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Solvability and construction of solutions ...

1-6eaim Pazgen 1 Section 1

MaremaTuka MaremaTuka Matematics

UDC 517. 968. 2
Aisagaliev S.A.*, Aisagalieva S.S., Kabidoldanova A.A.

Al-Farabi Kazakh National University, Republic of Kazakhstan, Almaty
* E-mail: serikbai.aisagaliev@kaznu.kz

Solvability and construction of solutions of integral equations

A class of integral equations with respect to one variable function as well as to multivariable
function that are solvable for any right hand side of an equation has been singled out. A necessary
and sufficient condition for existence of a solution has been obtained for the class of integral
equations and the general form of their exact solutions has been found. Necessary and sufficient
conditions for existence of solutions to the mentioned equations with a given right hand side
are obtained by reducing them to solving an extremal problem. An algorithm for solving the
extremal problem by constructing a minimizing sequence has been developed and a convergence
rate estimation has been obtained. A solvability criterion as a requirement on infimum of functional
has been formulated. A necessary and sufficient condition for solvability of an integral equation
with parameter has been obtained and its general solution has been found.

Key words: integral equation, general solution, existence of a solution, necessary and sufficient
condition, solvability criterion, extremal problem, minimizing sequence.

Aiicaranmes C.A., AiicarasmeBa C.C., Kabumonmanosa A.A.
PaspemumocTs 1 mocTpoeHne peIIeHnii MHTErpaibHbIX yPaBHEHUN

OrpeiesieH KjacCc MHTErPAJIbHBIX YPABHEHUIT OT MCKOMOI (PyHKIUU OJIHOM IIEepEMEHHOil, a TaKKe
OT HECKOJIbKUX IIE€PEMEHHBIX, Pa3PelnMbIX Jjis JI000# mpaBoit yactu ypaBHeHus. Jljist maHHOTO
KJIACCA WHTErPaJIbHBIX YPABHEHUH ITOIyIeHbl HeOOXOAMMbIE U JIOCTATOYHBIE YCIOBUS CYIECTBOBA~
HUs PellleHusi, Hali/IeHbl X OOII¥e PEIIeHNs B BHJE CyMMbI YACTHOI'O PEIIeHUs] U PENIeHus OJ-
HOPOJIHOTO ypaBHeHus. [lokazaHbl OPTOTOHAJIBHOCTD YaCTHOTO PENIEHUS U PEIIEeHUsT OJTHOPOTHOTO
YPaBHEHHs, a TaKKe YTO YaCTHOE PeIleHUE sIBJIAeTCdA PelleHneM PacCMaTpPUBAaeMOr0 YypaBHEHUS C
MUHUMAJIbHON HOpMOii. [losrydenbl HEOOXOUMBIE U HOCTATOYHBIE YCIOBUS CYIECTBOBAHUS PEIIie-
HUI YKa3aHHBIX ypaBHEHU IIpU 33JaHHON IPaBOU YacTH, IIyTeM CBEJECHUS UX K PEIIeHUIO IKCTpe-
MaJIbHOM 33/1a41 CHEINaIbHOro Biua. PazpaboTan aaropuTM oCcTpOeHUs PeNeHns IKCTPEMAIBHOM
3a/1a9M IIyTeM IIOCTPOEHUsSI MUHUMU3UPYIOIEH I0CIe 0BaTeIbHOCTH, IIOJIydeHa OIleHKAa CKOPOCTH
CXOJIMMOCTH €€ K PEeIIeHUI0 HHTerpaJibHOro ypapaenusi. CchopMyImpoBaH Kpurepuil pa3permMoCTh
MHTErpajbHOTO yDAaBHEHUsI B BHJEe TPeOOBaHUS Ha 3HAYEHNE HUKHEN I'DaHU [EJIeBOTO (DYHKIINO-
nasa. VccaenoBano nHTErpasbHOE YPaBHEHNE C OTPAHMYEHIEM Ha MCKOMYIO (DYHKIIHIO, ITOIPOOHO
OIMCAHBI CIIOCOD IIPOBEPKH €r0 PA3PEIMIMMOCTA U METO/[[ IIOCTPOEHUS €r0 PEIIeHns], a TaKXKe JT0Ka-
3aHBI UX KOPPEKTHOCTh. Jljisi MHTErpaJIbHOrO ypaBHEHUS C IapaMEeTPOM IOJIydYeHbI HEOOXOIIMBbIE
U JIOCTATOYHBIE YCJIOBHUS PAa3PENINMOCTH U HaliieHO 0o0IIee ero pelreHue.

KiroueBbie ciioBa: mHTErpajibHOE ypaBHEHHE, O0Iee pelleHne, CynecTBOBaHIE PelleHus, Heob-
XOAUMOE U JIOCTATOYHOEe YCJIOBHE, KPUTEPUIl pa3pelmMOCTH, SKCTpeMaJbHad 3aJa4a, MAHAMUA3U-
pyomas IoCJIeJOBATETIbHOCTD.

Becrauk KasHY. Cepusa maremaruka, Mexanuka, nadopmarnka Ne2(89) 2016



4 Aisagaliev S.A., et al.

Aitcaramues C.A., Aiicaramuesa C.C., Kabumomnanosa A.A.
NHTerpanabik TeHaEYyJEpAil HiemnriMaepidid, 6ap 6oJiybl >KoHe oJIapabl KYPY

OH KarbIHIa Ke3-KeJreH (DyHKIUsT Karaaibl VITiH mentiaeTin i3ae/ina 6ip alHbIMAJIbIHBIH YKOHE
KO affHBIMAJIBIHBIH, (DYHKITHIapPbIHA KATHICTH MHTETPAJIILIK, TEHIEYIep KIAChl OOTIHIT aJIbIH b
Ocbl KJtacc yIiH menmiMHiH 6ap 60JIybIHBIH KAXKETT] KoHe YKeTKIJIIKTI IapTTapbl TaObLIIbI, OJIap-
JIBIH, KaJIIbl IermiMaepi gepbec memnrimvi MeH 6ipTekTi GOIriHiH KaJIIbl MIeNIMIHIH KOCBIHIbICHI
periage KypoLaast. Jlepbec merntiym meH 6ipTekTi OeJTiriHIH KA MeITiMiHIH OPTOTOHAIBTIF] XKOHE
nepbec ImelmriM CoJl TeHJAEYAiH MUHAMAJIbLl HOPMAJIbl IIelliMi ekeHi KepceTiiai. Arajran TeHge-
yAEpIiH OH KaKTapbl Oepiiren pyHKIMS KA aiIapbiHaa MenriMIepiain 6ap 60y bIHBIH KayKeTTi
JKOHE KETKIJIKTI IapTrapbl TeHJeyJepi SKCTPeMaJsIbl eCellKe KeJITipy apKbLIbl aJIBIHJIbI. DKC-
TPEMaJIJIbI €CEIITI MUHUMYM/IAY bl Ti30€KTi Kypy apKbLIbI MIENTY aJrOPUTMi KYPACTBIPBLIIbLI YKOHE
Ti30eKTiH MHTErPAJIILIK, TeHJIEY/IiH, MIelliMiHe KUHAKTAJIY KbLIIaMIbFbl Oarajsanasl. VHTErpas-
JIBIK, TEHICY/IH MEeNIeTiH M HiH KpuTepuiii pyHKITHOHAIIBIH TOMEHT1 KbIPhIHA KOWBIIATHIH TAJIAIT
TypiHge anbiaabl. [3aeminai pyHKImara mekTeyi 6ap HHTErpasablK TeHIeY 3ePTTe/TeH, OHbIH IITe-
MIJIETIH/INH TEeKCePy KOJIbI YKOHe IIENIMIH KYypYy 9JICi CHIIaTTaIFaH, COJI dJIiCTEP/IIH, JTYPHICTHIFI
monengenrer. [lapaMerpsii mHTErpaIblK TEHJEY VIIMiH IIeNrMHiH 6ap OOMYybIHBIH KAaXKeTTi YKOHEe
JKETKITIKTI MapTTaphl aHBIKTAIIL YKOHE YKAJIIHI IIETiMi TaObLIIbI.

TvyiiiH ce3aep: UHTErPAJIILIK, TEHEY, YKAJIIIBI IIeMiM, enriMaiH 6ap O0Iybl, KAXKEeTTi KoHEe YKeT-
KITKTI mapT, meniIeTiHairinia, KpuTepniii, 9KCTPeMaJIIbl eCell, MIHUMYMIAyTIIbl Ti30eK.

1 Problem statement

Controllability problems solving for dynamical systems [1-3], solving problems of
mathematical theory of optimal processes [4-6], boundary value problems for differential
equations with phase and integral constraints [7-9] are reduced to solvability and construction
of a general solution to the integral equation

Kyw = /K(z*,T)w(T)dr — B, t. € [to,h] (1)

here K (t.,7) = K(7) = ||K;;(7)]], i = 1,n, j = 1,m is a given matrix with elements from the
space Lo, t, € [to,t1] is fixed, K;;(T ) 2(11, D), w(r) € Ly(I;, R™) is unknown function,
peR" I =labl.

Note that (1) is a special case of the Fredholm integral equation of the first kind

Ku= /K(t,T)u(T)dT = f(t), t € [to, t1],

where K(t,7) = ||[K;;(t,7)|, i = 1,n, j = 1,m is a given n x m matrix, elements of the
matrix K (¢, 7) the functions K;;(¢,7) are measurable and belong to the class Ly on the set
Si={{t,7) € R [ to <t <ty, a<T <D},

//| i(t, 7)|Pdtdr < o0,

the function f(t) € Lo(I, R") is given, u(7) € Lo(Iy, R™)isanunknown function, I = |a, b],
to, t1, a, b are fixed, t; > tg, b > a, K : Ly(I1, R™) — Lo(I, R").

ISSN 1563-0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series Ne2(89) 2016



Solvability and construction of solutions ... 5

Problem 1. Provide a necessary and sufficient condition for existence of a solution to
integral equation (1) for any B € R™.

Problem 2. Find a general solution to integral equation (1) for any B € R".

Problem 3. Provide a necessary and sufficient condition for existence of a solution to
integral equation (1) with a given 3 € R".

Problem 4. Find a solution to integral equation (1) with a given f € R™.

Problem 5. Provide a necessary and sufficient condition for existence of a solution
to integral equation (1) with a given € R™, and the unknown function w(t) € W(r) C
Ly(I1, R™);

Problem 6. Find a solution to integral equation (1) with a given § € R™, and w(T) €
W(r) C Lo(I1, R™), where W(T) is a given set.

Consider an integral equation with parameter of the following form

b
Ky(v) = /K(t,T)U(t,T)dT =u(t), tel=/ty,t], (2)

where K(t,7) = |K;;(t,7)|, i = 1,n, j = 1,m is a given matrix with elements from Lo,
v(t,7) € Ly(Sy, R™) is an unknown function, ¢ is a parameter, pu(t) € Lo(I, R™).

Problem 7. Provide a necessary and sufficient condition for existence of a solution to
integral equation (2) for any p(t) € Lo(1, R™);

Problem 8. Find a general solution to integral equation (2) for any u(t) € Lyo(I, R™);

Consider an integral equation with respect to multivariable function

bod
Ksw = //K(t,T)w(t,T)det =B, BeR", (3)

rne K(t,7) = ||Kij(t,7)|, i = 1,n, j = 1,m is a known n x m matrix, K;;(¢,7) € L2(G, RY),
w(t,7) € Lyo(G,R™) is unknown function, G = {(t,7)/a < t < b, ¢ < 7 < d},

b d
[ [|Kij(t,7)Pdrdt < oo, K3 : Lo(G, R™) — R™.

Problem 9. Provide a necessary and sufficient condition for existence of a solution to
integral equation (3) for any [ € R™;

Problem 10. Find a general solution to integral equation (3) for any B € R™;

As it is obvious from the foregoing investigation of solvability and solving integral
equations (1) — (3) are topical for solving boundary value problems for differential equations.

The aim of this paper is to provide new methods for investigation of solvability and
construction general solutions to integral equations (1) — (3).

This paper is an extension of scientific research presented in [10-12].

2 Integral equation solvable for any right hand side

Consider problems 1, 2. The following theorem provides a necessary and sufficient condition
for existence of a solution to integral equation (1).

Becrauk KasHY. Cepusi maremaTnka, Mexanuka, uadopmaruka Ne2(89) 2016



6 Aisagaliev S.A., et al.

Theorem 1. A necessary and sufficient condition for existence a solution to integral
equation (1) for any B € R™ is that the n X n matriz

b
C = /K(T)K*(T)dT (4)

be positive definite for all a, b, b > a, where the superscript (x) means transposed.
Proof. Sufficiency. Let the matrix C' be positive definite. Show that integral equation (1)
has a solution for any 3 € R". Choose w(7) = K*(7)C™'8, 7 € I, = [a,b]. Then

b
Kyw = /K(T)K*(T)dTC_lﬂ = 0.

Consequently in the case C' > 0, integral equation (1) has at least one solution
w(T)=K*(1)C~'8, 7 € I}, here B € R" is an arbitrary vector. The sufficiency is proved.

Necessity. Let us assume that integral equation (1) has a solution for any fixed g € R".
Show that the matrix C' > 0. Since C' > 0, it is sufficient to show that the matrix C is
nonsingular.

Assume the converse. Then the matrix C' is singular. Therefore there exists a vector ¢ €
R™, ¢ # 0 such that ¢*Cc = 0. Define the function v(7) = K*(7)c, 7 € I, v(-) € Lo(I1, R™).

Note that ,

/ Vr)u(r)dr = ¢ /b K(7)K*(r)dre = ¢*Ce = 0.

This means that the function v(t) = 0, V7, 7 € I;. Since integral equation (1) has a solution
for any 6 € R", in particular, there exists a function w(-) € Ly(I;, R™) such that (8 = ¢)

Then we have ,

0= / o ()T (r)dr = ¢ /b K(F)m(r)dr = c*e.

a

This contradicts the fact that ¢ # 0. The necessity is proved. The theorem if proved.
The following theorem provides a general solution to the integral equation(3).
Theorem 2. Let the matriz C' defined by (4) be positive definite. Then for any B € R™

b
w(r) = K*(r)C'B + p(t) — K*(r)C! / K(myp(n)dn, 7€ I = [a,b], (5)

is a general solution to integral equation (2), where p(-) € Lo(Iy, R™) is an arbitrary function,
B € R™ is an arbitrary vector.

ISSN 1563-0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series Ne2(89) 2016



Solvability and construction of solutions ... 7

Proof. Let us introduce the sets
b
W = {w() € Lo(Iy, R™) | /K(T)w(f)df _ 8y, (6)

Q= {0() € La(h ™) [ w(r) = K*()C™ 5+ plt)-
CKH(R)C [ Kmyp(mdn, ¥p(), p() € La(ly, R™)}. @)

The set W contains all solutions of the integral equation (1) under the condition C' > 0. The
theorem states that the function w(-) € Ly(I1, R™) belongs to the set W if and only if it is
contained in @, i.e. W = (). Show that W = ). In order to prove this it is sufficient to show
that Q C W and W C Q.

Show that @ C W. Indeed, if w(7) € @ , then as it follows from (7), the following equality
holds

b b b

/ K (Fyw(r)dr / K(r)K*(r)drC18 + /b K(r)p(r)dr — / K (r)K*(7)drC—x

a a a

b b b
x/Kmmmm:@+/Kvwﬂw—/Kmmmmzﬂ

This implies that w(7) € W.
Show that W C Q. Let w.(7) € W, i.e. the equality(6) holds for the function w,(t) € W :

/bK(T)w*(T)dT =p.

Note that the function p(t) € Lo(I;, R™) is an arbitrary in the relation (5). In particular, we
can choose p(t) = w,(7), 7 € I;. Now the function w(7) € Q) can be rewritten in the form

w(r) = K*(7)C18 + w.(r) — K*(r)C~) / K(r)w.(r)dr = K*(r)CY] / K (7)w.(7)dr] +

a

b
Hw, (1) — K*(1)C™* /K(T)’w*(T)dT =w,(7), 7€l

Consequently w,(t) = w(t) € @. This yields that W C Q. It follows from the inclusions
QCW, W C @ that W = Q. The theorem is proved.

The main properties of solutions of the integral equation (1):

1. The function w(7), 7 € I; can be represented in the form w(7) = wi(7) + wa(7),
where wy(7) = K*(7)C~'3 is a particular solution of the integral equation (2), wy(7) =

Becrauk KasHY. Cepusi maremaTnka, Mexanuka, nadopmaruka Ne2(89) 2016



8 Aisagaliev S.A., et al.

b
=p(t) — K*(1)C~' [ K(n)p(n)dn, T € I1, is a solution of the homogeneous integral equation

b
[ K(1)ws(7)dr = 0, where p(t) € Lo(Iy, R™) is an arbitrary function.
’ Indeed,

/K(T)wl(T)dT = /K(T)K*(T)C'_lﬁdT =p, V3, Be€R",

b

/ K (F)wn(r)dr = / K (r)p(r)dr — / K(r)K*(r)C~Ydr /b K(n)p(n)dy = 0.

a

2. The functions w(7) € La(Iy, R™), we(T) € Lo(Iy, R™) are orthogonal in Lo, i.e. wy L
wy. Indeed,

b b b
< Wi, Wy >p,= /wT(T)wg(T)dT:/B*C’_lK(T)p(T)dT—/5*0_1K(T)K*(7)d7><

xC~ /K n)dn = g*C~ /K —B*C‘l/bK(n)p(n)dn: 0.

3. The function wy(7) = K*(7)C~'8, 7 € I; is a solution of the integral equation (1)
with minimal norm in Ly(I;, R™). Indeed, ||w(7)||*> = |Jw1(7)||* + ||we(7)]|?. Hence |Jw(7)||* >
|lwy (7)||%. If the function p(7) = 0, 7 € I, then the function wy(7) = 0, 7 € I;. Hence
w(r) = wi(7), lw] = flwi;

4. The solution set for the integral equation (1) is convex. As it follows from the proof of
theorem 2 the set of all solutions to the equation (1) is Q. Show that @ is a convex set. Let

b

T(r) = K*(1)C' B + p(r) — K*(1)C~* / K (m)p(n)dn,

a

b
T(r) = K108 4+ 5(r) — K* (1) / K(n)B(n)dn

a

be arbitrary elements of the set ). The function

wo(7) = aw(7) + (1 — Q)w(r) = K*(7)C '8 + palT)—

K (r)C! / K(npa(n)dn € Q, Yo, a € [0,1],

a

where p,(7) = ap(7) + (1 — a)p(7) € Lo(I1, R™).

ISSN 1563-0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series Ne2(89) 2016



Solvability and construction of solutions ... 9

1
Example 1. Consider the integral equation Kow = [w(r)dr = f3, where K(1) = 1,
0

1

w(-) € Lo(I1, R"), I; = [0,1]. For this example C' = [ dr =1 > 0. Consequently this integral
0

equation has a solution for any 8 € R'. By formula (5), the general solution is w(7) =

B+ p(r fp Ydn, T € I, where p(7) € Ly(I;, R') is an arbitrary function. The particular

1

solution wy(7) = f, the solution of the homogeneous integral equation [ ws(7)dr = 0 is
0

w2( fp d77, Tel = [ ’1]7 VP(')7 p() S LQ(Ith)'

Consider problems 9, 10. The results described above hold true for integral equations
with respect to multivariable unknown function. In particular, for the integral equation (3)
we have the following theorems.

Theorem 3. A necessary and sufficient condition for existence a solution of the integral
equation (3) for any § € R™ is that the n X n matriz

T(a,b,c,d) ://K(t,T)K*(t,T)det (8)

be positive definite.
Theorem 4. Let the matriz T'(a,b,c,d) defined by (8) be positive definite. Then for any
g e R

w(t,7) =v(t,7) + K*(t,7)T  (a,b,¢c,d)a — K*(t,7)T *(a, b, c,d)x
b d
< [ [ Ko pdsan ©)

is a general solution of the integral equation (3), here v(t,7) € Lo(G, R™) is an arbitrary
function, B € R™ is an arbitrary vector.

The main properties of the solution. The general solution of the integral equation
(3) defined by (9) has the following properties:

1. The function w(t,7) = wi(t,7) + welt,7), (t,7) € G where wy(t,7) =
K*(t,7)T *a,b,c,d)B € Ly(G,R™) is a particular solution to the integral equation (3),
and the function wy (¢, 7) is a solution of the homogeneous integral equation

b od
//KtngtT)det—O

2. The functions wy (¢, 7) € Lo(G, R™) and wy(t, 7) € Lo(G, R™) are orthogonal wy L ws.

3. The function wy(t,7) € Lo(G, R™) is a solution with minimal norm for the integral
equation (3).

4. The solution set for the integral equation (3) is convex.
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3 Solvability of an integral equation with fixed right hand side

The question naturally arises: if the matrix C'is not positive definite, has the integral equation
(1) a solution? The answer is unambiguous, in this case the integral equation (1) can have
solution, but not for any vector g € R". The condition C' > 0 is a rigid for the kernel of the
integral equation. The analogue of this condition is an existence of the inverse matrix A~! for
the linear algebraic equation Az = b, which provides an existence of a solution for any b € R".
The algebraic equation Ax = b can have solution in the case of non-existence of the inverse
matrix too, but not for any vector b € R™ (rangA = rang(A,b), by the Kronecker-Capelli
theorem).

Solutions of problems 3,4. An investigation of the extremal problem is needed in order to
solve problems 3, 4:

b
J(w) = |8 - / K(r)w(r)dr|?dt — inf (10)

under the condition
w() € LQ(Il,Rm), (11)
where § € R" is a given vector.
Theorem 5. Let a kernel of the operator K (1) be measurable and belong to the class L.
Then:

1) the functional (10) under the condition (11) is continuously Frechet differentiable, the
gradient of the functional J'(w) € Lo(Iy, R™) for any point w(-) € Lo(Iy, R™) is defined by

J'(w) = =2K*(1)5 + Z/K*(T)K(J)w(a)da, T € Iy; (12)

2) the gradient of the functional J'(w) € Ly(Iy, R™) satisfies the Lipchitz condition

| (w+h) — J(w)|| <I|hl, Yw, w+h € Ly(I1, R™); (13)

3) the functional (10) under the condition (11) is convex, i.e.

J(aw+ (1 —a)u) < aJ(w) + (1 —a)J(u), Yw,u € Ly(I1, R™), Vo, a € [0,1]; (14)

4) the second Frechet derivative is defined by

J"(w) =2K*(0)K (1), o, T € I1; (15)
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5) if the inequality

b

/b / £ (0) K (0) K (r)é(r)drdor = [ / K(ﬂs(r)mr >

a

(16)
> u/ E(r)Pdr, p> 0, VE, E(r) € Lo(L, R™),

holds, then the functional (10) under the condition (11) is strongly convez.
Proof. As it follows from (10), the functional

J(w) =p"6 — Qﬁ*jK(a)w(U)da—i- /b/bw*(T)K*(T)K(U)w(J)deT.

Then the increment of the functional (w, w + h € Lo(I, R™))

AJ = J(w+h) — J(w) = / < _2K(0)B+2 / K*(0)K (*)w(r)dr, h(o) > do+
bob ¢ ¢ (17)
+//h*(T)K*(T)K(U)h(J)dadT =< J'(w),h >, +o(h),

where
o)l =1 [ [ 1 ()K" (0K (0)h(o)dodr < e,

It follows from (17) that J'(w) is defined by (12). As

J'(w + h) — J'(w) = 2K (7) / K (0)h(0)do,

we have \
|J'(w +h) = J'(w)| < 2IIK*(T)II/IIK(U)II |h(o)|do <
< ()b, 7€ h.
Hence

1/2

b
1 (w +h) = J'(w)ll L, = / | J'(w+h) = J(w)dr ) <Al

for any w, w+ h € Lyo(I;, R™). This implies the inequality (13).
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Show that the functional (10) is convex. Since the functional J(w)eC™ (Ly(Iy, R™)), for
the functional (10) to be convex it is necessary and sufficient to have

< J'(wy) — J'(wq), wy — wg >p,=< Q/K*(T)K(a)[wl(a) — wy(0)]do,

wi(7) = wa(T) >1,= 2//[w1(7) — wy(7)]"K*(7) K (0)[wi(0) — wy(0)]dodr = 0.

This means that the functional (10) is convex, i.e. the inequality (14) holds. As it follows
from (12), the increment

T'(w+h) — J'(w) =< J"(w), h >=< 2K*(0)K(r), h(c) >p,=

Consequently J”(w) is defined by (15). It follows from (15), (16) that
< J"(w)E, & >,> pllél?, Yw, w e Ly(I1, R™), V¢, € € Ly(l, R™).

This means that the functional J(w) is strongly convex in Ly(/;, R™). The theorem is proved.
Theorem 6. Let the sequence {w,(7)} € La(I1, R™) be constructed for extremal problem
(10), (11) by the rule

W1 (T) = Wy (T) — O‘njl<wn>a Inlam) = I;liggn(a),

gn(@) = J(w, — aJ'(w,)), n=0,1,2,.... (18)

Then the numerical sequence {J(w,)} decreases monotonically, the limit lim J'(w,) = 0.
n—oo

If besides the set M(wo) = {w(7) € Lao(I1, R™)/J(w) < J(wo)} is bounded, then:

1) the sequence {w,(7)} is minimizing, i.e.

weakly

7}13)10 J(wy) = Jo =inf J(w), w(-) € Ly(I,R™), w, — ~ w, as n — 0o,
where w, = w, (1) € W,
We={w(r) € Lo(h, R™)/J(w) = min J(w)=J.= _ inf J(w)}
2) the following convergence rate estimation holds
O§J(wn)—J(w*)§%, mo =const >0, n=1,2,... (19)
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3) there exists a solution to the integral equation (1) iff J(w.) =0, w, € W,. In this case
w, € W, is a solution of the integral equation (1).

4) if J(wy) > 0, then the integral equation (1) hasn’t a solution.

5) if the inequality (16) holds, then ||w, — w.| — 0 as n — oo.

Proof. Minimization methods in Hilbert space [13| can be applied to a proof of the
theorem. The conditions g, (a,) < gn(a), J(w) € CH(Ly(I;, R™)) imply that

l
J(wy) — J(w, —aJ (w,)) > a(l — Oé)||J'(wn)||2, a>0, n—0,1,2,...,
where [ = const > 0 is the Lipchitz constant from (13). Then
1
T(wa) = J(@ng1) 2 o5 |7 (wn)I* > 0.

This yields that lim J'(u,) = 0 and the numerical sequence {J(u,)} decreases monotonically.
n—oo

The first statement of the theorem is proved.
As the functional J(w) is convex the set M (wy) is convex. Then

0 < J(wn) = J(w.) << J'(wn), wn — wy >, < [T (w)l] [[wn — w]| < D[S (wn)]l,

here D is a diameter of set M (wy). Since M (wy) is weakly bicompact, the functional J(w)
is weakly lower semicontinuous, it follows that the set W, # @&, W, C M(wp) and {w,} C
M (wy), w, € M(wy). Note that

0 < lim J(w,) — J(ws) < D lim ||J'(w,)| =0, lm J(w,) = J(w.) = Js.
n—oo n—oo n—oo

Consequently the sequence {w, } C M (wj) is minimizing. Estimation (19), where my = 2D?[,

follows from the inequalities

J(wn) = J(wns1) < Sl (wn)lI*, 0 < J(wa) = J(ws) < DI (wy)]],

1

21
weakly

W, — W, as n — oo.

The second statement of the theorem is proved.
It follows from (10) that J(w) > 0, Vw, w € Ly(I1, R™). The sequence {w,} C Lo(I;, R™
is minimizing for any initial guess wy = wo(7) € Lo(I1, R™), i.e. J(wy) = er(l}nR )J(w) =
weLa(l1,R™
Jo= inf  J(w). If J(w,) =0, then

'LUELQ(I:hRm)

8= /b K (r)w,(r)dr.

Therefore the integral equation (1) has solution if and only if J(w,) = 0, where w, = w.(7) €
Ly(11, R™) is a solution to the integral equation (1). If J(w,) > 0, then w, = w.(7), 7 € I} is
not a solution of the integral equation (1). In other words, whenever J(w,) > 0, the integral
equation (1) hasn’t a solution for the given § € R". Thus the statements 3, 4 are proved.
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If the inequality (16) holds, then the functional (10) under the condition (11) is strongly
convex. Whence

J(wy,) — J(w,) << J'(wy), w, — wy > —gHwn —w,|* < 2ullJ (wy)]|?, n=0,1,2,...,

1
J(wn) = J(wpy1) > Q—HJ'(wn)Hz n=0,1,2,....

Hence a,—a, 1 > %an, where a,, = J(w,)—J(w,). Consequently 0 < a,.; < an(l—%) = qa,.

Then a, < qan_1 < ¢?an_o < ... < q"ay. This implies

USJWM—JWQSLHMO—ﬂwayqzl—%,OSqSL > 0.

It can be shown that the estimation
2 n
i =l < (2) ) = S, n =012,

holds for any strongly convex functional. Then |w, —w.|| — 0 as n — oo. Theorem is proved.
Consider problems 5, 6. In particular, the set W (7) is defined by: either

W(r) ={w(:) € Lo(I1, R") /(1) < w;(7) < Bi(1), 1 =1,m, a.e. 7€ I},

or

W(r) = {w(") € Ly(I,, R™)/|w|]* < R*}.

where a(7) = (a1(7), ..., (1)), B(T) = (51(7),...,Bm(7)), T € I, are given continuous
functions, R > 0 is a given number.
Solving problems 5, 6 is reduced to investigation the extremal problem:

(w,u) =8 — /K T)dr| 4 [Jw — u||%2 — inf (20)

under the conditions
w(:) € Lo(I1, R™), u(r) € W(r), 7€ L. (21)

Theorem 7. Let a kernel of the operator K (1) be mesurable and belong to Lo. Then:
1) the functional (20) under the condition (21) is continuously Frechet differentiable, the
gradient
Ji(w,u) = (J1,(w,u), Ji,(w,u)) € Lo(I1, R™) x Lo(Iy, R™)

for any point (w,u) € Ly(Iy, R™) x W (1) is defined by
T (w,) = —2K*(r)f +2 / K* (1)K (0)u(0)do + 2(w — u) € Ly(I, R™), (22)
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Ji,(w,u) = =2(w —u) € Ly(I1, R™); (23)

2) the gradient of the functional Ji(w,u) satisfies the Lipchitz condition

171 (w + by hy) — Jy(w, w)|| < L[] 4[| ]]),

V(w, ), (w+h,uth) € Lo(Ii, R™) x Ly(Iy, R™): dn, (24)

3) the functional (20) under the condition (21) is conver.
A proof the theorem is similar to theorem 5’s proof.
Theorem 8. Let for extremal problem (20), (21) the sequences be constructed by

Wo1(T) = wp(T) — an iy, (W, uy), n=0,1,2,...,
Un+1(7) = Py lun(7) — anJy, (W, un)], n=0,1,2,....

where Py -] is a projection of a point onto the set W,

g < a<
0= _l2+2€1

, €0>0, >0, n=0,1,2,...,

li is the Lipchitz constant from (24), in the case e1 = 4, g9 = , = %, Lo (Wi ),
J1 (W, uy,) are defined by (22), (23) respectively. Then the numerical sequence {Jy(wn1, un)}
is monotone decreasing, the limits lim ||w, — wp41]| =0, lim ||u, — upeq|| = 0.

n—oo n—oo

If in addition the set M(wq,up) = {(w,u) € Ly x W/Ji(w,u) < J(wo,up)} is bounded,
then:
1) the sequence {wy,u,} C M(wog,up) is minimizing, i.e.

lim Jy(wy, u,) = J, = inf J(w,u), (w,u) € Ly x W;

n—oo

2) the sequence {wy,u,} C M(wo,up) weakly converges to the set

X, = {(ws, us) € Ly x W/ Ji(wy, uy) = min Jy (w,u) = J, = inf Jy(w,u), (w,u) € Ly x W};

3) a necessary and sufficient condition for integral equation (1) under the condition w(r) €
W to have a solution is that Jy(w., us) = Ji. = 0.
A proof of theorem is similar to the proof of theorem 6.

4 Integral equation with parameter

Consider problems 7, 8 for the integral equation (2).
Theorem 9. A necessary and sufficient condition for the integral equation (2) to have
solution for any u(t) € Lo(I, R™) is that the n X n matric

b
O(t) = / K(t,7)K*(t,7)dr tel (25)

a
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be positive definite for all t € I, where (x) means transposed.

A proof of theorem is similar to the proof of theorem 1.

Theorem 10. Let the matriz C(t), Vt, t € I given by (25) be positive definite. Then a
general solution of integral equation (2) for any u(t) € Lo(I, R™) is given by

v(t,7) = K*(t,7)C ) ut)+~(t, ) —K*(t, 7)C(t) /K(t,T)’y(t,T)dT, tel, el (26)

where y(t,7) € Lo(S1, R™) is an arbitrary function, u(t) € Lo(I, R™).

The proof of the theorem is similar to the proof of theorem 2.

The main properties of solutions to the integral equation (2):

1. The function v(t, 7) from (26) can be represented in the form v(t T) vl (t,7)+va(t, 7),
where vy (t,7) = K*(t,7)C Y (t)u(t), valt,7) = ~(t,7) — K*(t,7) f K(t,7)y(t,7)dr,

to

~(t,T) € La(Sy, R™) is an arbitrary function. The function vy (¢, 7) is a particular solution of
the integral equation (3), and the function v,(¢, 7) is a solution to the homogeneous integral

equation
b

/K(t,’?’)vg(t, 7)dr = 0.

a

Indeed,

/ K(t, 7)o (t, 7)dr = / Kt ) K (1, ) dre= (Op(t) = u(t), te T,

b

/b K(t, )us(t, 7)dr = /b K(t, 7)y(t, 7)dr — / K(t, 7 K" drC-! / K(t,7)y(t, )dr = 0:

a

2. The functions vy (t,7) € Lo(S1, R™), va(t,T) € Lo(Sy, R™) are orthogonal, i.e. v; L vs.

Indeed,
b

< o Sr,= / Ui (b, 7)a(t, 7 = / (OO K (1, 7) [t 7)

a

—K*(t,7) /K (t, 7)y(t,7)7]dT = *(t)C_l(t)/K(t,T)’y(t,T)dT—

—pt(t)C~ t/Kt,TK(t,T)dTC' /KtT v(t,T)dr =0, (t,7) € Sy;

3. The function vy (¢t,7) = K*(t,7)C~ (t)u(t), (t,7) € Si is a solution of the integral
equation (3) with minimal norm in Ly(Sy, R™). Indeed, |[v(t,7)||* = ||vi(¢, 7)||* + |Jva(t, 7) >
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This implies that |[v(¢,7)]|* > [Jui(¢, 7)||?. If the function (¢,7) = 0, (¢,7) € S, then the
function vy(t,7) =0, (¢, 7) € Sy. Hence v(t,7) = vi(t,7), ||v|| = ||v1]l;

4. A solution set for the integral equation (3) is convex.

Example 2. The integral equation

b
Kyv = /etT?}(t,T)dT =sint, t€[1;2], 7€]0,1],

is given. For this example K (¢,7) = e'". Then

1
/thTdr =—[e*—1] >0, Vt, t € [1,1].
0

This yields that this integral equation has solution

1
2t ) 2t
T 16” sint +~y(t,7) — T 1€tT / e y(t, T)dr,

0

v(t,T) =

2t
where C_l(t) = 2t—1’
6 JR—

is an arbitrary function.

te[1,2], v(t,7) € La(S1, RY), Sy ={(t,7) /1<t <2, 0<7<1}

The function v(t,7) = wvi(t,7) + va(t, 7), where vy (t,7) =

1
'™ [e'Ty(t,T)dT is a solution of the
0

62t_le”sint, (t,7) € Sy

is a particular solution, vy(t,7) = (t,7) — —; 1

e _
1

homogeneous integral equation [ e7vy(t,7)dr = 0. It’s easily shown that < vy, vy >p,= 0,

0
Vt, t € [1,2].

This work was partially supported by the grant of the Committee of Science of the
Ministry of Education and Science of the Republic of Kazakhstan (project 3311/GF4 MON
RK)

5 Conclusion

A necessary and sufficient condition for existence of a solution to an integral equation with an
arbitrary right-hand side has been obtained, and a general solution to the equation has been
constructed. A solvability criterion in the form of requirement for an infimum of a specified
functional has been formulated and proved, and a method for the solution construction has
been developed. An integral equation with constrained unknown function is reduced to an
extremal problem which allows to construct a solution satisfying a given constraint. A test
method for existence of a solution to an integral equation with a parameter and a method
for solution construction are described in detail and their correctness has been proved.
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On the stability of a difference scheme ...
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On the stability of a difference scheme for the three-phase non-isothermal
flow problem

The article presents a study of stability of a finite difference scheme in terms of initial values
and right-hand sides of the equations for the problem of three-phase non-isothermal flow in
homogeneous isotropic porous media without capillary, gravitational forces and phase transitions.
It is assumed that oil is homogeneous non-evaporable fluid, and phases are in local thermal
equilibrium which means that fluids saturating the porous media and the rock have the same
temperature in any elementary volume. The model describing this process consists of the mass
conservation equation, equation of motion in the form of linear Darcy’s law, equation of state,
and phase balance equation. In the present work, so-called “global” formulation of the problem
is used which is based on the introduction of a change of variables for pressure, called "global
pressure". Using this approach, the original model equations reduce to a system of five partial
differential equations with respect to pressure, temperature, velocity, and two saturations. The
stability analysis of the scheme is carried out using the method of a priori estimates. A priori
estimate for the solution of the difference problem is obtained with limitations on the value of the
time step and the norm of the temperature derivative.

Key words: three-phase non-isothermal flow, finite difference method, stability, non-linear term,
a priori estimate.

Temupbexos H.M., Baiirepees I.P.
UccnenoBanue ycTOMYNBOCTA PA3HOCTHON CXe€MBbI [JIsi 3a4a49u TpeXda3HOui
HEN30TEePMUYIECKON (PUIbTPAIIANA

B pabore mpoBoguTcs mccieoBaHAE YCTONIMBOCTH KOHETHO-PA3HOCTHON CXEMbBI [0 HAYAJIbHBIM
JIAHHBIM U IIPABOI 9aCTU yPABHEHUI CUCTEMBI [IJTsl 3aa9u TPex(ha3HOl HEM30TEPMUIECKON (DUIh-
TpaIUU B OJHOPOIHON M30TPOIHOI cpere 6e3 ydeTa KalWUISAPHBIX, FPABUTAIMOHHBIX CHII U (a-
30BBLIX Tepexo/ioB. lIpeamosraraercs, 1To HeMTH - OJTHOPO/IHAS HEHUCHapseMasi KUJIKOCTh 1 (pa3bl
HAXO/ISITCSI B JIOKAJIbHOM TEILJIOBOM PaBHOBECHU, IIPU KOTOPOM (DJIFOU/IBI, HACKIIIAIOIIIE TTIOPUCTYIO
CpeJy, U TIOPO/Ia MMEIOT OJIMHAKOBYIO TEMIIEPATYPY B JIOO0M d1eMeHTapHOM 00beme. Mosmens, omu-
CBHIBAIOIAS JIAHHBIN IIPOIECC, BKJIIOYAET B ce0s ypaBHEHNE HEPA3PHIBHOCTH, YPABHEHUE [TBUYKEHUS
B BHje JuHeiiHOro 3akona Jlapcu, ypaBHEHHE COCTOSHES U ypaBHEHHE DaJiaHCca HACHIIIEHHOCTEH
da3. B pabore ncrnonb3yercs Tak Ha3biBaeMas «TiobabHasg» MOCTAHOBKA pAcCMATpPUBAEMON 3a-
JIaYU, B OCHOBY KOTOPOI IOJIO?KEHA 3aMeHa, [IePeMEHHBIX JIJIsI JIaBJIeHUsI, Ha3BaHHAs «TJI0OAIbHBIM
JaBjaeHueMs. VIcnoyb3ys JaHHBINA TOJIXO0JI, UCXO/IHBIE YPABHEHUS MOJEJU CBOJIATCA K CUCTEME U3
it TudOepeHInaIbHBIX YPABHEHUN B YACTHBIX ITPOU3BOIHBIX OTHOCUTEIBHO JTABJIEHUS, TEMIIE-
PATYDBI, CKOPOCTH U JIBYX HACBHIIMEHHOCTEH. AHAIN3 YyCTOWYUBOCTH CXEMbI MPOBOJUTCS METOJIOM
anpuopHbIX oneHoK. [loydena anpuopHast oneHka it Pellennsl Pa3HOCTHON 3a/1a9K ¢ OrPaHude-
HUAMM Ha BEJIMYUHY BPEMEHHOI'O Iara U HOPMY IIDOU3BOJHOI TeMIlepaTyphl.

KuroueBble ciioBa: Tpexda3HbIil HEU30TEPMUIECKUIT ITOTOK, METOJ KOHEUHBIX PA3HOCTEH, yCTOM-
YUBOCTb, HEJIMHEHHOE caaraeMoe, allpuopHas OLCHKA.
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Temipbexos H.M., Baiirepees /I.P.
Y1 dpazasnbl n3orepMaibiK, emec puabTpalus ecebi YIliH albIpbIMABIK, CYJI0aHbBIH
OPHBIKTBIJIBIFBIH 3€PTTEY

Byt xxymbicTa 6ipTeKTi H30TPONTHI OPTA/a KAIMJISPJIBIK, IPABATAIISIIBIK KYIITEPI] 2KoHe daza-
JIBIK affHAJIBIMIAP/Ibl €CKEPMENTIH YNl (ha3alibl N30TEPMAJIBIK eMec (DUIbTpaIis ecedl YINiH aKbIp-
JIBI afibIPBIMIBIK, CYJI0AHBIH, OACTAIKbI IIIAPTTAPBI MEH XKYiie TeHJIeyJIePIHIH OH KaKTaphbl OOIBIHIITA
OPHBIKTBLIBIFBL 3epTTee/ll. Byl )KymMbIcTa MyHail - 6ipTekTi Oy/laHyFa YIIbIpAMARTBIH CYHBIKTHIK,
2KoHe (azaiap JOKAJIbI XKbITY Tele-TeHIKTe, SFHI OPTAHBIH 9POIp 9JIeMEeHTaPJIbl ayMAFbIHIA MY-
Hail KaTIaphl 2KOHe OHbI KAHBIKTHIPATHIH (DIIIONITEP/IIH TeMIIepaTypachl bip/eit 60IaThIHbL yitFa-
pbLIaIbl. Byut ypaicTi cumaTTaiThIH MOJIETb Y3KCI3AIK TeH ey, ChI3bIKTRI Jlapcu 3aHbl Typineri
KO3FaJIbIC TeHJIeY1, KYil TeH ieyi MeH (da3aiap/IblH KAaHBIKTHIK, OaJIaHChI TeHIEYIePiHEH TYpabl. By
KYMBICTa KAPaCTBIPBLILII OTHIPFAH €CEIITiH “TI00a b’ KORBIIBIMBI Maiiaaaanaabl, o1 “Taobaabl
KBICBIM JIell aTaJIaThlH aflHBIMAJIBIHBI ayBICTBIPYALI €Hri3yre Herizmenared. byur Tociial maiinata-
HBIII, MOJEJIB/IIH OACTAIKBI TEHAEYIePi KbICHIM, TEMIEPATYPA, YKBIIJAM/IBIK KOHE €Ki KAHBIKTHIK,
yIIiH 6ec jepbec TYBIHABLIBI audhepeHualIblK, TeHIeY/IeH TYPaThiH XKyiiere Kearipijges. AKbip-
JIbI afibIPBIMJBIK, CY/I0a OPHBIKTBHIIBIFBIHBIH aHAJIN3]1 alpHOpJIbl Oarajay oJiciMeH Kyprisiiesi.
AKBIPJIBI AfBIPBIMJIBIK, €CENTIH MIeNiMi YIMNH yakKbIT KaJaMbl MEH TEeMIIEpPaTypa TYbIHJIBICHIHBIH,
HOPMACHIHA KOUBLIFAH IEKTEYJIEPMEH AIPUOPJIbI Oarasiay aIbIHIb.

Tyiiin ce3zep: yur (pa3aibl H30TEPMAJIBIK, €EMEC aFbIH, AKBIPJIbI ABIPBIMIAD O/1iCi, OPHBIKTHIIBIK,
CBI3BIKTHI €MeC KOCBLIFBII, AIIPHOPJIbI Oarasay.

1 Introduction

The models describing non-isothermal multi-phase flow in porous media have received
significant attention in applied mathematics recently. For example, different approaches to
the numerical solution of the multi-phase non-isothermal flow problems have been studied
in [1, 2, 3,4, 5,6, 7]. In [7], a new “global” formulation of the three-phase non-isothermal
flow problem is proposed, which is based on the introduction of a change of variables for the
pressure, called “global” pressure, to eliminate the gradients of capillary pressures from the
equations for pressure and temperature. This approach was initially proposed in [8, 9] for
two-phase and three-phase isothermal flows.

In this paper, we consider a three-phase non-isothermal flow of immiscible fluids in
homogeneous, isotropic porous media without capillary and gravitational forces. The system
of equations describing three-phase non-isothermal flow is considered under the assumptions
that the movement of phases obeys a linear generalized Darcy law, the phases are in the
local thermal equilibrium, which means that the fluids saturating the porous media and the
rock have the same temperature in any elementary volume. Furthermore, oil is assumed to
be a homogeneous non-evaporable fluid and the oil reservoir consists of a single rock. In this
case, the model describing this process is usually consists of the mass conservation equation,
Darcy law, energy equation, equation of state, and an equation for balance of saturations.
Using the approach, proposed in [7], the original equations of the non-isothermal model are
reduced to a system of partial differential equations with respect to pressure, temperature
and two saturations. We study a finite difference scheme for the considered problem. A priori
estimate, showing the stability of the difference scheme with respect to the initial data and
right-hand sides of equations, is obtained.
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2 Formulation of the problem

We consider the problem of three-phase non-isothermal flow in the domain Qr = Qx |0, t1],
where 2 = [0, [] x [0, {] is a square with boundary I" [7]:

oT
dp oT
o=V (VD) = Bros + . 2)
O5a _ V- (VD) = fo, a=w, o, (3)
0t
— _AVp (4)
with initial and boundary conditions
T(I’,O) :T07 p(J}',O) = Po, Sa (I,O) = Sa0; (5)
oT dp
~kns| =0, —kyoo| =0 (6)

where subscripts w, o, g denote the phases of water, oil and steam; 7" is temperature; p is
pressure; s, is the saturation of the phase a; cp, A, ky, kp, Br, Vo are some functions of the
space variable and time for which the following conditions hold:

co < (e, A, kn, kp, Br, vo) < c1. (7)

To solve the problem, we use the finite difference method. Let us introduce a uniform grid
W, with the steps in the spatial variable hy = ho = h and time 7 in QT

Whr =W X w, ={(x,t): z€w, t€w,},
W= X Ws, = {alm =inh: in=0,1,.., Ny, Nyh=1},
ET:{tn:m’: n=0,1,..., Ny, Nq=11}.

We associate the following difference scheme with the differential problem (1)-(6) in @y,

erTy + MT = fr, (8)

pe + Nop = BTy + fp, (9)

Sat + */\30413 = fom a=w, o (10)
with the initial conditions

T? =T, P} =Do; Sei=Sa0 (11)
where Ap = AV + AP Ay = AN+ AP Az =AY + AP,

_% (Aﬁfm)(—’—lm) witm - %kf(l—i_lm Tm Tm = U,
Agm)w - _% ()\ﬁim)(+lm) wxm 1 (Apm) wafm (khwl’m) m Lm € (JJm,
_% ()\]55 )wxm + khwzm7 Tm =L,

Becrauk KasHY. Cepusi maremaTnka, Mexanuka, nadopmaruka Ne2(89) 2016



22 Temirbekov N. M., Baigereyev D. R.

27.(+1m) _ 2 (+1m)
(m) ThE " Wans I = (m) —pla Wy Tm =0,
A2 w = - (kpwfm)xm ; Ty € Wiy A3a w = - (Vawfn)xm y T € Wi,
27 2~ —
skpws,, T =1, FUaWs,,, T =1,

and w,, is a set of internal nodes of the grid @,,. Here and below we use the notation accepted
in [10]. Let us define norms and a dot product as follows:

2 2 2 2 2 2 2
lwllo = (w, w)z, [Vl = llws o + l[wellg,  wlly = [Vwllg + l[wllg .

w?

oz 2= 3N w?, () B w2 = ZZw

w+ w2 w1 w
(0, w)] N .
el o = sup == vl = maxfw @), (w, @)g = > D w(@)w () h?,
w 1 — —

{x’m =inh, im=1,..., Ny, th:l}.

For sunphClty, we also assume that the following conditions hold:
(fT7 1)@ = (fp? 1)5 = 07 (p7 1)5 = 157 (T7 1)5 = T (12>
3 Investigation of the stability of the difference scheme

Lemma 1. The following estimate is valid:

(A, vl > 8 (I ol — (v, 1)2). (13)

Proof. Using the difference analogue of Green’s formula and conditions (7), we obtain:

(AQUa U)w - (I%PUEN U@) tym, T (l%pvfzv U@)* + = Co ||VU||3 (14>

wq Xw2 w1 ><w2
Further, using the Poincare inequality and the definition of the norm ||v||,, we obtain:
2
IVolls > 2 (lolly = 1Vellg) = 55 (v, Dz

which implies
2
Te] (v, 1)2. (15)
Substitution of (15) into (14) gives the lemma.

2 2 2
190l > 5 el -

Lemma 2. The following estimate holds:
N 1 c N
(Asow, ) < SerMe [Vullg + o [V, > 0.
Proof. Indeed,

<A3aw’ ID) - (Vawfla wfl) T (Vawigv UN]EQ)

wq Xwa x

W1Xwy —
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ClME‘:
2

2 C1 ~ 112
Vwl} + 5 73]

o 2 1 ~ 2 " 2 1 ~ 2
<o | = llws g+ 2 |z, |5 + 5 |wa, |5 + 20 [0z, g | <

We now obtain an a priori estimate for the solution of the difference problem (8)-(11).
Let us multiply the equation (9) by 27p:

1115 = 115 + 72 lpell§ + 27 (Aeb, By = (BrTh, 27D)g + (s 27D) (16)
and evaluate the inner products using Lemma 1, Cauchy inequality, and conditions (7):

41cq

27 (o, D)5 = - (P Il — (B, 1)Z)

) ) T )
(BT, 27p)g| < 27er [Tl 1Dllp < o IT2lg + Mureter 1817

~ o T 2 A2
|(for 27D) 5] <27 1 fplly 1Bllg < — [1Fpl12, + MaTea || -
€2

Here and below M; denote some positive numbers not depending on h and 7. Applying
these inequalities to (16), we obtain:

47cy

2 (», 1)2 (17)

~112 2 2 ~(12 — 2 — 2
1Bl — lIpllo + 7 llpellg + Mir Bl < e 7 I Tellg +e2 7 1fll 2, +

with M{ = (4/3)60 — Mlcfel — M1€2.
Let us multiply the equation (10) by 275, for a = w, o:
13allo = Isally + 7% 15a.tll + (Asads 278a)5 = (fas 2750)5 (18)

and evaluate the inner products in (18) using Lemma 2, Cauchy inequality and conditions
(7):

A A A TC A

27 | (Asab, 8a)5] < TerMaes [PI + — 11V3all5

3

~ ~ 2 ~ 12
27 |(far Sa)zl < 27 [ fall -y [1Bally < 7fallZy + 7 l15allo-

Using these inequalities, we obtain from (18):

A N2 2 2 2 TC A N2 2 A 112
13allo = Isallo + 72 Isally < Te1 Maes [|p]]] + . Vsallg + 71 fallZ1 + 7 l|3all; -

Using the inequality || Vv||2 < = |[v]|2, valid for any grid function defined on a uniform
grid, we obtain:

87¢y A2 2 2 112 2
(1= 7= S8 Uull — sall + 7 sl < resaca 517 + 7 Aol

Choosing g3 and 7 < 79,

€3h2

T = —>,
0 861 + €3h2

Becrauk KasHY. Cepusi maremaTnka, Mexanuka, nadopmaruka Ne2(89) 2016



24 Temirbekov N. M., Baigereyev D. R.

we obtain the inequality
A2 2 2 12 2
13allg = Ms lIsally + Mam* l|sally < 7Ma (&3 1511 + [1fallZ,) - (20)

Similarly, we multiply the equation (8) by 27T

2
o (2] - 1+ 72 iiE) —2r 3 () ) <
m=1 om

w

2

<r Z( AT, T +Tz:(m Tr,. T) +(fr. 7). (21)

m=1

and evaluate the inner products in (21) using Poincare inequality, Cauchy inequality and
conditions (7):

) 4
,T) > 276, HVTH TCO <12

2 N 2
T —(T,l)),
1 w

, 2
A(F1m) ("Flm)Tw T) E ()\ T A) < 2relM 2: & HVTH HTH =
TZ( Dz - +7 Pt Tm = ran — ozl 0 °

m=1
2 2, Tl M
<7y €4||Vp||0+ ‘ ) < terMaey |plly + ‘
. - Mt
(7)o et 2
Applying these inequalities to (21), we have:
~ 12 4¢, M et M? | 12 ~ 12
la —||T||§+72||Tt||§+r(—”——1—# 1) 2] <
0 3 CoEs CoE4 1 1
T01M1€4
< T T g+ g (T1). (22)
Combmlng the estimates (17), (20), (22), we obtain:
. 112 1 4e M M2 |- NP
7] - i (1= 2 it e (B2 - 2 - 2 7| [+
0 a7 3 Co€s CoE4 1 1
. 2 4C 2
Bl = lIpllg + 7> llpell + 7 < — Micier = Miey — 2Maes | [IpIf; +
+ Z [3allo = M3 Z [sallo + Ms7® D lisaallg <
T01M1€4 2 4TCO 2 857'
IplE + 575 (7. 1)+ 3 (5 D2+ 0 el +
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-
+= 1ol + Maeam D | fall?y - (23)
Choosing 7, 1 and €5 from the conditions
cier +ea < 2M7 1 ((2/3)co — Myes) (24)
el << (25)
with 79, defined in (19), and assuming that the condition
4 M M 1 112
ﬂ__1<cl 1+—) Tl >0 (26)
3 Co €4 €5 1

holds for some €4, €5, we obtain from (23):

~ 2 ~ (12
TH 5|2 ol + M TH M |I]2 <
7], + 1005+ 3 el + 7 7]+ 2t ol <

2 2 o T Mgy 2 &E5T 2
<75+ llplly + Ms > sally + v Iplly + o Sl +
-
+, £l + 90 + Mazar > (1fall?y (27)

where vy = ?‘)1772 <T + coﬁ>. Summing the inequality (27) over n’ from 0 to n, we obtain:

7 g+ et llg + D2 Mlsat llg + I+ 1+ o1l <

a=w,o

<M (’Yo + 1 Tollg + llpolls + > (lsaollg + fally) + 1fz 12, + ”fp”2—1) : (28)
Thus, the following theorem is proved.
Theorem. Under the conditions (7), (12), (24)-(26) the following inequality holds for the
solution of the difference problem (8)-(11):

T+ s+ il + [sa e < M (ITollg + llzolly + swollg + lseollf) +

2 2 2 2

+M (70 + waH_1 + ”f0||_1 + ||fTH_1 + ||fp”-1) :
The obtained estimate implies the stability of the difference scheme with respect to the initial
data and right-hand sides of equations (8)-(11).

4 Conclusion

Thus, the stability of the considered finite difference scheme is studied in the present paper.
A priori estimate for the solution of the difference problem is obtained under assumptions
on the value of the time step and the norm of the temperature derivative. These restrictions
result from the presence of the nonlinear term in the temperature equation, and the term
with the time derivative of the temperature in the pressure equation. The obtained results
can be used to study the stability of the difference scheme for a model taking into account
capillary and gravitational forces.
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Numerical implementation of the one-dimensional microscopic model of in-situ
leaching

This publication is devoted to the numerical implementation of the mathematical model on a
microscopic level of in-situ leaching process in the case of one space variable. The mathematical
model is based on the common system of differential equations, when the fluid dynamics is
described by the equation of motion of an incompressible fluid filling the pores of absolute solid
ground skeleton, and dynamics of the active solution is described by the equation of diffusion-
convection with point boundary conditions on the unknown free boundary between the fluid and
the solid skeleton, expressing the conservation law of reagents. Numerical simulation by finite
difference method is applied for the numerical solution of the problem. The nonlinear boundary
conditions defined on the unknown free boundary is numerically solved by the iterative Newton’s
method. For a more precise description of the movement of the free boundary, interpolation method
is detailed. The significance of computer modelling of in-situ leaching process on a micro scales is
an ability to study the basic mechanisms of the flow of physical and chemical process comprises
reacting an active solutions with a solid skeleton and its movement through the capillary. The
article presents the results of the problem in the case of one space variable in the form of graphs,
obtained in mathematical environment Matlab.

Key words: leaching, free boundary, microscopic model, numerical implementation.

Kymam A.C.
YucaeHHas peaqus3alnusi OJHOMEPHON MUKPOCKOMUYIECKON MOAEU MOJ3E€MHOI0
BBIIIEJIAYUBAHUS

IIpemraraemast myOIuKaIys MOCBSIIEHA YACTEHHON PeAJIM3aI[ii MATEeMATHIECKOW MOJIE/IA Ha MUK-
POCKOTIMYIECKOM yPOBHE IIPOIECCa TOI3EMHOTO BHIIIEIAYNBAHNUS B CIy9ae OJHON MPOCTPAHCTBEHHOM
mepeMenHoi. MaTemMaTudeckasi MOJIe/Ib OCHOBBIBAETCS Ha OOIMENPUHATON cucTeMe anddepeHIm-
AJIBHBIX yPABHEHWIA, KOTJa JIMHAMUKA XKUJIKOCTU OIMCHIBAETCS YPABHEHNEM JIBUYKEHUsT HECXKUMAE-
MOM YKUJKOCTH, 3aIIOJIHSIOIIEH TIOPbI aOCOJIOTHO TBEPIOIO CKejleTa IPYHTA, a JUHAMHUKA aKTHUBHOM
IIPUMECH OIACHIBAETCH ypaBHeHneM Mud}y3un-KOHBEKITUU C TOYCIHBIMU KPAEBBIMU YCJIOBUSIMU HA
HEU3BECTHOM CBOOOIHON IPAHUIIE MEYKTY KHUITKOCTBIO U TBEPBIM CKEJIETOM, BHIPAYKAIOIUMA 3aKOH
COXpaHeHUsI KOJUIEeCTBa peareHToB. JIJis YMCIeHHOrO pelreHus TOCTABIEHHON 3a/1adu TPUMEHsI-
JIOCh YHCJIEHHOE MOJIEJTNPOBAHIE METOIOM KOHEYIHBIX pasHocTell. HesnmmeitHoe rpanutHoe ycaoBue,
3aJlaHHOE Ha HEM3BECTHOI CBOOOIHOM IpaHuIle, YUCJIEHHO PEIIaeTCs NTepariOHHBIM MeT0o10M Hbro-
ToHa. [lj1s1 6oJiee TOYHOrO ONUCAHUST IBUKEHNS CBODOIHON IPAHUIIBI I€TAJTM3UPYETCS METOJ HHTEP-
MOJIATAN. SHAYUMOCTH KOMIIBIOTEPHOTO MOJIEIMPOBAHUS IIPOIIECCA TIO3EMHOT0 BBIETAYNBAHIS HA
MHKPO MACIITabax 3aKJI0YAETCs B BO3MOXKHOCTHU HMCCJIEIOBAHNST OCHOBHBIX MEXAHU3MOB IIPOTEKa~
HUsT (PUBUKO-XUMUIECKOTO TIPOTIECCA, 3aKIIIOYAIONIErOCs BO B3AUMOJIEHCTBIN AKTUBHON MPUMECH €
TBEP/IBIM CKEJIETOM U €€ JIBHXKEHUS 110 KAIWIAPY. B cTarbhe mpecTaBieHbl pe3ysibTaThl INCIeH-
HOT'O PeIlleHns 3a/a9l B CJIydae OJHOI IIPOCTPAHCTBEHHON IepeMEHHON B BUjle IPA(UKOB, IIOJIY-
YEeHHBIX B MaTeMaTH4ecKoil cpeme Matlab.

KuroueBbie cjioBa: BbIIEIaINBaHNE, CBOOOIHAST TPAHUIA, MUKPOCKOIMUIECKAS MO, IUCICH-
Hasl PEAJIABAIIMA.
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Kymomi A.C.
2Kepactsl epitinaineyain 6ip esrmeMal MUKPOCKOMUSJIBIK, MO/IEJIiH CAHIBIK »KY3€ere acbipy

Y CBIHBLIBII OTHIPFaH OACBLIBIMIA OIp KEHICTIKTIK aflHBIMAJIBI KAFJIANBIHIAFbl YKEPACTHI epiTiH-
Jijiey YPIiCiHIH MUKPOCKOIUSIIBIK, JeHrelteri 6ip eJimmeM/1i MaTeMaTUKAJIBIK, MOJIEIIH CAHJIBIK, XKY-
3ere acplpy cumartajrad. MareMaTuKaablK, MOMIENb YKAJIBIFa MOIIM AuddEePEeHITHAIBIK, TeHIe-
yiep »kyiiecine Herizzeseni, ArHU CYHBIK JIMHAMUKACHI 2KED KBIPTHICHIHBIH, abCOIOT KATTHI CKe-
JIETiHIH KeyeKTePiH TOJTHIPATHIH CHIFBIIMANTBHIH CYHBIK KO3Fajachl TEHJEYIMEH CHIIATTAJIa b, aJl
OesiceH/Ii Kocra JIMHAMUKACKHI, PEATEHTTEP MOJIIIEPIHIH CAKTAIYbl 3aHbIH OPHEKTEUTIH, CYHBIKTDIK,
[IeH KATTHI CKeJIET apAChIHIAFbl OeJIrici3 epKiH IeKapara KOWBLIFAH HAKTHI IIIEKAPAJIBIK, IIIaPTTaphl
6ap muddy3us-KOHBEKIH TEHIEYIMeH cuaTTaaa bl. KobIFan ecenTi CaHIbIK, TYP/I€ IIeITy YITiH
AKBIPJIbI afbIPBIMIAD OMiCIMEH CAHIBIK MOJE/IEY KOJIAHBLIILI. DBenriciz epkin mekapara KONbI-
JIFAH CBI3BIKCHI3 MMEKAPAJIBIK, IAPT UTeparusibiK HbioToH o1iciMen cau bIK, TYp/ae mrerrineai. Epkin
IeKapa, KO3FAJIBICHIH JJIIPEK CUTIATTAY MaKCATBIHIA WHTEPIIONATIAA 9/iCi Taaganaabl. 2KepacTs
epiTiHiIey YpIiciH MUKPO Macmradrap/a KOMIBIOTEDJIK MOJEJIEYiH, MAHBI3IBLIBIFLL O€JICeH T
KOCITaHBIH, KATTHI CKEJIETIIEH OalJIAHBICKA TYCYiHE Heri3ereH (bU3NKAJBIK, XUMUSIIBIK, YPIICTIH
HETI3Ti epeKIIeiKTePl MeH OHBIH KallHJIISIPAArbl KO3FAIbICBIH 3€PTTey MYMKIH/IIriHe HeTi3Jiesesm].
Maxkastaza 6ip emmeM Il ecenTiH caHablK IernmiMinid noTmxkemepi Matlab maremaTuka bk opra-
CBHIH/Ia aJIbIHFaH rpaduKTep TYpiHJle KeJaTipiiareH.

Tvyiiia ce3aep: epirinjiiey, epKiH IeKapa, MUKPOCKOIMSIBIK, MOJIEJIb, CAHJIBIK, YKY3€ere achipy.

1 Introduction

The process of in-situ leaching is an environmentally friendly method of mining minerals
such as uranium, copper, nickel, gold, etc. It is held by filing the active solution into a
porous ground wherein the solution reacts with the solid material. The resulting product of
the chemical interaction enters the liquid. This physical process is considered in a bounded
domain €2 . The area €2 consists of the area 2y modeling the pore space, the area )5 simulating
a solid skeleton and the boundary X (¢) between the pore space and solid skeleton (see fig.
1). The boundary X (t) is unknown, because in the process of leaching the part of the soil
dissolves and the soil is deformed over time. Such boundary is called free boundary and such
problems are called free boundary problems.

Currently the leaching of rocks describes by the large range of mathematical models
describing the physical processes at the macroscopic level (see [1] - [6] and references there
in). In these models at each point of a continuous medium there are the solid skeleton and the
liquid in pores. R. Burridge and J. B. Keller [7] and E. Sanchez-Palencia [8] were the first to
state explicitly that mathematical models for filtration and seismic must be derived rigorously
from the microstructure. Various particular cases of accurate models of acoustics and fluid
filtration in rocks intensively studied by many authors: G. Nguetseng [9], J.L. Buchanan, R.P.
Gilbert [10], M.J. Buckingham [11], R.P. Gilbert, A. Mikelic [12]|, T.H. Clopeau, J.L. Ferrin,
R.P. Gilbert, A. Mikelic [13|, J.L. Ferrin, A. Mikelic [14] and others. Detailed analysis can be
found in [15], [16]. The most systematic investigations of accurate models of physical processes
in poroelastic media were conducted by A.M. Meirmanov [16]| - [18]. These models on the
micro level are based on the known equations of continuum mechanics [19] and chemical laws.

The goal of this work is the numerical implementation of the one-dimensional problem.
Using numerical simulation of the leaching process, we explore the changes of the free
boundary over time and positions of the boundary at different values of the parameters
in the system of differential equations.
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2 Equations

() X(®)

liquid solid

Q(7)

X

Figure 1 - One dimensional structure

For the case of one space variable differential equations for an incompressible fluid in the
area Qs(t) ={z: 0 <x < X(t)} (see fig. 1) for ¢t > 0 have the form

dp
or 0 W
ov
or 0 )

oc oc d%c
+v—

ot or  “oa

Boundary and initial conditions

p(0,t) =p*(t), c(0,) =c*(t), t>0, (4)
dd_);:mc, r=X(t), t>0, (5)
(%—l—ﬁ—v)c—%%%—(), r=X(t), t >0, (6)
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X(0) = Xo, c(x,0) =co(x), 0<z< X (8)

Equations are written in dimensionless form. Here p is the pressure, v is the speed, ¢ is the

concentration of the active acid, a, = %, D is the diffusion coefficient, T is the characteristic
time, L is the characteristic size of the area, X is the free boundary, (3, are given constants,

ps, ps are dimensionless densities of the solid skeleton and liquid, respectively.

3 Numerical solution of the problem

For the numerical solution of the problem it is applied numerical simulation by finite difference
method. Finite difference equations were derived using a simple explicit scheme. To solve the
equation (6) at each time step Newton’s method is used.

Finite-difference analog of the equation (3) is written as:

o N\t At
C:;H_l = (C?—i-l - 26? + C?—l) - ’UlnT<

ch— )+ 9)
Finite-difference analog of the equation (6) is written as:

Ps Qe Qe
p—fﬁycf + (B + z)cl — XCH =0. (10)

Applying the Newton’s method, we rewrite equation (10):

k+1 _ k

B y(cf)? + (B + 9)ck — %cry -
2L Brycf + B+ 8= '

Here h is the spatial step size, the lower index i is the order of the nodes, the upper index
n denotes a variable evaluated at the current time ¢ and n + 1 is a variable at the end of the
time step (time t + At), k is the index of iteration and the lower index [ denotes values at
the free boundary.

By virtue of equations (2), (7) the speed of the liquid depends only on time. It is the same
everywhere and equals to the speed at the free boundary. Therefore, the speed of the liquid
at the free boundary is used in the equation (9).

For the exact description of the dynamics of the interface between the liquid and the solid
skeleton, it is used interpolation method, which allows you to track the movement of the
free boundary with sufficient accuracy. The method is implemented as follows. We know the
initial position of the free boundary. We find regular grid nodes closest to the point of the
free boundary and the values of the acid concentration in these nodes. Then, it is calculated
the weighted value of the acid concentration at the free boundary by the found coordinates
of points and values of the acid concentration. To distinguish the weighted value of the acid
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concentration at the free boundary obtained by interpolation, let’s denote it by ¢X, ie with
index X:

k+1 k+1

X = bl %(xn —1n), (12)

There is no acid concentration at the solid skeleton, so cﬁf = 0. Hence:
n
=t - =+ 1). (13)

h

Interpolation can be done in different ways, in this case, linear interpolation is used. After
determining the value of the acid concentration at the free boundary by the formula (13),
the boundary can be moved. We find the new location of the free boundary using a simple
explicit scheme:

X" = pyAte + X7 (14)

For v =1, D = 2822 %2, L = 56, T = 0.00005 s., and different values of 3 and ¢t we
found the concentration ¢ of active impurity on the free boundary and positions of the free
boundary (fig. 1-4).

0.15¢

0.1

concentration

0.05f

0 0.00025 0.00005
time

Figure 2 - Change of the active impurity concentration on the free boundary over time at various /3
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0,00005 1
[0}
£ 0,00003F |
—p=1
—pB=3
0,00001 —p=5
—0p=7
0 ‘ ‘

0,012 0,01201 0,01202
free boundary

Figure 3 - Positions of the free boundary at various

0.1
0.075}
c \
S
©
c 0.05f E
[}
(8]
c
(o]
(8]
+_
0.025 c'=0.4 |
c*=0.55
c'=0.7
o ¢'=0.85 ‘
0 0.000025 0.00005

time

Figure 4 - Change of the active impurity concentration on the free boundary over time at various ¢t

0,00005 | 1
(0]
£ 0,00003} |
c'=0.4
c'=0.55
0,00001 | C+:0.7
‘ c'=0.85
0,012 0,01201 0,01202

free boundary

Figure 5 - Positions of the free boundary at various ¢t
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4 Conclusion

This article considers the numerical implementation of microscopic mathematical model
describing the active impurity interaction with a solid skeleton. Numerical calculations of the
one-dimensional problem implemented in Matlab mathematical environment. In numerical
implementations you can see the distinctive features of the model. For example, smaller
values of impurity concentration on the free boundary correspond to the greater values of the
constant [ (fig. 2). But the free boundary for a greater value /3 faster than the boundary for
smaller 5 (fig. 3). It’s quite a strange phenomenon for chemists. On the other hand, greater
values of impurity concentration on the free boundary always correspond to greater values
of concentration at the input ¢ (fig. 4), and the free boundary for greater value ¢t moves
faster than the boundary for smaller ¢t (fig. 5).

From a practical point of view, the mathematical model is useful in possibility of studying
the main features of the flow of physical and chemical processes on the free boundary between
the liquid and solid skeleton.
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About gauge equivalent of the generalized Landau-Lifshitz equation

In mathematics an inverse scattering transformation is a method for solving some nonlinear
equations with partial derivatives. Discovering of the method became one of the crucial events
in mathematical physics in the last 40 years [1]-[6]. The method presents a nonlinear analogue, in
a sense generalized Fourier transformation, which is applied to solve a lot of linear equations with
particular derivatives. Title "inverse scattering problem"is originated from key idea of recovery
time evolution of the potential from time evolution its scattering data: inverse scattering is related
to the problem about recovery of the potential from its scattering matrix, in difference from
direct scattering the problem of finding a scattering matrix of potential. The inverse scattering
transformation can be applied to many co-called exactly decided models, i.e. completely integrable
infinite systems. Firstly it was presented by Clifford S. Gardner, John M. Greene and Martin D.
Kruskal and others (1967, 1974) for Korteweg de Vries equation, and soon spread to nonlinear
Scrodinger equation, sine-Gordon equation and Toda chain equation. Later the method was used
to solve many another equations, such that Kadomtsev-Petviashvili equation, Ishimori equation,
Dime equation etc. Characteristic property of solutions obtained by inverse scattering method is
existence of solitons, solutions reminding as particles as waves, which do not have any analogues
for linear equations with particular derivatives and are applied to nonlinear optics and plasma
physics, and its quantum version describes many-particle system with 6-shaped interaction.

Key words: spin system, soliton, inverse scattering transformation, integrable systems,
compatibility condition, Lax pair.

2Kynycosa 2K.X., Hyrmanosa I"H., Mosnanazaposa V.
O kaanGpoOBOYHOM KBUBaJIeHTE 00001eHHOr0 ypaBHeHus Jlauaay-Jludimmia

B maremarnke mpeobpasoBaHHEM OOPATHOIO PACCESHUs SIBJSETCS METOJ, PEeIleHHsT HEKOTOPBHIX
HEJIMHENHBIX yPaBHEHUII ¢ YaCTHBIMU IPOU3BOAHBIMEU. OTKPBHITHE JJAHHOIO METOa CTAJIO OJIHUM
U3 caMbIX BayKHBIX COOBITHI B MaTeMarnueckoil ¢usuke B nocsenaue 40 Jer [1]-[6]. Meron npea-
craBjisieT coDOM HeJMHENHBII aHaJIor, a B KAKOM-TO CMbIcjie 06001enus npeobpasoBanus Dypbe,
KOTOpOE CaMo 110 cebe IPUMEHSIETCs JJIsl PEIleHrsI MHOTUX JIMHEHHBIX YPaBHEHUN B YaCTHBIX IIPO-
u3BOAHbIX. Haspanue "meron obpaTHO# 3a/aum paccesHus" IPOUCXOAUT OT KJIFOUYEBOH UIEW BOC-
CTAHOBJIEHUsI BPEMEHHOI SBOJIIOIUY [TOTEHIUAJIA OT BPEMEHHOM 3BOJIIOIMK €0 JAHHBIX PACCESTHUS:
obpaTHOe paccesiHie OTHOCHUTCS K 3a/1a9€ O BOCCTAHOBJIEHUU ITOTEHIIUAJIA, OT €10 MATPHUIILI PACCesI-
HUsl, B OTJINYUE OT IIPSIMOTO PACCEsTHUS 3aJ1a9a HAXOXKJIEHUsI MATPUIIHI PACCESTHIUS OT TOTEHITHAJIA.
O6parHoe npeodpa3oBaHne PACCessHUs MOXKET ObITh IIPUMEHEHO KO MHOIMM U3 TaK HA3bIBAEMBIX
TOYHO PEHIAEMbBIX MOJIEJIEI, TO eCTh BIIOJIHE HHTEIPUPYEMBIX HECKOHEYHOMEPHBIX CHUCTEM. BliepBbie
on 0bL1 npescrasien Kimddopna C. Tapauep, dxou M. I'punom, u Maprun /1. Kpyckana u ap.
(1967, 1974) nua ypasuenust Kopresera-jne ®@pusa, 1 BCKOpPe PaCIPOCTPAHsIETCs] HA HEJMHEHHOe
ypasuenue Illpenunrepa, ypaBuenue cunyc-loppona u ypapaenus menodku loma. [lozmgaee man-
HBIIl MeTOJ OBLI MCIIOJIB30BAaH i PEIIeHNsT MHOTMX JPYyTUX ypPABHEHWI, TAKUX KaK ypaBHEHUE
Kamowmresa-IlersuamBunu, ypasaenne Ummmopu, ypasuenne lum, u Tak majee. XapaKTepHBIM
CBOICTBOM peIIEHUi, [TOJIyYeHHBIX METOIOM ODPATHOI'O PacCesiHUs sIBJISETCs CyIIeCTBOBAHUE CO-
JINTOHOB, PEIIEeHNIi, HAIIOMUHAIOIMINX KaK YACTHUI[BI U BOJIHBI, KOTOPbIEe HE MMEIOT AHAJIOTOB JIJIst
JIMHEWHBIX yPABHEHUI C YaCTHBIMU IIPOM3BOJIHBIMU U IPUMEHSIIOTCsI B HEJIMHEWHOHN ONTHKe U B
dusHKe 1Ia3Mbl, & ero KBAHTOBbBI BAPUAHT ONUCHIBAET MHOIOYACTUIHYIO CUCTEMY C G-00pa3sHBbIM
B3anMOJeCTBAEM.

KirrouyeBble cJioBa: CIIMHOBas CHCTEMa, COJINTOH, IIpeodpasoBaHue OOPATHOIO PACCESTHUS, NHTE-
IrpupyeMble CHCTEMbI, yCJIOBAE COBMECTHOCTH, apa Jlakca.
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2Kymnicosa 2K.X., Hyrmanosa I''H., Monnanazaposa V.
Kammnbsuiama Jlangay-JIudmamig TeHaeyidiln KaauopJi 9KBUBAJIEHTTITT TypaJsibl

Keiibip chI3BIKTBHI eMec mepbec TyBIHIBLIBI TEHIEYIEP L NIy IiH 9ici MaTeMaTuKa1a Kepi ceitiry
TypJieHaipyi gen artanaagbl. Ockl omicTiH ambLIybl COHFBI 40 XKbLIIarbl MaTeMaTHKAIBIK, (DU3UKa-
JIaFbl esteyti okurasgapapie, 6ipi [1]-[6]. By oic e3airiHen CBI3BIKTBI eMec aHAJIOT, ajl Keil MarbiHa-
Ja aepbec TYBIHJIBLIBI ChI3BIKTHI TEHJIEYJIEP/Ii IIelny VIMH KOJAaHbLIaThiH Oypbe TypJIeHIipyiHiH
KaJmbLIay bl 0oJibi TabbuIaael. "Kepi ceitity ecebinin ogici"aTaysl ceitiry OepiireHIepiHiH yakbIT
IBOJIIOIUSICHIHAH YAKBIT 9BOJIONUSCHIHBIH ITOTEHIINAIBIHBIH, KaiiTa KYPBIIYBIHBIH HETri3Ti UaesaChiH
Kypaiiapl: Tikeseil ceffimyre Kaparamaa, TOTEHIINAIIAH Ceffily MaTpUIIACHIHBIH TaOBLTY ecebi Kepi
ceftity iy ceflily MaTpHUIaChIHAH IMOTEHITHAJILI KaliTa Kypy ecebiHe KAThICTHI KOJIIAHBLIaIbl. Ket-
TereH HAKTBI IIEITiJIeTIH MOJIe/ijiepre HeMece MHTerpaJJaHaThiH aKbIPChI3 Kyiiesiepre Kepi ceffimy
TeHeyaep i Kosanyra 6osaanl. Anram per o Kimuddopa C. Tapauep, Txou M. I'pun, Maprun
. Kpyckau xxone 6ackanapoiven (1967, 1974) Kopreser ne @pus rengeyi yInid yCbIHBLILIBI, Keiiin
Ipemuurepain CHI3BIKTHI €Mec TeHIeyine, cuayc-1IopaoHHbIH TeHaeyine kone Toma MBIHKBIPBIHA
Tapaaabl. Keitin ocer oxic Kamommes-lIlersuamsumm tenpeyi, Umumopn tenmeyi, Jdum termeyi,
T.C.C KOIITEreH TEHJEYJIep/Ii ey YIIiH KOIAHbLIAbI. Kepi ceftily ojici apKbIIbl aJbIHFAH ITe-
MIMIEPIH XapaKTepUCTUKAJIBIK, KACHETTEP] OOJIBII COJIMTOHIAP/IBIH, J1epOeC TYBIHIBLIBI ChI3BIKThI
TeHJIeyJIepre aHAJIOThI YKOK, OOJIIIIEKTED MEH TOJIKBIH CEKIJIl IMenmiMaep/Iin 6ap O0Iybl caHaIa bl
2KOHE CBI3BIKTHI €MeC ONTUKA MeH TIIa3Ma (PU3UKACHIHIA KOJIIAHBLIAIbI, aJl OHBIH KBAHTTHIK TYPi
O-TypJ1i ©3apa dcepJti KOmOOJIIeKT] XKYeH] cumaTTai b

Tvyiiia ce3aep: cnuHIK Kyiie, COJUTOH, KEPi ceiiljly TypJeHIipyi, HHTerpaJjaHaThiH XKyiie, yii-
JrleciMTiJTiK TIapThl, Jlake KyOsbI.

1 Derivative nonlinear Schrodinger equation

Derivative nonlinear Schrodinger equation-I;

compatibility condition of the linear differential equations

b, =Ud (2)
o, =V, (3)

where U, V can be expressed in the form
—¢* 0
i 0 ¢ 0 ig. — 0" ¢
V= —(2i\ —i|¢]* A2 44%( . >+A(, . (3b

Derivative nonlinear Schrodinger equation-1I;

U= —i)03+ A ( 0 ¢ ) (3a)

compatibility condition of the linear differential equations;
Rz =WQ (5a)
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Qt = ZQ7 <5b)

where W and Z the following matrixes

. . 0
W = (—i)\? + 1 lg[)os + A ( g g ) (6a)

. . 1, . . l 0
7 = (—21>\4+Z|q\2A2+1(qqx—qQx)_§|Q|4>03+2)\3< ) g>+

\ ( 0 iz - |Oq|2q/2 ) | (6b)

iq; + laI” ¢*/2
here ¢(t, ) and q(t, x) is a complex function (classic charged field), and |¢|” = ¢¢*, |q|* = qq*,
where * mens complex conjugation.

2 Spin system which is gauge equivalent the derivative nonlinear Schrodinger
equation

In the chapter we propose a new spin model which is gauge equivalent the derivative nonlinear
Schrodinger equation.

We present the notion of gauge equivalent introduced by L.Takhtadzhyan and V.Zakharov
as the following definitions [1]:

Definition 1. Equations allowed the Lax pair

or

o, = U;®
o, = V;®

are called by integrable.

Definition 2. Integrable equations are called gauge equivalent, if they are connected by
transformation ®; = g7 ®y, Uy = gUsg ™! + g.97 ", Vi = gVag™ ' + g:g~" with matrix function
g, not dependents on symbols pseudo-characters by other nondependable values operators
entering to U u V.

We formulate the theorem.

Theorem 1. Spin system

. 1 2 2 1 2
— - — AN 1 — =
Sy — 195 2tr(Sgﬁ) Ao ( 5ol tr(Sx)) S, =0 (7)

9 (10
sor 1o (1)

is gage equivalent the derivative nonlinear Schrodinger equation-I (1).
Proof. We consider gauge transformation

with boundary condition
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=g, (8)
where ®(z,t) is a solution of the system equation (2), and v (z,t) is a function of a
class continuous functions which is solution of origin Lax pair corresponding equivalent spin
system. Let g(x,t) be a solution of the system (2) at A = A\g, \g = const: g = ®|y=y,-
Derivatives by x from (8) give the following

Vp=—9 9.9 '@+ gD, (9)

where ® = gi) u @, is taken from system (2).
We introduce the notation [1]
S=glosg (10)

(1 0
O3 = 0 —1 .

Then from (9a) with take into account (10) we obtain

where o3 is a Pauli matrix

Yy = (_w —2\)S + A;AOAO Ssx>¢. (11)

Now we calculate the derivative by ¢ from (8)

Vr=—g g9 '@+ gD, (12)

This equation is transformed with consideration (2) and (10)

Y= [ = [2000% = X5 = (A= Ao)2tr(S2) | S+
A2
N3 42 (A= X)) i\ — Xo)
— _ . 1
+[ . (82 | S5+ T (13)

Thus, we solved the problem of finding the Lax pair which is gauge equivalent to linear
system (2), it is Lax pair of the derivative nonlinear Schrodinger equation-I. The next step is
reveal a spin system corresponding to Lax pair. We consider compatibility condition of the

system (11), i.e.tp = Yy

A—Xo
2o

A—Xo
2o

Yt = (—z’(/\2 — A0S + (Ssx)t> ¥+ (—W —Ap)S + 55m> ve o (14)

Yra = <—2z’()\4 — DS, — 8%2@ — X0)*(Str(S7))at
0

LN 208+ A8
Ao

(A= Qo)
1673

i(A = Ao)
2o
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+ (— 2i(\ — M) — #(A — Xo)2r(S?)| S+
0
=23+ 2N (A= X)), i = Xo)

Equating (14) and (15) to each other with take into account the system (11) and (13), as
well as expansion in powers A we obtain the equation (7). Since the equations at A5, A%, A3
are equal to zero and we have combined the equations at X\, \°, then the obtained equation
and equation at A\? are the same.

Theorem 1 is proved.

Theorem 2. Spin system which gauge equivalent the derivative nonlinear Schrodinger
equation-II is equation (7).

Proof. We consider the gauge transformation

r=g7'Q (16)

where Q(z,t) is a solution of the system equation (5), and r(x,t) is a function of a
class continuous functions which is solution of origin Lax pair corresponding equivalent spin
system. Let g(z,t) be a solution of the system (5) at A = A\, \g = const: g = ®|y=y,-

Derivative by x of (16) gives the following

re=—0'0:9"'Q+ g Q. (17)

where ) = gr u @, is taken of the system (5).
Then from (17) with consideration (10) we get

A=A
re = | —i(A2 = A2)S + 2255, |r. (18)
2
Now we calculate the derivative by t from (16)

r=—9"99"'Q+ 9 Q. (19)

This equation is transformed with taking into account (2) and (10)

re= ([—%(X‘ = M)+ 55N = BN+ 2Mo)tr(S2) | S+
0
N34 (A=), 1A — Ao)
" [ 2o T oy B T e 2

We consider the compatibility condition of the system (18) u (20), T.e.75 = 7,

A—Xo
2o

Tyt = (—Z()\2 — )\g)St + 2A0

(ssx)t> "+ (—W _a2)5 4 A2 st> ro (1)
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= | =200 = M), 5 (O = 3+ 200) (St (S2))a+
0
AP —2X% + AN (A=) A= o)
2O =)+ g0 =30+ 20t (5| S+
N2 AN (A=), A= do)
B AR A0 22
» T tr(SD)| SSe+ =5 S | (22)

By equating (21) and (22) to each other and substituting the expressions ry, r,, expansion
by powers A we get equation (7). Since the equations at A3, A*, A3 are equal to zero and we
have composed the equations at A\, \°, the the obtained equation and equation at A? are the
same.

Theorem 2 is proved.

3 Conclusion

Derivative Heisenberg models which are equivalent two type derivative nonlinear Schrodinger
equation obtained in this work. Estimated results have shown, that two type derivative
nonlinear Schrodinger equation, considered in the work, corresponds the same derivative
spin model.

This work was supported by the grant of the Committee of Science of the Ministry of
Education and Science of the Republic of Kazakhstan (project 0893/GF4 MES RK)
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MopaenupoBaHue JUHAMUKMN TBEPABIX YacTHUIL B 00JlaKe, 0Opa3oBaBIlIeMCH HPU
Ha3€MHOM B3pbIBE PaKeTbI-HOCUTEJIS

B pabore paccmarpuBaeTcst MOJeIMPOBaHUE JUHAMUKY TBEP/IbIX YACTHIL TIOYBBI B 00J1aKe, 00pa3o-
BaBIIIEMCs IIPU HA3€MHOM B3pbiBe. MojiesinpoBanye Ha3eMHOTO B3PBIBA JjIs HecyIeil ¢a3bl MpoBO-
JIATCST HA, OCHOBE OTMUIBTPOBAHHOIO HECTAIMOHAPHOTO TpexMepHoro ypasHennsi Hasbe-Crokca, a
TaK>Ke JJIsI MOJEJIMPOBAHUS IHUCIIEPCHON (Pa3bl OCYIIECTBIISAETCH YPABHEHIEM JIBUXKEHUS JACTHUIIBI
C y4IeToM CHUJIbI B3pbiBa. [locTpoeH YHUCIEHHBIN aJrOPUTM JJIsT PENIeHUs 33/Ia9i JUHAMUKH TBEP-
JIBIX 9acTull B obJiake, 00pa30BaBIIEMCs IPU HA3EMHOM B3PBIBE PAKEThI - HOCUTEJIsl. 1UCJIeHHOE
pellleHne ypaBHEHUS JJIA JIBUXKEHHUS] YACTHUI] OCYIIECTBJISETCH KOHEYHO-PA3HOCTHBIM METOIOM C
HCIIOJIb30BAHUEM TIEHTA — JUATOHAJBHON MaTpuilpl. [l /i anmpokcuManny KOHBEKTUBHBIX U -
GY3UOHHBIX YJIEHOB ypaBHEHWI MCHOJB3YeTCS CXeMa YeTBEPTOrO MOpsijika TOIHOCTH O (t3,h4).
VpaBuenue mis JaBiaeHus pernaercd MetogoM Pypbe, B KOMOMHAIIMKM C MATPUYHON ITPOTOHKOM.
PaspaboraHHbIil 9UC/IEHHBIN aJTOPUTM peaiM30BaH B BHJE IIPOIPAMMHOIO KOJa Ha si3bike Dop-
tpan. [lonydennbie pe3yabTaThl U3MEHEHUsS TPAECKTOPUH YACTHI] IO BPEMEHU B 3aBUCUMOCTH OT
HAYAJbLHO TypOyJIeHTHOI SHepruu B3pbiBa pakerbi-nocureis (PH) mo3soisor qoctarouso To9Ho
paccunTaTh AMHAMUKY TBEP/bIX YaCTHUIL [0 BDEMEHH U OIPEIeJIUTh UX Tpaekropuio. Jlannas Mmo-
JIeJTb MOXKET OBITh MPUMEHEHA, B PEIIeHUIX IKOJOTMIEeCKUX MPOOJIEM, CBSI3aHHBIX ¢ TEXHOT€HHBIMU
IIpOIleCCaMU M aBapUiHBIMEU cuTyanusmu. JlaHHast MOe b MOXKeT ObITh IIPUMEHEeHa B PEIleHUH
pOOJIEMBI B 9KOJOTHIECKUX 33/1a9aX, CBA3AHHBIX C TEXHOT€HHBIMU IIPOIECCAMY U ABAPUIHBIMA
CATYAITUSAMU.

KurrogyeBbie ciioBa: Mo/ieIMpOBaHUE, YACTHUIIBI, B3PHIBA, PAKETA - HOCUTEb, KOHETHO-PA3ZHOCTHBIH
MEeTO/I, TYpPOYJIeHTHOCTb.

Askarova Z.B., Assylbekuly A., Bolshakova N.A., Zhakebayev D.B.
Modeling the dynamics of solid particles in the cloud formed at ground explosion booster

This work deals with the modelling of dynamics of solid soil particles in the cloud formed by ground
explosion. Simulation for ground blast carrier phase is based on three-dimensional unsteady filtered
Navier-Stokes equations for simulation and the dispersed phase particles is carried out by the
equation of motion with regard explosion force. A numerical algorithm for solving the dynamics of
the solid particles in the cloud formed by the explosion of the rocket carrier ground. The numerical
solution of the equations for the motion of the particles using the finite difference method using a
penta - diagonal matrix. To approximate the convective and diffusive terms of the equations the
fourth order accuracy scheme O (t3,h*) is used. The pressure equation is solved by the Fourier
method, in combination with the matrix sweep methods. A numerical algorithm is implemented
in the form of programm code in Fortran. The results obtained by changing the trajectories of
particles of time depending on the initial turbulent energy carrier rocket explosion (CR) allows to
calculate accurately the dynamics of solids in time and determine their trajectory.

Key words: modeling, particles, explosion, booster, finite-difference method, turbulence.
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Ackaposa 3.B., Acsuibekyiibt A., Bonbiakosa H.A., 2Kakebaes /1.B.
3bIMBIPDAH TAChIMAJIAAYMIBICHIHBIH YKep beTiHe »KapblibIc Ke3iHaeri 0yjaTTa Ty3iJireH KaTThbl
GeJIlIeKTepAiH, JUHAMUKACHIH MOJEJIbEY

By xKyMmbIC KapbLIbIC Ke3iHIeri Oy/ITTa TY3UIreH TONMbIPAKTAFBI KATThI OOJIIIEKTEeP/IiH, JUHAMUKA-
CBHIHBIH, MOJIEJIIH KAPACTHIPAIbl. KO3FaJIMaJIbl (pa3a YIIiH Kep OeTiHIe XKapbLIbIC Ke3IHIer: MoJIeJibre
duntupsenren cramuonap emec yi eJiem i Hasbe CTOKC TeH 1€Y1 abiHaIbI, COHBIMEH KaTap JUC-
repcTi paszaHbl MOJEIIBLY YIMiH KAPBIIBIC KYIITIH €CKEPE OTBIPHII OOJIIIEKTEP/IiH, KO3FaIbIC TEHIEY1
APKBIIBbI YKy3ere achlpbLIabl. 3bIMBIPAH TACHIMAJIAYIIBICHIHH, YKep OeTiH/Ie KAPBUIbIC Ke3iHeri
OYITTa TY3UITE€H TOIBIPAKTAFBI KATTHI OOJIIEKTEDP/IIH JIUHAMIKACHIHA CAHIBIK aJTOPUTM TYPFbI-
3pUIFaH. BesmekTepiH KO3Faablc TeHeYl YITH CAHIBIK, MIETiMi aKbIPJIbl alPBIMIBLIBIK 9TiCTICH
KOCa [EeHTa JINarOHAJIbIIK MAaTPUIIAMEH XKY3€ere acallbl. KO3FAJIBICTBIH KOHBEKTHUBTI KoHe quddy3u-
SLJTBIK, MYIIIEJIEPIH ANMIPOKCUMAIUSIIAY YIMH TOPTIHIN Jo/MiKTer cyiba Komanbliaasr O (tg, h4),
KBICBIM OPICiHIH TeH Ieyl MAaTPUIIATIBIK, KyasayMmeH 6ipre @ypbe oficimen memntieni. CaHplk airo-
purm Fortran GarmapiaMaJibik, KOl TYPiHJIE XKy3ere achlpbLIabl. AJBIHFAH HOTHZXKEJIED 3bIMbIPAH
TacMbIMasIAyIBICHHBIH (3T) TypOyseHTTIK KaphlIblc SHEPIUSICHIHBIH, Oacalkpl MoHAEpiHe Gaii-
JIAHBICTBI OOJIIIIEKTEP/IIH, YaKbIT OOWBIHIINA TPAEKTOPHUSIIAPBIHBIH ©3repici apKbLIbl KATTHI OOJIIeK-
Tep/IiH yaKbIT OOMBIHINA JTUHAMUKACHIH YKOHE OJIAD/IbIH TPAEKTOPUSICHIH JI9JI eCerTeyre MyMKIHTIK
6epeni. By momens TexHOTrEHIIK MpOIECTEP/Il YKOHE alaT YKargaijapbiHa O0alIaHbICTBI YKOJIOTU-
SUTBIK, TIPOOJIEMAJIAD/IBI TIIEITY YINH KOJIIAHBLIYBl MYMKIH.

TyitiH ce3/ep: Moaeabey, KATTHI DOJIIIEKTED, KAPDBLIbIC, 3bIMBIPAH TACHIMAJIAY I, aKbIPIbI-
AMPBIMJIBLIBIK, OJIiC, TYPOYJIEHTTIK.

1 BBenenue

ABapHﬁHbIe IIaJIcHA paKeT-HOCI/ITe.Heﬁ JaCTO COIIPOBOXKIaIOTCA Ha3EMHBIM B3PbIBOM, IIPU KO-
TOPOM B aTMocdepy BbIOpachIBaeTCsi DOJILIITOE KOJIUIECTBO ra3000Pa3HbIX U TBEP/IBIX YACTHUII,
o0Opa3ysi 00J1aKO0, BbI3bIBAIOIEE Y HACeJCHU MAHUKY U OllaceHue 3a cBoe 3710poBbe. Ha cero-
JHANIHAN JIeHb TPUPO/IA, MOBEJ/IEHNE TAKOro ObJIaKa U ero BIUSHUE Ha OKPYZKAIOILYIO CPeLy
HE U3yYEHbI.

Kak nokazasnu nocieanne apapun paker-nocureseit «IIporons B 2007 u B 2013 rogax u
PC-20 (PH «/lumemp») B 2006 rosy, orcyTcrBue nHbOpMAIMU O CBOHCTBAX U JIHHAMUKE 00J1a~
Ka OCJIOJKHSIET OIIePATUBHBIN aHAJIN3 CKJIA/bIBAIONIECS SKOJIOIMIECKON CUTYAIINA U CO3/IaeT
TPYJIHOCTH TIPU OIlEHKe IOCJIe/ICTBUI aBapuil Ha Tepputopun Pecrybsimkn Kazaxcran.

[IpoBejienne sKCIIEPUMEHTAIBLHBIX 3aMEPOB MEXAHUIECKOTO U XUMUUIECKOI'O COCTaBOB 00-
JlaKa, ero TeMileparyphbl, B3aUMOJICHCTBUA C OKPYKalolleil cpelioil, B ¢BA3U CO CKOPOTEYHO-
CTBIO TIPOTIECCa ero OOPa30BaHUs W PACCEMBAHUS He MPEICTAB/IAETCS BO3MOXKHBIM. B cBs3m
C 9TUM €JIMHCTBEHHBIM METOJIOM JIJI PEIIeHns JTaHHOI TPOOJIEMBI SIBJIE€TCS MOJEJMPOBaHUE.
DTO CTAJI0 OCHOBAHUEM IIPOBEJICHUS HAYYIHOW paboThI 1m0 Teme «Pazpaborka mporpaMMHO-
o0 KOMILJIEKCA MOJICJTMPOBAHUS JUHAMUKY 0OJIaKa, 00Pa30BaBIIErocs IPU HA3EMHOM B3PbIBE
paKeThl-HOCUTE I », BhIotHAeMOoit 110 Jorosopy Ne 341 ot 12 despanga 2015 r. mex iy Komu-
TeToM Hayku MunucrepcrBa obpazoBanus Pecnybsmku Kazaxcran u PI'TI «HUIL «Fapwri-
DKOJIOrus», B pAMKaX IOCy/IapCTBEHHOTO 3aKa3a 1o 01oKeTHOI nporpamMe 055 «Hayunas u
(n) HAy9IHO-TEXHMYECKAs JesTe/IbHOCTh», nojnporpaMmer 101 «I'panTtoBoe dpunancuposa-
HUEe HAYYHBIX uccienoBanuiiy. [leab paboTsl - pazpaborarh JUHAMUYECKYIO MOJIEIb COCTABA
u mepeHoca objiaka, 0Opa30BaBIIEroCs MPU HA3EMHOM B3PBIBE PAKETBI-HOCUTEJIST C yIETOM
dU3MIECKUX ¥ XUMHUICCKUX (DAKTOPOB, ITPOTEKAIOIINX BHYTpU 00JIaKa.

B nannoil crarbe TPUBOAUTCS OJWH U3 STAIIOB MOJEJIUPOBAHUS — CO3/IaHUE TPEXMEPHON
MAaTEeMATUIECKON MOJE/N JIUHAMUKI TBEP/IbIX YACTHUI] U €€ YNCICHHAs Pean3alius.
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B niepBble MOMEHTBI TIOCJIE B3PBIBA Pa3/IpO0JIEHHbBIN IPYHT U3 B3PBIBHOI II0JIOCTUA BHIHOCUT-
Cd B O6ﬂaCTb JAeTOHaIIUM 1 ITOJHUMaCTCA Ha/l IIOBEPXHOCTBHIO B BUJIE IIJIOTHOI'O I'a30I'PYHTOBOI'O
«cynranay. [Io Mepe pacrimpenus BbICOKOTEMIIEPATYPHOIO BEMIECTBA «CYJITaHa» M BOBJIEYE-
HUs B HENO OKPY2KAIONIEro BO3IyXa (pOPMHUPYETCd MePBUIHBIN B3PBIBHOI BHIOPOC, pasMephl
KOTOPOI'O JIOCTUTAIOT B IOIEPEIHUKE JIECATKH METPOB. DTOT pasMep dABJsAeTCs HadaIbHBIM
pajumycoM cheprudecKoro MeperpeToro ra3oBoro Kjiayba, MOKHIAIONIEro MEPBUYHBIN BHIOPOC
o1 jieficTBrueM cuJi BCIIbIThsi. O THOBPEMEHHO ¢ OTPBIBOM CheprIecKoro Kiayba mIpOouCXoauT
BBLJIET 110 MHEPIINH 34, IIPEJIE/IbI IEPBUYHOIO BHIOPOCA TBEP/I0it ero (ha3wl — rpyHTa U (pparMeH-
TOB KOHCTPYKIUiI n3iesinsg. JacTh BHIOPOIIEHHOIO TPYHTa 00pa3yeT KOJIbIIEBOW BaJl BOKPYT
BOpoHKHU. /Ipyras dacTb rpyHTa, B 3aBUCHMOCTU OT pa3Mepa U MacChl pa3apo0JIEHHBIX da-
CTHIL pa3JleTaeTcsd OT MecTa B3pbiBa. HeBO3MOXKHOCTH U3MEPEHUA JTUCIIEPCHOCTH ITOYBEHHBIX
JacTHIL 00bsICHAETCS CJIOXKHOCTHIO OOHAPYKEHUs pa3/IpOOJIEHHBIX B3PBIBOM YaCTHIL ITIOUBBI HA
roBepxHocTu 3emuin. 1o manabIM HAOIIOAEHNT OCHOBHOI BKJIaJ[ B KPYITHO-JIUCIEPCHYIO a3y
BhIOpOCa Ha PACCTOSTHUAX /10 1 KM OT SMIHUIEHTPa JA0T YaCTHUIIBI ITOYBBI JuaMeTpoM OoJiee
1000 MM, Ha paccTostHusX 2 — 5 KM — gactuisl guamerpoM 100 — 500 mxm. OcHOBHast Macca
qacTull guamerpom Meree 100 MKM BbINIaIaeT U3 B3PBIBHOIO OOJIaKa Ha yAaJeHHAX Oojee D
KM [1].

Pasmepnr oOpasoBaBiieiicss BODOHKH 3aBUCAT IVIABHBIM 0Opa30M OT MOIIHOCTU B3PbIBa U
CBOWCTB TIOYBO-IPYHTOB. MOIIHOCTH B3PBIBA U TJIyOMHA BOPOHKH CBSI3aHBI COOTHOIIECHNEM [2]:

qg=K-W?*(0,4+0,6n%) (1)
_ 514 2
W 1,35n )

IJIe ¢ — MOIIHOCTDL B3pbiBa; K - pacueTHbI yiebublii pacxon BB, kr/m3 (s cyriunkos B
cpeanem 1,35); n—tokazaresb jeiicTBust B3pbiBa, W — riiyOuHa BOPOHKH, M.
Painyc BopoHKE MOXKeT OBITH OIpe/iesieH 1m0 (hopMyIie

%74
R:K_B (3)

rjie K — koaddurment, 3aBucsiuii or cBoiicTs rpyHTa u paBbiii 0,4 — 0,5 1151 cyxoro mecka;
0,45 - 0,55 71t BJIaKHOTO T1ecKa, cytecn u cyriaunka; 0,5 — 0,7 ms romsst [3].

O6bem BBIGPOIIEHHOIO TPYHTA COOTBETCTBYeT 00beMy obpasoBasiieiicss Bopouku (Pucy-
HOK 1).

Pucynok 1 - Xapakrepuoie pa3mepsl Bopoukn: W — riybuna Boponku, R — pamguyc Boponku, D — mOJIHBIMR

JaMeTp 30HBI, BKJIIOYAIONINI KOJIBIEBON BaJjl, h — BpICOTA BaJja, | — MUpUHA BaJIA.
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[TpubnukenHast BeJinauHa 00beMa BOPOHKH, €CJIU IIPUHATH, 9YTO OHa UMeeT (pOpMYy Iapa-
6osonia, onpejessiercsa dhopmytoi [4]

7rW(82R)2 n

riae W — rmybuna BopoHku, M; R — pajumyc BOpOHKHU, M.
Eciin n3BecTen 06beM TOYUBBI HAXOUM MACCY ITOUBBI

V;)or =

M=Vp (5)

rie M — obmas Macca BLIGPOIIEHHOM TOUBLL, KT} V — 06beM I0UBbI, M>; p — IJIOTHOCTD MOYBHI,
Kr /M3,

M = M, + M, (6)

rae My, — macca 1mo4uBbl, oOpas3oBaBIasg KOJbIEBOH BaJi, My — Macca IIOYBBI, BBIIABINEH 3a
pejejgaMud BOPOHKMU.

[ToyHBIN uaMeTp 30HBI, BKIIOYAIONINI KOJIBIIEBOI BaJl, COCTaBJ/IsIeT IIPUMEPHO JIBa JIua-
METpa BOPOHKH WJIA YETBHIPE PaJAUyCa, & BBICOTA BaJjia NPUMEPHO PaBHA OJHOW YeTBEPTON
JacTu 1IyOUHBI BOPOHKH [4].

D~ 4R (7)
h = 0.25W (8)

B coorsercrBun ¢ dopmysioit (7) mupuna Basa | npubIu3uTeNbHO OyIeT PaBHA PAJILyCy
Boponku R, T.e. [ ~ R.
[Ipu pacdere oObeMa KOJIBIIEBOIO BaJia MCIIOIb3yeTCst (hopMyIia

‘/val = Sh (9>

e IIoma b Bada S = mR?, M?; h —BBICOTA BaJIa, M.
Macca mo4BbI, 0Opas3yloleii BaJi, paBHa

M, = 7R?hp (10)
Macca no4BbI, BBINIaBIIEN 3a Mpe/ie/laMid BOPOHKU PaBHA
My =M — M, (11)

Ha »sTare passutus B3pbiBa 00pa3yeTcss OTHEHHBIN IIap, UMEIOIIHI CJIOXKHYIO CTPYKTYPY:
BHYTPEHHsIsI 00JIaCTh 3aHSATa MPOAYKTAMHU B3PbIBA C IIOTHOCTHIO Ha MOPSIOK MEHBIIE ILIOT-
HOCTHU HEBO3MYTIeHHOTO Bo3ayXa u Temueparypoit 800 — 1000 K mpu B3poise PH «IIpoTony;
BHEIIHsIsT 00J1aCTh IIPEJICTaB/IIeT cOOO0M BO3IYIIHBIIN IIAPOBOil CJIO, B KOTOPOM TeMIleparypa
najgaer or 1000 K na BHyTpeHHEll TpaHUIlE CJI0s JIO TEMIIEpaTypbl HEBO3MYIIEHHONW aTMO-
cdepnl Ha ero BHemmHell rpanuie [1]. Pasmepbl ormenHoro mapa mpsiMo IPOHOPIHOHATBHDI
MOIITHOCTHU B3pbIBa. B3auMOCBA3b MEXK/Iy CPEJIHUM PaJIUyCcoOM Iapa W MOITHOCTHIO B3PbIBa
BhIpaXkeHa cJieLyomnieir (hopmyIioit

R = 43,5¢"* (12)
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rjae R — paJimyc OPHEHHOIO Iapa B MeTpax, ¢ — MOIIHOCTh B3pbiBa B KuaoToHHAX [4]. O6bem
mapa HaXoJIUTCH 110 U3BECTHOU (hopMyIie

4
V= gwR?’ (13)

[IpoayKThl B3pbIBa M YACTHIHI IOJIHATON B3PBIBOM IIOYBBI 3a CYET TYyPOYJIEHTHOIO IIe-
peMemuBanusg (GOPMUPYIOT Ia30-IbLIeBOEe 001aK0. B mepBble MOMEHTHI MOCIe 00pa30BaHUA
00J1aKO HAYMHAET MOJIHIMATHCS JI0 TEX 110D, IT0OKa He HAUUHAET MPOAB/IATHCA CTPATH(OUKAIIS
cpesibl. O0bem obs1aka 3a caeT auddy3noHHBIX TPOIECCOB yBeanauBaeTcsd. s cranaapTHoit
aTMoc(depbl BbICOTa MOAHATHA 00J1aKa CBsA3aHa ¢ BBIIEIUBINEICA SHEPrUeil COOTHOIIEHUEM

H=1,87E1 (14)

rjae H — Boicora 3aBucanus, M; E — sueprust, JIx [5].
Pacuernsie mapamerper dbopmysst (1) - (14) obbeuHenbr B TabuIpl 63 JaHHBIX, HEOO-
XOJIMMBIX JIJIsI pacdera HadaabHbIX U TPAHUYHBIX YCIOBUI MaTeMaTHICCKONW MOJIEIN.

2 IlocTraHoBKa 3ajJa4mn

Pacuersl npoBojmnchk B npsiMoyroJibHOI obstactu (Pucynok 2). Ha pucynke mpejicraBiiena
HavYaIbHAS CTPYKTypa objiaka, chopMupoBaBIrecs oT Heprun B3pbiBa. Jlanubie obractu G
nostydenbl u3 dopmyd (1) - (14).

X

X,

Pucynok 2 - CxemaTudHas WITIOCTPAIUS TOCTAHOBKY 3a/IaH.

YucieHHoe MOJCIMPOBAHIE ABUKEHIS HecyIeil (pa3bl OIMMCHIBACTCS TPEXMEPHLIMU yPaB-
HeHuaMu Hasbe-CToOKCa

o _ 2 g
dui | 0 (mowmy— _10p 4 1 & _ 07
ot + Oz (uzuj) T pOx Re Ox;0x; Oz + fp’
ou; __
ox; O’

fp - - Z :'.L; (Uz - Ui,n) (5(5(]2 - yz,n) .
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rJie U; — KOMIIOHEHTBI CKOPOCTH, P — JaBJenue, t — Bpems, Re = Lu /v — aucso Peitrosbca, u
— XapaKTepHas CKOPOCTb, L — XapaKTepHasd JUIMHA, V — KUHEMaTHIecKnit Ko3duIiueHT Bsi3-
KOCTH, 0 — INIOTHOCTb, f, — CHJIa TBEPBIX YaCTHUIL, T; j — HOJCETOYHBII TCH30D, OTBEYAIOMNIl 3a
MeJIKOMACIITAOHBIE CTPYKTYPbI, KOTOPBIN HY?KHO MOJEIUPOBATh, 4, j — 1, 2, 3. [l1a moenu-
POBaHUSA TI0/ICETOYHOIO TEH30Pa UCIIOJIb3YETCH BA3KOCTHAA MOJIE/Ib, KOTOPas IPeICTaBIsaeTCs
B BUJIE:

0ij

Tij — — Tkk = —2v75ij,

3

1
rine vy = CgA? (QSijSij)Q — TypOy/IeHTHas BA3KOCTb; (' — SMIUpPUYIECKNil KO3hDUIuenT;
du; | 94y
8xj 89@1

A = (AZ-AjAk)% — mupuHa cerounoro duibrpa; S;; = % ( > — BeJIMYHMHA TEH30Pa
cKOpocTeil JieOpMaIlii.

[Ipu nBMZKEHMU B >KUJIKOCTU WJIA I'a3€ TEJIO0 BCErJa MCILITBIBACT CONPOTHUBJICHUE CO CTO-
POHBI CPEJIbI, T.€. YCKOPAETCA WM 3aMEeJIAeTCs IO, IeCTBIeM OTHOCHTEILHOIO IBUZKEHH
rejta u cpejibl. Cria COMPOTUBIICHHS] 3aBUCUT KaK OT CBOUCTB cpejibl (IJIOTHOCTH, B3KOCTH ),
TaK M OT CKOPOCTU W (hOpMBI Tejia. BriepBble 3aKOH COMPOTUBICHUS JIJIA JIBUKYITUXCI TEJ

obL1 TIo1yueH HbroToHOM B BHJE:

p|UIU

F = —Cps, 21212 (16)
2

riae ?3 — CW/Ia COIIpOTUBJICHUA; O — IJIOTHOCTH IIOTOKA; Sm — IJIoIlaJdb Cce4dYeHusd Te-

na(MakcuMaJbHas IJIOMAb CeUYeHNsT Tela B IUIOCKOCTH, HEPIEH IUKY/ISIPHON HaIPaBICHUIO
ero gpmkenus); U = u, — u — BEKTOP CKOPOCTH OTHOCHTEIHHOTO JBHUKEHHU TEJIa U Cpe-
JIBI; Uy, U — BEKTOPBI CKOPOCTH Tejla U Hecymleil cpeapl; C'p — 6e3pa3mepHslit KoaddumenT
COITPOTHUBJIEHUS, 3aBUCAIIUN OT (POPMBI TeJia U PEXKUMa JIBUKEHUS.

B rpaBuranuonsoM moJie Ha dacTuIly (Kak MOKOMILYIOCs, TaK U JBUZKYILYIOCs ) JefcTByer
CUJIa TAZKECTHU

Fy = ppVhyg (17)

rae,V, — 00beM JacTuIlpl, p — IJIOTHOCTD JUCIIEPCHON CPEJBI, § — BEKTOD YCKOPEHHA CBOOOI-
HOT'O TTaJIeHHS.

OO6iee BEKTOPHOE ypaBHEHUE JIBUKEHUST TaCTUIBI TUCIIEPCHOT (basbl (TBepI0il JacTuIls,
KallJIu nJIn HyBI)IpbKa) unmMeeT BuQ BTOPOI'o 3aKOHA HbIOTOHa

d
mp% —F,+F, (18)

IJIe 1M, — Macca JacTUIbl; U, — BEKTOP CKOPOCTH YaCTHUIILI; BEKTOPEI cul, Fy Fy neiicTByrommx
Ha JaCTUILY.
st qacTunbl cdepudeckoit popMbl auamerpom D :

wD?

mp = Tpp (19)

e pp — INIOTHOCTHL MaTe€pHraJia 9aCTHAIbI.
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Tpebyercs HailTh 3aBUCUMOCTH CKOPOCTH YaCTUIBI OT PACCTOSAHUA U OT BpeMeHu. B ma-
IeM cjlydae Ha YacTHUIly JeficTByeT TOJIbKO CHJla CONPOTHBIIEHHUs (Hecymast cuia). Torma ¢
ydaeroM (16)) ypaBHeHue n3MeHeHHsI TPACKTOPHU YaCTHIB! 3annchiBaeTcs B Buje (20)

d$p 3C D

_oYD. P o .
a 1d, (pp)|up u1|(up ;) (20)

3 HauanbHble U rpaHUYHbIE yCJIOBUS

g nanHoi 3a/1a9m BaxkHa Heprus B3pbiBa PH, ornpeesisgemMas TpOTHIIOBBIM SKBUBAJIECHTOM
TS, naxomgamerocs na PH K MomenTy B3pbIBa 7| 3aliaca KOMIOHEHTOB PaKETHOI'O TOILINBA

(KPT) [6]:

msT

T, =T(1 — ), KU (21)

0
rie Ty — TPOTUIIOBBI SKBUBAIEHT TOJHOCTHIO 3ampaBierHoit PH B kr tpurETpOTO/IyOIA
(THT); my — cymmapubiii pacxog KPT B nosere, kr/c; My — macca KPT B mosHOCTBIO
zampasiennoit PH, kr.

T3,

M, = (Mo - mzﬁ)TS
0

k, k=0,1 (22)

rje k — oTHOIIeHUe SHepruii, Beiaeadionuxcs npu B3pbise 1 kr THT u cropanum 1 xr Tormmsa.
Mg rommueabix nap «HIMI — AT» u «kepocun — kucsiopoyy k=0,1 [7]. [Toanas sueprus,
BbIJIeJIsTioIasicst ipu B3peie PH, onpenensiercs coorHomennem (23):

A= M, Exgr, Jx (23)

rie Exr — ynenabnast rermiora cropanusi 1 kr tormsa, [k /kr, npu arom ~ 90% Bbiesisito-
1ieiics IIpu B3PBIBE 3HEPIUU Pacxoiyercd Ha (opMupoBanue yaapHoil Boausl u ~ 10% — na
co00IIeHIEe CKOPOCTH IIPOJIyKTaM B3pbIBa [7].

(0)

Pucynok 3 - HauanbHoe pacipejesienne 9acTul, HOYBbI (&) u B obiake (6).
HauanbpHbIe ycioBud:

ui (21, T2, 3,1 = 0) = up(21, T2, 23,1 = 0) = uo(x, 9y, 2),r € G
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wi(21, T2, 3,6 = 0) = up(x1, 22,23, =0)=0,2 ¢ G, i =1, 2, 3.
(1 — 1’0)2 + (w2 — 90)2
_ s
R} < (21— 20)° + (22— 90)°, O0<a3<H
R% < (ZBl — 330)2 + (332 — y0)2, H; < 23 < Ho.

2
uo(21, T2, T3) = §A~exp

rne A= M, - Exr, R:{

FpaHI/I‘{HI)Ie yciioBud:

3ul~
=  =1.2
o 0, 1 ,2,3

(21, T2, 3 = 0,1) = up(x1, 22,23 =0,8) =0, i=1,2,3

4 YuciaeHHbII MeTO,

YuceHnoe perenye MaTeMaTHIecKOH MO JTHHAMIKE TBEPIABIX YaCTHI IOYBLI B 00/IaKe
OCHOBAaHHOI Ha TpexMepHOM ypasHennn Hapbe-CToKca n ypaBHEHUM ABUKCHUS TBEPIBIX Ya-
CTHIL C YI€TOM CHJIBI B3PhbIBa IIPOBEJACHO 110 CXeMe paCHICIlJIEeHU A 110 d)I/IBI/IquKI/IM ITapaMeTpamM
B TPH STalla.

Ha nepsom sTane pemaerca ypasaenne Hasne-CToxca 6e3 yaera masaenns. s anmpox-
CHMAIUH KOHBEKTHUBHBIX 1 (P (Y3HOHHBIX WICHOB HPOMEXKYTOUHOIO ypaBHEHHS JIs OJIs
CKOPOCTEil HCIOIB3yeTCs KOHETHO-PA3HOCTHLIH METO/ B KOMOMHAIINY C TIeHTA-IHATOHATLHOM
MaTpUIel, KOTOPDIA O3BOJISET MOBBICUTDL MOPSJIOK TOYHOCTH 110 BPEMEHU U IPOCTPAHCTBY
O (t3,h') Ges BBeieHUs U3MEHEHUI B KojlndecTBe y3/10B. Ha BTOPOM 3Talle peraercs Tpex-
MepHoe ypasrenue Ilyaccona, IIOJTydeHHOE M3 ypPaBHEHHS HEPA3PBIBHOCTH C YUETOM IIOJId
CKOpOCTell T1epBoro Talla MeToJoM MaTpudHoii nporonku [8]. Tlosydennoe mose JapieHus
HCIIOIb3YeTcs Ha TPEeTheM dTalle JJId IIepecueTa OKOHIaTe IbHLIX MoJIel CKOPOCTeil, 3HaueHns
KOTOPBIX IIPUMEHAIOTCA IIPU PENICHUN YpaBHEHUA JABU2KCHNIA TBEP/AbIX YaCTHUIl 1 YPpaBHEHUA
NU3MECHEHUUN TPACKTOPHUU YaCTHUII.

IIpoMerKyTOUHOE MOJIe CKOPOCTH HAXOJAUTCA IIPH MCHOIBL30BAaHMHM cXeMbl Kpamka-
HukoJicona B KOMOMHAITUE ¢ METOJIOM IISITUTOYEYHO IIPOTOHKN.

PaccMOTpUM TOPH30HTAIBHYIO COCTABJIAIONTYI0 KOMIOHEHTHI CKOPOCTH 1) B TOUKE CETKH
(i + 55k) .

Ouy 0 (wuy) | O(uwug)  O(wug) 1 (Puy  Puy | 9Py
ot + 011 + 0T * Ors  Re \ 023 +8x§ +0m§

24
87’11 67'12 87'13 ( )
0x1 61’2 61’3
[Tpu npumenennu cxembl Kpanka-Hukosicona ypasaenne (24) npumer Bu;:
3t t
sn+1 n n n—1 n
T~ Win = T [y + 3 [hxp]H%jk +tfax]i sy +
t 1 (2\"T ot 1 o \™T ot 1 (02w
+ - —- -5 + - — 5 + - —- —— — (25)
2 Re \ Oxf i+1jk 2 Re \ Ox3 i+1jk 2 Re \ Oxj i+1jk
3t

n t n—1
D) [Tx]i-i-%jk + 2 [Txp]i-l—%jk + /v
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re

n 8U1U1 " 8U1U2 " 6’u1u3 "
[hx]H%jk = ( o + o + B
1 /it lk 2 Jivljk 3 Jitgik

82@61 " 82U1 " 82u1 "
922 "\ o2 "\ o3
1 /i Lk L2 J itk L3 / itk
n ot " 0712 " 0713 "
e (2, (), (2
2 1/ i Lk T2 /iy Lk T3/ iv Lk

n—1 n—1 n—1
n—1 0111 OT12 0113
S N TR v ) B W
Y1/ i Lk T2 /v Lk 3 /it Lk
Hasee seByto qacth ypasnenus (25) oboznatmm 1epes g, L
2

_ *n—+1 n
TipLje = Ui e = Ulip Lk

*xn+1

Haiinewm ui’y ., n3 ypasHenus (26)
2

sn+l n
Uiy die = Qg djn T Wig 1

*«n+1

SameHus BCe uj; |1, I3 YpaBHenug (25) nmosryunm
2

t 1 9%\ " t 1 9%¢\ " t 1 0%q
“i+33% T 2" Re ox? 2 Re \ 023 2 Re \ 023

i+15k i+15k

3t n t n—1 n
=—5 [hx]H%jk + 3 [hxp]iJr%jk +2-t [ax]z.Jr%jk —

3t n t n—1
) [Tw]i-i-%jk: + b [Txp]iJr%jk +

[Tpusenem ypasuenue (27) B BuJ
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- ... — g .. =d . 28
2 Re 9z 2 Re 0z3 2 Re 023 Givyin = Tt din (28)
rje
3t 3t n t
dl-i—%]k’ 2 [hx]%k jk +35 2 [h’xp] k + 2-t [a’x]H» jk 2 [T‘T"]z+%]k +3 2 [Txp]z+ jk + fp

Yrobbl IIOJIYYUTDb TpeTI/Iﬁ HOPAJOK TOYHOCTHU II0 BpEMEHHU HalIUIIIEM

t 1 02 t 1 02 t 1 9?
1— = —. S I — | l1-z = =g, =d. .. P
{ 2 Re 8xf] { 2 Re 835%] [ 2 Re 81:%] Girgin = Ly (29)

Arober onpenemnts g, 1, YDaBHEHME (29) pemaercs B 3-x sTaIax.
2

[t 1 9]
173 Re ) Aerta = Lt
ot 1 8?7
[t 1 9]
_1 — 5 . % . —axg- qH‘%]k = Bz—i—%]k

Ha nepBom srane AZ. + 1, HIIETCA B HAIPAB/ICHNN KOOPMHATBI T
2
Lot 0? 4 p
2 Re 0z2 it3ik — itk

t 1 0?A
A= 2 Re (W) =iy 1
2 © 1/ i Lk :

n+1 n+1 _ . oAnt+l ooAntl . pAn+tl
ot 1 AU 16 AT 30 AT 16 AT A"’Jk—d

i+3ik 2 Re 12A22 i+3ik

sl.AZrl —16-5; - An+1 +(14+30-s1)- A;j;jk—16.31.ij§jk+sl.ij%1jk:di+%jk (30)

¢
IJle 1 = 5o~z
7 1 24~Re-Ax%

Hamnoe ypasaerne (30) permaercss METOIOM IISITUTOUETHO IPOrOHKH, B PE3yJIbTaTe [IPH-
MEHEHHA KOTOPOI'0 HaXOUTCS Anjl o
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Ha sropom stane B, 41, WIIETCS B HATIPAB/ICHUN KOOD/IMHATDI T :
2

t 1 02
{1 "9 Re 6_x%] BiJr%jk = AiJr%jk

n+1
Bt _fi 82_8 — Antl
i+1j Ox2 it lik
L2/ ik 2

—-B" 16- B —30-B*' +16-B"  — B
Bn+1 . E ) L ] z+%]+2k + H—%]—i—lk z+%]k + z—&—%]—lk z+%g—2k _ An+1
i+3k 2 Re 12A73 i+33k
n+1 - L e.pntl . . pntl L. Rl . pntl — Ant+l
s Bi+%j+2k 16-s Bi+%j+1k+(1 +30-s) BH%jk 16-s Bz’+%jflk+8 BH%%% Ai+%jk (31)
rae § = st
C 5 = S0 Re-Asd

Hannoe ypasaenue (31) permaercss METOIOM ISITUTOUYETHON IIPOrOHKH, B PE3yJIbTaTe MpH-
MEHCHUA KOTOPOTO HAXOOUTCH B:ffjk
2

Ha Tperbem srame G;, 1, MIIETCS B HAIPABJICHAN KOOP/MHATBL T3 :
2

t 1 0?
{1 2 Re %] Ui sk = Bissin

+1
gt — E . i . @ ! =B
i+30k 2 Re \ 023 i+35k

i+15k
. n+l 16 - n+1 o Lt 16 - n+1 . n+l
gt b Tl T g TR0 G IO e T
i+35k 2 Re 12Ax2 i+5ik
L ntl C1R. e . 1 . o+l el et L ntl — pntl
527054 Lo 16-52 qi+%j+1kz+(1 +30 - 59) By 1k 16-52 Bi1jap 52015 0 Bz‘-i—%jk (32)

_ t
TA€ 82 = 50ReAz?
Jannoe ypasienue (32) peraercss METOJIOM HATHTOYEYHOl IIPOTOHKH, B Pe3y/bTaTe Mpu-
MEeHeHIs KOTOPOTO HaXOIUTCS q?:fj .
2

[Tocse Toro Kax MbI OIIPEIETIIN 3HAYEHNE q;ffj ,, MBI HAXOJ{UM u’{:flljk
2 2
xn+1 o n
Uiy Lie = Qg2 T Wiip 1y,
sn+1 sn+1

KommonenTnor CKOpPOCTH U 1 HAXOATCA aHAaJIOTMYIHO.

21]+%k 3'ij+§
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(0)

PucyHok 5 - Pacnpenenenne gacrur noussl (a) u B obsake (6)uepes 0.5 ¢ mocie B3pbiBa.

5 Pe3yabTaThl MO/1€JIMPOBAHUS

3a/laHbl CyIeyolre HadadbHble U TPAHUYIHBIE YCJIOBUsI: MOJIE/IMPOBAHIE IIPOBOJIUTCS B KyOu-
qeckoi obs1acTu ¢ pu3ndeckuM pasmepom pedbpa Kyda 1280 M u pacdeTHoit ceTkoit 64x64x64;
octatkn KPT ma momenTt B3pbiBa - 223,5 TOHH W MOIMHOCTH B3pbiBa q =40,8. Ha pucyn-
Ke 3 m300parkeHa HadaJlbHas CTPYKTypa objaka W paclpejie/leHre JacTHIl T0UBbI B 00JIaKe
B pe3yJIbTaTe dHEPruu B3pbiBa. JlasbHeillliee u3aMeHeHne JIMHAMUKU YaCTHUI] ITPOMCXOUT 34
cueT TypOyaenTHol sHeprun. Ha pucynkax 3 - 7 npejcrapjcHa JUHAMUAKA U3MEHEHUsT 00b-
eMa o0J1akKa, JIBUXKEHUE JacTHIl U obJjlaka B pasjudnble MoMeHTHl BpeMenu (.25, 0.5, 0.75 u
1.0 cexyn,1 rocse B3pbiBa. [lo prucyHKaM BHIHO, 9TO OT aMILIHTY/IbI TyPOYJIEHTHON SHEPrUn
3aBUCHUT CKOPOCTH YaCTHUI[ U MOHATHE 00JIAKA.

.

(6)

Pucynok 6 - Pacrpesenenne uactur nouss! (a) u B obsake (6)4epes 0.75 ¢ mociie B3pbIBa.
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e

(a) (0)

Pucynok 7 - Pacupezesenue yacrui noussl (a) u B obsnake (6)4gepes 1.0 ¢ mocse B3pbisa.

6 3akJjroueHue

Takum obpazom, pazpaboTana TpexMepHas MaTeMaThuIecKasi MOJIe/b JUHAMUKH TBEP/IbIX da-
crurl B obJiake, 06pa30BaBINeMCs IIPU HA3eMHOM B3pbIBe pakeTbl-HocuTe . C MOMOIIbIO pac-
YETHBIX ITaPAMETPOB OIPeIe/IeHbl Hada/IbHbIe U I'PAHUYHbIE ycjoBus. PaspaboTan BbIYuC/u-
TEJILHBIIM AJITOPUTM PEIeHnsT MOJIETH, OCHOBAHHBI Ha TpexMepHoM ypaHennn Hasbe-Crokca
U YPaBHEHWUU JIBUYKEHUS TBEP/IBIX YACTHUIL C YIEeTOM CUJIBI B3pbiBa. [IpoBe/iena unciennas pe-
AJIN3AIA MOJIEJIN.

Anaymm3upys pe3ysibTaThl MOJEJIUPOBAHUS MOYKHO CJIEJIATH CJIEJIYIONee 3aKII0IeHIe: TPU
MOJIC/INPOBAHUY B3PbIBA B MOTPAHUIHOM CJIOe aTMOChEPHI HEPEHOC TBEP/IbIX YACTHIL ITPO-
UCXOJIUT 3a cueT TypOyJsieHTHO# Jnddy3nun, pacipocTpansasch HA BeCh MOTPAHUYHBIN CJIOM.
[Tory4uennble pe3ysIibTaThl TO3BOIAIOT JTOCTATOYHO TOYHO PACCUNTATH JIUHAMUKY TBEP/IbIX Ya-
CTUIL TIO BPDEMEHU U ONPEJIETUTh UX TPAEKTOPUIO.

Pabora BbInosiHeHa TIpU 10/1JIEPYKKE T'PAHTOBOIO (PUHAHCHUPOBAHUS HAYIHO-TEXHUIECKIX
nporpamm u npoektoB Komurerom vayku MOH PK, rpant Ne0383/I'®4.
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Onenka BozzelicTBusi GyHKIIMOHNPOBAHMUS TEMJIOBOI 3JIEKTPOCTAHIINYU HA
OKPY2KAaIoNIyI0 Cpeay MeTOJaMH MaTeMaTU4eCKOro MO/IeJIMPOBAHUS

B pabore npejcraBieHa oleHKa BO3JeiicTBUs (DYHKIIMOHUPOBAHUS TEILJIOBON JIEKTPOCTAHIIUN HA
OKPYKAIILYIO CPEy METOIAMU MATEMATUIECKOTO MOJIE/IMPOBAHUS, KOTOPasl PEIIaeTcsl YPaBHEHN-
svu HaBbe - CTOKCaA 1 TeMITepaTyphl JIJTst HECXKUMAaeMOR YKUJIKOCTH B CTPpaTU(UIMPOBAHHOIM cpejie,
OCHOBAHHBIE HA METOJE PACIIEIICHUsI 110 (PU3NIECKUM ITapaMeTpaM, KOTOPbIE allllPOKCAMUPYIOTCST
METOIOM KOHTPOJILHOIO 00beMa. UucaeHHBIH aaropuT™ s pertenns ypasHenuii Hasbe-Crokca
U [IEPEHOCA TEMIIEPATYPHI BBINVISIAUT TAKKUM 00Pa30M: Ha IEPBOM 3Talle IIPEIII0JaraeTcs, YTo Ie-
PEHOC KOJINYECTBa JIBUXKEHUsI OCYIIECTBJISIETCS TOJIBKO 3a CYeT KOHBeKImu u juddy3uu. I[Ipome-
2KYTOYHOE I10JIe CKOPOCTU HAXOJAUTCsI H-1raroBbiM MeTosioMm Pynre - Kyrra. Ha BropoMm srarme, mo
HalIEHHOMY IIPOMEXKYTOTHOMY IIOJII0 CKOPOCTH, HaXOMUTCS TT0JIe JaBjeHus . ¥y papHenue [Iyaccoma
JUIS TIOJIS JaBJIeHUs pernaercs MerofgoM fIkobu. Ha TperbeM sTalle Ipeoaaraercs, 9To IePeHoc
OCYIIECTBJISIETCS] TOJIBKO 3a CUeT I'DaJMeHTa jiaBjieHusi. Ha deTBepTOM Iare 4uCJIEHHO PEIaeTcs
yPpaBHEHUSI [IEPEHOCA TEMIIEPATYPhI TAK¥Ke KaK YPaBHEHUsI JIBUKEHUsI H-IIAroBbIM MeToJI0M PyHre
- Kyrra. Anropurm 3aja4n pacnapaJiiesieH Ha BBICOKOIIPOM3BOIUTEBHON cucTeme. [loryaenubie
YHUCJIEHHBIE PE3YIbTATHI TPEXMEPHOTO CTPATU(MUIINPOBAHHOTO TYPOYJIEHTHOTO TEUYEHUsI TIO3BOJISTET
BBISBUTb KAYeCTBEHHO M IIPHUOJIMKEHHO KOJIMYECTBEHHO OCHOBHbBIE 32aKOHOMEDPHOCTH I'UIAPOTEPMU-
YECKUX IPOIECCOB IMPOUCXOISIIMX B BOJI0EMAX-OXJIaIUTEIIX.

KurouyeBbie cioBa: crparuduiiupoBanHas cpeja, ypasHenuss Hapbe-Crokca, 3KCILTyaTallnoH-
Hasl MOITHOCTh, DKubacrysckuit [PIC-2, meron koHeuHnbx 00beMoB, Meron Pynre-Kyrra, o3epo
ITanmakcop.

Issakhov A.A.
Assessing the operation impact of thermal power plants
on the environment by mathematical modeling method

The paper presents an assessment of the operation impact of thermal power plants on the
environment by mathematical modeling method, which is solved by the Navier - Stokes and
temperature equations for an incompressible fluid in a stratified medium, based on the projection
method which are approximated by control volume method. A numerical algorithm for solving
the Navier-Stokes and the temperature transport equations are as follows: in the first stage it
is assumed that the transfer of momentum is carried out only by convection and diffusion. The
intermediate velocity field is solved by 5-step Runge - Kutta method. In the second stage, based on
the found intermediate velocity field, is solved the pressure field. Poisson equation for the pressure
field is solved by Jacobi method. In a third step it is assumed that the transfer is carried out only
by the pressure gradient. The fourth step numerically solved temperature transfer equation as
the momentum equation by 5-step Runge - Kutta method. The algorithm is parallelized on high-
performance systems. The obtained numerical results of three-dimensional stratified turbulent
flow reveals qualitatively and quantitatively approximate the basic laws of hydrothermal processes
occurring in the aquatic environment.

Key words: stratified environment, the Navier-Stokes equations, operational capacity, Ekibastuz
GRES-2, finite volume method, Runge-Kutta method, Shandaksor lake.
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Ncaxos A.A.
MareMaTUKaJIbIK MOJeJIbAEY 9/1iCi apKbLJIbl KOpIIIaFraH opTara
KBLILY 3JIEKTP CTAHIIUSJIAPBIHBIH »XYMBbICBIHBIH, 9Ccepin Oarasiay

ZKyMbIcTa aKbIPIBI KOJIEM DiCiMeH alllIpOKCUMAITHSIIAHATEIH, (DU3NKAIBIK, TapaMeTpep O0MbIHIIA
BIIIBIPAY 9/liciHe Heri3/enren, crpaTnduKaIsIaHFaH OPTaIaFbl CHIFBIIIMANTBIH CYHBIKKA apHAJIFAH
Hagbe - CToKc koHE TeMIlepaTypa TeHIeYIepiMeH IIelIeTiH, MATEMATHKAJIBIK, MOJIEJIbIIEY apKbi-
JIBI KOPIIIAFaH OPTaFa YKbLILY JIEKTP CTAHIUSJIAPBIHBIH >KYMBICHIHBIH, 9CEDIiH Oarajiay YCHIHBLIIbI.
Happe-CTokc KoHe TeMIepaTypa TeHIEYJIEPIiH eIy VIMTiH apHAJIFaH CAHILIK, aJTOPUTMBI OCHLIAM
OOJTBITT TaOBLIAIBI: OIPIHII Ke3eH1e KO3FAJBbIC CAHBIHBIH, aybICybl KOHBEKIUS MeH Auddy3usHbIH
ecebineH raHa OoJiajbl Jen GosKaHabl. ApasblK KbLIIAMIBLIK epici 5- Kagamabl Pysre - KyTra
giiciMeH TabbLIaAbI. EKIHIN Ke3eH e TabbLIFaH apaJblK »KbLIIAMBIK 6PiCc apKbLIbI KbICKIM Opici
tabbutaael. Kpicbim epici ymria [lyaccon Termeyi fdkobu oiciMen mbFapbuiaabl. Y IIHII Ke3€HIE
aJIMACTBIPY KBICHIM IPAJIMEHT] apKBLIbI 2Ky3ere acabl Jel 0o/KaliMbi3. TOpTIHI Ke3eH e TemIe-
paTypa TeHjieyi KO3raJjbIC TeH eyl CuakThl b-Kamam Kyrra Pymre ofici apKbLIbI CAHIBIK, IIETIiIe ).
Ecernrrin ajnropurmi »korapbl OHIMJII 2Kyiiesie apaJiiesjieHreH. AJIbIHFaH YIIeJIIeMIl cTpaTuduKa-
[UsIJIAHFAH TYPOYJIEHTT] aFbICThIH CAHJIBIK HOTHUXKEJIEP] CYy KOoMaJjiapblHIa OOJIBII YKATKAH THIPO-
TEPMUSIJIBIK, [TPOIECCTEPIH, HEri3r1 3aHIBLIBIKTAPBIH CAIAJIB YKOHE ailiTapJIbIKTall XKYBIKTAIl ajIyFa
MYMKIHIIK Gepei.

Tyiiin ce3nep: crparudukanusianran opra, HaBbe-CTOKC TeHjieyi, onepanusiibik, Kyarsl, Exi-
bacty3 I'PIC-2, akpipisl kesnem oici, Pyrre-Kyrra omici, [Ilanmakcop keu.

1 BBenenue

BzanmojieiicTBre sHEpreTUIecKux MpeIIPUATHIl ¢ OKPY2KAIOIEH CpeJIoil ITPOUCXOIUT Ha
BCEX CTaIUSIX JTOOBIYN W UCIOJIb30BAHUS TOILINBA, epepabOTKN 1 mepeaadn Heprun. B co-
cTaBe 3arps3HUTEIEH - B3BEIIeHHbBIE BEIeCTBa, HeTEIPOLYKThI, XJIOPHUILI, CyIb(daThl, COeII-
HEHUST TS?KEIBIX METAJLIOB, CEPOBOI0PO, (hopMasibaeru 1 jap. OCHOBHBIMU TOTPEOUTEIAME
BoJibl Ha TOC u ADC gapisrorcst KoHIeHCATOPB TypOuH. Pacxo/1 BObI 3aBUCUT OT TapaMeT-
POB Iapa U OT CHCTEMbI TEXHUIECKOr0 BOjocHAOKeHUs. 110 HeKOTOPBIM OIEHKAM B ITEPCIIEK-
TuBe OyJIeT 3aTpavnBaThCs BOJbI Ha OxJaxkieHune KoHjeHcaropor: Ha TOC - 120 kr/(kBr.
q), Ha ADC - 220 kr/(kBr. 1). Bosabmme ynenbable pacxogbl napa Ha ADC ompeensor
1 OOJIbININE YAeIbHBIE PACXO/Ibl BOJBI. [Ipu IMpPOMBIBKE MTOBEPXHOCTEH arperatoB oOpas3yroTcs
pasbaBJIeHHBIE PACTBOPbBI COJIAHON KUCIOTHI, €IKONO HaTpa, aMMHUaKa, COJIeil aMMOHUS, YKeJIe-
3a 1 Jpyrux BemecTB. Kpome Toro, cOpochl OXJIazKIaI0MIeil BOAbI AI€PHBIX SHEPreTHIeCKUX
yctanoBOK ADC He HUCK/II0YAI0T HMOCTYILICHUsT PAIUOHYKIIMIOB B BOJAHYIO cpey. Exkeromnoe
PACXo/I0BaHUe 3JIEKTPOSHEPTUH B UH/IyCTPUAJIBHO PA3BUTHIX CTPAHAX C KAKJIBIM T'OJOM TOJIb-
KO PaCTeT, 9TO IMOBJIEKJIO 38 cODOI pocT MoImHOCTEl sHEepreTndeckKnx 010k0B TOC mwmum ADC.
Jl1s1 TOTO 9TOOBI ITPONCXO/IMIIa KOHIEHCAIIN ITapa OXJIazKIeHHash BOJIa IOJaeTCsl B KOHIEeHCa-
TOpBI. Pacxobl oXJrarK 1afommx TeXHUIeCKUX WM UPKYJIAINOHHBIX BOJ O'POMHBI, KOTOPbHIE
cocrapiaoT 10 95 % ot obmero pacxona Bognl Ha HyKabl 1TOC, u 10 90% na nyxant ADC.
TOC ¢ oxnaxpatoreit Bojoii copacbiBator 4 - 7 k/Ix rermiorsl Ha 1 KBr/4 BhIpabaTbiBae-
Moit stekTpodHeprun. Ho 1o canmTapHbIM HOpMaM cOpochl Terioit Bojbl ¢ TOC He MoKHEBI
HOBBIINIATH TeMIepaTypy BojoeMa Boie, dyeM Ha 3 °C' B jteTHee Bpems u na 5 °C' B 3uMuee.
Pacnpocrpanenne remnoBbix BeIOpocos or TOC 3aBUCUT OT HECKOJILKUX (PaKTOPOB: pesibeda
MECTHOCTH, TEMIIEPATYPbI OKPYKAIOIIEH CpeJibl, CKOPOCTU BeTpa, OOJIATHOCTU, OCAJIOK U T.JI.
A Takike yCKOpsieT pacipoCTpaHeHne W yBeJININBaeT IO b TEIIOBOTO 3arpsi3HEHUsT TH/T-
POMETEOPOJIOTTYECKHEe YCIOBUsI. B BOIOXpaHMININAX HYKIAIOTCA KaK TeIJIOBbIe, TAK 1 aTOM-
HbIe 3j1eKTpocTanimu. [l paboTel 3TuX cTaHuil Tpedyercst 60JIbIIOe KOJTUIECTBO BOIBI IS
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OXJIAKJIEHHsI arperaton, B cpejuem 35-40 m. Ky6/cek Ha 1 mjH. KBT ycranoB/ieHHON MOIIHO-
ctu. OTCI0/Ia CTAHOBUTCS OYEBUIHBIM, UTO JIJIsT TEIJIOBON 9JIEKTPOCTAHIINN MOIHOCTHIO 2-4
MJIH. KBT Tpebyerca 70-160 M. Ky0. Boabl exkecekyHaHO. [losToMy mpu BeIOOpe MecTa CTPO-
uresbectBa 1TOC n ADC BakHeiilee 3HaYeHe TPUOOPETAIOT BOIIPOCHI UX BOJOCHAOKEHUS.
EcrecrBenno, 4To KpyIHbIE TEILIOBBIE 3JIEKTPOCTAHIIMY JIOJIPKHBI PACcIIojiaraTbcsd Ha beperax
OOJIBININX PEK, BOJOEMOB M 03€p WJIM UCKYCCTBEHHBIX BOJOXPAaHWIUII. B KadecTBe mpumepa
rerioBoro Bosaeiicteust TOC Ha BomHYIO cpeny B3dTa dkudbacrysckas ['POC-2, pacmosioxken-
Has rocesike CoJtHeuHbIi, 0K0J10 40 KM ceBepHee Topoia Jrubactys, [laBiogapckast 061acTh,
Kazaxcran. Dxubacrysckag ['POC-2 BbipabarThiBaeT 37€KTPOIHEPIUI0 U3 BBICOKO30JIBHOTO
9KUOACTY3CKOro yriid JAByMsi sueprodokamu 1mo 500 MBT, mmeeT ycTanoBIEHHYIO MOITHOCTD
1000 MBT. /IBa €€ sHeprob/0Ka BLIPabATHLIBAIOT CEroans 0KoIo 12 % Bceil 3/1eKTpo3Heprun,
MIPOU3BOIUMOIT B peciryO/IuKe.

Texunveckoe BojocHabkenne IxndbacTysckoit 'PIC-2 ocymecrsisgercs 1mo cxeme 060poT-
HOI'O TEXHUYIECKOI'O BOJOCHAOKEHNS C HCKYCCTBEHHO CO3/IaHHBIM HAJTMBHBIM BOIOX DAHIIAIIEM-
oxJiauTesieM. BooxpaHuimine-oxiaIuTe/lb CO34aH0 Ha 6a3e TOPbKO-COJIEHOTO, IepechiXaio-
IIer0, He UMEIOIIEro HapOIHO-X03siicTBeHHOrO 3HadeHus o3epa [[lanmakcop. ObopoTHas cxe-
Ma BOJIOCHAOKEHNUsI: XOJIOIHAs BO/Ia 3a0UpaeTcs IIyOMHHBIM BO103a00POM 13 BOJIOXPAHUIUIIA~
OXJIQJIUTEJIS M TI0 TTO/IBOISIIEMY KaHa Iy MOCTyIIaeT Ha OJIOTHYI0 HACOCHYIO CTAHIIAIO, U A6
Ha TeIIOOOMEHHUKHU 3JIEKTPOCTAHITMHN. Terras BoJa OT TEIJIOOOMEHHMKOB IO OTBOJIAIIEMY
KaHaJ/Iy cOpachbIBaeTCs PacCpegoTOYeHO B BOJOXPAHMIINIIE-0XJIauTe b, MaKkcuMaIbHbIe pas3-
MepPhI BOJIOXPAHUIUINA-OXIAUTE IS IPUMEPHO siBJIsieTcs 7,2X7,7 KM.

2 MareMmaTudeckasi MOAeJIb

Mmuorue rojpl B u3y4eHUN T'UJIPOIUHAMUKN 03€P M BOJIOEMOB UMEJIMCH JIBA HE3ABUCUMbBIX
HAIIPAaBJIEHNs, OJTHO U3 HUX aHAJN3 JIAHHBIX HATYPHBIX HAOJIIO/IEHN, & APYToe - MaTeMaTuIe-
ckoe MojgiesmpoBanue [1-8]. Haryprble sKcriepuMeHThl - HAOJIIOIEHNsT, XOTsI U BBIIOJHEHHBIE
[IPU PA3HOOOPA3HOM KOMILIEKCE YCIOBUil, OBLIIN TACCUBHBIMU, TAK KaK He ITO3BOJISAIN AKTUBHO
YIPABJIATH SKCIIEPUMEHTOM, ITPU STOM HE TTPEJICTABJISAIOCH BO3MOXKHBIM ITPOTHO3UPOBAHUE Ha
ux OCHOBe rujipodusntdeckux mporeccoB. Oanm u3 Hanbdbosee 3bOEKTUBHBIX METOIOB HCC/Ie-
JIOBaHUS TUJIPOIUHAMUKU O3€PHBIX BOJI SABJISIETCI METOJ[ MATEMaTHIECKOT'O MOJIETUPOBAHUSI.
B HEeKOTOpBIX caydasx 3TOT METOJI MOXKeT OBITh €IMHCTBEHHBIM CPEJCTBOM IIPOTHO3a M3Me-
HEHUI THIPOJIOTMIECKOr0 PEKUMa U SKOCUCTEM O3€p, HAIPUMED P M3YYeHUN U3MEHEHUIl,
KOTOPBIE MOT'YT IIPOU30MTH IIPU TEPPUTOPHUAJIHLHOM IIEPEPACIIPEIEIEHIN BOJI, CTPOUTEHCTBE
TUJIPOTEXHUYECKIX COOPYKEHUN U IPU JIPYTUX MEPOIPUATUAX, CBI3AHHBIX C UCIIOJIb30BaHU-
€M BOJHBIX OOBLEKTOB.

B Bomoemax-oxsaiuTes X NpocTPAHCTBEHHOE U3MEHEHE TeMIIepaTypbl HeBenko. [1osTo-
My CTPATHMUIMPOBAHHOE TEUYEHUE B BOJOEME-OXJIa/IUTe/Ie MOXKHO OIMCATh YPABHEHUSIMU B
npubamkenun Byccunecka. /[ MaTeMaTumvdeckoro MoJIeIMPOBAHUSA PACCMATPUBAIOTCS CHU-
CTeMbl YpaBHEHMIT, BKJIIOYAIONINE YPaBHEHUE JIBUKEHU, YPaBHEHNE HEPA3PBIBHOCTU U YPaB-
HeHUe JIg TeMueparypbl. PaccMaTpruBaeTcs pa3BuToe IPOCTPAHCTBEHHOE TYyPOYJIEHTHOE Te-
YeHue B CTpaTudUIMPOBAHHOM BOJI0eMe-0XIauTeste. s MojietmpoBanus pacpocTpaHeHus
TeMIIepaTypbl B BOJ0EME HCIIOJIL3YeTCsl TPeXMepHas MaTeMaTudeckas Mojenb [1-12, 17]:
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ou;  Ouju; op 0 [0y OTij
=— — (T —Tp) — =2 1

ot + 8[Ej 890, + V@xj (89@) + 69( 0) 8wj’ ( )
0
— = =1,2 2
5 =0 (=123, @
8_T L ou; T 0 oT (3)
ot " ox;  ox; \ Moz, )

rae T;; = U;u; — U;Uj, g;—YCKOpeHHe CBODOTHOTO majeHnd, [3—Ko3(hMUIIEHT 00BEMHOIO

PACIIMPEHHS, U; — KOMIIOHEHTBI CKOPOCTH, X —KO3(DMUIMEHT TeMIIepaTypoIpoBoHocTH, 1)—
paBHOBeCHAsI TeMIlepaTypa, 1'— OTKJIOHEHHe TeMIIEPATYPbl OT PABHOBECHSI.

s 3ampikanus cucreMsl ypasrenuit (1) — (3) ucmosb3yercst Mogeab TYPOYJIEHTHOCTH
Cwmaropumuckoro [13].

Hst nucekperusanuu cucreMbl ypasuenuit (1) — (3) ucrosbsyercs MeTo KOHTPOJILHOTO
obbema. [l sToro npejcrasum ypasuenus Hasbe - CTokca u ypaBHEHUE JjIs TEMIIEPATYPBI
B BH/IC HHTETPAJILHBIX 3aKOHOB COXPAHEHHUS JIJIs IPOM3BOILHOTO (DUKCHPOBAHHOIO 00beMa €2
¢ rpanuneit d) [14, 15]:

ou oF; 0G;
— : L — B; |dQ=0 4
/Q<0t+3xi+0xi ) ’ @
rie
0 Uj 0 o 0
U = Uj , E = UiU 5 +p(5,-j — Tij 5 Gz = ’/aTu; y B = ﬁgl(T - TO)
T v, T XL 0

Ypasaenusi (4) MOXKHO 3aIllCATH B CJIEYIOIEM BUJIE

/Q (%—[tj — B) dQ) + 729 (F; + G;)ndl’ = 0. (5)

[Ipusenem ypasuernus (5) TaKOMY BHLY

/Q <%—g)d§2+ ]gﬂ (F. + Gi)ngdl — /Q Bid. (6)

Cerounble pyHKIUU OYIyT OMPENENIATHLCI B IEHTPE AYelKd, a 3HAaUeHUs IOTOKOB Yepes
rpaHuIly B APOOHBIX sueiikax. O0beM sgueiiku 0003HAYNM Uepe3 ceTOUHbIe (DYHKITUH.
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Tenepsr tponssesieM juckpernsanuio ypapaenus (6) mo xkoHTpossHOMY 06bemy (CV) u
KOHTpOJIbHOIT TIoBepxHOCTH (CS)

AU _
> (A2 + > (Fi+ Gi)n AT = B;AQ (7)
cv cSs

WM MOXKHO OyJIeT HammcaTh ypaBHeHue (7) B TaKOM BHJe:

D> AUAQ+ ) " AUE + Gy AT = AtB;AQ. (8)
cVv cs

3 HucsaeHHBIN aJIropuT™M

s aucyiennoro pemenust ypasaenusi (1) - (3) wmcmosb3yercs cxema pacIierieHusl 110
dbusmaecknm napamerpam [14-16]. s auciaennoii peanusarwu cucreMsr (1) - (3) ucnonbay-
ercs juckpernsaiys Buja (8). Ha mepBom srare mpesmoaraercs, 4To MepeHOC KOJINIECTBa,
JIBU2KEHUS OCYIIECTBIISETCH TOJIBKO 3a cYeT KOHBeKIn u auddysun. [Ipomexyrounoe mose
CKOPOCTH HAXOJUTCs H-1aroBbiM MerozioM Pymre - Kyrra [11, 12, 14, 15]. Ha Bropom srare,
[0 HailJIEHHOMY ITPOMEXKYTOYHOMY TIOJII0 CKOPOCTH, HAXOJUTCH II0JIE JIaBJICHUS. Y paBHEHUE
[Tyaccona jyist mosist paBiieHns permaercst MerogoM fkobu [14, 15]. Ha Tperbem srare mpesio-
JlaraeTcs, YTO MePEHOC OCYIIECTBIISAETCS TOIBKO 3a CUeT I'pajineHTa JaBienns. Ha gerBepTom
mare YHCJIEHHO peIaeTcs ypaBHEHUs IepeHoca TeMIEPATyphbl TaKxKe KaK ypaBHEHUs JIBU-
keHus H-marosbiM MeTosiom Pynre - Kyrra. Ilpu pemienun ypasuenus jijis TeMiepaTrypbl
TaKKe MPUMEHIeTCs] MeTOJT KOHEYHBIX 00HEMOB U aHAJIOTMYHBIE BHIYUCIEHUS KAK JIJId YPaB-
HeHusi jBrKkenns |11, 12]. Asnroputm 3aja4qn pacnapaJuiesieH Ha BBICOKOIIPOU3BOUTEIbHOIT
cucreme. Pacuersl mpoBogminck Ha Kiaacrepubix cucremax URSA u T-Cluster JIT'TT HUN
Maremaruku n Mexanuku nmpu KazHY nm. anb-Papadu.

I) fQ ﬂ*_ﬁndﬂ = —faQ (V(ﬁ"ﬁ* — Tij) — VAﬁ*)nldF,

IT) ¢, (Ap)dl' = [, YEd,

) = v,

V) [, F=5d = — ¢, (Vi T — vAT*)ngdl.
4 Pe3ynbTaThl YUCJI€EHHOTO MOAEJINPOBAHUSA

,ZLHH YUCJIEHHOI'O pelleHurd 3a/iav OBLIN 3aJlaHbl HaYaJIbHbIE U I'PaHUYIHbBIC YCJIOBUA. Ha-
YJaJIbHBIC yCJIOBUA JIJId CKOPOCTH 1 TEMIIEPATYPBI 3a/1al0TCA B CJIEAYIOIEM BUIEC: U; = O, (j =
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1,2,3), T = Ty . I'panuanbie ycaoBus Jyisi CKOPOCTH Ha JIHE U OOKOBOW I'DAHMIIE 3a/aI0TCs
YCJIOBUEM TPWJIMIAHULA, a JIId TeMIIepaTyphl - ajimadarudeckue ycaoBus. Ha moBepxHocTH
JUIsT CKOPOCTH U TeMIIepaTypbl 3ajaiorcd ycaoBus Hefimana. A Tak:kKe CTaBATCS JIOTOJTHU-
TeJIbHbIE TPAHUYHbIE YCJIOBUS JIjI CKOPOCTH U TeMIepaTypbl B O0KOBOI rpanuiie Bojocbpoca
B 3aBUCHUMOCTHU OT SKCILTyaTallMOHHON MorHocTn JKubacrysckoit 'POC-2. B pacuerax uc-
MOJTb30BAJIACh BBIYUC/IUTE/IbHAA ceTKa, nMmerorias oostee 800 000 BoraucmTebHBIX y3/10B. Ha
pucyske 1 mpejicTaB/ieHa BBIYUCIUTEIbHAS ceTKa st DKubactysckoro ['POC-2. Ha pucynke
2 M300paXKeHbl PACUYETHBIN ITPOCTPAHCTBEHHBIN KOHTYP M U30JIMHUN PACIpEJICICHIS TeMIIe-
paTypbl B pas/indHble MOMEHTBI BpeMeHu 1ocje crapta paborer 'POC-2, na moBepxHocTH
BOJIBI i dKciuryaTarmonnoit momuoctu 700 MBT. Ha pucynke 3 mokazanbl KOHTYD U H30-
JINHU PacIpejie/IeHrs TeMIIEPATYPhI B PA3/INUHbIE MOMEHTHI BPEMEHH IT10CJIe cTapTa paboThI
I'PC-2, Ha moBepXHOCTH BOJBI JJIsI SKCILTyaTamuonnoit momaoct 900 MBT.

Pucynok 1 — Berauciurenpnast cerka s Dkubdacrysckoro 'POC-2.

Ha oboux pucynkax 2-3 BHJIHO, UTO pAaCIpe/ie/IeHUus TeMIIEPATyPhl C YIaJeHueM OT CTO-
Ka [PUOJINKAETCS K U30TEPMUIECKOMY COCTOsAHUIO. [losrydennbie pe3y/ibTaThl MOKA3bIBAIOT,
YTO PACIpeie/IeHUs TeMIIEpATypPbl PACIIPOCTPAHAETCA Ha OOJIBITYIO TI0ma b. Kak BuHO n3
PUCYHKOB 2-3, IPU TOBBIIIEHUH SKCILTyaTarmonnoit momuaoctn ['POC-2,; moma b TemmoBoro
BO3JIEICTBUSI CTAHOBUTCS HAIPABJIEHHBIM B OJHY CTOPOHY, U IMPUBOJUT K IOJIOTPEBY BOJBI C
OJTHOI YaCTU BOJOEMA, YTO OTPUIATEIBLHO CKa3biBaeTcs Ha paborocnocodnoctu 'PIC-2. [lpu
skciutyararonnoit morrHoctr 900 MBT, Temueparypa pacipejeisiercs B CEBEPHYIO YacTb
BOJIOEMA U TPUOJINZKEHHO UCIOJIB3YeT TOJbKO TOJIOBUHY BOJIOEMA JIJIS OXJIAXKJICHUS ropddeit
Bosibl ¢ I'POC-2. Ilpn moBbIeHNN SKCILTyaTaIlmOHHON MoImmHOCTH JKmbacTy3ckoit ['POC-
2 BOJIOEM-OXJIaJIUTEIb paboTaeT He 3(h(MEKTUBHO, MOJOIPEBas CEBEPHYIO YacTh BOJIOEMA, a
ocTajbHas YacThb BOJOEMA NMPAKTUYECKUN He YIACTBYET IPHU OXJIAXKJEHUH [TOJI0I'PETOH BOJIbI

n3 'POC-2.
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Pucynok 2 - Konryp n usonunuii pacupeesennst temmeparypsl depe3 22.5 4., 50 4., 72.5 4. u 90 4. mocye
crapta paborsr drubacrysckoro ['POC-2, Ha moBepxHOCTH BOMBI I IKCILIyaTAIMOHHON MorHOoCcTH 700
MBr.

5 3akJroueHue

B sToit paboTe OBLIO IIPOBEIEHO IIPOrHO3HOE MOJALINPOBAHUE JIJIT MUHUMU3UPOBAHMS TEIl-
JIoBO#t Harpy3ku Ha o3epo lllanmakcop, Bosje KoTopoit pacrosoxkena dkubactyskas [[POC-2.
Hesnpio jtaHHON pabOThI 3aK/II0YAETCS B TOM, 9TOOBI OIPEJIEIUTD Pa3Mephl U ITPOCTPAHCTBEH-
HbIE PacIpeie/IeHus] TeMIIepaTyPhbl TEILIOH BOAbI OT BOAOCOPOCHOIO KaHaJa JJIsd PA3IUTHBIX
IKCIIJTYyaTallUOHHbIX MOHIHOCTefI JIEKTPOCTaHIINHU. HpOI‘HOCTI/I‘{eCKaﬂ MaTeMaTHU4dYeCKasd MO-
JieJ1b, pa3paboTaHHas /s JJAHHOTO UCCJIeIOBAHNS, TOKA3aIN YIaCTKNA TEPMUTECKOTro (hakeia,
B KOTOPOM TeMIlepaTypa MOHMKAeTCA, KOTia OT/IajIsieTcs OT BOJIOCOPOCHOTO KaHaja W TeM-
neparypa gakesa IpuOIMKAeTCs K 3HAYEHUSIM TeMIIEPATyPhl BOIOEMa-OXIaIuTe . TaKmm
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Pucynok 3 — Kouryp un uzosmnuii pacupeesenus TeMieparypsl depe3 22.5 4., 50 4., 72.5 1. u 90 mocme
crapTta paborsr Drudacrysckoro 'POC-2; Ha moBepxHOCTH BOABI I IKCIIyaTannoHHoi momtaocTr 900
MBT.

0Opa3oM, pa3BHUTasl MOJIE/Ib TPEXMEPHOI'O CTPATH(MUIIMPOBAHHOIO TYpPOYJIEHTHOTO TEYCHUS
[TO3BOJISIET BBISIBUTH KAUYE€CTBEHHO U ITPUOJIMKEHHO KOJUYECTBEHHO OCHOBHBIE 3aKOHOMEPHO-
CTH THJPOTEPMUYIECKUX IIPOIECCOB, MPOUCXOAAIIX B Bojgoeme lammakcop.

6 ITpumeuanue

Pabora BbImoIHEHA TIPU TTO//IEPKKE IPAHTOBOIO (DMHAHCUPOBAHUS HAYTHO- TEXHUIECKIX
nporpamm u npoektos Komurerom nayku MOH PK, rpant No 2017/T'®4

ISSN 1563—0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series Ne2(89) 2016



Ornenka BozneiicTBUs (DYHKITMOHUPOBAHKS TEILIOBON 3JIEKTPOCTAHIINN . . . 63

(1]

2]

3]

[4]

(5]

(6]

(7]

(8]

(9]

[10]

(11]

[12]

[13]

[14]
[15]

[16]

[17]

(1]

(2]

3]

JIureparypa

Z. Yang , T. Khangaonkar Modeling Tidal Circulation and Stratification in Skagit River Estuary Using an Unstructured
Grid Ocean Model // Ocean Modelling. 2008. 28(1-3), — 34-49 pp.

C. Chen , H. Liu, R. C. Beardsley An Unstructured Grid, Finite-Volume, Three-Dimensional, Primitive Equations Ocean
Model: Application to Coastal Ocean and Estuaries // Journal of Atmospheric and Oceanic Technology. 2003. 20(1), —
159-186 pp.

L. Zheng , C. Chen, H. Liu A modeling study of the Satilla River estuary, Georgia. I: Flooding-drying process and water
exchange over the salt marsh-estuary-shelf complex // Estuaries and Coasts. 2003. 26(3), — 651-669 pp.

A. Isobe , R. C. Beardsley An estimate of the cross-frontal transport at the shelf break of the East China Sea with the
Finite Volume Coastal Ocean Model // Journal of Geophysical Research. 111:C03012. doi:10.1029/2005JC 003290.

K. Aoki , A. Isobe Application of finite volume coastal ocean model to hindcasting the wind-induced sea-level variation
in Fukuoka bay // Journal of Oceanography. 2007. 63(2), — 333-339 pp.

R. H. Weisberg , L. Zheng The circulation of Tampa Bay driven by buoyancy, tides, and winds, as simulated using a
finite volume coastal ocean model // Journal of Geophysical Research. 111:C01005, doi:10.1029,/2005JC003067, 2006.

W. Lick Numerical models of lakes currents. EPA-60013-76-020, 1976. — 140 p.

Y. Sheng , W. Lick , R.T. Gedney , F.B. Molls ANumerical computation of three-dimensional circulation of Lake Erie:
A comparison of a free-surface model and rigid-Lid. Model. // J. of Phys. Ocean. 1978. 8, — 713 - 727 pp.

A. Issakhov Mathematical Modelling of the Influence of Thermal Power Plant on the Aquatic Environment with Different
Meteorological Condition by Using Parallel Technologies // Power, Control and Optimization. Lecture Notes in Electrical
Engineering.2013. 239, — 165-179 pp.

A .Issakhov Mathematical modelling of the influence of thermal power plant to the aquatic environment by using parallel
technologies // AIP Conf. Proc. 2012. 1499, —15-18 pp. doi: http://dx.doi.org /10.1063/ 1.4768963

A. Issakhov Mathematical modeling of the discharged heat water effect on the aquatic environment from thermal power
plant // International Journal of Nonlinear Science and Numerical Simulation. 2015. 16(5), — 1082-1096 pp.

A. Issakhov Mathematical modeling of the discharged heat water effect on the aquatic environment from thermal power
plant under various operational capacities // Applied Mathematical Modelling. 2016. 40(2), — 229-238 pp.

M. Lesieur , O. Metais , P. Comte Large eddy simulation of turbulence. New York, Cambridge University Press, 2005. —
219 p.

T. J. Chung Computational Fluid Dynamics. Cambridge University Press, 2002. — 1012 p.
J. H. Ferziger, M. Peric Computational Methods for Fluid Dynamics. Springer; 3rd edition, 2013, —426 p.

A. Issakhov Large eddy simulation of turbulent mixing by using 3D decomposition method // J. Phys.: Conf. Ser. 2011.
318(4), —1282-1288 p., 042051. doi:10.1088/1742-6596,/318,/4/042051

Issakhov A. Mathematical modeling of influence of the thermal power plant with considering the meteorological condition
at the reservoir-cooler // Bectauk KaszHY, 2012. — No 3(74), - C. 50-59.

References

Z. Yang , T. Khangaonkar Modeling Tidal Circulation and Stratification in Skagit River Estuary Using an Unstructured
Grid Ocean Model // Ocean Modelling. 2008. 28(1-3), — 34-49 pp.

C. Chen, H. Liu, R. C. Beardsley An Unstructured Grid, Finite-Volume, Three-Dimensional, Primitive Equations Ocean
Model: Application to Coastal Ocean and Estuaries // Journal of Atmospheric and Oceanic Technology. 2003. 20(1), —
159-186 pp.

L. Zheng , C. Chen, H. Liu A modeling study of the Satilla River estuary, Georgia. I: Flooding-drying process and water
exchange over the salt marsh-estuary-shelf complex // Estuaries and Coasts. 2003. 26(3), — 651-669 pp.

Becrauk KasHY. Cepusi maremaTnka, Mexanuka, nadopmaruka Ne2(89) 2016



64

Hcaxos A.A.

(4]

[5]

(6]

7]
(8]

(9]

[10]

[11]

(12]

[13]

[14]
[15]

[16]

(17]

A. Isobe , R. C. Beardsley An estimate of the cross-frontal transport at the shelf break of the East China Sea with the
Finite Volume Coastal Ocean Model // Journal of Geophysical Research. 111:C03012. do0i:10.1029,/2005JC 003290.

K. Aoki , A. Isobe Application of finite volume coastal ocean model to hindcasting the wind-induced sea-level variation
in Fukuoka bay // Journal of Oceanography. 2007. 63(2), — 333-339 pp.

R. H. Weisberg , L. Zheng The circulation of Tampa Bay driven by buoyancy, tides, and winds, as simulated using a
finite volume coastal ocean model // Journal of Geophysical Research. 111:C01005, doi:10.1029/2005JC003067, 2006.

W. Lick Numerical models of lakes currents. EPA-60013-76-020, 1976. — 140 p.

Y. Sheng , W. Lick , R.T. Gedney , F.B. Molls ANumerical computation of three-dimensional circulation of Lake Erie:
A comparison of a free-surface model and rigid-Lid. Model. // J. of Phys. Ocean. 1978. 8, — 713 - 727 pp.

A. Issakhov Mathematical Modelling of the Influence of Thermal Power Plant on the Aquatic Environment with Different
Meteorological Condition by Using Parallel Technologies // Power, Control and Optimization. Lecture Notes in Electrical

Engineering.2013. 239, — 165-179 pp.

A.Issakhov Mathematical modelling of the influence of thermal power plant to the aquatic environment by using parallel
technologies // AIP Conf. Proc. 2012. 1499, —15-18 pp. doi: http://dx.doi.org /10.1063/ 1.4768963

A. Issakhov Mathematical modeling of the discharged heat water effect on the aquatic environment from thermal power
plant // International Journal of Nonlinear Science and Numerical Simulation. 2015. 16(5), — 1082-1096 pp.

A. Issakhov Mathematical modeling of the discharged heat water effect on the aquatic environment from thermal power
plant under various operational capacities // Applied Mathematical Modelling. 2016. 40(2), — 229-238 pp.

M. Lesieur , O. Metais , P. Comte Large eddy simulation of turbulence. New York, Cambridge University Press, 2005. —
219 p.

T. J. Chung Computational Fluid Dynamics. Cambridge University Press, 2002. — 1012 p.
J. H. Ferziger, M. Peric Computational Methods for Fluid Dynamics. Springer; 3rd edition, 2013, —426 p.

A. Issakhov Large eddy simulation of turbulent mixing by using 3D decomposition method // J. Phys.: Conf. Ser. 2011.
318(4), —1282-1288 p., 042051. doi:10.1088,/1742-6596/318,/4,/042051

Issakhov A. Mathematical modeling of influence of the thermal power plant with considering the meteorological condition
at the reservoir-cooler // Bulletin KazNU. 2012. 3(74), p. 50-59.

ISSN 1563-0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series Ne2(89) 2016



KOMHBIOTepHOQ MOJZe/JIMpOBaHue U UCCJIeJOBaHUe . . . 65

YK 533.09.01

Mammeesa P.V.! *, Txxymaryaosa K.H.L,
Honxo 3.2, Pamazanos T.C. !, Ta6aymmma I.J1.1

1Kazaxckuit HanmoHaAIbHbBIN YHEBepcHTeT nMeHn anb-Papadu, Pecrybimka Kazaxcram, r. Aivars
2WucruryT GUHKHA TBEPIOrO TejIa U OITHKH, BUIHEPOBCKHI HCCIe10BATeNLCKI eHTp AKajeMun
Hayk Benrpuu, Benrpus, Bynamem
*E-mail:ranna_m@mail.ru

KOMHI)IOTepHOG MOodeJIMpOBaHME U UCCJIeJOBaHMUE JIOKAJIN3alliuu IIblJIeBbIX
acTul, BO BHeIIIHEM MAaromTHOM IIOJIe

B nmammoit pabore mpencraBiieHbl Pe3yJIbTATHI 10 IPUMEHEHUI0 METO/a KOMIIBIOTEPHOI'O MOIEIH-
pOBaHudA I UCCJIE/IOBAHNSA BJIWAHNA BHEIIHEro OJHOPOJHOIO MArHUTHOIO IIOJId Ha KBa3UJIOKa-
JIM3AIAI0 YACTHI] CUJIBHO CBI3aHHOW TPEXMEPHO IMbLIeBO#l cucTeMbl. /leTasibHOe KOMIIBIOTEPHOE
MOJIEJINPOBAHNE U UCC/IeI0BaHNe (DU3NIECKUX CBOMCTB TAKON CHCTEMBI OBIJIO MIPOBEIEHO Ha OCHO-
Be FOkaBCcKOil MOme/ M B3aMMOMEHCTBHUS, YIUTHIBAIOMIEN KOJLUIEKTUBHBIE 3 (EKTh 9KPAHNPOBKH
ITOJIsT 3apsijia MBUINHKA OKPY2KEHHOI 11a3Moit Oydeproro raza. B kadgecTBe mMeTo/1a KOMIIBIOTED-
HOT'O MOJIEJIMPOBAaHUS OBbLI NCIOJIB30BAH METO/ MOJIEKYJISIPHON JTUHAMIKH, [TO3BOJIAIONINI IIPOCIe-
JUTH 3BOJIIOIUIO CUCTEMBI B3aUMOJAEHCTBYIOIINX YACTHUI] BO BDEMEHU C ITOMOIbI0O HHTEIPUPOBAHUS
ypaBHeHUl jaBukeHus. I pereHust ypaBHEHUs IBUMKEHUS 9aCTUI] ObLT UCIIOJb30BAH aJrOPUTM
Bepise. Kpazumokanmsarus 9acTuI] KOJIMIECTBEHHO XapPaKTEPU3YeTCsl KEHTE€HOBON KOPPEJIAINOH-
HO# (DYHKIIME, NCCIeI0BaHNsS KOTOPOi ObLIN OCYIIECTBJIEHBI /I PA3HBIX 3HAYEHUH [1apaMeTPOB
cuctembl. Takyke Obljla TPOAHATN3UPOBAHA, TPOU3BOIHAS KEHTEHOBON KOPPEISIITNOHHON (DyHKITHT
U TIOJIYYEHBI JIAHHBIE 110 BPEMEHAM JIEKOPPEJIsiluU JacTull. ABrTopaMu paboThl OBLIO BBISIBJIEHO,
4TO MarmuTHOe nojte B YCUJIUBAET BpeMs yIepKaHusd JacTull. KoMmbioTepHoe MOoJIeIMpOBaHue 1
uccaenoBanne (GU3MIECKAX CBOWCTB IIBLIEBON CUCTEMBI OBLIO IIPOBEEHO B IIHPOKOM JIMAIA30HE
U3MEHEeHHUd 1apaMeTPOB XapaKTepU3YIOINUX II0BeJJeHUe CUCTeMbl:IIapaMeTp SKPAHUPOBKH K, I1apa-
MeTp cBs3u ' 1 mapamMerp MarHUTHOTO TOJIsT 3.

KuroueBble ciioBa:mblieBast m1a3Ma, KOMIILIOTEPHOE MOJIEJIMPOBaHKe, aJIroputM, Bepiie, keiire-
HOBasl (PYHKIUsI, MUKPOCKOITMIECKUE CBONCTBA, MOJIEKYJIsIDHAS JTUHAMUIKA..

Masheyeva R.U., Dzhumagulova K.N., Donké Z., Ramazanov T.S., Gabdullina G.L.
Computer simulations and investigation of the localization of dust particles under the
magnetic field

Paper presents the results of the computer simulations for investigation of the influence of
uniform external magnetic field on the quasi-localization of the particles of the strongly coupled
three-dimensional dusty system. Detailed computer simulation and investigation of the physical
properties of such system, in which the particles interact with each other via Yukawa interaction
potential that takes into account the collective screening effects of the field dust charges surrounded
by a buffer gas. Molecular dynamics method was used as a computer simulations method, this
method allows to follow the evolution of a system of interacting particles in time by integrating
the equations of motion. The Verlet algorithm was used to solve the equation of motion of the
particles. The quasi-localization of the particles quantitatively characterized by the cage correlation
functions. Also, the derivative of the cage correlation functions were analyzed and the decorrelation
time of the particles was derived. It was found that the decorrelation time of the particles increases
with increasing of the magnetic field B. The investigations have been performed in a wide range
of the system parameters (screening parameter k, coupling parameter I' and strength of magnetic
field B).

Key words: dusty plasma, computer simulations, Verlet algorithm, cage correlation function,
microscopic properties, molecular dynamics.
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Mameesa P.Y., 2Kymarynosa K.H., Houko 3., Pamazanos T.C., T'abaysumna I'.J1.
ChpIpTKBI MAarHUT OPIiCiHiH TO3aH/AbI OEIIEKTEPIiH
JIOKAJIN3AIUSICHIHA 9CEePiH 3ePTTey »KoHe KOMMIbIOTEPJIIK MOIEJIbIey

Makamaia THIFBI3 OAflJIAHBICKAH YII OJIIIEM TO3aH/bl *KYHEHIH KBa3MIOKAJIU3AINASIHA CHIPTKBI
6ipTeKkTi MATHUAT OPiCiHIH OCepiH 3epTTey YIIMH KOMIBIOTEDJIK MOJEIBIEY DIICTEPIH KOITaHy OOii-
BIHIITA, HOTHXKeJep KeaTipiaren. Mymnmait xyiieHin (HU3NKAIBIK, KACHETTEPIH 3€PTTEY KOHE KOM-
nbroTEPJIiK Mojebaey HOkaBa ocepiiecy MojielliHiH HerisiHje »Kys3ere achbpbliiabl. FOKaBa ocepie-
cy noTeHnmaJ bl 6ydepiiiK ra3 maa3MacbiMeH KOPIIAIFaH TO3AHIbI 3aPsiITAP/IbIH OPICIH Y2KBIMJIBIK,
sxparmay 3ddekricia eckepei. KoMmmbioTepsiik Momenpaey oici peTiHjge scepJsieceTin OeJImeKTep
JKYHECIHIH, 9BOIOMUSACHIH OJIAP/IbIH yaKbIT OOUBIHINA KO3FAJBIC TEHJIEYiH WHTErPaJIay apKbLIbI
bakpLayra 60JIaThIH MOJIEKYJIAJIBIK MUHAMUKA 9/1iCi KOJIIAHBLIAbI. BesmekTep/ i KO3FaabIC TEH-
Jeyin mremty yiria Bepise ajaroputmi KOAAHBLIALI. BeJekTep iH, KBa3UI0KAIU3AIUICH CaH/IbI
TYp/le KEeHUTeHIK KOPPEeJANUsIBIK (DYHKIMSIChIMEH CHUIATTAJa bl. ByJl 3eprreysiep Kyiieni cu-
MaTTAfTHIH TapaMeTPJIep/IiH op TypJi MoHepi yimiH Kypriziamg. ConbiMeH KaTap, KeHTreH K Kop-
PeJISIUSIBIK, (DYHKITUS TYBIHBICHI CAPAIITAJIIBI YKOHE OOJIMEKTEPIIH IeKOPPETANIbIK, YAKBITHI
OOMBIHITIA HOTUZKEIED AJIBIHIBI. 2K YMBICTHIH aBTOPIaphl MATHAT OPICiHIH B OOJIIIIEKTEPIH YCTATY
YVaKBITBIH YJIFalTaTBIHIBIFBIH AHBIKTAbI. 103aHIbI OeuteKTep/iH (hU3NKaJIbIK KACHeTTEPIH 3epT-
Tey KOHE KOMITBIOTEDJIIK MOJIEJIbJIEY KYHEHIH KACHeTTEePiH CUMATTANTHIH KeJieci mapaMeTpepIin
©3repiCiHIH KeH ayMarblHJIa JKy3ere achIPbLIIbL: IKPaHIAIy mapaMerpi x, Oaitianbic napamerpi I,
MarHAT epiciHiH mapamerpi [.

TyiiiH ce3mep: TO3aHIbI IIa3Ma, KOMIILIOTEPJIIK MOIEIbIeY, Bepie aaroputmi, KereH ik yHK-
W51, MUKPOCKOIINSIIIBIK, KACHETTEP], MOJIEKYJIAJIBIK, JUHAMUKA.

1 BBenenue

JLst MosieTupoBaHusT aHCAMOJIsI 3aPAXKEHHBIX YaCTHUIL IO/ IeficTBUEeM BHEITHErO OIHOPOIHOIO
MarHUTHOTO 110/ OBLIT UCIIOIB30BAH METO/I MOJIEKY/ISIPHON JuHaMuku. KoMITbioTepHOe Mo/ie-
JIMPOBAHUE ABJIIETCS MOIIHBIM CPEJICTBOM M3YYEHUsT CBOMCTB M TIOBEICHUST MHOTO YaCTUIHBIX
cucTeM, OCOOEHHO B TOM CJiydae, KOIJla MCIOJIb30BaHHE JIPYTIUX TEOPETHUIECKHUX IT0IX0JI0B
zarpyaanrenbHo. CUIBHO Hemjlea bHas IIa3Ma sIBJIIETCS KaK pa3 TaKo#i CHCTEeMOil, B KO-
TOPOIl M3-3a OTCYTCTBHSA MAJIOI0 IapaMeTpa Hejlb3si UCIIOJIb30BaTh METO/Ibl, OCHOBAHHBIE HA
pa3JIoKEeHUN 110 MaJoMy mHapameTpy. Takas cucrema JIOBOJBLHO IHPOKO paclpocTpaHeHa B
IPUPOJIEe, TaK¥Ke YaCTO BCTPEUAETCs B PasHdIHBIX JgaboparopHbix ycranoBkax [1]. Ilupo-
Koe pa3Hoobpasne (pU3nIecKnX SBJICHUI, ITPOUCXOISAIINX B TaKOH CHCTeMe JeiaeT UX OYeHb
HMHTEPECHBIM 0ObeKTOM i ucciaeaoBanust [2-4]. CuibHO CBA3aHHAS ILIA3MA UCIIOJIB3YeTCsI
BO MHOT'UX OTPAC/IAX HAYKH U TEXHUKH, KOTOpas MOCTOSHHO PACIIUPSIETCS, U UCCIETOBAHUS
BBINOJIHSIIOTCST KAK dKCIepuMeHTaibubiMu |5, 6], Tak u Teoperndeckumu merogamu |7-13].
OmHuM U3 XapaKTepHBIX OCODEHHOCTEH HemjeabHOW CHJIBHO CBA3AHHON IIa3Mbl SIBJISETCS
KBa3WJIOKAJIM3AIIS IACTHI]: TaCTHUIIbI IIPOBOIAT JIOCTOTOYHOE KOJMIECTBO BPEMEHH B JIOKAJIb-
HBIX MUHUMYMaX MeJIJIEHHO MEeHSIIeics MOTeHInaIbHOM ITOBEpXHOCTU. B TO 2Ke BpeMsi, Bpems
JIOKAJIU3AIUNA YACTUL] OTPAHUYINBAETCS M3-3a [IPeo0pa30BaHusl MOTEHINAJILHON TOBEPXHOCTH
3a cuer auddys3un gactur,. Jlokagamsannsg OTAeIbHBIX YacTUIl U U3MEHEHHEe UX OKPYrKeHUsI
MOI'YT OBITh KOJIMYECTBEHHO OIIPEJIe/IEHbI C TIOMOIIBIO KOPPEIAIMOHHOTO METO/Ia, BBEJIEHHO-
ro B paborax [14,15]. MeTox ObLT HCHONIB30BAH sl UCCIEIOBAHUS BPEMEHH JIOKATH3AIAN
JaCTHI CHIBHO cBsi3anHoi KyoHoBckoit n FOkaBa crcTeMbl ¢ TIOMOIIBIO METOa MOJIEKYJISIP-
Holi simHaMuku [16,17]. Pesyibrarsl ncciieoBanus moTBEPKIAI0T, 4TO BPeMsl JIOKATU3AIUI
CUJIBHO CBSI3aHHOM »KUJIKOCTH OXBATHIBAET HECKOJIBLKO IIEPHOJIOB IIJIa3MEHHbBIX KoJiebanmii. [e-
JIBIO JIAHHOW pabOThI SIBJISETCsT KOMIIBIOTEPHOE MOJIEJIUMPOBAHUE CHUCTEMbI IIBLIEBBIX YaCTHUII,
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B3aUMOJEHCTBYIONUX ¢ IOMOIIBIO moTeHnuaaa FOkaBa, BO BHEITHEM MArHHTHOM IIOJI€ U HC-
cjlieJ0BaHue BJIMAHNA MalHUTHOI'O IIOJIA Ha JIOKAJIM3allWuIO YaCTHIl, KOTOpasd BBIYUCJIAETCA C
MIOMOIIBIO KEHT'€HOBOW KOppeJAnUonHoil (pyHkiuu. Bo BTOpoii yacTu pabOThI OIMUCAHBI Me-
TOJIBI U MOJIE/Ib KOMIILIOTEPHOT'O MOJIeJTMPOBaHUA. B TpeTheil 9acTu mpeJicTaB/IeHbl aHaIns
[IOJIYYEHHBIX PE3yJIbTaTOB.

2 Maremaru4ieckasi MoAdeJib 1 MeTOod KOMIIbIOTEPHOI'O MOJAeJIMPOBaHUA

BB&HMOLLeﬁCTBHe IBIJIMHOK OIIMCBhIBAJIOCH Ha OCHOBE SKPaHUPOBAHHOI'O ITOTEeHIMaJIa KyJ'IOHa,
JaCTO YIIOHUMaEMOM B JIMTEPATYPE KaK IIOTECHIIUAJI ﬂe6aﬂ-XIOKKeJIH nJjid 1IIoTeHInaJI IOxkasa:

o(r) = Q exp(—r/Ap)

4reg r

: (1)

re () - 3apsia dacTuIl u Ap - JdebaeBckast anHa SKpaHupoBKu. COOTHOIIEHNE MeXKIaCTUIHOM
NOTEHIIUAJILHON SHEPIUA U TEIJIOBOU SHEPTrUil BbIPazKaeTCd Yepe3 napaMeTp CBA3U:

Q2
r—_< 2
AregaksT’ )

snech T-temmepatypa, a = [3/(4mwn)]Y/3

HOCTH YaCTHIIL.

st peasmsanum MeTo/Ia MOJIEKYJISIDHON JIMHAMUKHU BCE MPOCTPAHCTBO pa3bMBaercs Ha
paBHble siaeiikn (Ky6), T.e. YaCTHUIIbI JBUIAIOTCS B IIPOCTPAHCTBE (X, Y, 2) W IIPEJIIOIAraeTCs,
9YTO MATHUTHOE TI0JIe OJIHOPOJIHO U HalpaBJIeHO BJOJb ocu z, To ecth B = (0,0, B). Oana u3
sgueeK cauTaercs 6a30Boil, ocrasbHble — Konuu (perinkn). Koudurypamnun dacrur, 6a30B0it
STYeKU TIOBTOPSIFOTCST BO BCEX OCTAJIbHBIX siueiikax. Ha 6a30ByIo sueiiky u Ha perimKu ObLIu
HAJIOXKEHbBI [IEPUOMIECKIe TPAHnYIHbIe yejioBus. HadaabHoe pacupejiesienne KOMIIOHEHT KO-
OPJMHAT ¥ CKOPOCTEH YacTull 6epercs CaydaiiHbIM, OJHAKO KOMIOHEHTBI CKOPOCTEH JIOJIZKHbBI
ObITH pacipejiesIeHbl 110 rayCCOBCKOMY 3aKOHY € 3ajlaHHOiN Temieparypoit. Ha mepBom sra-
e MOJIEJTMPOBAHUS CHCTEMa JIOJKHA IepeiiTi B PABHOBECHOE COCTOSTHUE, YTO IIPOUCXOIUT
JIOCTaTOYHO ObIcTpo. Tak Kak MOJETMPOBAHUE IPOBOJUTCH /I KAHOHUIECKOIO aHcamoOJi,
UCIIOJIb3YeTCs TEPMOCTAT JIJIs TIOJJIepyKaHus IOCTOSHHON TeMieparyphl. [locie Toro, Kak B
cucTeMe JIOCTUraeTCsl PaBHOBECHE, HAYMHAETCs cOOP JaHHBIX O CKOPOCTSAX M KOOp/IMHATAX
YaCTUIl, 3TU JAHHBIE HEOOXOIUMBI JIJIsl JTAJIbHENINX BHIYUCICHNUIA.

- TpexMepHbIil pajmyc Burnepa-3efitiia u n - mioT-

[TapameTp MarHUTHOTO TIOJIsI BBIPAYKAETCA CJIELYIONIUM 00Pa30M:

5o e 3)

Wp

rie w, = QB/m - nukiorponnas u w, = y/n@Q?/com - 3D mrasmennas dacrora.
Bpewms 6epercs B eunnax, 00paTHbIX IJIA3MEHHON 9aCcTOTE MBLIEBBIX YaCTHIL, & CKOPOCTh
B €JUHUIIAX TEILJIOBOM CKOPOCTU YaCTHIL

vr, = (kgTa/ma) 2, (4)

[ToBejsieHmE CUCTEMBI OITUCHIBACTCS MTapaMeTpaMiu MarHuTHOro 1noJid 3, cBasu [ u skpanm-
POBKH K.
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g mpoBejiennst pacyeToB Mbl BIOPAJIN YUCIEHHBIN AJITOPUTM, KOTOPBIil ObLIT IIPE/IJIOYKEH
B pabore [18], 11 BbIUMCIIEHNST KOOPIMHAT U CKOpPOCTeil B MOMEHT BpeMmeHu t + At depes
JAHHBbIC B MOMEHT BPEMCHH {:

ralt 4+ D) = 1 (t) + = [va(8) sin(we/St) — vy (H)C(west)] +

+$ [—aS () C(weit) — af (1) S (weAt)] + O((AL)?), (5)
ry(t + At) =1, (t) + wi [Uy (1) sin(wAt) + v, (1) C(wAt)] +
+£ [—aS (1) C(weit) + af (1) S(weA1)] + O((A)), (6)
r.(t+ At) =71, (t) + Ato,(t) + %(At)%zc(t) + O((A1)?), (7)
e
S(weAt) = sin(wAt) — weAt, (8)
ClweAt) = cos(w.At) — 1. 9)

st ckopocreii:

U (t + At) = v,(t) cos(weAt) 4 vy (t) sin(w.At) + wi [—a§ (1) C(wert) + af (1) sin(w.At)] +

. y
1
_l’__

2
We

al (t + ANt) — aS(t)
— N Clw.At) —

al (t + At) — a(t)
At

S(weAt) | + O((A1)?),(10)

vy (t 4+ At) = vy(t) cos(weAt) — v, (1) sin(weAt) + 1 [aS (1) C(weAt) + a (t) sin(weAt)] +

x
C

t+ At) —al(t)

C
Clwetrt) + 2

1| af(t+At)—al(t) ,
= [_ ) D= W .00 + 020,01
b+ At) = v (1) + %At (S () + aC(t + AD] + O((A)?). (12)

Pasnocrnasg cxema (10)—(12) gBiseTcs aiaropuTMoM BTOPOro HOpsiKa. B ganmom mertose
MArHUTHOE I10JI€ BKJIOYEHO B YpPaBHEHHE JBUKCHUS TaKUM 00Opa30M, 9TOObI BLIOOD IIara
1o Bpemenu /At He 3aBUCE]I OT JIapMOPOBCKOI 9aCTOTHI U OLPEIE/IsICA TOJLKO BHYTPEHHU-
My (PUBMUIECKIMHI CBOICTBAMHI PaCcCMaTPUBAEMOil cucreMbl. s nccae[oBanus JTOKaJIN3alun
JaCTUll UISMEHEHNE OKPY2KCHUA OTILeHbHOfI JaCTUIbI OTCJIE2KUBACTCA C IIOMOIIBIO KOPpPEJIAIl-
OHHOT'O MeTOo/Ia, U3JI0xKeHHOro B pabote |14, 15]. Cienyst popmanusmy [14, 15| ciimcok coceieii
{; 9ACTUIIBI § OTPEJIEJISIETCS CJIETYIOITUM 00Pa30M:

Ci={f(rin), f(rig)s ., f(rin)} (13)
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rae f(rij) = O(rc —rij), rij = |7 — 7| 1 © - bynknua Xesucaiiga (r.e. ecmm f=1r;; <r.
u f =0 B mpoTuBHOM CiIydae). 31ech T - paguyc obpesanus («cdepsr» ), n ycaosue r;; < 7
O3HAYAET, UYTO YaCTHILI OJM3KO PACIOJIOKEHbI JAPYT K Apyry. B mannom ciaydae paguyc 00-
pesanus paBeH 1. = 2.42, KOTOPbIil NPUOIM3UTEILHO PABEH PACCTOSHUIO IEPBOIO MUHUMYMA
napHoit Koppessiiuonuoi gpyukuuu ¢(r) npu G60JIBIIKMX 3HAYEHUSIX TapaMeTpa CBs3u. Bribop
JIAHHOTO 3HAMEHH O3HAYAECT, YTO COCEIHUE YAaCTHUIILI PACIIONOKEHDBI B IIEPBOil KOOPIMHATHOM
obosiouke. Hammu Buraucsienus forc g(7) KOODJIMHAIIMOHHOTO YHCJIa IPUBEJIN K 3HAYCHUSAM [IPH-
OJIMKEHHBIM K 3HAYCHUIO 14, KOTOpoe SBIAeTCA CyMMOi OIMKARIINX U BTOPBIX OJIMzKaimmx
cocegieit, kak B OLIK rak u B 'lIK pemerkax. B :xunkoit daze sru qacTuiibl 06pasyor oIy o
HepaspermuMyio 060JI09Ky BOKPYT IPOOHOI YacTubl. B3anMoneiicTBie MexK1y OKpPYzKeHHeM
YACTUIBI B MOMEHT BpeMeHt ¢ = () ¥ ¢ BLIYHUC/ISETCS ¢ MOMOINLIO (DYHKIUH «CIIMCKA», KOTOPAas
OLPEJIEIIICTC YePe3 CKAIAPHOE IPOU3BEICHNAE COCEIHNX BEKTOPOB CIIMCKA!

Cy(t) = {t)6:0) (14)

rje (...) yCpeIHeHHe MO BCeM YacTUIaM ¥ 110 HAYAJbHBIM BpeMeHaM. UucjIo 9acTul, Io-
KHUHYBHIUX HAYaJIbHYIO KJIETKY YaCTUIIbI Z B MOMEHT BpeMeEHU t, OolIpeJesideTcd CJaedyIOonnuM
obpazoM:

ng"(t) = |6:(0)*] — 4:(0) - £:(2). (15)

)

IlepBasi 4acThb JAHHOTO ypPaBHEHUsI OLpeje/seT YUC/I0 YacTHIl, OKPYKAIOIUX YACTHUILY i B
MOMeHT BpeMmenu ¢t = (0, a BTopad 4acTb OIpeje/seT YUC/IO YacTHIl, KOTOPhIe OCTAJINCH I10-
cJle HEKOTOPOro MoMeHTa BpeMent t. Keitrenosas xoppessnnontast GyHKIUS Cegge, KOTOPAST
XapaKTepus3yeT pacla]] MepPBUYHON TIPYIIIbI YACTUIl B KJIETKE, BBIYUC/IACTCS KaK aHCcaMOJIb
u cpejree Bpems byHknun O(c — nd"™) st pazHOro YHMCJIA YACTUIL, MOKUHYBIIUX KJIETKY
(oKpyzKeHue POOHON YACTHIIbI):

Clage(t) = (O(c = n"(0,1))). (16)

cage

Keiirenosas koppessnuonnas (GyHKINSA MOXKET ObITH BBIYUCIEHA JIJI PA3HOr0 YHUC/Ia 3HAYe-
HUsA ¢, OOBIYHO ¢ = 7, TO €CTb, KOJIMYECTBO YACTHIl, IIOKUHYBIIUX KJIETKY PABHO IOJIOBUHE
YHUCJIa JACTUI], KOTOPble HAXOJWINCH B TEPBOil KOOPAMHATHONW 060J0UKe (B KUJIKON dase).
Korna Cgage(t) dyuknus omyckaercs o0 0.1 To mepBUYHAS IPYIIA YACTHUI] CUNTAETCA yKe
HEKOPPEJIMPOBAHHOM.
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Pucynok 1 - Keiirenosas koppessannonHasi QyHKIUS [J1s1 PA3HBIX 3HAYEHUN TapaMeTpa MArHATHOTO IOJIS

B mpu k = 1. Tam e mocrpoena unust Bpemenn aexoppessiun C(7) = 0.1.

0.12 T T T T T T — T T
oosl - 7 S
0.04

0.00

dC"/dt [arb.units]

-0.04

-0.08

Pucynok 2 - [IponsBonnast keifireHOBO# KOPPEJIAITNOHHON (DYHKITUH JJI PA3HBIX 3HAYEHUN HapamMeTpa

MarauTHOro 1osig [ npu k = 1. J{jist SCHOCTH KPUBBbIE OBLIN CIBUHYTHI.

3 PesynbraTbl BhIYMCIE€HUS

Ha pucynke 1 nmpejcraB/ienbl pe3yabTaThl 110 KEHTE€HOBBIM KOPPEISIIUOHHBIM (DYHKITUAM, 110~
JIy9eHHbBIe JIJTsT Pa3HbIX 3HaUeHni napamerpa MaranTaoro oy 0 < § < 5 upu k£ = 1. Hamowm-
HUM, 9TO BPEMHA JEKOPPEJIAIUH Lqge ONPEICIIACTCA KaK C’C?age = 0.1. Jl;ta k = 1 BpeMda JTeKKO-
pesanun wyt & 1, 9T0 COOTBETCTBYET OJHOMY IHUKJIY IJIa3MEeHHOro Kojebanud. Takoe «ciabo
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HEKOPPEJIUPOBAHHOE» TOBEJIEHNE KEHTE€HOBBIX KOPPEIAIMOHHBIX (DYHKIIUU MEHSAETCH C yde-
TOM BJIMSTHHSI MAIHUTHOTO OIS, IPU 3 = 3 BpeMsl JIEKKOPEJISIINN JaCTUIl yBeININBaeTCs B 6
pa3. Takke u3 pucyHnka 1 MOXKHO YBUJIETh KOJieOaHUsT KPUBBIX KEHTC€HOBBIX KOPPEISIIMOHHBIX
byHKINN, 0COOEHHO TeX KOTOPbIE COBITAIAIOT IIPOMEXKYTOIHBIM 3HadeHueM (3. [logsienue Ta-
KIX KOJIEOAHWIT MOYKHO OObSICHUTD, B35IB IIPOU3BOIHBIE 3TUX KPUBBIX, KOTOPHIE ITPEICTABICHBI
Ha pucynke 2. HacTora 3TUX KPUBBIX IIPOIIOPIUOHAILHA ITapaMeTPy MarHUTHOIO IOJIsd, W Ha
OCHOBE 3TUX PE3Y/ILTATOB IOABJIEHUE TAKUX KOJEOAHUN MOXKHO OOBSICHUTH TE€M, YTO YaCTU-
bl [IEPUOINIECKUI TTOKUIAIOT U 3aX0JdT B KJIETKY, JIBUTAsCh 110 ITUKJIOTPOHHOI opbute. B
CcaMOM JieJie, UBMEPEHHUS JacTOT wW* KPHUBLIX dC’Zage /dt noarBepxKaa0T W* = w.. AMImTy-
Jla KoJiebaHust dCZage /dt 3aryxaer ¢ yBesmdeHuneM [3 3a cUeT yMeHbIeHUs JIapMOPOBCKOro
pajmmmyca Tpaekropuit dactuil. C JApyroii CTOPOHBI, IPU MAaJIbIX 3HAUYCHUSAX [apaMeTrpa Mar-
HUTHOTO T0Jis1 3, KojiebaHus MeHee 3aMEeTHBI, TaK KaK yJ/epKaHue JYaCTUIl B KJIETKEe MeHee
BBIPAXKEHO U KeHTreHoBas KOPPEIAIMOHHAs KpUBasd 3aTyXaeT Ha BPEMEHHOM MKaJjie 00paTHOit
IIKJIOTPOHHON YacToTe. 3aBUCUMOCTD KEHTEeHOBON KOPPEISIINOHHON (PYyHKINN OT apamMeTpa
CBA3M MTOKa3aHa Ha PUCYHKe 3 Ipu £ = 1 Jij1g9 (DUKCHPOBAHHOTO 3HAYUEHUS ITapaMeTpa MarHuT-
HOTO T0Jist 3 = 2. YBeJu4yeHne CBI3U B CUCTEMe TaKKe CIIOCOOCTBYET YBEJMYCHUIO BPEMEHU
Jiekoppesdanuu yactuil. [Ipu OosbImux 3HadeHnsax mapamMeTrpa CBI3U KelreHoBast KOPpPeJIdAriy-
onHagd (pyHKIUA yMeHbInaeTcda j10 3Hadennd 0.1, Korja sHadenue wyt I10CTUTAET HECKOJIBLKO
COTEH, 9TO O3HAYAET, YTO YACTHIBI HAXOJATCHA OT HECKOJIBKO JIECATKOB JIO COTEH ILIa3MeH-
HBIX KOJIe0aHWiI B KJeTKe. DTO YHUCJIO BO3MOXKHO, TaK KaK BBICOKHME 3HAYEHUs IapaMeTpa
cBsA3U cooTBeTCTBYIOT npuMepHo 70% u 45% kpurnyeckuMm sHadeHusM ($HazoBOro Mepexoa
KukocTh-TBepoe Teno (I'=217,4 u T' = 440, 1, coorsercrBento, st £ = 1 u k = 2 [19)]),
BpeMs JIEKOPPEJIAIIH I TBEP/I0il (pas3bl OECKOHEYHO.

Pucynok 3 - Keiirenosast Koppessnuontnas (OyHKINs /I Pa3HbIX 3HAYEHUN mapameTpa cBsi3u I npu

x = 1. Tam ke mocTpoena jHus Bpemenu gekoppestsmm C(7) = 0.1,

AHam3 Moy 9eHHBIX Pe3yJIHTATOB 110 IIPON3BOIHBIM KEHTEHOBBIX KOPPESITUOHHBIX (DYHKITII
[IOKA3bIBAET, YTO C yBeJMYeHHEM IapamMerpa cBsa3u [ KojiebaHus yMEHbIIAIOTCA, U TPUO.JIN-
3uTebHO Tpu 3HadeHun ' = 50 mcue3aroT. YMeHbIIEHHE aMILIUTYIbI KOJIeOaHUs CBSI3aHO
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C TeM, 4TO IPU OOJILIUX 3HAYEHUAX HapamMerpa cBa3u [' JlapmopoBckoe Bpallienue 9acTHIl
MIPOUCXOJIUT CHHXPOHHO. Pe3y/ibraThl, MOJIydeHHbIE 110 BpEMEeHaM JIEKOPPEIAIUN YaCTHIl, 10~
KasaHbl Ha PUCYHKe 4, KOTOPBIl IIOKa3bIBAET 3aBUCUMOCTD loqge OT HApaMeTpa CBA3U IIPH
pUKCHPOBAHHBIX 3HAYEHUAX ITapaMeTpa MArHUTHOTO mosig (. Mbl HAIIM TOYTH JTUHEHHBIH
POCT BPEMEHN JICKOPPEJIALNH C yBeJndenueM (3, Torna Kak, CBA3b MEXKIY teqqe U I ABIACTCH
OYTH cTerneHHon pyukiueit. [ToMnMo HECKOBKUX TOYEK NpH MaJIbIX 3HaYeHusX 1', KpuBble
Ha pUCyHKe 4, MOCTPOEHHBIE JJI PA3HBIX 3HAYCHUI [, MOYTH HapaJsie/IbHbI, 9TO yKA3bIBAET
Ha YHUBEPCAJIbHOE MOBe/IeHNe. AHAJIOTUYHBIE PE3yJILTATHI MOy IeHBl U JJId K = 2.

10°

p cage
Lol

(O]

1000 . .......I1 . .......I2 .
10 10 10

Pucynok 4 - Bpemst 1eKoppessiuu 9acTull Ay Pa3HbIX 3HAYEHNN apaMeTpa MAarHUTHOTO IMOJs (3 IpH

Kk =1 B 3aBUCHMOCTH OT IapaMeTpa cBa3u 1.

4 3akJiro4deHue

Bruino mpoBesieHo jieTajibHOE KOMIILIOTEPHOE MOJETUPOBAHNE (PU3MIECKUX CBOMCTB IBLIEBOI
IJIA3MBI, YACTHUIBI KOTOPOI B3aMMOJIECTBYIOT C MOMOIIBIO moTeHInaa KOKaBa Bo BHEITHEM
OJTHOPOJTHOM MATHUTHOM TIOJIe. A TaK»Ke B CTAThe BBIYUC/IEHBI KEHTE€HOBBIE KOPPEIATINOHHDIE
dyHKIINMA, ¢ TOMOIIBIO JAaHHOM (DYHKIUU OBLIO UCCJIE/IOBAHO BJIMSHIE BHEITHENO MArHUTHO-
ro T0JId, a TaKxKe CUJbHON CBJA3U B CHUCTEMEe Ha JIOKAJIU3aIuio JacTtuil. g mccmemoBanus
CBOMCTB CUCTEMBI ObLJI MCIIOJIH30BAH METOJI KOMITBIOTEPHOT'O MOJIETMPOBAHUS MOJIEKYJ/ISIPHOI
JUHAMUKHI, B KOTOPOM 3BOJIFOIHUS CUCTEMbBI B3aUMO/IENCTBYIONINX YACTUIL OTC/IE?XKUBAETCS UH-
TerpupoBaHNeM UX ypaBHEHUs JBUzKeHus. /[1s1 pernenns ypaBHeHUs JIBU2KEeHUs OBLIT HCIIOThb-
30BaH aJropuTMm Bepise. Bbuio mccreoBaHO BJMSHUE BHENIHETO OJIHOPOJIHOIO MArHUTHOTO
[I0JIsT Ha KEHTeHOBbIE KOPPEIANUOHHBIE (DYHKIIUU B TPEXMEPHOI cuibHO cBs3aHHoit FOkaBa
JKUJIKOCTH IIPY IMUPOKOM JTUAIIA30He M3MEHEHUs apaMeTPOB CUCTEMBI: ImapameTpa cBasu [
napaMeTpa MarHUTHOT'O TIOJIA (3, U TTapaMeTpa SKPAHUPOBKY K. Pe3y/IbTaThl MOKA3bIBAIOT, ITO
YBEJIMYCHUE ITapaMeTPa MarHUTHOTO IIOJIF IPUBOJANAT K YBEIMYCHUIO BPEMCHHU JCKOPPEIAINN
YaCTUIL U3-3a YMeHbIeHns JlapMopoBcKoro pajimyca TpaeKTOPUU YaCTHUIL, TO €CTh YaCTHUITbI
JIOJIbITIE OCTAIOTCd B KJIETKE. YBeJNYEeHNe CBA3U B CHCTEMe TaK:Ke MPUBOJIUT K YBEJTMYECHUIO
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BPEMEHU JICKOpPPesIni. Pe3yibTaThl 10 KereHOBBIM KOPPEISIIMOHHBIM (DYHKIIUSAM ITOKA3bI-
BalOT KOJieOaHUsT HA KPUBBIX KEHTeHOBBIX (DyHKIMY 1pu [ > (0, 970 O0bSICHIETCS BBIXOIOM U
MTOBTOPHBIM 3aX0/I0M YaCTHUI[ B KJIETKY, 9TO CBSI3aHO C MUKJIOTPOHHOI YacToToit. CTouT oT™Me-
TUTDb, B JIaJbHEHIIIeM KOHIIEIIHIO KeHTeHOBOW KOPPEIIIMOHHON (DYHKIIME MOYKHO ODOOIIUTH
JJIs BKJIIOYEHUS 3aBUCUMOCTU OT HAIlpaBJAEHU, BJIOJb KOTOPBIX YaCTUIIbI IOKUIAIOT KJIETKY,
9TO 00bACHSAETCS aHU3O0TPOIHE B CUCTEME CO3/IaHHON MAarHUTHBIM IIOJIEM.

(1]

(2]

3]

[4]

(5]

(6]

(7]

(8]

(9]

[10]
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[12]

13]
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Numerical investigation of interface motion between two immiscible fluids in a
channel

The main difficulty of the modeling of two immiscible viscous fluids flow in the channel (pipe,
etc.), is the choice of the boundary condition on the line (contact line) formed by intersection of
the interface between fluids with the solid surface. If the no-slip condition is used on the solid
boundary to determine the flow produced when a fluid interface moves along a solid boundary, the
viscous stress is approached to infinity at the vicinity of the contact line. It seems, unreasonable
to continue to apply a continuum model at the vicinity of the contact line. Thus an inner region,
close to the contact line, could be examined, where the molecular interactions between the two
fluids and the solid must be studied, and this region matched to an outer region, where the Navier-
Stokes equations would apply. Such an analysis would be very difficult, but it has been suggested
that the likely outcome would be equivalent to replacing the no-slip boundary condition by a
slip condition, and continuing to employ the Navier-Stokes equations. The effect of the slip on
the interface motion is numerically investigated in this work. Also relation between steady-state
contact angle and capillary number is investigated in this paper and compared with work [§].
Key words: Navier-Stokes equations; Flow of two immiscible fluids; Gerris program; Slip
boundary condition; Volume-of-fluid (VOF) method; Contact line; Contact angle; Capillary
number.

Kynaiikysio A.A., 2Kozepang K., Kairaes A.
YucjieHHOEe MOJeJIMPOBaHUE ABUXKEHUsI IPAHUIIBI pa3/elia JBYyX HECMeIINnBAIOIIUXCs
>KHUIKOCTE B KaHaJjie

OcHoOBHOIT 1TPO0JIEMOIT MOJETMPOBAHUS TEUYEHUS JIBYX HECMEIIMBAIOIINXCsI BZKUX KUIKOCTEN B
kanaje (Tpybe u T.J1.) sIBJIFETCs IOCTAHOBKA I'PAHUYHOIO YCJIOBUSA HA JMHUK (KOHTAKTHOM JIMHUM),
00pa30BaHHON MepecevueHneM MOBEPXHOCTH Pa3Jiesia »KUJIKOCTeH ¢ TBEPAON MOBEPXHOCTHIO. Keym
BBIOPATH IPAHUYIHOE YCJIOBHE IPUJINIIAHNS HA TBEPIO I'PAHNUIIE, TOTIA IIPH JIBIKEHNN [IOBEPXHOCTH
paz/iesa KMJKOCTe! 110 TBep/l0it IOBEPXHOCTH, B OKPECTHOCTU KOHTAKTHON JIMHUU, BA3KHUE HallP:-
JKEHUs CTpeMaTcsa K 6eckoHedHOCTH. Buainmo, mpuMeHeHre MOJIeNIN CIJIONTHON CpeJibl B 00JIacTH,
OJIM3KOM K KOHTAKTHOI JINHUU, SIBJIsIeTCsT HeOOOCHOBaHHBIM. Takum o6pa3oM, B 0bj1acTu, OJIM3KOIM
K KOHTAKTHOI JIMHWM, HEOOXOIMMO HCCJIe0BATHh MOJIEKYJISIDHOE B3aMMOJEHCTBUE MEXKJy JIBYMs
KHUJKOCTSME U TBEPJAOH MOBEPXHOCTHIO, U Ty 00JIACTH CBA3ATH C 00JIACTHIO BAAIN OT KOHTAKTHOM
JIMHUU, TJIe MOYKHO puMeHuTh ypasHerus: Hasbe-Crokca.Takoit ananus Gyaer 09eHb CJIOXKHBIM,
HO OH II03BOJIAET IIOATBEP/UTL IIPEJIIOIOXKeHNe, YTO BMECTO I'DAaHUYHOI'O YCJIOBUdA IIPUJIMIIAHUA
MOKHO HCIIOJIb30BaTh I'PDAHUYHOE YCJIOBUE ITPOCKAJIb3bIBAHUS.
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B nanHOi#t pabore UMCIEHHO MCCIEI0BAHO BJIUSHEE IMPOCKAIb3bIBAHUS KUIKOCTU 0 TBEPION ITO-
BEPXHOCTHU Ha JIBMIKEHUE TOBEPXHOCTHU pasjiesa Kujkocrteil. Tak:Ke HMccieloBaHa CBA3b MEXKTY
KOHTAKTHBIM YTJIOM W KalWJISPHBIM YHUCJIOM, IIPU YCTAHOBUBIIIEMCSI TE€UEHUH YKUJIKOCTH, U MOy~
“eHHbIE Pe3YJIBTATHI CPABHEHBI C pe3yJbraTaMu paboTsr [8].

Kurouesbie cioBa: Ypasuenusi Hapbe-Crokca; TedeHne JByX HECMEIIMBAIONIUXCS YKUJIKOCTEIR;
nporpamma Gerris; ['panndanoe ycjioBue npockasb3biBanust; Meros oobema kugkoctu; KonTakT-
Has JmHudA; KonTakTHbI yros; KanuaaspHoe 9uciio.

Kynaiixymnos A.A., 2Kozepaux K., Kaaraes A.
Kanasngarsl eki apajacnaiTblH CYUBIKTapAbIH 06JIiHY HIeKapaChIHBIH, KO3FAJIbICHIH CAH/IBIK,
apKbLJIbl MOAEJIbAEY

Kanasnmarsr exi apasacnaiiTelH CYIBIKTaPIbIH OOJIIHY MEKAPACHIHBIH KO3FAJIBICHIH CAHIBIK, ADKHLIbI
MO/JIEJIBJIEY/IiH, HeTri3ri KbIMH/BIFBI - KATTHI OeTTerl IeKapaJsblK, IIapTTapAbl TaHIay OOJIbII TaObI-
sganpl. Erep KaTThl mekapaa KaObICKAK, MEeKAPAJIBIK, MapPTThl TAHJACAK, OHIa OOJIHY MeKapachl
KATTHI OeT OOMBIHINA KO3FaIFaHIa, TYTKBIPJIBIK, KEPHEYl IEeKCI3MIKKe YMThLIabl. TYiiCKeH ChI3bI-
KIIEH KATThl OET apachlHIAFbl aifMaKTa arblHIAD MOJIEKYJISPJIBIK, MaciTabra eTce, TyTac OpTa
MOJIEIIH KOJIJIaHy oJyiberTe Jypbic eMec. COHBIMEH, TYHICKEH CBHI3BIKIIEH KATTHI OET apachIHJIarbl
aliMakTa eKi CyHbIKIIeH KATThl OETTIH MOJIEKYJISADJIBIK ©3apa dPEKETECYIH 3ePTTEY KAXKET KOHE OChI
aiimakThl HaBbe-CTOKC TeHJieyiH KoJaHyFa 60JIaThiH TYHICKEH ChI3BIKTAH IIeT aifilMakKIileH Daiiyia-
HBICTBIPY KepeK. OchiHgail Taanay eTe Kyp/esi 6ojapl, bipak HaBbe-CToKC TeH ieyiH Ienry yImu
2KAOBICKAK, IIIEKAPAJIBIK, IIIAPTTHIH, OPHBIHA CHIPFAHAK, IIIEKAPAJIBIK, MAPTTHI KOJIIAHYFa OOJIaIbl J1e-
PeH YKOPAMAJIBIMBI3/IBI pacTayra MyMKIiHiK 6epe/ii. OChl JKyMBICTA KAHAJJIAFBI €Ki apajaclaiThiH
cy#bIKTapablH, arblHbl yIniH Hapbe-CTOKC TeHJEYiH HIeltyre CyiblK KeJjeM ojicin Koaanran. Co-
HBIMEH KaTap OChl MaKaJIaJ1a TyHiCKeH OYPBIIIIEeH KAMJLISIPJIbIK CAH apachbIHIarbl OaflIaHbIC 3epT-
TeJIe .

Tvyiitia cesmep: Hasne-Croke Tenmeynep; Exi apamacnaiitoin cyiibikTapasis, arbiabl; Gerris 6ar-
napiama; Ceipranak, mekapasibik, mapt; Cyibik kesem ojaici; Tyiticken cpi3bik; Tyiticken 6ypsir;
Kamumnapabik cam.

Introduction

When an interface between two immiscible fluids joins a solid boundary, a line is formed.
This line is sometimes known as the three-phase line or the contact line. A moving contact
line can be found in many different situations; some cases in which it plays a central role are
the spreading of adhesives, the flowing of lubricants into inaccessible locations, the coating
of solid surfaces with a thin uniform layer of liquid, the displacement of oil by water through
a porous medium, etc. However, the dynamics of the fluid surrounding the contact line, and
hence the contact line itself, are poorly understood. The main difficulty of the modeling of the
contact line motion is the choice of the boundary condition on the solid surface. If the no-slip
condition is used on the solid boundary to determine the flow produced when a fluid interface
moves along a solid boundary, a viscous stress is approached to infinity [1-3], nevertheless
the no-slip boundary condition has been verified for a number of liquid-solid combinations
by careful experimental studies [4]. It seems, unreasonable to continue to apply a continuum
model at the vicinity of the contact line. Thus an inner region, close to the contact line, could
be examined, where the molecular interactions between the two fluids and the solid must be
studied, and this region matched to an outer region, where the Navier-Stokes equations would
apply. Such an analysis would be very difficult, but it has been suggested that the likely
outcome would be equivalent to replacing the no-slip boundary condition by a slip condition,
and continuing to employ the Navier-Stokes equations. Introduction of the precursor film
into the model clearly allows one to remove the viscous stress singularity [2]. Experiments
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indicate that this is not always the case and is in fact unlikely when the observed value of the
contact angle is not small. The physical mechanisms of slip for smooth solid surfaces are still
not completely understood, with possible explanations including formation of a layer of gas
or small-scale bubbles between the liquid and the solid [4,5]. Significant slip can be achieved
for flows near structured surfaces [6]. There are exist many models to simulate slip flow along
the solid surface but one of the most popular is the Navier slip boundary condition, which in
our 2D Cartesian coordinates is written as:

u:/\g—z, aty = 0, (1)
where u is the horizontal velocity component in the x-direction, and \ is a constant called
the slip length. The latter can be interpreted as the distance below the solid-liquid interface
at which the velocity u(y) extrapolates to zero, as sketched in fig. 1. The viscous stress
singularity is avoided when this condition is used instead of the classical no-slip condition [7].
The effect of the slip on the interface motion is numerically investigated in this work. The
incompressible, two immiscible, viscous fluids flow in 2D channel is considered in this article.
In order to find the shape and location of the interface between two fluids, the volume-of-fluid
method is used in this work [9,10,13|. The Navier-Stokes equations are numerically solved
using projection method on non-staggered grid to find the velocities and pressure of the two
fluids flow in the channel [11]. The relation between steady-state contact angle and capillary
number is investigated in this paper and compared with work [8]. All numerical calculations
are performed using Gerris program [14].

v Liquid
u(y)
AL Solid

Figure 1 — Navier slip boundary condition

Formulation of the problem

We numerically solve the Navier-Stokes equations for incompressible, two immiscible,
viscous fluids flow in 2D channel:

a —
% +V - (piil) = —Vp+V - (2uE), )
Lo
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V.-i=0, (4)
dp ,

5 TV () =0, (5)
p="Fpi+(1—F)ps, (6)
p=Fpy+ (1= F)ps, (7)

where F is the parameter that identify a given fluid i (i=1 or 2) is present at a particular
location x:

1, if z is in fluid 7
F@y‘{a if 2 is not in fluid ¢ ®)

If we substitute the equation (6) into the equation (5), we have that:

oF

— +u-VF=0. 9

at " ©)
In order to find the shape and location of the interface between the two fluids, we use the

volume-of-fluid method and advect this interface using equation (9). Equations (2, 4 and 9)

numerically solved using the projection method on non-staggered grid [11] and the following

boundary conditions were used (see fig. 2):

Figure 2 — The steady movement of a interface between two fluids in a channel

1) Inlet boundary condition:

8 Uin

ox

=0, (10)
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2) At the walls of the channel:

Uy = )\%, (13)
Uy = 0, (14)
% =0, (15)
where A is the slip length and 77 is the normal vector to the wall.
3) At the interface between the two fluids - S:
[u]s =0, (16)
—[—p+2un - E-7]s = ok, (17)
k=-V-1i, (18)
—[2ut- E -#i]s =1 Vgo, (19)

where o is the surface tension, k is the curvature, 77 is the normal vector to the interface
S and  is the tangent vector to the interface S. In order to solve the equations (2, 4 and 9)
we need set outlet boundary conditions too. The outflow conditions are not known a priori.
But nevertheless, we need to prescribe suitable conditions to make the problem determinate.
An analysis of outflow boundary conditions is given in the literature [12]. Here the following
outlet boundary conditions were used:

auout

ox

—0, (20)
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® ©

Figure 3 — Formation of fingering pattern in unstable interface between two fluids, when y = 1, 0 = 1 and
A =0.01

0.55 T T T
aty=-04 —— aty=-0.3 -------

0.45 - .

03 R

0.25 B

02 | .

Figure 4 — Profile of horizontal component velocity, when g = 1, 0 = 1 and A = 0.01

® ©

Figure 5 — Shape of the interface between two fluids, when p = 1, 0 = 5 and A = 0.01

0.45 T . :
aty=-04 —— aty=-0.3 -------

04

0.2

0.15

Figure 6 — Profile of horizontal component velocity, when p = 1, 0 = 5 and A = 0.01
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Vout = 07 (21)
Pout = 0. (22)
Results

The steady state solution of the equations (2, 4) with boundary conditions at the walls of
the channel (13 - 15) and with boundary conditions at the interface between the two fluids

(16 - 19) can be obtained by neglecting the viscous force on the interface between the two
fluids (19):

h2—y2
2

U= DPin — Pout _pc<
uL

+AR), (23)

where p. is the capillary pressure. The value of capillary pressure can be obtained from
Young-Laplace equation and for 2D case (see fig. 2):

ocost
= , 24

The average value of (23):

Pin — Pout — Pec h'2
— + Ah).
wL ( 3 )

u =

(25)

The value of the steady state contact angle € is unknown in the equation (23) or (25).
The numerical investigation of interface motion between two immiscible fluids in a channel
is performed in this paper to find this contact angle. In this work the equations (2 - 9) are
dimensionless. The width of the channel is 2h = 1 and length of the channel is L = 5 (see
fig. 2). The viscosities of the two fluids are the same: u = 1 = pp = 1. Initially, the contact
angle equals 90 degrees. The apparent contact angle is introduced in this article, and it is
difference between initial contact angle and steady state contact angle:

Oapp = 90° — 0. (26)

When the surface tension is sufficiently small the fingering pattern is formed in unstable
interface between two fluids (see fig. 3), and as can be seen in fig. 4, the velocities are different
along the transverse section of the channel at the interface between two fluids. However, if
we increase the surface tension, the fingering pattern is no longer formed in the interface
between two fluids (see fig. 5), and the velocities are same along the transverse section of the
channel at the interface between two fluids (see fig. 6). In this paper we only considered the
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case when the fingering pattern is not formed in the interface between two fluids. Three cases
considered in this article to verify the relation between apparent contact angle and capillary
number, which is investigated in [§]:

02, ~ Ca, (27)

where Ca is the capillary number. Capillary number is the ratio between viscous force
and surface tension force:

Ca = 1YL, (28)

g

0.5

T T T
UcL = Ucl®) ——
0.48 B

0.46 - ]
0.44 ]

0.42 - ]

UcL

04l .

0.38 - ]

0.36 - ]

0.34 ]

0.32 - ]

03 | | | | | |
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

A

Figure 7 — Relation between contact line velocity and slip length, when y =1, 0 =5
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Figure 8 — Relation between apparent contact angle and slip length, when y =1, 0 =5
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Figure 9 — Relation between contact line velocity and surface tension, when ¢ = 1 and A = 0.01
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Figure 10 — Relation between apparent contact angle and surface tension, when g = 1, A = 0.01

where Ugy, is the contact line velocity. In the first case, the surface tension is constant, and
relation between the apparent contact angle and slip length is investigated. As can be seen
in fig. 7, the contact line velocity are linearly depends on the slip length, so it is mean that
the viscous stress is constant at the walls of the channel. Since the viscous stress is constant
at the walls of the channel (1) and surface tension is constant too, therefore as can be seen
in fig. 8, the apparent contact angle almost doesn’t depend on the slip length. In the second
case, the slip length is constant, but the surface tension is changed, and relation between the
apparent contact angle and surface tension is investigated (see fig. 10). As can be seen in
fig. 9, the contact line velocity is slowly changed when surface tension is greater than 5, so
in this region the viscous stress at the walls is almost constant. We can verify the relation
between the apparent contact angle and capillary number for this case (see fig. 11). In the
third case, the slip length and surface tension is constant, but the pressure drop is changed,
and relation between the apparent contact angle and pressure drop is investigated (see fig.
13). The relation between the apparent contact angle and capillary number also verified for
this case (see fig. 14).
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0.5
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Figure 11 — Relation between apparent contact angle and capillary number, when p = 1, A = 0.01
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Figure 12 — Relation between contact line velocity and pressure drop, when u = 1, 0 = 20, A = 0.01
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Figure 13 — Relation between apparent contact angle and pressure drop, when © = 1, ¢ = 20, A = 0.01

ISSN 1563-0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series Ne2(89)2016



Numerical investigation of interface in a channel ... 85

0.35 T

T T
1/3)

T T
= tgeapp(Ca

T
app

tgo,

0.3 |

0.25

tg eapp

0.1

| |
.24 0.26 0.28 0.3 0.

OO

| | |
32 0.34 0.36 0.38 0.4 0.42

cal/3
Figure 14 — Relation between apparent contact angle and capillary number, when p = 1, 0 = 20, A = 0.01

Conclusion

A moving contact line can be found in many different situations; some cases in which it
plays a central role are the spreading of adhesives, the flowing of lubricants into inaccessible
locations, the coating of solid surfaces with a thin uniform layer of liquid, the displacement of
oil by water through a porous medium, etc. In most cases it is necessary to calculate the steady
state contact angle, to find the capillary pressure (24) or at least find the relation between
steady state contact angle and other parameters (surface tension, viscosity etc.). In this
article the relation between steady state contact angle and capillary number is numerically
investigated, and this relation is reasonably good matched with [§].
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Programed motion of the magnetized spacecraft

This paper focuses on the problem of creation of control of the rotational motion of the magnetized
dynamically symmetric Earth’s satellite in a polar circular orbit plane in the geomagnetic field.
It is assumed that the permanent magnetic moment of the satellite is directed along the axis
of its dynamic symmetry. The rotational motion of the satellite is caused by interaction of the
magnetic moment of the satellite and the Earth’s magnetic field, which is modeled by the direct
dipole. Influence of gravitational moment is not considered. The objective of the control system
is to implement the required programed motion. The satellite’s rotation around its own axis is
selected as the programed motion (in this case the angle deviation of the axis should be constant).
Equations of programed motion of the magnetized satellite in the semi-combined coordinate system
are derived. The control moments that ensure the specified programed motion are obtained. The
solutions of the motion equations of the control system are found by Runge-Kutta method using
the mathematical package Maple. According to the results the graphs of change of the kinematic
parameters of the motion are obtained with and without control moments which demonstrate
uncontrolled motion of the satellite. It is shown that the programed motion can be implemented
by selection of the values of the deviation angle and the angular velocity, even when there is an
asymptotic instability of Lyapunov’s programmed motion.

Key words: magnetized satellite, geomagnetic field, control moment, program motion.

Kumcoaesa K.C., CacmaeBa A.Jl.
ITporpaMmMHOe ABU>KEHNE HAMATHUYEHHOTO KOCMHUYECKOrO ammnapara

B manHOl pabore paccMaTpuBaeTcs 3ajlada MOCTPOEHUs] YIIPABJIECHUS BPAIATEIbHBIM JIBUKEHIEM
HAMATHUIEHHOTO IMHAMUYECKN CHMMETPUYHOTO CILy THUKA 3€MJIH 110 TOJISIPHOM ILIOCKOI KPYTOBOIA
opbure B reomaruuTHOM moJie. [Ipenmosaraercs, 9T0 MOCTOSTHHBI MATHATHBIA MOMEHT CITyTHHUKA
HaIpaBJIeH II0 OCH €ro JMHAMUYECKOil cumMeTpuu. BpamarebHoe IBUKEHNE CIIyTHHKA O0YCJIOB-
JIEHO B3aUMOJIEiICTBHEM MAIHUTHOI'O MOMEHTa, CIIyTHUKA W MarHUTHOIO IT0JIsl 3eMJIU, KOTOPOEe MO-
JIeJIUPYETCs MPSMBIM JUIOJeM. BinsiHre IpaBUTAIIMOHHOIO MOMEHTA HE YUUTBIBAETCs. Jajadeit
CHCTEMBI YIIPABJIEHUS SABJISETCS peajn3alius TpedyeMoro mporpaMMHOrO JIBUXKEHHUs. B KadecTBe
IIPOTPAMMHOTO JIBM2KEHHUsI BBIOPAHO BPAINEHUE CIIyTHUKA BOKPYT COOCTBEHHOI OCH C ITOCTOSIHHOM
VIVIOBOIl CKOPOCTBIO, IIPH ITOM YIOJI OTKJIOHEHUS OCH JOJIKEH OBITh IOCTOAHHBIM. llocTpoenst
YPaBHEHUS IIPOTPAMMHOIO JIBUKEHUST HAMATHUYEHHOT'O CIIyTHUKA B TOJIyCBA3aHHOU CUCTEME KOOP-
guHAT. [losydeHbl ynpaB/Isgioniue MOMEHTDI, 00eCIIeTNBAIONINe 33J]AHHOE ITPOTPAMMHOE JIBUYKCHUE.
C nmomorpio MaTemaTudeckoro nakera Maple meromom Pynre-Kyrra Haiinensr periennst ypaBHe-
HUW JBUXKEHUS yIpaBisemoi cucrembl. [lo pesysbraram pereHuil moaydeHsl rpadukn n3MeHe-
HHUs KUHEMAaTUYeCKUX [1apaMeTPOB JBUKEHHUS C YIPaBJ/IAIOIMMUMUA MOMEHTAMHU U B CjIydae OTCYyT-
CTBUS YIIPABJIAIONIAX MOMEHTOB, KOTOPbIE JIeMOHCTPUPYIOT HEKOHTPOJIUPYEMbIE JIBUXKEHUs CILyT-
nuka. [lokazano, 9To 1mog60poM 3HaUEHUT yI/1a OTKJIOHEHUS OCH U YTJIOBON CKOPOCTU MOYKHO pea-
JIM30BATH IIPOT'PAMMHBIE JIBUXKEHUS JIaKe IIPU aCUMIITOTUYECKON HEYCTONYMBOCTH IIPOrPAMMHOIO
JBUKeHud 110 JIamyHoBY.

KurouyeBbie ciioBa: HAMAarHMYEeHHBIN CITyTHUK, T€OMATHUTHOE TIOJIE, YIIPABJISIONIINIT MOMEHT, IIPO-
rpaMMHOE JIBU2KEHHe.
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2Kruisicoaesa K.C., Cacnaesa O./1.
MaruurTe/reH FaphIllThIK, allllapaTThIH 6araapiiaMaliblK, KO3FAJIbICHI

MakaJiajia TEOMATHUTTIK ©picTeri JUHAMHUKAJBIK CUMMEDPUSIbI, MArHUTTEITEH FAPBIIMITHIK, alllla-
PATTBHIH TTOJISIPJIBI YKa3bIK, OpOUTAIArhl affHaIMAa bl KOSFAJIBICEIH OacKapyabl Kypy ecebi KapacThl-
poutran. CepiKTiH TYpaKThl MATHUTTIK MOMEHT] JHHAMHUKAJIBIK, CUMMETPHsST OCIMEH GArBITTAJIFAH.
CepikTiH aiffHaJIMaJjbl KO3FAJIbICHl CEPIKTIH MarHUTTIK MOMEHTI MEH Typa JUIIOJbMEH MOJEJIIe-
Herin 2KepiH MarHuTTiK ©piciHiH e3apa opekeTiMeHn Oepiyesi. I'paBuTanusijibIK MOMEHTTIH ocepi
eckepinmereHn. backapy »kyiiecinin ecebi - KaxkeTTi OarIap/iaMaiblK KO3FAJIBIC OOJIBIIT TaOBLIA b
BarmapmamMabIK KO3FAJIBIC PETIHAE CEPiKTiH 63 oci OOMbBIHIa TYPAKTHI OYPBIMITHIK, >KbLIIAMIbIK-
[IeH afiHAJIATBhIH KO3FaJIbIChl aJibIHFaH. ATajraH »Kargaiijga eCcTeH aybITKY OYpBIIIbl TYPAKThl 00-
JIBITT KaJ1a16l. MaruuTTe/reH cepikTiH KO3FaJbIC TeHJIEYi *KapThliail OeKIiTIIreH caHak, XKyiiecinme
KypbLIIbl. Bepinren 6armap/iaMablk KO3FAJIBICTBI KAHAFATTAHIBIPATHIH OacKapy MOMEHTTEpPI Ta-
ObLIIBL. BackapbuiaThiH KyiieHIH Ko3raabic TeHeyiHiH memnrimi Maple MareMaTukaJibK makeTiHae
Pynre-Kyrra omicimen mbrapbuiasl. [Hlemrivuin HoTHXKeci OOUBIHINIA KO3FAJIBICTHIH, KHHEMATHKA~
JIBIK, ITapaMeTpJiepJiepinin rpaduKTepi ajablHbII, KEJECiaeil KOPhITBIHII KACAIBIHILL: OACKAPY MO-
MEHTTEP] eCKepiIMereH Ke3ze CEePiKTiH, KO3FaJIbIChl 0ACKAPBLIMANTHIHIBIFEl aHBIKTAJLIbI. AcuMTO-
TUKAJIBIK, OPHBIKCHI3/IBIK, KE3iH/Ie OCTIH aybITKY OYPBIIIbI MEH OYPBINTHIK, YKbLIIAM/IBIKTHIH MOHIH
TaHJal ay OapbICHIHIA OAFIaPIaMAaJIbIK, KO3FAJIBICTBI YKY3€ere achIpyra 60JIaThIHIBIFHI KOPCETLII.
Tvyiiin ce3aep: MarHUTTEJNE€H CEPIK, TEOMATHATTIK ©pic, DaCKapyIIhl MOMEHT, OarIap/IaMaJIbIK,
KOBFaJIBIC.

1 Introduction

Today, the interest in problem of rotational motion control of magnetized satellites has
risen due to the practical needs of progressing technology of space flights and systems of
magnetic stabilizing [1-2]. Especially, it concerns targets of orientation and stabilization of
the magnetized artificial satellites of Earth in the geomagnetic field. Non-uniform rotation
of the vector of geomagnetic field strength in inertial space and variation in its magnitude
during the motion of the satellite’s center of mass along an orbit does not allow providing
exact orientation of a longitudinal axis of the satellite along this vector. In addition, the
presence of forcing oscillations of the satellite relative to the local vector of geomagnetic field
strength causes danger of onset of resonances between a basic frequency of the satellite and
a frequency of the forcing moment. Therefore, there is a question to reduce the amplitude
of forcing oscillations of the satellite by selection of control input. The physical meaning of
control input can be of different nature: it can be directly the control forces and moments
or control signals that are supplied to these mechanisms when their functioning is needed
to take into account. This paper deals with the problem of forming the control moments
through rotational motion of dynamically symmetric Earth satellite that has permanent
magnetic moment directed along the axis of its dynamic symmetry. The magnetized satellite
moves on a flat circular polar orbit in the geomagnetic field simulated by the dipole, which
is antiparallel to the Earth spin axis. The orbits will be assumed to be independent of the
satellite motion regarding their own center of mass.

2 Equations of motion

Hereafter, we consider the rotational motion of magnetized dynamically symmetric Earth
satellite moving on a flat circular polar orbit in the geomagnetic field. It is expected that
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Table 1. The table of direction cosines

- T3 Y2 22
x cos Y sin ) 0
y | —sinycosf | cosycosf | sinf
z | sinysin® | —cosysing | cosf

the rotational motion of satellite is caused by interaction between the satellite’s magnetic
moment and the Earth magnetic field, which is simulated by the direct dipole. The effect of
the gravitational torque is not taken into account. Derivation of equations of satellite motion
will be carried out relative to the system of x5ys29 axes with the origin at its center of mass G,
parallel regarding the geocentric reference frame (Fig.1). The permanent magnetic moment of
satellite is directed along the axis of its dynamic symmetry. We will choose the semi-related
right system of Rezal axes in the satellite body:zaxis is directed on a symmetry axis; then x
and y axes will lie in the equatorial plane, and the x axis will be directed perpendicularly to
the 2Gz5 plane so that looking through its end it will be seen the turn from the 2z, axis to z
anticlockwise on the fangle. An angle between the xo and axes is defined via ¢ [3|. Mutual
position of introduced reference frames can be determined by the table of direction cosines
(Table 1). By means of projection of the vector of magnetic strength H onto the x and y
axes this yields:

H, = H/ cos 1) + Hy/ sin 1 H, = —H/sincosf + Hy/ cos ) cos + H/ sin 6,
Then the magnetic torque is defined as follows:
M=IxH

and for the projections of the magnetic torque onto the satellite axes we have:

M, =— I]’;; (1.5 sin i sin 2u sin v cos § + [sinv — 3sini cos(v — 1) sin? u]cosf+

+[cosv + 3sinisin(v — 1)sinu] sin §)
M, = %‘; (—1.5sin4sin 2ucos v + (sinv — 3sini cos(v — 1) sin® u) sin v)
M,=0

(1)

where [ is the magnetic moment of the satellite.
Projection of the satellite’s resulting angular velocity & onto the Rezal axes has the form:

Wy zé,wy = sin b, w, :z/}cose—i—gb

where ¢ is the angular velocity of satellite rotation with respect to xyz reference frames.
Hence, the equations of satellite motion regarding the center of mass will be written as
follows [4]:

A@;— A% sin 0 cosf + Cri sin 6 = M,
A sind + 2A¢9f cosf — Crf = M, (2)
r=Tp

These equations do not depend on ¢, i.e., the angle at which the satellite turned around its

axis. Then the projection of angular velocity onto the axis of symmetry r is permanent, and
the 6 and 1 angles are defined from the first two equations (Eq. 2).
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Figure 1 - The coordinate system

3 Building the programm motion

In this work as the program motion we will understand a task of determination of the active
forces and moments applied to the spacecraft at which the motion with the given properties
is one of its possible motions. The task of definition of the control vector, which provides the
program of motion, leads to the solution of the linear equation relative to the control vector.
The obtained common solution allows defining the sought differential equations for which
using numerical methods of solution is possible to derive the methods of solution of non-
linear equations system. Now, let us pass to consideration of building the program control
for the prescribed motions of the satellite described in this paper. As a program motion we
will choose the satellite’s rotation around its axis with permanent angular velocity 1/.11, = ko,
by the same time saving the constant magnitude of angle of the axis deviation 6, = k;, then
we have:

0, = ki

3
Sy ®)
In order to realize this prescribed motion (Eq. 3) we will add the control moments M; and

M, to the right side of equations of the motion of satellite (Eq. 2), and, when the polarity of

the satellite : = 7, v = 7 is taken into account, we will get:

Ab — A2 sinf cos 0 + Cripsin 0 =

= I“P(l551n2us1n¢(308(9+(1—3sm u) cos i cos B) + M,
Asin @ + 2410 cos§ — Cr =

I“e( 1.5sin2ucos ) + (1 — 3sin®u) sin ) + My

(4)

To find these control moments, which are program control, we will substitute the values
0, = ki and 1, = kot relative to prescribed motion. Then, for defining of control moments
we obtain the following expressions:

M, = Ak2sin ky cos ki + Crky sin ky+
+% Lite (1.5 sin 2u sin kot cos ky + (1 — 3sin? u) cos kot cos k1) (5)
Mg I“E( 1.58in 2u cos kot + (1 — 3sin® u) sin kot)
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In consideration of Eq. 5 the equations of motion of control system will assume the form:

Al — A? sinf cos 0 + Cripsin § =
= —%(1.5 sin 2u sin 1 cos 6 + (1 — 3sin® u) cos 1 cos ) + Ak32 sin k; cos ky + Crky sin ky+
+§§‘§ (1.5sin 2u sin kyt cos ki + (1 — 3sin’u) cos kat cos k1)
Ay sinf + 2AY0 cos — Cr =
= Iﬁ; (—1.5sin2ucos ) + (1 — 3sin?u) sin ) — —%(—1.5 sin 2u cos kot 4 (1 — 3sin® u) sin kyt)
(6)
Note that investigated program motion (Eq. 3) is a solution of this system of equations by

the choice of control moments M; and M,. Let’s resolve these equations regarding the second
derivatives:

0 = Y2 sin 6 cos 0 + k2 sin ky cos ki + Cr(kysink, — sin 0+

+€’{§ (1.5 sin 2u(sin kot cos k1 — sin 1) cos @) + (1 — 3sin® u)(cos kat cos ki) — cos 1) cos 6)

Y = 246 coth 6 + Acsffe + e (—1.5sin 2u(cos 1 — cos kat) + (1 — 3sin® u)(sin ) — sin kyt)
(7)

vf « WL J P * -3
iy 1_,"1}:.\'%' haur I'f by L;Tﬁr‘-' by ._w"'.‘
| I
24 4

Figure 2 -Solution of the equations of motion without control

4 The solution of the motion equations

The motion equations of control system are obtained by the Runge - Kutta method using a
mathematical package Maple. Solutions of equations of non-control motion show uncontrolled
motion of the satellite. The primary program motion is a solution of the received system,
however, it will be one of possible for physical realization only in case of its asymptotic
stability by Lyapunov. If the decision is asymptotically unstable by Lyapunov, then the
possibility of unlimited growth of deviations of magnitudes from their preset values actually
means that the system makes the uncontrollable motions (see Fig. 2). Similar results were
obtained in [7-9].Here are following descriptions in the Figures 2, 3: 1 - 9(¢) (precession
angle), 2 - 0(t) (nutation angle), 3 - ¢(t), 4- p(t) (the projections of satellite’s angular velocity
onto the equatorial principal axes of inertia of the satellite).
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Figure 3 -Solution of the equations of motion with control

The figure 2 represents the graphs of the variation of precession angle, nutation angle and

the projections of satellite’s angular velocity onto the equatorial principal axes of inertia of

the satellite in case of absence of control moments that demonstrate the non-control motion

of satellite. Similarly, the figure 3 shows the graphs with presence of control moments, which

provide prescribed motion, also are possible for realization. The results point out that through
27

selection of values ky = 5% and ky = 0.5 it is possible to realize the program motion even at

an asymptotic instability by Lyapunov.

5 Conclusion

The equations of control motion of magnetized satellite that moves on a flat circular polar
orbit in the geomagnetic field simulated by the dipole, are constructed in this paper. The
control moments that provide prescribed motion are obtained for chosen program motion. The
solution of motion equations of control system is obtained by the Runge - Kutta method using
a mathematical package Maple. Also we received the graphs of the variation of precession
angle, nutation angle and the projections of satellite’s angular velocity onto the equatorial
principal axes of inertia of the satellite in case of absence of control moments that demonstrate
the non-control motion of satellite. It is shown that through selection of values k; and k5 it is
possible to realize the program motion even at an asymptotic instability by Lyapunov. This
work was partially supported by the grant of the Committee of Science of the Ministry of
Education and Science of the Republic of Kazakhstan (project 0091/GF4 MON RK)
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Pazpaborka ycjioBuii IJIACTUYHOCTH JIJII TPYHTOB aHU30TPOMHOTO CTPOEHUS

B crarpe paccmarpuBaeTcs BOmpPOC pPa3pabOTKH HOBBIX OOOOIMEHHBIX YCJIOBUM ILIACTAYHO-
cru  (IPOYHOCTH) HPUMEHUTEJNHHO K TIPYHTAM AHU30TPOIHOIO, B YAaCTHOCTH Jisi TDYHTOB
TPAHCBEPCATBHO-U30TPOIHOTO (TPAHCTPOIHOIO) cTpoenust. [IpeiaraeTcst BRIBECTH TaKUe YCJIOBHSI
00600ITeHNsT U3BECTHBIX ycsioBuu IacrudHoctu Kysnona - Mopa 7. = C' + o, tan ¢, 115 1ByX Ha-
[IPABJIEHUN: BJIOJIb CJIOEB || 1 B KPECT CJIOSIM, TO €CThb JIJIsi HAIIPABJIEHUH L K CJIOSIM, OTHOCHTEJILHO
ILUIOCKOCTU M30TPONUU JjIsi TPYHTOB, KOTOPBIE MMEIOT TPAHCTPOITHOE CTPOEHNE, CUCTEMATH3UPO-
panHoe Buepsblie A.K. Byrposeim n A. 1. Tony6eBbiM. ABTOPBI aHAJIM3UPYIOT TAKYKE BOZMOKHOCTH
0600ITIEeHNsT yCIIOBUi MIIACTUIHOCTH (IPOYHOCTH) 110 IVIABHBIM HAIPSKEHUSIM 0] U 02, & TAKXKe M0
3HAYEHUSIM KPUTUYECKUX [JIABHBIX HAIPSI)KEHUI 01, U 09, PEJIOXKEHHOE U Pa3BUTOE B CBOE Bpe-
Ml Jjist TpyHTOB u3orpornuoro crpoenust H.A. Ilprrosuyem nu H.C. BynbrdaeBsiM, ciieyto moaxony
B.Butke, KOTOPBIil IPEIJIOKIU TAKOTO KPUTEPUsT IPUMEHUTEIHHO K TOPHBIM IIOPOIAM OPTOTPOTI-
HOrO cTpoenus. [IpuBeneHneM SKCIIEPUMEHTATBHBIX JAHHBIX O (PU3UKO-MEXaHUIECKUAX U TPOIHOCT-
HBIX CBONCTBaX IPYHTOB aHU30TPOITHOTO CTPOEHUS U Ha 0a3e MpeJIoXKEeHHBIX HOBBIX O0OOIIEHHBIX
YCJIOBHIA JIEJIA€TCs BBIBOJ O TOM, YTO MOXKHO OIIPEJIEJINThH 30HBI ILJIACTUYHOCTH I'PYHTA TPAHCTPOII-
HOT'O CTPOEHUSI.

KimioueBbie ciioBa: aHM30TPONNUS, IPYHT, INIACTHIHOCTD, IIJIOCKOCTh U30TPOINHN, yIOJ HAKJIOHA,
KacaTeJIbHbIE HAITPSIXKEHUST .

Baimakhan A.R., Abdiakhmetova Z.M., Seynasinova A.A., Baimakhan R.B.
Development of plasticity conditions for isotropic structure of the soil

The article discusses the development of new generalized condition of plasticity (strength) with
respect to ground anisotropic, in particular for the transversely isotropic soils (transtropic)
structure. It is proposed to bring these terms generalize the known condition of plasticity Coulone
- Mohr 7. = C' + o, tan g, for two directions: along and across the strike of layers || layers, i.e.
for 1 direction to the layers with respect to the plane of isotropy for soils that have transtropic
structure systematized for the first time A.K. Bugrov and A.I. Golubev. The authors also analyze
the possibility of generalization of the plasticity conditions (strength) on the main stress and o
and o9, as well as the critical values of the principal stresses o1, and o5, proposed and developed in
time for the isotropic structure of soil N.A.Tsytovich and N.S.Bulychev, the following approaches
V.Vitke who suggested such criteria as applied to rocks orthotropic structure. These experimental
data on the physical-mechanical and strength properties of the anisotropic structure of the soil and
on the basis of the proposed new generalized conditions concludes that it is possible to determine
the area of soil plasticity transtropic structure.

Key words: anisotropy, soil plasticity and isotropic plane, the angle of inclination, shear stresses.

Baiimaxan A.P., A6auaxmerosa 3.M., Ceitnacunosa A.A., Baiimaxan P.B.
AHu30TpONTHI KYPBUIBIMLI TPYHT YINiH UiJTIINTIK IIapTTapbiH OHIEY

MakaJia/ia, aHU30TPOIIThI, HAKTBIJIAH KEeJTEH/Ie TPAHCTPOITHI KYPBIIBIM/IBI IPYHTTAPFa KATHICTHI
6OJIATHIH ULIMIITIKTIH, (MBIKTBLIBIK) YKaHA YKAJIIBI IAPTTAPLIH OHJEY MOCeJIeIepl KApaCThIPhLIa-

TTBI.
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Kynou-Mopawiy, 7. = C + 0, tan ¢ wiarimrik maprTapblHbIH TPAHCTPONTHI KYPBLIBIMBL 6ap 60-
JIATBIH TPYHTTAD VIIH KAJIIBLIAY MIAPTTAPBIH U30TPOIUs YKA3BIKTHIFBIHA, KATHICTHI €Ki OaFrbIT-
Ta EHri3y YCHIHBLIAIbI: I'PYHTTAP/IBIH U30TPOIUs YKA3BIKTHIFBIHA KATHICTHI OOJIATHIH AJIFAIl PET
A .K.Byrpos xkoue A.l1.Tony6eBrep Kyiiesered TpaHCTPOITHI KYPBLILIMbBI Oap KabaTTap 6oiibiMeH
|| >xoHe KabaTTapra nepneHauKyIsip L GarbrTa. ABTOpJAp 6acThl KEPpHEYJIED 01 YKOHE 03, COHBIMEH
KaTap Ke3iHje M30TPOITHl KYPBLILIMBL Oap rpyurrap yimia B.Burke omici 6oiibrama H.A. Ilprro-
Bud koHe H.C. BysibraeBrap yCbIHBIN, 3epTTereH 0ACTBI KEPHEYJIEPiH, KPUTUKAJIBIK MOHAEPL 01,
2KOHE 09, OOMBIHINA MUINMITIKTIH MapTTapbIH YKAJIIBLIAY MYMKIHIIKTEPIH Tagaiasl. AHU30TPOI-
THI KYPBUIBIMBL 0ap I'PYHTTAP/IBIH MBIKTBLIBIK KoHEe (PU3NKA-MaTEMATUKAJIBIK, KACUETTEP] TypaJIb
TOXKIPUOETIK MOJIMETTEP KeJITipe OTBIPHIIN, YKOHE YCHIHBLIBIIT OTHIPFaH YKAaHA YKAJIIbLIaMa Map-
TTAp HEri3iHJjle TPaHCTPONTHI KYPBLIBIMBI 0ap IPYHTTAPIBIH, UUITIINTIK aiiMaKTapblH aHBIKTAYFa
60J1a/IBI JIeTeH KOPBITHIHIIBI 2KACATIIIbI.

Tyitin ce3mep: anuzoTponus, TPYHT, ULITIMITIK, H30TPOINS KABBIKTHIFBI, KOJIOEY OYPBIIIbI, 2Ka-
HaMa KepHeyJIep.

1 Bsenenue

Bazkueffrmmm BOIIpocoM MeXaHUKHU 'PYHTOB SIBJISIETCS] T€OPHUs MPOIHOCTH I'PYHTOB, KOTOpAs
OblTa OTHOM U3 ITEPBBIX MHKEHEPHBIX TEOPUI, HAIIE/IIINX [ITIpoYaiiliiee IpuMeHEHNe Ha, IIPaK-
THKe. B HacToOsIIIee BpeMsi BOIIPOCAM ITPOYHOCTH HOCBSIIEHO OIPOMHOE UUC/IO0 OTAEIbHBIX Pa-
00T, U3JI0KEHNE U aHAJIN3 KOTOPBIX MMOTpeboBanm ObI MHONOTOMHOTO Tpyda. He ctaps mepes
coboit Takoil 3ajilauu, B paboTe OrPaHUYUINCh PACCMOTPEHHEM JIMIh BayKHEHIINX I10JI02Ke-
HUN TEOpUU NPOYHOCTUA I'PYHTOB U UX NPWJIOXKEHUI K pacyeTy IIPOYHOCTU B CBETE HOBEHITINX
JTAHHBIX MEXaHUKHU IPYHTOB.

2 IlocranoBka 3ajjaum

B reomexaHuke M3BECTHO, YTO KJIACCUYIECKOE YCJoBUE IjacTudHocTH (npounoctu) Kysona —
Mopa Jiyis1 H30TPOIHBIX MaTepuaJoB 3amuiiercs Tak |1, [2]

T. = C + o, tan p, (1)

rjie T. - KacaTeJbHble HAIPSAYKEeHWs Ha ILIONaJKax ckosbxkenus; C - cremtenue, Mna; o,
- HOpMaJIbHble HAIPSKEHUdA Ha IJIONIQJIKAX CKOJIbXKEHUS; ¢ - YIroJl BHYTPEHHEro TPEHWUs.
Ye1oBre IACTHIHOCTH (IPOYHOCTH) B TIABHBIX HAIDSZKEHUX (03 - HE OKA3bIBAET BJIMHUE
Ha TIPOYHOCTH) OIPEJIENSIETCs ¢ MOMOIIBIO:

Ole = Omaze = Oc T 60-20 (2)

rie [-napaMerp o0beMHO# IIPOTHOCTH:

_ L+sing
1 —sing’

B (3)

Ycs10BHIO TPEJIETBHOIO PABHOBECHS JIJIT HECBSI3HBIX CHIITYYNX I'PYHTOB MOYKHO OIIPEJIE/INTD
C TIOMOIIIBIO yTJIa BHYTPEHHEro TpeHus |1]:
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Oc1 — O0¢2

= sin ¢, 4
Ucl+ac2 4 ( )

TJIE 0. U Ogo - IPEJIE/IbHBIE TJIaBHbIE HalpsizKeHus. Hec/IoXKHBIMU TPUTOHOMETPUIECKUMHU
IpeoOPAa30BAHUSIMHU MOXKHO TTOJIYIUTH

09¢c = go_lm (5>
rie
1 1+singp
f=- =127 (6)
15} 1 —singp

W u3 Beipaxkenuit (5) ¢ moMomnpio (3) MOXKHO IIOJIYIUTH

O1c = 5020- <7>

Bripakenuto (5) ¢ yuerom (6) MOKHO IIPEJICTABUTE B BH/IE

op) '
— =tan?(45° + I). (8)
01 2
STO BbIpazK€CHHNE HINUPOKO MCIOJIb3YETCA B TE€OPUU HdaBJICHUA TI'DYHTOB Ha OI'DazKICHULA.
BHaK MI/IHyC B CKO6KaX COOTBeTCTByeT aKTI/IBHOMy JaBJICHUIO, a 3HaK IIJIIOC — HaCCI/IBHOMy
COIIPOTUBJIEHUIO CBIITYy4YUX I'PDYHTOB. Tenepb 3allyieM yCJIOBUIO IIPpEeJE/IbHOI'O PaBHOBECHUA AJId

CBA3SHLIX I'DYHTOB

01— 02

= sin g, 9
o1+ 09 +cctgp 7 )
OTKY/1&
o1 — 09 :2sin¢(¥+cctggo). (10)
VITH
o1 :ag+281n¢(¥+cc’cgg@). (11)

Omupenensiembie BbipazkenusiMu (1), (11) u mupoKo HTpuUMeHsieMble Ha CErOjHs YCJIOBHsI
IUIACTUYHOCTHU JIJIsl TPYHTOB OCTaeTCsd CIPaBeJINBON /Il T'PYHTOB TOJIBKO B paMKax W30-
TPOITHOrO cTpoeHnsd. Kak n3BecTHO B MPUPO/I€ TPYHTHI U TOPHBIE TTOPOJIbI YaCTO UMEIOT aHU-
zorpornubie crpoenns. Cio/ia BXOIAT TrOPU30HTAIbHBIC 1 HAKJIOHHBIE CJIOUCTOCTH, HEOIHOPO/I-
Hble CTPOEHNU, CJIOKHBII COCTaB CKeJleTa IPYHTA, Ky/la BXOAAT I'PYHTHI PA3JINYHONI MOIITHOCTH
U Pa3JIMIHOIO COCTABA.
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3 Or[peg:[e.neHI/Ie yCJIOBUHU IIJIACTUYIHOCTHU AJId ABYX HalIpaBJICHUU

[TosTOoMy BO3HHKAET BOIPOC O HEOOXOJAMMOCTHU OOOOIIUTL 9T KPUTEPUH K I'PyHTAM aHU30-
TponHOro crpoenus. Ho B aHM30TPOINHBIX I'PYHTAX IJIACTUYHOCTH MOXKET DPa3BUBATHLCH I10
KpaifHeit Mepe B JIByX HalpaBjeHUsX. VIMu gBISIOTCS HAlpaB/ieHUs! BIOJIb IIJIOCKOCTH U30-
tporun (||) u mampasrenuss B kpect Kk meit (L) . Tax xak ymnpyrue csoiicrsa (E; u Es)
AHU30TPOITHBIX MaTEPUAJIOB OTHOCUTEIBHO ILJIOCKOCTH U30TPOINN Pa3THIHbIE, KOMIOHEHTBI
HAIPsIZKeHWI Toyke OyayT pasHbiMu. [losToMmy 3ammimieM yc/IOBHIO MIACTHYHOCTH JIJIsT STUX
JIByX Hanpas/enuii. Takas wjes, umeercst B pabore [3| OTHOCUTEIHLHO BOIPOCOB TOPHOI TIO-
poJbl. Ho Takoii 11o/1X0/1 KOHEUHO, CIIpaBe/IuB U jijid rpyHTOB [4]. U Tak usBecTHOE yCI0BUE
wiactuanoctu Kysona - Mopa Tenepb Oy/ieT BBITVISIETD Tak:

Tie = C) + oyn tan ¢, (12)

TJ_C:OJ_—f—UJ_ntaHgOJ_, (13)

IJI€ Tjj¢, T1c - KacaTeIbHbIe HAIPsKEHUs Ha IUIOMa/Kax ckosbxkenns; C), C' | -crenienmus,

Muna; 0|, 0 1 ,-HOPMAJIbHBIE HAIIPSYKEHU Ha, IJIONIA/IKAX CKOJIbKEHNA B HAIIpaBIeHnaX || 1 L
K IIJIOCKOCTH M30TPOIHHI OIIPEJIEJISIOTCH U3 SKCIIEPUMEHTa WM CHUMAaeTCs u3 Kpyros Mopa;
©|, @1 - YIIBI BHYTDCHHUX TPEHMUIA.
J17151 HAKJTOHHOCIOMCTBIX aHU30TPOITHBIX MATEPUAJIOB YIJIOB HAKJIOHOB IIJIOCKOCTEH H30TPOIIN
OTHOCHTEJILHO TOPU30HTAIBHON OCH JIeKapTOBOil cucreMbl KoopanHar x0z 0603HATNM depes
. Culestyer cKa3arb, 9TO YIVIBI ¢ U  HMEIOT COBEDIIEHHO PA3HbIe CMBICJBI U HE CBI3aHBI
JPYT € JAPYTOM. YCJOBHIO IUIACTUYHOCTH (Ipejiesia IPOYHOCTH) Ha OJHOOCHOE CZKATHE JIJIs
U30TPOITHOI cpejibl umeer BujL /2/:

2C' cos
o= P (14)
1 —sing
Pacupocrpanum 310 ycoBue Jijisi TPYHTOB aHU30TPOIIHOIO CTPOEHU:
2C) cos
Ol = M (15)
— S QDH
2C'; cos |
Ole=——"—"—, (16)
1—sinp;
B ryiaBHBIX HAIPSIKEHUAX YCJIOBHE IJIACTUIHOCTH (MIPOYHOCTH) OyIeT MMeTh BUJI
O1)lc = Omaz|lc = O|lc + 6”0-2”07 (17)
Olle = Omazle = Olc+ 5L0-2Lca (18)
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rje napaMerpbl 00beMHOI HpodHocTu (3|, £ -BRIYUCIAIOTCA TaKKe OTJIEIbHO JIJIf 9TUX
JABYX HallpaBJICHUI:

1 4+ sin
B =l (19)
1 —singj
1 4+ sin
g, =TT oOL (20)
—sinp,

AH&JIOI‘I/I‘{HO, ycioBud IIpeae/JIbHOI'O paBHOBECHA JId HECBASHBIX CBIIIYYUX I'DYHTOB 6y,H‘eT
NMETDb BU

Oc1|| — Oc2|| .
———— =sinyy, 21
Ga 0o I (21)

Oc1l — 021

=siny,. 22
Ol T 021 oL (22)

B 9THX BBIPAsKCHUSX 01 | U O cg||-ABIIAIOTCH IPEJICBHBIMY IVIABHBIMHI HaIlPszKeHUAMU. Tax-
JKe 3ammireM 1 Bulpazkenuio (18) B Bue

T2l = &|01c))» (23)

02¢1 = éLo-ch- (24>
B CBOIO 04epe/Ib:

1 1 —sinyj

I T—singp;

gL:B_L— 1+sinp;

(26)

[Ipoussesg cieyromue omeparyu u3 Boipazkenuii (23), (24) ¢ momomntso (19) u (20) mo-
Jy9UM

T1| = B)|02||» (27)

O1lcl = BLO-QCL- (28>
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Teneps Boipazkenuio (23) u (24) ¢ yueramu (25) u (26) OTHOCHTEIBHO IJIOCKOCTH U30TPO-
MU TPAHCTPOITHO CPEJIbI, IPEJICTABUM B BUJIE

T2 _ tan?(45° £ 2y, (29)
a10|| 2
T20L _ tan2(45° + 7L). (30)
optent 2

OTH yCI0BUS /It ©30TPOIIHOI cpeabl B popme (21) mpuMeHseTcs B TeOPUH JaBJICHHsI TPYHTOB
Ha OrpazkieHnsi. 3Haku B Beipaxkenusx (29) u (30) Munyc B CKOOKaX COOTBETCTBYET AKTHBHBIM
JABJICHUAM ¥ IITIIOC — [HACCHBHBIM COIPOTHB/ICHHUSIM CBIILyYUX IPYHTOB.

Ha noanophyto crenky, nasienus o (29) 6y/aer geficTBOBATE JHOO TEePIEH UKYIISIPHO, JTHOO
IO/, YIVIOM, B 3aBUCHMOCTH OT HAKJIOHOB CJIOEB ILIOCKOCTEHl M30TPOINE I'DYHTOB HAKJIOHHO
cioucroro crpoenus. lasienns mo Boipaxkenuio (30) JeHCTBYeT B KPeCT CJIOSM H30TPOIHIL.
[To9TOMYy OTHOCHTEJILHO CTEHKH, OHH OyJyT JefiCTBOBATH IIAPAJUIEJBHO K CTEHKE B TOYKAX
CIIEIUIEHNUST, TO €CTh Ha HOTPAHUIHOM CJIOE.

[Ipomo/mKuM Takyto pa3pabOTKy - YCIOBHIO IPECIBHBIX PABHOBECHUIT /IS CBA3HBIX IPYHTOB:

g1c| — 020 .
= sin gy. 31
o1c) + o2c) + Cjctgy) ! 3D)
01cL — 0201 — sin ™ (32)

o101l + 001 + Clictgpr

[Ipeobpazys mnpejcTaBuM UX B BHJIC

. 01| + 02

o) — o) = 2sin gy (2 + ¢y ctg 7). (33)
. o1l t+o

O—]_J__O—QJ_ZQSIH@L<%+ClCtg@L). (34)

JlaHHbBIE O 3HAYEHHAX (PUIMKO-MEXaHHMYECKUX U IIPOYHOCTHBLIX CBOIICTB I'PYHTOB aHHU30-
TPOIHOTO (TPAHCTPOIHOTO) CTPOEHUST HEMHOIOUUCIEHHBIE.
B pabore [4] umeercst Takue JaHHBIE JJisi HEKOTOPHIX BUjIOB TpyHTOB. CobpaHHble U3 pas-
HBIX Pa3/IeJIOB 3TON PabOThl Takhe IKCIEePUMEHTAIbHbIEe JaHHble (0ObEeMHBINH BEC, mapamerp
IPOYHOCTH, MOJLY/Ib YIPYIOCTH, MO/YJIb caBura, Koadgdunuent Ilyaccona, cuma clerieHus,
YTOJI BHYTPEHHErO TPEeHWUsl, IPEJIEJI IPOIHOCTH U JIP.) U JIOTIOJHEHHBIE HAMU TEOPETHIECKUMU
BBIYUCIEHUSIMU 110 1Ipe/yiozkeHHbIM opmyaam (15) u (16) sHaveHusi OpeesoB MPOIHOCTH
IPYHTOB, a TakzKe 3Hadenue G|, BBIYUCICHHON I cKaabHOil nopossl 1o Cen-Benamny /4/
IpHUBEIeHBl B Tabsmie 1.
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Ta6HHHa 1- SKCHepI/Il\IeHTaHBHO YCTaHOBJICHHbIC (bI/ISHKO-I\/IGX&HI/I‘IeCKI/Ie, IIPOYIHOCT-

HbIE CBOICTBA U BbIYUCJIEHHBIE TeopeTn4eCKHu, Ipeesbl IPOYHOCTU Ha OJJHOOCHOE C2KaThe HEKOTOPBIX I'PYHTOB.

O6p | Ilapa | Mooy | Momy | Mony | Koad | Koad | Cmna | Cmma | Vrox Yro | Ilpene | llpene
eMH | MeTp i 3 b i Tlyacc | Tlyacc | ciiemnm | CIemn | BHYTp o | ; n
Ne | I'pyHTHI BEC mpo4 YIOPYT | YOPYT | CABMI | OHa OHa €HHe eHHe TpEH BHYT | IIPOYH | IIPOYH
p 0 o
TPEH CTH CTH
v.kH| & Ey, Ey, Gyos vy Vi | G €L oF o! ag| Oc1
Ja® Mua Mma Ma Ma Mia
1 CyrnusHox 17.0 | 0.60 134 264 7.6 0.16 0.24 0.025 0.050 26 26 0.080 0.160
2 Ilecox 17.0 | 043 23.0 16.0 7.0 0.30 0.30 0.005 0.005 27 33 0.016 0.180
3 CYITIHHOK, 20.0 0.48 30.0 15.0 7.6 0.36 0.24 0.030 | 0.060 19 23 0.084 0.197
HACBINIEHH
4 TpyHT 19.0 | 1.00 10.0 20.0 7.4 0.30 0.40 0.080 | 0.120 20 24 0.230 0.370
5 CyYTIHHOK 94 0.65 12.0 8.0 34 0.39 0.35 0.010 0.014 | 20 24 0.029 0.043
6 CyTIHHOK 8.0 0.65 6.0 4.0 1.7 0.39 0.35 0.050 | 0.007 15 18 0.130 0.019
7 CyTIHHOK 92 0.65 9.0 6.0 25 0.39 0.35 0.006 | 0.008 18 22 0.017 0.024
8 Cyrmecs 19.8 0.53 19.6 184 71 0.31 0.30 0.003 0.003 18 21 0.008 0.009
TeKydas
9 CyYTIHHOK 19:9 0.58 398 27.0 10.0 0.36 0.35 0.02 0.02 13 17 0.005 0.054
TYTOILTACTH
9H
10 | Ilecox 21.1 0.25 813 85.0 32.7 0.28 0.30 0.002 0.002 35 37 0.008 0.008
METKHIH
11 | TopHas 25 0.33 3200 1600 1185 0.38 0.32 47 0.25 34 29 116.1 0.849
opofa.
H3BecTHIK
12 | Beron BIT- | 1.65 4941 4941 1930 0.28 0.28 - - - - 2014 0.849
PE (nonu
setp) [5]
ﬂﬂﬂ BbIYUCJ/ICHUA HaI/I6OJIleI/IX TJIaBHBIX HaHpH}KeHI/Iﬁ ux MmpeiacraBuM TEIIEPb B BUJIE:
: o) + 02
o1 :02||—|—QSIIIQOH( ! 5 ! —{—CHCtggOH). (35)
. 011+ o
au:au%—QSmgoL(%%—qctggoL). (36)

ﬂﬂﬂ OIIpeJICJICHHBIX THUIIOB I'PYHTOB €CJIN U3BECTHO 3KCIIEPUMEHTaJIbHOE KPUTUYIECKOE 3Ha-
YeHMe C2KUMAIOMMX TVIaBHBIX HallPAXKeHUil o1 ¥ 011, TO U 0| U O], MOXKHO BbIYUC/IHUTD,
npeobpasyst /i 9Toro Bhipakenuit (33), (34) k BuIy

COS ||
Tll = Sii1ell ~ 2417 o (37)
COS
Ol = &E101cL — QClﬁ' (38)
€L

Boraucisisi IJIaBHbIE HATIPSIAKEHUST Opgp = 01 U Opiy, = O3, HAIIPEMED METOJIOM KOHEUHbBIX
9J1eMeHTOB 110 ajgropurmam pabot (6], [7], [8], [9] manee ¢ momomnsio Beipaxkenuit (15) u (16)
WM CPaBHIBAs UX ¢ KPUTHICCKUMH 3HaUeHUAMH 110 Tabsmie 1 n no BeipaxkennsM (35)-(38)
HETPY/HO HAHTH 30HbBI, KOTOPbIE NEPEXOJAT B IJIACTHIECKOE COCTOSIHUE M HAIPABJICHUIO UX
JasibHeitnero passurus [10-16].
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4 3akJjroyeHue

HpOBe,ZLeHHbIe pacCYd€Thbl 110 SKCIIEpPUMEHTAJIbHBIM JaHHBIM K JIOIIOJIHEHHbBIE HaMU TeOpeTu4e-

CKMe BBIYUCJIEHUS TTO3BOJIAIOT ONPEJIETUTH 30HbI, KOTOPBIE TIEPEXOIAT B IIJIACTUIECKOE COCTO-
sdHUEe W HaIPaBJIEHUIO UX JaJbHeliInero pa3putus. PazpaboTanbl HOBble 000OIIEHHBIE YCJIO-
BUS IUIACTUIHOCTH (IPOYHOCTH) MPUMEHHUTETHHO K IPYHTAM AHU30TPOITHOIO, B YACTHOCTH
JJIsl TPYHTOB TPAHCBEPCAJIbHO-U30TPOITHOTO (TPAHCTPOITHOTO) CTPOeHHUsl. BhIBeIeHbI YCIOBHsI
000011eHns n3BeCTHBIX ycjoBun miactuanoctu Kynona-Mopa 7. = C' + o, tan ¢, ajisg asyx

HallpaBJIECHUU.
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Dynamic calculation of an optimum arrangement of rotary
wind turbines on floors of a compact multystoried wind farm

In view of the deterioration of the ecological situation on the planet Earth and decreasing feedstock
for conventional sources of energy it has recently become urgent creation of non-traditional, non-
polluting and renewable energy sources. Many farms of the Republic of Kazakhstan are interested
in use of autonomous sources of electric energy and, first of all, the energy of a stream of wind
which is available much in the most part of our country. It is generated by a variety of reasons —
and remoteness of some farms from system of power supply, and forwarding character of certain
consumers, and, at last, simply deficiency of the electric power in the republic and therefore
desire to leave from tactical and market whims in distribution of fuel and energy resources. In al-
Farabi Kazakh National University we have offered a compact multystoried wind farm (CMWF)
representing a multystoried design on which floors wind turbines of various type of the small
power settle down. For performance of conditions of compactness of CMWF it is necessary to
define minimum possible (optimum) distance between three wind turbines on internal floors of a
wind farm for free passing of a wind stream. For the solution of this task packages of application
programs of Autodesk family have been used.

Key words: multi-storey wind farm, "Baiterek" , wind turbine Darrieus type, optimal location,
CMWFEF, Autodesk.

Kynakbaes T., Hurmeros /I., Typexanosa B.
JAuHamMuvyeckuii pacdeT ONTUMAJIBHOTO PACIIOJIOXKEHUSI KapyCeJIbHbIX
BETPOTYPOMH Ha 3Ta>kaX KOMIIAKTHOI MHOTO3Ta>KHOIA
BETPO3JIEKTPOCTAHIINN

B Buay yxymimeHus 9KOJIOTMYECKOH 00CTAHOBKHU Ha ILJIaHETe 3eMJId U MOHUYKEHUEM ChIPbEBBIX 3a-
[ACOB IJTsl TPAJIUIIMOHHBIX UCTOYHUKOB SHEPIUU B MIOCJIEHEE BPEMSI CTAHOBUTCSI aKTyabHBIM CO-
3/IaHUE HETPAUIUOHHBIX, YKOJOTUIECKH IUCTBIX U BO30OHOBJISIEMBIX MCTOYHUKOB dHEpruu. MHo-
rue xozsificrBa Pecriybiinku Kasaxcran 3anHTepeCcOBaHBI B MCIIOJIb30BAHUN aBTOHOMHBIX UCTOYHU-
KOB 3JIEKTPUYIECKOI SHEPTUH U, MPEXKJEe BCEro, SHEPIUHU MOTOKA BETPA, UMEIOIIeiicsi B n30bITKE B
OOJIbINIEN YaCTU HAIEH CTPaHbl. DTO MOPOXKJIECHO PSAJIOM MPUYUH — U OTJIAJIEHHOCTHIO HEKOTOPBIX
XOBSMCTB OT CUCTEMBI 3JIEKTPOCHAOKEHNU ST, W SKCIEUIMOHHBIM XapAKTePOM OTJIEJbHBIX TOTPeOu-
TeJieil, M, HAKOHEIl, TIPOCTO JIeDUITUTOM JIEKTPOIHEPTUU B PECITyOIIIKe, U TOTOMY YKEJAHUEM yiTH
OT KOH'BIOHKTYPHO-PBIHOYHBIX KAIIPU30B B PACIpeeIeHNH TOILINBHO-9HEPreTHIeCKNX pecypcos. B
KazaxckoMm HanmoHaJIbHOM yHUBEpcUTeTE M. ajib-Papabu HaMU MIPeJJIoKeHa OPUTMHAIBHAS KOM-
HaKTHas MHOrodTaxkHag Berpossekrpocranima (KMBIOC) npencrasisionas coboii MHOrosTazK-
HYIO KOHCTPYKIIHIO, Ha 3TayKaX KOTOPOI PACIIOIAralOTCs BETPOTYPOUHBI PA3JIMIHOIO THUITA HEOO b
moit momtHOCTH. 151 BBITOSTHEHUS yesaoBuit kommnakTHocTn KMBYC HEOOX0MMO ONPEIe T MU-
HUMAJIbHO BO3MOXKHOE (ONTHMAJIbLHOE) PACCTOSHIE MEXK/LY TPeMsl BeTPOTYPOMHAMY Ha BHY TDEHHUX
9TarkaxX BETPO3JIEKTPOCTAHIIUH JIJIsi CBODOIHOIO IIPOXOXKJIEHNMsSI BETPOBOIO 1MOTOKa. JIjist pernenus
9TOI 3a/1a9u OBLIN UCIIOJIb30BaHbI TAKETHI MPUKJIAIHBIX TporpamM ceMericTBa Autodesk: Inventor
u CFD Simulation.

KiroueBbie cjioBa: MHOrosTaykHasi BeTpodjiekTpocranius, "Baiirepek" , Berporypbuna lapne,
onrumasbHoe pacrnosioxkerne, KMBIC, Autodesk.
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Kynak6aes T., Hurmeros /I., Typexanosa B.
KenkabaTThl >KeJI3JIeKTPOCTAaHIIUSHBIH KabaTTapblHAA Kapycejb TUMTI
JKeJITypOuHaNapAbl TIMMII OPHAJACTBIPY ANHAMUKAJIBIK ecebi

DKOJIOTUSLIBIK, YKAFIANIIBIH KY/IIbIPayMeH YKoHe MMUKbI3AT KOPBIHBIH TYCYIMeH OYKiJI 9jI1eMle COHFbI
Ke3Jle 9/IeTTi 9Heprusd Ko3i OPHbIHA SKOJOTUSJIBIK Ta3a YKOHE YKAHAPTHLIIATHIH SHEPIus KO3iHi maii-
nasany e3ekTi 6osbin Taboutaasl. Kaszakcran PecnyOmnKachiHBIH, KOIITEreH MAPYaITaAJIbIKTAPBIHIA
ABTOHOM/IBIK, 9JIEKTPJIIK KO3IH KOJIJIAHY 9CePiHiH MAHBI3ILIILIFBI OCITT KeJle i, OipiHrmiten, o1 MeM-
JIEKeTIMI3/IiH, KenTeren OeJriHae apThIKIIBLIBIFLI 0ap KeJT arbIMBIHBIH dHEprusachl. by 6ipkarap
cebenrrepMeH TYBIHJAJIFAH — OipIaMa IMapyalibLIbIKTAPbIHBIH 9JIEKTPMEH Ka0/IbIKTay KyiieciHeH
aJIIIIaK, OPHAJIACYBIMEH YKOHE JIe YKEKeJIereH TYTBIHYIIbIFa, KapanalbiM 3JIEKTP KYaThIHBIH, YKeTic-
MeyIIiIirine, XKary-HePreTuKa PecypCcrapblHaH KOHBIOKTYP-0a3a/IbIK, KYObLIBICTAPBIHBIH ©3repyine
GaitimanpicTel. O-Papabu aTeiHgarsl Kazak yiTTelK yHUBEpCUTETIHIE 6i3 KOMKAOATTHI KOHCTPYK-
IUsiIaH KypacTeIpbutran KesaekTpocTannusachi (KKZKI9C) yepapik, opbip KabaTTa MaFbiH
KyarTThl opTypJii KejrTypouHaapbl opHasackad. KK2KDC-TbiH KUHAKBI MIAPTTAPBIH OPBIHIAY
VIITH, KeJI3JIEKTPOCTAHIIUSICHIHBIH, IMTKI KabaTTaphIHIa, YKeJI aFbIMBIHBIH TEriH OTYiHe, VI KeJ-
TypOUHAIADBIHBIH, APACHIHIAFBl KAIIBIKTHIK, BIKTUMAJIBIH IAMACHIH (€H KOJIANIIbI) AaHBIKTAY KAZKET.
Byt ranceipmansr mrenty yirid, Autodesk: Inventor xome CFD Simulation kosmanbassr reoakna-
paTTh barmapIaMaIapbIHBIH KUBIHTHIKTAPHI KOJIIAHBIIFAH.

Tyitin ce3nep: kenkabaTThl xKejdsekTpocranius, "Boiirepex" , lapbe xKeaTypOHHACH, THIMJII
oprHastacTeipybl, KK2K9C, Autodesk.

1 Introduction

In view of the deterioration of the ecological situation on the planet Earth and decreasing
feedstock for conventional sources of energy it has recently become urgent creation of non-
traditional, non-polluting and renewable energy sources. Many farms of the Republic of
Kazakhstan are interested in use of autonomous sources of electric energy and, first of all,
the energy of a stream of wind which is available much in the most part of our country. It
is generated by a variety of reasons — and remoteness of some farms from system of power
supply, and forwarding character of certain consumers, and, at last, simply deficiency of the
electric power in the republic and therefore desire to leave from tactical and market whims
in distribution of fuel and energy resources [1].

Figure 1 — Sketch a compact three-story wind farm

Wind — a natural, environmentally friendly power source. In all developed countries of the
world, a significant role in the energy balance, as a source of energy, the wind begins to play.
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Constantly expanding manufacture and installation of efficient wind turbines. In al-Farabi
Kazakh National University we have offered a compact multystoried wind farm (CMWF)
representing a multystoried design on which floors wind turbines of various type of the small
power (fig. 1) settle down [2].

On internal floors CMWF advantageous to use rotary (vertical axis) wind turbine Darrieus
type [2], at which the turbulence occurs around their themselves [3]. While there have
propeller the turbulent trace which is a negative effect on neighboring wind turbine (Fig.2).

Figure 2 — The turbulent wake behind a propeller-type hydraulic turbines

The compact multystoried wind farm has the following advantages in comparison with usual
land wind farms and separate wind turbines of identical power [2]: 1. Economy of the territory:
CMWF occupies the territory several times smaller, than a usual wind farm of the same
power with the wind turbines located to one floor on the ground. 2. A more sustainable
use of wind power because of an arrangement of wind turbines at different heights as the
speed of the wind flow has a different value depending on the height. 3. The space between
floor overlappings forms the air passage promoting effective course of a wind stream as in a
wind tunnel (effect of draft). 4. Simplicity of a design, her assembly and dismantling (as the
Kazakh yurt) in comparison with the separate wind turbine of the same power. At the same
time, the supporting structure of the separate wind turbine of big power will be less steady,
than the multistoried CMWEF supporting framework of the same power. 5. A possibility of
a combination of different types of wind turbines with different speeds of rotation. 6. Than
above the floor wind turbines settle down, subjects efficiency size them wind power increases
as the speed of wind is usually higher at big heights. By us it is shown that installation on
floors of CMWF of wind turbines in number of three is optimum [2]|. Separate wind turbines
of big power, occupying the small territory, have the following disadvantages: 1) complexity
of a design; 2) big noise level; 3) the complexity of the installation and repair. CMWF is
created for the first time in the world, there are no analogs [4]. The production technology
of wind turbines of big power is rather difficult and it isn’t in Kazakhstan. Whereas the
production technology of wind turbines of low power is less difficult and is already created
in Kazakhstan including us (a photo 2 and 3) [2|. Therefore in the countries where there is
no production technology of wind turbines of big power (more than 100 kW), it is favorable
to use CMWE. For performance of conditions of compactness of CMWF it is necessary to
define minimum possible (optimum) distance between three wind turbines on internal floors
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of a wind farm for free passing of a wind stream [5]. Existence of the laminar stream passing
between wind turbines will be the main criterion of receiving the required results. For the
solution of this task packages of application programs of Autodesk family have been used: —
Autodesk Inventor Pro(©) [6] for creation of solid-state models; — Autodesk Simulation CFD(©)
[6] based on base of the equations of Navier-Stokes, for modeling of a flow a wind stream of
the rotating wind turbines in the form of solid-state models.

2 Modeling

Process of research can be divided into the following stages: — to construct solid-state model
of the wind turbine; — to build the internal floor of CMWEF and to arrange on it 3 wind
turbines; — to carry out numerical modeling of a task; — to analyse the received results. The
three-blade wind turbine has been used, and as the cross section of a wing of the wind turbine
the NACA 8416 profile has been chosen. In a software package of Inventor we create sketches
of an axis of the wind turbine and three blades, for receiving three-dimensional model we
squeeze out solid-state models of blades from our sketches we connect them to an axis as it
is shown in figures 3 and 4 respectively:

Figure 3 — Sketch of an blade cross section with a profile of NACA 8416

Figure 4 — The squeezed-out three-dimensional model of the wind turbine with three blades
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By the same way it is received three-dimensional model of the floor of CMWFEF in the form
of a hexagon with three three-blade wind turbines (fig. 5).

Figure 5 — Three-dimensional model of the floor of CMWF in the form of a hexagon with three three-blade

wind turbines

Further, for modeling of a flow a wind stream of three wind turbines installed on the floor
of CMWF we use the software package of Autodesk Simulation CFD(). For this purpose we
create an environment which flows round wind turbines in the floor of CMWEF — air, and
we set boundary conditions: Entrance (inlet): size of speed of a wind stream; Exit (outlet):
pressure — 0 Pas; Slip conditions on all surfaces. The settlement grid for the decision is built
automatically, wind turbines have "free wheeling" and rotate under the influence of a wind
stream, acts as a solver the model of turbulence SST k-omega, quantity of steps of the decision
— 1000, with a temporary step — 1 second (fig. 6 and 7).

Figure 6 — A settlement grid on the example of the wind turbines
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Solve [ < |
Control Physics Adaptation
Solution Mode Transient
Time Step Size 1
Stop Time -1
Inner Iterations 1 =
] e Inter
Results 10
Based On Steps
Table L
Summary 0
Based On Steps
Table
Solver Computer MyComputer
Continue From t1000 (1000)
Time Steps to Run 1000 =
Solution control Result quantibes
(7) Solve

Figure 7 — Decision parameters

3 Conclusion

The received result in the form of animation of a flow are shown in figures 8.

(1) Velocity Magnitude - m/s
20

19

Figure 8 — Animation of a flow. Top view

From this picture it is visible what between wind turbines begins to pass a stream of air which
speed is equal to tentative speed that will indicate emergence of a laminar flow between wind
turbines. And at this moment the necessary minimum size of distance between wind turbines
is defined. Results of calculations are given in a type of schedules (fig. 9).
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Figure 9 — The schedule of dependence of minimum size of distance between wind turbines from flow rates

of air and dimeters of wind turbines

Thus, we have shown a possibility of finding of minimum possible (optimum) distance between
three wind turbines on internal floors of CMWF with Autodesk family of software applications
packages. This work was supported by the grant No 100 of the Committee of Science of
the Ministry of Education and Science of the Republic of Kazakhstan, in affiliated state
enterprise "Research Institute of Mathematics and Mechanics" (IMM) of the Republican
state enterprise "al-Farabi Kazakh National University", under the direction of Candidate
of Physical and Mathematical Science, the senior lecturer of the Department of Mechanics —
Kunakbayev T.O.
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Single state transducer model for Kazakh and Russian morphology

This paper provides a broad overview of issues related to the construction of finite state transducers
with one state for the two-level morphology of inflectional languages, particularly, the direct
transformation of word endings to the grammatical characteristics. This problem has been studied
on the base of the Kazakh and Russian languages, which are usually named the inflectional
languages. The solution of this problem is the trivial Mealy automaton with one state, i.e. a
single state transducer, and a multi-valued mapping method is used as well. We study the problem
of completeness of the finite state transducers input for the analyzed languages. The determination
of transducer input completeness for morphological analysis gives a guarantee that all the words
of the analyzed language will be accepted. The problem of determining the completeness of the
set of possible endings for agglutinative languages is a complex issue. In this article, we define the
completeness of a set of endings in Kazakh language. The proposed technology is implemented
for the Russian-Kazakh machine translation, a translation quality assessment performed by the
method of BLEU.

Key words: machine translation, finite transducer, two-level morphology, inflectional languages,
multi-valued mapping.

Tyxkees Y.A., Paxumona JI.P., 2Kymanos 2K.M., Kapr6aes A.2K.
Opsbic >k9He Ka3ak Tijggepi Mop@doJoTUsACBIHBIH, O6ip KYiiji TypJeHaipriin MogeJi

By xymMbIcTa €03 KYPBUIBIMBI KYPAETi TIIAEPIiH eKi JeHTeii MOpgOTOTUICHIH 3ePTTEy MaKCa-
TBIH/IA Oip caHATTAFbl AKBIPJIBI ABTOMATTHI KYPYbI 3€PTTEY, SIFHUA CO3JEP/IiH YKAJIFayIapblH IPaM-
MaTHKAJBIK XapaKTePUCTUKAJIAPFa TiKeJIeit e3repTy KapaJjraH. ByJr Mocesie arrmoTUHATHBTI XKoHe
GJIEKTUBTI YKOJIMEH ©3repeTiH Ka3aK, YKoHe OPBIC TLIIepiHiH Heri3iHge 3eprrered. Meimu TpuBuaJ-
bl ABTOMATHI MEH KOIIMAFbIHAJIBI OAMIAHBICTBIPYIHI KOJJAHY OCHI MOCEJIEHIH IIENIyine 9KeJi.
biz aramaran Tingepaeri MoTiHaep YIIH aKBIPIbGI ABTOMATTHIH KipiCiHIH TOTBIKTHIFBIH AHBIKTAIBIK,
Ocbl HoTHIKE MODPMOJIOTUSIIBIK, AHAJIN3 YKACAJIFaH OAPJIBIK CO3/Ep/iH KaObLIIAHybIHA KeIiJIeMe
Gepesii. ATTUIIOTMHATUBTI TiJIAep VIIiH KUBIH MOcejle ayKbIMBIHJIA Ka3ak TLIHIH ce3iepi YIIiH To-
JIBIKTBIK €PEKIIeIIKTepi 3epTTesireH. ATajiFaH TeXHOJIOTHS OPBICIIA-KA3AKIIA MAIIIMHAMEH ayIapybl
VIIiH KacajraH, ayJgapManbiH qypbicThirbl BLEU yiricimen Tekcepinres.

Tvyitiuai cesmep: exi menreiinai Mopdosorus, MamuHAMEH ayIapy, aKbIPIbI aBTOMATTAp, (MJIeK-
TUBTIK Ti7ep, KOMOHII Ol TaHBICTHIPY.
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Tyxkeer V.A., Paxumosa JI.P., ZKymanos 2K.M., Kapr6aes A.ZK.
Moneap nmpeobpa3oBaTesi C OAHUM COCTOSTHUEM [Jisi MOpPdOJIOrun
Ka3aXCKOT'0 M PYyCCKOTO SI3bIKOB

B craTpe npecraBieno nccieqoBaHue Mo IOCTPOSHUIO KOHEYHBIX ABTOMATOB C OJIHIM COCTOSHUAEM
JUISL AHAJIN3a JBYXYPOBHEBOI MOPGOJIOrny S3bIKa CO CJIO?KHBIM CTPOEHHUEM CJIOB, 8 IMEHHO, IIPSAMOe
peobpa3oBaHre UX OKOHYAHUU B I'DAMMATHYECKUE XapaKTEPUCTHUKHU. DTO IPOod/IeMa U3ydeHa Ha
OCHOBE Ka3aXCKUX U PYCCKUX ST3BIKOB, KOTOPBIE SIBJISIOTCS (DJIEKTUBHBIMU U ATTJIFOTHHATUBHBIMUA 10
cBoeit mpupoye. s perrenust 3Toit mpobsieMbl TPUMEHEHBI TPUBUHAIBHBI aBToMar Mesu ¢ oganM
COCTOSTHIEM W MHOTO3HAYHOE 0TOOparkenre. Mbl M3y4uniin OJIHOTY BBO/IA KOHETHOI'O ABTOMATA, JIJIsT
aHAJIM3UPYEMBbIX A3bIKOB. OIpesiesieHue 3T MOJHOTHI Il MOP(MOJOTUIECKOT0 aHAIN3a, TapAHTH-
pyeT IpUHATHE KOHETHBIM aBTOMATOM BCEX CJIOB aHAJIM3UPYEMOro si3bIka. I arrIioTHHATUBHBIX
SI3BIKOB TTPO0JIEMa OIIPEJIeIeHNsT TIOJTHOTHI MHOYKECTBA BO3SMOYKHBIX OKOHUAHUIA SIBJISIETCS CJIOKHOM
zasadeii. Kazaxckuil sS3bIK sIBJISI€TCSI ArTJIIOTHHATHBHBIM S3BIKOM CO CJIOXKHON MOpoJIorueit st
MHOT'OYyPOBHEBOI'O MAITAHHOTO u3ydenusd. Jlajiee B CTATbE MBI OMPEIETUM IIOJTHOTY MHOYXKECTBA
OKOHYAHM! Ka3aXCKOI'o #3bIKa. [Ipe/ioxkenHas TeXHOJIOIUS Pean30BaHa JJIs PYCCKO-Ka3aXCKOro
MAIITHHHOTO TI€PEBO/Ia, OIEHKA KaveCTBO IepeBoa Bbimosinena merpukoit BLEU.

KurouyeBbie ciioBa: JByXypoBHEBasi MOP(QOJIOTHs, MAIIMHHBIA [EPEBOJl, KOHEYHBbIE ABTOMATHI,
GbJIeKTUBHBIE S3BIKH, MHOTO3HATHBIE OTOOPAYKEHMS.

1 Introduction

An issue of morphological analysis is important in the natural language processing. The
attempt to determine a basic concept of finite state approach in the morphological analysis
refers to the two-level morphology concept proposed Koskenniemi, 1983|1], and implemented
through the use of finite state transducers. In this paper we consider the possibility of using
single state transducer(SST) for two-level morphology of inflected languages. SST - is a trivial
Mealy finite state transducer (FST), particularly, a FST with one state|2]:

y (t) = fy (x (1)), (1)

where z (t) - input of the machine, y (¢) - output of the machine, ¢ - current time, f, - the
output function of the machine. The advantage of SST is its high speed. Essentially, SST is
a mapping z (t) to y (t).

Mealy machine model is generally represented by the following equations:

s(t+1) = fi(s(t),z (1)), y(t) = fy(s(t),z (1), (2)

where s (t+ 1) - the state of the machine in the next time, s (¢) - the current state of the
machine, f; - state transition function of the automaton.
Moore FST model represented by the following equations:

s(t+1) = f(s @),z (t+1)), y(t)=fy(s(t)). (3)

A distinctive feature of the Moore machine is that the output of the machine is determined
only by its state.

There are many publications on the branch of using two level morphology and FST
technology for different languages [3, 4, 5, 6].

In this paper the use of the SSTs for morphological analysis of the Kazakh and Russian
languages is described.
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2 Description of the method

Let’s consider the steps of machine translation, using SSTs in a scheme of translation. Input
of this scheme is a sentence of source natural language.

1. Mark out of words in a sentence.

2. Finding the characteristic part of speech for words.

3. Split words on the stem and ending.

4. Morphological analysis of words with SSTs: "ending "grammatical characteristics."
5. Translation the stem from the source language into the target language.

6. Transfer the grammatical characteristics of a source language word in grammatical
characteristics of a target language word.

7. Morphological generation the endings of a target language words by the grammatical
characteristics source language words using SSTs.

8. A compound words stems of the target language with the endings.

9. Implementation of structural transfers of the source language sentence to the target
language sentence.

Output of this scheme is a sentence of target natural language.

Below the mapping of SSTs of steps 4 and 7 for the Kazakh and Russian languages is a
more detailed study.

These mappings allow getting the corresponding word ending in the target language for
each word in the source language. Joining the stem and the ending in the target language
produces the required output word. After that, phrases and sentences of target natural
language are produced by joining words into a sequence.

Formally, a multivalued mapping is defined as follows.

Let X, Y be discrete spaces, P (Y') is a set of all subsets of Y. Then a multivalued mapping
F from X onto Y is a correspondence that for each point x € X assigns an empty subset
F(z) € Y, called the image of point z, i.e. ' : X — P(Y). We shall call this mapping
m-mapping (from X onto V).

Let T'r be a subset of set X xY; then I'r = {(z,y) | v € X,y € F (x)} is called a graph of
m-mapping F'. A graph of m-mapping F’ is a tabular representation of m-mapping F', which
is very important and convenient for computer representation of multivalued mappings.

Consider conversion of multivalued mapping into single-valued mapping. For these we add
to set X an additional set of parameters T

F:XxT=Y, (4)

Then, the multivalued mapping F' can be transformed into a series of single-valued mappings
{fiX =Y}, fi(x) € F(x).
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The machine translation process of source language into target language based on the
assumptions made by a scheme that mentioned before, especially, a multivalued mapping
system for stages of morphological analysis and synthesis will be as follows:

Fsk ZXik—>Y;k, Ftk :}/;'k—>ij, Fstk :}/;k—>ij, (5)

where

X,x is the space of source natural language L; endings for the k-th part of speech; it is an
input space for multivalued mapping Fx;

Yx is the space of grammatical features for the source language’s k-th part of speech; it
is an output space for multivalued mapping Fi ;

Y. is the space of grammatical features for the target language’s k-th part of speech; it
is an output space for multivalued mapping Fx;

Z; is the space of target natural language L; endings for the k-th part of speech; it is an
output space for multivalued mapping Fj; ;

F. is a multivalued mapping of space of endings for the source language’s k-th part of
speech into space of grammatical features for the source language’s k-th part of speech;

Fir is a multivalued mapping of space of grammatical features for the target language’s
k-th part of speech into space of endings for the target language’s k-th part of speech;

F.x is a mapping of space of grammatical features for the source language’s k-th part of
speech into space of grammatical features for the target language.

3 Completeness of the endings of the Kazakh language

The set of endings of the Kazakh language is necessary for the construction of multi-valued
maps, using the model presented before:

o I, : X, — Y, (for the source language),

o F,:Y, — Z; (for the target language), where X - source language endings,

Y, - grammatical characteristics of words of the source language,

Y; - grammatical characteristics of words of the target language,
e 7/, - the endings of the target language.

In this mapping system to ensure the correctness of transformations any word of language pair
in machine translation requires that a set of endings of a target and (or) a source language
was complete. Completeness of set endings of the source language is very important for the
morphological analysis of the sentences of the source language, as a guarantee that every
word will be analyzed in terms of its grammatical (lexical) properties.

In this paper, we consider the completeness of the endings of the Kazakh language.

Since the completeness of the system of endings of one language in a linguistic pair of
machine translation indirectly determines the overall completeness of the transformed system
on the lexical level from one language to another language, it is an important issue for all
machine translation system.
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Consider a system of Kazakh word endings: nominal endings (nouns, adjectives, numerals)
and verbal endings (verbs, participles, gerunds, mood and voice).
The nominal endings of the Kazakh language have four types:

Plural endings (denoted by K),

Possessive endings (denoted by T'),

Case endings (denoted by C),

Personal endings (denoted by J).

Consider all types of endings placements variants: of one type, of the two types, of the
three types, and of the four types. Number of placements determined by the formula:

n!
Agp = ———. 6
" (n— k)] (6)
Then, the number of placements will be determined as follows: Ay = (4i—!1)! =4, Ap =
A =12, Ap = 2 =24, Ay = 2 = 64. All possible placements number is 64.

1—-2)1 @—3)! . %4!4)! _
onsider what placements are semantically valid.

The endings placements of one type are semantically valid. The endings placements for
two types are the following: KT, TC, CJ, JK KC, TJ, CT, JT KJ, TK, CK, JC. The analysis
of the semantics of the two types of endings placements shows that bold placements are valid,
and the remaining placements belongs to unacceptable. For example, TK is unacceptable:
after the possessive endings plural endings are not used, CK is unacceptable: after case
endings are not accepted to put the plural, JC is unacceptable: after the personal endings
are not accepted to put the case endings, CT is unacceptable: after case endings are not put
possessive endings, JT - unacceptable: after personal endings are not put possessive endings.
Belongs to the unacceptable the type JK - after personal endings plural ending, as this type
of placements is covered by the plural personal endings.

In general, the types of endings T and J are the endings defining the dependence of
subjects, objects, and actions. In the words with a nominal base the type TJ is possible
for the cases of differences of substances (subjects, objects, actions): apa-ng-myn’ (apa-ng’
it refers (personification) to a other subject then speaker, and the personal ending ’-myn’
determines the dependence (personification) to the speaker. In the type TJ double definition
of a dependency to one substance (twice perconification to one substance) is prohibited, for
example: 'apa-m-myn’ do not say.

It should be noted that the type of endings CJ has limitations on cases ilik (genitive) and
tabys(accusative).

Thus, the number of valid (correct) placements of two types of endings is 6. The endings
plasements of the three types are as follows:

KTC, KTJ, TCJ, TCK,
CJK, CJT, JKT, JKC
KCJ, KCT, TJK, TJC,
CTK, CTJ, JTK, JTC
KJT, KJC, TKC, TKJ,
CKT, CKJ, JCK, JCT.
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Determination of permissible placements of three types of endings do the following rule:
if the placement of the three types have invalid placement of two types, this placement -
unacceptable. Then, the permissible endings placements of three types is 4 (in bold).

The endings placements of the four types are as follows:
KTJC, TKJC, CKTJ, JKTC
KTCJ, TKCJ, CKJT, JKCT
KJTC, TIKC, CTKJ, JTKC
KJCT, TJCK, CTJK, JTCK
KCTJ, TCJK, CJKT, JCKT
KCJT, TCKJ, CJTK, JCTK

Determination of permissible placements endings of the four types follows this rule:
if the placement of the four types has invalid placement of two types, this placement is
unacceptable. Then, the permissible ending’s placements of the four types will be 1 (in bold).
Total permissible ending’s placements of one type are 4, of two types are 6, of three types
are 4, four types is one.

So, the total number of valid types of ending’s placements in the nominal words is 15.
To the type of endings of words with verbal stems are related to: verbs, participles, adverbs,
moons, voices. The system of endings of verbs include the following types: tense (8 tense),
person (3 types), negation. Then, the number of possible types of verb endings is 25. The
system of participle endings include the following types: participle’s base endings (denoted
R), plural endings (denoted K), possessive endings (T), case endings (denoted C), personal
endings (denoted J). Then, possjble variants of endings types (participle’s base endings for
all variants is the same) will be:

- one type endings:

RK, RT, RC, RJ;

- two type endings:

RKT, RTC, RCJ, RJK

RKC, RTJ, RCT, RJT

RKJ, RTK, RCK, RJC;

- three type endings:

RKTC, RTCJ, RCJK, RJKT
RKTJ, RTCK, RCJT, RJKC
RKCJ, RTJK, RCTK, RJTK
RKCT, RTJC, RCTJ, RJTC
RKJT, RTKC, RCKT, RJCK
RKJC, RTKJ, RCKJ, RJCT;

- four type endings:

RKTJC, RTKJC, RCKTJ, RJIKTC
RKTCJ, RTKCJ, RCKJT, RJKCT
RKJTC, RTJKC, RCTKJ, RJITKC
RKJCT, RTJCK, RCTJK, RJTCK
RKCTJ, RTCJK, RCJKT, RJCKT
RKCJT, RTCKJ, RCJTK, RJCTK.
Let’s consider a semantic permissibility of variants of the endings.
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All variants of participleTs endings on one type of the endings are semantically
permissible. The analysis of semantics of placements of two types of the participle’s endings
shows, that the placements allocated by bold font are permissible, and other placements is
carried to unacceptable. Allowable variants of the endings of participles same as in system
of the endings with nominal bases, but from them for participles are inadmissible variant
RTJ as sequence ending of participle - possessive endings for participles in all cases means
personification action with a verbal basis. And personification action cannot second time
doing to personal ending. For example, 'bar-ghan-ym’ (my arrival, my coming) is substance,
but is impossible to tell 'bar-ghan-ym-syng’, as action ('bar-ghan-ym’) not personificable,
namely, action cannot be transferred to subject.

Similarly, endings RTCJ and RKTCJ have no restrictions on two types of the endings,
i.e. possible pairs of the endings inside of these types of the endings are allowable, but they
break the previous rule action cannot be transferred to subject. For example, for RTCJ: ’bar-
ghan-ym-gha-myn’, where 'bar-ghan-ym-gha’ (to my arrival - to my coming) - declination
of action that cannot be presented by the subject. For RKTCJ: "bar-ghan-dar-yng-nan-byz’,
where bar-ghan-dar-yng-nan’ (from your arrivals - from yours coming) - declination of actions
that cannot be presented by subjects.

Thus, the quantity of types of the endings of participles is 11. Let’s consider types of the
endings of verbal adverbs. They are represented by the endings of transitive future time for
which follows personal endings: PJ, where P - the base ending of a verbal adverb, J - personal
endings. For the given class we shall allocate only the following base endings: - ghany,-geli,
-qaly,-keli. Thus, we count, that quantity of types of the endings of a verbal adverb is 1.

Let’s consider the endings of moods, namely, conditional, imperative, desirable. The
endings of an indicative mood coincide with the endings of verbs in the present, the past and
the future. The type of the endings of declinations is similar adverbs, i.e. the base endings
of moods which personal endings follow. Thus, we consider that there are three types of the
endings of moods: conditional, imperative, desirable.

Types of the endings of voices, namely, reflexive, passive, joint and compulsory, also are
determined under the previous scheme: the base endings of voices for which follow personal
endings. And, types of the endings of voices are 4.

So, the total of types of the endings of words with verbal bases is 48. The total of the
endings of words with nominal bases plus total of types of the endings of words with verbal
bases equal 63.

The following task is on the received types of the endings to determine forms of the endings
and their quantity. It to make simply as for each type of a part of speech are available rules.
In the given direction authors construct final sets of the endings for all basic parts of speech
of the Kazakh language. So, for parts of speech with nominal bases the number of endings
equal 862, and the number of endings of parts of speech with verbal bases makes: verbs are
432, participles are 1588, verbal adverbs are 48, moods are 230, voices are 80. Total, 3240’
is the number of all Kazakh endings.

Table 1 — Comparative evaluation of the machine translation from Russian into Kazakh for three thematic

selections
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Type of text BLEU

T1 30.47
T2 31.90
T3 33.89

4 Practical results

The submitted technology is approved on a set of endings of the Bektayev model for the
Kazakh language with the number of endings equal to 753 [7|. To evaluate the quality of
machine translation technique we used BLEU. A comparative evaluation of the machine
translation from Russian into Kazakh is done for three thematic selections: T'1-text of simple
sentences with from a general domain, T2-text of simple sentences from a political domain,
and T3-text of simple sentences from a technical (Informatics) domain. Low level of estimation
for text T3 is explained by poor of dictionary for informatics area.

5 Resume and the future works

The paper presents the application of trivial Mealy transducers with multivalued mappings
for a stage of morphological analysis of inflectional languages by the example of the
Kazakh and Russian languages. We investigated completeness of trivial Mealy transducers
with multivalued mappings on a random input. This is highly important to guarantee a
covering of the endings of analyzed language. Also it is important for indirect ensuring of
their completeness for a stage of generation in machine translation. Future works include:
investigation of completeness of endings for other inflective languages, for example, the
Russian language; investigation of possibility to create universal tool for inflectional FST
based on endings tables.
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Aticazanues Cepurbati Abduzanuesuy - Tpodeccop MeXaHUKO-MaTeMaTHIecKoro (dakyabreta Kazax-
CKOT'0 HAIIMOHAJBLHOTO YHUBEpPCHUTETA NMeHU ajih-Papabu, TOKTOP TEXHUIECKUX HAYK

A6duarmemosa Byxpa Mypamosna - PhD mokropanT mexaHmKo-maTemMarwdeckoro dakyiabrera Ka-
3aXCKOTO HAITMOHAJHLHOrO yHUBepcuTeTa nM. aab-Dapabu

Ackaposa 3yagus Baxvimbexknsv, - CTYJIEHT MeXaHHKO-MaTeMaTndeckoro dakynbrera Kazaxckoro
HAIIMOHAJIBHOIO yHUBepcuTera nM. ajab-Papadu

Batimazarn Puwcoex Batimaxanyav, - mpodeccop KazaxcKoro rocyrapcTBEHHOTO »KEHCKOTO I1€/I0T0TH-
YECKOI'0 YHUBEPCUTETA, JOKTOP TEXHUIECKUX HAYK

Batimazxan Atieepum Puicbexosna - PhD nokTopaHT MexaHMKO-MaTeMaTHYIECKOTo ¢aky/ibreTa Kazax-
CKOI'0 HAIIMOHAJIBHOI'O yHUBepcuTeTa uM. ajib-Dapabu

Batizepees Jlocan Paxumezanuesuw - PhD mokropant Bocrouno-KazaxcrancKoro rocyaapcrBeHHOIO
TexHudeckoro yausepcurera uM. /. CepukbaeBa

Boavwarosa Hamanvsa Anexcandposna - Bepymuu Hay4ubiii corpyaauk PTTT "HUIL Tapeim Dkosto-
n

rust
T'ab6dyanuna I'yavmupa Jlatikeesna - crapimii mpenojaBare/ib (GU3UKO-TeXHIIeCcKoro dgaxkyabrera Ka-
3aXCKOT'0 HAIMOHAJBHOIO YHHUBepcuTeTa UM. ajib-Papabu

Lorcymazynrosa Kapavieaw Hypmarosna - 3amecTuTesb JeKaHA [0 HAYYHO-WHHOBAIIMOHHON paboTe u
MEXK/TYHAPOIHBIM CBA3SM (PU3UKO-TEXHIIECKOTO (hakyimbrera Ka3zaxCcKoro HaAIMOHAJIBHOTO YHUBEPCH-
TeTa nM.ab-Papadbu

Kuaucbaesa Kapaviea Cancozbaesta - noreaT KazaxcKoro HAIMOHAJIBHOIO YHUBEPCUTETA UMEHH AJTb-
Papabu, JOKTOP PUBMKO-MATEMATHIECKUX HAYK

Kaxebaes aypen Baxwmbexyav, - 3aBemyomuii Kadeapoit MaTeMaTHIeCKOTO U KOMIIBIOTEPHOTO MO-
JenupoBaHus Ka3axcKoro HaIlMOHAJILHOTO yHUBepcuTeTa UM. atb-Papadbu, qokTop PhD

Kynucosa 2Karnam Xasuzosna - JTOTMEHT MEXaHUKO-MaTEeMAaTHIeCKOTO (haKyabreTa Kazaxckoro Harm-
OHAJILHOI'O YHUBEPCUTETA UMeHU aJib-Papabu, KaHIUIaT (PU3NKO-MAaTEMATHIECKUX HAYK

2Kymanoe 2Kandoc - crapmmii npernogaBaresb Kadeapbl nHGOPMAIMOHHBIX cucTeM Kazaxckoro Ha-
[MOHAJIBHOIO yHUBEpCUTETa UM. ajib-Dapabu

2Kymoani Atnyp Cepirbatixusn, - PhD mokropanT Kasaxcrancko-BpuTaHCKOro TeXHUYECKOTO yHUBED-
cuTera

3oaman Jlonxo - npodeccop MucTuryTa (busuku TBEpIOro Teja U ONTUKA BUTHEPOBCKOIO MCCJIEI0-
BATEJILCKOro IeHTpa Akagemun HayK Benrpum

Kaamaes Atidapran XKycynberosuyn - npodeccop MeXaHMKO-MaTeMaTudeckoro dgpakyiabrera Kazax-
CKOTO HAITMOHAJIBLHOTO YHUBEpCHTETa nMeHHN aib-Papabdbu, TOKTOp PUUKO-MATEMATHICCKAX HAYK

Kydatixynroe Azus Anapbaesuy - PhD mokTopaHT MeXaHHKO-MaTeMaTmdeckKoro dakynabrera Kazax-
CKOTO HAITMOHAJHLHOTO yHUBepcuTeTa nM. aab-Dapabu

Kynaxobaes Toaezen Ocnanosuw - joreHT Kazaxckoro HaAIMOHAJBHOTO YHUBEpCUTETa UMEHH AJib-
Qapabu , KaHIUIAT HPUBNKO-MATEMATHIECKAX HAYK
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24.

25.

26.

27.

28.

29.

30.

31.

32.

Kapmoéaes A.2K. - PhD nokropaHT MEXaHMKO-MaTeMaTHIeCKOro (aky/ibrera Ka3axckoro HarmoHa b
HOTO yHUBEpCHUTETa nM. agb-Papabu

Kabudoadarosa Acem - crapiimii mpernojaBaTesib MEXaHUKO-MaTEMATHIECKOTO (aKyabrera Kaszaxcko-
ro HAI[MOHAJBHOTO yHUBEpCUTETa M. ajib-DPapabu

Maweesa Panna Youmbaesna - PhD mokTopaHT MeXaHMKO-MaTeMaTH4YecKoro gakyabrera Kazaxckoro
HAIIMOHAJILHOI'O yHUBepcuTera nM. ajab-Dapabdu

Mousndanasaposa Y.C. - PhD nokropanr Eppasuiickoro HaiuoHajbHOrO yHuBepcurera umenn JI.H.
I'ymunesa

Hyemarosa I'yszacoin Hyxapumosra - morneHT EBpaswiicKoro HaIlmoHAJIHHOTO YHUBEPCUTETA WMEHU
JLH. T'ymunesa, kauaumar hu3NKO-MaTEMATHIECKAX HAYK

Huzmemos Jayaem - MarucTpanT MeXaHHKO-MAaTeMaTHIecKoro gakyabrera Kazaxckoro nammonab-
HOTO yHUBepcHuTeTa M. aab-Papabu

Pamasanos Taexxabya Cabumosuw - TPOPEKTOP IO HAYIHO-MHHOBAIMOHHON esdTebHOCTH Kazax-
CKOT'0 HAIMOHAJLHOrO yHUBEpcUTETa UM. aib-Papadu, M0KTOp DU3NKO-MATEMATHIECKIX HAYK

Pazumosa Juara Pamasarosna - nonent kadeapol nadopManuoHus! cucreM Kazaxckoro HaluoHab-
HOTO yHEUBepcuTeTa nM.arb-Dapadbu

Tyxees Yaauwep Anyapberxosuy - mpodeccop MeXaHUKO-MaTeMaTHIecKoro (akysibrera Kazaxckoro
HAIIMOHAJIFHOTO yHUBEpPCUTETa nMeHn ayib-Dapabu, TOKTOP TEXHUIECKUX HAYK

Temupbexos Hypararn Myzanosuy - pekTop KazaxcTaHCKOro MHKEHEPHO-TEXHOJIOTMIECKOTO YHUBED-
cuTera, JIOKTOP (PU3MKO-MaTEMATHIECKUX HAYK

Typexanosa Benepa - MarmcTpaHT MEXaHHKO-MaTeMaTHIECKOro dakyabreTa Kazaxckoro HarmoHab-
HOI'O yHUBepcurera uM. ajb-Papabu

Cacnaesa Acem Jaysemnexosna - PhD gokropanT MexaHHKO-MaTeMaTndeckoro (dakyiabrera Kazax-
CKOTO HAIMOHAJBHOIO YHUBEpcuTeTa nM. aab-Oapabu

Cetinacunosa Acuma Acounberkpias, - acCONMUPOBAHHBIN Tpodeccop AKaeMun rpaK IaHCKOH aBUAIIN,
KaHMJIAT (PU3UKO-MATEMATHIECKUX HAYK

Becrauk KasHY. Cepusi maremaTuka, Mexanuka, uadopmaruka. Ne2(89). 2016



120

K CBEAEHVIO ABTOPOB

1. B xxypuan "Becrauk KasHY. Cepus maremaruka, Mmexanuka, nadopmaruka' TpuHUMAOTCs HabpaH-
HbIE TOJIBKO B TeKCTOBOM (hopmare TEX2e Ha Ka3axXxCKOM, PYCCKOM WJIM AHTJIMICKOM SI3bIKAX, DAHEE
He OonmyOJIMKOBAHHbBIE MTPOOJIEMHbBIE, 0030PHBIE, TUCKYCCHOHHBIE CTATHU B 00JACTU €CTeCTBEHHBIX HAYK,
I7Ie OCBEIIAIOTCS PE3Y/IbTATHI (DYHIAMEHTAILHBIX U TPUKJIATHBIX UCCJIETOBAHMIM.

2. Marepuajins cieyer Hampas/sTh 1o ajpecy: 050040 Anmarsr, yii. ans-Qapabu, 71, kopryc 13, Hay4ano-
WCCIIEIOBATENIbCKII HHCTUTYT Mexannku n maremarukun KazHY M. anp-Papabu, xkab. 125, tem. 377-
32-23. Quiekrponnad noura: Lazat-dairbayeva@mail.ru (orBercrBeHHOMY cekperapio peakosuteruu, Jla-
upbaesa JI.M.)

3. Crarbsi JOJI2KHA, COMPOBOXKIATHCSI MUCBMOM OT yUIPEXKJEHUsI, B KOTOPOM BBHIIIOJIHEHA, JaHHAs PaboTa,
e yKaspiBaorcs cezenus o6 apropax: O.1.0. moaHOCTHIO, MECTO UX PABOTHI, IOJKHOCTD (HA3BAHNE
By3a, 1eHTpa 6e3 cokpaiienuii, dakysaprera, Kadenpsr), padouuil renedon, dake, e-mail, qomanauit
aJIpec U KOHTAKTHBINA TestedoH.

4. B penaxnuio HEOOXOIUMO IIPEJACTABUTH IJIEKTPOHHYIO BEPCHUIO CTaTbu: tex-daiiyibl paboThl u (ailabl
PHUCYHKOB Ha OXHOM aucke. s (pailioB puCcyHKOB pEKOMEHIYyeTCs UCIOIH30BATH CPEICTBA OCHOBHOTO
nakera WTEX2e nm dopmar eps [em. m.7]. YkasweBaercs kon mo Y/IK. B pemaknmio takzxke npemcras-
JIIETCSI OTTUCK PabOThI B JIBYX 9K3EMILIAPAX.

5. ObbeM craTbu, BKJIIOYAs CIIMCOK JUTEPATYDPHI, TAOJIUIBI U PUCYHKHU C MIOJPUCYHOYHBIMUA HAITUCAMMA,
AHHOTAINN, HE JOJIZKEH IPEBBINIATh 15 CTPaHUI] eIaTHOTO TeKCTa. MUHUMAIBHBIT 00beM CTAThHU - H
crpanuIl. B Hagame paboThI TOcse 3arojioBKa 1 paMuIuii aBTOPOB pabOTHI TTOMEIAETCSA €€ aHHOTAITHST
B oobeme 200-250 cjoB Ha TOM Ke s3bIKe, HA KOTOPOM HabpaH OocHOBHOI TekcT. Kpome cmesmennii,
KOTOpBIE MOXKHO IOYEPIHYTH M3 3ar0ojIOBKa, aHHOTAIUsS JOJIXKHA, OTPayKaTh METOJbI UCCJIEI0BAHUS,
OCHOBHBIE PE3YJIbTATHI CTATHU, X HOBU3HY U YKA3BIBATH HA CMEXKHBIE PAOOTHI.

Tlocne anHoTaMM 3ama10TCA KiIo4deBble cioBa. Jlmst Kaxkmoit paboTel 3amaiiTe 5-6 KIIIOYEBBIX CJIOB B
MOPSIJIKE WX 3HATUMOCTH, T.€. CAMOE BasKHOE KJII0YUEBOE CJIOBO CTATHU JIOJKHO OBITH IMEPBLIM B CITHCKE.

Haspanue paborer, @O aBTOpoB, aHHOTAIMS U KJIIOYEBBLIE CIOBA JOJXKHBI OLITH MPEICTABJICHLI B
CTaThe Ha TPeX g3bIKax: Ka3aXCKOM, PYCCKOM U aHTJIMACKOM.

Wcnonb3zoBannast ureparypa Jo/kHa O6ITh odopmitena B coorsercrsuu ¢ ['OCT 7.1-2003 "Bubsumo-
rpaduyeckas 3anuch. bubsmorpadudeckoe onucanue. Obrme TpeOGOBaHUS U TPABUJIA COCTaBIeHUs" .
Crmcok JuTepaTyphl JOJKEH COCTOATh He bosee dem n3 20 HanMmeHoBaHu. CCBUIKM HA UCTOYHUKH B
TEKCTEe CTATHU JIAIOTCS TOJNBKO B KBAIPATHBIX CKOOKax (6e3 muruposanus [12], npu nuTHpOBaHuN MK
nepeckase aBropckoro Tekcra [12, c. 29]). Hymepanusi cChUIOK B CTaThe MPOU3BOJAUTHCS O MOPSIIKO-
BOMY HOMEpPY HCTOYHHUKA B IPUCTATEHHOM CIIUCKE JIUTEPATYPbl. ADXUBHBIE MaTepHajbl B CIUCOK HE
BKJIIOYAIOTCsl, CCBIIKY HA HUX TIOMEIAIOTCS B TEKCTE B KPYTJIBIX CKOOKax. [Ipn MCIIo/Ib30BaHNN B CTATHE
HCTOYHUKOB U3 3JIEKTPOHHBIX PECYPCOB WK yaaieHHoro pocryna (VHTepHeTa) B CIUCKE JIUTEPATYPBI
npuBoauTCs 6bubImorpaduyueckast 3alnCh UCTOYHUKA U CChLJIKA Ha CETEBOI PECypC C IOJHBIM CETeBhIM
ajgpecom B MaTepHere. 2KemarebHO yKa3biBaTh 1aTy OOpaIleHUsT K PECyPCY.

Crucok JimrepaTyphbl Ha s3bIKe OPUTHHAJIA COIPOBOXKIAETCS CIIMCKOM JiuTeparyphl (references) B an-
TVIMICKOI TpAHCAUTEPAIAN.

6. 2KypHas npuiepKuBaercsi IMHOTO CTUJIsI U [TO3TOMY IIPEIbsIBJISIET Psijl 00X TPebOBaHUl K 0pOpPM-
Jieanto pabor. Mexonubiit (HEOTTpAHCIMPOBAHHDBIN) tex-ailyl Jo/KeH NEeJUKOM IOMEIIAThCA B MOpH-
30HTAJBHBIX PAMKaX IKPaHA 38 BO3MOXKHBIM UCK/IIOYEHUEM MaTPUIL U TabJIAIl U TPAHCINPOBATHCH He3
nporectoB IMTEX2e u coobimennit 0 KPATHBIX W HEOMPEJIEJEHHBIX METKAX, OOJIBINMNX IIEPEITOTHEHHBIX
u He3amoJHeHHbIX O0okcax. He criemyer ompenenssiTh MHOTO HOBBIX KOMAH], M300peTas COOCTBEHHBIHN
cJieHr. ABTOpPBI MOTYT IOJIIPY?KaTh JAPYyrUe CTaHIapPTHBIE CTHJIEBbIE HAKEThI, HO TOJBKO T€, KOTOPHIE
He BXOJST B IIPOTHBOpevne ¢ nakeramu amsmath m amssymb. Ecrecrsenno daiiyi, Kpome Bcero mpo-
9€ero, J0JIKeH ObITh MPOBEPEH Ha OTCYTCTBUE IPAMMATHYECKUX U CTHIMCTHYECKHX oImmbok. Crarhu,
HE YJIOBJIETBOPSIONINAE STUM TPEOOBAHWUSM, BO3BPAIAIOTCS HA JTOPAOOTKY.
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DranoHHbIi 00paser; paboThl ¢ jeMOHCTpanuel rpaduku, ¢ npeaMOysoil yeTpauBaromeil peJakiuio,
CTIIMCKY TUIAYIHBIX OMMOOK ODOPMIIEHUS W METOJBI NX YCTPAHEHUST MOYKHO MOJIYIUTh B PEIAKIIAN HJIA
Ha caiite KasHY um. anb-®apabu http://journal kaznu.kz.

7. I'padudaeckne dailiabl ¢ pUCYHKAMHI JIOXKHBI OBITH TOJBKO KA4eCTBEHHBIMHU UePHO-OeIbIMU B (POp-
Mare .eps , JubO BBINOJHEHHBIMU B JIAT€XOBCKOM ¢dopmare. Pucynku B 3tux dopMarax geIarTcs,
HaIpUMep, C TOMOIIBIO MOIIHBIX MaTeMaTndecKux makeroB Maple, Mathematica nmm ¢ momompio ma-
keta Latexcad. KauectBenunie rpadudeckue daitibl caemanibie IpyruMu IpaduaecKuMI IporpaMma-
MU JIOJIZKHBI OBITH CKOHBEPTHUPOBaHbI B popmar .eps ¢ momoibio Adobe Photoshop wim kouBeprepa
Conversion Artist. Bce pucyHKy JIOJZKHBI ObITH y¥Ke UMIIOPTUPOBAHHBIMEA B tex-haiijl u mpejcraBiis-
IOTCsI B PEJIAKITUIO BMECTE C OCHOBHBIM baityiom crarbu. ['padudeckne hOpMaTH,OTIIMIHBIE OT BBIIIE
YKA3aHHBIX, OTBEPIaiOTCs.

Penaknust BupaBe 0oTKa3aThCs OT BKJIIOYEHUS B pabOTYy PUCYHKA, €CJIH aBTOP HE B COCTOSHHHU OOecIie-
YUTh €r0 HaJJIeKalnee KadecTBO.

VBarkaeMble 9UTATENIN, BBl MOYXKeTe TojmucaThes Ha Hai kypHaia "Becruuk KasHY. Cepus maremaru-
Ka, MexaHuka, nHdopmaruka”’, koropsriit Bkiodern B Katajgor AO "Kasmoura""TASETHI 11 ZKYPHAJIBI".
KomnuuecTBo HOMepoB B rox — 4. Haekc 118 MHAMBU/IyaIbHBIX HOINCINKOB, IPEIIIPAATHI U OPIaHU3AINN —
75872, monmucHas 1ieHa 3a rog — 1200 TeHre; MHAEKC JbIOTHON TOJIIUCKY JIJIsT CTY/IEHTOB — 25872, monncHast
IeHa 3a ToJ 1 cTyneHToB — 600 Tenre.
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