-
IBIOTEPHOTO MOJIe/InpoBanus Ka3axckoro HauoHaJIbHOTO YyHIBepcuTeTa uM. aab-Papadbu, nokrop PhD

Cyzenrxo Anna Cepeeesa - 3aBejyloliasi CEKTOPOM JIaDOPATOPUU UMUTAIIMOHHOTO MOJIETUPOBAHUS U
paspaborku Kocmudeckux cucreM JITOO «MHCTUTYT KOCMUYECKONH TEXHUKU U TE€XHOJIOTHH», JOKTOP

PhD

Xucamues Hasugp apugyrrunosuy - mpodeccop Bocrouno-KasaxcraHcKoro rocyapCcrBeHHOIO TeX-
Hudeckoro yausepcurera uM. /[. Cepukbaepa , HOKTOP (PU3MKO-MATEMATHIECKUX HAYK
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K CBEAEHVIO ABTOPOB

B xypuasn "Becrauk KasHY. Cepust maremaruka, Mmexanuka, nadopmaruka' mTpuHIMAaOTCs HabpaH-
HbIE TOJIBKO B TeKCTOBOM (opmare IHTEX2e Ha Ka3aXCKOM, PyCCKOM WMJIM AHTJIMHCKOM SA3bIKAX, DAHee
He omyOJIMKOBaHHbBIE TPOOIEeMHbIE, 0030PHBIE, TUCKYCCHOHHBIE CTAThU B OOJACTU €CTECTBEHHBIX HAyK,
TJie OCBEIlaloTCsA pe3yJbTaTbl Cl)yH,/Ial\/IeHTa.ﬂbeIX " IIpUKJIaJIHBIX I/ICCJIGJ:LOB&HI/IP’I.

MarepuaJibl cjiejiyeT HApaBIaTh 1o ajapecy: 050040 Anvarsr, yi. ajan-Papabu, 71, kopmyc 13, Hayuwo-
HCCJIeI0BATEIbCKIN HHCTUTYT Mexanukn u maremarnkn KazHY nm. anp-Papabu, kab. 125, e 377-
32-23. Duiekrponnas novra: Lazat-dairbayeva@mail.ru (orBercTBenHOMY CeKperapio peikoJsiernu, Jla-
upbaesa JI.M.)

Crarbst JIOJI2KHA, COITPOBOXKIATHCS IIUCHMOM OT yUIPEXKIEeHNsI, B KOTOPOM BBIIIOJTHEHA, JJaHHAs pabora,
rjie yKasbiBaloTcs csejennst 06 aropax: @.1.0. nmoaHocThi0, MeCTO ux paboThl, JOJKHOCTD (HA3BAHUE
By3a, leHTpa 6e3 cokpamlenuii, daxyibrera, Kadeapsl), pabounii Tesedon, dake, e-mail, gomainnuii
aJipec U KOHTAKTHBIH TeIedoH.

B pemakmuro HEOOXOIUMO IIPEICTABUTD SJIEKTPOHHYIO BEPCUIO CTATHbU: tex-ailyibl paboThl u (ailiibl
PUCYHKOB Ha, otHOM jfucke. s daiijioB pUCYHKOB PEKOMEH IyeTCs NCIIOIb30BATH CPEJCTBA OCHOBHOTO
naxera BWTEX2e nom dopmar eps [em. 1m.7]. Ykasesaercs ko mo Y/IK. B pemaknuio tak:ke mpemcras-
JISIETCST OTTUCK PAbOTHI B JABYX 9K3EMILISAPAX.

Ob6beM craTbu, BKJIIOYAs CIIMCOK JIUTEPATYPHI, TAOIUIBI M PUCYHKU C ITOJPUCYHOYHBIMUA HAJIIUCIMU,
AHHOTAINY, HE JOJI2KEH IPEBBIMATh 15 CTpaHuIl me4aTHoro rekcra. MuHnMa bHbIIH 00beM cTaThu - H
crpanutl. B Hatase paboThl mocse 3arooBKa u (paMuinit aBTOpOB pabOTHI TTOMEIAETCST €€ AHHOTAIIAS
B obbeme 200-250 cjoB Ha TOM Ke g3bIKe, Ha KOTOPOM HaOpaH ocHOBHOI TekcT. Kpowme cremennii,
KOTOpBbIE MOYKHO IOYEPIHYTh W3 3ar0jI0BKa, aHHOTAIUs JOJXKHA OTPayKaTh METOJbI WCCJIEIOBAHUSI,
OCHOBHBIE PE3yJIbTaThl CTATHU, NX HOBU3HY U YKA3bIBATHh HA CMEXKHbIE PabOTHI.

ITocite amnOTAaIUN 3a7aI0TCs KIIOUEBBIe coBa. s Kaxkmoit paboTh! 3amaiiTe 5-6 KIIIOYEBLIX CJIOB B
MTOPSITIKE WX 3HAYUMOCTH, T.€. CAMOE BasKHOE KJTIOTEBOE CJIOBO CTATHU JOIKHO OBITH MEPBLIM B CITHUCKE.

Haspanune paborsr, P10 aBTOpoB, aHHOTAIMS U KJIIOYEBBIE CJIOBA JOJKHBLI OBITH IIPEICTABJICHBLI B
CTaThe Ha TPeX A3bIKaX: Ka3aXCKOM, PYCCKOM M aHIVIMHCKOM.

Ucnosib3oBannast inreparypa JoJKHa ObITh odopmiiena B coorsercrsun ¢ ['OCT 7.1-2003 "BubJuo-
rpadudeckas 3anuch. bubanorpaduieckoe omnucanue. O6mue TpebOBaHUS U MPABUJIA COCTABJICHU" .
Crumcok auTepaTyphl JOJKEeH COCTOSATh He 6osee dem u3 20 HammenoBanuit. CChUIKA HA UCTOYHUKY B
TEKCTe CTATBH JIAIOTCS TOJBKO B KBAIPATHBIX CKOOKax (6e3 muruposanus [12], npu nuruposasnu wim
repeckase aBTOpCKoro tekcra [12, c. 29]). Hymeparusi cCbUIOK B CTAThe HPOU3BOAUTHCS IO HOPSIIKO-
BOMY HOMEPY MCTOYHHMKA B MMPUCTATEHHOM CITUCKE JINTEPATYPHI. ApPXUBHBIE MATEPUAJBI B CIHCOK HE
BKJIIOYAIOTCS, CChLIKN Ha HUX IOMEIAIOTCS B TEKCTE B KPYIJIBIX CKOOKax. IIpu ncnosib30BaHuu B CTaThe
HCTOYHUKOB U3 3JIEKTPOHHBIX PECYPCOB WiH yaajeHHoro gocryna (MHTepHeTa) B Crmcke JUTepaTyphl
IPUBOAUTCS 6GUbIMOrpaduIecKast 3alluCh UCTOYHUKA U CCBLJIKA HA CETEBON Pecypce C IOJHBIM CETEBBIM
agpecom B NuTeprere. 2KenaresbHO yKa3biBaTh J1aTy OOpaIleHUs K PECypCy.

Cuucok JiuTepaTypbl Ha g3bIKe OPUIMHAJA COLPOBOXKIAETCH CIUCKOM JiuTepaTypbl (references) B an-
TJIMICKOU TPaHCIUTEPAIUH.

2KypHaJr nipuiepKuBaeTcst €IMHOIO CTUJISI U II03TOMY IIPEIbsIBJISIET Psijl 00X TpeboBaHMil K 0OpM-
JieHnio pabor. Mexommbiii (HEOTTpAHCIUPOBAHHDBIN) tex-dailyl Io/KEeH HEeJMKOM IOMEIAThCA B MOpH-
30HTAJBHBIX PAMKAX IKPaHA 38 BO3MOXKHBIM HCKJIIOUECHUEM MATPHUIL U TabJINIL U TPAHCIUPOBATHCS Oe3
nporectoB IATEX2e u coobiennit 0 KpaTHBIX W HEOMPEIEJICHHBIX METKAaX, OOJIBIINX MTEePEOJTHEHHBIX
1 He3amoJTHeHHBIX Ookcax. He ciemyer ompemesiTh MHOTO HOBBIX KOMAaHI, nM300peTasi COOCTBEHHBIMH
cJIeHr. ABTOPBI MOT'YT HOJIPY?KaTh JAPYTHe CTaHJIAPTHBIE CTUJIEBbIE MAKEThI, HO TOJBKO Te, KOTOPbIE
He BXOJST B IIPOTHBOpeYne ¢ makeramu amsmath u amssymb. Ecrecrsenno daii, Kpome Bcero mpo-
9€ero, JIOJI?KeH ObITh MIPOBEPEH Ha OTCYTCTBUE I'PAMMATHYECKUX U CTUIUCTHYECKHX OImunbok. Crarhu,
HE YJIOBJIETBOPSIOIINAE ITUM TPEOOBAHUSIM, BO3BPAIIAIOTCs HA JO0PAbOTKY.
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Drasonnblii 06paszen paboThl ¢ JeMoHCTpanuel rpaduku, ¢ npeaMOysioii ycTpanBamoomeil peJakiuio,
CIMCKYU TUNMYIHBIX OMMOOK 0(hOPMJIIEHUST M METO/IbI MX yCTPAHEHUSI MOXKHO MOJIy9IATh B PEJIAKIIUHA WA
ua caiite KasHY um. anpb-Papabu http://journal.kaznu.kz.

7. I'pacduueckue dailabl ¢ pUCYHKAMHU JOJKHBI OBITH TOJIBKO KAYECTBEHHBIMHU YepHO-OeabiMu B (Hop-
MaTe .eps , JudO BBIMOJHEHHBIMUA B JIaTeXOBCKOM ¢dopmare. Pucynku B sTmx dopmarax merarrcs,
HaIpUMep, C IOMOIILIO MOIIHBIX MaTeMaTrudeckux nakeros Maple, Mathematica niu ¢ momorpio ma-
kera Latexcad. KauectBenunie rpaduteckue paitibl caemanabie ApyruMu TpaduIecKuMEI IporpaMma-
MM JOJIKHBI OBITH CKOHBEPTHUPOBaHBI B popMmat .eps ¢ nomombio Adobe Photoshop min konBeprepa
Conversion Artist. Bee pucyHku J10/KHBI ObITH YK€ UMIIOPTUPOBAHHBIMU B tex-daiiyl u mpejicTaBisi-
IOTCH B PEJAKIINI0 BMECTe C OCHOBHBIM aityiom ctarbu. ['padudeckme HoOpMaTHI,OTIMIHBIE OT BBIIIE
YKa3aHHBIX, OTBEPIatOTCsl.

Penaknus BrpaBe 0TKa3aThCs OT BKJIIOYEHUsI B pabOTY PUCYHKA, €CJIU aBTOP HE B COCTOSHUU obecIie-
YUTH €ro HaJIeKariee KadecTBO.

VBarkaemble auTaTesM, BhI MOXKeTe mojnucaTbes Ha Hain KypHat "Becruuk KasHY. Cepust maremaru-
Ka, Mexannka, nadopmaruka”’, koropsiii BkiodeH B Katajgor AO "Kasmoura""TASETHI U 2KYPHAJIBI".
Komuyectso HOMepoB B rox — 4. IHuekc 18 MHAMBU/YaIbHBIX HOINCIUKOB, IIPEIPUAITHA U OPTaHU3aIUN —
75872, monmucHas 1ieHa 3a rof, — 1200 TeHre; MHAEKC JbIOTHOM MOIUCKH JIJIsi CTYJIEHTOB — 25872, monucHast
IeHa 3a TOJ Jyisd cTyAeHToB — 600 TeHre.
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YCHEHUTE NOANUCATBHCS HA CBOM KYPHAJI

AKLUUNA!NT

Kaxxgomy noanmncumky
NYBJIIMKALUNA CTATbU
BECIMJIATHO!!!

* AKuMAa gencTBUTENbHA NPU HANUMYNUN KBUTAHLUN
00 onnarte rogoBOM NOANUCKM.

» CTaTbs AOMKHA COOTBETCTBOBaTb TPe6OBaHUAM
pa3melleHnsa Nyo6nmMkKaLumm B XXypHarne.

* CTaTbfl Ne4yaTaeTcs B TOM Cepumn XXypHana,
Ha KOTOpYH nognucarncsa aBTop.

* Bce HOAHChI, CBAA3aHHbIe C Ny6nuKaumuen craTtby,
0bCyXaarTcA ¢ OTBETCTBEHHbIM CeKpeTapeM XypHana.
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