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Ion drift in parent gas for cesium, rubidium, and mercury 
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The results of Monte Carlo calculations of the ion drift characteristics in a constant and homogeneous electric 
field are presented for the values of the applied intensity in the range 1 <E / N <1000 Td for cesium, rubidium 
and mercury. The drift velocity, mean kinetic energy, longitudinal and transverse diffusion coefficients, mean 
free path, and the fraction of collisions with backward scattering are calculated. 
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Introduction 

The flow of ions in a constant homogeneous 
electric field is usually characterized by the drift 
velocity, the values of the average energies of ions, 
with coefficients of mobility and diffusion in the 
longitudinal and transverse directions. The velocity 
of the ion drift in a gas under the action of a con-
stant homogeneous electric field is given by the re-
lation 

W = μE,     (1) 

where the coefficient of ion mobility ( , , )E N T  
generally depends on both the field strength and gas 
parameters (temperature T, pressure p = NT, com-
position). A large number of experimental studies 
have been devoted to the determination of the diffu-
sion coefficients and the mobility of ions in gases, 
and it can be assumed that in weak and moderately 
strong fields ( / 1000E N Td ) the ion mobility is 
known with a very high accuracy <1% [1-4]. 

In the handbooks, experimental and calculated 
data are usually presented only the drift velocity, but 
other kinetic characteristics of the ion drift are nec-
essary for analyzing the properties of the gas dis-
charge. For example, to determine the ion Debye 
radius, it is necessary to know the average ion ener-
gy, taking into account their heating in an electric 
field. Many characteristics of a gas discharge are 
determined from the ionic distribution of velocities, 
and knowledge of the ion velocity distribution func-
tion is often sufficient.  

In [5], a modeling technique used to calculate 
the ion drift characteristics in a gas is described. The 
results of calculations of the characteristics of ion 
drift in a constant and homogeneous electric field at 
1<E/N<1000 for all noble gases. In this paper, 
which is a continuation of [6, 7], the results of mo-
lecular dynamics calculations are presented together 
with the Monte Carlo procedure for сollision simu-
lation. The characteristics of ion drift in a constant 
and homogeneous electric field at 1<E/N<1000 Td 
for cesium, rubidium and mercury are calculated. 

In Table. 1 - 3 shows the flow characteristics of 
singly charged rubidium, cesium and mercury ions 
during their drift in a constant and homogeneous 
electric field in their own gas at atom temperature 
300 K and atomic density 2.69 *1019 см-3. In addi-
tion to the drift velocity, the tables show: the effec-
tive temperature of the ions, which is related to the 
average kinetic energy of the ions by the ratio 

21 3v
2 2 effm T      ; temperature of ions along the 

field ||T  and across the field T , so the average en-

ergy of the ion is equal to 2
||

1 1
2 2

mW T T      ;  

the diffusion coefficients in the direction along and 
across the field, the mean free path, and the fraction 
of collisions with backward scattering with respect 
to the total number of collisions. The exact values of 
the various characteristics at intermediate points can 
be obtained by interpolation. 
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Table 1 – Characteristics of the cesium ion flow during their drift in a constant and homogeneous electric field in their own gas at 
300 K and atomic density 2.69 1019/сm3. 

 
E/N, 
Td 

W, 
km/s 

effT , 
K 

T , 
K 

T , 
K 

lD  
cm2/s

 tD  
cm2/s

 
m.f.p. 
нм 

BS    / 
(BS+Iso) 

1 0.0006 300.2 300.3 300.2 0.0056 0.0056 3.8 0.093
2 0.0012 300.2 300.3 300.2 0.0056 0.0056 3.8 0.093
5 0.0031 300.3 300.4 300.2 0.0056 0.0056 3.8 0.093

10 0.0062 300.4 300.7 300.3 0.0056 0.0056 3.8 0.093
20 0.0124 301.1 302.3 300.5 0.0056 0.0056 3.8 0.094
50 0.0310 306.1 313.7 302.2 0.0056 0.0056 3.8 0.095
100 0.0613 323.1 353.4 308.0 0.0057 0.0056 3.9 0.098
200 0.119 384.3 496.7 328.0 0.0060 0.0058 4.2 0.11
500 0.259 676.7 1199 415.3 0.0068 0.0063 5.4 0.16

1000 0.431 1259 2649 563.8 0.0078 0.0068 6.9 0.24
 
 

Table 2 – Characteristics of the rubidium ion flow during their drift in a constant and homogeneous electric field in their own gas at 
300 K and the density of atoms 2.69 1019/сm3. 

 
E/N, 
Td 

W, 
km/s 

effT , 
K 

T , 
K 

T , 
K 

lD  
cm2/s

 tD  
cm2/s

 
m.f.p. 

nm 
BS    / 

(BS+Iso) 
1 0.00041 300.2 300.4 300.2 0.0038 0.0038 3.3 0.11
2 0.00084 300.2 300.4 300.2 0.0038 0.0038 3.3 0.11
5 0.00212 300.2 300.4 300.2 0.0038 0.0038 3.3 0.11
10 0.0043 300.4 300.5 300.3 0.0038 0.0038 3.3 0.11
20 0.0085 300.9 301.7 300.5 0.0038 0.0038 3.3 0.11
50 0.0213 304.5 310.3 301.7 0.0039 0.0038 3.3 0.11

100 0.0423 317.2 340.0 305.8 0.0039 0.0038 3.4 0.12
200 0.0822 363.5 449.2 320.6 0.0040 0.0039 3.6 0.13
500 0.183 594.3 1006 388.5 0.0045 0.0042 4.5 0.17
1000 0.307 1070 2192 508.6 0.0051 0.0044 5.6 0.24

 
 

Table 3 – Characteristics of the mercury ion flow during their drift in a constant and homogeneous electric field in their own gas at 
300 K and atomic density 2.69 1019/сm3. 

 
E/N, 
Td 

W, 
km/s 

effT , 
K 

T , 
K 

T , 
K 

lD  
cm2/s

 tD  
cm2/s

 
m.f.p. 

nm 
BS    / 

(BS+Iso) 
1 0.0006 300.2 300.3 300.1 0.0055 0.0055 8.0 0.36
2 0.0012 300.2 300.3 300.1 0.0055 0.0055 8.0 0.36
5 0.0032 300.3 300.5 300.2 0.0055 0.0055 8.0 0.36
10 0.0063 300.7 301.5 300.3 0.0055 0.0055 8.0 0.36
20 0.0127 302.4 305.6 300.7 0.0055 0.0055 8.0 0.36
50 0.0313 313.4 333.5 303.3 0.0056 0.0055 8.2 0.37

100 0.061 348.4 422.7 311.3 0.0057 0.0055 8.6 0.38
200 0.113 457.8 704.6 334.4 0.0062 0.0054 9.6 0.41
500 0.243 969.3 2046 430.8 0.0099 0.0058 12.7 0.48
1000 0.441 2457 5937 716.4 0.0257 0.0085 18.3 0.53

 
 
The numerical data given above make it possible 

to obtain a fairly complete picture of the character of 
ion drift. We note some features of ion velocity dis-
tributions: 

1) Analysis of the distribution functions shows 
that when ion drift, in conditions typical for gas-
discharge plasma conditions, there is an appreciable 
heating of the ions not only in the longitudinal di-
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rection, but also in the transverse direction. This is 
due to close collisions, when besides recharging, 
scattering also occurs at an arbitrary direction in the 
center-of-mass system; 

2) Even at a sufficiently high reduced electric 
field strength an ion flow does not form supersonic 
flux, in which the velocity of thermal, chaotic mo-
tion would be less than the velocity of the directed 
motion - the drift velocity. As already noted, due to 
the fact that with increasing field strength simulta-
neously with the increase of drift velocity there is an 
increase in the dispersion of the distribution func-
tion of the ion velocity (i.e., the longitudinal and 
transverse temperatures);  

3) In the velocity distribution of ions there is a 
large anisotropy (and a large difference between the 
longitudinal and transverse temperatures ||T  and 
T ). Therefore, the diffusion fluxes along and 
across the field can vary greatly in magnitude;  

4) From the analysis of ion velocity distribution 
functions, from the analysis of other characteristics 
of the ion flux it follows that velocity module distri-
bution, as well as the velocity projections, has sig-
nificant differences from the corresponding Max-
wellian distributions. Moreover, there is a difference 
not only in the tails of the distribution functions, but 
also in the central part. Accordingly, the distribution 
function of ion velocity during their drift in their 
own gas cannot be described by a Gaussian curve 
(shifted Maxwell distribution function). 

In this connection, calculations were made with 
the determination of the fraction of collisions with 
backward scattering with respect to the total number 
of collisions, depending on the reduced field 
strength (naturally, the number of collisions does 
not include collisions with scattering at small angles 
due to divergence of the corresponding collision 
integral).  The results of the calculations showed 
that there is an unexpected fact - although the cross 
sections with charge exchange are the largest, colli-
sions with scattering back are only 15 - 45 percent. 
This takes place not only for the ions considered 
here for cesium, rubidium and mercury, but also for 
noble gases [7]. 

An analysis of the results of calculations shows 
that even in a strong field collisions with backward 
scattering are not dominant. But it is generally ac-
cepted that there is a decisive influence of collisions 
with the transfer of a charge, and often, when con-
sidering ion drift, only collisions with charge ex-
change are taken into account.  

To take into account the effect of collisions on 
the velocity distribution of ions, the model collision 

integral of Bhatnagar, Gross, and Krook (integral 
BGK) is often used [6, 8-11]. However, the ion flow 
characteristics given in the calculations show a large 
deviation from the equilibrium distribution and a 
significant effect of collisions with isotropic scatter-
ing. In this connection, let us consider, as an exam-
ple, the result of using BGK of the collision integral 
for analyzing the characteristics of the ion flux, tak-
ing into account only collisions with resonant 
charge exchange [7, 8]. 

The characteristics of the ion flux can be deter-
mined by solving the Boltzmann kinetic equation 
for the ion distribution function (v)f : 

 

v ( )
v st

f eE ff I f
t m

 
   

 
,  (2) 

 
where e – charge, m – ion mass, ( )stI f – collision 
integral.  

In a weakly ionized plasma, it is often possible 
to neglect elastic collisions of ions with atoms, elec-
trons, and ions. Since in the case of collisions of 
ions with the atoms of the proper gas, the cross sec-
tion for the resonant charge exchange of an ion is 
usually greatest, then we consider the kinetic equa-
tion (2) in the spatially homogeneous case with a 
constant electric field, taking into account only the 
resonant charge exchange of ions:  

 

[ (v ) (v) (v) (v )] v v vres a
eE f f f n d
m u

        
  , (3) 

 
where u - component of velocity along the direction 
of the electric field, res - the cross section of reso-
nant charge exchange, an  - atomic density, The dis-
tribution functions of ions and atoms are normalized 
to unity: (v) v (v) v 1f d d   . Equation (3) de-
scribes the process of ion transport, which is a relay 
character – this model was suggested by L. A. Sena 
[8, 12]. According to this model, the ion velocity 
after the collision is equal to the velocity of the atom 
with which it collided. This model does not take into 
account the change in the velocity of the atom dur-
ing the collision. 

Let us consider the model of ion motion in the 
case of the fulfillment of two conditions: 

1) The drift velocity W considerably exceeds the 
thermal velocity of the atoms  1/2/T iW V T m  ;  

2) There are only collisions of one type-with a 
resonant charge exchange of ions on the atoms of 
the own gas.  
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When these conditions are met, we can neglect 
the thermal motion of the atoms and assume that the 
ions move uniformly accelerated in a constant elec-
tric field 0E  , stopping after each collision event. 
The condition TW V  can be satisfied with good 
accuracy either in the case of a high electric field 
strength or at a low gas temperature. 

In neglecting the thermal energy of the atoms 
and taking into account only collisions with charge 
exchange, the Boltzmann kinetic equation has the 
form [7, 8, 12]: 

 

st

eE f uf
m u 





, ( 0) 0f u   ,           (4) 

1(0)f c . 
 
If the cross section of resonant charge exchange 

depends on the velocity, then the ion distribution 
function has the form: 

 

  1
0

( )exp ( )
u

a res
mf u c u n u u du
eE


 

     
 

 ,     (5) 

 
where ( )u - Heaviside function, c1 – the constant, 
determined from the normalization condition.  

If the cross section of resonant charge exchange 
and the mean free path of the ion 01 /st an   do 
not depend on the velocity, then the solution of (4) 
has the form  

 

 
1/2 22( ) exp

2E E

m muf u u
T T

   
     

   
,         (6) 

 
where E stT eE . The distribution (6) is half the 
Maxwell distribution with a temperature equal to the 
energy recruited by the ion at the mean free path. 
Consequently, the average kinetic energy of the 
ions, due to the motion in the direction of the field, 

is 21 1 1
2 2 2E stm u T eE    . The ion flux density for 

this distribution is  1/22 /i i stJ n eE m  , the av-
erage ion velocity (drift velocity) is 

   1/2 1/22 / 2 /st EW eE m T m    . 
Collisions with charge exchange play the most 

important role, but collisions of other types have a 
significant effect on the characteristics of ion veloci-
ty distribution. In addition to collisions with re-
charging, an important role can be played by polari-

zation and gas-kinetic collisions. In the case of such 
collisions, the ion does not stop, but dissipates at the 
fixed center in the center-of-mass system of the at-
om-ion. A good approximation of this type of colli-
sion is the model of hard spheres, i.e. isotropic scat-
tering. Without consideration of these collisions, 
heating of the ions in the transverse direction can 
not be taken into account. By analogy with the hy-
drodynamic approximation, it is often assumed that 
the drift of ions in a strong field is described by the 
shifted distribution function of Maxwell: 

 

 
3/2 2 2 2

0
[( ) v ]v exp .

2 2i i

m m u W wf
T T

     
    
   

 (7) 

 
This distribution has two parameters - the drift 

velocity W and the ion temperature Ti, which deter-
mines the thermal dispersion of the ion velocities 

 1/2/i iV T m , here the direction of the field and 
drift coincides with the x axis. 

To take into account the impact of collisions, the 
model collision integral of Bhatnagar, Gross, and 
Kruk (BGK integral) is often used [7-9]: 

 

0
st

fI 



 ,                            (8) 

 
which describes the relaxation of the ion distribution 
function f to the equilibrium distribution function of 
atoms φ with a characteristic relaxation time 0 =  
const. The BGK integral qualitatively correctly de-
scribes the process of plasma relaxation to equilibri-
um in the case of a slight deviation from it. But it is 
inapplicable if the collision frequency of ions with 
atoms depends on their relative velocity, or the de-
viation from equilibrium is large. The ion transport 
equation in the spatially homogeneous case has the 
form: ( ) ( )EV f u u f u    , where 0 /EV eE m . 
Its solution has the form: 

  1 ( )exp .
u

E
E E

u uf u u du
V V




    
 

       (9) 

In the case of a subthermal flow velocity, when 
the drift velocity  1/2/W T m , and the Maxwelli-
an distribution of atoms 

 1/2 2
0 0( ) ( / 2 ) exp / 2u m T mu T   , the solution 

(2) with the collision integral (8) has the form 
 

  2( )(1 / )E Tf u u uV V  .           (10) 
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This distribution coincides with the expansion of 
the shifted Maxwellian distribution (7) at 

 1/2/E TV W V T m   . As expected, in the case 
of a small deviation from equilibrium, the use of the 
model integral BGK gives a reasonable result. In the 
case of a high ion flow rate 0 /TW V T m   and 
a Maxwellian distribution of atoms, the distribution 
(9) has the asymptotics: 

 

  ( ) exp
E E

u uf u
V V

 
  

 
.            (11) 

 
This distribution describes the uniformly accel-

erated motion of ions in a constant electric field 
0E  , which stop after each collision event, the 

probability of which does not depend on the veloci-
ties of the ion and the atom. This unnatural hybrid 
model (taking the properties of polarization and res-
onant collisions) is a consequence of the structure of 
the integral BGK for large fields, when 

 1/2/W T m . It does not take into account the 
difference of the ion velocity from zero after the 
collision.  

If we neglect the thermal motion of the atoms in 
comparison with the flow velocity and represent the 
distribution function of atoms in the form 

( ) ( )u u  , then the particle profit in the BGK 
integral has the form 0/BGKI    , the decrease is 

0/BGKI f   . For collisions with a resonant pre-
dissection at a constant cross section, the profit and 
loss of the particles has, respectively, a form 

0/resI    , a decrease - 0res aI n uf  . Consequent-
ly, the BGK integral even incorrectly conveys the 
nature of the particle loss at a qualitative level, this 
explains the radical difference between the distribu-
tion (11) and the physically reasonable distributions 
(6) and (7). 

For polarization collisions characterized by a 
constant mean free path, the particle loss in the 
BGK integral can be reduced to the form 

0/polI f   . But the profit of particles in the colli-
sion integral depends on the entire distribution  
 

function and can in no way be approximated by the 
quantity 0/BGKI    . This means that, regardless of 
the form of the distribution function (v)f , the num-
ber of ions scattered as a result of collisions into a 
group with velocities v ,  is equal to the number of 
ions that would be scattered from this group in the 
case of an equilibrium distribution at a collision fre-
quency independent of velocity [9].  

The BGK integral does not allow to take into 
account the following factors:  

1) for collisions characterized by a constant 
cross section (charge exchange, gas-kinetic), it does 
not take into account the dependence of the collision 
probability on the velocity;  

2)  for collisions characterized by a constant 
mean free path (polarization collisions), he does not 
take into account the difference between the ion ve-
locity after the scattering event from zero. 

These factors are decisive at a drift velocity 
comparable to the thermal velocity of the atoms. 
Consequently, the BGK integral is inapplicable for 
the problem of determining the characteristics of the 
ion drift in its own gas. 

Let us compare the results of calculating the 
drift velocity of cesium, rubidium and mercury ions 
in the own gas with the drift velocity from the solu-
tion of the Boltzmann equation with the integral of 
the BGK collisions [7]: 

 
1/2

1/2 1/2

( 1)
(1 )T

W F F
V F F




 
.            (12) 

 
In Figure 1 shows the results of calculating the 

drift velocity of an ion in its own gas, depending on 
the electric field strength for cesium, rubidium and 
mercury. In Figure 2 shows the same results, but the 
drift velocity is normalized to the value of the ther-
mal velocity (the velocity of an ion with an energy 
equal to the temperature of the atoms), and the field 
is normalized by the value of the characteristic 
"heating field": / TF E E . The magnitude of the 
heating field is determined in such a way that an 
energy equal to the temperature of the atoms is ac-
cumulated on the mean free path. 
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Figure 1 – Results of calculating the drift velocity of an ion in its own gas as a function of the electric 

field strength in dimensionless units. The drift velocity is normalized to the value of the thermal velocity 
(the velocity of an ion with an energy equal to the temperature of the atoms), the field is normalized to the 
value of the characteristic "heating field", in which an energy equal to the temperature of the atoms is ac-

cumulated on the mean free path. The shaded curve is the solution of the Boltzmann equation with the 
BGK collision integral (11). 
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Figure 2 – Results of calculating the drift velocity of an ion in its own gas as a function of the electric field strength 
in dimensionless units. The drift velocity is normalized to the value of the thermal velocity (the velocity of an ion 

with an energy equal to the temperature of the atoms), the field is normalized to the value of the characteristic 
"heating field", in which an energy equal to the temperature of the atoms is accumulated on the mean free path. 

The shaded curve is the solution of the Boltzmann equation with the BGK collision integral (11) 
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Conslusion 

The above graphs make the following conclu-
sions: 

1) The introduction of dimensionless units
makes it possible to reduce the characteristics for 
different gases to universal curves; 

2) The BGK collision integral for the problem
of ion drift in an own gas leads to significant errors, 
which does not allow even describing real processes 
at a qualitative level (see, for example [7-9]); 

3) There is an unexpected and nontrivial fact:
although cross sections with charge exchange are 
the largest, collisions with backward scattering 
make up only 15-45 percent for noble gases at 300 
K (for this reason see [16], where an attempt was 

made to approximate collisions in the form of a sum 
of collisions with isotropic scattering and backscat-
tering). 

The analysis showed that such a large difference 
in the calculations and the BGK theory is due to the 
fact that even in a strong field, collisions with 
backward scattering are not dominant. The results of 
the calculations demonstrate that the approach to the 
analysis of ion drift based on the BGK collision in-
tegral [10] is accompanied by large errors. These 
features of ion drift play an important role when 
considering the properties of cryogenic discharges 
and in a mixture of gases [5, 13-15]. The above nu-
merical data explain the results of the analysis of 
ion-atom collisions [16] and significantly supple-
ment the reference data [1-4]. 
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Halo and skin structure of 1/2+, 3/2+, 5/2+ excited states of 13C nucleus is under investigation. The modified radial 
functions have been constructed basing on the shell model functions. The matching procedure was performed 
while using the corresponding Whittaker exponential-like asymptotics. To find the matching radius via the 
oscillator parameter r0 three options were examined related to the experimental and theoretical data on the mean 
square radii, and uncertainty relation. The renormalization of the modified functions shows the input of the 
asymptotic region near 15-20%. The most qualitative effect is the redistribution of the probability density both 
at short and long-range distances. The obtained functions are given as parametrization by Gauss basis.  
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Introduction 
 
Currently, vast experimental material is 

assembled on the study the unusual properties of 
some atomic nuclei, known as the halo-states [1-5]. 
The defining feature of a halo was from the beginning 
understood to be a large spatial extension caused by 
neutrons tunneling out from a nuclear core. Nuclei 
may reveal not only well-developed halo states but 
also something intermediate between normal nuclei 
and halo nuclei, so called skin-states.  

Halo effect research attractiveness that is quite 
enough reliably identify two main features of halo 
states as large root mean radius rms and narrow 
localized impulse distributions. These two 
characteristics, obviously, related to each other 
according the Heisenberg uncertainty relation 
(ΔxΔp~ħ). 

Despite the seeming simplicity and transparency 
of the question, both experimental and theoretical 
studies still face certain difficulties. First of all, it is 
ambiguity on rms radii data [6-7]. The difficulty lies 
in the fact that the lifetime of most neutron-rich 
isotopes is extremely short and is typically a few 
milliseconds. It is therefore to work with short-lived 
isotopes needed entirely new technique, compared 
with conventional ones. 

Recent advances are related to the collinear laser 
beams and anti-collinear technologies (CACLB) of 
the European Organization for Nuclear Research. 
Today, the installation ISOLDE at CERN 

synthesized radioactive isotopes up to Z = 10 in a 
collision energy of 1.4 GeV protons on uranium 
carbide target. Currently, it reports on the results of 
measurements of the charge and mass and radii for 
7,9,10Be isotopes by laser spectroscopy [8]. With great 
precision, it was found that 11Be is a halo-nucleus 
with a radius of 7 fm, to compare 10Be isotope core 
radius is 2.5 fm. Experiments are planned to heavier 
isotopes, particularly for the carbon-oxygen group. 

Theoretical models deal with the description of 
the nuclei with prominent α- cluster structure, 
which include the majority of p-shell nuclei, may 
be represented as a semi-phenomenological and 
microscopic. The first, are the cluster models and 
their various modifications [9]. To the second ones 
may refer the models such as the resonating group 
method (RGM), the method of K-harmonics, 
variational Monte Carlo (VMC), the method of 
fermion molecular dynamics (FMD), and others. It 
is believed that microscopic models not contain 
adjustable parameters. However, they are based on 
the nucleon-nucleon potentials, which, in turn, are 
fitted according to the elastic NN – scattering in a 
wide range of energies, so there are parameters a 
lot. 

At the same time almost all the model approaches 
are based exactly on the data on the shell structure of 
atomic nuclei, as on the comparative, which are 
considered at the present time as the classic ones and 
obtained in the framework of the shell model (SM), 
which has only one oscillator parameter r0. 
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For the halo-states the radial functions that 
characterize the distribution of the probability 
density, can be divided into internal and external 
conventional parts. The first is a model-depending, 
and the second asymptotic one is model-independent. 
The last one determines the mean square rms size of 
the nuclear system, as well as so-called asymptotic 
normalization coefficient (ANC), which can be 
measured experimentally [10-11]. All models 
somehow have to "converge" in the section point, call 
it a matching radius rm of these two areas. Thus, this 
is the main task to identify and substantiate the value 
of the rm radius. 

Present paper reports on the modification of 
oscillatory wave functions for low-lying 2s-, 2d-
excited states with 1 / 2 , 3 / 2 , 5 / 2J      of 13 C  
nucleus. To construct the modified functions we have 
used the matching procedure of oscillatory wave 
functions with corresponding Whittaker functions.  

In this context, the lower bound of the asymptotic 
region rm is defined, and it allows to answer a 
question about a pronounced halo, skin- or normal 
structure of these states. The advantage of using the 
shell model is that almost all the calculations can be 
carried out analytically. 

 
Modification procedure for the oscillator 

radial wave functions  
 
We are basing on the fundamental postulate of 

nonrelativistic quantum mechanics telling that 
functions to be regarded as wave functions (WF) 
should be square integrated, continuous, 
unambiguous, and final.  

Assume the potential in Schrodinger radial 
equation is defined in two space intervals 0 mr r   
and mr r   . Such a division is conventional, and 
depending on the properties of the treating 
microsystem may consist of more than two intervals. 
Let us restricted by one transition point.  

The matching radius rm we can find 
unambiguously from the continuity condition  

 
1 2

1 2

( ) ( ) ( )
( ) ( ) ( )

m m

m m

u r u r a
u r u r b


  

                   (1) 

 
Here u1(r) is any model function that should be 

modified providing the correct extended asymptotic 
behavior by some appropriate analytical u2(r) 
function. As u1(r) the shell model radial oscillator 

WF have been used 1( )= ( )nu r R r  for the state with 
main quantum number n  and orbital momentum  . 
For 2 ( )u r  various functions with exponential 
asymptotic at r   may be used. Here we are 
taking 0, ( )W z  Whittaker functions [12] as 2 ( )u r  

 
0

2 0,

2
( ) ( )n

k
u r C W z

r
   ,                   (2) 

 
where z = 2k0r – dimensionless variable, k0 – wave 
number. Factor nC   is asymptotic normalization 
coefficient. 

To operate with functions of one and the same 
dimension expression (2) should be rewritten as the 
following  

 
2 0,( ) ( )nu r C r   , 

 

 0
0, 0,

2
( ) ( )

k
r W z

r
   .                 (3) 

 
Therefore, the continuity condition (1) may be 

represented as equation of type  
 
 

0,

0,

( )( )
( ) ( )

n

n

rR r
R r r





 

 

,                     (4) 

 
and the corresponding real roots define the matching 
radius rm. The solutions may be found analytically or 
numerically. To find asymptotic constant nC   
equation (1a) is used 

 

0,

( )=
( )

n m
n

m

R rC
r






.                             (5) 

 
Basing on the obtained values of rm and nC  , the 

modified radial channel functions are now defined as 
following 

 

0,

( ), 0
( )

( ),
n mmod

n
n m

R r r r
R r

C r r r
      





 

            (6) 

 
The modified functions ( )mod

nR r  should be 
normalized on to unit according the standard 
procedure  
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 
2

2 mod 2

0

1nN R r dr


  .                    (7) 

This expression has the explicit form while taking 
definition (6) into account: 

2 2 2 2 2 2
0,

0

1
m

m

r

n n
r

N R r dr C r dr
 

  
  
    .          (8) 

 
To continue our notations let us introduce I1 and 

I2 for the first and second integrals in (8) respectively, 
then the normalizing constant N is  

2
1 2

1

n

N
I C I


 

                        (9) 

 
Finally the normalized modified radial function 

is defined as ( )= ( )mod mod
n nR r N R r 
 , or taking into 

account (6) one arrives 
 

0,

( ), 0
( )

( ), .
n mmod

n
n m

N R r r r
R r

N C r r r
        





 

          (10) 

 
It is formal to somewhat extent, but it makes 

obvious that all relations for obtaining of matching 
radius rm and ANC nC   preserve.  

To characterize the probability density in interior 
and exterior regions it is natural to introduce the 
corresponding weights  

 
2

1
2 2

2

, 0
, ,

in m

out n m

P N I r r
P N C I r r

    


     

           (11) 

 
there relative probabilities Pin and Pout will be given 
in %. 

For completeness let us present the analytical 
expression for the Whittaker functions (3) obtained 
for the special case of zero Coulomb potential  

 

0

/2
0,

( )!( )
( )! !

l
n

n

z
l

l nW z e z
l n n





 


 .           (12) 

 

Modified functions in space representation 
 
Here we are giving the results of the calculations 

for the modified radial WF of the low-lying excited 
states Jπ = 1/2+, 3/2+ and 5/2+ of positive parity π with 
total momentum J in 13C nucleus corresponding to 
the 4 8 1(2s 1d)s p   configuration with 12C as a core 
and a valence neutron in 2s-1d shell. The choice of 
these states is due to the fact that they are the real 
candidates for the manifestation of skin or halo 
structure on grounds such as large rms radii rms, small 
binding energy of the valence neutron 2 2

0= / 2k  . 
For the first excited state Jπ = 1/2+ with excitation 

energy Eexc=3,089 MeV oscillator 

 
2

2
0

2
2

2 1/4 3/2 2
0 0

6 1 21
3

r
r

s
rR r e

r r

 
   

 
 function was used. 

For the other Jπ = 5/2+ and 3/2+ states with the 
excitation energies excE =3,854 and 7,67 MeV 

 
2

2
0

2
2

2 7/21/4
0

4
15

r
r

d
rR r e

r



   radial function was 

employed.  
Let us define how the appropriate parameters 

necessary for the modification procedure may be 
determined. 

Method №1 consider the parameter k0 to be 
known from the relation 2 2

0= / 2k  . Then using ρ0 
as the solution of equation (4) and relation ρ0 = k0rm, 
the matching radius rm may be found. Finally the 
oscillator parameter we can obtain from 0 01 /r k . 

Method №2 for the definition of oscillator 
parameter is basing on the known correlation for the 
3D harmonic oscillator 2 2

0 ( 3 / 2)r r n   , using the 
rms value rms the oscillator parameter r0 may be 
obtained. The matching radius rm is coming from the 
relation 0 0/mr r  .  

We obtained the numerical values: 
0 2, 474556   for R2s matching function as well as 
0 2,513260   in case of R2d. Table 1 is a summary of 

all obtained parameters with pointed above method 
in last column.

 
Table 1 – Parameters of excited states J   1/2+, 5/2+, 3/2+ of 13C  

 
J   excE , MeV rmsr , fm mr , fm 0r , fm № 

1 / 2

 3,089 5,04 0,75  6,669 2,695 2 
8,604 3,477 1 

5/2+ 3,874 3,68 0,4  4,946 1,968 2 
11,393 4,533 1 

3/2+ 7,67 - 7,218 2,872 1 
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The resulting modified functions in space 
representation have been expanded by Gaussian 
basis. In case of Jπ = 1/2+ state the expansion 
coefficients are given in table 2 for the corresponding 
function of the form  

 
2

15

2
1

( ) i rmod
s i

i
R r B e 



 


 .                   (13) 

In case of Jπ = 5/2+ and 3/2+ states the 
corresponding expanded function is of the form  

 
2

15
2

2
1

( ) i rmod
d i

i
R r r D e 



 


 .            (14) 

 
Corresponding expansion coefficients are given 

in tables 3 and 4.
 
 

Table 2 – Expansion coefficients for 1/2+ excited state of 13С corresponding data of Table 1  
 
i № 2 i  iB  №1 i  iB  
1 0.995675768D-02 -0.214390442D-01 0.779153573D-02 -0.157705075D-01 
2 0.336098351D-01 -0.189661409D+00 0.263009545D-01 -0.320160296D+00 
3 0.599294538D-01 -0.190958104D+00 0.468970417D-01 0.188133220D+01 
4 0.889974970D-01 0.464299511D+01 0.696438740D-01 -0.142428669D+02 
5 0.121524851D+00 -0.323408024D+02 0.950977468D-01 0.577866466D+02 
6 0.158690793D+00 0.104349783D+03 0.124181488D+00 -0.133732675D+03 
7 0.202296685D+00 -0.185342008D+03 0.158304731D+00 0.201189391D+03 
8 0.255142402D+00 0.204894845D+03 0.199658483D+00 -0.205576264D+03 
9 0.321792941D+00 -0.147094874D+03 0.251815026D+00 0.144536068D+03 

10 0.410216901D+00 0.688772842D+02 0.321010086D+00 -0.694744674D+02 
11 0.535673529D+00 -0.205394784D+02 0.419184595D+00 0.222793718D+02 
12 0.731454805D+00 0.368965561D+01 0.572390775D+00 -0.454905888D+01 
13 0.108623797D+01 -0.359689964D+00 0.850021890D+00 0.545615092D+00 
14 0.193686319D+01 0.155681470D-01 0.151566798D+01 -0.333966034D-01 
15 0.653803936D+01 -0.195974076D-03 0.511626062D+01 0.835301964D-03 

 
 

Table 3 – Expansion coefficients for 5/2+ excited state of 13С corresponding data of Table 1  
 

i №2 i  iD  №1 i  iD  

1 0.934423119D-02 0.193301166D-04 0.507316101D-02 0.153278531D-04 
2 0.282397165D-01 0.102243489D-02 0.171248624D-01 0.107571441D-02 
3 0.477749532D-01 -0.839234710D-02 0.305352182D-01 -0.293365722D-02 
4 0.684424019D-01 0.899360796D-01 0.453459496D-01 0.570832256D-01 
5 0.908476504D-01 -0.425774826D+00 0.619192670D-01 -0.242640999D+00 
6 0.115788434D+00 0.118540758D+01 0.808560348D-01 0.616231656D+00 
7 0.144383322D+00 -0.156836386D+01 0.103074082D+00 -0.103888477D+01 
8 0.178298554D+00 -0.991321547D-01 0.129999999D+00 0.120998646D+01 
9 0.220180378D+00 0.411323404D+01 0.163959740D+00 -0.988919594D+00 

10 0.274555699D+00 -0.670385983D+01 0.209013461D+00 0.567618348D+00 
11 0.349930621D+00 0.537336858D+01 0.272936045D+00 -0.226320361D+00 
12 0.464483627D+00 -0.243539615D+01 0.372690399D+00 0.613817482D-01 
13 0.665419299D+00 0.632727569D+00 0.553459300D+00 -0.110395726D-01 
14 0.112573289D+01 -0.935347961D-01 0.986869335D+00 0.132846869D-02 
15 0.340214046D+01 0.112954444D-01 0.333125777D+01 -0.177390635D-03 
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Table 4 –Expansion coefficients for 3 / 2  excited state of 13C  corresponding data of Table 1 
 

i №1 i  iD  i i  iD  
1 0.585738861D-02 0.118469219D-05 9 0.189305230D+00 0.107028918D+01 
2 0.197720856D-01 0.309624471D-03 10 0.241323519D+00 -0.114006343D+01 
3 0.352554628D-01 -0.523338692D-03 11 0.315127487D+00 0.713878510D+00 
4 0.523556906D-01 0.195186077D-01 12 0.430302230D+00 -0.278365868D+00 
5 0.714909714D-01 -0.737727901D-01 13 0.639015042D+00 0.682627507D-01 
6 0.933550533D-01 0.212603276D+00 14 0.113942317D+01 -0.108208117D-01 
7 0.119007646D+00 -0.110494484D+00 15 0.384621565D+01 0.184247221D-02 
8 0.150095869D+00 -0.452967220D+00    
 
 

Table 5 – Characteristics of radial modified wave functions 2 ( )mod
lR r  

 
J  , 2 ( )mod

lR r   mr , fm 2C   N outP , % 

1/2+, 2 ( )mod
sR r  6,669 0,278476 0,940277 24,9 

8,604 0,181369 0,967572 20,1 

5/2+, 2 ( )mod
dR r  4,946 3,759468 0,979647 15,7 

11,393 0,584071 0,958564 10,5 
3/2+, 2 ( )mod

dR r  7,218 0,584214 0,986567 10,8 

 
 
Table 5 is a short summary on the general 

characteristics of the obtained modified radial functions 
2 ( )mod

lR r . Let us pay attention to the probability of the 
localization of the valence neutron out of the mean 
square area of the core 12С given as outP (%). 
Comparison of these values make it possible to 
conclude that 1/2+ state is the halo one, but states 5/2+ 
and 3/2+ are likely belong to the skin structure states. 

 
Modified functions in impulse representation 
 
Due to the Heisenberg uncertainty relation 

"coordinate-momentum" all modifications of the 
wave functions at large distances must, first of all 
reflected in the momentum distributions for small 
values q. 

The corresponding analytical expressions for the 
oscillator and modified functions obtained on the 
base of (13) in impulse representation for the case 

1 / 2J    are: 
 

 
2 2

02 2
3/2 0 2

2 0 1/4

26 1
3

q r

s
q rR q r e


 

   
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     (15) 

2
15

4mod
2 3/2

1

1( )
4

i

q

s i
i i

R q B e 






  .        (16) 

 
For excited states 5/2+ and 3/2+ the analogue 

expressions for the oscillator and modified functions 
on the base of (14) have been obtained  

 
2 2

0
3/2 2 2 2

2 0 01/4

4
15

q r

dR q r q r e



            (17) 

 
2

215
4mod

2 7/2
1

( )
16

i

q

d i
i i

qR q D e 






  .         (18) 

It is natural to discuss the probability density 
constructed as squared functions (15)-(18) 

2
2 2( ) ( )l lq R q  . The results of calculations are 

given in Figures 1 – 3.
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Figure 1 – Impulse distributions for excited 1 / 2  state of 13 C : (а) – linear scale; (b) – logarithmic scale. Set №2: 
mod
2 ( )s q  – solid line, 2 ( )s q  – dash-dot; set №1: mod

2 ( )s q  – long dash, 2 ( )s q  – dots 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
 

Figure 2 – Impulse distributions for excited 5 / 2  state of 13 C . Set №2: mod
2 ( )d q  – solid line,  

2 ( )d q  – dash; set №1: 2 ( )d q  – dash-dot, mod
2 ( )d q  – dots 
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Figure 3 – Impulse distributions for excited 3 / 2  state of 13 C . mod

2 ( )d q  – solid line, 2 ( )d q  – dash 
 
 
As can be clearly seen from Figure 1, in fact, in 

the region of small momentum transfers 0q 
momentum distributions obtained for all functions 
differ drastically. Thus, our assumption is that this 
characteristic is sensitive to the modifications of the 
asymptotic behavior is fully confirmed. 

Figures 2 and 3 correspond the nodeless 
functions. They are exactly equal to zero at q = 0. 
Such momentum distributions are compared by a 
well-known characteristic of the width at half-of – 
height maximum Г . It is for the Г  values can be seen 
how wide or narrow impulse distributions, and, 
consequently, to draw conclusions about the 
asymptotic behavior of the length of the asymptotic 
in the coordinate representation. 

Conclusion 
 
Sufficiently general method of the modification of 

radial functions for the improving of the asymptotic 
behavior is presented. The coming ambiguities 
appearing while defining the oscillator parameters 
have been examined. The modified functions are 
presented as convenient expansion by Gaussian basis. 
The different versions of the modifications №1 and 2, 
as well as purely oscillator functions significantly 
distanced themselves in the momentum 
representation. To address the issue of choice of 
reliable functions it is necessary in the future to 
compare the obtained results with the available 
experimental data on elastic and inelastic form factors.
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Using the three-dimensional modeling method, numerical experiments on flame combustion of pulverized-
coal fuel have been performed. The results of a three-dimensional numerical simulation of flow 
aerodynamics, temperature and carbon oxides are presented. Studies have been carried out for a pulverized-
angle flame of various dispersity.In the study of a wide range of modern problems of science and technology, 
numerical simulation of heat and mass transfer process is particularly important and has enormous practical 
application. Interaction of reacting flows is described by a complex system of nonlinear partial differential 
equations. Indispensable effective method of theoretical study of such flows is a numerical simulation.  
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Introduction 
 
Numerical modeling is sufficiently accurate and 

inexpensive way to analyze complex processes that 
occur during combustion of the fuel in the 
combustion chambers of real power plants, and it 
allows to simultaneously consider the complex of 
processes that are almost impossible to do, 
conducting in situ experiments. Only the numerical 
modeling and carrying out computational 
experiments optimally solve scientific and project 
engineering tasks in this area (improvement, design 
of new boilers; burners upgrade; development of 
multistage fuel combustion systems, optimization of 
combustion processes and other) [1,2].  

At the present stage of development of the 
energy industry, immediate consideration and 
resolution of environmental issues are required. Due 
to the fact, that for most countries the main sources 
of pollutant emissions into the atmosphere are 
companies operating in the burning of low-quality 
raw materials as well as with poorly equipped with 
flue gas cleaning systems, the problem of pollution 
of the Earth's atmosphere is an urgent. 
Environmentally hazardous emissions, which are 
products of coal combustion [3-5] reactions cause 
enormous damage to the earth's ecosystem. It is 
therefore necessary to carry out a detailed study of 
physical and chemical processes that occur during 

combustion of energy fuels and to solve the problem 
of environmentally "pure" making use of coal [6, 7]. 

 
Methodology of investigation 
 
For carrying out computational experiment the 

combustion chamber of the real power boiler BKZ-
160 Almaty TPP-3 (Kazakhstan) was selected. The 
boiler BKZ-160 of drum-type furnace with dry slag 
removal has a calculated steam generating capacity 
160 t/h at a pressure of 9.8 MPa and a temperature 
of the superheated steam 540 0C. The boiler has a U-
shaped profile with a rectangular prism furnace. 
Combustion chamber volume is 790 m3. On the 
sides of the combustion chamber located four blocks 
direct flow slot burners (two burners in the block) 
which directed at a tangent to the circle with a 
diameter of one meter. Each burner has a fuel 
mixture channel and two secondary air channel, they 
are located from above and from below the channel 
of air-fuel mixture, and divided lined piers. The top 
and bottom burners are also divided by a pier. In the 
center of burners is located oil-fired nozzle for 
lighting and lighting of the flame. The performance 
of each of the eight coal-fired burner fuels is 4 t/h. 

Computational experiments on research heat and 
mass transfer processes have been carried out by the 
starting FLOREAN [8] software package, the 
geometry of the combustion chamber was created by 
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a computer program «PREPROZ» (Figure 1b). The 
software package FLOREAN was created to solve 
problems in the field of burning solid fuel and was 
repeatedly tested in many modern studies [1-12]. 
During the numerical simulation of heat and mass 

transfer process, the control volume method has 
been applied. Combustion chamber of a power 
boiler BKZ-160 has been divided into control 
volumes; it is possible to obtain 217536 
computational areas. 

  

    
                                                              a)                                                                           b) 

 
Figure 1 – a) Scheme of the furnace, b) General view of the camera, broken down into control volumes 

 
 
Numerical simulation was carried out on the 

basis of solutions of the Navier-Stokes equations, 
equations of heat diffusion and diffusion of 
components of the reacting mixture and the reaction 
products based on thermal radiation and multiphase 
media, equations of state, and chemical kinetics 
equations defining the intensity of nonlinear energy 
and matter [8, 13-15]. 

For a qualitative description of combustion 
processes in a real three-dimensional physical and 
chemical system (combustion chamber of Thermal 
power plant) in the present work a numerical 
calculation of a turbulent pulverized coal flame was 
carried out taking into account the dispersion of 
coal. The percentage distribution of carbon particles 
in size: dp=10 mkm – 10%; dp=30 mkm – 20%; 
dp=60 mkm – 40%; dp=100 mkm – 20%; dp=120 
mkm – 10% corresponds to a polydisperse flame, 
dp=60 mkm – 100% – is the averaged diameter, 
which corresponds to a monodisperse flame. 
Numerical calculation in the work was carried out 
for the two cases listed above. 

 
Results of numerical simulation  
 
Let us consider the profiles of aerodynamics 

combustion of a turbulent pulverized flame in 

different sections along the length of the flame. 
Figure 2 shows the distribution of the full-velocity 
vector in the longitudinal section of the furnace 
during combustion of a monodisperse and 
polydisperse flames. Obtained velocity fields allow 
us to visually analyze the aerodynamics of reacting 
flows in the combustion chamber. The fields of the 
full-velocity vector show the value of the flow 
velocity of the medium and its direction at each 
point. 

In the Figure 2 the area of fuel and oxidizer is 
clearly visible: counter dust and gas streams from 
opposing tangential burners create a vortex in the 
central part on the location of burners and level of 
active burning zone. Clearly visible is the 
recirculation zone with reverse gas currents [15]. 
Part of the flow is directed down to the funnel, 
forming two symmetrical vortex in the area below 
the burner arrangement, it is typical both for burning 
of a monodisperse flame and for burning of a 
polydisperse flame. However, in a longitudinal 
section of the combustion chamber symmetry is 
broken relative to the vertical axis of the chamber 
when burning polydisperse flame (Figure 2b). It 
means that burning of dust and gas streams with 
different particle sizes affects to the character of the 
flow stream.  
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In cross-section chamber at a level between the 
lower and upper tiers of burners there is a clear 
picture of the current (Figure 3). The pulverized coal 
streams flowing into the chamber deviate from the 
direction of the burner axes (located tangentially) 

towards the adjacent walls, with which they make 
up a smaller angle. Fusing into the total flow, the 
jets create a volumetric vortex with a vertical axis of 
rotation, which, as it rises, untwists and then moves 
along the axis, as can be seen clearly in Figure 2. 

 
 

      
                                             a)                                                                                                b) 

 
Figure 2 – Field of a vector of full velocity in the longitudinal section  

of the combustion chamber (x = 3.16 m) for a) monodisperse flame; b) polydisperse flame 
 
\ 

 
                                                а)                                                                                            b) 

 
Figure 3 – Field of a vector of full velocity in the cross-section  

of the combustion chamber (z = 5.3m) for а) monodisperse flame; b) polydisperse flame 
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The central vortical motion of the pulverized 
coal stream leads to uniform heating of the 
combustion chamber walls, to a decrease in the 
slagging of the heat shields and heat losses, which 
prolongs the life of individual elements of the boiler 
plant, and also increases the heat removal surface, 
which speaks of the advantages of the furnaces with 
the tangential arrangement of the burners. The 
aerodynamics of flow in the combustion of 
monodispersed and polydispersed flames has some 
differences; however, if it is necessary to make 
quick estimates, in numerical simulation of the 
aerodynamic characteristics of the coal combustion 
process, one can use the model of burning a particle 
of averaged size, which in turn reduces the 
expenditure of computer time [1, 16-21]. 

Being the UNFCCC framework (the United 
Nations Framework Convention on Climate 
Change) since 1995 and the Kyoto Protocol since 
2009, Kazakhstan has a principled position and 
pursues a consistent policy in the field of preventing 
global climate change, in the field of reducing the 
carbon intensity of the economy and in the field 
increasing energy efficiency, creating conditions for 
the transition to technologies for environmentally 
"pure" burning of energy fuel [22]. In this 
connection, the study of the concentration 

characteristics of greenhouse gases is an urgent task. 
Figures 4, 5, 7 show a comparative analysis of 
carbon oxide concentration distributions for the case 
of a polydisperse and monodisperse flare. 

Analyzing the Figure 4 it can be argued, the 
nature and pattern of carbon monoxide СО and 
carbon dioxide СО2 are different from each other. 
Concentration of carbon oxide reaches area of the 
maximum values in a zone of active burning, unlike 
carbon dioxide which concentration increases as it 
moves out of the combustion chamber. 

Concentrations of poly- and monodisperse 
flames in the field of an arrangement of burners do 
not differ. The average value of the concentration of 
carbon monoxide for polydisperse flame in the first 
tier of burners (z= 4,81m) is 0,184·10- 2 kg/kg, for 
monodisperse is 0,185·10- 2 kg/kg, in the second tier 
(z = 5,79m) is 0,279·10-2 kg/kg both for poly- and 
for monodisperse flames (Figure 4a). In the area of 
active burning the concentration of carbon 
monoxide CO reaches the maximum value, 
chemical processes of formation of carbon 
monoxide CO fade to output from the combustion 
chamber, for polydisperse flame at the exit of the 
combustion chamber the mean value is 1,35·10- 4 
kg/kg, for monodisperse is 0,61 10- 4 kg/kg (Figure 
4a).  
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Figure 4– Comparison of the average values of concentration СО (А) и СО2 (В)  
for poly- and monodisperse flame on height of the combustion chamber 
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                                                     а)                                                                         b) 

 
Figure 5 – Distribution of the carbon oxide concentrati on in the longitudinal section  

of the furnace combustion chamber (y = 3.7m) for а) monodisperse flame; b) polydisperse flame 
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Figure 6 – Comparison of average temperature values for poly- and monodisperse flames  
and a comparison with the field experiment [23]: А) on height of the combustion chamber  

В) zone of active burning С) at the outlet of the combustion chamber 
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 а)    b) 

Figure 7 – Distribution of carbon dioxide concentration in a longitudinal section of the combustion 
chamber of the combustion (y = 3.7m) for а) monodisperse flame; b) polydisperse flame 

Analyzing the distribution of CO 
concentration in the longitudinal sections of the 
combustion chamber (Figure 5), it can be said that 
in the active combustion zone, there is a clear 
difference in the formation of CO for a mono- and 
polydisperse flames, which indicates that the 
particle size has a significant effect on the formation 
of reaction products. The maximum values of 
carbon monoxide CO are explained by the intensive 
physico-chemical interaction between the fuel 
carbon and air oxygen, and with increased 
temperatures in this region (Figure 6).  

Figure 6 shows the experimental points obtained 
directly from measurements at the termal power 
plant [23]. It is confirmed that the numerical 
simulation results are in good agreement with the 
results of a natural experiment. It is leading to the 
conclusion of the applicability of the proposed 
physical-mathematical model of combustion 
processes, used in the present work. It should also 
be noted that the experimental data obtained directly 
from TPP-3 lie closer to the temperature curve of 
the polydisperse flame, from which it can be argued 
that the polydisperse flame model is more sensitive 
and reflects a more real process of burning 
pulverized coal at Almaty TPP-3. 

Analyzing Figures 4b, and 7 it can be said that 
as flow moves out of the combustion chamber CO2 
is restored from CO, this regularity is fair both for 

monodisperse, and for polydisperse flames. It is 
possible to determine value of concentration in any 
point of furnace by a color scale of the received 
figures which is not always possible to obtain during 
the field experiments on the thermal power plant. So 
the average values of carbon dioxide СО2 in the 
longitudinal section of the combustion chamber (y = 
3,7m) for polydisperse flame is 0.155 kg/kg, for 
monodisperse flame is 0.158 kg/kg (Figure 7). At 
the exit of the combustion chamber average 
concentration of carbon dioxide for polydisperse 
flame is 0.1876 kg/kg, for monodisperse flame is 
0.1895 kg/kg. 

Conclusion 

In the present work, the calculation of 
aerodynamics, thermal and concentration characteristics 
of the combustion of mono- and polydisperse flames is 
performed; the results of the study can formulate the 
following conclusions: 

1. A detailed picture of the structure of the flame
is obtained, which includes a developed 
recirculation zone with return currents of the 
combustion products; 

2. It is noted that the character of formation of
the concentration fields CO and CO2 is different. 
The maximum concentration of carbon monoxide 
reaches in the zone of active combustion, and the 
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formation of carbon dioxide CO2 increases as it 
moves towards the outlet from the furnace; 

3. The results of computer simulation of 
temperature T, were compared with the results of 
field experiments, the analysis of which confirms 
the correctness of the chosen model of numerical 
experiment. 

In conclusion, we note that the nature of 
combustion of mono- and polydisperse dust has 
differences, i.e. The influence of fineness of 
grinding has a significant influence on the processes 

of heat and mass transfer in the combustion chamber 
of CHPP boilers. The combustion model of 
polydisperse dust more accurately reflects the actual 
combustion process, which confirms the comparison 
with the full-scale experiment. However, the 
application of this model requires large computer, 
time resources.The results obtained in this study will 
give recommendations for optimizing the burning 
process of pulverized coal in order to reduce 
pollutant emissions and creations of power stations 
on 'pure' and an effective utilization of coal.
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The paper presents the results of experiments on synthesis of SiC and C nanostructures by the method of 
microwave plasma assisted chemical vapor deposition on Ni films. The plates of polished single-crystal and 
porous silicon were used, on the surface of which a thin layer of Ni was deposited. 
The dependence of the structure and morphology of the samples on the plasma power is studied. Scanning 
electron microscopy has shown that the formed nanostructures have a diameter of 100-170 nm and a rough 
surface. Analysis of the results showed that, the growth of nanostructures on the surface of porous silicon is 
more massive in contrast to polished Si. 
The structure of the obtained samples and its dependence on the plasma power were studied by Raman 
scattering. The results of studies showed the presence of silicon carbide nanostructures with 3C-SiC polytype 
structure. Also, the main carbon peaks in the range of ~1300 and ~1500 cm-1, which correspond to carbon 
nanostructures were found on both types of substrates. 

 
Key words: silicon carbide and carbon nanostructures, chemical vapor deposition, microwave plasma, porous silicon. 
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Introduction 
 
Nanostructuring of silicon carbide (SiC) allows 

changing many of its physical properties, for 
example, mechanical elasticity in comparison with 
bulk material [1]. Other interesting properties of SiC 
nanostructures (NS) include the presence of field 
emission, the threshold and properties of which are 
comparable to that demonstrated by carbon 
nanotubes [2]. These and many other properties 
make silicon carbide NS extremely attractive for 
research. 

Filamentous SiC crystals, like carbon nanotubes, 
have a high ratio of length to diameter (100-200 and 
more), the diameter of crystalline SiC fibers can 
vary considerably from 40 to 200-500 nm [3]. The 
filamentary form provides improved mechanical 
properties of whiskers [4]. In addition to the 
traditional use as components of ceramics and 
structural materials, SiC whiskers are of interest for 
the development of new components of high-
temperature electronic devices. Advantages of using 
SiC in this area are associated with its high thermal 
and corrosion resistance, combined with the large 

value of the forbidden zone (2.4-3.3 eV, depending 
on the polytype of silicon carbide) [5]. 

The paper presents the results of experiments on 
synthesis of SiC and C nanostructures by the 
method of microwave plasma assisted chemical 
vapor deposition on Ni films. As a result of studies, 
the dependence of the plasma power and type of 
substrate on the structure and morphology of the 
obtained samples was studied. 

 
Experimental 
 
Preparation of substrates 
Single-crystal silicon wafers (analogue of SHB-

20 brand, manufactured by Siegert Wafer GmbH, 
Germany) with dimensions of 1×1 cm with 
orientation [100] and [111] were used as substrates 
and basis for nickel films. 

In order to activate the surface during synthesis, 
substrates of porous silicon (PS) were prepared at 
The Educational Laboratory of Semiconductor 
Instrumentation of Faculty of Physics and 
Technology of KazNU (Almaty, Kazakhstan). The 
crystalline silicon was pretreated in acetone and 
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placed in a solution of H2SO4:H2O2 for 5 minutes, 
followed by washing in deionized water. The plates 
were then immersed in HF:H2O etch for 1 minute, 
after which they were thoroughly washed. The PS 
was formed by electrochemical anodizing in a 
modified solution of composition HF 
(45%):ethoxyethanol:water in the ratio 1:2:1. The 

current density and anodization time were, 
respectively, 15 mA and 10 minutes. After etching, 
PS samples were thoroughly washed in deionized 
water and dried in air with lighting using a red lamp 
for 5 minutes.  

Figure 1 shows electron microscopic images of 
PS surface. 

 

    
Figure 1 – Electron microscopic images of PS surface 

 
 
Ni films were deposited by magnetron 

sputtering at a constant current in equipment VUP-
5M for 5 minutes. Sputtering was carried out in a 
flow of working gas Ar at a pressure of 10-2 Torr. 
The Ar flow rate was 6 cm3/min and was controlled 
by gas flow controller MCV-500SCCM. The 
experiments were carried out at a voltage on the 
target of 600 V and plasma current of 30 mA. 

 
Synthesis of nanostructures 
 
Synthesis of NS was carried out in the 

Department of Surface and Technology of New 
Materials of the Institute of Materials Engineering 
of the University of Siegen, Germany, on equipment 
of microwave plasma assisted chemical vapor 
deposition (MWCVD) of ASTEX system 
(frequency 2.45 GHz).  

Prior to the experiments, substrates were purified 
with ethanol and then washed with distilled water, 
drying was carried out at room temperature. The plasma 
power varied from 1600 to 2200 W in 200 W steps. 
Depending on the power, the substrate temperature was 
varied from 600 to 900°C and measured with infrared 
pyrometer of Chino IR-AP M0011 model (Japan). The 
pressure in the chamber changed depending on the 
power to stabilize the plasma. Table 1 shows parameters 
of the experiments. 

The experiments were carried out in atmosphere 
of a mixture of gases of trimethylsilane ((CH3)4Si) 
and hydrogen, the flow rate of which was 10 and 
400 cm3/min, respectively. The duration of all 
experiments is 120 minutes, the substrates are Ni on 
polished (Ni/Si) and porous (Ni /PsSi) Si of 
different orientations. 

 
 

Table 1 – Parameters of the experiments 
 

Substrate Si orientation Power plasma, W Substrate temperature, °С Pressure, Torr 

Ni/Si 

Polished [100] 

1600 600 40 
1800 700 47 
2000 800 50 
2200 900 57 

Porous [111] 

1600 600 40 
1800 700 47 
2000 800 50 
2200 900 57 
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Results and discussion 
 
The obtained samples were studied by the 

methods of Raman scattering and scanning electron 
microscopy (SEM). Raman studies were carried out 
at the National Nanotechnology Laboratory of open 
type (Almaty, Kazakhstan) using spectrometer NT-
MDT NTegra Spectra (laser wavelength λ = 473 
nm). Analysis of samples by SEM was carried out at 
the Institute of Materials Science of the University 
of Siegen. To study the morphology and elemental 

analysis of samples, high-resolution scanning 
electron microscope of Gemini Ultra 55 model of 
Zeiss company with device for X-Ray spectral 
microanalysis from Thermo Scientific was used. 

 
NS synthesized on substrates Ni/PSSi (100) 

and Ni/Si (100)  
 
Figure 2 shows results of studies of samples 

synthesized at a substrate temperature of 600°C.

 
 

 
 

Figure 2 – Raman spectra and SEM images of samples synthesized  
at a substrate temperature of 600°C: a, b - Ni/PSSi(100); c, d - Ni/Si(100) 

 
 
Samples contain shifted silicon carbide peaks 

characteristic of 3C-SiC polytype structure, which 
are in the range of 778 and 898.1-928.7 cm-1. 
Displacement can occur due to the presence of 
another crystalline structure, i.e. silicon carbide 
nanofibers [6]. The main carbon peaks are located in 
the region of 1354.6, 1576.9 cm-1 and 1348.1, 
1573.7 cm-1. The intensity of D peak and the 
presence of D + G peak in the region of 2941.6 cm-1 
in the samples obtained on porous substrates 
indicate the defectiveness of the nanostructures. The 

samples are crystalline, indicating the presence of 
2D peak at 2715.8 cm-1 and 2718.7 cm-1. 

The growth of NS both for polished and porous 
Si has a massive character over the entire surface of 
the substrate (2а, d). The formed NS have a 
diameter of 100-120 nm (2c). It is seen that the 
formed NS have a rough surface on SEM images 
(2b, c). Energy dispersive X-Ray spectra (Figure 3) 
indicate that the ratio of carbon and silicon 
concentrations in NS is on polished Si ~0.5 and on 
PS ~0.7. 
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Figure 3 – Energy dispersive X-Ray spectra of samples synthesized  
at a substrate temperature of 600°C: a - Ni/Si(100); b - Ni/PSSi(100) 

 
 
 

 
 

Figure 4 – Raman spectra and SEM images of samples synthesized  
at a substrate temperature of 700°C: a, b - Ni/PSSi(100); c, d - Ni/Si(100) 

 
 
Figure 4 shows Raman spectra and SEM images 

of samples obtained at a substrate temperature of 
700°C. 

In Figure 4, silicon carbide groups are also 
shifted to the low-frequency region of 771.2, 785 

and 925.3, 955.9 cm-1. The main carbon peaks 
are located within the limits of 1355-1358 and 
1554.6-1580 cm-1. Peaks of the second order in 
the region of 2699-2704.6 and 2960.9 cm-1, 
which correspond to the groups 2D and D + G 
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are present in the high-frequency region of the 
spectrum. It can be assumed from intensity of D 
peak that nanostructures obtained on porous 
silicon substrate are less defective than 
nanostructures on polished substrates. 

Figure 4 also shows SEM images of samples 
obtained at a substrate temperature of 700°C. As can 

be seen in Figure 4d, the synthesized NS have an 
average diameter of 100-170 nm. Figure 4b 
confirms that the growth of NS on PS surface is 
more massive than on polished Si. Energy 
dispersive X-Ray spectra (Figure 5) show that the 
ratio of carbon and silicon concentrations in NS is 
on polished Si ~ 0.5-0.7 and on PS ~ 0.3-0.5. 

 
 
 

      

       
 

Figure 5 – Energy dispersive X-Ray spectra of samples synthesized  
at a substrate temperature of 700°C: a - Ni/Si(100); b - Ni/PSSi(100) 

 
 
The following samples are obtained at a 

substrate temperature of 800°C. The spectra also 
contain carbon nanostructures of silicon carbide, TO 
and LO groups have shifted to 771.2-788.4 and 
928.7-970.1 cm-1. The main carbon peaks D and G 
are observed in the region of 1354.7-1364.4 and 
1564.2-1586.4 cm-1. The second-order 2D group is 
located in the region of 2704.6 and 2721.5 cm-1, 
while D + G peaks are observed a 2941.6 and at 
900.2 cm-1. It can be judged by the intensity of 2D 

and D peaks, that samples are rather crystalline. 
SEM image (Figure 6a) shows that islets of 

silicon carbide nanostructures are formed in the 
process of growth. It can be noted that the massive 
growth of nanostructures occurs on both substrates. 
Figures 6b and 6d show that structures formed on 
polished substrates have a smaller diameter. The 
energy-dispersive X-Ray spectrum (Figure 7) shows 
that carbon content in NS for both substrates is ~ 
0.6-0.7. 
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Figure 6 – Raman spectra and SEM images of samples synthesized  
at a substrate temperature of 800°C: a, b - Ni/PSSi(100); c, d - Ni/Si(100) 

 
 
 

     

        
 

Figure 7 – Energy dispersive X-Ray spectra of samples synthesized  
at a substrate temperature of 800°C: a - Ni/Si(100); b - Ni/PSSi(100) 

 
 
As in all samples, shifted silicon carbide peaks 

are present and the position of the peak of transverse 
mode has not changed. Peaks within 1426 cm-1, 
which belong to CH3 groups [7] can be noted. Peaks 
D and G are located in the area of 1348.1-1364.4 

and 1580 cm-1. There are groups of the second order 
2D and D + G within the limits of 2701.7-2729.9 
and 2897.4-2941.6 cm-1 on both samples. The 
second sample contains additional peaks in the 
region of 2438 and 3252.6 cm-1.  
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The first peak corresponds to the group D', which is 
the characteristic group of graphene and allows us to 
speak about its presence [8]. Whereas, the second 
one speaks about the presence of C-H bonds in the 
samples [9]. 

As can be seen in Figures 8b and 8d, the formed 
NS are quite straight and grows oriented, which, 
presumably, can be influenced by the orientation of 
the substrate. In addition, it can be seen that NS 
formed on PS have an average diameter of 200 nm 
and, as in the previous experiments, a rough surface. 
The diameter of nanostructures on polished 
substrates is half as much, as can be seen from 

Figure 8d. It can be noted that growth of NS is 
massive on both polished Si and PS surfaces. The 
energy-dispersive X-Ray spectra in Figure 9 
indicate that carbon content in NS on both substrates 
is up to ~ 0.5. 

 
NS synthesized on substrates Ni/PSSi(111) and 

Ni/Si(111)  
 
Figure 10 shows Raman spectra of some 

samples obtained on nickel films deposited on the 
surface of polished and porous silicon (111) 
(Ni/Si(111), Ni/PSSi(111)). 

 
 
 

 
 

Figure 8 – Raman spectra and SEM images of samples synthesized  
at a substrate temperature of 900°C: a, b - Ni/PSSi(100); c, d - Ni/Si(100) 

 

 
Further, spectra of carbon nanostructures 

obtained at different temperatures on the surface of 
polished silicon substrates with the orientation [111] 
were considered. Figure 10a shows spectra of 
nanostructures on polished substrates. The first 
sample contains the main carbon peaks in the region 
of 1348.1 and 1596 cm-1. One can note the shift of G 
peak to the high-frequency region ~ 1600 cm-1. In 
addition to these, displaced silicon carbide groups at 
784.9 and 945.7 cm-1 can be observed. The peak 

located within 1416.3 cm-1 corresponds to the CH3 
groups [7]. The peak in the region of 2900 cm-1 
corresponds to 2D zone and associated with the 
boundary point K in the Brillouin zone of graphite, 
which depends on the packing in three-dimensional 
space. These lines are associated with resonance 
scattering of light and the participation of two 
phonons with the same energy but opposite 
direction of the pulse and give information on the 
ordering of graphite (graphene) layers [10]. 
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Figure 9 – Energy dispersive X-Ray spectra of samples synthesized  
at a substrate temperature of 900°C: a - Ni/Si(100); b - Ni/PSSi(100) 

 
 

 
Figure 10 – Raman spectra of samples synthesized on substrates: a – Ni/Si(111), b – Ni/PSSi(111) 

 
 
In the next sample, silicon carbide peaks are not 

strongly shifted and the most intense than in the 
remaining samples. One can notice the broadening  
 

of the peaks, which may be due to the amorphous 
structure. The proof of this is the displacement of D 
and G peaks to the high-frequency region: 1361.2  
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and 1586.4 cm-1 and the presence of D + G peak in 
the region of 2911.2 cm-1. There is also a peak 
corresponding to CH3 groups. 

There are shifted silicon carbide peaks in the 
sample obtained at 700°C. But you can see that 
position of peak of the transverse mode has not 
changed. D and G peaks are located in the region of 
1348.1 and 1586.4 cm-1. The sample is defective, 
since the intensity of D peak is very high and there 
is D + G peak at 2894.7 cm-1. 

The main carbon groups "merged" into one peak 
in the last sample. This can happen because of close 
location of peaks. There are 3 peaks located at 
1367.7, 1442.2 and 1551.3 cm-1, which correspond 
to the groups D, CH3 and G. As in the remaining 
samples, there are peaks of carbon nanostructures of 
silicon carbide. D + G peak is located in the region 
of 2897.4 cm-1. 

In the spectra of Figure 10b, peaks of silicon 
carbide nanostructures are present in the range from 
771.1 to 781.5 cm-1. The position of the peak of the 
transverse mode does not change and lies in the 
region of 778 cm-1 in the samples obtained at 600 

and 800°C. The peaks corresponding to the 
longitudinal mode are observed in the range from 
915.1 to 938.9 cm-1. The position of the peak of the 
longitudinal mode does not change in the first two 
samples. D peak shifts with a decrease in 
temperature to the low-frequency region, and its 
intensity also increases. This indicates an increase in 
the defectiveness of structures. G peak is located at 
1570.5 cm-1 in the samples obtained at 600 and 
800°C. It is shifted to the low-frequency region 
1551.3 cm-1 in a sample synthesized at 700°C, and 
shifted to the high-frequency region of 1576.9 cm-1 
in a sample obtained at 900°C. 2D peak is observed 
at 2673.4 - 2713 cm-1. Also there is D + G peak, 
which is within the range of 2897.4 - 2944.3 cm-1 in 
all spectra. All obtained carbon nanostructures are 
carbon nanotubes. Also there are additional peaks at 
700 and 800°C in the region of 1422.8 and  
1468 cm-1, which appear due to the presence of CH3 
groups [7]. 

Figure 11 shows results of studies of samples 
synthesized on nickel films deposited on the surface 
of polished silicon (111) by SEM. 

 
 

 

 
 

Figure 11 – SEM images of samples synthesized on Ni/Si(111)  
at different substrate temperatures: a, b - 600°C; c, d - 700°C; e, f - 800°C; g, h - 900°C 

 
 
SEM images of the formed NS show that they 

have a rough surface. It can be seen that the growth 
of NS becomes more massive and oriented with 
increasing temperature. In addition, as can be seen 
from the figures, the temperature increase also helps 
to straighten the fibers. It can be seen from Figure 

11g, h that fibers are curved at a certain angle, 
which may indicate the influence of the orientation 
of the substrate on their growth. 

Figure 12 shows SEM images of samples 
synthesized on nickel films deposited on the surface 
of porous silicon (111). 
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Figure 12 – SEM images of samples synthesized on Ni/PSSi(111)  
at different substrate temperatures: a, b - 600°C; c, d - 700°C; e, f - 800°C; g, h - 900°C 

It can be noted that growth of NS on porous 
silicon substrates is more massive in comparison 
with polished substrates. The samples obtained at 
700°C grow in oriented manner and are quite 
straight. In comparison with Figure 11, the 
dependence of NS growth on temperature is not 
traced in this series of experiments. Figure 12g 
show that the height of synthesized NS is 974.5 nm. 
According to figures 11c and 12e, the obtained 
structures have a diameter of ~ 100 nm. 

Conclusion 

Experiments on synthesis of SiC and C 
nanostructures on Ni buffer layer by the method of 
microwave plasma assisted chemical vapor 
deposition were carried out. 

Studies by scanning electron microscopy have 
shown that the formed nanostructures have a 
diameter of 100-170 nm and a rough surface. 
Analysis of results of scanning electron microscopy 
of samples shows that the growth of nanostructures 
on the surface of porous silicon is more massive 
than on polished Si. Energy dispersive X-Ray 
spectra indicate that carbon content in NS varies 
from ~ 40 to ~ 80%. 

The results of studies by Raman scattering 
confirmed that there are carbon nanostructures of 
silicon carbide with 3C-SiC polytype structure. It 
was determined that the most optimal temperature 
for obtaining nanostructures is 800°C. It is also 
possible to note the presence of the main carbon 
peaks in the range of ~1300 and ~1500 cm-1, which 
correspond to carbon nanostructures on both types 
of substrates. 

For a more detailed analysis of the structure of 
the produced NS, it is necessary to conduct 
additional studies using transmission electron 
microscopy and diffraction of electrons, as well as 
X-Ray diffraction analysis. 
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The presented work is about percolation mechanism of electrical conductivity of composite a-C:H<Ag+Ti> 
films. The a-C:H<Ag+Ti> thin films were deposited onto quartz substrates by ion-plasma magnetron sputtering 
of a combined target. Resistance of the produced films has been measured using «two probe» method to obtain 
concentration dependence of electrical conductivity. Conductivity of a-C:H<Ag+Ti> films was described 
theoretically in two ways: using the classical theory of percolation and a general effective medium (GEM) 
theory. Staircase percolation can be seen from the experimental results. The first percolation threshold occurs at 
the concentration xc = 0.015 and the second one - at xc = 0.07. This could take place due to the fact that a-
C:H<Ag+Ti> composite material consist of two different inclusions, silver and titanium dioxide nanoparticles. 
The percolation mechanism of a-C:H<Ag+Ti> film conductivity could be described by classical percolation 
theory and by effective medium model as well. 

 
Key word: Amorphous carbon thin films, silver nanoparticles, nanocomposite, percolation, effective medium theory. 
PACS:61.00 
 

 
Introduction 
 
Composite materials based on the dielectric 

matrix with metal nanoparticles inclusions are of 
considerable interest in connection with possibility 
of their wide practical application in various fields 
of science and technology. A wide variety of 
functional properties of these composites allows 
using them, starting from energy sector (in solar 
cells) to targeted delivery of drugs in medicine  
[1-5]. 

Plasmon resonance absorption of 
electromagnetic radiation in the visible region of the 
spectrum on free surface electrons of metal 
nanoparticles takes place in nanocomposite 
materials based on the dielectric or semiconductor 
high-resistivity matrix and some metals 
nanoparticles in it [6]. Role of the matrix in such 
nanocomposite materials is to isolate the metal 
nanoparticles and preventing their agglomeration. 
Parameters of the resonance absorption are 
determined by dielectric permittivity of the matrix 
and by physical and chemical nature of the metal 
[6,8]. This is shown in the studies of composite 

materials based on semiconductor matrices as SnO2 
[9], ZnO [10] and CdS [11, 12] and polymer 
matrices [13] with inclusions of silver and gold 
nanoparticles. 

It is significant, that in such composite 
materials, under certain conditions, great surface 
amplification of Raman scattering of light (SERS 
effect) [14] is manifested, which allows to detect 
even individual molecules, and using silver 
nanoparticles, significantly enhance the antibacterial 
properties of coatings as well. 

In modern nanomaterials science, amorphous 
diamond-like hydrogenated carbon films (a-C:H) 
have a special interest of researchers. This is due to 
a number of unique mechanical and electronic 
properties of these films. Taking into account high 
mechanical strength and reliability of the films, 
electronic devices made on the basis of these 
materials have extremely high speed, power, able to 
operate in a very wide temperature range and have 
high radiation resistance. 

Diamond-like carbon materials containing metal 
nanoparticles represent a new class of 
nanostructured materials, called nanocomposites. In 
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connection with this, development of nanomaterials 
with new properties based on diamond-like carbon 
media modified by metal impurities that 
significantly differ in nature by chemical interaction 
with carbon atoms and study of their structure and 
electronic properties is one of the most relevant and 
extremely important areas of research in 
nanotechnology and nanomaterial science [15]. 

In addition, to optical effects of the а-
С:Н<Ag+Ti> film [16], there are unique electrical 
properties. In the а-С:Н<Ag+Ti> films, a double 
percolation transition with respect to conductivity is 

realized. Films with concentration of silver 
nanoparticles near the percolation threshold can be 
promising for creating highly sensitive small 
bending sensors [17, 18]. 

 
Experiment.  
 
Deposition of а-С:Н<Ag+Ti> nanocomposite 

films was carried out in the vacuum chamber using 
ion-plasma magnetron sputtering of the combined 
target. Basic technological parameters of а-С:Н 
<Ag+Ti> film production represented in the Table 1.

 
 
Table 1 – Basic technological parameters for а-С:Н <Ag+Ti> film production 

 
Working gas 
composition 

The pressure in 
chamber P, Pa 

Deposition 
temperature, оС 

The distance from 
the target to the 
substrate, сm 

Specific discharge 
power, W/cm 

The magnetic field 
strength H, mlT 

96% Ar + 4% CH4 0.8-1.0 100 3.5 3-4 ~30 
 
 
High purity argon (Ar) and methane (CH4) gases 

mixture and combined target of polycrystalline 
graphite with the purity of 99.99%, silver (99.99%) 
and titanium (99.99%) were used to produce а-
С:Н<Ag+Ti> films. The а-С:Н<Ag+Ti> films were 
deposited on a glass and quartz substrates. 

Resistance of the produced films has been 
measured using «two probe» method to determine 
concentration dependence of electrical conductivity 
which represented on Figure 2. Note that 
conductivity of a-C:H<Ag+Ti> films at the 
maximum of Ag concentration remains much lower 
with respect to conductivity of polycrystalline 
graphite. This means that in these films there is no 
through-conduction channel over the regions of 
graphite-like carbon with sp2-hybridized bonds 
presented in diamond-like matrix with sp3-
hybridized bonds. 

 
Simulation of the percolation conductivity 

processes in а-С:Н<Ag+Ti> nanocomposite films 
 
Conductivity of nanocomposite material can be 

described in two ways: using the classical theory of 
percolation (flow) and the model of a general 
effective medium. 

Let us consider the main conclusions of 
percolation theory for conductivity analysis of the 
disordered structure, which is a set of conducting 
elements with concentration x and conductivity σM 
randomly distributed in a dielectric matrix with 

conductivity σD (σD<<σM). According to percolation 
theory, conducting structure is a set of percolation 
clusters. For small values σM of x, all clusters are 
small. However, as we reach the percolation 
threshold, individual clusters merge, and their 
average size increases. At a certain concentration of 
хс, the percolation cluster becomes infinite, i.e. there 
appears a path connecting remote to arbitrarily large 
distances the conducting regions inside the dielectric 
matrix and wholly passing through the conducting 
phase. 

To the left of the percolation threshold хс, at a 
sufficiently large distance from it, the total 
conductivity of the medium can be represented by 
[19] 

�с � ������ � �)��, for � � ��,         (1) 
 

where �� is conductivity of the matrix.   
To the right of the percolation threshold, the 

concentration dependence of conductivity varies 
according to the law 

 
�с � ���� � ���)�, for � � ��,           (2) 

 
where �� is the conductivity of the conducting 
phase. 

Conductivity at the point of appearance of the 
infinite percolation cluster is described by  

s

M

D
Mc σ

σσ)(σ 







x , , .           (3) cxx  0s
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The quantities q, t and s in (1-3) are called the 
critical indices of the conducting cluster. 

The curve of theoretical dependence σ(х) 
describing σ(х) before and after the percolation 
threshold is shown in Figure 1. The transition curve 
(1) to (2) takes place in a small interval Δ in the 
vicinity of the хс point. Relation (1) is satisfied if 
σ(х) << σ(хс) or хс – х >> Δ, and relation (2) holds 
for σ(хс)<<σ(х)<<σ(хM) or х – хс>> Δ. The 
conducting cluster is also characterized by a 
correlation radius or a characteristic size l 

 
� = �� �����

��
���,                         (4) 

 
where ν is critical index, also called the critical 
index of the correlation radius, lо is the lattice 
period. 

 

1 - σ(х) at х < xc, 2 - σ(х) at х > xc. 
 

Figure 1– The theoretical dependence σ(x) (solid line) 
[19] 

 
 
Quantity l for х < xc is in the order of cluster size 

itself, and for х > xc in the order of nonconducting 
pores size in it. 

The critical indices of the percolation theory q, t, 
s and ν are related to each other by the relations 

 

t
s
tq  ,                               (5) 

 
 21  dt  ,                         (6) 

 
where d is dimension of space. For a three-
dimensional composite the classical values are: t = 
(1.6 ÷ 2.0), q≈1, s≈0.62. 

We note that index t plays a very important role, 
since, unlike the percolation threshold хс, it does not 

depend on the type of the problem, but depends only 
on the dimensionality of the space. Therefore, in 
real systems, this index is primarily compared with 
the theory. On the other hand, the universality of 
critical indices of percolation theory just allows us 
to involve it for the analysis of heterogeneous 
disordered structures conductivity. 

Figure 2 shows concentric dependence of 
conductivity of a-C:H <Ag+1.0 at.% Ti> films. In 
this figure, silver concentration x is represented as 
the volume fraction in the matrix of the films. The 
curves describing behavior of concentration 
dependence of conductivity up to (curves 1 and 2) 
and after (percolation curves 1 'and 2') are 
represented using expressions (1) and (2). It follows 
from this approach that concentration dependence 
experimental data of a-C:H<Ag+1.0 at.% Ti> films 
conductivity can be described by two percolation 
transitions (the so-called staicase percolation). 

Note that there are inclusions of both Ag and 
TiO2 nanoparticles in the matrix of the studied a-
C:H<Ag+Ti> films, and several percolation 
transitions can occur in such nanocomposites. 

Let us consider the concentration dependence of 
the a-C:H<Ag+Ti> films conductivity using the 
effective-medium model (General Effective 
Medium, GEM), which is used to describe 
concentration dependences of conductivity of 
composite materials [20]. The expression to 
determine the conductivity σ in the theory of general 
effective medium is written as follows [20] 

 
�(��

�
� ��(�)

�
�)

��
�
� ���(�)

�
�

= (���)(��
�
� ��(�)

�
�)

��
�
� ���(�)

�
�

= 0,          (7) 

� = ����
��

,                              (8) 

where the exponent is defined as � = (1 − ��)/(1 −
�).  

The results of a comparison of theoretical 
description of the percolation process according to 
the classical theory and general effective medium 
model with experimental values of concentration 
dependence of conductivity of a-C:H<Ag+1.0 at.% 
Ti> films are shown in Figure 2, curve 3. 

From the figure 2 it follows that classical theory 
of percolation and approach based on the general 
effective medium model make it possible to 
describe the region of percolation transition before 
and after the percolation threshold in a-C:H<Ag+1.0 
at.% Ti> nanocomposite films. 
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X: are the experimental values 
1: xc = 0.015, t = 1.7; 1’: xc = 0.07, t = 1.4; 
2: xc = 0.015, q = 0.9; 2’: xc = 0.07, q = 0.9; 
3 и 4 - effective environment model with 

parameters �� = 0.018, � = 1, �� � � ⋅ 10��� ����� ⋅
���� , �� � 0.� ����� ⋅ ����, � = 0.�. 

Figure 2 - Theoretical (1 and 1 ', 2 and 2', 3 and 3 ') and 
experimental (x) dependence of conductivity of a-
C:H<Ag+1.0 at.% Ti> nanocomposite films on Ag 

volume fraction 

Conclusion  

Conductivity of a-C:H<Ag+Ti> films at the 
maximum of Ag concentration remains much lower 
compared to conductivity of polycrystalline 
graphite. This means that in these films there is no 
through-conduction channel over the regions of 
graphite-like carbon with sp2-hybridized bonds 
presented in diamond-like matrix with sp3-
hybridized bonds. From concentration dependence 
of conductivity we conclude that two percolation 
transition occur in the obtained a-C:H<Ag+Ti> 
composite material. These percolation mechanisms 
of film conductivity could be adequately described 
by the classical percolation and general effective 
medium theories. 
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